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Abstract

In the present work we focus on the analysis of the asymptotic behaviour of the solutions to anisotropic
singular perturbation boundary value problems. A complete description of the asymptotic behaviour
on the whole domain of definition is established. Two types of functions are constructed. The first
type acts far away from the boundary layers to give the best possible approximation. The second
one deals with the behaviour near the boundary layers to recover the complete approximation with
a sharper rate of convergence. In fact, we go beyond the limit behaviour by considering the regular
and the composite asymptotic expansions of arbitrary order. This allows to get an asymptotic
approximation of a polynomial rate of convergence in arbitrary order or even an exponential one.
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Titre: Analyse Asymptotique de Quelques Problémes
des Perturbations Singuliéres

Résumé

Dans le présent travail, nous nous concentrons sur ’analyse du comportement asymptotique des
solutions de problémes aux limites des perturbations singuliers anisotropes. Une description complete
du comportement asymptotique sur le domaine de définition tout entier est établie. Deux types de
fonctions sont construits. Le premier type agit loin des couches limites pour obtenir la meilleure
approximation possible. La deuxiéme famille de fonctions a affaire avec le comportement prés des
couches limites, afin de récupérer une approximation compléte avec un taux de convergence plus
précis. En fait, nous allons au-dela du comportement limite en considérant les développements
asymptotiques réguliers et composites d’ordre arbitraire. Ceci permet d’obtenir une approximation
d’un taux de convergence polynémial d’ordre arbitraire ou méme exponentiel.

Mots Clés:

Anisotrope, perturbations singuliéres, couches limites, elliptique, problémes linéaires, régularité des
solutions, développements asymptotiques régulieres et composites, fonctions de la couche limite,
correcteurs.
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Introduction

The singular perturbations theory plays an important role in mathematical analysis as well as in
the experimental sciences (nature and life) from where the history of this topic started to describe
distinctive phenomena in Biology, Chemistry and Physics ... These phenomena are characterized by
small values with respect to other values that appear in the mathematical model. It is then natural
to neglect them in order to get a simpler model ensuring, of course, the approximation between the
solutions of the two models. This simplicity can be expressed as a reduction of the dimension, a
substitution of the problem type, simplicity of the study framework and so on. In order to illustrate
this clearly, let us consider a singular perturbed problem, including a small positive parameter known
as €, with a solution u. defined on a domain 2. The unperturbed problem is defined for € = 0 and its
solution is denoted by ug. In general the perturbed and the unperturbed problems are not from the
same type which may cause a difference in the properties of the two solutions and by consequence
the approximation may be violated. If this is not the case and the convergence of u. towards wug is
guaranteed with respect to some norm, i.e.

lim |ue — ug| =0,

e—0
we say that the perturbation is regular, otherwise it is called singular (if for example the convergence
is not ensured on the whole Q).

As it is mentioned in [24], two main types of singular behaviour can be distinguished. In the
first case the function u. is regular everywhere in 2 with the exception of small neighbourhoods of
certain manifolds whose dimension is smaller than the initial domain 2. This behaviour is usually
called boundary layer behaviour. In the second case there are n—dimensional subsets g C €2, with
non-empty interior, (which may coincide with ) such that the set of zy € Qy for which the limit
of the rescaled function u (zg;¢) = Os(1) (as € tends to zero) does not exist, is dense in §y. This
behaviour can be called oscillatory. The analysis for such functions with oscillatory behaviour has in
general quite different techniques from the analysis of functions with boundary layer behaviour (see
also [37]).

The boundary layers term is used firstly in the fluid dynamics domain, by Prandtl (1905) to give
a description of the motion of viscous fluids near solid boundaries. It means a thin layer of fluid in
which, due to viscosity, rapid variation of fluid-velocities takes place. This term was then used on
a wide scale in the singular perturbation theory. Actually, the boundary layer appears in a small
neighbourhood of the boundary or some part of the boundary, but it may also occur inside the
domain or as a free boundary layers. In general, if the problem is well presented, it is relatively
easy to find the location of the boundary layers, but it is not the case for the abstract mathematical
models. For example, we consider an algebraic perturbed equation as P(x;e) = 0 where P is a third
order polynomial and € > 0 is the coefficient of the main term. Suppose that this equation has three
different solutions and, of course, the unperturbed equation (¢ = 0) has at most two solutions. In
this case, it is not easy to identify the lost solution among the three original solutions. But when it
concerns with differential equations it is not even possible to keep all properties to be satisfied by
the unperturbed solution when epsilon is the coefficient of the main term in the perturbed equation.

i
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The theory of singular perturbations is, from the mathematical point of view, an extremely in-
teresting subject because it is possible to apply with success the results of the more abstract theory
of differential equations, in particular one needs a priori estimates of solutions. For more details, we
refer the reader to [20, 36, 37, 38, 42, 44].

Many methods have been proposed to deal with singular perturbation problems. The more funda-
mental of them including the asymptotic expansion, the method of matched asymptotic expansions
and WKB (Wentzel, Kramers and Brillouin) approximation for spatial problems and in time, the
method of multiple scales, the Poincaré-Lindstedt method, and so on. An idea shared in almost
all these methods is to correct or avoid the non-valid character, in an appropriate norm, of a first
approximation. The successive complementary expansion method, which is the heart of this thesis,
follows also this logic.

In this thesis we deal with the study of functions which are implicitly defined as solutions of differ-
ential equations satisfying some supplementary conditions, boundary conditions (in the weak sense).
The considered elliptic operators are linear containing a small parameter £, where the singularity
only affects some directions. This is called anisotropic singular perturbation problems. The situation
is here totally different from the isotropic singular perturbation (i.e. when the singularity depends
on all directions). We will be obliged to work in some anisotropic Sobolev spaces (the anisotropy de-
pends on the order of the derivatives) and of course this prevents the convergences of the derivatives
in these directions to be hold. We have to point out that the dimension of the space where we look
for the limit solution is reduced.

As a typical example, we consider on = (0,1) x (0,1) a diffusion problem where the diffusion
velocity is very small in the z;—direction

—e202 u. — 2 u.=f inQ,

ue =0 on 0f).
Of course € > 0 is a small parameter and f represents the source term (for instance in Biology, f
represents the density bacteria supplied from outside). We are interested in the limit behaviour of
ue when e approaches zero and the natural candidate is ug solution to

~0z,u0=f in (0,1),
up =10 on {0,1}.

Note that here the variable x; plays a parameter role. The aim of this theory is to study the limit of
ue towards ug when e tends to zero. We have of course to precise in what sense this convergence will
take place. In this context the case of general elliptic as well as of parabolic and hyperbolic boundary
value problems defined on arbitrary domains has been considered and different convergence results
are shown in [7, 8, 10, 11, 13, 30, 31].

Our goal here is to determine an asymptotic approximation, or asymptotic expansion, of the
solution as € tends to zero by the successive complementary expansion method (SCEM) which consists
of seeking a formal approximation of the solution by assuming that ug(z) is known. For instance, if
r € 0 C R, the formal approximation has the form

Ugs = Up () + wo (§;6)  where £ = T with lim (e)=0.
1) (6) e—0
The above approach is not usual since wg depends not only on & but also on €. In the asymptotic
method, the functions dependent on ¢ are clearly separated from the functions independent of £. If the
independence with respect to ¢ is required, SCEM is equivalent to the method of matched asymptotic
expansion (MMAE), which consists of seeking regular approximations in different significant domains.
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These approximations are matched to render the solution valid with respect to the considered norm.
The useful norm is the uniform norm but this is not the case in this thesis. SCEM is not used very
much, but in its regular form, it leads to the same results as MMAE without requiring the delicate
notion of matching principle. In addition, the use of generalized expansions, which is an important
feature of SCEM, enables to solve problems which are more difficult or even impossible with regular
asymptotic expansions which is necessarily in the MMAE (see [21]).

This thesis can be roughly divided into three chapters. The first chapter is of an introductory
nature where we give the essentials of the theory of the asymptotic expansions and the functional
analysis of linear elliptic problems. Then we focus on some important results in the framework of
the above typical example.

In the second chapter we investigate the regular asymptotic expansions in the weak sense for
solutions of an anisotropic singular of elliptic type perturbation problems. After a position of the
problem, in the first section, we define the coefficients of the development as solutions of an iterative
sequence of elliptic problems in the second section. Since the perturbation is only taken in some
directions we have to study the smoothness of the coefficients in order to complete the definition of
the sequence of these elliptic problems. The third section is devoted to show the basic convergence
theorem and in the last section we deal with different upgraded results.

Finally, the third chapter is devoted to the investigation of the composite asymptotic expansions
in the weak sense. In particular we construct the boundary layer functions by the application of a
stretching of the local coordinates.



Chapter 1

Basic Tools

1.1 Asymptotic definitions and properties

When we deal with the series expansions for solutions of equations, it is important to have a clear view
on the meaning of these expansions. In fact we will in particular describe the orders of magnitude,
the asymptotic sequences, the asymptotic approximations (expansions), the boundary layers and so
on. More details about these concepts are well studied in [24].

We start this section by two subsections treating elementary real functions that only depend on
the positive parameter e.

1.1.1 Order symbols and order functions

Consider pair of real continuous functions u(e) and v(e), where € € (0,e9]. The behaviour of these
functions, as € tends to zero, can be compared by using the classical Landau order symbols “O” and
“0”, which are defined as follows.

Definition 1. We say that

1. u(e) = O (v(g)) as e — 0, if there exist positive constants k and ~y such that
lu(e)| < klv(e)] forall0<e<-~,

here “|.|” denotes the usual absolute value.

2. u(e) = o(v(e)) as e — 0, if for every positive constant k, there exists a constant v > 0 (v may
depend on k) such that
lu(e)] < klv(e)] forall0<e<n.

An O-estimate can sometimes be improved to an o—estimate and some times it is not the case.
Then, it is natural that sometimes we have to be more precise in our estimates. The following
definition enables us to give a more precise information about the estimate.

Definition 2. We write
u(e) =05 (v(e)) ase—0,

if we have
ue)=0(w(e)) and wu(e)#o(v(e)) ase—0.
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Remark 1.1. [t is interesting to note that the Landau order symbols enable also to compare functions
that do not exist for ¢ = 0. For instance, the estimate

1 1
-=o0l= as € — 0,
€ €

informs us about the rate of divergence of the two functions (1/€) and (1/?) as € tends to zero.

We shall now define a convenient set of simpler comparison functions, which will be called order
function. These functions aim to describe the orders of magnitude of any continuous function.

Definition 3. Let O be the set of functions § () defined on (0,e0] that are real, positive, continuous,
monotone and for which lim._,o 6 (¢) ewists. The extended set © consists of the functions 0 () with
§ €0 or (1/5) € ©. An element § (¢) of © is called an order function.

Example 1.1. Well known examples of sequences of order functions are

op(e)=¢€" or exp<6n>, n=12...

The following remarkable theorem allows to find, in principle, an estimate for any continuous
function with respect to our order functions.

Theorem 1.1 (W. Eckhaus [24]). Let u(e) be a real continuous function in (0,o], not identically
equal to zero. Then there exists an order function § € © such that u = O4(J).

1.1.2 Asymptotic sequences and series

Let us start by the asymptotic sequence.

Definition 4. A sequence of order functions (5n)év is an asymptotic sequence if for alln=1,..., N,
dn = 0(0n—1) as € tends to zero.

In the above definition N may be finite or infinite. In addition, we remark that any asymptotic
sequence of order functions is a totally ordered subset of the set ©. It is useful to generalize this as
follows.

Definition 5. A sequence of continuous functions (u, (5))év, in (0,e0] is called asymptotic if one
has u, = Os(0y) for alln =0,..., N, where (5n)év is an asymptotic sequence.

Asymptotic sequences generate asymptotic series by the usual linear operations. We obtain

Definition 6. A sum ZfLO anun(€) where ay, are constants, is called an asymptotic series if (up, (6))év
18 an asymptotic sequence.

Remark 1.2. Note that an asymptotic series may have a finite or infinite number of terms. Of
course, the concept of an infinite asymptotic series is purely formal (nothing is implied about the
convergence of such series). Furthermore, the question of convergence of an infinite asymptotic
series is of mo particular interest in the asymptotic theory.

If we take a sequence of positive real numbers that converges towards zero, there exists no positive
number smaller than all elements of this sequence. An analogous result does not hold for asymptotic
sequences. More precisely we have
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Theorem 1.2 (Du Bois-Reymond). For any asymptotic sequence (6, (€))°, there exist order func-
tions 6 (¢) such that for alln € N
d=o0(b,) ase—0.

Example 1.2. Let us consider the asymptotic sequence 6, (¢) = €™ as e tends to zero, forn =0,1,...
As a convenient choice here satisfying the above estimate we can take 0 (¢) = exp (—n/e) for n > 0.
Functions of the order of magnitude of § are often called transcendentally small.

In modern developments of asymptotic analysis, motivated largely by the needs of the pertur-
bations theory for differential equations, as we would do in this thesis, it is useful to introduce
generalizations of the above classical concepts.

1.1.3 Orders of magnitude

Let here Q2 be a domain of R". Consider a function parametrized by the small parameter ¢, u (z;¢) =:
ue (), x € Q, i.e. u depends on more than one variable. The scalar variable denoted by ¢, € € (0, g¢],
will be considered as a small parameter, while the variable z will be interpreted as an independent
variable in the domain 2. Furthermore, these functions can be considered as maps from the interval
(0, 0] into X (£2), where X (£2) is a set of functions which will further specified according to the needs
and the goals of the analysis. If X' (2) is a linear space on which a norm |.| x(q 1s defined, then this
norm is a natural instrument to evaluate the order of magnitude of functions. We thus arrive to the
following definition.

Definition 7. Consider the functions u(x;e) =: ue (x) where, u. : @ — R*, n € N. Let the
restrictions of u. to a subset Qy C Q be elements of a normed linear space X (), with a given
norm HX(QO) and let & be an order function belonging to © (or ©). We always assume that the map
€ > |ue| y(q,) i continuous. Thus when e — 0,

1. u=0(8) in Qo CQ if [ue| yq,) = O (6),
2. u=0(0) in Qo CQ if [uc|y () =0 (),
8.ou=04(8) in Qo CQ  if [uc|y(qy) = O (9) and |ug|yq,) # 0 ().

Remark 1.3. The above definition also permits us to investigate orders of magnitude of u on the
whole domain Q by letting Qo coincide with €.

Naturally, different norms can be used according to the problem being studied. It must be
recognized however that the orders of magnitude can be completely different when we change the
choice of the norm. Thus, if we use the super-mum norm, then for any subset ¢ C Q2 the norm will
be defined by

|“£|X(Qo) = sup |ue (2)].
€N

Similarly, if we use the L?-norm (see Section 1.2), then

Y
el = { [ Jue@F az |
0

Such definitions can be easily extended to norms associated with the super-mum norm or the
L? norm and involving derivatives of functions, or to weighted norms etc. This is illustrated by the
following well known example.
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Example 1.3. Consider u(z;e) =exp (—z/e), Q@ = [0,1]. Thus, for various choices of the definition
of norm in Q, we have

1. for [u|y(qy) = sup u(z;e)[, uw=04(1) inQ,
e

du(z;e)
T

2. for [ul y(qy) = sup |u(z;e)| + sup , u=0s(1/e) inQ,

e

3. orlyay ={ [ el e}, w=0.8 o

! u(z;e)]? 2
4. for |ulyqn) = [/0 [u(z;€)]> + [d((h;a)] dx] , u=0s(1/y/e) in .

Next let Qg C Q be any compact subinterval of €, not containing the origin. Then it is not difficult
to verify that the orders of magnitude of u. in Qqy are given by order functions of the type exp (—n/e),
where 1 is a positive constant.

To conclude the discussion of the orders of magnitude, let us note that in applications need may
arise for a further generalization of the concepts. Thus, in perturbation problems for differential
equations it is sometimes necessary to introduce expressions of the type

Ou (z;¢€)

8% with £ <n

lu(z;€)|x (Q0)

X(Q0)

(in this thesis, we will deal with 1 < k < n, where n > 1). In this context, we shall admit as a norm

any mapping which, for every arbitrary but fixed value of €, is a norm on X (), provided that for

any function u(z) € X (), the expression \ue\x(ﬂo), is a continuous function of ¢ for € € (0,¢eq].
We now state a result that will be used in the following when we want to improve the polynomial

rate of convergence and show the exponential one.

Corollary 1.1. Let there be given a non—trivial function u(x;e), x € Qo C R*, and a norm "’X(Qoy
such that |“€|X(Qo) is a continuous function of €. Then there exists an order function § € © such
that

ue =05 (9) ase —0.

Proof. We write |ue|yq,) = v(€) and use the Eckhaus theorem. O

Naturally, all results and definitions also hold in the whole domain €2, if one lets 2¢ coincide with
Q.

1.1.4 Asymptotic expansion

It is clear from the Eckhaus theorem that any non—trivial continuous function u. (x) can be estimated
by an order function 6 (¢) such that u. (z) = Os (6 (¢)). Consequently we can always rescale

ue (z) = 0 (¢) u(z;€)
with d (¢) an order function and @ (z;¢) = Os(1). Rescaling is useful to define the asymptotic
approximations in the sense that it is natural to rescale before estimating. This in particular means
that we have to take into account the order of magnitude for each asymptotic approximation. If we
omit this, we would have a definition such as @ is an asymptotic approximation of u if u — 4 = o (1).
This shows, for example, ¢ is an asymptotic approximation of u, = 2 + &3, while u, here is expected
to be of e2-order of magnitude. We then have
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Definition 8. A function ugs is a non—trivial asymptotic approzimation of ue in Qo C Q if
Ue — Ugs = 0(dp) in Qo
with u. = O (8) where &y € O, such that
uqs = Os(dg)  in Q.

Remark 1.4. The explicit statement “non—trivial” in the above definition is introduced to distinguish
the trivial case, which is not interesting that is to say when the order of magnitude is smaller than
do-

Then we generalize the above definitions for sequences and series.

Definition 9. A sequence of functions (u, (x; 5))év, x € Qp C Q is an asymptotic sequence if
(|un|X(QO))éV is an asymptotic sequence, that is to say if [un|y . = Os (0n) with 6 = 0 (5p—1).

A series Zgzo uy, (z;€) s an asymptotic series if (un)év is an asymptotic sequence.

Given as asymptotic approximation ugs of u., one may attempt to construct a better asymp-
totic approximation. In this way, a non-trivial approximation u.s of u. to order Jy is obtained.

Subsequently, we have
ue — dou (z56) = 0(do)

and we set
Ugs = 0ot (;€)

with
u(z;e) = 05 (1).

If a better approximation is desired, the above process can be repeated. It can be shown that
ue — 0ot (z36) = Og (01)
If there exists a function @ (x;¢) = Oy (1) such that
ue — 0ot (z;6) = 01ty (z;6) + Os (02)  with d2 = 0(d1),

we can write
ue = 0ot (z5€) + 0111 (z56) + O (02) .

The process can be stopped without taking care of the neglected order of magnitude. Then, the
following notation is used
ue = 0ot (z56) + 0111 (z5€) + 0(01) .

The process can also be continued to some chosen order N. Furthermore, the definitions of an asymp-
totic series and an asymptotic approximation can be combined to study the asymptotic expansions,
which are approximating series of the form

N
Zén (e)up (xz,e), N €N, (1.1.1)
n=0

where (§,)p is an asymptotic sequence and uy, (;¢) = Oy (1).
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The question of uniqueness

Even in the case of an infinite expansion, uniqueness of an asymptotic expansion, for any given
function w (x;¢), is not ensured. This can be see when we think about the different choices of the
asymptotic sequence (d,,). In addition, according to the Du Bois-Reymond theorem, any function
u* (z;¢) has the same asymptotic expansion as u (z;€), to the considered order, if

u—u*=0(6"),

where 0* is asymptotically identical to zero with respect to the asymptotic sequence (d,) of the
considered order functions. This means that the previous asymptotic expansion can be slightly
changed by adding §*—term. This is an other reason of the non—uniqueness of asymptotic expansions.

In applications one can use this property to modify an expansion to obtain some special property
which shows that the lack of the uniqueness of expansions is not totally a disadvantage.

Taking into account the non-uniqueness of an asymptotic expansion, the number of terms is not a
very characteristic feature. It is better to say that an asymptotic expansion to order éy is obtained.
This expansion can be written more precisely as

N
w(@ie) = 30 () un (:6) + 05 (B4 (€)
n=1

such that
un (x;6) =05 (1) and dp41=0(0,) n=1,...,N.

Convergence and accuracy

For a real valued function u () of class C™V [0, ), where N € N, an elementary asymptotic expansion
can be given from its Taylor series expansion when ¢ is small. Thus, an asymptotic expansion to
order e is

U(E):U(0)+5u’(0)+...+5NQNj\)U<O)+OS (5N+1)_

This asymptotic expansion deals with the approximation of u () by a polynomial of a fixed order
N when ¢ tends to zero. Another type of convergence can be considered if we let N becomes infinite.
Here we are concerning with the convergence of the series. However, we have to highlight that there
is no link between the two types of convergence. A series has an infinite number of terms whereas an
asymptotic expansion has a finite number of terms. An asymptotic expansion can have an infinite
number of terms (in this case we have an asymptotic series) but the question of the convergence of
the series has no connection with the behaviour of the function in the neighbourhood of € = 0.

For example, the polynomial

is an asymptotic approximation of u (¢) = exp () + exp (—1/¢) when ¢ tends to zero, but we never
have

This allows, of course when ¢ tends to zero, to consider even the divergent series since we will take
into account a finite number of terms. In fact only sometimes it is more important to consider the
divergent series than the convergence ones in the asymptotic approximations (see [21, 33, 12]). Of
course, for the divergent series it is better to take a small number of terms and this number may can



CHAPTER 1. BASIC TOOLS 7

be increased if € becomes small and small. For more details about this concepts we refer the reader
to [21, 23, 38, 43].

There is no contradiction between the different observations. The series is divergent because the
limit of u. is taken when N tends to plus infinity for a fixed value of € whereas the asymptotic
expansion is valid for a fixed value of N as ¢ tends to zero.

For physical problems, the quality of an asymptotic expansion is not predictable. Sometimes, a
good intuition can improve the result. If one writes

&3
Sin€:€—g+0(€5)
and .
S 5
51n€—71+52/6+0(5)

it is immediately seen that in the second case, with a single term, the same accuracy can be obtained
as in the first case with two terms. This is due to the appropriate choice of the representative in the
class of order functions. These convergence improvements are useful in practice.

Operations on the asymptotic expansions

According to the definition of the order functions, we can show that we can always construct a new
asymptotic expansion from the addition of the previous asymptotic expansions. The same thing is
possible for the subtraction, the multiplication and the division except may be the differentiation.
From the application point of view, this allows to substitute the P.D.E. into a lot of equations where
the asymptotic expansion of its solution can be deduce from those of the new equations using the
above elementary operations.

In the following, we will study simpler expansions that called reqular expansions, which are im-
portant tools in the asymptotic analysis. Note that in the literature the term regular can be used to
express other senses.

1.1.5 Regular expansions and boundary layers
Regular expansions

Definition 10. Suppose there exists an asymptotic sequence (6, (5))év and a sequence of non-trivial
functions u,(z) independent of €, such that the series

N
Uas(x5 5) = Z On (5) un('r)
n=0
is an asymptotic expansion of u(xz;e) in Qo C Q. Then ugs is a reqular asymptotic expansion of u in
Qo C Q.
Definition 11. An asymptotic approxrimation of u. can then be written as
u(xye) =g (e)u(x) + 0 (do) -

A function ue having this property is said reqular. It must be noted that this property is not necessarily
valid to next orders.

Remark 1.5. Obviously, regular asymptotic approximations (expansions) are special cases of the
approzimations (expansions) studied in the above subsection since the functions uy, are independent
of €. Regular expansions are sometimes called Poincaré, classical or straightforward asymptotic
expansions, while expansions in the sense of (1.1.1) are called generalized expansions.
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Remark 1.6. Note that the smoothness of the data play an important role in the order of the
expansion since in each step when we want to increase the order of the asymptotic approximations
and by consequence the number of terms, more smoothness assumptions are required.

