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Abstract

The objective of this thesis is to study the optimal control of distributed systems with incomplete
data, particularly distributed hyperbolic systems. No-regret control or equivalently Pareto control
are used by J. L. Lions to solve the optimal control problems associated with distributed systems
with incomplete data. Averaged control was introduced recently by Zauazua to control systems
depending upon an unknown parameter.

We present some distributed systems with missing data, we control them via no-regret control
and low-regret control methods, and we obtain some optimality systems that characterize the
optimum.

The main idea in our work is to apply the notions of no-regret control and averaged control to a
hyperbolic equation with unknown parameter and a missing boundary condition. The considered
model is motivated by an application in biomedicine. We have introduced the notion of averaged
no-regret control to control distributed systems with two kinds of incomplete data, on contrary
with previous works, where authors have considered only one kind of missing data. The averaged
no-regret control will be characterized by an optimality system.

Keywords: Optimal control, systems with incomplete data, no-regret control, low-regret con-
trol, Pareto control, averaged control, averaged no-regret control, hyperbolic equation, fractional
diffusion equation, age structured population dynamics, ill-posed wave equation, regularization,

electromagnetic wave equation.
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Introduction

The issues relating to ecology, environment, and climate are now the focus of many scientists,
citizens, political parties, businesses, and states because of its global effect and interest. The
climate plays a key role at all levels, especially its profound change "global warming". It is well-
known that air and water are real sources of life for flora, fauna, and humans. Thus, as their
natures are corrupted by environmental attacks, they become dangers for living beings. This
may include vegetative disorders for flora and intoxication or even cases of diseases for humans.
Scientists are working to determine the best palliatives for the protection and sanitation of these
natural resources. They can not, therefore, succeed without interdisciplinary cooperation. From
data observed by naturalists to models of equations designed by mathematicians to the expertise
of computer engineers, digital simulation plays a very important role in the mediation between
scientific disciplines.

Actually, when modeling those phenomenon and other phenomenon (for example in physics,
statics, dynamic population and many other specialties) we encounter some missing data, because
of inaccessibility of some data or because of other reasons, for example, in almost all the problems
of meteorology or oceanography, we never know the initial data, we have a great variety of
possibilities when choosing the initial moment. Same thing for the problems of pollution in a
lake, a river or in an estuary, ...

In addition, boundary conditions may also be unknown or only partially known on a part of the
boundary that may, for example, be inaccessible to measurements whether biomedical situations
or situations corresponding to accidents. The same goes for source terms that can be difficult
to access, the same for the structure of the domain, which can also be imperfectly known, for
example in oil well management where part of the boundary of the domain is unknown.

Hence, their modeling leads to PDEs with some incomplete data (or missing data). In system
analysis, incomplete data means that the initial conditions, boundary conditions, second member
of the equation or some of the parameters in the main operator in the system are unknown. One
of the objectives in the study of those problems is to control her regardless of the missing terms
in their associated mathematical model. Throughout this thesis, we use the terms ‘missing data’,
‘incomplete data’ or ‘uncertainty’ equivalently.

In this thesis, we are interested in the optimal control of distributed systems with incomplete data
by using the notion of no-regret control and by the notion of averaged control.

The first study of those problems was by the famous mathematician Jacques Louis Lions (1986a,

1986b) where he introduced the notion of Pareto control for stationary and evolutionary systems,

viii



and the general linear abstract equations (1987), the original idea of Pareto control was in sta-
tistics many years later by Savage (1972). Afterward, Lions (1992) introduced the notion of
least regret or low-regret control which consists of transferring the optimal control problem with
missing data to a classical optimal control problem (low-regret control), by approximating the
no-regret control by a sequence of low-regret controls converging to the unique no-regret con-
trol. In several works, Lions applied these notions like (Gabay & Lions, 1994; Lions, 1994 and
1999). Nakoulima and al. (2002) extended the definition of no-regret control and low-regret
control to nonlinear distributed systems with missing data.

Later, few studies have been published, like (Nakoulima, Omrane & Velin, 2003) where authors
discussed the no-regret and low-regret control for many types of distributed systems (elliptic,
parabolic and hyperbolic) with incomplete data. Afterwards, many authors applied these notions
to control PDEs with incomplete data, for example in (Dorville, Nakoulima, & Omrane, 2004)
authors studied an ill-posed heat equation by approximating her by approaching her by a se-
quence of elliptic equations with missing data (Dorville & Omrane, 2006 and 2007), in (Dorville,
and Omrane, 2006) they treated a forward-backward heat coupled systems by a similar way. Ja-
cob and Omrane (2010) studied an age structured population with missing initial distribution,
Berhail and Omrane (2015) studied a Cauchy elliptic problem by regularization into a problem
with incomplete data. Recently, Baleanu, Joseph, and Mophou (2016) start studying problems
with fractional derivatives by a fractional wave equation then a fractional diffusion equation with
missing data in (Mophou, G., 2017). In (Mahoui et al., 2017) authors studied the case of a
pointwise control for diffusion equation with incomplete data, unfortunately, they didn’t give a
characterization for the low-regret control.

However, average control is a new concept in control theory introduced by E. Zuazua (2014) to
control systems containing an unknown parameter. A natural idea is to solve those problems is to
look for a robust control i.e. looking for control independently of the unknown parameter. Simply,
the idea consists on controlling the average of state with respect to the unknown parameter to
be equal or closed to a fixed target, then in (Lazar & Zuazua, 2014) authors studied the problem
of averaged controllability and observability both for a wave equation, and in (Lohéac & Zuazua,
2017) authors treated the problem of averaged controllability for a general control systems.
Note that in all previous studies of optimal control problems with missing data authors take into
account only one kind of incomplete data either a missed boundary condition or an unknown
parameter in the main equation. For the first, they applied the no-regret control and for the
second they applied the average control.

In our case, we treat a more complicated case where the considered model contains two different

kinds of missing data i.e., a missed Dirichlet boundary condition and an unknown velocity of




propagation datum. We introduce the notions of averaged no-regret control and averaged low-
regret control to study such kind of optimal control problems with missing data. A motivating
example could be found in biomedicine, where the X-rays could damage cells to avoid their
harmful effects we have to make the displacement and consequently the energy suitable for the
burden of living cells. In our study, we give optimality systems characterizing low-regret control
then no-regret control.

Moreover, we control an ill-posed wave equation by a regularization method we get a control
problem of a well-posed equation with incomplete data which could be treated via no-regret
control and low-regret control notions.

Thesis’ overview

This thesis is divided into three chapters:

In the first chapter, we give a brief overview of the classical theory of optimal control for distrib-
uted systems (Lions, 1971; Hinze & al., 2008). Then, we outline the notions of no-regret control,
low-regret control and the equivalent notion of Pareto control with a characterization of each one
in the case of an abstract equation. We finish the chapter by the presenting the concept of average
control (Zuazua, 2014).

In the second chapter, we present a variety of optimal control problems with missing data (ab-
stract parabolic equation, a fractional diffusion equation, an age structured population dynamics
equation, all with incomplete data).

In the last chapter, we treat the optimal control problem for an ill-posed wave equation, by a
regularization we make her well-posed with incomplete data where we characterize the optimal
control after taking some limits in suitable spaces. For the main part of the chapter, we study the
optimal control of an electromagnetic wave equation with an unknown velocity of propagation
and with an unknown Dirichlet boundary condition motivated by an application in X-rays and
biomedicine. To solve her we introduce the concept of averaged no-regret control.

We end thesis with a conclusion and perspectives describing main obtained results and perspec-

tives for further research projects on the topic.




Chapter 1

Generalities and basic concepts on optimal
control of distributed systems with

incomplete data

In this primary chapter, we give some basic concepts and results concerning optimal control of
distributed systems with incomplete data, starting by the classical theory of optimal control of
distributed systems with complete data (Lions, 1971), then we study the notions of no-regret
control, low-regret control and Pareto control for optimal control of distributed systems with
incomplete data. Moreover, we present the new concept in control theory introduced in (Zuazua,
2014) to control systems with an unknown parameter.

No-regret control is introduced in (Lions, 1992) to study the optimal control problems where
considered models contain missing data, this notion was developed in (Nakoulima, Omrane &
Velin, 2003). Afterward, many authors applied this notion to study various kinds optimal control
problems with incomplete data. Also, we present the notion of Pareto control and we prove its
equivalent with the no-regret control notion. In the end, we present the new notion in control
theory, it’s the averaged control introduced by Zuazua (2014) to control systems depending on

an unknown parameter.

1.1 Optimal control of distributed parameters systems

In this section, we recall some classical results about optimal control of distributed parameter
systems, i.e., systems defined by PDEs, in this situation the dimension of space of solutions is
infinite for this many authors called her "optimal control in infinite dimensional spaces". Many

authors interested to this subject like (Lions, 1971) and (Hinze et al., 2008).
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Chapter 1. Generalities and basic concepts on optimal control of distributed systems with incomplete
data

Let ) and U be real Hilbert spaces of states and controls resp., and let A be a linear partial
differential operator stationary or evolutionary makes an isomorphism on )’ identified to ),
B € L£(U,Y) the control operator, U,; C U a non empty closed convex subset of admissible
controls, f is a source function in ). Consider the well-posed abstract linear partial differential
equation :

Ay (v) = [+ Bo (1.1.1)

The state equation (1.1.1) must be associated with a boundary conditions and initial conditions
in case of evolutionary equations. Let Z be a Hilbert space of observations, and let C' € £ (), Z)

be the observations operator, we consider the following quadratic cost function :
J(v) = [|Cy (v) — zal|% + (Nv,v),, forevery v € Uag (1.1.2)

where 2, is a fixed observation in Z, N is a symmetric definite positive operator bounded on /.
The optimal control problem consists of determining « optimal control that minimizes .J on U4,

in other words, we search « solution of

inf J (v) such that (v,y (v)) verifies (1.1.1). (1.1.3)

VEULq

A control-state pair (u,y (u)) is called optimal pair if it solves (1.1.1) — (1.1.3).

1.1.1 Existence and uniqueness of optimal control

Here we shall give a general strategy to prove the existence and uniqueness of optimal control for
(1.1.1) — (1.1.3) as follows (for more details see (Lions, 1971) and (Hinze et al., 2008)):

Existence

Since v — J (v) is continuous (which implies that v — J (v) is lower weakly semi-countinous)
convex function on U, and even strictly convex, coercive because (Nv,v),, > a ||v|?, , a > 0 for
every v € U,q, then there exists u solution to (1.1.1) —(1.1.3). Therefore, we consider a minimizing

sequence (v,), i.e., (v,) verifies
Ay (v,) = f + Bv, and J (v,,) — J (u),
we prove that (v,) is bounded then by a a compactness argument there exists a subsequence still
be denoted by (v, ) converges weakly in U to u.
Uniqueness

Usually, uniqueness results are obtained from the strict convexity of cost function J and the

linearity of equation (1.1.1).

1.1.  Optimal control of distributed parameters systems



Chapter 1. Generalities and basic concepts on optimal control of distributed systems with incomplete
data

1.1.2 Optimality systems (Optimal control characterization)

Theorem 1.1 (Hingze et al., 2008) The cost function J is Gateaux-differentiable function (see Ap-
pendices Definition 1; Theorem 2), then the following necessary and sufficient optimality condition
holds:

(J' (u),v—u)y, =2(Cy(u) — 24,Cy (v =)z +2(Nu,v —u)y, >0 Vv € Uy 1.1.4)

Remark 1.1 A condition of the form (1.1.4) is called variational inequality.

Let’s try to rewrite optimality condition (1.1.4) as follows: let C* € £ (Z,)) the adjoint of C', and
introduce the adjoint state p = p (u) given by

A'p=C" (Cy (u) — 24) (1.1.5)
where A* is the adjoint operator of A, then

(Cy(u) =2, Cy(v—u))z = (C"(Cy(u) —za),y(v—u))y
= (A'p,y(v—u))y = (p, Ay (v —u)),,
= (p,B(v—u))y=(Bp,v—u),

so, the optimality condition (1.1.4) is equivalent to
(B*p+ Nu,v —u)y, >0 Vv € Uyg. (1.1.6)

Summarizing by saying that: the optimal control problem (1.1.1) — (1.1.3) has a unique solution

u characterized by the following optimality system

Ay (u) = f + Bu,
A'p=C" (Cy (u) — za),
(B*p+ Nu,v —u), >0 Vv &€ Uy,
U € Uyyg.

(1.1.7)

In (1.1.7), the first two equations must be associated to ssome appropriate boundary conditions.

Remark 1.2 In the case where U,; = U 1i.e., the case we have no constraints on control, by space
structure of U we deduce that we also have (B*p,v — u),, < 0 for every v € Uyq, then in this case the

optimality condition (1.1.6) takes the form

B*p+ Nu=0 inlU.

1.1. Optimal control of distributed parameters systems



Chapter 1. Generalities and basic concepts on optimal control of distributed systems with incomplete
data

1.1.3 Remarks on numerical methods to solve optimal control problems

Classification of resolution methods for optimal control problems of distributed systems is hard
to establish. Nevertheless, in general there is two principal approaches:

Direct approach (approach then control): the principle of the methods of this approach is based
on the notion of discretization or approximation whose idea consists in getting an approximation
of the problem in infinite dimension by another in finite dimension, in other words, approaching
the PDEs by a set of ODEs. In this case, the methods developed for the dimension systems may
be applied.

Indirect approach (control then approach): the principle of the methods of this approach is
to obtain the conditions of optimality directly by considering the problem in infinite dimension
without making any approximation. Once the conditions of optimality are obtained, methods of

approximation of equations or solutions are used to solve them.

1.1.4 Examples

Optimal control of an elliptic equation

Let Q be a bounded domain in R™ with boundary T of class C?. Let i = L?(f2) be the space of
controls, U, is the set of admissible controls non-empty closed and convex, 13 a bounded operator

from L2 (Q) to Y = H} (). Consider the following optimal control problem

inf J(v), (1.1.8)
VEULg
such that
J(v) =||Cy(v) — deiQ(Q) + (Nv,v),, forevery v € U, (1.1.9)

where z; € L? (), N is a positive operator on U, C is the canonical injection from H} (Q2) to
L? (). Associate to (1.1.8) (1.1.9) the following second order elliptic PDE

{A(x)y:f+3v in Q, 1110
y=20 onl,
where
"9 dy
A(x)y = — —_— (ai' T —) +a, (x)y, (1.1.11D)
@y==3 5 (05 @ 5 ) (o)

1.1. Optimal control of distributed parameters systems



Chapter 1. Generalities and basic concepts on optimal control of distributed systems with incomplete

data
and a;; are given functions in 2 with
Qjj, Qo € L™ (Q) ,
> aij (1) &8 > a S &aeinQ,a>0,¢ cRforeveryic {1,....n}, (1.1.12)
i,j=1 i=1

a, (x) > aa.ein €.

Suppose that (1.1.10) is well posed, then:

Theorem 1.2 (Lions, 1971) The optimal control problem (1.1.8) — (1.1.10) has a unique solution u
characterized by the following optimality system

A@)y (w) = f+u
A (z)p=y(u) —z4 in§,
y(u)=0,p=0 onl,
with
/ (B*p+ Nu) (v —u)dz >0 forevery v € Uyg.
Q

Proof. It’s similar to the one mentioned in subsection 1.1.2. m

Optimal control of a parabolic equation

Let Q be a bounded domain in R” with boundary T of class C?, T' > 0. Consider the space-time
cylinder Q = Q x (0,7), and her lateral boundary ¥ =T x (0,T). Let i/ = L*(Q) be the space of
controls, U, is the set admissible controls non-empty closed and convex, B is a bounded operator
from L? (Q) to Y = L*(0,T; H; (2)). Consider the following optimal control problem

inf J (v), (1.1.13)
VEULg
where
J(v) = [|Cy (v) — 24|l + (Nv,v),, for every v € Upa, (1.1.14)

with the following second order parabolic PDE

%+A(m)y=f+8v in Q
y(z,t) =0 on ¥ (1.1.15)
y(@,0)=yo(z)  inQ

where f € L?(Q), yo € L*(Q), z4 € L?(Q), N is a positive operator on I/ and A (z,t) is a second

order elliptic operator.

1.1. Optimal control of distributed parameters systems



Chapter 1. Generalities and basic concepts on optimal control of distributed systems with incomplete
data

Suppose that (1.1.10) is well posed, then, to derive an optimality system for (1.1.13) — (1.1.15) w
discuss two famous cases in applications depending on observation operator C.

First case: (' is the canonical injection from L? (0, T; Hy (Q)) — L? (Q), so Z = L*(Q).

Then, the optimal pair (u,y (u)) for (1.1.13) — (1.1.15) is characterized by (Lions, 1971)

() y (u) = f + Bu,

p

_@JFA*() :y()—zd in Q,
y(z,t)=0,p(z,t)= on X,
y (u) (, )—yo(x,p( T)=0 in Q,

)
fo Jo (B*p + Nu) (v — u) dedt > 0 for every v € Uyq.

Second case: A final observation operator i.e. C' : L?(0,T; H} () — L*(Q) with Cy (z,t) =
y(z,T), so Z = L? (). Then, the optimal pair (u,y (u)) for (1.1.13) — (1.1.15) is characterized by
(Lions, 1971)

Y
—F A (@)p =0 in Q.
y(z,t) =0,p(z,t)=0 on Y,
y(u)(2,0) =yo(x),p(x,T)=y ) (r,T) —2¢ inQ,
\ fOTfQ B*p+NU)(U—U)ZO freVel’vaZ/{ad

Optimal control of a hyperbolic equation

Let Q, T, T > 0, Q, ¥ as in the last subsection. Let 4 = L?(Q) be the space of controls, U, is
the set admissible controls non-empty closed and convex, B is a bounded operator from to ) =

L*(0,T; Hj (2)). Consider the following optimal control problem

inf J(v), (1.1.16)
vEULg
with
J () = ||Cy (v) — 2al|% + (Nv,v),, for every v € Una, (1.1.17)

with the following second order hyperbolic PDE
8t2 Y+ Ax)y=f+Bv in Q,
y(z,t)=0 on ¥, (1.1.18)
y(l’,O) = %Yo (l’),at ("L‘ 0)_91 (:E) in Q:
where f € L?(Q), yo € H} (), y1 € L*(Q), 24 € L*(Q), N is a positive operator on U/ and A (z, )

is a second order elliptic operator.

1.1. Optimal control of distributed parameters systems E
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First case: C' is the canonical injection from L? (0, T; Hj (Q)) — L*(Q), then Z = L*(Q).
Then, the optimal pair (u,y (u)) for (1.1.16) — (1.1.18) is characterized by (Lions, 1971)

(

\

%—i—fl(az)y(u) = f + Bu,

G+ A (@) p=y ()~ 2 in Q.
y(l’,t) - 0)p($7t) :O) on E,
y(u) (JZ,O) =% (:L'), %(1‘70) = (ZE)

p(z,T)=0,2(z,T)=0 in Q,

fOT Jo (B*p + Nu) (v — u) dedt > 0 for every v € Uyg.

Second case: A final observation operator i.e., C : L?(0,T; H} (Q)) — L*(Q) with Cy (x,t) =
y(z,T), so Z = L? (). Then, the optimal pair (u,y (u)) for (1.1.16) — (1.1.18) is characterized by

(Lions, 1971)

P L A(x)y (u) = f + Bu,

%—i—fl*(x)p:() in @,
y(z,t)=0,p(z,t) =0 on Y,
y (u) (2,0) = yo (2), 5 (,0) = 1 (2)

p(z,T) =0, (x,T) =y (u) (z,T) - 24 in Q,

fOT Jo (B*p+ Nu) (v — u) dzdt > 0 for every v € Uyg.

1.2 No-regret control, low-regret control and Pareto control

In this section, we make an initiation to the theory of optimal control of problems with incomplete

data, where we introduce the concepts of no-regret control, low-regret control and Pareto control.

Moreover, we give existence, uniqueness, and characterization for each one with a few remarks.

All the following results could be extended to nonhomogeneous boundary values problems and

evolutionary equations (as we will see in the next chapters).

1.2.1 Position of problem

We keep the same theoretical framework as mentioned in paragraph 1.1, in addition to introduc-
ing a new operator 5 € L (F,)), where F' is a Hilbert space of uncertainties (incomplete data),

G is a non-empty closed subspace of F'. Let’s consider the following controlled abstract equation

with missing data

Ay (v, g9) = f + Bv + g, (1.2.1)

1.2.  No-regret control, low-regret control and Pareto control
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the equation (1.2.1) is well-posed in ), has a unique solution y = y (v, g). For every uncertainty

g € G, associate to (1.2.1) the following cost function
J(v,9) = Cy (v,9) = zallz + N l[vllyy v € Uaa, (1.2.2)
where z; € Z and N > 0. In this case, we are concerned by the optimal control problem

inf J (v, g) for every g € G, (1.2.3)

VEUL

with respect to (1.2.1), this problem has no sense when G is an infinite dimensional space, the
celebrated mathematician J. L. Lions used many notions to solve this problem like no-regret
control (Lions, 1992) and Pareto control (Lions, 1986), their equivalents is proved in (Nakoulima,
Omrane & Velin, 2003). Lions thought to take

inf (supJ(v,g)) , (1.2.4)

VEULg geG

but J (v, g) hasn’t an upper bound because supJ (v, g) = +oc.
geG

Remark 1.3 When G = {0}, then J (v,g) = J (v,0). Therefore, the problem (1.2.3) becomes a

standard optimal control problem, i.e., find i%f J (v,0).
vEUGG

1.2.2 No-regret control

To avoid difficulty arises in (1.2.4) Lions thought to (this idea was originated in statistics in (Sav-

age, 1972) look only for controls v such that

J(v,g) < J(0,9) forevery g € G. (1.2.5)
Note that the optimal control verifies the last equality, otherwise the optimum is v = 0.
Definition 1.1 (Lions, 1992) We say that u € U,4 is a no-regret control for (1.2.1) (1.2.2) if u solves

inf sup (J (v,9) — J(0,9)). (1.2.6)

’Ueuad geG

Remark 1.4 Of course, the problem (1.2.6) is defined only for controls such that

sup (J (v,9) — J (0,9)) < oc. (1.2.7)

geG

1.2.  No-regret control, low-regret control and Pareto control |§J
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Lemma 1.1 (Nakoulima, Omrane & Velin, 2003) For every v € U,q and every g € G we have
J(v,9) = J(0,9) = J (v,0) = J(0,0) +2(5 (v) , 9 &> (1.2.8)
where S (v) = 3°C (v) and ¢ (v) solves
A*C(v) = C*C (y (v,0) =y (0,0)).
Proof. A is an isomorphism so y (v, g) = y (v,0) + y (0, g) — v (0,0), then

J(v,9) = J(0,9) = J(v,0)=J(0,0)+2(C(y(v,0)—y(0,0)),C(y(0,9) —y(0,0)))
= J(v,0)=J(0,0) +2(C*C (y (v,0) =y (0,0)),y(0,9) —y(0,0)),1.2.9)

Introduce ¢ (v) given by
A*C(v) = C*C(y (v,0) =y (0,0)),

we can write (1.2.8) as

J(v,g)—J(0,9) = J(v,0)=J(0,0)+2(AC(v),y(0,9) —y(0,0))y
= J(v,0)=J(0,0) +2(C(v), Ay (0,9) —y(0,0)))y,
= J(v,0) = J(0,0) +2(¢(v),Bg)y
= J(v,0)=J(0,0) +2(3°C(v),9g >

the last equation leads to (1.2.8). m
1. By (1.2.8) you can see that condition (1.2.7) holds iff v € K, where
K = {vEUad : (S(v),g)G,G:O‘v’geG}
is a closed subspace of U. Then, u is a no-regret control iff u € K.

2. The notion of no-regret control could be generalized to no-regret control related to any a fixed

control ug € U,q, 1.e., we want controls v s.t.

J(v,9) < J(ug, g) for every g € G.

Definition 1.2 We say that u € U,q is a no-regret control related to ug € U,y for (1.2.1) (1.2.2) if u

solves
inf sup (J (v, 9) — J (uo, g)) - (1.2.10)

’UeuadgeG
Unfortunately, the main difficulty with no-regret control arises when we want to characterize the
set K, for this reason we shall approximate the no-regret control by a sequence of controls called

low-regret controls.

1.2.  No-regret control, low-regret control and Pareto control [
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1.2.3 Low-regret control

One thought to relax (1.2.5) by making some quadratic perturbation on J (0, g) (Lions, 1992), in

other words, we search controls v such that
J(v,9) < J(0,9) + 7 llgllg; for every g € G, v > 0.

Definition 1.3 (Lions, 1992) We say that u, € U,q is a low-regret control for (1.2.1) (1.2.2) if u
solves
inf sup (J (v, 9) = J (0,9) = 7 |lgllg) .7 > 0. (1.2.11)

veuadgeG

Take (1.2.8) into account to get the equivalence between (1.2.11) and

nf (0.0~ 0.0+ sup (205 ().~ 1ol ).

vEUad geG

and thanks to Legendre transform (Aubin, 1984: p. 49) for

sup (2(5 (0) 9)r.6 =1 lall5) = 1S @I,

geG
then,
vierzlidj” (v), (1.2.12)
where
T (v) = J (v,0) = J(0,0) + % 1S ()12 (1.2.13)

Low-regret control existence and uniqueness
Proposition 1.1 The problem (1.2.1) (1.2.12) (1.2.13) has a unique solution w.,.

Proof. It’s clear that
J7(v) > —=J(0,0) Yv € Uy,

then d, = inf J7 (v) exists. Let (v]) be a minimizing sequence s.t. d, = lim J” (v]}), we have

VEULq n—oo
1
—J(0,0) < J7 (v3) = J (v3,0) = J(0,0) + S IS @)l < dy +1,
which gives the bounds

1
o3l < G Vi 1S (w)lle < Gy NICY ()l < G, (1.2.14)

where C, is a constant independent of n. From (1.2.14) we deduce that there exists u., € Uy,q S.t.

v} — u, weakly in U,;. m

1.2. No-regret control, low-regret control and Pareto control
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Theorem 1.3 The sequence of low-regret controls converges weakly in U,; when v — 0 to the unique
no-regret control u solution to (1.2.1) (1.2.2).

Proof. Let u., be the unique low-regret control solution to (1.2.1) (1.2.12) (1.2.13). Then,
1 1
T (03,0) = T (0.0)+ 18 1) < T (0.0) = 7 0.0) + ~ IS @), Y0 € U,
take v = 0 to get .
J (uy,0)+ =S (%)Hé < J(0,0) = constant.
v

Remember the definition of .J (v, g) in (1.2.2) to find
1
1y (s 0) = zall + N sy + =~ 1S ()l < € (1.2.15)

where C is a constant independent of v. From (1.2.15) we deduce that (u.) is bounded in U4,
then there exists a subsequence still be denoted (u.,) converges weakly to u € U,q. Let’s prove
that v is the unique no-regret control solution to (1.2.1) (1.2.2) as follows:

For v € U,,, we have
J(uvg) - J(U,O) -7 HgHé < J(U,g) - J(Oag) for every g € G:

then
J (u,9) — J (u,0) — v ||g]|Z < sup (J (v,9) = J(0,9)) forevery g € G,

ge

pass to limit v — 0 to get

J (u,g) = J (u,0) < sup (J (v,9) — J (0,g)) for every g € G,

geG

which means that « is a no-regret control. m

Approximated abstract optimality system (Optimality system of low-regret control)

In the following proposition, we give an optimality system characterizing low-regret control u,.

Proposition 1.2 The low-regret control u., solution to (1.2.1) (1.2.12) (1.2.13) is characterized by
the following optimality system

(

Ay"/ = f + Bu’y:
A*C, = C*C(y, —y(0,0)),
Ap, = 3BB°C,, (1.2.16)

A*py = C* (Cyy — 2q) + C*Cp.,,
(B*py + Ny, v — ), 2 0 Vo € Upg.

\
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Proof. Let u, be solution to (1.2.1) (1.2.12) (1.2.13). A first order necessary condition gives for
every v € Uy

(jfyl (uy), v — u7>u = (C"(Cy(uy,0) = 2a) ,y (v — 1y, 0) =y (0,0)) z + N (uy, v — uv)u
2 (S) So-w)g = 0 (1.2.17)

Denote y, = y (u,,0), ¢, (v) = S (v), by definition we have
A'C, = C*C(y, —y(0,0)).

Also, let p,, be the solution of

1,
Ap, = =BBC..
Y
Now, introduce the adjoint state p., = p (u,,0) defined by

A'py = C* (Cyy — 24) + C*Cp,,
then

(S(uy) S(0—u))y = = (B¢, (), 5w —uy)),

2

Prys cC (y (’U = Uy, O) -y
C*Cpyyy (v —1uy,0) =y (

Finally,
% (S (uy), S (v —=1uy))q = (py, B(v— u'y))y —(C* (Cyy — za) ,y (v — uy, 0) —y (O, 0))3} .

Hence, we deduce that the optimality condition (1.2.17) is equivalent to

(B*py + Ny, v — u,),, > 0 for every v € Uaq.

1.2. No-regret control, low-regret control and Pareto control
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Abstract optimality system (Optimality system of no-regret control)
Let’s introduce
P : orthogonal projection operator of /' on G,
then, v € K iff
PB*¢ (v) =0, (1.2.18)
Finding a no-regret control « is equivalent to
inf J (0, g), v subject to (PS*( (v) =0).
Approach by a penalty argument and define
1
Je (v) = J (v,0) + — [|PB*C W%, >0, (1.2.19)
and consider the following problem
inf J. (v), (1.2.20)
VEUL
this problem has a unique solution u. such that
Ue — W, 1N Uyg.
Set .
Yy (ua) = Ye C(us) = Cs: Ae = gpﬂ*fg
The control u. is characterized by
(Cye — 24, Cy (v — ue, 0)) z + N (ue, v — ), + (Ae, PBC(v — 1)) p 20 V0 € Upg.  (1.2.21)

Also,
Ay. = Bu., A*(. = C*Cy..
Introduce
A'p. = C* (Cye — zq) + C*Cp,, Ap. = BAc.
Then

A*psa Y (U = U, O))y + (Apea C (U - us))y

B (U - ua))y + (,05, A*C (U - us))y
pe, B (U - Us))y + (Cpav Cy (U — U, O))Z :

Cya — Zd, C?J (U — Ug, 0))2 + (Cpga Cy (U — Ug, 0))2 + (6)\5’ C (U - ua))F

1.2. No-regret control, low-regret control and Pareto control
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Optimality condition (1.2.21) is reduced to
(B*p: + Nu,v — ug)u >0 Yv € Uy. (1.2.22)
A difficulty lies in obtaining a priori estimate on \.. Introduce p,, o. s.t.
A'p. = C* (Cy. — z4) , p- € Y,
Ao, =C*"Cp_, 0. € Y.

Then p. = p. +o0.. Make ¢ — 0, since u. — u in U,4, we also know that y. — y, (_ — (and p. — p
all in ), with

Ay = Bu, A*( = C*Cy, A"p=C* (Cy — z4) -
Now, optimality condition (1.2.22) is equivalent to

(B*p. + B*o. + Nu.,v — us)u >0 Yv € Uy.