Now, we shall see that the uniqueness of regular expansions can be ensured by imposing further
suitable restrictions on the order functions.
Gauge functions and the uniqueness of regular expansions
We shall now define sets that be called gauge sets, through their useful properties.
Definition 12. [2/] A gauge set O is a subset of © such that
1. For any two elements 01,02 € O either 61 = 0 (82) or 6 = 0(61) holds,
2. Given any 6 € Oq, there exist elements 61,02 € ©g such that

01 =0(5) and § = 0(d2),

3. Given any pair 61,02 € O, with 51 = 0 (82), there exist elements §; € Oq such that

51 =0 ((51) and (51 =0 (52) .

Remark 1.7. We can say, in simple way, that a gauge function is an order function chosen as the
representative of its class of equivalence with respect to the equivalence between functions “~” (see

[21]).

Using the gauge tools, the non-uniqueness of regular expansions can be removed and we can state
this result as follows.

Lemma 1.1. Let Xy(Q,Oq) be the set of functions of the structure

(x,e) — Zén (e)un(x), x €y, Jn € Oy,

where ©g is some gauge set. If some given function ue has a reqular expansion belonging to Xy (o, O9),
then this expansion is unique in Xy(Q0,Op).

In general, the regular asymptotic expansion only takes place in some subsets of €2 which are in
particular located far away from some parts of boundary, this leads us to deal with the boundary
layer problems. In the following, we will give a qualitative description of the singular behaviour due
to boundary layers.

The concept of a boundary layer

The boundary layer behaviour can be described as follows.

Definition 13. [2/] Let a function u (.;€), on & C R", be such that there exists a manifold of lower
dimension S C  with the following properties

1. ug is not reqular in any n—dimensional, subset Qg of  such that Qg does not dependent on €
and Qo NS # 2,

2. Any point x € Q — S belongs to some n—dimensional, subset of ), independent of €, in which
Ue 1S reqular.
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Then ue has its singularity on S, and we say that u exhibits boundary layers along S. A neighbourhood
of S in Q with some determined size, will be called a boundary layer of the function ..

As it is said above the boundary layers often occur near parts of the boundary € but they are
not limited to the boundary. One can also have interior or free boundary layers. This, of course,
forces the study to be focussed near this boundary layer regions using the local coordinates tool,
this is what we will use in Chapter 3, to illustrate this local coordinates techniques, we consider the
function u. () defined on © C R. Suppose there exists a point g = 0 € 2, with the property that
e (x) has no regular expansion in each subset of 2 containing the point 2y = 0.

Suppose that near the point xg the boundary layer is characterized in size by an order function
0 (g). We rescale or Stretch the variable x by introducing the transformation

Z . S.=o0(1).

3 (e)’

The variable g, for some choice of d5, will be called a local variable (< is also often called a stretched
variable or an inner variable).
The function u, (x) transforms to

g:

Ue (2) = ue (20 + 6 () )
= we ().

It is then natural to continue the local analysis by expanding the function w. with respect to the
local variable ¢; we hope to find again an asymptotic expansion.

Introducing into u(x;€) the change of variables = to ¢ produces a function of ¢ and ¢, which will
be denoted by w(s;e). We shall say that the change of variables x to ¢ induces the change of u(x,¢)
to w(s;e). The domain of w. will be specified when it is needed.

In order to investigate that a formal approximation is really an asymptotic approximation, the
presentation of the used material is essentially.

1.2 Basic functional techniques

We recall in this section some basic notions of the functional analysis and some other properties as
an introduction to linear elliptic problems.

1.2.1 L%-spaces and distributions
We recall firstly some basic concepts and techniques regarding L?—spaces.

Definition 14. Let ¢ > 1 be a real number,  an open subset of R®, n > 1
L1(Q) := {U : Q — R, v is measurable and / v (z)]? do < oo} ,
Q

and
L*(Q) :={v:Q —= R, v is measurable | Ir such that|v (z)| < Kk, a.e. z € N}.

wo={ [l dx};,

Voo = Inf{k such that [v(z)| <k, a.e x€Q}

Equipped with the norm

|v

and

respectively, where LY (Q2) and L (2) are Banach spaces.



CHAPTER 1. BASIC TOOLS 10
In the following we recall some elementary properties of Li—spaces that will be useful in the next
chapters (in particular, the case where ¢ = 2).

Theorem 1.3 (Dominated convergence theorem). Let (uy,) be a sequence in L9 () and let u €
L1(82), such that |un, — u|, o towards zero. Then, there exist a subsequence (un,) and a non-negative
function v € L1 () such that

1. up, () > u(z) ae onQ,
2. for all k, |up, (z)] <v(x) a.e. onfd
Theorem 1.4 (Fatou). Let (u,) be a sequence of functions in L' (Q) that satisfies

1. forallm, u, >0 a.e. on €,

2. sup/undx<oo.
Q

n

For almost all x € Q we set u(z) = liminf, oo un(z) < +00. Then u € L' (Q), and

/ udz < liminf/ Up do.
Theorem 1.5 (Tonelli). Let u(X1, X2) : Q1 x Q2 — R be a measurable function satisfying

1. / U(Xl,XQ) dXs < a.e. X1 €€,
Qo

2/ Xm/ U(Xl,XQ)dXQ<OO.
Q1 Qg

Then u € L' (1 x Q).

Theorem 1.6 (Fubini). Assume that u € L' (Q1 x Q2). Then for a.e. x € Qy, u(X1, X2) € L'()
and

/ u(X1, Xo)dXs € L (1) .
Qo

Similarly, for a.e. Xao € (o,
U(Xl,XQ) S L1<Ql) and / U(Xl,Xg) dX; € Ll (Qg) .
1951

Moreover, one has

/ Xm/ U(Xl,XQ)dXQZ/ ng/ u(Xl,Xg)Xmz// U(Xl,XQ)dXQXm.
2 Q2 Q2 921 Q1 xQa

We denote by D (2) the space of infinitely differentiable functions with compact support in 2
where the support of a function p is defined as

suppp = the closure of the set {x € Q| p(z) #0}.

Definition 15. Let 0 C R" be open and let 1 < g < co. We say that a real value function u belongs
to LY () if ux € Li(Q) for every compact set K contained in  where x is the characteristic

loc

function of K.
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Note that if uw € L] _(Q) then u € L}, (Q2). Then we have

loc

Lemma 1.2. Let u € L}, () such that

/ugpdx:(), Vo e D(Q).
Q

Then u=0 a.e. on .

If X is a normed linear space, then the collection of bounded linear functional on X is called its
dual space and is denoted by X”. In particular, for any 1 < ¢ < co the dual of L7 (2) can be identified
with L9 () where ¢ is the conjugate number of ¢ which is defined by

ie., ¢ = q% with the convention that ¢ = +00 when ¢ = 1 (in particular if ¢ = 2 we also have
/
q =2).

Theorem 1.7 (Holder’s inequality). Assume that u € LI () and v € L (Q) with 1 < q < oo. Then
wv € LY (Q) and

[l o < fuly o ol o

For ¢ = 2, ¢ = 2, we have the Cauchy-Schwartz inequality in L? (©2). We also recall the classical
form of Young inequality

1
kiky < —K{ + —K§ VK1, K2 >0
q q

with 1 < ¢ < co. More general Young inequality can be written as

)

kiky < —kT + ;/@q/
T g
where ¢ is positive constant. Note that the last inequality can be derived from the previous one by
replacing k1 and ko by ¥k and Ko/ /e respectively.
In the following we would like to introduce the notion of distributions.

Vk1,k2 >0

Definition 16. A distribution T on ) is a continuous linear functional on D (). We will denote
by

(T,p) =T (p) VYpeD(Q),
and by D' (Q) the space of all distributions on Q.

In what follows, we use the abbreviation D®, for o = (a1, 9, ..., ayn) € N?, the partial derivative
given by
olal

Izt - 05y

where |a| = a1 + - - 4+ an. In the next we will clarify the preceding definition.

DO{

Definition 17. Let T € D' () for some open set Q C R™.

1. If « is any multi-index, then we define DT, the a—weak partial derivative, by

(DT, ) = (1)1 (T, D) .
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2. Given ¢ € C*° (), we define YT by
WT, ) = (T, ¢g) .

3. If h € R™ and w is any function on R™ then we define the shift of function by h as Thu (z) =
u(x+h). We set
(Thu, ) = (u, T_np) -

4. If M is an invertible linear transformation of R™, then we set
(To M, @) = |detdp| ™ (T, 0 M),

where detJys denotes the Jacobian determinant, i.e. the determinant of the Jacobian matriz

5. Ly, (Q) C D' (Q) in the following sense, for every f € Lj,,(Q)

(Tf,go)z/gfvdx Vo e D(Q).

Remark 1.8. One of the key feature of distributions is the fact that we can differentiate them -
in some sense - as much as we wish. Indeed, if u is a function that is k—times differentiable in €,
k > |al, then the distribution D*u coincides with the function D®u, the partial derivative of u in the
usual sense.

We define now the convergence in D’ (2).
Definition 18. Let (Ty,),cy be a sequence of distributions on 2. We say that when n — oo,
T, —T inD(Q)
iff
(Tn, ) = (Tp), Yo eD(Q).

Now we recall the notion of weak convergence. A sequence (uy,), n € N, in a normed space X, is
called weakly convergent to an element u € X, if

f(up) = f(u) asn— +oo, VfeX
In this case u is called a weak limit of the sequence and we write
Up — U aS N — +00.

Note that
Up, v InX=>u,—v inX, asn— 4oo.

The converse is not true in general. However, a weakly convergent sequence is bounded. Then we
have

Proposition 1. Let uy,,u € L?(Q). If we suppose that when n — +o0,
up, = u in LY(Q), (respectively u, — u in LT () ) 1< q < oo,

then we have
up, —u in D' (Q).
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Proposition 2. The operator D, o € N* is continuous on D' (), i.e.
T, — T in D'(Q) = DT, — D*T in D' (Q) asn— +oco.
We conclude this subsection by the following results often used to prove the weak convergence of
a whole sequence.

Theorem 1.8 (Weak compactness of balls). If (u,) is a bounded sequence in H, there exists a
subsequence (up, ) of (up) and u € H such that

Upy, — UGS N — +00.

Proposition 3. Let X be a reflexive Banach space and (uy) a bounded sequence in X. We assume
that there exists u € X such that every weakly convergent subsequence of (uy) has a limit equal to u;
then the whole sequence (uy,) weakly converges to u.

We also have

Theorem 1.9. Let u,, v, be two sequences in H such that u, — u and v,, — v when n tends to plus
infinity. Then we have
(Un,Vp) = (u,v) inR, asn— +oo.

1.2.2 Lax—Milgram theorem

Our goal here is to introduce the Lax—Milgram theorem which is a key tool for solving elliptic partial
differential equations. Instead of a scalar product one can consider more generally a continuous
bilinear form. Suppose that (H,(.,.),) is a Hilbert space, V C H is a linear subspace of H, and
(-, )y is an inner product on V that turns V into a Hilbert space.
Moreover, we suppose that the embedding V < H is continuous, i.e. there is a positive constant
k such that
vl g < klvly, YoeV. (1.2.1)

Definition 19. A bilinear form a :V xV — R is said to be
1. continuous if there is a positive constant A such that |a (u,v)| < Aluly, [v], VYu,v eV,
2. coercive if there is a positive constant X such that a (v,v) > A |v\$, Yv e V.
Then we have the following theorem.

Theorem 1.10 (Lax—Milgram). Assume that a(.,.) is a continuous coercive bilinear form on V.
Then, given any f € V', there exists a unique element u € V such that

a(u,v) = (f,v), Yve.

1.2.3 Essential features of the Sobolev spaces

The Sobolev spaces are very convenient tools to study the partial differential equations. In this
subsection we concentrate ourselves to the most simple ones. Then, we firstly define W14(Q) as

follows
W (Q)={vell(Q)|d,vecL1(Q), i=1,..,n},

where 0,,v denotes the partial derivative of v in the weak sense. Equipped with the norm |.| 00 152
Banach space and it is reflexive for 1 < ¢ < co. Then we give a simple characterization of difference
quotients in L9-version that we will use in the regularity results in the next chapters.
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Proposition 4. Let u € L1(Q) with 1 < ¢ < co. The following properties are equivalent
1. uwe Whi(Q),

2. there exists a constant k such that for all ' CC Q, and all h € R™ with |h| < dist (', 0Q) we
have
[Thu —ul, o < KA, (1.2.2)

where Q' CC Q means that V' is in Q.
Remark 1.9. Note that when q = 1, the implication (1) = (2) remains true.

In the next, we focus on the properties of Hilbert spaces. For ¢ = 2, €} be an open subset of R™,
n > 1. We denote by H' (Q) the subset of L? () defined by H' (Q) := W49 (Q2) which is a Hilbert
space equipped with the scalar product

(u,v)1 g :/Vu-Vv+uvdx,
7 Q

where “Vu” denotes the Gradient vector (0z,u, Oz, . . ., 0z, u)T. For more details about the space
H' (Q) we refer the reader to [1, 5, 39]. However, here we can also state

Theorem 1.11. Assume that Q) is a bounded Lipschitz domain of R™, then the canonical embedding
from H' (Q) into L? (Q) is compact.

We use the above theorem in partial differential equations as follows. From any bounded sequence
in H' () we can extract a subsequence converges weakly in H' (Q), strongly in L? (€2), and almost
everywhere in (2.

Now, let us denote by I'y a subset of I' = 9Q2 the boundary of 2, such that

’Fo’ > 0,

where |I'g| denotes the measure of I'y. Define C(l) (Q,FO) as the set of continuously differentiable
functions on Q (T is a Lipschitz boundary). An important subspace of H' (Q) is V the space defined
as

V = the closure of C} (Q,T) in H'(Q).

The mapping
1
2
oy ={ [ [Du@l s} = 9l (123

defines a norm on V which is equivalent the H'-norm when € is bounded in some directions . This
is an immediate consequence of the following lemma.

Lemma 1.3 (Poincaré’s inequality on V). Let Q be a bounded open subset of R". There exists a
positive constant k such that

‘U‘Q,Q <k, =k ‘VU‘Q’Q Yv € V.

In particular when Tg = I' = 99 we set Hg () := H} (Q,T) which is the closure of D (Q) in
H' (Q). We denote by H~!(2) the dual space of H} () and V = H{ (Q,T).

We will also consider higher order Sobolev spaces, for k a positive integer

H Q) ={ve L?(Q)| D e L*(Q), |a| <k}.
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They are Hilbert spaces for the Hilbertian norm

Wl

=1 [ X 1D ds
Q lel<k

Without going into the details, we mention that on a Lipschitz surface or boundary I' we have
Remark 1.10. Note that the higher order spaces require more reqularity of T'.

Remark 1.11. Hawving the trace operator at hand we can now make an interpretation of the Dirichlet
boundary condition. Studying the Poison equation with Dirichlet boundary condition

—Au=f wulr=g

we conclude two things. First, the equation uw |p= g means that you = g in H1/2(F) since the
variational formulation of the Poison equation is posed in H'(Q)) (subject to the Dirichlet condition,).
Second, the Dirichlet condition makes sense only for g € HY2(T). If g ¢ HY?(T') then there does
not exist a solution u € H'(Q) of the given boundary value problem. This is a conclusion of the
surjectivity of the trace operator.

An other most important properties of the trace are the following

Theorem 1.12 (Green formula). For all u,v € H'(2), we have

/ v () Op,u (x) do = / O,V () u (z) do — / Yo (v) o (u) v; do

Q Q 0N

where v = (v1,...,) the outward unit normal to T' = 9 and ~yy (respectively do) denotes the
operator trace (respectively the superficial measure on I' = 0Q).

Finally, when dealing with boundary value problems one wants to control not only the values of
a function at the boundary, but also the values of its derivatives. For this using a cut-off function in
C¢[a, b] is not enough, one needs smooth cut-off functions as in the following theorem.

Theorem 1.13. Given any finite interval [a,b] C R there are functions p, € C*®[a,b] satisfying
1. 0 < pp <1,
2. pp=1 ona+1/n,b—1/n],
3. pn=0 onla,a+1/2n] and on [b—1/2n,].

1.2.4 Elliptic problems in divergence form

In this subsection we apply the results of previous subsections to solve in the weak sense linear elliptic
problems.

Let © be a bounded open subset of R" with a Lipschitz boundary I'. Let a;j, ¢,j = 1,...,n, be
functions in L () such that for A > 0 it holds that

aij () &€& > NEPP ae xz€Q, VEERM
Then, for u,v € H! (Q) we define
a(u,v) = / aij () Op, u0y;v da.
Q

Note that since a;; € L (§2) the above definition makes sense. Moreover we have
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Theorem 1.14. Under the above assumptions a(.,.) is a continuous bilinear form on H' (Q) and
coercive on V.

As a consequence of the Lax—Milgram theorem we can show

Theorem 1.15 (Mixed boundary conditions problem). Let V = H} (Q,Tg) with |To| > 0. Then, for
every f € V' there exists a unique u solution to

a(u,v) = (f,v) YveV,
1.24
{ ue. ( )
A solution u to (1.2.4) is a weak solution to the mixed Dirichlet-Neumann boundary condition
problems.
n
— > O (a,-j (z) 8xju) =f inQ
ij=1
u=20 on I'y
Ovau =0 on '\ Ty

where v, is the co-normal vector. Clearly if ' = I' we end up with the Dirichlet boundary value
problem.
We now investigate the case of some non-homogeneous boundary conditions. For that we consider

ge H'(Q), heL* ), felL*(Q) (1.2.5)
when 2 is a Lipschitz open subset of R". Then we have

Theorem 1.16. Let V be either H} (Q) or H} (2, To) and under the above assumptions, there exists
a unique u solution to
a(u,v) = (f,v) YveV
1.2.
{ u—gey (1.2.6)

Remark 1.12. Clearly u solution to (1.2.6) is a weak solution to

— Z O, (aij () axju) =f inQ
ij=1
u=g only Ovagu=h onDT\Ty

respectively where I'g =T, u is the weak solution to the non-homogeneous Dirichlet problem.

1.3 Anisotropic singular perturbation problems

This section is concerned with some selected works on the subject of anisotropic singular perturbation
problems. Then, in addition to the notation in the previous sections, we also add here some basic tools
and notation which will used in this thesis. For {2 a bounded open subset of R*, Q,, = (—k, k)P X w
a cylinder of R", w a bounded Lipschitz domain of R"P, p and n positive integers such that p < n,
k > 0, we denote by = (z1,...,2n) = (X1, X2) the points in R" where X; = (z1,...,2,) and
X2 = (Tp41,...,%n), i.e. we split the coordinates into two parts. Let II; and I be the orthogonal
projections from R" onto the spaces Xo = 0 and X; = 0 respectively. For any X; € II;(92) := Ilg
and any Xo € I12(€2) we denote by Qx, and x, the sections of 2 above X; and X respectively, i.e.
Qx, = { X2 | (X1, X2) € Q} and Qx, = {X; | (X1, X2) € Q}. With this notation, similarly we set

Vu = (821u> RS a:vnu)T = <§§IZ> )
2
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and
Vx,u=(0zu,... ,pru)T, Vx,u = (Opp i U, - - . O u) T

The Laplace operators Ax,,Ax,, A, and Ag x,, Ag. Xy, Ag (the g;—Laplace operators in X, X
and x respectively) are defined by

A&:%ﬁﬂmHﬁjA&:y +~AﬁL A = Ax, + Ax,,

Tp+1

and
Ay x, = Vx, (yvxl.\‘ﬂ—Q le.) . Apxs. =V, (vaQ.r&‘—2 VXQ.) ,
Ay =V- (|v.|q—2v.) ,

where g1, q2, ¢ > 1 are real constants. For the evolution problems, we denote by d; or . the partial
derivative in the time which will belong to some time interval (0,T), where Tis a positive constant.
It will be also convenient to simplify the notation by setting

z=(t,z) ER"™, Q=(0,)xQ, Q.=1[0,TxQ,
QOO:[Ovrqxw7 QX12(07’I)XQX17 QX22(071)XQX2'

Let A = (ai;(2)) be a n x n matrix with
g5 ELOO(Q) Vi,j=1,...,n (1.3.1)

and such that, for some A > 0, we have

AE-E> NEP YEERD, ae z€Q. (1.3.2)

where “-” denotes the canonical scalar product in R". We decompose A into four blocks by writing
An A12) 9 (3751411 atA12)

A= . A= A= 1.3.3

(A21 Ao ! ot 0y Aa1 OpAa ( )

where Aj;, Agy are respectively p x p and (n — p) X (n — p) matrices. We then set for € > 0

e2A;1 €A
Ac = Ac(z) = <€A2111 A2122> .

We have therefore, for a.e. z € @ and every & € R",

A€ = AL - & > NEP = MG +1&1°), (1.3.5)
Agoby - &9 > N& %,

(1.3.4)

where £ = (2) with & = (&1,...,&)7T, & = (i1, -+, &)1 and & = (e€1,£2)T. Thus, we have
Al E>NEEND)EP VEERY, ae z€Q, (1.3.6)

where “A” denotes the minimum of two numbers. It follows that A. and Ass are positive definite
matrices.

The full and integral proofs of theorems of this section can be founded in the mentioned papers,
here only the main results of some selected papers are given.
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1.3.1 Linear elliptic anisotropic singular perturbation problems

In this subsection since we will deal with elliptic problems then we assume that the matrix A is
independent of ¢, i.e. a;; (t,x) = a5 (x) € L>(Q), i, = 1,...,n. We analyse diffusion problems
when the diffusion coefficients in certain directions are going toward zero, i.e. for a source term

fer*n), (1.3.7)
we consider the following elliptic problem

U € H&(Q),

/ AVu. - Vo dz = (f,v) Yo € HY(Q). (1:38)
Q

More precisely we are interested in determining the corresponding limit problem of (1.3.8) and the
speed of convergence of the solution u. toward its limit. Obviously thanks to the Lax—Milgram
theorem and the previous hypotheses there exists a unique u. € Hg () solution to problem (1.3.8).
If we formally pass to the limit in the above problem, we may see that the candidate limit of w. is
uo = up(X7y,.) defined for a.e. X; € Il as a solution to

uo(X1,.) € Hg(Qx, ),
AQQVX2UO(X1, ) . VXQU dXy = f(Xl, .)1) dXo Wve H(%(QXl)‘

Qx, Qx,

(1.3.9)

Note that there exists ug solution to the above elliptic problem set on the section Q2x, since Aay is
definite positive and for a.e. X; € Il we have f(X1,.) € L?(Qx,). We have of course now to precise
in what sense the convergence

us —>ug as e — 0, (1.3.10)

will take place. Firstly we will establish the convergence for arbitrary domain 2.

Asymptotic behaviour in arbitrary domains

Even, in general the convergence (1.3.10) in the space H! (€2) does not hold, the following theorem
ensures some convergence results.

Theorem 1.17. Under the assumptions above we have when ¢ — 0,
Ue — Uy,  Vixyue — Vx,uo, eVx,ue — 0 in L*(Q) (1.3.11)
where u. (respectively ug) is the weak solution to (1.3.8) (respectively (1.3.9)).

(In the above convergences the vectorial convergence in L?(£)) means the convergence component
by component.)