When ¢ — 0 we get
(B*p+ B*c + Nu,v — u)u >0 Vv € Uy. (1.2.23)

Consider
Ap = Bg, Ao = C"Cp,

then, introduce
gl = 1B clly, . (1.2.24)

(1.2.24) defines a semi-norme on COJ, also we construct the quotient space still denoted by COJ
associated to g; ~ g2 iff |||g1]|| = |||g2]||, and we define G the completion of G (on the quotient
space) with respect to the norm |||.||| topology.
Then,

). remains in a bounded set of G. (1.2.25)

Now, we can announce the following theorem characterizing no-reget control for (1.2.1) (1.2.2).

Theorem 1.4 (Lions, 1987) Suppose that (1.2.25) holds, then the no-regret control u solution to
(1.2.1) (1.2.2) is characterized by the following optimality system

(

Ay = f + Bu,
A C=C"C(y—y(0,0),
Ap = BA,
A*p = C* (Cy — zq) + C*Cp,
(B*p+ Nu,v —u)y, >0 Vv &€ Uy,
xeG.

(1.2.26)

1.2. No-regret control, low-regret control and Pareto control
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Remark 1.5 In (Nakoulima, Omrane & Velin, 2003), authors made the following hypothesis:
First, solve
Ap=Bg, ge G, pe ),

then,
A*c =C*Cp, 0 € )),

and set Rg = B*o. We make the assumption that
IRgllg = cllglle, ¢ > 0, for every g € G.

The space G is the closure of G for some topology (H, ||.|| 1), where H is a subspace of F. In applica-
tions the space G will be specified.

1.2.4 Pareto control

Definition 1.4 (Nakoulima, Omrane & Velin, 2003) We say that u € U,y is a Pareto control for

(1.2.1) (1.2.2) iff
J (u,g) < J(v,q) forevery v € U,q and every g € G,

and if there exists go € G s.t.
J (u,g0) < J(v,g0) for every v € Uyg.

Definition 1.5 (Nakoulima, Omrane & Velin, 2003) We say that u € U,4 is a Pareto control related
to a control uy € U,q if
J (u,g) < J (uo, g) forevery g € G.

1. When we take uy = 0, the last definition becomes no-regret control definition, then Pareto

control related to a control ug € U, is a generalization of no-regret control.

2. We can easily generalize, identities concerning no-regret control to Pareto control related to a

control uy € U,q as the following identity

J(v,9) = J (w,9) = J (v,0) = J (u,0) +2(S (v —0), 9) g 5 - (1.2.27)

Proposition 1.3 There exists a unique Pareto control u related to ug € U,q. Moreover, u is the

unique element of K + ug that minimizes J (v,0) on K + wy.

1.2. No-regret control, low-regret control and Pareto control
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Proof. First, let us see when
J(v,g9) < J(w,g), Vg €Gq. (1.2.28)
From (1.2.27) we know that
J(Uvg) - ‘](wag) = J(Uv()) - J(w,O) +2<S(U - w) 7g>G’,G’
since G is a vector space, (1.2.28) is equivalent to
<S (U - 'lU) ,g>G17G - O Vg 6 G,
and
J (v,0) < J(w,0), (1.2.29)

i.e., (1.2.28) is equivalent to v — w € K and (1.2.29). In this situation we get :
J(Uvg) - J(U},g) = J(U,O) - J(w70)’
take v = u, w = wy, it will be a simple matter to verify that « is a Pareto control related to w, iff

{ u € K + uy, (1.2.30)

J (u,0) < J(v,0), Yo € K + uy,

this means that v minimizes J (v,0) on K + ug. ®

1. Conditions (1.2.30) prove that finding u a Pareto control related to ug, is equivalent to an

optimal control problem with constraint on the state. This constraint is
(C (y (v =10, 0) =y (0,0)),C (5 (0, 9) — y (0,0))), = 0, Vg € G. (1.2.31)

2. When G = {0} condition (1.2.31) is verified and one deals with a standard optimal control
problem (i.e., an optimal control problem with complete data).
Equivalence between no-regret control and Pareto control

In this paragraph, the following theorem proves the equivalence between the notions of Pareto

control and no-regret control both related to the same control.

Theorem 1.5 Let ug € Uy,q a fixed given control. Then, a control u € U,, is a Pareto control related

to ug iff u is a no-regret control related to uy.

1.2. No-regret control, low-regret control and Pareto control
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Proof. Let u € U,,; be a Pareto control related to uo and v € K + ug. Then for every g € G
(S (u—=u0),9)g =0 =(5W=w), ¢
also from Proposition 1.3 we know that J (u,0) < J (v,0). Use (1.2.27) to get
J(4,0) = J (ug,0) +2 (S (u—w0), 9o < sup (J (v,9) = J (u0,9)) VgeG
=~ sup (J (u, g) = J (uo, 9)) < EEE(J(U’Q) — J (uo, 9))-

Then,
sup (J (t,9) — J (tuovg)) = _inf (sup<J<v,g>—J<uo,g>>).

geG veEK+ug geG

Now, let v € Uuq \ K + uo. There exists gy € G such that (S (v — o), 9) o # 0. So, we have

sup (J (v, 9) — J (uo,9)) = J (v,0) — J (up,0) + 2sup (S (v — o) , 9) v ¢ = +00.
9eG geq

Note that G is a linear space, so, we only have the following two possibilities: sup (S (w), ¢)q ¢ =
geG ’
0 or sup (S (w), g) o = +oc. In this case, tli+m (S (v—ug),t9) e g = +00.
geqG ’ oo ’
Also, u is a Pareto control related to v i.e. J (u,g) — J (ug,g9) < 0Vg € G, then

J (u,9) = J (ug,9) <0 <sup(J(v,9) = J(uo,g9)) Vg e€G,

geG
we deduce that
sup (J (t,9) — J (0, g)) = in (sup (v g)—J <uo,g>>) .
geG vEUsd\K+uo \ geG

Finally, we conclude that u is a Pareto control related to w,.
Conversely, let u be a Pareto control related to uy. We have

sup (J (u, g) — J (ug, 9)) < sup (J (v, 9) — J (uo, g)) for every v € U,
geG geG

choose v = uy and take (1.22) into account to find
J (u,0) 4+ 2sup (S (v — uo) , 9) v ¢ < J (o, 0) = constant,
geG ’

J (u,0) is nonnegative, then sup (S (u — o) , 9) o < constant. We deduce that sup (S (v — ), 9) o ¢ =
geG ’ geG ’

0. Therefore, (S (u — o), 9)q ¢ < 0 Vg € G and hence (S (u—uo),9)q g = 0. Thenu € K + ug
with
J (u,0) < J(v,0) Yve K+ug

i.e., u is a Pareto control related to u,. ®
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1. In proposition 1.3, we get the uniqueness of the Pareto control related to u,, and we know that
it’s the unique minimizer of J (v,0) on K + ug. In the second part of theorem 1.5, we proved
that the no-regret control related to uy if it exists minimizes J (v,0) on K + ug. Indeed, the

no-regret control related to uy and Pareto control are the same as proved in Theorem 1.5.

2. All previous notions (i.e., no-regret control, low-regret control and Pareto control) could be gen-
eralized to nonlinear distributed systems with missing data. For more details see (Nakoulima,
Omrane & Velin, 2002).

1.3 Examples and applications to some elliptic distributed sys-

tems with missing data

1.3.1 A system with an internal control, boundary missing data and bound-

ary observation

Let € be an open bounded set of R™ with smooth boundary I'. Consider the following distributed

system

N in O
{ yrty=J,+v ing (1.3.1)

% = onl,
where v e U = L?*(Q), g€ G C F = L*(), f € L*(Q) and G is a closed subset of F. The
equation (1.3.1) has a unique solution y (v, g) € H? (Q) (Lions, 1972).

Associate to (1.3.1) the following cost function
J(v,9) =y (v,g) — zd|ig(r) + N HUHi?(Q) ,v € L*(Q), (1.3.2)

where z; € L? (T') and N > 0.
We want to get some existence, uniqueness and characterization results of a no-regret control for
(1.3.1) (1.3.2). Start by

J(v,9) = J(0,9) = J (v,0) = J(0,0) +2(y (v, 0) =y (0,0),y(0,9) =y (0,0)) 2,  (1.3.3)

Use Green formula (see Appendices, Theorem 3) to find

[ w0.9-50.0) %5 =~ [ ¢ gar

T

where ( (v) solves

{ —AC+ (=0 in Q, (13.4)

% — y(v,0) —y(0,0) onT.

1.3. Examples and applications to some elliptic distributed systems with missing data
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Moreover, we have the following regularity result y (0, g)—y (0,0) € H? () because 2 (y(0,9) —y(0,0))
L*(T), also ¢ (v) € H?(Q) then % =y (v,0) —y(0,0) € Hz (T).

Low-regret control: Existence and characterization

The low-regret control associated to (1.3.1) (1.3.2) is a solution to the following optimal control

problem:
vierbllgdj7 (v) (1.3.5)
where
T @) =T 0.0 =7 0.0+~ [ W) (1.3.6)

Lemma 1.2 The optimal control problem (1.3.5) (1.3.6) has unique solution wu.,.

Proof. Since " is continuous, coercive and strictly convex on U/,,. Then, the problem (1.3.5) (1.3.6)
has a unique solution. =

The following proposition gives an approximated optimality for low-regret control.

Proposition 1.4 The low-regret control u.,, solution to (1.3.5) (1.3.6) is characterized by the follow-

ing optimality system
)

_Ay'y +y'y = f +u'y:

_Any + C'y = 0:
_Apfy + IO’y = 0:
—Ap,+p, =0 in €, (1.3.7)

d ¢

ayJ = 0’ 6: = y’y -y (070):

Op )

a_rj:%ygw 5 =Y +tza—p, onl,

py+ Nu, =0 in L*(Q),

\

with u, € L* (Q) and y,,C., p,,p, € H? ().

Proof. Let u., be a solution to (1.3.5) (1.3.6). Then, for every v € L*(Q2)

(jv, (U'y) y U — uv)ﬂ(ﬁ) = (y (U'ya O) —Zd,Y (U = U, O) -y ((), 0))L2(F) +N (u'ya v — uv)[ﬁ(g)

+ 2 (C(), ¢ (0= 1)) gy = 0. (1.3.8)

Denote y, = y (u,,0), ¢, = ¢ (u,) solution to

~AC, +¢,=0 inQ,
0
& =y, —y(0,0) onT,
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and p,, solution to

{ —Ap,+p,=0 in{,

Opy 1
o = ;C"/ onl.

Use Green formula to get

0 = (< (U o u’Y) ) _Ap'y + p’y)LQ(Q) - (_AC (U - U’Y) + C (U o u’Y) ’pW)LQ(Q)
0 a¢ (v —
_ / C(v—u,) %dp_ / pv%dn

T r

in other words

S = (o5
(pw v (D) C(U u’Y)’ ov L)

Substitute in (1.3.8) to find
(y7 — zg+ 0,y (v —u,, 0))L2(F) + N (uy, v — uV)LQ(Q) =0 foreveryv € L*(Q).

Now, introduce p,, solution to

Oy _

—Ap,+p, =0 inQ,
o =Yy —2a+p, onl.

Then, optimality condition (1.3.8) is equivalent to

9]
(ﬁ, y(v—1u,,0)—y(0, O)> + N (ty, v = Uy) o) = 0 foreveryv e L*(9),
v L2(r)

but
(an (v —u,,0) =y (0, 0)) = (py, v — Uv)p(n) .
We deduce that

(py + Nuy, v — uw)LQ(Q) =0VvelL*9).

Hence,
p,+Nu, =0 in L*(Q).

1.3. Examples and applications to some elliptic distributed systems with missing data



Chapter 1. Generalities and basic concepts on optimal control of distributed systems with incomplete
data

Optimality system for no-regret control

The following theorem gives a characterization of no-regret control for (1.3.1) (1.3.2).

Theorem 1.6 The no-regret control u, solution to (1.3.1) (1.3.2) is characterized by the following

optimality system
([ —Ay+y=Ff+u,
—ACH( =0,
—Ap+p =0,
—Ap+p=0 in Q, (1.3.9)
=05 =y-y(0,0),
%:/\,%:y+zd—p onl,

| p+Nu=0 inL*(Q),

with u € L*(Q) and y,, (., p., py € H3 (Q).

Proof. Adapt the proof of Theorem 1.3 to this example to get the main results. =

1.3.2 A distributed system with boundary control, boundary missing data

and boundary observation

Let €2 be an open bounded set of R" with smooth boundary I' =Ty UTy and I'y N Ty, = @, I'; and
I'; both smooth. Consider the following distributed system

—Ay+y=0 inQ,

@=v  only, (1.3.10)
% =g on I,

where v e U = [*(Ty), g € G C F = L*(Ty), f € L*(Q) and G is a closed subset of F. The
equation (1.3.10) has a unique solution y (v, g) € H? (Q) (Lions & Magenes, 1972).

Associate to (1.3.10) the following cost function
J(v,9) =1y (v,9) = zal 2y + N [0l]2p, > v € L (T). (1.3.11)
Start by no-regret control existence and uniqueness result.

Lemma 1.3 There exist a unique no-regret control u € L? (T'y) for (1.3.10) (1.3.11).

As usually, it’s easy to find that

J(v,9) = T (0,9) = J (6,0) = J (0,0) +2(C (v) . ) aqr -

1.3. Examples and applications to some elliptic distributed systems with missing data
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Where ¢ (v) solves
—AC(v)+¢(v)=0 1inQ,
%(Vv) :y(U,O) onl',
8%5/”) =0 on .
Low-regret control: Existence and characterization
Consequently, the low-regret control for (1.3.10) (1.3.11) is a solution of
inf J7 (v), (1.3.12)
VEUL
where
1
T (v) = J (v,0) = J(0,0) + S €)1y - (1.3.13)

It’s easy to prove that:

Lemma 1.4 There exist a unique low-regret control u, € L* (T'y) solution to (1.3.12) (1.3.13) con-

verges weakly to the unique no-regret control solution to (1.3.10) (1.3.11).

The next proposition gives an approximate optimality system characterizing the low-regret con-

trol u,.

Proposition 1.5 The low-regret control u,, solution to (1.3.12) (1.3.13) is characterized by the fol-
lowing optimality system:

—Ayy +yy =0,

—A¢, + ¢, =0,

—Ap, +p, =0,

—-Ap, +p, =0, in €,
aaizj:“w %:yw
%:0,%:y7+zd—p7, onl'y,
Oy _ o 9% _

o

o =% o =0 on Ly,

| py+ Nu, =0 in L*(I).

Where u., € L? (To), y, € H? (), (, € H2 (Q), p, € H? (Q) and p, € H? (Q).

Proof. A first order necessary optimality condition for (1.3.12) (1.3.13) gives for

(T (uy) 0 = “’Y)L2(Q) = (Y (uy,0) — 20,y (v — uy, 0))L2(F1) + N (uqy, 0 — uw)m(rl)

1.3. Examples and applications to some elliptic distributed systems with missing data
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1
+ 5 (C (u’y) 7C(U - u’Y>>L2(I‘1) =0. (1.3.19)
Let p., be a solution of

—Ap,+p,=0 inQ,

T =0 on I'y, (1.3.15)
P
D= %C (u,) onTy.

Thanks to Green formula
0 = /QC(U —uy) (—Ap, +p,) dz — /Q (—AC (v —uy) +C(v—uy)) p,dz  (1.3.16)

_ Ip ¢ (v — uy)
— /FC(U — Uy) a—;dF — /F'OVTdF'

Remember that I' = I'; U Ty, and p,, verifies (1.3.15), then (1.3.16) becomes

1
(_C (u'Y) 7<(U _u7)> = (1077y<07v - u’Y))LQ(Fl) :
v L2(Iy)

And (1.3.14) writes for every v € L? (T)
(v + 24 — Py y (v — uy, O))L2(F1) + N (ty, v = Uy) o,y = 0. (1.3.17)

Introduce p, solution of
—Apy+py, =0 inQ,

P =y, +24—p, only, (3.1.18)
%} =0 on I['s.

Then, (1.3.17) is equivalent to
Op, _ 2
_y’y(v_u%()) + N (ty, v = ty) popy =0 Vo€ L7 ().

Again by Green formula, we get

0 = /pr(—Ay(v—uW,O)—l—y(U—uW,O))d:U—/Q(—prijy)y(v—uv,O)dx

oy —u0) op,
= /Fp,y 5 dF—/Fy(v—uV,O) ade,

we conclude that

dy (v —u,,0) Ops
SRS — (22 - 1.3.1
(pw 8V 12 8V ) y (07 v u'y) L2(F1) bl ( 3 9)
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but p, solves (1.3.18), then (1.3.19) becomes

dp
(p'ya v — U'y)L2(p1) = <(9_wa Yy (0, U — uv))

L2(T) .

Finally, optimality condition (1.3.14) is equivalent to

py+ Nu, =0 in L*(Iy).

Optimality system for no-regret control

To get a no-regret control characterization we pass to limit when v — 0, and we announce the

following theorem.

Proposition 1.6 The no-regret control u, solution to (1.3.10) (1.3.11) is characterized by the follow-
ing optimality system:

—Ay+y=0,

—AC+ (=0,

—Ap+p=0,

—Ap+p=0, in €,

Oy _ o, %y

o~ ? v Y,

0 0
8—5:0,3—1";:?/—1—%—@ OnFl:

Op op
TJ:A’EZO’ Onrg,

. p—i—Nu:O inL2(F1).

Where u € L2 (Ty), y € H2 (Q), ¢ € H3 (Q), A € G completion of G in H2 ('), Py, € H? () and
py € H2 ().

Proof. See (Lions, 1987) or (Nakoulima, Omrane& Velin, 2003). =

1.4 Averaged control

In some distributed systems, often parameters are not fully known, in this situation to control such
kind of systems we look for robust control strategies, independent of the unknown parameters. To
control these systems, Zuazua (2014) introduced the notion of “averaged control”, its the main
idea is to control the average of the state with respect to the unknown parameter instead of
controlling the state itself.

1.4. Averaged control
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1.4.1 Averaged controllability of distributed systems

To clarify the idea of averaged controllability, let’s take the following example:
Let  C R™ be a bounded domain with smooth boundary I', @ = Q x (0,7) where T" > 0,
¥ =T x (0,7) and w an open non-empty subset of 2. Consider the following controlled heat

equation depending on a parameter:

% —div(a(z,0) Vy) = vy, inQ,
y=20 on Y, (1.4.1)
y (z,0) = yo (2) in Q.

The coefficient of diffusion a (z, o) supposed to be measurable in =, and depend continuously on
a the uncertainty parameter o € (0,1). We assume that y, € L? (Q) and v = v (z,t) € L? (Q), then
(1.4.1) has a unique solution (Lions, 1971)

y=y(z,t;0) € C([0,T],L% () NL*(0,T; HyQ), for every o € (0,1).

Here, for simplicity, we consider the following problem of averaged null controllability :
Find a control u € L*(Q) s.t. y solution to (1.4.1) verifies

1

/y (z,T;0)do = 0. (1.4.2)

0

One can show that the averaged null controllability (1.4.1) (1.4.2) is equivalent to an averaged

observability inequality for the following backward equation (Zuazua, 2014)

—%—f +div (a(z,0) Vo) =0 inQ,
=0 on Y, (1.4.3)
0 (2,T) = @ (x) in ©,
the required observability inequality has the form

1 2 1 2
/(p(x,();a) do < C’// /gp(a:,O;a) do| dxdt, (1.4.4)
0 “ 1o

where C' is a constant independent of ¢. To get an inequality of the form (1.4.4) we need the

so-called Carleman inequalities (Fursikov and Imanuvilov, 1996), it’s a very challenging issue.

1.4. Averaged control
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1.4.2 Optimal averaged control for distributed systems depending upon a
unknown parameter

In this subsection, we shall focus on optimal averaged control of may types of distributed systems

depending upon an uncertainty parameter. In every case, we shall give an optimality system

characterizing the averaged optimal control as in classical distributed systems, for more examples
and details we refer to (Hafdallah & Ayadi, 2016).

Optimal Averaged control for elliptic distributed systems depending upon a unknown para-
meter

Let @ C R” be a bounded domain with smooth boundary I', and w an open non-empty subset of

). Consider the following controlled elliptic equation depending on a parameter:

—div(a(z,0) Vy) = vy, in€Q,
y=20 onl,

(1.4.5)

the coefficient of diffusion a (z, o) is measurable in = and depend on ¢ in a measurable manner,
v € L*(Q). For every o € (0, 1) the equation (1.4.5) has a unique solution y = y (z,0) in Hj (Q2).

We seek to control the average of the state with respect to o

Associate to (1.4.5) the following quadratic cost function
J(v)=|z- deL2 + N HUHLQ ,vEL*(Q), (1.4.6)
where z; € L? () and N > 0. Then, we want to solve

inf J(v) s.t. (1.4.5). (1.4.7)

veL?(£)

Theorem 1.7 The unique averaged optimal control u solution to for (1.4.5) — (1.4.7) is characterized

by
—div (a (z,0) Vy (u fo (u;0) dox,,
—div(a(z,0 Vgo fo do — z4, nf),
y(u)=0, =0 onT,

with the variational inequality

1
/ ¢ (u;0)do + Nu = 01in .
0

1.4. Averaged control
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Proof. The functional J : U,y — R is a lower semi-continuous function, strictly convex, and

coercive. Hence there is a unique admissible control « solution to (1.4.5) — (1.4.7).

A First order Euler condition for gives
/ (z (u) — zq) (2 (v) — 2 (w)) dx + N/ u(v—u)dr =0Vv e L*(Q) (1.4.8)
Q Q
where z ( fo (v;0)do, such that y (v; o) is the unique solution of

—div(a(z,0) Vy) = vy, inQ,
y=20 onl.

Let ¢ be the c—dependent adjoint state given by

—div(a(z,0) V) =2z (u) —z4 in€Q,
=0 onl.

Now, let’s rewrite first order Euler condition (1.4.8) by Green formula
[ew=z G-z - [ / — 20) (y (r30) — y(u; 0))dord
-/ / div (a (2,0) Vo) (y (v 0) — y(us o)) doda
-/ / pdiv(a (w,0) V (y (v;0) — y(u; 0)) doda

1
= // ¢ (v —u)x,dodz.
aJo

/Q/O (o(v—1u)x, + Nu)(v—u)dodr =0 Yv € L*(Q).

Now, (1.4.8) is equivalent to

Optimal Averaged control for parabolic distributed systems depending upon a unknown

parameter

Consider the following abstract second order parabolic equation
@+ A@o)y=f+B(o)v ingQ,
y (z,0) = yo (2) in Q.

Let V C H be Hilbert spaces, f € L*(0,T;V'), v € U,qy C L*(0,T;V), where U,; is a non-
empty closed convex set of admissible controls, B (0) € £ (Uaq, L? (0, T; V")) is the control operator

(1.4.9)

1.4. Averaged control
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supposed also depending on ¢ and y, € V is initial state. Then, for every o € (0, 1) the equation
(1.4. 9) has a unique solution in y € L? (0, T;V) (Lions, 1971).
Let z (z,t) fo (x,t;0)do € L?(0,T; V) be the averaged state with respect to o and z; a given
desired averaged state in L? (0,T;V). We are interested to following quadratic optimal control
problem

inf J (v) with J (v) = ||z = 2all T20 1) + N 01172 00 - (1.4.10)

VEULq

where N > 0. Then,

Theorem 1.8 The averaged optimal control u for (1.4.9) (1.4.10) is unique and it’s characterized by

(z,v)y=f+B(o)u
_C;_fJFA* (z,v)p= foly(ﬂf,t;U; o)do —zq 1inQ, (1.4.11)

y (u) (2,0) = yo (), ¢ (2,T) =0 in €,

with the variational inequality
T 1
/ / (B* (0) ¢ + Nu,v — u),, dodt > 0,Yv € Uyg. (1.4.12)
0

Proof. Existence and uniqueness task follows by lower semi-continuity, strict convexity, and co-
ercitivity of objective function J.

A first order Euler condition for (1.4.10) gives
T
/ (z(u) — 24,2 (V) — v dt + N/ v dt > 0Yv € Uy, (1.4.13)
0

where z ( fo (v;0)do, such that y (v; o) is the unique solution of

b1 A(r,0)y=B(o)v inQ,
y(z,0)=0 in Q.

Let ¢ be the c—dependent adjoint state given by

—‘Z—f+A*(a:,U)cp:z(u)—zd in Q,
o (z,T)=0 in Q.

where p € L?(0,T;V) (Lions, 1971).

1.4. Averaged control
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Now, let’s rewrite first order Euler condition (1.4.13) as

T
— 24,y (v;0) —y(u; 0))ydodz

/0 (2 (u) — 24,2 (v) — 2 (u)), dt =

( A (2,0) 0,y (vi0) — yuuaj>vdadx

1 ( < + A (z, a)) (y (v;0) — y(u;a))) dodx

\%

N

S— — — S—
\o\o\o\

(v —u)), dodz,

and (1.4.13) will be written as

T 1
/ / (B* (0) ¢ + Nu) (v —u) dodt > 0,Yu € Uyg.
0

Optimal averaged control for hyperbolic distributed systems depending upon a unknown

parameter

Consider the following abstract hyperbolic problem

{ @+ A oJy=7+B0) G
y(z,0) =1o (x), % Y (2,0) =y (x) in Q.
Let V, H be Hilbert spaces with V' is separable and dense in H, f € L?(0,T;H), yo €V, y1 € H,
B(o) € L Uy, L*(0,T; H)) and U,q C L*(0,T; H). Then, for every o € (0, 1) the equation (1.4.14)
has a unique solution in L? (0,7; V) (Lions & Magenes, 1972). We are interested to the optimal
control problem (1.4.14) (1.4.10).

(1.4.14)

Theorem 1.9 The averaged optimal control u solution to for (1.4.14) (1.4.10) is unique and it’s
characterized by

d$”+Aua)()—f+me

dtz L+ A (z,0)p = fo (v, t;u;o)do — 24 inQ,

) (1.4.15)
y () (2,0) = yo (x), L2 (2,0) = 1 (),
e (T) =0,%(T)=0 in €,
with the variational inequality
T 1
/ / (B* (0) ¢ + Nu,v — u) ; dvdt > 0,Yv € Uyq. (1.4.16)
0
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Proof. An optimality condition is written as follow :
T
/ (z(u) — 24,2 (V) — vt + N/ v dt > 0Yv € Uy, (1.4.17)
0

where z ( fo (v; 0) do which is a solution of the system :

y(2,0) =0, % (z,0)=0 inQ.

dt

{ W+ A@o)y=B@)v nQ
Introduce the o —dependent adjoint state given by

o (x,T) =0, ¥ (z,T)=0 in Q.

{‘if—i—A*(m V) =z(u) — zq in Q,
dt

Now, let’s rewrite the first order Euler (1.4.17) condition as
T
/ (2 (u) — 24,2 (v) — 2 (u)), dt = / / — za,y (v;0) —y(u; 0))y dodt
0

- / / (WjLA*mU)%y(WU)—y(U;U))Vdadt

= // 0, B (o) (v—u))ydodt,

so, we get (1.4.16). m

1.4. Averaged control
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Optimal control of some distributed
systems of a various kinds and with missing
data

In this chapter, we present various of optimal control problems with missing data, with different
kinds (second order parabolic equation, fractional diffusion equation, and age structured popula-
tion dynamics equation) and difficulties. For every problem, we define the no-regret control and

low-regret control, then, we characterize them via optimality systems.

2.1 Optimal control of an abstract parabolic equation with
missing data

In this section, we study an optimal control problem associated to a second order abstract par-
abolic equation with partially given initial condition.

Let ) be Hilbert space of states, U/ is a Hilbert space of controls, U, is a non empty closed convex
subset of admissible controls, F' Hilbert space of uncertainties verifies )) ¢ F' C ), G is a subspace
of F.

Consider the following abstract parabolic equation :

oy _
{ ot T Ay = [+ B, (2.1.1)

y(0) =vyo+ 9,

where A € £ (),)’) is a second order elliptic operator, f € L*(0,7;)"), B € LU, L*(0,T;)")),
Yo is given in F' and g € G.
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For every v and g, (2.1.1) has a unique solution y = y (v, g) € L*(0,T; Y).

Associate to (2.1.1) the following quadratic cost function :

2 2
J(v,9) = Cy (v,9) — Zd||L2(0,T;Z) +N HU||L2(0,T;u) s U € Uaa, (2.1.2)

where Z is a Hilbert space of observations, C € L (L?(0,T;)), Z), 24 is a fixed observation in Z
and N > 0.

We are interested with the following optimal control problem

inf J(v,g) forevery g € G's.t. (2.1.1). (2.1.3)

VEUL

2.1.1 Low-regret control for abstract parabolic equation with missing data

Here, we seek to prove existence and uniqueness for the low-regret control for (2.1.1) and to

characterize that control by an approached optimality system. Proceed as in Lemma 1.1 to get

J@um—J«xm::wan—Jm4n+;A (y (v,0) — 5 (0,0),C*C (y (0, 9) — y (0,0))); dt. (2.1.4)

Introduce ¢ = ( (v) solution to the backward adjoint equation

_ 9 *o— (O* _
{ X+ AC = C°C (y (v,0) — y (0,0), 015
¢(T) = 0.
Then (2.1.4) becomes
J(v,9) = J(0,9) = J (v,0) = J(0,0) +2(C(0), 9) ¢z - (2.1.6)

The low-regret control associated to (2.1.1) is a solution of the following standard optimal control

problem
vierbllidj7 (v) (2.1.7)
with
JW@ZJ@ﬂ%ﬂUQ®+%M®NQV>U (2.1.8)

where (' is identified to G. Now, we announce the following

Proposition 2.1 The problem (2.1.1) (2.1.7) (2.1.8) has a unique solution .. Moreover, u., converges

weakly to the no-regret control w.

Proof. The proof is identical to the proofs in propoposition 1.1 and theorem 1.3. m

2.1. Optimal control of an abstract parabolic equation with missing data
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2.1.2 Approximated optimality system for a parabolic equation with miss-
ing data
Here, we shall give an approached optimality system characterizing the low-regret control.

Proposition 2.2 The low-regret control w., solution to (2.1.7) (2.1.8) is characterized by the follow-
ing optimality system

%+Ay7:f—l—3uw
G A =0 (g, —y (0,0),

aait” + Ap, =0,
— % Ap, = O (Cyy — 24) + C*C, 2.1.9)
Yy (0) = 4o, ¢, (T) =0,
Py (0) = 2¢, (0), p, (T) = 0
(B*py + Nuy,v —uy),, > 0 Vo € Uyg.

\
Proof. Let u, be a solution of (2.1.7) (2.1.8). A first order necessary condition gives for every

v E Uy
foT (Cy (u’Y7 O) — Zd; C (y (U — Uy, 0) -y (07 O)))Z dt + Nf()T (u’yv v = u'y)u dt

1 (T (2.1.10)
+§ fo (¢ (u7> 0),8 (v— uv))G dt >0
Let y, = y (u,,0), ¢, = ¢ (uy), and p, € Y be solution of
9 i —
{ % +Ap, =0,
P (0) = 3¢, (0).
Introduce an adjoint state by
{ — %+ Arp, = C* (Cyy — 2a) + C*Chp,, 2.1.11)
py (T) = 0.