Proof. See [13, p. 181-184]. O

Now we are concerned with the special case where € is a cylinder and we give precise conditions
which insure ug € H' (Q) and estimate the rate of convergence of u. towards ug for different norms.
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The rate of convergence in general cylindrical domains

Here we suppose that ) is of a special type namely € = w; X we where w; and wy are bounded
Lipschitz domains of RP and R™? respectively. Then for any X; € II; (2) and any X, € 115 (2) one
has Qx, = w2, Qx, = w1 and the problem (1.3.9) can be written

Uug (Xl, ) S H& <CU2),

1.3.12
A9V x,up (X1,.) - Vyx,vdXos :/ f(X1,)vdXy Vo€ H(ws). ( )
w2

w2

In order to obtain a convergence of u. with respect to the H'-norm far away from the boundary
layers Ow; X wa, we need to guarantee that V x, ug belongs to L? (Q') for each open subset 2 = w} X wo
where w] CC wy, which means that

ug € HY(Y). (1.3.13)

So if we assume that

O f €L*(Q), Opa; €L®(Q), k=1,....p, 4,j=p+1,...,n (1.3.14)
we get,
Proposition 5. Under the assumptions (1.5.1), (1.3.2), (1.3.7) and (2.2.8) we have ug € H(Q).
Proof. See [13, p. 185-186]. O

Remark 1.13. Note that, in general ug ¢ H& (Q), for example, in the particular case when Q =
(0,1) x (0,1), A =1d, and f = f(x2) then ugy is independent of x1 and is not identically equal to
zero if f # 0. Thus the function ug = ug (v2) ¢ Hg () and we cannot expect the convergence of u.
towards ug in H' () as ¢ tends to zero.

Next, it is clear that for any open set w] satisfying wj CC wi, we can find another open subset
w/ such that w| CC w{ CC wy. Then, we suppose that

Ov;aij,  Opaij € L%(w] X wy), i=1,....p, j=p+1,...,n (1.3.15)
Now we can state the following theorem.

Theorem 1.18. Under the assumptions of Proposition 5 and if we suppose that we have (1.3.15)
then for any wj CC wy,
|ua - UO‘Q’Q’ ) ’VXQ (UE - u0)|2,Q’ =0 (5) )

and
Vx,ue = Vx,up in L? (Q/) .
Proof. See [13, p. 187-189]. O

We can improve the above result if we have some information on % (ue — ug). More precisely we
have

Theorem 1.19. Given the assumptions of Theorem 1.18, the following claims are equivalent

1. L (e — ), % [V, (ue —ug)] — 0 strongly in L? (w] x we), Vw| CC wy,

2. é (ue — up) — 0 weakly in L? (W} x wy), Vw| CC ws.

Proof. See [13, p. 189-190]. O
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The next theorems improve the convergence rate when the matrix A has a diagonal structure.

Theorem 1.20. Under the assumptions of Theorem 1.18 and in addition we assume that Aio =
AL =0, then we have as e — 0,

|ue — u0’2,§2’ Vi, (ue — UO)‘Q,Q’ =o(e), IV, (ue — uO)‘Q,Q’ =o(1).
Proof. See [13, p. 190-191]. O

Theorem 1.21. Under the assumptions of Theorem 1.20 and if, moreover, the limit ug and the
matriz A1y are smooth enough in the Xi—directions, i.e. they satisfy

Viuw € L*(Q)  and  Vx, Ay € L™ (Q), (1.3.16)
we have when € — 0,
|ue — u0|2,Q’ e u0)|2,ﬂ’ =0 (52) ) Vi, (ue = u0)|2,§2/ =0 (e)

(Vg(l Uy = (8%.8%. uo)i i=1.p is the Hessian matriz in the directions X1 and V x, A11 € L™ (Q) means
that VchLij € L (Q), 1,7=1,...,p.

Proof. See [13, p. 191]. O

Remark 1.14. We can show that a necessary and sufficient condition to get the weak convergence

1
g(ue—uo)éo in L* (w] x wa),

for every w] CC w1, is

/ A12Vx,up - Vxvde —I—/ AnVxug - Vx,vde =0 Yo € HY(Q). (1.3.17)
Q Q
For example, if A1s and Asy are constants, this is the case when Ao = —A2Tl. The following example

s given to clarify the previous situation.

Example 1.4. We take Q = (0,1) x (0,1) and

1 1
-6
In this case, we do not have the weak convergence
1 . 2
g(ue—uo)éO in L7 (Q).
Indeed, if we combine (1.5.8) and (2.2.10), we get
1
/ €0y, U Oy v dx —I—/ Oy UeOyy v dx + / - (ue — up) 02,vdz =0 Yo € D(Q).
Q Q Q

Supposing that we have L (uz — ug) towards zero in L* () and letting € go to zero, then we deduce

/ Oz, 100z, vdx = 0.
Q
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Replacing v by Oy,v we derive
/9852114031;11) doe = — /Q 8962114)83518@1) dxz = 0.

We have therefore,
/ Oy, fode = —/ fOr,vdx =0,
Q Q

which implies that f and ug are independent of x7.

Remark 1.15. In the case when the limit solution ug is independent of X1, as in the example above,
and in addition if the hypothesis (1.3.17), which will be reduced to

/ A12VX2u0 . Vledl' =0 VYve H&(Q),
Q

is true, we can show, using the iteration technique given in [19], that ue converges towards uy in
H' (w] x wy) with an exponential rate of convergence, for any w| CC wy, i.e.

n
|ue — uO!Hl(wflm) < Kexp (—g> :

where the positive constants n, k are independent of €.

Correctors for some anisotropic singular perturbation problems

As it is shown above, the solution u. does not converge with respect to the H'-norm on the whole
domain, towards some ug. Here we construct correctors (or boundary layer functions), to get good
approximations of u. on the whole domain. Of course we will more interested in the behaviour of u,
near the boundary layers since we already have the needed convergence far away from this part of
the boundary. To do this, let us suppose that 2 is a cylindrical domain defined as Q = (0,1) x w, i.e.
here we take w; = (0,1),ws = w, and A = Id. Then we do not have convergence, in the H'-norm
near {0} x w and {1} X w. As in Section 1.1, the idea is to construct a corrector near {0} x w and
another one near {1} x w. For reason of simplicity we take a Neumann condition on {0} x w and by
consequence we do not have to define a corrector near this part of the boundary. This means that
we consider here the mixed boundary value problem

—€28§(1U5 —Axu:=f inQ=(0,1) X w,

ue =0 on 0O\ {0} X w, (1.3.18)
g%i =0 on {0} x w.

For a.e. X; € (0,1) one can define ug the solution to

{ _AX2UO (le ) = f(X17 ) in w,

ug (X1,.) € Hy(w). (1.3.19)

The goal here is to correct u. — ug by a simple function 6. which describes the behaviour of u. — ug

near {1} x w and is such that
ue —up — 0 — 0 in HF(Q). (1.3.20)

Note that there is no convergence problem for u. near {0} x w since if U, is solution to
—e20%,U: — Ax,U. = F in (=1,1) x w,

Uz—: € H(%((_la 1) X w)?
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where F' is an even function in X; and equals f on (0,1) X w, we can show that (see [11, p. 273-274])
Us (—X1, X2) = Uz (X1, X2) = us (X1, X2) a.e. on Q.
Of course thanks to the results of the previous sub-subsection, if ug is smooth enough, we have
Ue — U in H'((0,a) x w), forall 0 <a < 1.
Let now V be the space defined as
V={veH (Q)|v=0o0n 00\ {0} xw}. (1.3.21)
There exists a unique u, solution to (1.3.18) such that

U €V,

/ 628X1U58X1’U + VX2U€ . VXQU do = / fU dr Vv e V. (1322)
@ Q

Clearly (2.2.7) is the weak formulation of (1.3.18). We assume that f € L? (€2) and the existence of a
unique solution to (2.2.7) follows from the Lax-Milgram theorem. The weak formulation of (1.3.19)
reads for a.e. X7 € (0,1)

U (Xl,.) € H& (w),
/VXQUO(Xl,.)~VX2UdX2:/f(Xl,.)UdXQ Yo € H ().

w w

(1.3.23)

In the case where
fi 0x, feL*(Q), (1.3.24)

one has ug € H! (), see the precedent sub-subsection.
In order to construct a corrector for u. we denote by Sy the strip S, = (k, +00) X w, k > 0. Let
w € H' (Sp) be the weak solution to

Aw =0 1in S
v 20 (1.3.25)
w |{0}><w: —Uo |{1}><w7 w ‘(0,+oo)><6w: 0.
We denote by 6. the function defined as
1-X
0. (X1, X3) = w( L X5) ae. on Q. (1.3.26)
We can show the following estimates
Lemma 1.4. There exist positive constants £ and 7 independent of € such that
n
Vu|? dz < ~1). 1.3.27
/Sl| wlt do < wexp (-7 (1.3.27)
Proof. See [11, p. 266-267]. O

The theorem below plays an important role to get the main result of this sub-subsection.
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Theorem 1.22. Let u., ug be the solutions to (1.3.18), (1.3.19). Then under the assumption (1.3.24)
there exist two positive constants k and n independent of €, such that

d / £ (0, (ue — uo — 0:))” + | Vx, (ue — uo — 6.)* du
Q
n 2
< Kexp (—g> —€ / Ox,uo0x, (ue —ug — ;) dz. (1.3.28)
Q

Proof. See [11, p. 267-269]. O
As a first application of Theorem 1.22, we have

Theorem 1.23. The solution ug is a strong limit of the sequence (ue — 0:) in H' (Q) and the fol-
lowing error estimate is valid as € — 0,

[ue — up — 9€|2,Q IV, (ue —uo — 95)’2,9 =o(e), 0x, (ue —up — 96)’2,(2 = o(1).
Proof. See [11, p. 269]. O

We can improve the rate of convergence above if we assume more smoothness of f as in the
following theorem.

Theorem 1.24. Under the assumptions of Theorem 1.22 and if

8'3’(11@ € L*(Q) and dx,uo=0 on {0} x w, (1.3.29)
then we have when ¢ — 0
[ue — o —Oclyq s [Vx, (Ue —uo — 0c)]p g = O(e?), 10x, (ue — ug — 0c)|g 0 = O(e).
Proof. See [11, p. 270]. O

Remark 1.16. Note that
1. The second hypothesis in (1.53.29) means that for a.e. Xo € w we have Ox,ug (0, X2) = 0.

2. For instance, if f is smooth enough, we can show that the hypotheses ﬁg(lf € L?(Q) and
Ox,f =0 on {0} x w imply (1.3.29) using the representation formula

wo (@) =/f<xl,y>G<X2,y> dy

where G is the Green function, see [2)].

Thanks to Theorem 1.22, if we assume that f is independent of X; we get an exponential rate of
convergence.

Theorem 1.25. Under the assumptions above and in addition if f is independent of X1 then we
have an exponential convergence of u. — 0. to ug in the whole domain 2, i.e. there exist positive
constants k and n independent of € such that

/Q|V(u5 —ug — 0.)]* do < kexp (—2) .

Proof. This is an immediate consequence of (1.3.28). O
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1.3.2 Parabolic and hyperbolic problems

This subsection is devoted to the study of anisotropic singular perturbation theory for linear parabolic
as well as hyperbolic problems. A description of the asymptotic behaviour of the solution, as € tends
to zero, is given and in the case of cylindrical domains, as for the elliptic problems, we can improve
the rate of convergence in regions far away from the boundary layers. However, some difficulties
arise, especially for the strong convergence.

Parabolic problems

We would like to consider the family of parabolic problems

Owue — V- AVu. = f  in Q,
us =0 on (0,7) x 09, (1.3.30)
Ue (07 ) = UO in Q

As in the case of elliptic problems we are interesting to analyse the behaviour of u. when e tends to
zero. If we let £ go to zero formally - we see that a reasonable candidate for the limit of u. is given
by ug = ug (t, z) satisfies, for a.e. X; € Ilg,

Oruo(X1,.) — Vx, - (A22Vx,uo) (X1,.) = f(X1,.) inQx,,
UO(Xl, ) =0 on (O,’D X 8QX1, (1.3.31)
UQ(O,Xl,.):UO (Xl,.) in QXl-
We suppose here that
feLl*Q), u°elL*). (1.3.32)

The existence and the uniqueness of the solution wu. is ensured in the weak sense.
Now in our case of the linear parabolic problems (1.3.30) the solution w. is unique, then we have
the following

Theorem 1.26. The following convergences hold for the whole sequence

Ue — UQ, VX2u5 — VXQUO, €VX1u5 — 0 in Lz(Q),
Opte —> dpug  in L2 (0, T;H 1 (Q)) .

Proof. This proof run on the same way as the proves in [10, Theorem 3.1 and 4.2, p. 1778-1788] by
taking into account that A(z,s) = A(z) for all z € Q. O

Remark 1.17. We can also have, for allt € (0, 7)

us (t,.) — ug (t,.) in L*(Q), ase— 0. (1.3.33)

Hyperbolic problems

We would like now to consider the following hyperbolic problem

ul = V- (AVu) = f in @,

£

ue =0 on (0,T) x 09, (1.3.34)

ue (0) =ul, wl(0)=wu! inQ
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and make here the following assumptions that insure the existence and the uniqueness of the solution
to the above problem

WO ul € HI(Q), whuleL*(Q), feL*Q), (1.3.35)

a;j € cl(Q), a;j = aji, Vi,j=1,...,n. (1.3.36)

Of course as it is shown in [27], the convergence of u. requires a limit of the initial conditions as
w —u® in H}(Q), wul—=wu! in L3(Q). (1.3.37)

(The subscript should not be confused with the power notation.) As in the precedent problems the
natural candidate limit of u. is ug defined for a.e. X7 € II;1(2) as a solution to

ug(X1,.) = Vi, - (A22Vx,uo(X1,.)) = f(X1,.) in Qx,,
UO(Xl, ) =0 on (07’13 X aQle (1.3.38)
ug (0, X1,-) =u’(Xy,.) and wuf(0,X1,.) =u!(Xy,.) inQx,.

Note that X; plays a parameter role in this problem. Taking into account (1.3.35), it follows that
-see [13]-
W (X1,.) € Hy(Qx,), u'(X1,.) € L*(Qx,) and f(X1,.) € L*(Qx,)

for a.e. X1 € I1;(2). Then (1.3.38) has a unique solution in the weak sense.
The main result here, that deals with the limit behaviour of u. is given in the following

Theorem 1.27. Under the assumptions above, we have as € — 0, for every t € [0, 4

Ue (t) — UQ (t) s VXQUE (t) — VXQU() (t) s

(1.3.39)
eVxue (1) = 0,  ul(t) — vy (t),
in L? (Q) where ue and ug are the weak solutions of (1.3.34) and (1.5.38) respectively.

Proof. See [31, p. 8986-8988]. O

Note that it is shown in [31] that ug € C([0,H; L* (), Vx,uo € C([0,F; [L? (2)]"") and v’ €
C([0,T; L? (Q)) which justifies the point-wise limits with respect to ¢ in (1.3.39). As a consequence
of Theorem 1.27 and the following estimates

(Vxoue).,  (ue),, (u'g)s and (eVy,u:). are bounded in L=(0, T L? (Q)). (1.3.40)
Then, we have
Corollary 1.2. For every 1 < q < oo we have
Vx,ue = Vx,ug, eus — ug, Vxue — 0, ul — g in L2 (0, T L? (Q)) ,
u? —uf — 0 in L0, EH Q).
Proof. See [31, p. 8989). O
Remark 1.18. Note that
1. We can replace the condition (1.3.37) by the following weaker ones
Vx,ul = Vx,u’, u?—u’, eVxul =0, ul—u'inL?(Q).

In this case we only have to suppose that u®, Vx,u® € L? (Q). This is the reason why ul,ul are

chosen depending on € in this sub-subsection.
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2. The point-wise convergences shown in Theorem 1.27 are indispensable to study strong limits as
in (1.8.41).

Next in order to deal with the rate of convergence we assume that the domain € is cylindrical,
i.e.  =wy X we and that the matrix A is independent of time, i.e.

A(t,x) =A(z), ae x€. (1.3.42)

For a.e. X; € wy, in the problem (1.3.38) we replace Qx, by we. Our aim is now to improve the
convergence u. towards ug, in particular the convergence of Vx, u.. For this reason, as a necessary
condition we need to assume more regularity hypothesis, i.e. ug (t) € H' (Q2) for a.e. t € (0,T) and
of course the regularity of ug in the X;—directions depends on the regularity of the data in the same
direction. We can show that if (see [31, p. 8989-8992])

Opu' € L? (wis H (w2)), Onf € L*((0,D) xwi; H ! (w2)), i=1,...,p, (1.3.43)
then
up € L (0, EH" (Q)), Opup € L™ (0, EL* (wi; H ' (w2))), i=1,...,p. (1.3.44)
Note that although we ignore if ug € C (0, T H! (Q)) or not we have
up (t) € Hy (wi x Ows) :={v € H" (Q) | v|wyxow, =0}, VYt [0,7. (1.3.45)

Let wy, wa be the two open subsets defined in Subsection 1.3.1 (w] CC w{ CC wy). With this notation
we set ) = W) X wy, Q" = w] xwy and Q' = (0,F) x ', Q" = (0,T) x Q. For every t € [0, ], we
define the functions

t t
Up (t) = / ug (o) do and U.(t) = / ue (o) do. (1.3.46)
0 0
Then we have

Theorem 1.28. Under the above hypotheses, we assume in addition that when € — 0,

0

|u? — uO}Q’Q =0(e) and ‘u; — u1|L2( =0 (e), (1.3.47)

w1 H = (w2))
then we have
sup | (ul —ug) (B)| yorigry>  SUp | (ue — uo) (£)|5 00 = O (e),
tefo, 7] ) H=H@) tefo, 9]

S[up;q IV, (Us = Uo) ()]0 = O (e), Vx,Us(t) = Vx, Uy (t) in L* (), vt €0, 7.
t€|0,

Proof. See [31, p. 8993-8995]. O
When the matrix A has a diagonal structure we can improve this result as in the elliptic case.
Corollary 1.3 (Diagonal matrix). Under the assumptions of Theorem 1.28, in addition we suppose

that Ay = Agl =0, |ug o u0’2,§2 =o(e) and ‘u; o ul}LQ(m;H_l(um)) =o(e), then when e — 0

S | (ul =) (O] 1 gy S |(ue = ug) ()|g.00 = 0(e),
sup |V, (Us = Uo) ()| = 0(e), sup [Vx, (Us = Uo) ()]0 = 0(1).
tE[O,Z]’ tE[O,ZT
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Proof. See [31, p. 8995]. O

Remark 1.19. As a trivial consequence of the corollary above we have

sup |Uz (1) = Uo ()| g1y >0 ase —0.

tefo, 9]

We turn now to present some results on the non-linear anisotropic singular perturbation problems.

1.3.3 Abstract singular perturbation problems

In this subsection we deal with singular perturbations of variational inequalities involving some non-
linear operators and depending on a small positive parameter €. Here the results are very general but
we have more particularly in mind anisotropic cases where € only acts on some variables of a domain
Q) C R". First we consider the abstract theory of singular perturbation problems, defined in Banach
spaces, then we describe the asymptotic behaviour of the solutions when e tends to zero. These
abstract results are applied to some boundary value problems. This approach has the advantage to
include in a short theory a wide class of problems spread in the literature.

Singular perturbations of variational inequalities

Let V and W be two reflexive separable Banach spaces equipped with the norms |.|, and ||y
respectively. We suppose that the space VNW is dense in V and W, and is equipped with the norm
l.lvaw = |-l + |-l Of course the V.N W is a Banach space equipped with the previous norm. It is
clear that VAW c V, W and V', W’ C (V N W)’. Moreover one can check that (V N W)" = V' +W’.
We consider two non-linear operators A and B such that A:V — V' and B: W — W'. We suppose
that A, B are monotone, that is to say that

(Au— Av,u —v)y, >0, Vu,veV, (Bu—DBv,u—uv), >0, VYuveW (1.3.48)

We denote by K # & a closed convex set of VNW and for A and B we make the following coerciveness
assumption. We suppose that for some vg € K one has

(Au — Avg, u — vo)y,
lu—woly,
(Bu — Bug, u — vo)

— 400 when |u—wgly, = 400, ueEK, (1.3.49)

— 400 when |u—uwvg|y = +00, ueE K. (1.3.50)
|u — voly,
Of course if K is bounded in V' (respectively in W) we will not need the assumption (1.3.49) (re-
spectively (1.3.50)). In addition we assume that A, B are bounded and hemi-continuous. Under the
assumptions above, for f € (V' N W)/ and € > 0 there exists u. solution to the problem

€ (Aue,v — ue)y + (Bue,v — ue)yy > (f,v — U)oy, V0 €K, (1.3.51)
u: € K, e
(see [14, p. 3-4]). Moreover if A or B is strictly monotone, i.e. if one of the inequalities (1.3.48) is

strict for u # v, the solution is unique.

Remark 1.20. When K =V N'W one sees by taking v = u. £ v,v € K that uc is solution to

{ eAue + Bue = f, (1.3.52)

u. € VNW.
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We are now interested in studying the behaviour of u. when ¢ tends to zero. Note that it is not
possible here to get an explicit estimates as we got in the previous subsection because to the weak
coerciveness assumptions (1.3.49), (1.3.50) and the essential convergences are given as follows

Theorem 1.29. Suppose that f € W' and let u. be solution to (1.3.51). Then we have as e — 0

ue is bounded in W independently of e, (1.3.53)

eue =0 inV, (1.3.54)

eAu. -0 inV/, (1.3.55)

(eAue,ue)y, — 0. (1.3.56)

Proof. See [14, p. 5-6]. O
Remark 1.21. In the case where K =V NW, from the equation (1.5.52) one derives that

Bu.—f—0 inV', ase—D0. (1.3.57)

In addition we have

Theorem 1.30. Suppose that for some sequence €, — 0 one has u., — ug in W. Then ug is a
solution to the variational inequality

Bug,v —ug)yy > (f,v —uo)y,, Yve KW
( v w = w (13.58)
Uy € KW.
Moreover one has
Busk — Bug in I/V’7 <Bu5k’ u5k>W — <B’LLQ,’LL[)>W . (1359)
Proof. See [14, p. T]. O

Remark 1.22. Note that

1. It is shown that the only possible limits for the sub-sequences of (u.). are solutions of the
variational inequality (1.3.58). In particular if the solution is unique one has us — ug in W,
and Bu. — Bug in W’. This is the case when B is strictly monotone for instance.

2. In the case where K = VW, we have KW =W and ug is a solution to the equation Bug = f.
As a corollary we have
Corollary 1.4. It is interesting to note that
1. If we suppose that A is strongly coercive in the sense that
(Av,v)y, > X}, Yo eV, (1.3.60)
for some positive constants X\ and vy, then one has

eV, -0 inV, ase—0. (1.3.61)

2. If B is strongly monotone in the sense that for some p >0 and n > 1
(Bu — Bv,u — vy, > plu—oll,, Yo, u e W (1.3.62)

then the solution ug of (1.3.58) is unique and one has the convergence of u. towards uy in W

(see [1/, p. 8]).
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Remark 1.23. Assuming only the basic coerciveness (1.5.49) of A, the convergence result (1.3.54)
is sharp since if v approaches one in (1.3.61) the exponent of € tends to one.

Next we pay attention to more regular problems, i.e. when some solutions of (1.3.58) are in V.

Corollary 1.5. If the variational inequality (1.3.58) has a solution 4 € K satisfying
liminf (Au,u —a),, >0 when |u|, =00, ue€K, (1.3.63)
then u. is bounded in V' and there exists always a sequence ue, such that
Ug, —~ug 0V and W (1.3.64)

where ug € K is solution to (1.8.58), i.e. the accumulation points of (u.). are all in K and solutions
to (1.3.58) (see [1/, p. 9]). In addition if B satisfies (1.3.62), one has

[ue — uglyy = o (5”") . (1.3.65)

Some applications

It is interesting to note that, using a priory estimates in the above sub-subsection, there is no need
to have some compactness assumptions to pass to the limit in non-linear terms, which effectively do
not exist. In order to illustrate this we will consider here three non-linear elliptic boundary value
problems as examples of the abstract theory above. We will apply the theory to some anisotropic
singular perturbation problems in the last two examples. To also see the power of this abstract
analysis in general, we consider a very classical case of non-linear obstacle problems.