In other way, from (2.1.11) we get

(Cy (13, 0) = 20,C (y (v =0, 0) 5 (0,0))); = (C* (Cy (., 0) — 2,y (v — u,0) — y (0,0)§2.1.12)

0
- (% a0 - 0(00)

ot
Use (2.1.1) and (2.1.5) to rewrite (2.1.12) as
0
(Oy (U’Y’O) — Zd, O(y (U - u’Y70) -y (an)»z = (_%JJ (U - u’wo) -y (070>>
Yy
dy dy
+ (pV,B(v—uw) — E(v—uy,0)+a(0,0))y

aq,, .
- <Pw o + A C7>y,

2.1. Optimal control of an abstract parabolic equation with missing data
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then

(Cy (uw O) — 24, C (y (U — Uy, 0) -y (07 O)))z = (B*pw U= uv)u - (§C'y (uw) (0) 7Cy (U - uv) (0)

Substitute (2.1.13) into (2.1.10), to obtain
T

/ (B*py + Nuy,v —uy),, dt > 0 for every v € Uyq.

0

2.1.3 Abstract optimality system (Optimality system for the no-regret con-
trol)

In this subsection, we shall give an optimality system characterizing no-regret control for the
abstract parabolic equation (2.1.1). To do this, we introduce p € £2? (0,7;)) defined by :

{ % +Ap =0,
p(0)=g,9€G,
and o € £2(0,T;)) solution to
{—%+Am=0mm
o(T)=0.
Define a continuous operator, R : ' — U by Rg = B*0, and make the following hypothesis :

IRl = cligllp» c> 0,99 € G. (2.1.14)

Theorem 2.1 Suppose that (2.1.14) holds. The no-regret control u, solution to (2.1.1)(2.1.2) is
characterized by the following optimality system
( % + Ay = f + Bu,
G AC=CCy -y (0,0),
% + Ap =0,
—% 4 A*p = C* (Cy — z4) + C*Cp,
y(0) = 4, ¢(T) =0,
p(0) =Ap(T) =0,
| (B*p+ Nu,v —u)y, >0 Vv € Uy,

with \ € G.

Proof. The proof leads from the approximated optimality system (2.1.9), and some a priori esti-

mates permit to pass to limit when v — 0 as in Theorem 1.3. =

2.1. Optimal control of an abstract parabolic equation with missing data
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2.2 Optimal control of a fractional diffusion equation with
missing data

In this section, we consider an optimal control problem of a time-fractional diffusion equation
with a missing boundary condition. We treat this problem via low-regret control and no-regret

control notions introduced in the first chapter.

2.2.1 Position of problem

Let  be a bounded open set of R", n € N*, with boundary T of class C%. Let Q = Q x (0,7)
where 7" > 0, ¥ =I" x (0,7). Consider the following fractional diffusion equation:

ELDoy — Ay =v  inQ,
y=gqg on Y, (2.2.1)
Iy (0) =y, in$,

where 1,72 < « < 1, the function yy = yo (z) € H' (), ¢ = ¢ (z,t) is an unknown function in
L*(X)andv = v (z,t) € L? (Q), B D, I* denote the Riemann-Liouvillle fractional time derivative
and integral resp. both are of order o (see Appendices, Definition 2). The equation (2.2.1)
describes a diffusion of a pollutant in the soil with an unknown boundary distribution.

For every (v, g,%0) € L* (Q) x L?(X) x H' (), one can prove by using transposition method that
(2.2.1) has a unique solution y = y (z,t; v, g) € L* (Q) (Mouphou, 2017).

We are concerned by the following optimal control problem:

f J Vg e L* (T 2.2.2
Lot (v,9) Vg (%), (2.2.2)

where
J(v,9) = lly (v, 9) = zall 72y + N [Vl 72(q) (2.2.3)

with 2, is a target function in L*(Q2) and N > 0.

Let’s start by the following lemma:

Lemma 2.1 For every v € yo and g € L* (%), we have

J(0.g) = J(0.g) = J (1,0) — J (0,0) +2// 9 gy, 2.2.4)

2.2. Optimal control of a fractional diffusion equation with missing data
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where ¢ (v) € L? (0, T; H*(Q2) N HY(Q)) (Mouphou, 2017) solves the system :

FEDRE (v) = A& (v) = — (y (v,0) — ¥ (0,0)) in @,
E(w)=0 on Y, (2.2.5)
EW)(T)=0 in Q.

Proof. It’s easy to prove that

J(v,g9) —J(0,9) =J(v,0)— J(0,0) +2// (0,9) —y(0,0)) (y (v,0) —y (0,0)) dzdt,

then introduce ¢ (v) solution to (2.2.5) and use fractional integration by parts (see Appendices,

Theorem 3) to prove that

// (0,9) — y(0,0)) (y (v,0) — y (0,0)) dedt = // %) prar,

2.2.2 Low-regret control for fractional diffusion equation with missing data

Definition 2.1 The low-regret control u.,, for (2.2.1) — (2.2.3) is a solution to

inf sup (T (0,9) = T (0,9) = Vlgll}asy ) 7> 0. (2.2.6)

UGL2(Q)gEL2(E)

To reformulate (2.2.6), use (2.2.4) to get

inf  sup (J v,9)—J(0,9) — 2 )
v, S (v,9) = J(0,9) = 71lgllz2s

= inf | J(v,0)—J(0,0)+ Sup // o (v dth—fyH HLz ,

veL2(Q) geL2(

and use Legendre transform, to find that

T
o0& (v
sup 2//9%61116# —’V|’9Hi2(z)
geL?(® \ o Jr v L2(%)
Hence, (2.2.6) is equivalent to
inf J7 (v) (2.2.7)
vel?(Q)
S.t. .
1o
T (v) = J (v,0) — J(0,0) + - H £(v) 7> 0. (2.2.8)
R I | PRTS)

2.2. Optimal control of a fractional diffusion equation with missing data
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Proposition 2.3 The problem (2.2.1) (2.2.7) (2.2.8) has a unique solution u.,.

Proof. We know that

2

o T 196 (v)
T (v) = J (v,0) J<o,o>+7H o

> —J(0,0),
L2(2)

then ir%EQ)j 7 (v) exists. Let (v,) C L? (Q) be a minimizing sequence s.t
veEL

VA (Un) — inf J7 (’U)

n—oo velL2(Q)

The associated state y,, = y (v, 0) satisfies

RLD?yn - Ayn = Un in Q:
Yn =0 on Y, (2.2.9)
'y, (0) = yo in Q.

Also, there exists ¢ > 0, independent of n s.t. (Mophou, Tao & Joseph, 2015)

Il (o.zmgen) < € (I90lli ey + vl gy ) » for every (2:2.10)
and )
1
—J(0,0) < J (v,0) — J (0,0) + — H(% (v,) <e,
y ov 12(s)
which gives the following bounds
9¢ (vn
[onll 12y < €5 ‘# < /7.
L2(%)

Combine with (2.2.9) and (2.2.10) to get
RL N
H Dt Yn — AynHLz(Q) <g, ||y”||L2(O,T;Hé(Q)) <ec.
Hence, there exists subsequences still be denoted (v,) and (y,) s.t.

v, — wu, weaklyin L*(Q),
Yo — y, weaklyin L? (0,T; Hy(2)),
RLpey. — Ay, — fweaklyin L?(Q).

The rest of the proof will be done in three steps, we shall give only a sketch, for more details see
(Mouphou, 2015).

2.2. Optimal control of a fractional diffusion equation with missing data
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First step : We prove that (u.,y,) satisfies

RLDey, — Ay, =u, inQ,
yy =0 on X,
'y, (0) = yo in Q.

Second step : We prove that ¢ (v,) converges to £, = & (u,) which verifies the system

RLDpE, — AL, = = (y, —y(0,0)) inQ,
57 -0 on Y,
57 (T) =0 in .

Third step : Because 77 is lower semicontinous function, we get

liminf 7" (v,) > J” (u,)

n—oo

then

Y — 1 Y
J (uw)—%gf@)f (v).

The uniqueness of u., follows from strict convexity of 7. m

Theorem 2.2 The low-regret control u., solution to (2.2.1)(2.2.7)(2.2.8) is characterized by the
following optimality system

(
DRy, — Ay, = u

FEDRE, — AL, = — (y5, —y(0,0)),
RLDtO‘pV —Ap, =0,

FEDpy — Apy =yy — 24+ J=p, N Q,

Yy =0, 8, =0, (2.2.11)
PWZ%%,MZO on Y,

'y, (0) = 9o, &, (T) = 0,

I'~?p, (0) =0, py (T) =0 in 0,

| by + Nu, =0 in@Q,

where y, = y (u,,0), p, € L* (Q) and p, € L* (0, T; H*() N Hy ().

Proof. As usually, a first order condition gives for every v € L? (Q)

/OT/(y(uv,O)—zd) (y (v,0) —y (u,,0 dx—{—N/ /u7 v — u,) dt+— / /6’E 85 7)alet:0

Q
(2.2.12)

2.2. Optimal control of a fractional diffusion equation with missing data
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Introduce p., given by
" Dep, —Ap, =0 inQ,
===t on Y,
I'*p (0) =0 in Q,

since Ta_ € L* (%), by transposition method we prove that p, € L?(Q). Then, by Lemma 1 in

Appendices we get

o) — o 6585 7> ,
/OQ/(y(,O) y (uy,0 // dl'dt

and (2.2.12) is equivalent to

/OTQ/ (4 (v,0) =y (uy, 0)) (y (17,0) = za + \%m) dwdt+N /OTQ/uv (v =) dt =0, Vv € L*(Q).

Moreover, define the adjoint state p,, solution of

RLDgp, — Ap, =y (u,,0) — 2+ Lp, inQ,
py =0 on Y, (2.2.13)
D~ (T) =0 in €.

We know that y (u,,0)— zd%—fp7 € L*(Q), by Proposition 1 in appendices, p, € L? (0, T; H*(Q2) N Hy(2)).

Multiply (2.2.13) by y (v,0) — y (u, 0) and integrate by parts over () by using, again, Lemma 1 in

appendices to rewrite (2.2.12) as
T
/ /(]07 + Nu,) (v —u,) dedt = 0, Vv € L*(Q) .
0
Q

Proposition 2.4 The low regret control u., solution to (2.2.1)(2.2.7) (2.2.8), converges weakly in
L?(Q) to the no-regret control u.

Proof. u, is a low-regret control, then

J(uW,O)—J(O,O)—F%‘a

= T () < T7(0) =0
)
in other words

<|ly(0,0) — deiQ(Q) = Constant.

1[0 (uy) ||”
ly (y,0) = zall2a(gy + N s |20 + _H_Vv

L2(%)
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We deduce that there exists a constant C' > 0 independent of v s.t.

1y (uy, Ol 2y < €, (2.2.14.2)
lurll ey < G, (2.2.14.b)
H(% ty) < Cv7, (2.2.14.0)
L2
from (2.2.14.b) and (2.2.11) we deduce
HRLDt Yy — A%HB(Q) <C.

Also one can prove (Mophou, Tao & Joseph, 2015) that

1y (uy, O>HL2(0,T;H3(Q)) <C.
Then, we can extract a subsequence ., ¥ S.t.

u, — uweaklyin L*(Q),
y, — yweaklyin L* (0,T; Hy()),
Blpey — Ay, — f weakly in L*(Q).

Proceed as in the proof of Proposition 2.3, to prove that y = y (u, 0) is a solution of the equation :

RLDoy — Ay =u in Q,

I'2y(0) =y, in Q.
and & (u) € L (0,T; H*(Q) N H}(Q)). By (2.2.14.¢)

06 (u)) _ OE(w)

—0in 1.2
e e =01in L*(Y),

= 0 i.e., u is a no-regret control. m
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2.2.3 Optimality system of no-regret control for fractional diffusion equa-

tion with missing data

Theorem 2.3 The no-regret control u = lin})u7 is characterized by the following optimality system
'Y*)

¢

RLD?y_Ay = U,
REDpe — A& = —(y —y(0,0)),
RLD?p_A/): 0)

RLDop — Ap =y — 24+ Ao in Q,

y=0,{=0, (2.2.16)
p:)\lijOJ OTIE,

'~y (0) = yo, £(T) =0,

I'*“2p(0) =0, p(T) =0, in Q,

L p+Nu=0 inqQ,
where y=y (U, O)) PP E L2(Q>, and /\1 S L2(Q>1)\2 S L2<E)

Proof. The system that governs y is already given by (2.2.15). One can prove (Dorville, Mophou,
and Valmorin, 2011) the bound
H'O’YHLQ(Q) <

where C' is a positive constant independent of +, then
p, — p weakly in L*(Q),

and from (2.2.14.c) we deduce

1 9¢, -
ﬁ% Al Weakly inrL (E).

Because p, = —Nu,, we have
HpWHLQ(Q) < C.
Hence, there exists p s.t.

p, — p weakly in L*(Q).

And with (2.2.14.a), (2.2.13), we get

1
——p., — Ay weakly in L*(Q).
Vol

Then, by passing to limit when v — 0 and proving as in the proof of Proposition 2.3 to get the

systems governing p and p. =

2.2. Optimal control of a fractional diffusion equation with missing data
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The problem of optimal control of a fractional wave equation (3 /2 < a < 2) with missing initial
condition is also treated in (Baleanu, Joseph & Mophou, 2016), where the authors gave a full

characterizations for the low-regret control and no-regret control.

2.3 Optimal control for age structured population dynamics

with missing data

In this section, we present an optimal control problem for age structured population dynamics

with a missing initial population age distribution treated by Jacob and Omrane (2010).

2.3.1 Position of problem

Let’s consider a single species population where we are interested in the age factor. Our popu-
lation lives in a bounded domain € in R? with a smooth boundary I'. Let A > 0 be the maxi-
mum age of individuals in the considered population and (0, 7") the time interval with horizon 7',
Q=0x(0,T)x(0,A4), Q2 =Qx(0,7)and Q24 = Q2 x (0, A). Denote by p(z,t,a) the distribution
of the population located at x, at time ¢ and having the age a. The individuals of this population
growth following the PDE given by

( % (x,t,a) + % (x,t,a) + p(x,t,a)p(x,t,a) — kAp(z,t,a) = v(z,t,a) (z,t,a)inQ,
% (r,t,a) =0 (z,t,a) in 3,
A
p(z,t,0) = [ B (a)p(z,t, a)da (z,t) in Qp,
0
| p(2,0,a) = po(z,a) (z,a) in Oy,
(2.3.1)

where € L®(Q), p(x,t,a) > 0a.e. in Q, B € L*(0,A), B(a) > 0a.e. in (0, A), py € L*(Q4) is
the initial distribution supposed unknown with py(z,a) > 0 a.e., in 24 and v is a control function
in L2 (Q).

The diffusion equation (2.3.1) has a unique solution p = p(x,t,a;v,py) (Anita, 2000, p111).

We have to choose a control v s.t. : the population distribution p approaches to a given measure-
ment py in L? (Q).

Then, we want to solve

inf J(v), (2.3.2)
veL?(Q)
S.t.
J (v,p0) = [[p (v, po) _dei?(Q) +N HUHi%Q) . (2.3.3)

2.3. Optimal control for age structured population dynamics with missing data
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2.3.2 No-regret control and low-regret for the age structured population

dynamics with missing data

Define the no-regret control for (2.3.1) — (2.3.3) by:

Definition 2.2 We say that u € L*(Q) is a no-regret control for (2.3.1) — (2.3.3) if u solves

inf su J (v, po) — J (0, . (2.3.4)
vem(Q)poeLz&A)( (v.po) = J (0, p0))

As usually, by a simple calculation and by using the Green formula we get
J (v,p0) — J(0,po) = J (v,0) = J(0,0) +2 (¢ (v) (z,0,a) ,po) 120, » (2.3.5)
where ( (v) is a solution of the following backward diffusion equation :

S0 L (1)~ KAG () = p(0,0) in

¢ (v o

% (z,t,a) =0 .on %, (2.3.6)
C(U> ($at7 A) =0 mn QTa

¢(v)(z,T,a) =0 in Q4.