Non-linear obstacle problems We denote by a (§) = (a; (§)) a continuous vector field in R". We
suppose that a is such that for some A\,A > 0 and xk € R

a(@)-E>NEP+k, la(©<Alg, VEeR® (1.3.66)
(@(€) —a(Q).(E-¢) >0, Ve eR (1.3.67)

Then, for f € L? () there exists a unique u. solution to

u. € Ko ={ve H} (V) [v(x) >0, ae xeQ}

e/Qa (Vue) -V (v —u.) do + /Q ue (v —ue) dr (1.3.68)
z/f (v —u) dz, Yv € Ky,
Q

where (2 is a bounded open subset in R®. Then setting V = H} (Q), W = L? (Q), Au = — div (a (Vu)),
and B = Id, the above results apply and we get that u. towards f+ in L? (Q) where f* (f~) denotes
the positive (negative) part of f respectively. Indeed, thanks to Theorems 1.29, 1.30, and Corollary
1.4 we see that u. towards ug in L? () where ug is the unique solution to

up € Ko={veL*(Q)v(z) >0, ae. ze€},

i} (1.3.69)
/uo(v—uo) dxz/f(v—uo) dz, Vv e K.
Q Q
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But clearly
/f*(v—f*) da:=/(f+f—)(v—f+) dz
Q Q
:/f(v—f+) dx+/fvdx2/f(v—f+) dz, Yove K
Q Q Q

and ug = f*. As a corollary of Theorems 1.29, 1.30 and Corollary 1.4, we can state the following.

Corollary 1.6. When ¢ tends to zero we have
ue — fT in L2(Q), eu. — 0 in H} (Q),

5/a(Vu5)-VuEdm—>O, €0z, (a(Vuz)) =0 in H1(Q), i=1,...,n
Q

Remark 1.24. Note that, as in (1.3.66), we may add a constant k € R in (1.3.60) since it will be
neglected once it is multiplied by e, i.e. (Av,v)y, > Xo||, + K for all v in V. Of course, here the
strong convergence of \/eVu. comes from the last convergence in the above corollary, i.e. \/eVue
towards zero in L? (§2).

Semi-linear elliptic problems We consider the following semi-linear elliptic problem

{ _5AX1UE - AXQUE +g ('CU,UE) = f in Q?

(1.3.70)
ue € H} () NLI(Q),

where f € L%(Q) + LY (Q), for ¢ > 1 (¢’ is the conjugate of ¢). In order to apply the abstract
approach we assume that g : ) xR — R is a Carathédeory function and non-decreasing in the second
variable and there exist x,x" > 0, such that

lg(z,t)] <k |t|T '+ K, g(z,t)t>t]?, VteR, ae z€
It is clear that if v € L7(Q) then ¢ (.,u(.)) € L (Q). So g defines an operator (still labelled by g)

from L7 (Q) into L7 (Q) by
urg(,u()), (1.3.71)

which is bounded, monotone and hemi-continuous. Then we choose the suitable Banach spaces
V={ueL?Q)| Vxue [L*(Q)]", u(.,X2) € Hj (Ux,), ae. X2 €I, (Q)},
W = {u eL*(QNLIQ)| Vyue [L2(]"7, u(Xy,.) € H) (Qx,), ae. Xi €1 (Q)}

equipped with the norms [v[, = |Vx,v|yq and vy, = [Vx,v|yq + |v], o respectively. We can
easily check that V' and W are separable reflexive Banach spaces. Next we set A = —Ax, and
B = —Ax, + g(x,.). Then the operator A : V' — V' is linear, bounded and coercive. Since the
operator B : W — W' is a sum of a linear operator, satisfying the same properties as A, and the
operator defined in (1.3.71), it is bounded, monotone and coercive. In this example the limit problem
is defined for a.e. X; € II; () as

{ _AXQUO (Xla ) + g((X17 ) » UQ <X17 )) = f (X17 ) in QX17

(1.3.72)
uQ (Xl,.>=0 on 8QX1.

Moreover we can show that if the boundary of 2 is smooth then V N W = H{ (Q) N LP (Q), see[14,
p. 12,13]. As it is known, we need a point-wise convergence to pass to the limit in the non-linear
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term g (., us). But the estimates that one has, i.e. [Vx,ucly g, |uc; o are bounded, are not sufficient
to get the point-wise limit of (u.). since the embedding W C L? (2) is not compact. So in this case
the monotonicity hypothesis is necessary and as an obvious consequence of Theorems 1.29, 1.30 and
Corollary 1.4 we have

Corollary 1.7. When ¢ tends to zero, we have
s — U, Vx,ue = Vx,ug and +eVxue —0 in L? (Q).
Moreover if g is strongly monotone then we obtain.
ue = ug in LI1(Q).

Remark 1.25. Note that, even if B is not strongly monotone, the first two convergences hold strongly.
This is due to the uniform monotonicity of —Ax,, i.e.

(AX2U - Aquvv - U>W +/ (g (x7v) -9 (x’ u)) (U - u) dz > |VX2 (U - U)|§7Q, Vo,ueW.
Q

g—Laplacian type problem The second application of the abstract theory, in the anisotropic case,
is the following quasilinear elliptic problem

_EAQLXluE - AqQ,XQUa =f in Q,
{ us =0 on 0f) (1.3.73)

where ¢1,¢2 > 1 are real constants. We assume that f € L% (Q) - ¢ is the conjugate of go. In this
case we set

V= {u € LT (Q)| Vx,u € [L7 (), u(-, Xa) € Wh (), ae. Xy €1l (Q)} :
W= {u € L% (Q)| Vxyu € [L® ()" 7, u(X1,") € Wh® (Qx,), ae. X; €1 (Q)}

equipped with the norms |v|y, = [Vx,v|, o and |vly, = [Vx,v],,  respectively. We can easily show
that V and W are separable reflexive Banach spaces. Then we define the operators A: V — V'’ and
B:W — W as A= —A, x, and B = —Ay, x, respectively. It is easy to see that A and B are
coercive, bounded and hemi-continuous. The monotonicity of A and B is ensured by the following
monotonicity inequalities

(161" = 0" n) - (€ =) = wg {lg + [} e =nf, Va>1, veneRr,
(1172 = ml*=n) - (€= m) = mle —nl*, Va=2, veEnmeR,

where k4 is a positive constant (see [7, 30]).
Thus the operator A (B) is strictly monotone for all ¢; > 1 (¢2 > 1) and strongly monotone if
q1 > 2 (g2 > 2) respectively. The limit problem is defined, for a.e. X; € II; (2), as

_AQZ,XQUO (Xb ) = f <X17 ) in QXU (1 3 74)
uo(Xl,'):0 on 8QX1. e
Finally and more precisely we have
vaw = {ue o) @), Vyue (L7 QP Vxyu e [L% ()7, ulon = 0},

which gives a sense to the boundary conditions. Then by Theorems 1.29, 1.30 and Corollary 1.4, we
have
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Corollary 1.8. For all q1,q2 > 1,

ue —ug W, eVxu.—0 inL"(Q), (1.3.75)
ey x ue =0 in Vv, Ago XU = fin %% (1.3.76)

where uz and ug are the solutions of (1.5.73) and (1.3.74) respectively. Moreover if g1 > 2 then
YUV ue — 0 in LT (Q), (1.3.77)

and if go > 2 then
Ue — up, Vx,ue = Vx,ug in L2 (). (1.3.78)



Chapter 2

Regular Asymptotic Expansion

In this chapter we construct a regular asymptotic expansion to the weak solution of anisotropic
singular perturbation problems of elliptic type when the main idea aims to go deep in the study of
the rate of asymptotic convergence. In fact the analysis of the asymptotic expansion strongly helps
in understanding what is, and what is not, needed to improve the rate and the type of asymptotic
convergence. In order to define the coeflicients of the development some smoothness basic properties
(with respect to the parameters) of elliptic problems are established.

2.1 Position of the problem

In order to describe the class of problems that we would like to address, we first recall some basic
notation and hypotheses. Let €2 be a bounded open cylinder in R", i.e.

Q) = w1 X wo,

where w1, wo are bounded Lipschitz domains of RP? and R" P respectively (n > p > 1).
Let A = (a;j(z)) be a n x n matrix such that

a; € L®(Q), Vi,j=1,...,n (2.1.1)

and for some constant A > 0, it satisfies the ellipticity condition

AC-C>A|CP YCeR®  ae onf. (2.1.2)
We decompose A into four blocks by writing

A A
A= a2)

where Aj1, Ago are respectively p X p and (n — p) X (n — p) matrices. We then define for € > 0, the
perturbed matrix,

Therefore we have, for a.e. x € Q) and every ¢ € R"

A ¢ = AG -G 2 MG =2 {210 + |Gl

33
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where ¢ = (2)7 G =(Crs--- vCp)T’ G2 = (Gt "CH)T and e = (841

G2
AC-C> A (62 A 1) ]C\Q V¢ € R, a.e. on €,
VENCRICTD) |§2‘2 V(y € R*P, a.e. on (). (2.1.3)

). Thus we have

It follows that A. and Agy are positive definite matrices. For a function

ferL*(Q),

we ensure the existence and the uniqueness of a weak solution u. to

AR @10
in the following sense
(u- € Hy(Q),
52/ A11Vxu: - Vx,vde —1—5/ A12Vx,u: - Vx,vde
“ 4 (2.1.5)

+€/ A21Vx,u: - Vx,vdx

Q
+/ AQQVXQ’LLg - Vx,v dz = / fvdz, Yv € H&(Q)

\ Q Q

In the present chapter, we aim to go beyond the limit in describing the asymptotic behaviour of
u. where we focus on finding an upgraded asymptotic approximation simply depending on ¢, i.e. a
regular asymptotic approximation. It is useful and common to approach u. by a finite partial sum
of terms of its possible series expansion and insure a sharper quantitative estimate of the error. This
allows to go deeper in the analysis of the asymptotic behaviour of u. and to understand what happens
if we want to improve the rate of asymptotic convergence and under which optimal conditions these
improvements take place. For example we will see that the difference between the rates of asymptotic
convergence of Vx,u. and Vx, uc, established in [13] (or see for instance Sub-section 1.3.1) for the
limit as an asymptotic approximation, is more attached to a smoothness statement of the asymptotic
approximation. Another more interesting example is dealt with concerning the exponential rate
of asymptotic convergence that is always limited to some symmetries as sufficient conditions (see
[13]). Here we will see sufficient and necessary conditions that guarantee an exponential error of
the asymptotic development and give a concrete example without any symmetry. Note that the
asymptotic convergence results are ensured in a Sobolev type space on sub-domains located far away
from the boundary layers.

2.2 Formal asymptotic expansion and some regularity results

As it is shown in [13] the limit uy of u. is the unique solution to the following lower dimension
problem, for a.e. X7 € wy,

{ —Vx, - AnVix,uo(X1, ) = f(X1,.)  inws, (2.2.1)

ug(X1,.) =0 on Jws,
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in the following sense, for a.e. X1 € wy,
U()(Xl, ) € H&(WQ),

/ AQQVX2U()(X1, ) . VXQU dXy = / f(Xl, .)1} dXs Vv € H&(wg).
w2

w2

(2.2.2)

The existence and the uniqueness of ug are followed from the Lax—Milgram theorem since we have
(2.1.1), (2.1.3) and f(Xi,.) € L?*(w) for a.e. X7 € wy. The asymptotic convergence holds out to
the boundary of €2, but with respect to topologies weaker than those of the existence space of u.;
H{ (£2). We mean in the following functional space

V(Q)={velL*Q)| VxveL*(Q)},

equipped with the norm
0y = /Q v (@) + V0 (@) da.

Note that wug is also the unique solution to (2.2.1) in Vy (€2), the closure of D () in V(£2), and
there is an equivalent weak formulation to (2.2.2) defined on Vy (©2) (see [13]). The improvements
related to the asymptotic convergence of u. towards ug investigated on one hand the topology type by
considering the standard Sobolev space on domains located far away from the boundary layers dw; x
wy and on the other hand the rate of asymptotic convergence. Unfortunately, these improvements are
limited by the nature of the problem. It can go until an exponential rate of asymptotic convergence
if A9, Ago and f are independent of X1, however, a rate of asymptotic convergence as

us —up =o(e) in L? (W] X ws), w] CCuw

can not take place if
Vx, - A12Vx,uo + Vx, - AaiVxug #0 i €

Now, in order to reduce the approximation error we have no choice than to consider a regular
asymptotic approximation U; of u. depending on € in a simple way. Arguing as in many singular
perturbation (isotropic) works, we can propose an asymptotic development of u., i.e. it should be
expressed as a power series of ¢ in the form

Ue = U+ EUL+ - . (2.2.3)
Consequently, this allows to chose U, as a polynomial in ¢, i.e.
UN =ug +eup + -+ Nuy, (2.2.4)

where N be a positive integer and u; be independent of ¢, i = 0,..., N. However the main goal of
this chapter is to deal with the limit behaviour of the error

N _ N
R =u.—U;

and evaluate its rate of asymptotic convergence with respect to different norms.

Formally, if we substitute the asymptotic expansion of (2.2.3) into (2.1.4) and expand the left-
hand side in powers of €, we then deduce, after equating the coefficients of equal powers of ¢, that
the coefficients u;, ¢ = 0,..., N, are solutions of the following system of boundary value problems,
defined on the section ws for a.e. X; € wy,

—Vx, - AoVx,uo(X1,.) = f(X1,.)  inwy,

(2.2.5)
UQ(Xl, ) S H&(UL)Q),
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~Vix, - A2V x,u1(Xy,.) = Vi, - A12Vx,uo(X1,.) + Vi, - Aa1Vix uo(Xy,.)  in wo,

(2.2.6)
ul(Xl, ) S H&(WQ),

and for N > 2,

—Vx, - AoVx,un(X1,.) = Vx, -AuVxuy_2(X1,.)
+Vx, - A12Vx,un—1(X1,.)

) (2.2.7)
+Vx, -A21VXIUN_1(X1,.) in ws,

UN(Xl, ) S H&((,UQ)

Our perturbed problem is now reduced to the sequence of the elliptic boundary value problems
(2.2.5), (2.2.6) and (2.2.7) which can be easily solved iteratively once the solution of (2.2.5) has
been constructed and has, in addition to Ay1, A2 and Asj, the necessary smoothness. In fact, since
the solution u. remains in the Sobolev space H&(Q), its regular asymptotic approximation Uév is
envisaged at least in a Sobolev type space as Vy (2). Moreover, according to the expressions of the
left-hand side in the equations (2.2.5), (2.2.6) and (2.2.7), reliable hypotheses have to be ensured on
the data to make the suitable purpose workable.

Let us now deal with the regularity of the solutions to problems occurred above in a general
context.

Theorem 2.1. Under the above assumptions on Asa, let u be a solution (in the weak sense) to the
following problem, for a.e. X1 € wy,

(2.2.8)

—VX2 . AQQVXZU(X17 ) = g(Xl, ) + VX2 . G(Xl, ) mn wa,
U(Xl, ) S H&(WQ),

where g € L*(Q), G € [L*(Q)]"". In addition, we assume, for a multi-index oo € NP x {0}"7P, that
DPajj € L®(Q),  Vij=p+1,...,n (2.2.9)

and
DPg, DPG e L*(Q), (2.2.10)

for all B € NP x {0}"7P with 8 < a. Then the solution u has the mazimal regularity in the Xi-
directions according to that of g, G and Ass, i.e. we have

DPu, DP(Vx,u) € L2(Q) for B <a. (2.2.11)
(The comparison “<” between the multi-indices is meant component by component.)

To show this and more let us introduce the higher order difference quotients which are the main
tool to deal with the smoothness of the solution. For a multi-index o = (ay,...,ay) € N® and a step
h > 0, we define the difference quotients of order 1, i.e. @ = e; where e; denotes the unit coordinate
vector in the x;—direction, by

Ou(2) = A po(a) — v(x+ he}i) —v (m),

and the higher order differences by

(7 — aq a2 -
PUEVAVEVAVE VAV TN
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where

ARy = Ny A,

The following lemma shows the link between the weak derivatives and the difference quotients (see
also [3] for more properties).

Lemma 2.1. i) Let v e W™P(Q), meN, 1<p<oo, and o € N* be a multi-index such that

la| <m. Then Afv € LP(QY) for any Q' CC Q satisfying 0 < h < \%l dist (€Y, 092), and we have

|AZZU’p,Q’ < |Dav|p,ﬂ :

i1) Let v € LP(Q) with 1 < p < oo, and we suppose that for a multi-index o € N", there exists a
constant k > 0 such that Afv € LP(Y) and |Agv\p o <k forany QO CC Q and all h satisfying

0<h< ﬁ dist(QY,09). Then the o weak derivative D®v exists in LP (Q) and also satisfies

’Dav’p,ﬂ <K
PROOF OF THE LEMMA. In fact this lemma is an extension of [5, Proposition IX.3] shown for m = 1.

For the first assertion, it is enough to apply [5, Proposition I1X.3] |a| times. It then holds, for any
choice B, 32,...,plol with B! < g2 < ... < glel:i= @ and B + 1= ||, i=1,...,|a| — 1,

st < T < o0
' p, h pSY,
< |ag=Ppetly, < |D*|
- P P

where /. denotes a 7—neighborhood of ' for a positive number 7.
Now we pass to the second assertion. Assume, for some constant x, that |Agv\p o < & holds for

any ¥ CcC Qand all 0 < h < ﬁ dist(€Y, 0€2). Therefore, there exist a function w € LP() and a
subsequence hy — 0 such that

Apv—=w inLP(Q) forl<p< oo,
Z‘kvi\w in L>®(Q) if p = oo.

Then, it follows that for each ¢ € D(€') and hj, small enough

/vDO‘<pd:L' = /vD“cpdx
! Q

= lim UA S pdr

hi—0

= (=1l lim /Ah vpdr

hk—>

= (1) /Q wpd.

This means that w = D% on € and since the norm is lower semi-continuous we derive

< K.

D%l g < liminf [Af, 0],

Of course the above inequality holds on the whole domain Q since ' is arbitrary in €. O
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PROOF OF THEOREM 2.1. The theorem 2.1 is an extension of [13, Proposition 1], where it was shown
for |a] = 1. We then proceed by induction on « with || > 2. Suppose that (2.2.11) holds for all
f € N" with 8 < . Let w] be a bounded subset such that wj CC w; and h be a positive constant
such that 0 < |a|h < dist(w],Ow;). For a.e. X; € w), if we apply the difference quotient operator
A%, with o= (o, ..., 0p,0,...,0) € NP x {0}"?, to the integral formulation of problem (2.2.8),

/ AQQVXQU(X]_,.) 'VXQUdXQ :/ g(Xl,.)Ung —/ G(Xl,.) -VXQUdXQ, Yv € H&(wg),
w2 w2 w2

we get, using [3, Lemma 3.3] to develop the difference quotient of a product,

Z Z ( > haw x4+ (a— ﬁ)h)Az_B <8xju>8xiv dXo = /Aﬁgv — ARG - Vx,vdXs,
wo 1,j=p+1 < wa
o

where (g) = A Permuting the derivatives and the difference quotient and taking, for a.e.
X1 € wh, v =A% (Xy,.) € H}(w2) as a test function yield

Z a;j (x + ah) O, ( ‘f{u) Oz, <Aﬁu> dXs
wo t,j=p+1
- / (Agg) (Agu) ~ASG -V, (Agu) dX,
/ Z 3 ( )A aij (x + (o = B)R) s, (Ag—%) 0, (Agu) dXs.
1,j=p+1 0<B<
Integrating now on w} and using the ellipticity assumption, we derive

MV, (Dfu)ls

’2 Wi Xws

< ’A g|2w Xwo ’A%M‘Q,UJEXL@ |A?L{ (VXQU)|27win2
s -
" Z <B> ’AhAZQ‘OOMinz A;: (VX2u)‘2,w'1><wz IV (A%u)b’wi“@ ’

0<B<a

Applying the Poincaré inequality in the Xs—directions on the norm |A then Young’s

hu‘Qw Xwa?
inequality, we end up with

2
1V (D50 gy S BRI i + K IORC B gy + 5 D |05 (Txa)

2.0 Xws
0<B<La it

Of course, thanks to Lemma 2.1 7) with (2.2.9), (2.2.10) and the inductive hypotheses, we can easily
deduce that the right-hand side of the above inequality is bounded independently of h, i.e.

‘A%ub,wixwz . |IVx, (Afu) < K. (2.2.12)

’2,0.:’1 Xwoy —

We applied the Poincaré inequality in the Xs—direction to get the first above estimate from the
second one. Finally, (2.2.11) follows from (2.2.12) and Lemma 2.1 ii). O

Remark 2.1. Theorem 2.1 remains valid if we suppose that the domain wy is only bounded in some
directions (not all) to apply the Poincaré inequality.
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2.3 Asymptotic convergence results

As it is mentioned above, the problem (2.2.7) will be solved iteratively. That is to say, in order to
define uy, for N > 2, as a solution of (2.2.7) in the following weak sense, for a.e. X; € wy,

UN(Xl, ) c H&(wg),

/AQQVX2UN(X1, ) . VX2UdX2 = /VX1 . (AlleluN,Q(Xl,.))UdXQ
w2 w2

+/VX1 (A12Vx,un—1(Xy,.))vd Xy

w2

— /(A21VXIUN1(X1, )) . VXQU dXo Yov € HS(WQ),
w2
(2.3.1)
we need to ensure the smoothness of uy_1, uy_2, A11 and Ao in the following sense
D% A, Dk A € L®(Q), DX un—2, Dixun—1, Dk, Vxun—1€ L*(Q). (2.3.2)

(D%, denotes the derivatives in the direction X; of order up to m.) Again we have to ensure the
existence and the uniqueness of uy_1, uy_2, of course as solutions of the same problem (2.3.1)
replacing N by N — 1, N — 2 respectively, as well as their smoothness in (2.3.2). So on, this leads
to require, taking into account Theorem 2.1, the following hypotheses on ug, u; that appear in the
left-hand side of the equation defining uo

D%_lz‘lu, D%l_lAn, D)]\(fl_QAgl, D)]\(II_QAQQ € L™(Q), ( |
2.3.3
DX,uo, DY 'wy, DY'Vx,up € LX(Q).

Now, if we require a solution u; satisfying D)]\(fl_lul, Dﬁ?;lv x,u1 € L?(92) we have to assume, taking
into account (2.3.3) and (2.2.6), that

DY~ Ay, DX Awa, DY 1Ay, DY Ay € L7(Q), 250
D%uo, D§1VX2UO€L2(Q),

of course this is always according to Theorem 2.1. Note that we can also consider that (2.3.1) is
the weak formulation of (2.2.6) with N =1 and u—_; = 0. Finally, the smoothness requested on ug
solution to (2.2.5) with (2.3.4) leads to state, using again Theorem 2.1, the following result.

Corollary 2.1. The ezistence and the uniqueness of uy,...,uny € Vo () as solutions of the elliptic
system (2.2.6), (2.2.7) are ensured if we assume that

DY7'Ay, DY A, DY'Ay, DY Ay e L™(Q), DX feL*Q). (2.3.5)

Remark 2.2. If we assume that the smoothness hypotheses (2.3.5) are satisfied for K + N instead
of N, where K 1is a positive integer, we have

UnN € HK(wl;Hé(WQ)). (2.3.6)

The above remark shows the regularity of the coefficients which allowed to consider UY as an
asymptotic approximation in a standard Sobolev space. In fact if we take K = 1 and N = 0, we may
covert the hypotheses assumed in [13, Theorem 3] to get

Ue — ug, Vx, (us —ug) = 0 (e), Vx,ue = Vx,ug in L? (w) X wa), (2.3.7)



CHAPTER 2. REGULAR ASYMPTOTIC EXPANSION 40

where w] CC w;. Now we pass to the main regular asymptotic expansion result improving (2.3.7)
and we state

Theorem 2.2 (Regular Asymptotic Expansion of Higher Order). Under the assumptions (2.1.1),
(2.1.2) and (2.3.5) satisfied for N + 1, it holds that, when ¢ — 0,

ue—(u0+6u1—|—~-—|—6NuN):O(sN+1) inV (w] X wa),
(2.3.8)
5LNVX1 [ug — (uo +eur + -+ ENUN)] — 0 weakly in L? (wi X (JJQ) ,

for any wi CC wi. (The vectorial convergence is meant component by component.)