To get a characterization of the optimal control, the no-regret control definition has to be relaxed

as follows :
Definition 2.3 We say that u., € L*(Q) is a low-regret control for (2.3.1) — (2.3.3) if u, solves

inf ~ sup (J (v,p0) = J(0,p0) — ||P0||i2(QA)> > 7> 0. (2.3.7)

veL(Q)pyeL?(Q4)

From (2.3.5), we know that
J (U7p0> —J (0,]70) -7 ||p0||iQ(QA) =J (U7 0) —J (0’ O) +2 (C (U) (l‘7 07 a) 7p0)L2(QA) -7 ||p0||i2(QA) >
then

inf  sup (J (v,p0) — J(0,po) — v |!p0|’i2(QA))

veL?(@)poeL?(24)
= inf (J(v,0)—J(0,0)+ su (2 v)(x,0,a), 2 — 2, )
B @0 =T 0.0+ swp (2C0) (2,0.0) )z, 7 [ola)
. 1 2
= f (J(v,0)—J(0,0)+ — 0 .
UEILI%(Q)( (v,0) = J (0, )+7\|C(v) (2,0, a)[[72(0,))

Now, our problem is equivalent to the following standard optimal control problem

inf J7(v), (2.3.8)
veL?(Q)
where 1
T () =T (0,0) = (0.0) + = | () (.0.0) [}, (2.3.9)
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2.3.3 Existence and characterization of low-regret control for age struc-

tured population dynamics with missing data
Proposition 2.5 There is a unique low-regret control w., solution to (2.3.1) (2.3.8) (2.3.9).

Proof. Note that J7 (v) > —J(0,0) for every v € L*(Q), then (2.3.8) (2.3.9) has a solution. Let

(v)) be a minimizing sequence i.e., lim J7 (v)) =d, = iLr%{Q)JW (v), we have
n—o00 ve
1
— J(0,0) < T (0)) = J (v),0) — J (0,0) + S 1€ (@7) (2,0,0) 1720,y < dy + 1. (2.3.10)

From (2.3.10) we deduce the bounds
o2l 2@y < Cs

P (V7 0)[| 12y < Chs (2.3.11.b)
1
ﬁ

where C, is a positive constant independent of n. From (2.3.11.a) we deduce that (v]) is bounded

1€ (vn) (2,0,0) | 120,y < O (2.3.11.0)

in L? (Q), then there exists a subsequence still denoted (v) converges weakly to u., in L? (Q).
Also
p(v),0) — p, weakly in L*(Q),

and for ¢ € D (Q) we have

9 9 /
v A = B
/ p(v],0) ( y . e —k gp) dzdtda v)pdxdtda,

L

by passing to limit when n — +o00 we get

_ = — kA =
/p(uV,O) ( v . + up — k gp) dxdtda /uvwdmdtda,

Let’s prove that p, = p (u,,0)

dp . op ~ ~ ap'y ap'y . /
= == — kAp (v),0) = =L 4 220 — kAp, in D
5 (Vns0) + 5 (vn, 0) + pp (v, 0) p(vn, 0) = 25+ 2 -+ apy pyin D' (Q),
then by the uniqueness of limit we deduce that
op op. .
a—; + a—; + upy — kAp, = u, in LZ(Q),

then p, = p (u,,0). By a similar way, ¢ (v}) (x, 0, a) converges weakly to ¢ (u) (z,0,a) in L? (Q24).
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Hence,
T () < f T (07) = d,
ne
then u, is a solution of (2.3.1) (2.3.8) (2.3.9). Uniqueness of u., follows from the strict convexity of
J'. m
Now, let’s give a characterization of low-regret control for age structured population dynamics

with missing data (2.3.1) by the following proposition:

Proposition 2.6 The low-regret control u., solution to (2.3.1) (2.3.8) (2.3.9) is characterized by:

( s
%”—F%—Fupw—kApW:uw
8¢, _ 9 _
_W - W +IMC7 - k;Agy _p"/7
9py 9py _
Bt T a0 taoy —kAp, =0,
_%_%‘i‘ﬂwv_kAmy:pw_pd‘i‘%py in Q,
dp ¢ Op o
=gt =5t=22=0 on
ov ov 1291/ ov (2312)
py(z,£,0) = [ B(a)p,(z,t,a)da, ¢, (w,t,A) =0,
0
A
p,(,t,0) = [ B(a) p,(x,t,a)da, 7 (x,t,A) =0 in Qr,
0
p’y(l'a 07 a) = 07 C,Y<£C,T, Cl) = 07
\ p,(7,0,a) = \%Cw(x,o,a), my(x,T,a) =0 in Qyu,
with
Uy = —Nﬂ7 in Q, (2.3.13)
where p, = p (u,,0),¢, = ( (u,).
Proof. A first order optimality condition gives for every v € L?(Q)
1
(p (u’yv 0) — Pa, P (U - u'yv O)>L2(Q)+N (U’Y7 v — u’Y)L2(Q)+§ (< (u’Y) (LU, 07 CL), g (U - u’Y) ('I7 07 a’))L?(QA) = O
(2.3.14)
Let’s introduce a new state p., given by
( Op, Op,, .
5 T a2 tHp, —kAp, =0 in Q,
% =0 on X,
A .
p,(x,t,0) = [ B(a) p,(x,t,a)da in Qp,
0
| »y(2,0,a) = %C (uy) (2,0,a) in Qa,
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by using the Green formula we get
(C (u’Y) (37, 07 a)? C (U - u’Y) (37, 07 a))LQ(QA)

1
p'y(x’ 0, CL), ﬁc ('U - uv) (xv 0, a))

Il
AN =2~

L2(Q4)

¢ (v — ¢ (v —
o (_ C(vat Uy) C(vaa Uy) 4 (0 — ) — kAC (v — u,y)) dzdtda

I
> Q\.,

Y4 (’U o u’}’) (LU, 07 a))LQ(QA) .

Also, introduce the adjoint state 7, by

on on
— 5 — B+ Ty kAT, = py, — pq + %PV in Q,
BQLJ -0 in 3,
7T7(.I',t,A) =0 in QT;
y(z,T,a) = in Qy,

again by using the Green formula we have:

/ (—% — % + umy, — kA?T7> p (v —uy) dedtda = /7r7 (v — u,) dzdtda.
a

Finally, the optimality condition (2.3.14) is equivalent to

(g + Ny, v = Uy) oy =0 Vv € L*(Q).

2.3.4 Characterization of no-regret control for age structured population
dynamics with missing data

The following theorem gives an optimality system characterizing the no-regret control for age

structured population dynamics with missing data (2.3.1).

2.3. Optimal control for age structured population dynamics with missing data



Chapter 2. Optimal control of some distributed systems of a various kinds and with missing data

Theorem 2.4 The no-regret control u solution to (2.3.1) — (2.3.3) is characterized by:
gf + P+ up — kAp = u,
B N

% 130 4 pup— kAp =0,
—g—g——+m—km_p Pa+ Ao inQ,
Bpiﬁg_ap 87r_0

ov ov 61/ ov on 2’

(2.3.15)
p(z,t,0) = fﬁ p(z,t,a)da, ((x,t,A) =0,
0
A
p(x,t,0) = [ B(a)p(x,t,a)da, w(x,t,A) =0 inQp,
0
p(ﬂi, 07 CL) - 07 C(I7T7 CL) - 07
\ p(x,0,a) = A\, w(x,T,a) =0 in Qy,
with
1
u = —Nﬂ' in Q,
where u = lin(l)uy, p= %iir(l)pw (= th (uy), p= hmpv, T = hH(l)’/T,y,)\l = hm IC (x,0,a) and

Ay = hm

\va with A E L2(QA) ClTld Ay € Lz(Q)

Proof. u, is a low-regret control i.e., u, solution to (2.3.8) (2.3.9), then J” (u,) < J” (0) in other
words

1P (7, 0) = pall 72y + NV s Iy + = IIC(%) (,0,0) 720,y < lIPallz2(q) = constant,
from which we get the bounds
[yl p2q) < C, (2.3.17.a)
1P (ty, 0)[| 2y < C (2.3.17.a)
where C'is a constant independent of v. From (2.3.17.a) we deduce the existence of a subsequence

still denoted (u.,) converges weakly in L?(Q) to u the no-regret control. Moreover,

Opy | Opy Op  Op /
St T g, TPy~ kAP, = oo 5+ up —kApIn D'(Q),
by limit uniqueness we get
dp | Op 2
E_Fa_—i_ﬂp kAp—ulnL(Q)
We also have from (Lions & Magenes, 1972, vol.1, p.44) that
Op, N dp ) 1
S (x,t,a) B (x,t,a) weaklyin H 2 (I").

Other equations in (2.3.15) follow by the same way with \; = hm z,0,a) and Ay = hm =

wist 7

Finally, because 7., = —Nu, is bounded in L?(Q) we deduce that m=—Nuin L?(Q). l
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Remark 2.1 Many studies for optimal control of distributed systems with missing data deserve to be
cited like (Aimene, Dorville & Omrane, 2013) where authors studied the problem of optimal control
for trees trunk diameter variations in tropical ecology with missing data. In (Mahoui, Moulay and
Omrane, 2017) authors treated the case of pointwise control for a diffusion equation with missing

data. In this paper, the authors only gave a characterization for the low-regret control.
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Optimal control of systems governed by

hyperbolic PDEs with missing data

In this principal chapter, the first section treats an ill-posed wave equation by a regularization
method. The main idea is to approximate an ill-posed equation by a sequence of well-posed
equations with missing data, then controlling them by using no-regret control and low-regret
control, getting a sequence of optimal controls and passing to limit.

In the second section, we study an optimal control problem for an electromagnetic wave equation
with an unknown velocity of propagation and a missing boundary condition, where we introduce

the notion of averaged no-regret control to solve our problem.

3.1 Optimal control of an ill-posed wave equation via regular-

ization into a well-posed equation with incomplete data

In this section, we characterize the optimal control for an ill-posed wave equation without using
the extra hypothesis of Slater (i.e., the set of admissible controls has a non-empty interior). By
approaching the ill-posed wave equation by a sequence of parabolic equations with missing data,
where we use the notion of no-regret control to obtain a singular optimality system, then we pass

to limit and by a corrector of order zero we complete the information about initial conditions.
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3.1.1 Describtion of problem

Consider an open domain 2 C R" with smooth boundary I', and denote by Q = Q x (0, T') where
T >0,and by X =T x (0,7), v € L*(Q). It's well known that the following wave equation :

y'—Ay=v in Q,
y(2,0)=0 ;9 (2,00 =0 1inQ,
y(z,t)=0 on X,

is well-posed with the regularity proprties :
ye L*(0,T;Hy () NH*(Q)) , vy €L*(0,T; H ()

If we substitute the initial condition ' (0) = 0 by y (T") = 0, the above system will have no solution
(ill-posed).
Counter-example: Consider the following one-dimensional wave equation:

-Th=v in 0,1 x 0,7,
y(z,0)=0 ;y(z,T) = in 0, 1], (3.1.1)
y(0,t) =0 ;y(L,t) = in]0, 77,

where v € L?(0,T; L? (0, 1)), with
2 :
v(x,t) = \/j E U, SinnTE
T
n>1

and v,, € R for every n > 1. The solution y (x, t) if it exists could be written in the form

y (@) = yn () w, (x) (3.1.2)

n>1

where w, (z) = \/g sinnmz. Substitute into (3.1.1) to get the following second order ordinary

differential equation for every n > 1:

8;3,;” + n?m2y, = v,
y(0)=0;y(T)=0

By variation of constants we have:

2v, . nm(t—T) sin 2
yn (t) = 5 o Sl 9 n72rT
nem COS 5

. t
nw(t—T) sin 7=
2 cos 221

does not exist, i.e., the series (3.1.2) diverges, then, the solution

but lim,,_, 7?2”;2 sin

does not exist.

3.1. Optimal control of an ill-posed wave equation via regularization into a well-posed equation with
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Remark 3.1 The following wave equation has a unique solution for v in some dense subset of L* (Q) .

y'— Ay =wv in Q,
y(z,0)=0 ;y(2,T)=0 inQQ, (3.1.3)
y(z,t) =0 on X.
To illustrate this, consider
N N
V= {w = Z \;w; such that: — Aw; = \w;in Q,w; = 0 on 9 and w; € L? (Q)} )
=1

Then, there is f € L2 (0,7) and w € Vsuch that:

v (z,t) = (Z Ajw; (17)) f(@),

for a given v € V ® L2 (0,T)) (which is dense in L2 (Q)). It suffices to take y of the form y (z,t) =
¢ (t)w (x), where ( = (¢, (s, ..., y) is defined by:

{ TS NG =L (1),
Ci(o) =0, Ci(T) =0,

forevery i € {1,...,N},
which gives ¢, and (3.1.3) has unique solution.l

3.1.2 The optimal control problem

Consider the equation (3.1.3), let ,; C L?*(Q) a non-empty closed convex subset of admissible

controls, and consider the following cost function:

J(v,y) = lly (v) - yd“i?(@) + N ||U||i2(Q) (3.1.4)

where v € Uyq, y4 € L*(Q) and N > 0.

We know that if there exists a pair (v;y (v)) € U,g x L*(Q) satisfying (3.1.3), then, it is called a
control-state feasible pair. Denote by x,, the set of all admissible feasible pairs. We suppose in
what follows that y,, is non-empty (i.e., there exists at least one control), and we consider the
following optimal control problem:

inf J (v, (3.1.5)
(v3y)EUag X L2(Q) (v:9)

which has a unique solution (u, z) that we should characterize.

3.1. Optimal control of an ill-posed wave equation via regularization into a well-posed equation with
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Lemma 3.1 The optimal problem (3.1.3) — (3.1.5) has one only solution (u, z).
Proof. The functional J : L*(Q) x L*(Q) — R is a lower semi-continuous function, strictly convex,
and coercive. Hence, there is a unique admissible pair (u, z) solution to (3.1.3) — (3.1.5). A classical
method to solve this problem is the well-known penalization method, which consists in approximating
the pair (u, z) by the solution of some penalized problem. More precisely, for some ¢ > 0, we define
the penalized cost function:

To(0,9) = T (0,9) + 5= " = By = vlg)-

2e

The optimal pair (u., z.) then converges to (u,z) whene — 0.

The first order optimality conditions of Euler-Lagrange for (u., z.) are the following:

For 2,
4 _ Lroa " A ao3.1.6
o Je (s 2+ (y — 22)) = (2 =Y Yrag + Z (20 = Dze = U,y = BY)12f3.1.6)
=0
= 0 foreveryyc L*(Q),
and for u.
d J = N 1 " A
prRL (us +t(v—u.),2) . = (Ue, v — ue)LQ(Q) + - (20 — ANz —ug,v — ua)LQ(Q)
> 0 foreveryv € Uy. (3.1.7)
n

In the following theorem, we shall use an approach based on the so-called Slater extra hypothesis

(Lions, 1985) to obtain a singular optimality system.
Theorem 3.1 Under hypothesis of Slater
Uyq has a non-empty interior (3.1.8)

there is a unique (u,z) € U,q x L*(Q), solution to the optimal control problem (3.1.3) — (3.1.5).