Proof. First, we notice that under the above assumptions and according to Remark 2.2, we have
up € HY(Q), fork=0,...,N.

We can also see that for N = 0, the same results of this theorem are shown in [13, Theorem 3|. For
N > 0, we proceed by induction on N and suppose that the estimates (2.3.8) take place for any
N’ < N, and we will prove this result for N. Starting from (2.3.1) written for k = 1,..., N and
multiplying each k—identity by ¥ then summing up over k = 1,..., N, we obtain, for v € H}()

62/A11VX1UEN_2'VXI’U(1.%'+€/A12VX2UEN_1-VX1'Uda}
Q Q
+5/A21VX1U6N_1-szvdx—l—/AQQVXQUaN-Vdew:/fvdx,
Q Q Q

where U-! = 0. Of course the identity (2.2.2) is added and we integrated over wj. Then subtracting
the above identity from (2.1.5), we get

62/A11VX1R£V_2~Vledm+5/A12VX2R§_1-VX1Udm
Q Q
+5/A21VX1R§V1-vX2ud:c+/AQQVXQRf.vXQdezo.
Q Q
Thus
2 N N
€ /A11VX1R€ ‘Vxlvdx—#—a/AlgVXQRE -Vledx
Q Q
+a/Aglvlegv-vX2vdx+/A22vX2R§V-vX2vdx
Q Q
:—€N+1/A11VX1uN_1'VX1Ud$—€N+2/A11VX1UN-VX1Ud:E
Q Q
—EN“/A12VX2uN'VXIUd$—5NH/ An Vi un - Vx,vde. (2.3.9)
Q Q

Next, we consider a smooth function p = p(X;) supported in w{ such that wj CC w] CC w1, p=1
on wj and 0 < p < 1. This allows to take v = RY (.)p?(X1) € H}(Q) as a test function in (2.3.9) that
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leads to
/Q p?A.VRY . VRY dz
= — 2¢2 /Q AV, RN (Vx,p)pRY dz — 2N+ /Q AnVxun_1 - (Vx,p)pRY dz
- 25/(2A12VX2R?[—1 - (Vx,p)pRY dz — 5N+2/§292A11VX1UN - Vx,RY dz
— N+l /Q p? A1 Vx,un - Vx, RY do — eV H1 /Q p? A1V, un_1- Vx, RN dz
—EN“/Q,PAQVXQUN - Vx,RY dz. (2.3.10)

Next applying the ellipticity assumption, the Poincaré and the Cauchy-Schwartz inequalities for the
first five terms of the right-hand side of the above inequality, we get

&? !pvleéV\;,n + ‘vazRév};,ﬂ
282\/@

‘AH’OO Wi Xws |VX1p‘oo7wi’ |VX1R£V_1|2W1/><W2 ‘va2RéV‘27Q

1/14 N
— |A11|oow ' Xwo |lep|oo,wi’ |VX1UN*1‘2,Q ’,OVXZRE ‘Z,Q
26 /n N— N
—2 |A12|oow ! Xwa |VX1p|oo wy R 1’2 Wi Xws ‘va?RE |2,Q

N+1

N N+1 N
|A11|oo7wi’><w2 ‘VXIUN|2 Qe ‘valR |2 Q + E— |A21‘oo7wi’><wQ |VX1U’N‘2,Q ’vaZRE 2,Q

/pAHVXluN 1- VXIR dz — £ /pA12VX2uN VXIR dz,

N+1 N+1

where k,, is the Poincaré constant. Then, using Young inequality and the convergences (2.3.8) on
! X wy for N — 1, we derive

2 2
&? }pVX1R5‘27Q+|pVX2RéV‘2’Q < RN+ — 26N+1/PAHVX1UN 1- VX1R dx
. o (2.3.11)
26/pAlQV)(2UJ\[ VXlR dx.

Now we treat the last two integrals of the above inequality separately. For the first one we have

Z/pazjamju]v 10z, R dx

711

— —Z/ (On;ai5p + 20350y, p)pR Oz;un—1 dx

731

_ Z/awp R (%;ﬁxjuN 1 dx.

1,j=1

/ p?AnVxun_1 - Vx, RY da
Q

Of course the last integral is well defined since, by Remark 2.2, uny_; € H? (wl; H} (wg)). Also, the
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last integral in (2.3.11) can be rewritten as

n

p
/p2A12vX2uN-VX1Rngx = > /anijamjuNamiRngx
Q i=1 j=p+17%

p n
— _Z Z /Q(axi(lij/)+ZCLijaIip)pRéV@xjuNdx

i=1 j=p+1

p n
-2 2 /az‘jPQRéV@xiaxjuNdx.
Q

i=1 j=p+1

Here also, thanks to Remark 2.2, we have uy € H! (wl; H& (wg)). Now if we use the above new forms
of the last integrals in (2.3.11) and arguing as we did above, we get

52 ‘varRéV‘;’Q + ‘vazRév’2

b S ke, (2.3.12)

Then, according to the boundedness of SLN |V x, RY |2,w{Xw2 from the above estimate (2.3.12), we can

extract a weakly converging subsequence from ELNV X, BRY in L? (w] x wy) . Tt follows then that the
whole sequence converges weakly to zero, i.e.

E%VXI [us — (uo +eur + -+ 8NuN)] — 0 weakly in L? (w’l X wg) .

Of course, this is thanks to the density of D (w} x wy) in L? (W} x wy) and the continuity of the
derivation in D’ (w] x wy) which allows to use the convergence of the sequence 8%]%? in L? (w] x wo)
to zero. More details about the argument can be found in [10]. This completes the proof of the
theorem. 0

Remark 2.3. If we look for (2.3.8) to be satisfied on some given w| CC w1 we can replace wy in

(2.3.5) and (3.4.13) by any w{ such that wj CC w{ CC wi. Nevertheless we keep the hypotheses

(2.3.5), (3.4.13) as they are since they also serve for the existence of the coefficients uy for arbitrary
/

Remark 2.4. We can easily see from (2.3.1) that (2.3.2) can be weakened as follows
/11, /12 S LOO(Q), Dg(luN_z, D}(luN_l, D}(leQUN_l c LQ(Q),

where A}y = (0z,aij)
and replace it by

iG=lp and A}, = (8$iaij)i:17,.,,p, iptlom’ This also allows to weaken (2.3.5)

Y9, DX, Ao € L®(Q), Dx, f € L*(Q) (2.3.13)

to guarantee the existence of uy in Vy (), and for un (N > 1) we may assume
DY7?ALy, DYT1 Ay, DY Ay, DY Ay € L(Q), DY, f € L*(9). (2.3.14)
In fact, even if the particular case N = 0 is shown in [13, Theorem 3], it is possible to improve

the results of such theorem if we take into account Theorem 2.2 for N = 1. Indeed, let us show it
for any N. Suppose that (2.3.8) holds for N + 1, then in particular we have

Vo Ry i, = O (7).

’
1><U.)2
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This implies
N _ N+1 N+1
‘leRE ‘Q,wiXUJg - ‘leRE +e VX1UN+1‘2,W’1Xw2

N+1 N+1
< ‘VXIRE ‘Q,w’l X w2 +e ‘VXIUN+1 2,w] Xwa

Then we end up with

Corollary 2.2. Under the assumptions (2.1.1), (2.1.2) and (2.3.13) for N =0 or (2.3.14) (satisfied
for N+2)if N >0, we have

te — (ug +eur + -+ Nuy) = 0¥ ) in HY(w] x wg), Yw| CC wy.

2.4 Sharper asymptotic convergence and estimate results

2.4.1 General view

An expected natural improvement of the convergence rate (2.3.8) may be expressed, for any wj CC wi,

as
RN =0 in L? (w] x ws). (2.4.1)

In fact this means, by (2.3.9), that
Vx, -AuVx,un—1+ Vx, - A12Vx,uny + Vx, - AosnVx,uy =0 in Q, (2.4.2)
where u_; = 0. Indeed, in addition to the weak convergence (2.4.1) we also have
VxRN =0 in L? (w] X ws), (2.4.3)

thanks to the boundedness of EN% ‘vX2RéV‘2,w’1xw2 (see (2.3.8)). Now rewriting the identity (2.3.9),

for v € D(w] x ws), as
eNll/QAHVXIRéV - Vx,vdz + ;V/QAlzvXQRgv Vxvdz
E}V/QAQNXleV - Vx,vdz
+ EN%/QAQQVXQRQI -Vx,vde
=— E/QAHV)QUN -Vx,vdz — /QAnvxluN_l -Vx,vdz
— /QAHVXQUN -Vx,vdz — /QAgleluN -Vx,vdz.
Using (2.3.8) and (2.4.3), then passing to the limit in each term of the above identity we end up with
(2.4.2). By consequence, we deduce, from (2.3.1) and (2.4.2), that uy41 = 0 iff we have (2.4.2). This
means that the existence of uy1 solution to (2.3.1) is ensured by the above identity (2.4.2) in the

distributional sense and we do not need to pass by Corollary 2.1 to ensure this existence.
Now, if we expect a little bit more as

1 N : 2 !
mV}QRa —0 in L (w1 X LUQ) s
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we likewise deduce
uny+1 =0 and wunyo=0.

As above, this holds iff we have (2.4.2) and
Vx, - AnVxuy =0 in D (Q). (2.4.4)

Here also, uy.o exists and is null since the right-hand side of (2.3.1) is vanishing.
Nevertheless the last expectations are not little, we can easily see from (2.3.1), that

up =0, Vk> N.

Actually, it follows that RY goes to zero in H'(w} x wy) faster than any power of ¢, i.e. for any
positive constant k
RY =0(") in HY(w] x wo).

Of course, this lets us to think about a sharper rate of asymptotic convergence as it is summarized
in the following theorem.

Theorem 2.3. Given the assumptions of Theorem 2.2 and consider the following assertions, for any
/
wy CC wy,

(i) un+1 =0,
(7i) the condition (2.4.2) holds,
(7i3) EN% [ue — (uo +eur + - +eNun)] =0 in L? (w] x ws),
(iv) ue — (ug +euy + - +eNuy) = o(eNH) in V(W] x wy),
(v) uny+1 =0 and unyo =0,
(vi) the conditions (2.4.2) and (2.4.4) hold,
(vii) up, =0, Vk > N,
(viii) ﬁsz [ue — (uwo+eug + -+ sNuN)] —0 in L? (W) X wa),
(ir) ue — (uo +eur + - +eNuy) = O (exp(Z))  in H'(w] x wz),  for some n > 0.
Then we have, as € — 0,
(1) & (i) < (i) < (iv) < (v) & (vi) & (vii) & (viti) < (iz).
Proof. We can easily see, from what is done above, that
(i) & (it) < (iii) < (iv).
Then let us show, for example, how (4i) ensures the strong convergence (iv) which also guarantees the

equivalence between the first four assertions. Going back to (2.3.9) and taking into account (2.4.2),
we get for v € H}(Q)

82/A11VX1R§‘VX10d$+€/A12VX2R?[-VX1UCL’C
Q Q
+5/A21vle;V-vX2vdx+/A22vX2R§V-vX2vdx
Q Q

= — €N+2/ AHVXl’LLN . VXlU dzx.
Q
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As above, we take as a test function v = RN (.)p?(X1) € H(2), we obtain
e / p?AVRY . VRY dz
Q
- 522N/QA11VX1R£V (Vx,p)pRY dz — i /91412VX2R£V - (Vx,p)pRY dz
1 2 N 2 N
- SN/ pP"AnVx,uy - Vx, R do — sN/ AnuVxun - (Vx,p)pR: dz. (2.4.5)
Q Q

Applying the ellipticity assumption and taking into account the convergences appearing in (2.3.8),
we get
N _ N N _ N+1
|Vx,R: }27%“2 =o(e") and |Vx,R! ‘Zw’lxwz =o(e"). (2.4.6)

Note that, in the first two integrals of the right-hand side of (2.4.5), we use (2.3.8) to pass to the
limit in a scalar product of weakly and strongly converging sequences. Then applying the Poincaré
inequality in Xo—directions in the last identity we end up with (7v). Similarly, we can also see that

Now, we have just to prove for example (v) = (iz) to ensure the equivalence between the last five

assertions and by consequence to end the proof. We proceed as in [19] or [31]. Without loss of

generality, we assume that dist(w],w;\w}) > 1 where w] CC w] CC wy. For & small enough we can
1

always construct a sequence (Dy)g<p<ppyp With m = [g}, of strictly increasing sets such that

W) =:Dy CC Dy CC+++ CC Dy, CC Dypy1 :=wy, dist(Dg,wi1\Dgs1) >¢, k=0,...,m.

Let (pk)o<p<r, Pe a family of functions depending only on Xj such that supppy C Dg11, pr =1 on
Dy, 0 < pp <1 and |V, pi|,ge < ¢ for some constant ¢ independent of €. Next, rewriting (2.3.10)
for N + 2, replacing p by pr and taking into account the fact that unyi1 = unyyo =0, we get

/ p2A.VRY . VRN dz = —2¢2 / AV, RY - (Vx, pr)prRY dz
Q Q

— 25/ A1V x, RY - (Vx,pr)prRY dx.
Q

Applying the ellipticity assumption, the Young and the Poincaré inequalities yield

2 2
VB[, < LRt pn) e |9 g
€% 2,Dk><w2 - A2 €% 2,(Dk+1\Dk)XUJ2

2 2
=k ‘VER§’2,Dk+1 Xwo -k ‘vERéV’ZDkaQ )

where V.- = <€VV§1> We used the identity Vx,pr =0 on Dy and ¢ \Vlek|m7Rp < ¢. Thus
2
‘VaRév‘;,Dkxwg <r WERéV‘;DkawQ’
where 7 = 17 <1, k = (lAHli"’QHleZ&‘Q)@H”. Iterating this inequality for k = 0,...,m, we derive
[VeRY |y sy S P VRY ],
i.e.

2
VR < HOXDIE).

This completes the proof by setting n = —Inr. O
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Remark 2.5. It is clear from (2.4.6) that the assertion (iii) also implies an asymptotic convergence
faster than €V ensured in a standard Sobolev space, as e — 0, i.e.

Ue — (u0+6u1 +--~+€NuN) :o(eN) m H! (w’l xwg) for anywi CC ws.
Remark 2.6. Keeping the same results of the above theorem, the weak convergence (viii) can be
weakened as follows
EN%R?{.V —~0 inL? (W) X wa)  for any wi CC wy, (2.4.7)

if we assume more smoothness as

(Agl)/ - (axjaij);r:h..,p, i=p+1,...n’ <A2T2), = (arjaij)jT,z'szrl,...,n € L¥(Q).

Indeed, thanks to the Poincaré inequality, we deduce, from (viii), that the sequence EN%R?T is bounded
in L? (w] X wg). Then for ¢ € D (w}] x wy) extended by zero on w| x R* P we have

/QEA}JrQRéVgodx:/QENﬂQRéV@i/ o(...,8,...)dsdx

:_/QENgQa%RéV/ o(..s,..)dsdz — 0,

—0oQ
where i = p + 1,...,n. This means that (viii) implies (3.4.18). It is now enough to show, for
instance, that (3.4.18) implies (2.4.2) and (2.4.4). Of course, (2.4.2) is clearly guaranteed since
(8.4.18) implies (iii). Now to achieve the second integral identity, we rewrite (2.3.9) as

5_N/AllvleéV'Vxlvdx—i—e_N_l/A12VX2RéV-VX1vdx

Q Q

—5/5N2R£’VX1 - (A3 Vx,0) dx—/aN2R§VvX2 (A3 Vx,v) do
Q Q

— —/ AlleluN . VXl’U dx
Q

where “T7 denotes the transpose of the matriz. Of course, (2.4.2) is taken into account and the
integrals are well defined since (Agl)/, (A%;)l € L>™(). Finally, we take into account (2.3.8) and
(iv) (which is implied by (2.4.2)) in the first line and (3.4.18) in the second line to pass to the limit
in the above identity and end up with (2.4.4).

Remark 2.7. Assuming (i), it hints at a sharper convergence than what is mentioned in (iv) since
we have RY = RN+, This allows to think about

ue — (ug +eug + -+ eNun) = 0V in V(W] x wo), (2.4.8)

for any Wi CC w1. Here also the smoothness of the data may improve this as it is expected and done
above many times. However, if we assume in addition that (2.3.5) is satisfied for N + 2, the above
theorem remains true if we replace (iv) by (2.4.8). Always, thanks to (2.4.8), we also have

ﬁvxl [ua — (uwo+eug + -+ ENUN)] — 0 weakly in L* (wﬂ X wg) ,
for any w] CC w1, and moreover if (2.3.5) is satisfied for N + 3, it holds
ue — (up +eur + -+ eNuy) = 0N in H' (0] x wo)
for any w] CC w;.

In [13], an exponential rate of asymptotic convergence is shown under the condition (2.4.2) satisfied
for N = 0 and the independence of uy of X; which implies (2.4.4) for N = 0. They were sufficient
conditions, however, we are here faced with sufficient and necessary conditions. In the following we
formulate the above analysis in terms of data.
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2.4.2 Diagonal block matrices

We here assume that
Ap = AL =0. (2.4.9)

It is clear that (2.4.2) holds for N = 0 which implies that u; = 0. Then the condition (2.4.2) written
for N = 2 is reduced to

Vx, - A12Vx,ug + Vi, - AnnVxug =0 in Q,

which is also held thanks to (2.4.9) and by consequence ug = 0. Following the same argument we
end up with
ugrr1 =0, VEk €N,

and consequently the even order coefficients ugx, k € N\ {0} are solutions to the system

—Vx, - AV x,un(X1,.) = Vx, - A1 Vx ugp—2(X1,.) in wo,
usk(X1,.) € Hy(wa),

with assumptions (2.3.14) for N = 2k (k > 0) reduced to
DY Ay, DX An e L™(Q), DX felL*Q). (2.4.10)

Then, under the assumptions (2.1.2), (2.4.9), (2.4.10) for N = 2k+1 (k > 0) and thanks to Theorem
2.3, we have for any w| CC wy, as € — 0,

e — (up + 2ug + - - - + e%Fugy) = 0(e?$1)  in V (w] x wo),
Vx, [ue = (uo + % + -+ + e®Fugy)] = 0(e?*)  in L? (W] x wa).

Moreover if (2.4.10) is assumed to be held for N = 2k +2 (k > 0) (respectively for N = 2k + 3), then
in view of Remark 2.7, we have for any w} CC wy,

ue — (ug + €2ug + - - + e ugy) = O(e?*+2)  in V(W] x wa),
ﬁvxl [us — (ug + 2ug + - - + 62’%2;.3)} —0 in L? (W] X wa),

respectively
ue — (ug + e%ug + -+ + e ugy) = O(e®?)  in H' (w] x wo).
Remark 2.8. Since we have
le . A12VX21) + sz . A21VX11) = 0, Yv € D(Q) ,
if the matriz A satisfies
App =A%, A=0,

0 A
result maintains for the above case.

the matrices A and ( ) define the same problem (2.1.4) and by consequence the subsection
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2.4.3 Polynomial data

In the present subsection we consider a polynomial structure of the data as follows. We suppose that
the matrix A still satisfied the hypotheses (2.1.1), (2.1.2) and moreover

_ (An (X1,X2)  Ap (X2)>

(2.4.11)
A (X2) Az (X2)

where Aj; is a first order polynomial in X; and f is a polynomial of degree k € N\ {0} in X1, i.e.

(X1, X2) = Y X fa(X2), fo€L?(wa), (24.12)
jal <k

where X¢ := z{" - - 2,7, for some multi-index o € NP. Let u§ be the unique solution to the following
elliptic problem,

—VX2 : AQQVX2U8 = fa in w9,

ug =0 on Ows.

Thanks to the linearity of the problems, the solution of problem (2.2.1) can be expressed as

ug (X1, X2) = > X{ug ( (2.4.13)
o] <k

which is also a polynomial of degree k in X;. This means that if the right-hand side of the problem
(2.2.1) is a polynomial of degree k in X; the solution is also a polynomial of the same degree in X.
Going back now to problem (2.2.6), for uy defined in (2.4.13), we deduce that u; is a polynomial of
degree at most k£ — 1 in X;. Next regarding (2.2.7) rewritten for N = 2, uy is a polynomial of degree
at most k — 1 also, i.e. we cannot guarantee the reduction of the polynomial degree in this step.
Applying again the same argument we can see that ug and u4 are polynomials of degree at most k —2
in X;. For a general statement we can show that us,;,,—1 and us,, are polynomials of degree at most
k—m in X; for m = 1,..., k. This leads to end with two coefficients ugx_1 and ugg of (2.2.4) that
are independent of X;. Consequently it follows that usg1 = uog+2 = 0 and thanks to Theorem 2.3
we end up with an exponential rate of asymptotic convergence. To summarize we have

Corollary 2.3. Under the assumptions (2.1.1), (2.1.2), (2.4.11) and (2.4.12), there exists a constant
n > 0 independent of € > 0 such that
Ue — (up + sur + - + e ugy) = Ofexp(=L))  in H' (w] x wo),
for any w] CC w;.
Remark 2.9. If the matrix A is independent of X1 the above development will be reduced as
— (up +euy + -+ +uy) = O(exp(Z2))  in H' (w) x wo).

Remark 2.10. In the case where the function f is independent of X1 and the matriz A satisfies
(2.1.1), (2.1.2) and

(A (X1, X)) A (X1, X2)

a <A21 (X1, X2) Ago (X2) >
we can get the following exponential rate of asymptotic convergence, when ¢ — 0,

u: —ug = O(exp(Z1)) in H'(w] X wa),
for some constant n > 0 independent of € > 0 iff the limit ug, which is independent of X1, satisfies
Vx, - A1aVx,u9o =0 in Q.

The last hypothesis holds for example if A}, = 0.
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2.4.4 Special example

In the last two cases as well as in many works in the bibliography, some symmetries properties are
always the unique concrete examples for which the significant improvement (as the exponential rate
of asymptotic convergence) takes place. The following example shows that the exponential rate of
asymptotic convergence can be maintained for a different class of problems. We take,

Q:wlxw2:(0,1)x(0,7r), X1 =, X2:$2,

me~*1 cos % r1e %
A cos (%e’“ sin xg) cos (%ezl sin xg)
= C ,

2m(l+z1 4+ x
cos (%exl sin $2) ( ! 2)

—T1 -1

—e€

coS (%eaCl sin xg) ’

—I1 Z2
g, e Tteos Ao —
1= T y A=
COS (56 SIDI'Q)

xIr1€e

coS (%eml sin acg)

) A21 -

Aoy = 2m<1 +x1 —I—:L“Q).

f = me™ { [(1 4z + xg) sin x9 — cos xg} cos (%eﬂc1 sinxg)
—i—%ezl (1 + 1+ x2> cos? xo sin (%exl sin acg)} .

For a sufficient large positive integer m, the matrix A satisfies the ellipticity assumption (2.1.2) and
of course there exists a unique u. € H} (Q) solution to (2.1.4). The limit solution to (2.2.1) can be
found explicitly, i.e.

ug = sin (%exl sinmg) € H& (we), fora.e. z; € (0,1).

For this choice the identities (2.4.2) and (2.4.4) are fulfilled for N = 0, and thanks to Theorem 2.3
we end up with the exponential rate of asymptotic convergence

us —ug = O (exp (Z2))  in H'(w] x wo)

for some 1 > 0.



Chapter 3

Composite Asymptotic Expansion

The rate of asymptotic convergence in the previous chapter is obtained and showed far away from
the boundary layers. In the present chapter we will give an equivalent asymptotic expansion of the
boundary layer functions to get a composite development on the whole domain for the same type of
problems.

3.1 Position of the problem
Let now 2 be a bounded open cylinder in R", i.e. we take
Q= (-1,1)% x wo,

where wo is a bounded Lipschitz domain of R*~2. We denote by x = (x1,...,2,) = (X1, X2) the
point of R™ where
X1 = (z1,22), Xo=(3,...,2n),

i.e. we split the coordinates into two parts. With this notation we set

Vu = (0gu,... ,8znu)T = ( Vxu ) ,

Vx,u
where
Vi, = (g, 0pyu)’ . Viyu = (8pyu,. .., 0p,u)"
Let A = (aij(x)) be a n x n matrix such that
a;j € L(Q), Vi,j=1,...,n (3.1.1)
and for some constant A > 0, it satisfies the ellipticity condition
AC-C>A|CP YCeR®  ae onf. (3.1.2)

We decompose A into four blocks by writing

A A ail a2 h
( Ay Ag ), 11 ( 4oy ), 12 ( b ), 21 ( 1 C )
where A is a (n — 2) x (n — 2) matrix and the lines of Ao and the columns of Ag; are defined as

li = (ai3 e ain), C; = (agi, v ,CLm')T, 7 = 1,2.

50
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i Ay —Ap )
A= .
< —Ao1 A

We then define for € > 0, the perturbed matrix and gradient, i.e.
€2A11 €A12 6VX1u
A= < €Ay Ay )7 Veu = Vxu )’

Therefore we have, for a.e. x € 2 and every { € R"

We also set

A C= A -Gz a6l =2 {2 1G 1 + (&)

where we set ¢ = ( G ,G=(CLe)" &=(G,...,¢)" and ¢ = (6471,52)T~ Thus we have

AL-C > AEADCP YCERY,  ae onQ,
AC-¢ > MNP YCeR",  ae. on,
Apla-Ca > A |52‘2 Vi € R*2 a.e. on (). (3.1.3)

It follows that A., A and Asy are positive definite matrices. For a function
fer*Q), (3.1.4)
we can ensure the existence and the uniqueness of a weak solution u. to

-V -ANVu.=f in Q,
u: =0 on 0f2,

in the following sense
u. € H3(Q),
62/ AHVXI’LLE 'Vled.CL‘ +6/ A12VX2UE 'VledJ}

Q
+6fA21VX1u5 . VX2U dx (3'1'5)
Q
—i—/ A2V x,u. - Vx,vdr = / fodz, Yo e Hi(Q).
Q Q
As it is shown in [13] that the limit ug of u. is the unique solution, for a.e. X; € (—1,1)?, to the
following lower dimension problem
—VX2 . AQQVXQUO(Xl, ) = f(Xl, ) in w9,
uo(Xl,.) =0 on 8(,02,
in the following sense
U()(Xl, ) S H&(wg),
(3.1.6)

AQQVX2UQ(X1, ) . VXQU dXy = / f(Xl, .)’U dXQ, Yov € H&(CL)Q).

w2 w2

Note that X7 here plays a parameter role and the existence and the uniqueness of ug, in the Sobolev
space H} (ws), is followed from the Lax-Milgram theorem, since for a.e. X; € (—1,1)%, f(Xy,.) €
L?(wy) and we have (3.1.3).
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The convergences of u. and Vx,u. hold on the whole domain {2 with respect to the L? norm.
However, the convergence u. — ug ceases to be hold in V.—norm except if ug € H& (©) which is not

the case in general because of the occurring boundary layer near {8 (-1, 1)2} X wo. Nevertheless,
if up is smooth (belongs to H' (2)) we recover the convergence for the V.—norm or even for the
H'-norm but for regions located far away from the boundary layer {8 (-1, 1)2} X wy.

In order to get a complete description of the asymptotic behaviour of the solution u. on the whole

domain €2, we focus our study near the boundary layers. This leads to introduce the boundary layer
functions, i.e. we look for a function 6., simply defined, such that

ue — 0 — ug for the V.—norm on the whole domain 2.

In this context and if X; is one dimensional coordinate a construction of these boundary layer
functions is done for a mixed Newmann—Dirichlet conditions in [11] (see also [10]).

3.2 First composite asymptotic approximation

From what is done above, ug is a first regular asymptotic approximation for u.. In this section we
will deal with the first composite asymptotic approximation on the whole domain for ..

3.2.1 Formal boundary layer functions

Of course we will follow the same idea used in the unidimensional case (see [11]). This leads to
correct near some parts of 9 of the lower dimension n — 1, i.e. near the faces {1} x (—1,1) x wo,
{—1} x (—1,1) X wa, (—1,1) x {1} X wp and (—1,1) x {—1} X wa. It is clear that a such correction
operates twice near the four parts of 02 of a lower dimension n — 2, i.e. near the edges {i} x {j} X w2
such that 4, j = £1 (or simply near the intersection of every two adjacent faces defined above). This
requires a new correction in the neighbourhood of these parts. Of course, the face and the edge
notions have sense in R3, here we adapt these notions for higher dimension spaces for the parts of 99
of lower dimensions n — 1 and n — 2 respectively. Then, it seems that the boundary layer functions
(or correctors) will be defined in two steps according to the dimension of X;—directions (here p = 2).
In general this construction will depend on the smoothness of the domain in some sense.

Formal correctors near the faces
Let us begin by the first correctors level, i.e. near the faces x1 = 1 or x5 = +1.
Case a = (1,0). We start by the formal corrector operating near the face z; = 1. We take oo = (1, 0)

which means that we are only concerned with the face z1 = 1. We define the function w®(., z2,.)
as the weak solution, for a.e. z9 € (—1,1), to

{ V- AVw* =0 in I§,

3.2.1
w® (., z2,.) ‘(0,+oo)><8w2: 0, w*(,22,.) |s;=0=—uo (-, 22,.) z;=1 ( )

where [§' = (0,+00) X wo, V := V* = (vail ) is here the gradient in R,, X we and A% is a
2

generic square matrix depends on the choice of a. Here for oo = (1,0), we set

QY =(0,k) X (=1,1) Xwe, K>0



CHAPTER 3. COMPOSITE ASYMPTOTIC EXPANSION 53

and A% is defined on €29, as a square sub-matrix obtained from A by removing the second line

and the second columng(since ag = 0 here), then using the following change of variable

1—%1
Sar - Rxl _>R$17 T1 = Sq (.’L’l) = c .

This also means that ¢, only operates on x1 if there is more than one component, for example
S (z) = (1;9”1 , T2, Xg). Outside Q9, A~ is the identity matrix. That is to say

9o — a1osyt (x) —hog!(x)
—cro¢yt(z) Apoqy!t(x)

) ae. v €Y, A*=Id ae. ze SF\QT

where ¢; ! (z) = (1 — ex1, 79, X2) and S§ = (0,4+00) x (—1,1) X wa. Then, we set

1—%1

0% (z;e) = w* o g () = w( , 2, X9) ae. x €. (3.2.2)

Case a = (—1,0). Near the face x;1 = —1, we take @ = (—1,0). We define the function w®(., x2,.)

as the weak solution, for a.e. z9 € (—1,1), to

{ V- AVw* =0 in I§, (3.2.3)

W (., 72,.) |(—o0,0)xwe= 0, W (-, T2,.) |zy=0= —uo(., T2, .) |z =—1

where [ = (—00,0) X wg, V := V is also the gradient in R;, X wy and A" is defined as above
and just here we apply the corresponding change of variable

—1—x
Sa Ry = Ryyy w1 —> 6o (21) = —

ie.

oo ( mos (@) ~hog! ()

ae. v €QF, A*=1Id ae. z€e SH\QY
—crog ! (z) A22O§071(:c)> : o\ 1

where ¢! (z) = (=1 — ex1, 79, X2) and

O = (—k,0) x (=1,1) x w2, S =(—00,0) x (—1,1) X wa.
Then, we set
-1 - I

0% (z;e) = w* o g () = w( , 2, X2) ae. x €. (3.2.4)

Case a = (0,1). Then, near the face zo = 1 we take a = (0,1). As in the previous cases, we define

the function w®(z1,.) as the weak solution, for a.e. 1 € (—1,1), to

Lo a _ : el
{ V- A*'Vw* =0 in Ij, (3.2.5)

w*(21,.) |(0,400)x00,= 0, W (21,.) |2p=0= —u0(T1,.) |zo=1

where the notation is adapted here for a = (0, 1). For example [ C Ry, X wy is defined as for
the case a = (1,0), V is the gradient in R,, X wy and A* is defined as above we just remove this
time the fist line and the first column (since «; = 0 here) then we make the following change
of variable

1— €T

Sa - RIQ — szv T2 —> Co (332) = e )
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ie.

—1 —1
axpos, () —hogy (x
AY = - 1( ) ? 1( ) ae. v €Y, A*=1Id ae. ze€ SF\QT
—c306, (7) Azpoc, (z) : :
where ¢! (z) = (71,1 — em2, X2), Q¢ = (=1,1) x (0,k) X wy and S§ = (—1,1) x (0, +00) X wa.
Here also we take
o a o 1—a
0% (z;e) = w* o gy () = W (21, T’Xz) a.e. v €. (3.2.6)

Case a = (0,—1). Near the face z9 = —1, we take e = (0, —1). As in the previous cases, we define
the function w® (x1,.) as the weak solution, for a.e. x; € (—1,1), to

{va%m%w in I§,

3.2.7
w® (z1,.) \(—oo,O)xan: 0, w*(z1,.) lzp=0= —uo (T1,.) |2y=—1 ( )

where the notation is adapted here for o = (0, —1). For example I§ C R,, X wy is defined as
for the case @ = (—1,0), V is the gradient in R, X wy and A“ is defined as above we have just
to make now the change of variable

—1— x5

Sa iRy, = Ryyy o — 64 (12) = —

ie.

o1 a99 O g;l (r) —ko g;l (x)
ot (z) Amog ()

) ae. x € QF, AY=1Id a.e. z € Sy\Q9

where ¢, ! (z) = (21, —1 — ex9, X3), Q¢ = (=1,1) X (—£,0) xws and S§ = (—1,1) x (—0o0,0) X ws.
Here also we set

1
0% (x;¢) = w 0 ¢y () = w(1, =

,X2) ae. z €. (3.2.8)

The existence of the functions w® in the Sobolev spaces H! (I§) for a = (+1,0) or (0,41) is
ensured by the Lax—Milgram theorem. For example, we easily see that

wM () + p (21) uo (1 — 21, 9, Xo) € H' <I0(1’0)) for a.e. x9 € (—1,1),

(where p(0) = 1,p(x) = 0 for x € (1,400) and it is linear on (0,1)) is a solution to a non-
homogeneous elliptic equation defined in [ equipped with homogeneous Dirichlet conditions. This
means that we do not need to add any assumption in this level except those mentioned in [2]. Indeed,
since ug appears in the boundary conditions of (3.2.1), (3.2.3), (3.2.5) and (3.2.7), this requires 0, uo,
Oz,uo € L? (Q). That is to say that ug € H' (Q2) which is ensured whenever

Vi, Ags € L®(Q), Vx,f € L*Q). (3.2.9)

Formal correctors near the edges

As it is mentioned above, there is a double correction near the edges (x1,x2) = o = (£1,+1). For
example on z; = 1 and near (z1,22) = (1,1) there is also another non-suitable effect of (%1 ( ;¢)
which, in principal, have to operate only near zo = 1 and vice-versa. Thus we have to re-correct near
these edges.
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Case a = (1,1). Near the edge (z1,22) = (1,1), we take a = (1,1). We define the function w® as
the weak solution to

{ V-A°Vu® =0 in S,

@ _ « _ 0,1 « _
w |(0,+OO)><(0,+OO)><80.)2_07 w |:131:0_ _w( )|x1:17 w |172:0_ —w

where S§ = (0, +00) x (0,+00) X wa, V is the gradient in R? x wy. This time we do not have
to remove any line or column from A to define A% (since |a| = 2 here), i.e.

A= Ao (z) ae z€Qf, AY=1Id ae zcS\QY (3.2.11)

£
where

ot (x) = ga}o) o g(?)’ll) () = (1 —exq,1 —exe, X2), Qf =(0,k) x (0,K) X wa.

Then we take

1-— 1-—
0% (x;e) = w* o gy (x) = w( xl, xQ,Xg) a.e. x € Q. (3.2.12)
€ €

Case a = (1,—1). Near the edge (z1,22) = (1,—1) (i.e. a = (1,—1)), we define the function w® as
the weak solution to
{ V- AVw* =0 in S§,

a _ a _
w |(0,+oo)><(—oo,0)><8w2_0a w |x1=0— —w

0.=1) lzi=1, W |zy=0= —w(10) |zo=—1

(3.2.13)
where S§ = (0,400) x (—00,0) X wg and A is also defined as in (3.2.11) with

st (x) = g(_l}o) o g(?)}_l) () = (1 —exy,—1 —exe, X2), Qf =(0,k) X (—~,0) X wa.

Then we take

1—a —1—
0% (x;e) = w* o ¢ () = w( xl, 2 ,Xo) a.e. xz €. (3.2.14)
€ 5

Case a = (—1,1). Near the edge (z1,z2) = (—1,1), we take @ = (—1,1). We define the function w®
as the weak solution to
{ V- 2A*Vw* =0 in Sj,

« _ « _ 0,1 « _ —1,0
w |(foo,0)><(07+oo)><8w2_07 W [z=0= —uw! )‘9&1=—17 w* [zy=0= —w! )‘9&2=1

(3.2.15)

where S§ = (—00,0) x (0, 4+00) X wp and A is also defined as in (3.2.11) with
o tx) = g(ill’o) o C(B’ll) () = (=1 —ex1,1 —exe, X9), QF =(—k,0) x (0,K) X wa.

Then we take

11— 1—
0% (z;¢) = w* o gy (z) = w( ZL‘1’ 2 , Xo) a.e. €. (3.2.16)
e e

Case a = (—1,—1). Near the edge (z1,72) = (—1,—1), we take o = (—1,—1). We define the
function w® as the weak solution to
{ V- AVw* =0 in S§,

a a
w |(foo,0)><(foo,0)><8w2:07 w ’x1:0: _w(

0,—1 « _ -1,0
) ‘1‘1:—17 W |zo=0= _w( ) ‘xz:—l

(3.2.17)
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where S§ = (—00,0) x (—00,0) X wp and A is also defined as in (3.2.11) with

st (r) = g(_—11,0) o g(:)’l_l) () = (=1 —exq,—1 —exg, X2), Qf =(—k,0) X (—K,0) X wa.

Then we take

1 1
0% (z;e) = w0 ¢ () = w( 3317 2 ,X2) a.e. z € (3.2.18)
£ 9

For the existence of the functions w® in the Sobolev spaces H' (S§) for a = (£1,=+1), we need
to guarantee the smoothness of the functions w® for || = 1 with the compatibility conditions (see
[32]). Formally if the functions w®, o = (1,0) and (0, 1), are very smooth on S§ (ug is also smooth),
it is clear that the compatibility condition

w0 (1,1, Xo) = w®V (1,1, X2) = ug (1,1, X)
is satisfied which ensures the existence of w(’!) in H? (S(()l’l) ) Concerning the smoothness, for

instance for a = (1,1), we need to ensure that
amw(l,o) c 12 (S(()I,O)) and azlw(o,l) c I2 (S(()O,l)).

If we come back to the problems satisfied by w0 and w1V where x5 and z; play a parameter role,
and using the smoothness theorem given in Chapter 2, we have to assume, in addition to (3.2.9),
that
ax2a117 a9016122 € L™ (Q) )
8@ I, 8901 e L™ (Q) and 63;2 C1, (9271 co € L™ (Q) ,
Opyzp Ao € L () and Ovrunf € L? (9).

Similarly, for a (0 < || < 2) arbitrary we assume that

aii? al‘kaiiv l’i; al‘kl’u ci, aajk C; S LOO (Q) 5 7;, k = 1, 2 Wlth Z 7£ k

aiz, a € L™ (),

A22> 811‘4227 aszQQa 89619621422 €L~ (Q) and fv 6361 fa am fa aﬂ:lfmf € L2 (Q) :
(3.2.19)

Remark 3.1. Note that under the above assumptions we also have
O, w®,  Op, (VOw®), Vew®* e L?(S$) for |a| =1 whenever a; =0, i = 1,2,

Vw® € L*(S$)  for |a] =2

and

8:c1an aﬂﬁguﬂv aﬂcl (VX2u0> 3 8$2 (VX2u0) ) amm (VX2UO) € L2 (Q) :

Remark 3.2. Note that the condition of the compatibility of the boundary conditions given in
(3.2.10), (3.2.13), (3.2.15), and (3.2.17) is ensured from

c‘)xm (VXQUO) S L? (Q) .
Remark 3.3. If A =1d then 2% is always the corresponding identity matrix.

Remark 3.4. If A = A(X3), we do not have to make the change of variable <, at all, since A =
Aol (z) = A= A(X3) on SS.
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3.2.2 Main properties of the formal correctors

Let us now explore the main properties of the above formal correctors.

Lemma 3.1. For a € E (|a| #0), the following identity holds for every v € Hg ()

AV.0° (;e) - Voodr = —/ V0% (;¢) - Vevde, (3.2.20)

Qe Q\Qe

where E = {(a1,x2) | a1, 0 = —1,0,1}, Q% := QF, V. := V¢ is defined, as V, according to the
choice of , i.e. the i component is removed whenever oy = 0 and A := A% is a square sub-matriz
obtained from A by removing the i" line and the i column whenever a; = 0. If there is no ambiguity
we keep the same notation of A and we omit the subscript.

Proof. Even if the matrix A depends on x which is not the case in [I1] we can apply the same
argument. Let us do it for |a| = 2. Note that if v € H{ () then vo ;! € HE(Q%) which allows to

test the equation satisfied by w® (for example the equation in (3.2.10) for oo = (1,61)) and we obtain
AVw(z) -V (vos,'(z))dz =0,

03

€

where 2 := 2%, Note that if || = 1 we have just to integrate on (—1,1), in the x;—direction for
which «; = 0, to get the above identity that can also be written as

/ AVw*(z) -V (vos, (z)) dx = —/ Vu®(z) -V (vos,'(z)) dz.
Q9 Q3\0

o
1

€ €

Making the change of variable x — ¢, (z) in the above identity, we end up with (3.2.20). O

Theorem 3.1. For every a € E (|a] # 0), there exist positive constants k and 1 independent of ¢
such that

Case |a] = 1. we have
|3x¢wa(-3€)’2,sg\9fi S (Vawa(-ﬁ))b,sg\ﬂi ’ Wawa(-ﬁ)b,sg\ﬂfi < rexp (—n/e)
whenever a; =0, 1 =1,2.
Case |a| = 2.
B [V ()l s3100 < K exp(—n/2).
Proof. The proof of this theorem is running as what is done in [I 1, Theorem 1, p. 135-137]. O

Corollary 3.1. For every a € E (|a] #0), there exists a positive constant n independent of € such
that

Case |a| = 1. we have
100:0%(5 ). 0n00 s 10 V0% (56) [y 0000 s [VHOU(5€)l5 0\ < wexp (=n/€)
whenever a; =0, 1 =1, 2.

Case |a| = 2.
VO (:;8) o 0000 < Kexp (—n/€).

Proof. The above corollary is an immediate consequence if Theorem 3.1 by making the change of
variable x — ¢, 1. O
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3.2.3 Global formal corrector

Since indices « indicate the region where the boundary layer function is acting and in order to
substantiate this, we define the function ¢, (X1) = ¢ (a121) ¢ (a2z2) where ¢ : [-1,1] — [0,1] is a
continuous function such that ¢ =1 on (0,1), ¢ (—1) = 0 and is linear on (—1,0). This means that
Yo (X1) = 1 whenever z = (X1, X2) € Q% and is vanishing on the boundary parts of © except the
adjacent ones to the considered correction region. Then we define our global corrector as

Before to state the first main asymptotic convergence result we need to the following

Theorem 3.2. Under the above assumptions (3.1.1), (3.2.9), (3.2.19) and for u > 0 arbitrary, there
exist two positive constants k = r (p) and 1 independent of €, such that for every v € Hg ()

/AV Ue —ug —6:) - Vevde — p ]VU@Q

< Hexp< - > — & /AHVXIUQ Vledl‘—E/AmVXQUO Vled.I—&/AleXluO VXQUdaZ

—e? Z Z / 11902, [0a0% ()] B, v 4 42102, [Pad®(;€)] Duyv + 530y, [0 (. €)] Bpv Az

i= 1\a| 1

_EZ Z / LV x, [0a07 (.5 €)] Oz,v + ¢i0r, [9al®(5€)] - Vv da.

=1 fol ]
(3.2.21)

Proof. Let us first taking v € H{ (Q) as a test function in (3.1.6) and integrating it on w; = (—1,1)?
then comparing the produced identity with (3.1.5), we get
/AV e —ug—0:)-Voudr
= —€ / A11VX1U() Vlede - 8/ A12VX2’U,O VXI’U dx — E/ A21VXIUO VXQ’U dz (3 2. 22)

- Z AV8 [0al(:;€)] - Vevda.
|0
The last sum can also be written as

Z/AV ©0af(;€)] - Vevda

|| #0

Z /AV [0a0%(; Veudr + Z /AV [0a0%(;€)] - Vevda

laf=1 |af=2
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then

= ¢ Z Z / alQaarz Spocea )] amv + a218m1 [(‘ana('; 5)] 89027) + aiial’i [(Paea(’; E)] 8961‘” dx

z1|a\1

+€Z Z / lZvX2 (. )] 8352-'0 + Ciaxi [goaea(.;&‘)] -Vx,vdz

i= 1|a| 1
=0

+> /AV [0ab(5€)] - Vevdz + Y /A“V" [0ab%(;€)] - Vv da. (3.2.23)

|al=2 laf=1

We rewrite for every «, the integrals in the last line of the above identity over Q¢ and Q\Q® separately
and using the definition of the function ¢, we obtain

Z/AV ©ab*(;€)] - Vevdz + Z/Aava [0ad(;€)] - VEv da

laf=2 laf=1
= Z/ AV.0(;¢) - Vovda + Z V. [0ab®(;€)] - Vevda
jaf=2 7 =2
+> / AV20%(se) - VO da + Z o AV [0a0%(;€)] - Vv da.
jaf=1 laf=1

For the Q2“—integrals we have just to apply Lemma 3.1, we derive

Z/AV [0ab(;€)] - Vevda + Z/Aava [Pab(;€)] - Vivda

|a|=2 laf=1
= — Z/ V0% (;e) - Voodr + Z/ CaAV.0%(;e) - Vovda
=2 7 A2 =2
+ / 0%(.;e)AVepq - Vevdr — / V&9« (.;e) - V&vdx
z|:2 e (;€) |z|:1 AR (;e)- Ve
+ Z/ Ca AV se) - Vv da + Z/ £)A°V %0, - Vovdu.
|af=1 la]=1

We apply the Cauchy-Schwartz and Young inequalities to separate the integrals of v and those of

0%(.;¢). Then, in each Q\Q%-integral of #%(.;e) we make the corresponding change of variables
r — ¢t (x), it follows that

/Av [0al®(;6)] - Vevdz + /Aava [Pab(;€)] - Vivda

=2 laf=1

1 2 2
Sk |Z [VEw ()l 59\ + 1 [Vevlyq
al#0 €

where 1 is a constant that we will determine later. Note that we also used the Poincaré inequality



CHAPTER 3. COMPOSITE ASYMPTOTIC EXPANSION 60

on wa. Thus, thanks to Theorem 3.1, we get

/Av [pab(5€)] - Vevdz + Y /Aava [0ab%(;€)] - Vv da
ja|=2 ja|=1 (3.2.24)
</£exp< 77)—1—,U|V U’ZQ

Finally, substituting (3.2.24) in (3.2.23) and then (3.2.23) in (3.2.22), we obtain
/AV e —up—0:) Veoodr

—& /Allel’LLO Vledx—e/A12VX2uo Vledl‘—E/AzleluO VXQde

—s“’ZZ / 11201, (900 ()] Dy v + 02102, (900 (€)] Dy + i, [000(;€)] Dy d

=1 |a|=1
;=0

—sz > / LV x, [0a0 ()] D,0 + ¢iO, [0ab®(;€)] - VXQUd:B—{—HeXp< >+u|v vl3g-

1= 1\o¢| 1

This completes the proof of the theorem. ]

The lemma bellow allows us to choose
Ue — ug — 0;

as a test function in (3.2.21), which permits to show the following asymptotic convergence and
evaluate its rate,
Ve (ue —ug — 05)|279 — 0, ase—0.