Moreover, this solution is characterized by the following singular optimality system:

2= Nz = P —Ap=2z—yq4 in Q,
Z(l‘,O):O, Z<I7T) :07 p(x70)207 p<I7T) :0 in Qv (3‘1’9)
z = 0; p=20 on X,

and the following variational inequality:

T

//(p—l—Nu)(v—u)dmdtZO Vv € Uyq.
Q

0

3.1. Optimal control of an ill-posed wave equation via regularization into a well-posed equation with
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Proof. Again, we introduce the penalized cost function

1 " 2
T (y) =T (0,9) + 5 1y" = By = vlliaq)-
Let (u., z-) be the solution of the optimal control problem

inf J. (v,y) such that (v,y) verifies (3.1.3).
e 20 (v, y) (v,y) verifies (3.1.3)

We have
2 — Nz =u. + Vefs, ||f5||L2(Q) <C. (3.1.10)
An optimality system is derived by taking

1
P = - (20 — ANze — ).

Introduce the operator R given by

D(R)={¢:9,¢" = Dpe L*(Q),¢(0) =¢(T)=0,p=00n X},
Rp = ¢" — Ay,

then, from (3.1.6)

(2e = Ya, y) = (pe, Ry) Yy € D (R), (3.1.11)

L2(Q) L2(Q)

and the optimality condition (3.1.7) is equivalent to
(pa + Nug,v — ue)Lz(Q) >0 Vv € Uy
Then, we will get the result by passing to the limit when ¢ — 0, if we prove that p. is bounded i.e.,
3C > 0 independent of ¢ s.t. ||p5||L2(Q) <C

By hypothesis (3.1.8), we can find vy € U,q and r > 0 s.t.

if [[v— ol <r thenv € Uy,

then,
there exists yo € D (R) with Ry = vp.
We have
(Pe + N, v = ue) 29y = Xe + (De; v = 0) o) »
with

X, = (ps + Nug, vy — uz—:)LZ(Q) + (Nus, v — UO)Lz(Q) ;

3.1. Optimal control of an ill-posed wave equation via regularization into a well-posed equation with
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but on taking y = yo in (3.1.11), this yields

(Pesv0) 5 ) = (22 = Was90) o 5

and both taking y = z. and using (3.1.10) this gives

2
(p57 uE)L2(Q) = (Zs — Yd, ZE)L2(Q) + HfEHLQ(Q):

therefore
|X5‘ S Ca
thus
(peyv — UO)LQ(Q) > —C Vv €Uy with [[v—olz2q <7
whence
< C

Hp€||L2(Q) =7

]

The previous theorem proof is based on the hypothesis of Slater. Unfortunately, some sets like the
convex cone (L? (Q))" = {f € L?(Q) s.t. f > 0} which has an empty interior can be used as a set
of admissible controls, for this reason, we’ll give another approach to solve the optimal control

problem (3.1.3) — (3.1.5), it’s the regularization approach.

3.1.3 Approximation by a sequence of parabolic equations

Let’s approximate the wave equation (3.1.3) by :

Yl — Ay —eAyl =v in Q,
Ye =10 on X, (3.1.12)
Ye (2,0) = e (2, T) = 0,4 (,0) =g in{,
where g € L?(2) is unknown, ¢ > 0. For any data (v, g) there exists a unique solution for the
parabolic equation (3.1.12) y. = . (v, g) (Lions, 1985), with the cost function:

J= (v, 9) = |lye (v, 9) — yd”i%Q) + N HUHi?(Q) . (3.1.13)

Hence, we want to solve
inf J. (v,g) Vg€ L*Q),

VEUL
it’s an optimal control problem with missing data, to solve her, let’s define the no-regret control

for the approximated equation (3.1.12) with (3.1.13).

3.1. Optimal control of an ill-posed wave equation via regularization into a well-posed equation with
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Definition 3.1 We say that u € U, is a no-regret control for (3.1.12) (3.1.13) if u is the solution of:

inf ( sup (J: (v, g9) — Je (0,g))) . (3.1.14)

VEUL geL?(Q)

Before continue, let’s give the following lemma.

Lemma 3.2 For every v € U,q and g € L*()) we have:
T (0,9) = 1. (0,9) = J. (6,0) — . (0,0) + 2 (€. (0) ) o (3.1.15)

where:
€ — A& +eAEL =y (0,0) inQ,
£.=0 on X, (3.1.16)
& (2, T)=0, & (2, T)=0 inQ.

Proof. We have:
Js (Ua g) - Jz—: (07 g) = JE (U7 0) - JE (07 0) +2 (yE (Uu 0) » Ye (07 g))LQ(Q) ’

by (3.1.16) and using Green formula we get

(ye (Uv O) ) Ye (07 g))LQ(Q) = (55 (0) 7g>L2(Q) :

Now, let’s relax our optimal control problem by defining the low-regret control.

Definition 3.2 We say that u € U,q is a low-regret control for (3.1.12) (3.1.13) if u is the solution of:

inf ( sup <J5 (v,g) = Je (079)—7llglliz<g))>~ (3.1.17)

VEUL geL2(Q)

Remark 3.2 We have:

sup (J6 (U,g) - JE (079) -7 ||g||i2(ﬂ)> = J€ (Ua 0) - J€ (Oa 0)

geL?(Q)

+ sup (2 (6. (0),9) 2y — 7 Hg||iz<g))

9eL2(Q)
1
= J(v,0) = L (0,0 + -]l (O Z20» V0 € Una

Then, (3.1.17) is equivalent to the following classical optimal control problem :

inf J7 (v), (3.1.18)
VEUL
with
J2 (v) = Je (v,0) — J: (0,0) + Hé (0|72 (3.1.19)

3.1. Optimal control of an ill-posed wave equation via regularization into a well-posed equation with
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We see that (3.1.18) (3.1.19) is a standard control problem. Then, we apply the classical theory of

optimal control to solve her, and to characterize the low-regret control.

Lemma 3.3 The problem (3.1.12) (3.1.18) (3.1.19) has a unique solution u called the approximate

low-regret control.

Proof. We have J (v) > —J.(0,0) = — ||yd]|iz(Q)for every v € Uy,q, then d = inf J (v) exists.

VEUL
Let (v,) be a minimizing sequence with d = lim J (v,), then
n—oo

1
ol < T2 () = e (02,0) = Je (0.0) 4 ~ & O)lfpaey < +1,
this gives the bounds
1
VY

where C' is a positive constant independent of 7.

lonll o) < C 1€ (0n) ) L2y < € Mlye (00, 0) = Yall 12y < C

Then, there exists u? such that v,, — u? weakly in U, (closed), also y. (v,,0) — y. (uZ,0) in L*(Q)
because of continuity w.r.t. the data. Since [ (v) is strictly convex u? is unique. m
In the following proposition, we characterize the approximate low-regret control by an optimality

system.

Proposition 3.1 The approximate low-regret control u] solution to (3.1.12) (3.1.18) (3.1.19) is char-

acterized by the unique {u?,y2, &7, p2,p)} given by :

Y2 = Dyl — Ayl =,
£ = A+ ALY = y2,
pl" — Dpl —elApl’ =0,
pl" = Apl+eApl =yl —ya+pl nQ,
Y2 =0,§l =0,p1 =0,p7 =0 on X,
y2 (z,0) = y2' (z,0) =0,
& (2, T) =& (2,T) =0,
p2 (2,0) =0, p2 (x,0) = 2¢2 (2,0),
pl(x,T)=pY (z,T)=0 in Q,

\

and the variational inequality:
(P2 + Nul,v —ul)2g) = 0 Vv € Uga.

Proof. A First order necessary condition for (3.1.18)(3.1.19) gives for every w € Uyq :

1
(yg — Yd, Ye (U}, 0))L2(Q) + (Nuz’ w)LQ(Q) + <§§z (O> 75& (07 w)) > 07
L2 (Q)

3.1. Optimal control of an ill-posed wave equation via regularization into a well-posed equation with
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with ¢2 = y. (u2,0), and &7 = &£, (u?). Let p? = p. (u?) be a solution to:

pl" — Apl —eApY =0 in @,
7 =0 on X,
07 (2,0) = 0,7 (3,0) = L€ (2,0) in .

Use Green formula to get:

(07,92 (0,0) oy = (A (2,0 .. (2.0)) 2y = (%53 (2,0) €. (z. o>)

Introduce p? = p. (u)) with:

pl — Apl +eApY =yl —ya+p)l inQ,
pl = on X,
p) (z,T) =pY (x,T)=0 in €,

then,
(ye _yd+pa7y8 (U} O))L2( (p57 ) L2(Q) *

Finally, the optimality condition is equivalent to:
(p] + Nul,w) 2 = 0 for every w € Ugq.

L2(Q)

The next step, is the characterization of the approximate no-regret control. Before doing this, we

have to get some estimates on {u?,y?2, &7, p?, pl}, for this we announce the following proposition.

Proposition 3.2 There is some C' > 0 independent of ~y such that:

||ug||L2( vl ||L2 <C, — &0 )||L2(Q) <C,

\/_

2 2 2
||yg/”Loo(07T;L2(Q)) + ||yg||Loo(0’T;Hé(Q)) < C; & ”yg,HLOO(QT;Hé(Q)) < C;

2 2 2
”gg/HLOO(O,T;L?(Q)) + ||£z||Loo(0,T;H3(Q)) <C,e¢ ”QIHLW(O,T;H(%(Q)) <G
2 2 2
HIO:EWHL(X’ (0,T;L2(£2)) + szHLoo(o T-H&(Q)) <C e Hpg/HLw(o,T;H(}(Q ) <

C,
2
Ip2 HLoo o2 T HpEHLOO(()THl( ) <C,e ||pngL°°(0,T;H6(Q ) = <C.

(3.1.22)

(3.1.23)
(3.1.24)

(3.1.25)

3.1. Optimal control of an ill-posed wave equation via regularization into a well-posed equation with
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Proof. u? is the approximate low-regret control, then
Il (ul) < T2 (v) Vv € Uga,
In particular when v = 0
(02,0 = - (0.0)+ = 162 0}y < 2 €. 050
but &, (0;0) = 0in [0, 7] x Q so
lye (u2,0) = all72(g) + N a7 %HSZ (0)lI2() < l1yall p2(q) = constant,

then, we obtain (3.1.21).
For (3.1.22), multiply by y2’and integrate over (0,t) x € to get:

1 ) t
3107 @+ 31952 Oy < [ (202 do

t
2 2 2
= 152" ()72 + 152 Ol 0 / [Hy ()22 + llud (s)l[12(q)| ds

and by using Gronwall lemma we obtain the first part of (3.1.22). For the second one, we do the

same: integrating over (0,t) x () to obtain
2 2 2
2¢ [V () 20y < Nu2llze) + 182" 022

= Hy3'||ioo(o,:r;gé(g)) <C
The estimates (3.1.23), (3.1.24) and (3.1.25) follows by the same way. m

Now, we can announce the following theorem characterizing the approximate no-regret control.

Theorem 3.2 The approximate no-regret control u. = lin%)ug for the approximated equation (3.1.16)
’Y—?

is characterized by the unique {u.,y.,&., p., p-} given by:

- Ay&‘ - 5Ay:¢ = U,
5/5, - Afe + EAf; = Ye
— Ap, —eApl =0,
—Ape +eAp. =y —ya+p. nQ,

Y. =0,6.=0,p.=0,p. =0 ony, (3.1.26)
Ye (,0) = yL (,0) = 0,
£ (2, T) =& (¢, T) =0,
p- (z, 0)—0 p- (7,0) = A (2,0),
( p=(2,T) =pL(2,T) =0 in €,

3.1. Optimal control of an ill-posed wave equation via regularization into a well-posed equation with
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with the following limits
Y. = limy?, £ = lim&], p. = limp!, p. = limp],
v—0 v—0 y—0 v—0
and the following variational inequality:
(pe + Nug,v — uE)LQ(Q) >0 Yo € Uy,

where
Ue, Yo, Eoy Pos D= € LP(Q), e (2,0) € L? (Q).

Proof. By (3.1.21), y? — y. weakly in L? (Q), then y? — y. in D’ (Q) (the space of distribution on
@), and
y" = Ayl —eAyY — oy — Ay. —eAy. in D' (Q),

with
u) — u. weakly in L? (Q).

By the uniqueness of the limit
Y — Ay. — eyl = u, in L*(Q).
For £_ system, by (3.1.23) and continuous embedding of L> in L? we conclude that
16220 2:22000) + 1E2105 (0.1,13 ) < C
proceed as the last paragraph to get
Y A 4 eAE =y in L?(0,T; L% ().

Other systems in (3.1.26) follows by the same way using estimates (3.1.24) (3.1.25), except initial
condition
1
pY (2,0) = =€ (2,0) = A\, in L* (),
Y

results from (3.1.21). m

Theorem 3.3 The no-regret control u = lim%uE for the ill-posed wave equation (3.1.3) is character-

3.1. Optimal control of an ill-posed wave equation via regularization into a well-posed equation with
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ized by the unique {u,y, &, p,p} given by:

.

y'— Ly =u,

TN =y,

p"—Lp =0,

p'—Ap=y—yatp in Q,

yzszOp:Op:O on Y, (3.1.27)
y(z,0) =y (2,0) =

§(z,T) = (7T)=

p(z,0)=0,p" (2,0) = A,
( p(z,T)=p'(2,T)=0 inf,

with the following weak limits
y = limy., £ =lm,, p=limp., p=limp.,
and the following variational inequality:
(p + NU,U - u)L2(Q) Z OJVU G uad,

where
u,y,& p,p € L2 (Q) and X € L* ().

Proof. See (Lions, 1985). m

3.1.4 Corrector of order 0 (information about y (z,7"))

In singular optimality system (3.1.27), that the passage to limit when ¢ — 0 gives no information
about y (z,T'), to complete this information for this we shall use the notion of zero order corrector
for parabolic regularization introduced in (Lions, 1973).

Before defining zero order corrector, let’s start by making the following regularity hypothesis
y,y € L*(0,T,Hy () . (3.1.28)
Definition 3.3 We say that 0. is a zero order corrector if

(02, )2y T € (VOL, V) 2y + (VO:, V) 12(q) = (fer + VEfe2, 0) 1 ma) Vo € Ho (),
O +y. € Hy (Q),

0:(0) =0, 0.(T) +y.(T) =0,
(3.1.29)

3.1. Optimal control of an ill-posed wave equation via regularization into a well-posed equation with
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where
[ fell 2o, m-1(0)) < C
||fa2||L2(0,T,H*1(Q)) = C.

Remark 3.3 If 0. is a zero order corrector then mé. is also a zero order corrector, then we’ll take the

corrector mf. with

1 in the neighborhood of t =T
m . . (3.1.30)
0 in the neighborhood of t = 0.
Theorem 3.4 Let 0. be a corrector of order O defined by (3.1.29) and (3.1.29), then
19 = (e + 9z (0,3 0) + 195 = O + 970 132200y < CVE (3.1.31)
[y, — (6. +¢)] = 0 weakly in L* (0, T, Hy (2)) . (3.1.32)
Proof. Let w. = y. — (0. + y) then for every p € H} (Q), we have
(0 ‘P)p(g)“‘g (Var, V‘P)Lz(g)‘i'(Vwm V@)p(g) = —¢(Vy., Vo) L2(Q <5fal + Vefe, 4P>H Q),HL(Q)
and
we (0) =0, w (0)=0
Choose ¢ = w’, then
1d 1 d
th ||w ||L2 Q)+€||w ||[—[1 th ||u)€||];[1 = (vy57vw L2 <€f81+\/—f827w >H Hl(Q)

by integration over (0, t)

t
2 2 2
et (1) 3y + e (B ) + 22 / et () s

¢ 3 ¢ 1
< ce( [ It Oliyeds) +OVE( [ la@liye ds) L ve>0
0

Make ¢ = T, then, take the supremum on (0,7") to get
712 2 1112
||ws||L°°(0,T;L2(Q)) + ||w€||L°°(O,T;H01(Q)) + 2¢ ||we||L2(0,T;Hé(Q))
< COve (\/gHw;HL2<07T;H3(Q)> + HwaHL2(U7T;H5(Q))> )

which gives (3.1.31) and
||w;||L2(o,T;Hé(Q)) <C,
we deduce (3.1.32). Also, we have

||w5||L°°(O,T;Hé(Q)) S O

3.1. Optimal control of an ill-posed wave equation via regularization into a well-posed equation with
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u
Now, by using zero order corrector with (3.1.31) and (3.1.32) we can complete information about

y (z,T) and announce the next theorem:

Theorem 3.5 The quadruplet {u,y, &, p, p} satisfies by the mean of zero order corrector:

;

y' — Ay =,
5”_ Ag:y?
p”—Ap:O,

P =Ap=y—yi+p inQ,
y=0,£=0,p=0,p=0 onk,

y(0) =y(T) =0,

(1) =¢(T) =0,
p(0) =0,p"(0) = A(0),
( p(T)=p'(T) =0 in €2,

and the variational inequality:

(p+ Nu,v —u) 20y 2 0, Y0 € Ung.