Lemma 3.2. Under the assumptions of Theorem 3.2 and according to the above definitions of the
formal correctors 0%(.;¢), a € E (|a| #0), it holds that, for e >0

uo + 0. € HL (Q).

Proof. We will use the trace of function in H! () to show that ug + 6. = 0 on each face which also
means that ug+6. =0 on 09, i.e. ug+6; € H& (Q). Let us consider the face 1 = 1. Then we have,
according to the above definition of 6.,

(uo + bz) |z1=1
=g (1,22, X2) + 010 (23€) |uy =1 40 (2) 0OV (i) [0y
+ o (=22) 807V (w32) loy =1 o (22) 81 (252) [ay=1 0 (—22) 807V (256) oy

= g (1,29, X3) + w0 (0,29, X5) + ¢ (22) wO (1, Lo , X2)
(o) uw® (1, 2 X0) 4 () w0, -2, X))
+o(—a) w0, =2, X),

Taking into account the boundary conditions in (3.2.1), (3.2.5), (3.2.7), (3.2.10) and (3.2.13), we
derive

(uo + 095) |x1:1= 0.

Note that the other boundary layer functions do not appear above since ¢ (—1) = 0. The traces on
the other faces can be established using the same argument as above. O
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3.2.4 Asymptotic convergence results

In this subsection, we will apply Theorem 3.2, but we have first to suppose that
Op, @12, Opy,a91 € L°(Q) and 0y, € L>(Q) i=1,2. (3.2.25)
Then, we can prove the following theorem.

Theorem 3.3. Under the assumptions (3.1.1), (3.1.2), (3.1.4), (3.2.19) and (3.2.25), it holds that,
when € — 0,
|ue —uo — ‘95‘2,9’ [V, (ue — uo — 9£)|2,Q =0(e),

: (3.2.26)
Vx, (ue —ug—0:) =0 in L* ().

Proof. Firstly, thanks to Theorem 3.2 and Lemma 3.2, testing (3.2.21) by v = u. —ug — 0. € Hg (Q),
then using the ellipticity condition (3.1.2), we get

(A= 1) Ve (ue —ug — 02) |5 < rexp (—n/e)

2
—e? / AV ug - Vi, (ue —ug —0:) dz — 2y~ Y / 50, [P0 ()] D, (ue — up — 6:) da
Q Q

i=1 |a|=1
a; =0
2
—5/ AnVxuo - Vx, (ue —ug — 0:) do — z-:z Z / CiOx; [0a0(;€)] - Vx, (ue —up — 6;) dx
Q =1 |a|= Q
2y /Q 01201, [9ab(5 )] Do, (e — tig — 02) + a210s, [pab® (52)] uy (e — g — 6.) da

|a|=1

2
—5/ A1 Vixyuo - Vx, (ue —ug —0c) dz—ey Y / LV x, [0af® (. €)] On, (ue — ug — 6.) da.
Q Q

=1 ‘04|:1
a;=0

(3.2.27)

Note that, under the assumptions of this Theorem 3.3, we can have

Vx, - A1aVx,ug € L*Q)
Or, (1V x, [pab®(5€)]) € L*(Q) for |a| =1 witha; =0, i=1,2
Ory (@120, [0af™(;€)]) € L*(Q) for |a| =1 with a; =0,
Oy (42105, [0af(5€)]) € L*(Q) for |al =1 with ay = 0.

Using the Green’s formula in the x;—direction, ¢ = 1, 2, in the last two lines of 3.2.27, then we choose
A
n= 7%, to get

3\ —
T Ve [ue —ug — 95]]379 < Kexp (En)

—52/ AnVxuo - Vx, (ue —ug —6:) do + 2 Z / Ox, (a1205, [0 (.;€)]) (ue —up — 0:) dx
Q 0

la|=1
a1=0



CHAPTER 3. COMPOSITE ASYMPTOTIC EXPANSION 62

—5/ AV xug - Vi, (ue —ug — 0:) da + &2 Z / Ogs (02102, [0ab(:;€)]) (ue — up — 6:) dz
Q

|or|=1
as=0

_522/01 s [Pa0Y(5€)] - Vi, (ue —up — 0:) do

= 1|o¢| 1

2y Y | 0 a2 0, (e = wa = 02) da e [ Vi (Vi) (e =0 = 62) do
Q

= 1|a\ 1

ey S [ 0n (b Vi [pab (321 (e = w0 = 0.

i=1 |a|=1
a; =0

Using the Cauchy—Schwartz, the Poincaré on ws, and Young inequalities then applying the change

of variable * — ¢! (z) and taking into account Theorem 3.1, we obtain

€2 |V, e — 1o — 0] + [V x, [t — w0 — 0.2 < rexp (—n/e) + ke

Thus
|U5 —Up — 0&‘2’527 ‘VXQ [US —Uup — 9€]|2,Q < KE,
(3.2.28)

IV, [ue —up — bl 0 <
since exp (Z1) = O(e?). Then, according to the above estimate (3.2.28), we can extract a weakly con-
verging subsequence from Vy, (ue — ug — 6:) in L? (Q). It follows that the whole sequence converges

weakly to zero, i.e.
Vx, [ue —up — 0] = 0 weakly in L?(Q).

Of course, this is thanks to the density of D' () in L? (2) and the continuity of the derivation in
D' (Q). This completes the proof of the theorem. O

Note that we also have

2 2
ue —ug — Y 6°(;¢)] = Velue —up — 0] = > Ve[(1 = @a) 0°(;;€)]
|ar|£0 2.0 |al7#0 2,0
< B||Ve [ue —uo = O30 + [E] Y IV[(1 = 0a) 0°(5)][50 -
laf£0

Since supp (1 — vq) C Q\Q* and |1 — ¢4| < 1, where |E| is the cardinal of F, it holds that
2
Ue — Uy — Z 0%(.;¢)] < |E[|Ve [ue —uo — 95”3,9 +|E| Z ’vsea(-§5)‘g,ﬂ\ﬂa
|70 2.0 |al#0
Making the change of variable x — ¢! () on Q\Q%, using Theorem 3.1 and (3.2.26), we get
2

us—uo— 3 6°(5e)l| < me?+ mexp(—n/e)
|| #0 2,0

IN
[\

KE®,
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for € small enough. By consequence, using the continuity of the derivative operator in X;—directions
as above, we get

Corollary 3.2. Under the assumptions of Theorem 3.3, we have

ue —ug— Y 0°(;8)| ,  |Vxlue—uo— > 6%(59)]| = 0(e),
|or|£0 2.0 |or|£0 2.0 (3.2.29)
Vx,[ue —ug— Y 0%(56)] =0 in L*(Q).
a0

3.3 Composite asymptotic expansion of arbitrary order

Of course we will follow the same idea used in the previous section to construct the formal boundary
layer functions. This leads to correct near the boundaries of lower dimension n — 1 and n — 2, i.e.
near the faces and the edges mentioned above.

3.3.1 Formal construction of boundary layer functions

We start by the construction of the second order formal correctors in two steps as above.

Formal correctors of second order

Here we first recall by the second coefficient of the regular asymptotic expansion, w1, which is defined,
for a.e. X; € wy = (—1,1)%

—Vx, A22Vx,u1 = Vx, - A1aVx,uo + Vix, - AnVxup  in wo, (3.3.1)
ul(Xl, ) S H&(WQ),
and we have u; € H' () under the following assumptions, see Chapter 2,
DX Aly, DX An, D% AncL®(Q), D% feL?(Q). (3.3.2)

Formal correctors near the faces Let us start by the first correctors level, i.e. near the faces
xr1 = *£1 or x5 = £1.

Cases a = (£1,0). For the second coefficients of the local asymptotic expansion operating near the
faces 1 = £1. We define the function w(.,z2,.) as the weak solution, for a.e. x5 € (—1,1), to

{ V- AV = 0y, (LaVwgy) + V- €40, wg  in I,

3.3.3
W (1,29, ) Joo= 0 W3 (2, ) 0= 111 (22, ) |oy e (3.3.3)

where I, 2, S, V := V%, A are defined as in the above section and wf := w®. Of course
here, they are corresponding to the cases o = (£1,0), and the new coefficients are defined as

~1
— _ ai12 © G, ([L‘) o
Lo=(anog'(x) —hogt(zx)), Qa:<_c2o§a1(x)) a.e. r € S7,

where ¢! (z) = (a1 — ex1, 22, X2). When we extract A* from A o' on QF, the blocks £,

and €, are defined as the remaining line and column respectively without the éliagonal element
D, = az o, ' here (since ay = 0). Then, we set

a1 — I

0f (z;6) = wi oy () = wf ( ,xQ,X2> a.e. T € . (3.3.4)
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Cases a = (0,£1). Then near the faces o = +1, as in the previous case, we define the function
wf (x1,.) as the weak solution, for a.e. z1 € (—1,1), to

{ VAVl = 0y, (LaVwh) + V- €adpwf  in I, (3.3.5)

’U}? (:L'l,.%'Q, ) ’8&12: 07 ’LU? (.’I}l, ) ’:52:0: _Ul ($17 ) ’172:0[2

where the notation is adapted for v = (0,+1), except the blocks of the right-hand side are
defined by

—1
- - a21 054 (@) o
Lo=(anogi!(x) —hogi'(z)), Qa:<—010§al(1’)> a.e. z € S§,

since ay = 0, and ¢, ! (7) = (z1, a2 — ex2, X2). Then we take

Q2 — X2

07 (z;¢) = wi o gy (x) = wi <x1, ,X2> a.e. x € Q. (3.3.6)

The existence of the functions w(.,xq,.) € H! (I§) for a = (£1,0) and a.e. x5 € (—1,1) or
w(x1,.) € HL (I§) for a = (0,£1) and a.e. z1 € (—1,1) is ensured by the Lax-Milgram theorem

as in the previous section. For example, we easily see that w§1’0) () + p(x1)ur (1 — x1, 20, Xo) €

H! (Iél’o)) is a solution to a non-homogeneous elliptic equation equipped with homogeneous Dirichlet

boundary conditions. This means that we do not need to add any assumption to (3.3.2), i.e. when
la| = 1.

Formal correctors near the edges Now, in order to define the second coefficients of the local
asymptotic expansion operating near the edges, we have just to change the boundary conditions in
each problem satisfied by the corresponding formal correctors for the cases when |a| = 2, in the
above section. That is to say we have just to add the index 1 to each w® in the problems (3.2.10),
(3.2.13), (3.2.15) and (3.2.17), then the correctors 6¢ are also defined as the correctors 6% replacing
w® by w{. For example, when o = (1,1) we define w{ as the weak solution to (3.2.10) replacing the
boundary conditions by

(0, (1,0

1
w(lx |8W2: 0, w(lx |901=0: —w ) ‘x1=17 w(lx |902=0: —w ) ‘x2=17

and the corresponding formal corrector is defined as in (3.2.12), i.e

1-— 1-—
0% () = w o o (x) = w( 6“, ExQ,XQ) ae. € Q.

For the three remaining formal correctors, i.e. for a = (a1, a2) with |a| = 2, we define w{* as the
weak solution to (3.2.13), (3.2.15) and (3.2.17), replacing the boundary conditions by

0, 0
w? ‘&02: 0, wtll ‘$1=0: _wg o2) |901=0417 wtlx |932=0: _wgah ) |9E2=6¥27 (3'3-7)

with respect to the values of . The corresponding formal corrector is defined as

07 (z;6) = wi oy (x) = wf‘(a1 — ml, 2= xQ,Xg) a.e. x € Q. (3.3.8)
5 €

For the existence of the functions w{ for @ = (+1,£1), as in the previous section, we have to take
care of the smoothness of the function w{ with the compatibility of the boundary conditions. By



CHAPTER 3. COMPOSITE ASYMPTOTIC EXPANSION 65

using the smoothness theorem given in Chapter 2, we can ensure, under the following assumptions
8%,%-, 8§jaii 8xjaij, 332_04']' € L*>® (Q), 1,7=12, 3 75 7,
DVx,a5, DPOayeL™®(Q), i=1,2,j=1,....n, j#i
DPVyxa; € L°(Q), j=1,2,i=1,...,n, j#i,
DPVyx, A € L™ (),  DPVy, feL*(Q),

and in addition to (3.3.2), the existence of w§ in H! (S§) for all a € E.

(3.3.9)

Formal correctors of higher order

Firstly, we recall the coefficients of the regular asymptotic expansion, uy (N > 2), as the weak
solutions of the following system, for a.e. X7 € wy = (—1, 1)2,

{ ’U,N(Xl, ) S H&(WQ),

—Vx, - AVx,uy = Vx, - AnVxuy2 + Vx, - AioVx,un-1+ Vx, - Aa1Vx,un—1  in wo,
(3.3.10)

and we have uy € H'(Q) under the following assumptions

DY'AY, DY Al,, DY An, DYF'ApeL™(Q), DYF'feL*9Q). (3.3.11)
Then, we suppose the following notation
Xg :=a; if |a] =1 whenever o; =0, i =1,2 and X5 := X if |a| =0.

By consequence Vx, := 0y, for || = 1 whenever a; =0, ¢ =1,2 and Vy, := Vx, for |a| = 0.
We aim here to construct the formal higher order correctors w$; for N > 2 that will be also run
in two levels as above.

Case |a| = 1. Near the faces 1 = £1 or g = +1, we take for example o = (a,0) and we define
wR (Xa,.) = w (., x2,.) as the weak solution, for a.e. Xg :=x9 € (—1,1) since ap =0, to
{ VAV = =Vx,s - DaVxa w2 + Vs - La Vol + V- & Vx,wiyy  in I,
wiy (X1, ) |8w2: 0, wy(Xa,-) |$1=0: —un(Xa, ) |961=a17
(3.3.12)

where Vx_ := 0,,. Of course the notation here is adapted for the indices a = («1,0) = (£1,0).
Then, we denote by 0% (.;€) the function defined as

a1 —T1

0% (x;6) = wihy 0 gy () = Wi ( , 2, X2) ae. x €. (3.3.13)
Of course we follow the same rule to define w$;(Xg,.) for the other indices & whenever |a| = 1.

Case |a| = 2. Near the edges (z1,22) = (£1,+1), we take o = (o, a2), then we define w$; as the
weak solution to

V- A*Vwy =0 in S§, (3.3.14)
w?\f(Xlr) |8w2: 0, w?\éf ‘€E1=0: _w](\(;,cm) |961=0417 w?\éf 22=0=— _w](\?l’O) |5E2=042 . o
Then, we denote by 6% (.;¢) the function defined as
Oy (x;e) = wiy 0 gy () = w]av(al — xl, @2 xz,Xg) a.e. x € (. (3.3.15)
5 €
Note that (3.3.3) can be considered in (3.3.12) by setting w®, = w®; =0 in S§, for all « € E
and wi = w® Also (3.3.14) may define all w§, for N > 0 and |a| = 2, using the same

corresponding notation.
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Arguing as above and by recurrence, we derive the following assumptions on the data to ensure
the existence of w%, in H' (S§'), for N > 2 and for all a € F,

DPDY a;;, D’DY'92ai; €L (Q), i=12, j=1,....n
DPD¥ a;; € L®(Q), i,j=3,...,n, (3.3.16)
DPDY Ay e L™ (Q),  DPDY felL?*(Q),
for all B € @ where @ = {0, 1}2 and D? denotes the mixed partial derivative in X;-directions,
however D%l, it is also in the same sense as D? but up to order N.
3.3.2 Main properties of the formal boundary layer functions

Before to deal with the asymptotic convergence we need the lemmas below.
Lemma 3.3. For all N € N and o € E (|a| # 0), the following identities hold for every v € Hg (Q).

Case |a| = 1.

/ AV20N(;e) - Vavde —i—/ L,V2O%_1(;¢) - Vx,vde

—i—/ CoVx, 05 _1(¢) - V&vda

i (3.3.17)
+/ DQVXae?\[;fQ(.;E) . VXaU dx

Qa

= - V?H%(,E) 'V?U"‘VXaH%,Q(.;E) 'VX&”UdJI,
Q\Qe

where Lo, Co and D, are the remainder line, column and diagonal element respectively when
we extract the block A® from the matriz A. Note also that 0%y = 0%, =0 for all o € E.

Case |o| = 2.

/ AV 0% (;¢) - Vevda = —/ V05 (;¢e) - Vevda. (3.3.18)
[ Q\Qa

Remark 3.5. Note that when N = 0, we recover the results of Lemma 3.1.

PROOF OF LEMMA 3.3. First note that for o € E (Ja| # 0), v € Hg (), we have vog, }(x) € H}(Q%)

and we will follow the same argument as in the proof of Lemma 3.1. We replace the test function in
the weak formulation of (3.3.12) by v o ¢, 1(x).

Case |a] = 1. Whenever a; = 0 (i = 1,2) we integrate over (—1, 1) in the x;—direction, we obtain

J

—/ CVxwl_i(z) V¥ (vos;(z))dz + DoV, wh_o(z)  Vx, (vosy(z))dz =0
Qg 03

AV w(z) - V* (vosy (z)) de — / LoV _y () - Vi, (vos;(z)) da
2 Q3
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whence

AV w(z) - V* (vogy'(z)) da — / L Voui_1(z) Vx, (vosi'(z))da

Q9 g

—/ CaVxwi_ () V* (vosy(z)) dz + DoV wh_o(z) Vx, (vosi'(z))ds
Q

a
1
e

= —/ Vew(z) - V* (vosy'(z)) do — / Vx, 0% _o(z) - Vi, (vos ! (z)) da.
a3\ g\

€ € €

(3.3.19)

We rewrite the blocks A%, £,, €, and ®, of the left-hand side in terms of A%, L., C, and
D,, respectively. Making the change of variable z — ¢, () in the obtained equation, we can
rewrite the right-hand side of (3.3.19) as

/ AV (z) - V* (vog,(z)) dw — LV (z) - Vg, (vosy!(z))da

09 Qg

— CaVxawi_q(z) - V¥ (vos t(x))da + DaVx, 0N _o(z)  Vx, (vos;(z))dx
09 Qg

= / [A*V20% (z;€) - VEv 4 Lo V20N _1(z5¢) - Vx,v] [det Jo| da
+/ [CaVx, 0% _1(x5€) - V0 + Do Vx, 0% _o(x5€) - Vo] |det Jo| da,
(913

lal

where |det J,| = ‘(_71) = % is the Jacobian adapted here for the a—change of variable

(o] = 1). Then

AV w(z) -V (vo g;l(:n)) dz — / LaVeuwi_ (z) - Vx, (vo gojl(x)) dz

Q9 g

- / CaVix w1 (z) - V¥ (vo €071(CE’)) dr + DoV wi_o(z) - Vx, (vo gojl(x)) dz
09 g
1 € €
= 5/ AN 0N (x;e) - VEu + Lo VEON_ i (x;¢) - Vx, vdo

1

—i—g / CoVx,05_1(z;58) - V& + Do Vx, 05 _o(z;¢) - Vx,vde.
(91

(3.3.20)
For the left-hand side of the equation (3.3.19), we also make the corresponding change of
variable z — ¢, (z), we obtain

23\

£ £ >

—/ Veuwyy(x) - V (v o g;l(m)) dz — / Vx,wy_o(z)  Vx, (v o g;l(x)) dz
Q‘E\QO‘l

= / (V20X (z5€) - Ve + Vi 08 _o(w;€) - Vx,v] [det Jo| d
o\Q

1
= —/ V20N (x;e) - Vv + Vx, 0% _o(z;€) - Vx,vde.
9 Q\Qo

(3.3.21)
We compensate (3.3.20) and (3.3.21) in (3.3.19), we complete the proof of (3.3.17).
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Case |a] = 2. We follow the same argument as above. Then, firstly, we have

AVw(z) -V (vosy (z))dr =0
03

5

whence

AVw (z) -V (vosi(z))dr = — / Vui(z) -V (vos,'(z))da. (3.3.22)
! 23\05

€

Recall that 21 := Ao, ' on Q9% and outside of QF, A := Id. Making the corresponding change
of variable z — ¢, (x), on the ;ight-hand side of (83.3.22) gives
AVw(z) -V (vos, (z))dr = AV 0% (z;¢) - Vv |det J, | dx,

Q9 Qo

€

where |det J,| = ‘(%)‘al = (%)2 is the Jacobian. Then

1\2
AVws () -V (vo s (z)) dz = <> AV 0% (z;¢) - Vv de. (3.3.23)
(913

Q(i 9
1>

For the left-hand side of the equation (3.3.22), we get

—/ Vuf(z) -V (vo g;l(x)) dz = —/ V0% (x;€) - Vev|det J, | do
€ 1 2
= — <> / V0% (x;€) - Vevde. (3.3.24)
9 O\«

We compensate (3.3.23) and (3.3.24) in (3.3.22), we end up with (3.3.18).
This completes the proof of the lemma. ]

Lemma 3.4. For every N € N and o € E (Ja| # 0), there exist positive constants k and n indepen-
dent of € such that

Case |a| = 1. Whenever a; =0, i = 1,2, we have

N—k+1 n
AN kL |vaw?|33\ﬁi < Kexp <€> .

AP AR L)
S\
€

Ty

sg\ag
Case |a| = 2. It holds that
-1
’ng’sg\gci < Kexp <€> )
where k=0,...,N.

Proof. We argue as we did for the proof of the smoothness theorem in Chapter 2. O

Now, we can show the theorem below, which will play an important role in the following.
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Theorem 3.4. Let u., ug, u; (i > 1), be the weak solutions of (3.1.5), (5.1.6), (3.3.10) respectively,
and 6% (;€), a € E (|a| #0), given by (3.3.13) and (3.3.15). Then, under the assumptions (3.1.1),
(3.3.9) and (3.3.16) satisfying for N € N, there exist two constants k and n > 0 independent of ¢,
such that

A
/AVERWN(.;s) . stdx——\vsvgg
Q

< /@exp<_ ) gl t? Z /D Vi, [paby (1)) - Vxzvda
|a|<2
Y [ OVl ()] Veuds (332%
|| <2
MY | DoV [pabia (59)] - Vxovda
| <2
eN+1 Z L V2 paby (¢)] - Vx,vde,
|| <2
N .
where RWy (;e) =ue — Y. Y. €' [pabd (;€)], by taking into account that 9,50’0) = u;, for alli e N,
i=0 a€E
and
Dy := A1, Co:=A2, Ly:=A2 and Vx,=Vx, fora=/(0,0). (3.3.26)

Proof. Following the same argument as in Chapter 2, then we get for v € H} (Q),

82/A11VX1RN2(.;5)'VXIUdI+5/A12VX2RN1(.;5)~VX1Ud:C
Q Q

+5/A21VX1RN1(.;6)‘VX2'Ud§C+/AQQVX2RN(.;5)‘VX2U(1$:0,
Q Q

N
where Ry(.;e) = us — > €'u;. This can be written as an integral equation of RWy (.;¢) in the

following form
/ AV .RWy (;¢e)-Veoodr = —5N+1/ A Vx, (uy—1 +euyn) - Vx,vde
Q Q

5N+1/A12VX2UN'VX10d$6N+1/A21VX1UN'VX2de
Q

—ZZ /Av [PabS(;€)] - Vevda.

i=0 |af£0

We rewrite, for every o € E (|a] # 0), each integral in the last line of the above identity as a sum of
two integrals over Q¢ and Q\Q®, we derive

/ AV _RWyx (.;6)' Vevdx = —€N+1/ A11VX1 (uN_1 + €UN) . Vle dx
Q Q

_€N+1/ A1V x,uy - Vx,vdz — 5N—H/ A Vxun - Vx,vde
Q

N
i=0Jal£0 9
N
- > / AV, [0ab? (;€)] - Vevda
1=0 |a|#0 o\«
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We treat the last two sums separately. For the first one, we have

N
T, = ZZ&Z'/QQAVSG?(.;e)-stdx

i=0 |a]£0
N . N '

= Z Z 51/ AV 0 (;e) - Vevdr + Z Z 6’/ AV 05 (;€) - Vevde.
=0 ja]=2 =0 |a|=1 “

Then, for each a € F with |«| = 1, we factorize the matrix A in terms of the blocks A%, L,, C, and
D,, as follows

N
I = Z Z £ /Qa AV 07 (e) - Vovde

N
—I-Z Z e [/QQAQVS‘H?(.;s)-V?Ud:L‘+e/

o

L V265 (5e) - Vv dx]

DoV x, 07 (;¢) - Vx,v dx} .

N
+Z Z g [5 0 CoVx 05 (e) - Vevdr + &2 o

We reorder the terms of the above identity as powers of € and we take into account the fact that
0%y =0% =0, for all « € E, then applying Lemma 3.3, we get

Ty = Nt Z / DoVix, [0%_1(e) +e6% (5e)] - Vx,vda
Qo

laf=1

4N+l Z {/ L,V&Oy (e) - Vx,vdr + CoaVx 0% (;e) - Viv dx}

la|=1 Qe
N .
—Z Z e’ [/ V?Gf‘(.;e)-V?vdx%—/ Vx. 059 (.;€)~VXaUd:B]
i=0 |a|=1 MO Q\Qe
N .
- Z Z El/ V05 (;¢) - Vevda.
=0 ja|=2 /"
We reorder again the terms of the last two lines, we obtain
-y = -Vt Z / DoVix, [0%_1(5e) +e6% (5e)] - Vx,vda
laj=1"7*

—elV+l Z/ Lo V0% (¢) - Vxvdr — eV Z/ CoVx, 05 (5e) - Vivda
Qo Qo

lor=1 lo|=1
N—2
+ Z Z ai/ V05 (e) - Vevdr
laf#0 =0 7O

+eN7 Y /Q\Qa VE[0% 1 (e) + 6% (52)] - Ve da. (3.3.28)
|a£0
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Using the Cauchy-Schwartz and Young inequalities, we derive

-7, < —eNV#t Z / DoVix, [0%_1(e) +e6% (5e)] - Vx,vda
lal=1
Ny / oV2OR (58) - Vx,vda — VY- / CaVix 0% (e) - Vivda
Ia\ 1 laf=1
a L UE=D(N+T)
+ Z ZM’V 05 ()3 a\Qe T M ’V6U‘§,Q'
la]#0 1=0
Choosing 1 = M/\)(NH) and making the change of variable z — ¢, (x) in the last line over Q\Q%,
we get

— A
~T1 < Kexp (:) + = \Vav@@

et Z D aVx, [08_1 (e) +e0% (5¢)] - Vx,vda
=1

3.3.29
VY LQV?G?\‘,(.;E) - Vx,vdz ( )
jaf=1
—eN+L Z Cavxaﬂj'\‘, (;e)-Vdvdaz.
laf=1

For the last sum 7% in (3.3.27), we do not need to use Lemma 3.3 since the integrals are taken on
O\Q* and they will be transformed by the appropriate change of variable to S§\q -integral terms.

The correctors on this last sub-domains are decaying exponentially. Thus we have :

T, = / 0% (;e)] - Vevda
= o 0 Jaf#0 2\Qe

= / 05 (;e)] - Vevdr
i 0 lajz0  7SNO® (3.3.30)

Y ] e AVe (oo (59)] - Vevde
|al7#0

+eN o AV, [ (5€)] - Vevda.
jal£0

We follow the same argument as above, we deduce

1< N+1§j/ DV, [P (031 (52) + 0% (59))] - Vapvda

=1
eN+1 Z LoV [paly (56)] Vxvde
=1
Nt Z o CaVxa ol (€)] - Vevda (3.3.31)
jal=1
+Z D 1Al (Fws + 1) V05 ()5 00\o
i=0 |a|#0

+!A\oo,n (Fw, + 1) (B[ -1 (N +1)

2
4/,6 | €U|2,Q'
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A w - . . .
Choosing i1 = 2l g 2+{\)(|EI DD and making the change of variable z — ¢, (z) in the last

line over Q\Q“, we get

A _
—TQ S g |ng|§7Q + K exXp <€n>

_8N+1 Z /Q\Q DavX& [@a (0?\[/'_1 (~;5) +€9?\{/ (,5))} 'VX&Ud:C
|a|=1 “

3.3.32
—elV+Hl Z LoV [0y (56)] - Vx,vde ( )
jaj=1 7 \Qe
gVl Z CaVX@ [0ab (;€)] - Vovdaz.
laf=1
Substitute the estimates (3.3.29) and (3.3.32) in (3.3.27), taking into account that 9](\(,)’0) = up,
0%, =0 (for all @ € E) and (3.3.26), we obtain
A 2
AV .RWy (;€) - Vevdr — = ]V V)30
Q
< Kexp (‘) Nty / DoV, [pab (6)] - Vx,vda
| <2
N+1 Z / D,Vx, gooﬁN (. )] Vx,vdx
la<2
gN+l Z L V& pabN (¢)] - Vx,vde
|| <2
g+l Z / CaVx, [pafN (e)] - Vivda.
la|<2
This completes the proof of the theorem. ]
As in the previous section (see Lemma 3.2), we can easily show that
v=RWy (;¢e) € H} (Q). (3.3.33)

Indeed, following the same argument as in the proof of Lemma 3.2, i.e. using the trace to show that
RWnx(;e)=0o0n each face which also means that RWy (.;e) = 0 on 992. Then it is enough to ensure

that u; — Z vl (;e) =0foralli=1,...,N on each face as for ug — 6.
o]0
3.3.3 Asymptotic convergence results

In this subsection, we will see the results deduced from the first application of Theorem 3.4, but first
we add the following assumptions

é)mau, 33;2a22 € LOO(Q). (3.3.34)

Then, we can prove
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Theorem 3.5. Under the assumptions of Theorem 3.3 and (3.3.16) satisfying for N € N, taking
into account the addition of (3.3.34) whenever N = 1, it holds that, as € — 0,

N
Y Y| . [Tal- Y G - oE,

i=0 acE i=0 ack 279 (3.3.35)

VXl Zzsaa ; 0 inL?(Q).

=0 a€F

)

2,Q

Proof. First, we take v = RWy (.;€) € H¢ (2) as a test function in (3.3.25) then using the ellipticity
assumption (3.1.2), we get

A
=2 |V-RWy (e)l3

4
< Kexp (‘) N2y / DoV x, [pab (5€)] - VX RWy (5¢) da
c || <2
NN CoVix, [0l (6)] - VERWN (5€) da (3.3.36)
laj<2 ¢ e
Ny D oV, [0abN_1 (58)] - Vx,BWy (i) da
|a|<2
2 L Ve [0abS (56)] - Vx. RWy (1 ¢) da.
|a|<2

Note that under the assumptions of Theorem 3.5 satisfied for N, we have for all « € F with || # 2,
Vo DaVix, [pabfo1 (56)] ) Vxa - LaVeE [pab} (56)] € L(9).

Applying Green’s formula in Xz—directions to the last two sums in (3.3.36), we obtain

A
“CIVRWN (5e)lag

4
< Kexp <_ > N+2 Z / D VXa %QN( )]'VX@RWN (.;6) dx
|a|<2
—elHt Z C Vx, [0abN ()] - VERWy (1) da
|a|<2
+eN Y VX& - (DaVixy [palf—1(;€)]) RWy (;¢) d
lar| <2

TN Y | Ve (LaVelpal () RWn () da,
la| <2
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since RWi(.;¢€) € H&(Q) Using the inequalities of Cauchy-Schwartz and Poincaré on ws, we get

4 IV RWy (e )!m
< rexp () 450 S Dalq Va8 (39 Ve BV (32
|a] <2
+eNEN T [ Calao 0 IVXON (58) 0.0 [VERWN (5€)|5q
|a|<2
+eMEN 7 Vo DY 0 Vs [VxaOi-1 (58]0 IV RWN (56)la0
lor <2
+eN N Dol Ve [DX, 031 (58) |50 [V RWN (58)|
lor <2
+eM N "V Lal oo VEes [VEOR (59)la0 [V RWN (56)la0
lor <2
+eM N T Lol VEwr VX6 V0% (58)] |0 [V BWN (56)]00
la|<2
+eN T2 Z IVxsLa ’ooﬂ Ry [0 (5 )|2Q‘VX2RWN( )\2,9
la|<2
+eNH2 Z |La ’ooQ Fug VX208 (5 )|QQWXQRWN( )\2,9-
la|<2

Again using Young’s inequality and the boundedness of V0% (.;e) and Vi, [V20% (.;€)] in L%(),
we obtain

|V€RWN(.;5)\§’Q < Kexp (j) + re2VH2, (3.3.37)
From an other side we have,
N .
B SPIECIIREEUNIENS ) IR PEE)
i=0 a€E i=0 |a|#0
Recall that 1 — ¢, (X71) = 0 on Q% i.e. supp (1 — ¢4 (X1)) C Q\Q. Thus, if we take the L?-norm

N .
of Vejus — > > €'6%(.;¢)] on Q, we get
1=0 €l

N .
YY)

1=0 a€F 2.0

)

= |VRWy(; ZZEV (1= o) 02(;2)]

=0 Jal0 2.0

< 3|V.RWy(;e)l30 + 3B (N +1) ZZ’VQ \QQ\Qa
=0 a0

+3[E| (N +1) ZZ 07 (5 €)l.0\00
i=0 [al£0

Using (3.3.37), making the change of variable x — ¢, (z) on Q\Q?, and Lemma 3.4 we obtain

2
2|V, [u Z > 02 + |V, [u Z > 00

=0 a€FE =0 a€FE

< Kexp <—77> + ke2N+2,
€

2,9 2,9
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Thus N
B SDILCINNN N b SRR I
=0 a€E 2,0 =0 a€FE 27Q (3 3 38)
\Y (. <
N LN 35 SETAEE |
=0 ack 279
since exp (Z1) = O(e**2?). Then, according to the above estimate (3.3.38), we can extract a

N .

weakly converging subsequence from ELNV xi[ue — D2 37 €09(.;¢)] in L2 (). Tt follows, thanks to
i=0a€cFE

the uniqueness of the limit, that the whole sequence converge weakly to zero, i.e.

Vxl Z Z £9%(;;6)] = 0 weakly in L? (Q).
=0 a€F

Of course, this is thanks to the density of D' () in L? (2) and the continuity of the derivation in
D' (Q). This completes the proof of the theorem. O

Note that under the assumptions of Theorem 3.5 satisfied for N + 1, we have

2
Tl Y Y 02
1=0 a€F 279 )
_ . N+1 .
= |Vxilu Z Z €07 (se)] e Z Vx,0n41(5¢)
=0 a€E ack 2,0
N+1 2
N+1 N+1
= |Vx,[u Z Zezea o)) + eV VX unp et Z Vx, 08
i=0 a€E || #0 2,0
thus
2
2 O[
Vb= 3 Y
1=0 acFE Q’Q )
N+1 2
2N+2 2 2N+2
< 3 VXl ZZJ—ZZHQ ; + 32N |VX1UN+1|2’Q—|—3€ + Z VX1‘9?V+1(-;5)
i=0 acFE 2,0 |or|#0 2.0
N+1 2
2
< 3 VXl Z 2526“ ; +3€2N+2 ’leuN_H‘Z’Q
=0 ackE 2,0
2N+2 2N+2
+6¢ RiE| Z [(Vxa 0% (5 )‘29"'65 R E| Z [VEOR 1 (5 ‘29
lo|=1 |cx|70
< ke,
since ‘V‘J‘H ¥ +1 ‘2 a0 < < Z. Then we can not conclude that there is an improvement for the lower

order (EN )fcomposme asymptotic approximations in its convergence rate if we get the (EN H)—order
composite asymptotic approximations as in Chapter 2.

Remark 3.6. For p =1, i.e. X1 € (—1,1), we do not add any assumptions for the construction of
the boundary layer functions, i.e. under the same assumptions supposed in the study of the regular
asymptotic expansion we construct the correctors.
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3.4 Sharper asymptotic convergence and estimate results

An expected natural improvement of the asymptotic convergence rate (3.3.35) may be expressed, as
follows

~rRWy (3e) =0 in L*(Q), (3.4.1)
or simply
N
rrlue — > > 0 (5e)] =0 in L2 (Q). (3.4.2)
=0 acl

In this case, thanks to Theorem 3.5, we can easily show that [V.RWy (.;€)|yq = O (eN*1) and we
deduce in particular that
Nt VeRWy (e) =0 in L*(Q). (3.4.3)

By consequence, we derive
NV, RWy (6) =0 in L? (). (3.4.4)

Note that we used the continuity of the derivative operators on D’(£2). In fact this means, by (3.3.27),
that for all |o| = 1, when € — 0,
Vx, - AuVx,un—1+ Vx, - A1aVx,uny + Vi, - Ao1Vx,uny =0 a.e. on (2 (3.4.5)
and
[VXa DaVixa0%_1 4+ Vg - LaV20R + V2 - CoVx %] () =0(1) a.e. on Q% (3.4.6)

Taking into account Lemma 3.4 when we make the change of variable z — ¢,, (3.4.5) and (3.4.6)
simply mean, as € — 0, that

VXl 'A11VX1"LLN_1 + le ~A12VX2uN + VXQ 'A21VX1UN =0 a.e. onf) (3.4.7)
and
[V, - DaVxawd 1 — Vi, - £aVouG — Vo - oV w] (€)= o(1) (3.4.8)

a.e. on S§ for all |a] =1 where w®; =0 for all & € E.
Indeed, rewriting the identity (3.3.27) and taking into account (3.3.28) and (3.3.30), we get for
every v € H}(Q),

1

NFT /Q AV .RWy (;;¢€) - Vevde

= —/ Vx, - AuVx,un—1 + Vx, - A12Vx,uny + Vx, - Ao Vx,uny|vde

Q
-y / [V, - DoV, 0% 1+ Vi, - La V0% + V2 - CaVix,0%] () vda
Qa

|aj=1

_5/ AlleluN : Vledx —€ Z / DOCVX&O?\[/' (‘;5) ’ vXade
9) Qe
la]=1

N-2
Y D e / V05 (e) - Vevda

i=0 [al£0 2\
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+e ) /Q\Q Ve [0%_1 (5e) +eb% (5e)] - Vevda

o] #0

N—2 ‘

- Z Z EZ_N_l/ AV, [pabf (i5€)] - Vevde

i=0 |al£0 2\

e2 Z / e [pabf_1 (5€)] - Vevda —e™! Z / AV, [0 (5€)] - Vevda.
a0 /SN2 laf£0 Y N2

(3.4.9)
Note that

1
W[)AVERWN (,5) . VE'U dx
1 1
= 8/ WA11VX1RWN (.; 5) -Vx,v dx —l—/ WA12VX2RWN (.;6) -Vx,v dx
Q¢ Q¢
1
+/ €WA21VX1RWN (.;6) -VXQ'de-i-/ N+1A22VX2RWN( ) .VXQUd:C.
Q
When we pass to the limit in the identity (3.4.9), using (3.3.35), (3.4.4), and what we have as expo-
nential convergences (we mean the behaviour of the correctors on the sub-domains Q\Q* whenever

|a] # 0, which is decaying exponentially to zero) we have just to replace by o (1) the left-hand side
and all terms after the second line in the right-hand side. This implies, for every v € HZ(Q),

/ [le . AlleluNfl + le . A12VXQUN + VXQ . A21VXIUN] vdx
Q

= o(l) —hmZ/ [Vxa - DaVx.0%_1+ Vxa - La V20N + V- CoVx, 03] (5¢) vda.

e—0
laf=1
(3.4.10)
Note that for v € D(£2), the support of v is located far away from all the boundary layers (faces and
edges). This means all correctors 65, || # 0 and i = 0,..., N, have no considerable effect since each

of them is decaying exponentially to zero far away from its principal boundary layer region. Then
we also can replace the right-hand side of (3.4.10) by o (1) for this choice of a test function in D(2)
and we deduce that

/ [VXl -AHVXluN_l + Vx, -AuVquN + Vx, -A21VX1UN] vdr =0 Yv e D(Q) (3.4.11)
Q

By consequence, we deduce from (3.3.10) and (3.4.11), that uyy; = 0 iff we have (3.4.11) (see
Chapter 2). This also means that the existence of uy1 solution of the problem (3.3.10) is ensured
by the identity (3.4.11) in the distributional sense and we do not need to pass by the assumptions
(3.3.11) to ensure this existence.

For the second member of (3.4.10), for example taking o = (1,0) and testing by v € H} (Q?l H))

Qf ) = (0,1) x (=k, k) xws (0 <k < 1). Note that on these sub-domains Q"0 “only the correctors

(L)
0%_0} nd 9](\}’0) have a significant effect, however the others have no considerable effect on these

sub-domains, i.e. %_,, 0% for « = (—1,0), (0,1), (0, —1), and more they are decaying exponentially
to zero. Using (3.4.11), we derive from (3.4.10), when ¢ — 0, that

/Q oy |Pea (022000800 + 02 (L1, VEEOOR) + V- €000, 08 7| () v = 0(1).
(1,%)
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By consequence, making the change of variable * — ¢, and using Lemma 3.4, we deduce from
(3.3.12), when £ — 0, that

1,0 a, (1,0 o 1,0
/S(l,o) [Vxa 'QavXan(V—% = Vx; - LoV wg\/ v Q:avXawgv )] (se)vdz =o(1)

(0,%)

where S, = (0,400) x (=, k) X wy. Thanks to Lemma 3.4, we get from (3.3.12) that

‘Va (1,0)

W', o(l) ase—0, on Sél’o).

‘2,331’0) N

Arguing as above for the other three remaining indices o = (—1,0), (0,1), (0, —1), we can establish
that, when € — 0, we have

|V°‘wj‘\‘,+1|275(()1,o> =o0(1), for |a|=1. (3.4.12)

Remark 3.7. Note here that we do not have w;_, (.;€) =0 on S(()l’o) (as in (3.4.11)), and we have
Just wy_q () € HY (1), for || =1, and (3.4.12). We do not also have the existence of w ; (.;€)
in H' (S§). For the last one we need the assumptions (5.5.16) to be satisfied for N +1. More details
about this point will be given below.

Now, if we expect a little bit more as
=V, RWn (56) =0 in L*(Q)
or simply

N
A Vxlue — Y Y €07 (56)] =0 in L(Q).

1=0 a€FE

As above, this holds iff we have (3.4.5), (3.4.6) satisfied with an o (¢)—order of magnitude and

Vx, - AuVxuy =0 in D' (Q
A TR @) , (3.4.13)
Vx, DaVx, 0% (;¢) =0(l) in D (Q%) ase — 0, for all |o| =1,
or simply, iff we have (3.4.7), (3.4.8) satisfied with an o (¢)-estimate with
Vx, -AuVxuy =0 in D’ (Q) (3.4.14)
and
Vxs DaVx,wd(5e)=0(1) inD'(Sy) ase—0, forall |a|=1. (3.4.15)

We likewise deduce, un2 exists and is null since the right-hand side of (3.3.10) is vanishing. However
for w5 (;€) when |o| = 1, we do not have the sufficient hypotheses to be well defined in H* (I§).
We will treat this point in the next.

Nevertheless the last expectations are not little, we can easily see from (3.3.10), that

up =0, Vk>N
and V.RWy (.;¢) has the following order of magnitude

V.RWy (€)= 0 (¥2) in L*(Q).
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Actually, it follows that if we have (3.4.7), (3.4.8) and (3.4.14), (3.4.15) with O (¢**!)— and
O (e¥)—estimate respectively (v > 0), we derive

1
5 VeRWN (58) = O(”)  in L*(9).

By consequence, we get

€N+2 Zzsea ;e)] = O0(”) in L*(Q).

=0 aeF

Of course, this lets us to think about a sharper rate of asymptotic convergence as it is summarized

in the following theorem.

Theorem 3.6. Given the assumptions of Theorem 3.5 and consider the following assertions,
(i) Vol 4 (e) =o0(1) in L*(S§), for all|a| <2,
(i) The conditions (3.4.7) and (3.4.8) hold, with an o (1)—estimate,

(iii) sN+1 ZZ&HO‘ ; in L?(2),

=0 ael

N
(iv) ue =Y Y 07 (;8) =o(eNh) inV(Q),

=0 aeF

(v) The conditions (3.4.7), (3.4.8) and (3.4.14), (3.4.15) hold, with an o(c)- and o (1)-estimate
respectively,

(vi) =V, [u Z > e (; in L* (),

=0 a€F

(vii) ue — ZZ&:ZW' —0(N+2) inV(Q).

i=0 aeFE

Then we have, as € — 0
(vi) & (vi) & (v) = () & (i) < (i) < (7).
Proof. We can easily see, from what is done above, that

Then let us start by showing how (i) ensures the strong convergence (iv) which also guarantees the
equivalence between the first four assertions. Going back to (3.3.25) testing with v = RWy (x;¢) €

H} (Q), we get
3A
T IV-RWn (59)]34

K exp <—€77> - 52N+2/ AnVx,uy - [5_NVX1RWN (z;¢)] d
Q

IN

ey / DoV 0% - [e NV x, RWy (z;¢)]dz

laf=1
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2N+2/ [V, - AnVxun—1+ Vy, - A1aVx,uy + Vx, - A Vx,un] e VT IRWy () dz

ZNHZ/ [V CoaVx, 0% (5€) + Vxa - DoV 0% 1 (58)] e N 1RWy (i;¢) da
lal=1

N2y / Vi, - LaVe0% (5e) e NV IRWy (¢) da. (3.4.16)
laj=1
Using (3.3.35), what we have as exponential estimates and the assertion (i), we obtain
[V-RWn (:38)]5,0 = o(e™*)
and by consequence,
— o(eNT),

N
S IPILCACH]

1=0 a€eFE

2,0
This means

IV, RWN (58)lp0=0(e") and |Vx,RWy (;€)lpq =0 (V1)
and

Vx, [u Z D 7.

1=0 a€FE

=0 (5N) and

2,9

VX2 Z Z 829(1 ) =0 (8N+1) .

1=0 ack Q’Q

(3.4.17)
Then applying the Poincaré inequality in the X,—directions in the last identity we end up with (iv).
Now everything is easy from what is done above, i.e. we have just to prove for example (v) = (vii).
Going back to (3.4.16) and taking into account (v), and what we have as exponential estimates, we
obtain directly
[VeRWN (i5€)[p0 =0 (5N+2)

and by consequence
N
—ZZ&@?(.;E)] =0 (eN1?).
1=0 a€FE 2.0

This completes the proof of the theorem. O

Remark 3.8. It is clear, from (3.4.17), that the assertion (iit) also implies a convergence faster than

eN ensured in a standard Sobolev space, as e — 0, i.e.

N
=YY €0 (se)=0(N) in H'(Q).

=0 a€F

Remark 3.9. In the case when we have the weak convergence (vi), we can show that

ez lu Z > (s in L? (Q). (3.4.18)

i=0 aeF

Of course, because to the weak convergence (vi), we have

5N+2 VX2 Z Zé‘zea ; < K.

1=0 ackE 27Q



CHAPTER 3. COMPOSITE ASYMPTOTIC EXPANSION 81

Applying the Poincaré inequality in the Xo—directions, we deduce the boundedness of the sequence

N

e |ue =) Y €67 (se)

i=0 acE 2.0

Then, we use again the density of D' () in L? () and the continuity of the derivation in D' () we
end up with (3.4.18) (without adding any assumptions on the data).

Remark 3.10. Keeping the same results of the above theorem, the weak convergence (vi) can be

weakened as follows
N

ezlue — Y ) 07 (5e)] =0 in L? (Q) (3.4.19)

=0 acFE

and by consequence, we also have
~RWy (5e) =0 in L*(Q),

if we assume more smoothness as

Or,012, Oz, a21, (Agl)/ = (awjaij)iT:2+1,,,.,n, j=1,..,2" (AgZ)/ = (amjaij)z?:j:2+1,...,n € L=(9).

geoey

where “T 7 denotes the transpose of the matriz.
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