3.2 Optimal control of electromagnetic wave displacement with
an unknown velocity of propagation and a missing bound-
ary condition

In this section, we consider an electromagnetic wave equation that describes the propagation of
electromagnetic waves through a medium (Jackson, 1998) transparent, isotropic and homoge-
neous. The main problem is that we do not have information about medium permeability and
primitivity in many applications. Therefore, the phase velocity that depends on permeability and
primitivity is also missing. Moreover, boundary condition value is unknown, which makes us in
front of a problem with incomplete information.

Here, our main goal is to act on waves displacement to be closer to a desired displacement ob-
servation by working on the source of the waves, in other words, controlling the source of waves.
As a motivating example, in biomedical phenomena the X-rays could damage cells, to avoid their
harmful effects we have to make the displacement and consequently the energy suitable for the

burden of living cells.

3.2. Optimal control of electromagnetic wave displacement with an unknown velocity of propagation
and a missing boundary condition
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Actually, this problem has two kinds of incomplete data: the first is an unknown velocity of prop-
agation parameter, the second is a missing boundary condition, we want to get an optimal control
independent of incomplete data. To achieve this goal, we shall use the concepts of averaged con-
trol and no-regret control introduced for the first and second kind of incomplete data respectively,

to introduce the averaged no-regret control.

3.2.1 Position of problem and preliminaries

Consider the following wave equation with a missing parameter o and with an unknown Dirichlet
boundary condition:

‘fl%y —lAy=v in Q,

y=gq on Y, (3.2.1)

y(z,0) = 0,%(x,0) =0 inQ,
where () is an open bounded domain in R™, n = 1,2 or 3 with smooth boundary T, ¢t € [0,7],T >
0,Q =0Qx]0,7[,%X =T x10,T], o is the velocity of propagation with 0 < 01 < 0 < 75 < 0
where ¢,is the minimum speed and o, is the speed of light, v € U, is a distributed control which
doesn’t depend on o, U, is a non-empty closed convex subset of L? (Q), ¢ is an unknown function
independent of ¢ and belongs to L?(X). Let y(v,g,0) = y(v,g,0;z,t) € C([0,T];L*(Q)) N
C' ([0,T]; H ' (Q)) be the unique weak solution of (3.2.1) (Yamamoto, 1999) which depends
continuously on o. Let f:f y (v,g;0)do be the average of the state with respect to o (Zuazua,
2014).

Consider the quadratic objective function

J(v,9:0) = |y (v,4;0) = Yallz2(0) + N 10l72(0) » (3.2.2)
where y, is a desired state in L? (Q), N > 0. We want to find the optimal control « solution of

inf j (v, g,0) forevery g € L?(X) and every o € [0y, 03],

VEULG

where y (v, g, 0) solves (3.2.1). Naturally, the optimal control « depends on g and ¢. One thought
to take

inf sup j(v,g,0).
UGUudg€L2(E)

but one can get sup j(v,g,0) = +00, to avoid this difficulty another idea was given in (Lions,
geL2(D)
1992), it’s to look only for controls such that

j(v,g,0)<3j(0,9,0) Vg € L* (X) VYo € [01,0,]. (3.2.3)

3.2. Optimal control of electromagnetic wave displacement with an unknown velocity of propagation
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Another difficulty arises here, it’s the unknown datum o, the work with cost function (3.2.2)
leads to an optimal control which depends on o, contrariwise we seek to get an optimal control
independent of missing data ¢ and g. To reach our goal, let’s take an averaged observation of the
state y with respect to the unknown parameter ¢ (original idea by Zuazua (2014)), instead of the
state itself, in other words, we shall substitute the state by its average in the cost function (3.2.2)
i.e. define a new cost function by

2
J(v,9) = + N [0l 72(0) (3.2.4)

L2(Q)

/ y(U,g,O')dO'—Zd

o1

where 2, is an averaged desired state observation in L? (Q).

3.2.2 Averaged no-regret control and averaged low-regret control defini-

tions for the electromagnetic wave with missing data

First of all, we define the averaged no-regret control and the averaged low-regret control for the

optimal control problem with missing data (3.2.1) (3.2.4).

Definition 3.4 We say that u € U, is an averaged no-regret control for (3.2.1) (3.2.4) if u is a
solution of
inf sup (J(v,9)—J(0,9)), (3.2.5)

UEZ/{adgeL2 (2)

Let’s try to separate the roles of the control v and the missing data ¢ as follows:

Lemma 3.4 For all v € U,y and g € L* (X) we have

J(v,9) = J(0,9) = J(v,0) — J(0,0) + 2 (01 — 03) /OT/Fta%(U)ngdt, (3.2.6)

v

where £ (v) is given by the following backward wave equation

Pe0)  A¢ (v)=1[7y(0,0)do inQ,

dt?

E(w)=0 ony, (3.2.7)

£ () (z,T) = 0,2 (7 T) = 0 in Q,

which has a unique solution in C ([0,T], H} (2)) N C* ([0,T], L? (R2)) with the hidden regularity
propriety
¢ (v)

2
—, €LA(2). (3.2.8)

3.2. Optimal control of electromagnetic wave displacement with an unknown velocity of propagation
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Proof. As usually, we get

J(0.g) = J(0.g) = J (1,0) — J (0,0 +2//(/ v()a)da)(/:Qy(o,g,a)da>dxdt.

Before completing the proof we have to find the system that describes fg”f y (0, g,0) do. We note
that y (0,¢9,0;2,t) =Y (0,9, 1;z,0t) where Y (z,t) is a solution of

a2y _ ;

Gz —AY =0 in Q,
Y (z,0t) = g(x,t) on Y,
Y (2,0) =0, (2,0) =0 in Q,

then

o2 o2 Z t_Z t
/9(07970;$,t)da:/ Y (0,9,1;2,0t)do = (9U>Uz)t (x,01t)

o1 g1

where 7 (z,t) = fOtY (0, g,1;z,s) ds verifies

tjjg AZ =0 in Q,
fo (x,5)ds ony,
Z(x 0)_0,@5(;;;0)_0 in Q,

and now we can write (by using Green formula, Appendices, Theorem 2)

( (v,0,0 da) (/ y(0,9,0) da) dxdt

- ( (v,0,0 da) Z(x,05t) — Z (@, 0nt) ) o0

t

_ / / (ﬁ_ ) (Z (2,09t — Z (z, 041)) dudt
_ / / / ) dsdrt
— (o1—0s / / 5> gt

For the wellposedness of (3.2.7) and regularity propriety (3.2.8): since 1 ( f;f y (v,0,0) da) €

2
L?(Q) c L' (0,T;L? () (by L. Hopital rule we have lim )% (f;f y (v,0,0) da)’ = () we refer to
(Medeiros et al., 2013, chapter 4) to get the main results. m

Remark that the no-regret control belongs to

Tr o
K= {v € L?(Q) such that /0 /Ft%ngdt =0 VgelL? (E)} .

3.2. Optimal control of electromagnetic wave displacement with an unknown velocity of propagation
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Unfortunately, the set K is too hard to characterize, so the main problem with no-regret control
is the difficulty of its characterization, to avoid her we relax the no-regret definition by making

some quadratic perturbation to define the averaged low-regret control as follows:

Definition 3.5 We say that u € U,y is an averaged low-regret control for (3.2.1) (3.2.4) if u is a

solution of

inf sup (J(0,9) = J(0,9) — 1 llglas))  foreveryy > 0.

vEuadgeL2(E)
Now, by using (3.2.6) we can write

sup (J(v,9) = 7 (0,9) = 7 gl as))

geEL? (D)

= J(v,0)—J(0,0)+
T 0
sup (2 (01— 02)/0 /Ft%gdfdt -7 ||9||i2(2))

geL?(®)
(02 — 1) Hﬁf (v)
vy v

2

= J(0,0)— J(0,0)+

(by using Legendre transform).

L2(%)
In the end, we get a new optimal control problem with a new objective function not related to

the missing boundary value g and the unknown parameter o.

(02 ; o1) Htafal(/v)

2

(3.2.9)

inf 7, (v) such that 7, (v) = J (v,0) — J(0,0) +
vel?(Q)

L2(%)
In another word, we are in front of a standard optimal control problem (3.2.1) (3.2.9) where we

can apply the classical optimal control theory and announce the following theorems characteriz-

ing the low-regret control.

3.2.3 Averaged low-regret control characterization
Theorem 3.6 There exists a unique averaged low-regret control u., solution to (3.2.1) (3.2.9).

Proof. Observe that 7, (v) > —J (0,0) which means that (3.2.9) has a solution. Let (v,) C L*(Q)
a minimizing sequence such that

I () —  inf J,(v) =d, (3.2.10)

n—+00 velL?(Q)

where y,, = y (v, 0; 0) is solution of

d? 2 :
2 — 0 Ay, = vy in Q,

Yn =0 on X, (3.2.11)

Yo (2,0) =0, % (2,0)=0 inQ,

3.2. Optimal control of electromagnetic wave displacement with an unknown velocity of propagation
and a missing boundary condition m
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We also have

(02— o1) ||, 05 (va) ||
—J(0,0) < J, (vy,) = J (v,,,0) — J (0,0) + t <d,+1,
7 W i)
which gives the bounds
anHLQ(Q) <C,, (3.2.12a)
9 (vn
H 5(9(5 ) < Gy (02 — 01) V7, (3.2.12b)
L2(%)
/ Yy (vn, 050) do <, (3.2.12¢)
o1 L2(Q)

where C, is a constant independent of n. By continuity with respect to data we also conclude that
(Miranda, Medeiros & Louredo, 2013)

dy, ||*
H + O'2 ||yn||ioo(0’T,Hé(Q)) S C ||Un||L2(Q) S C’y- (3212(1)

Lo0(0,T5L2(2))

We deduce from (3.2.11) and (3.2.12a) that

1

Then there exist subsequences still denoted (v,,), (v,) and f;f y (vn, 0; 0) do such that

d? Yn

2

<C,. (3.2.12e)
12(Q)

v, — u, weakly in L*(Q), (3.2.132)

yn — y,weakly in L= (0,7 Hy (), (3.2.13b)

/02 y (vn,0;0) do — z, weakly in L? (Q), (3.2.13¢)
Py, o

Tz~ 0 Ayn — frweakly in L7(Q). (3.2.13d)

Because of continuous embedding of L> (0, T; H} (Q)) and L> (0,7T; L? (Q2)) into L? (0, T; H} (22)),
L*(0,T; L* (2)) respectively, we conclude that there exists y, such that

Yn — y, weakly in L* (0, T; Hy (Q)) (3.2.14a)

then

dyn _ dyy /
- " a weakly in D' (Q),

and we deduce that

dyn _ dy, 2
o o weakly in L* (Q), (3.2.14b)

3.2. Optimal control of electromagnetic wave displacement with an unknown velocity of propagation
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The main part of proof will be done in the following three steps.
First step: We prove that y, = y (u,0) as follows:
Let D (Q) be the of test functions on () (functions that belong to C'* with compact support) with
dual D’ (Q). Multiply by ¢ € D (Q) and use (3.2.13a) and (3.2.14a) to get
dZ?Jn 2 d? Y 2
i Ay, — dt; —o’Ay, in D' (Q).

Then, from (3.2.13d) and limit uniqueness we have

d*y
dt; - O'QAy’y fl.
Hence,
d*yn d*y
o a* Ay, — dt; —o*Ay, in L? (Q).

By (3.2.11), (3.2.13a) and uniqueness of the limit

d*y,
dt?

(x,t) — 02Ayv (,t) =uy (z,1), (z,t) € Q.

From (3.2.14a) and (3.2.14b) we know that y, (z,0), dstv (z,0) € L*(Q). In view of initial conditions
in (3.2.11) we deduce that

d
y, (z,0) = 0, dyg (2,0) = 0 in Q.

Multiply (3.2.11;) by ¢ € D (Q), where ¢ is chosen such that ¢ (z,T) = % (2,T) =0in Q, ¢ = 0
on Y, and integrate by parts to get

2
/ (ofit? (z,t) — *Ap (, t)) Yn (7,1) dodt = /Un (2,t) @ (x,t) dudt,
@ Q
pass to the limit to find

/ (f; (z,t) — o*Ap (, t)) Yy (x,t) dedt = /u7 (x,t) o (z,t) dudt,

Q Q

B
/Ma—fdz —0,
>

Let’s prove that also [y (u,,0,0) do = z,. We know that the operator y (v,,0,0) — [y (v,,0,0) do
is bounded from L? (Q) to L? (Q) then from (3.2.14a) we deduce that

integrate by parts again to get

which leads to y, = 0 on X.

/ y (vp, 0;0) do — / y (u,,0;0) do weakly in L? (Q) (3.2.15)

o1

3.2. Optimal control of electromagnetic wave displacement with an unknown velocity of propagation
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From (3.2.13¢) and by limit uniqueness we get [y (u,,0;0) do = 2,.

Second step: We prove that {, = ¢ (u,). We know that £ (v,) is a solution of

t <—d flﬁﬁ") - A¢ (Un)> = [y (vn,0;0)do inQ,
€ (v,) =0 on Y, (3.2.16)
¢ (vn) (2, T) =0, dgift)") (,T)=0 in Q,

Multiply (3.2.16,) by %) ”" and apply Green formula to find

//dt[‘% + |V ()] ]dmdt ///U (0, 0; ) d dfcg ") g,

integrate by parts with respect of time variable, and use Cauchy-Schwartz inequality to obtain

%/OT/Q ”dig:") 2+!V£ (vn)\2] dzdt < %/OT/Q ”dg;:") 2+ /:y(vn,();a) do

by linking with (3.2.12¢) we get
T
/ / V€ (o) dadt <
o Ja

1€ (U'n)Hi2<0,T7H&(Q)> <G,

2
] dzdt,

2

dxdt < C,,

Y (vn, 0;0) do

this means that

then there exists a subsequence still be denoted ¢ (v,,) such that
¢ (vn) — &, weakly in L? (0,7, Hy (),

which gives

t<d2§l§;}”) N (vn)> N (d;ti N > in D' (Q).

From (3.2.13¢) we deduce

3 (Un)
(%

— A¢ (%)) — fy weakly in L* (Q) .

By limit uniqueness we get
2
e, 2
By passing to limit in (3.2.16,) and using (3.2.13¢) we deduce that

d2€ 1 g2
88 =1 [yl do,

o1

3.2. Optimal control of electromagnetic wave displacement with an unknown velocity of propagation
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The boundary and initial conditions follows by a similar reasoning to the first step.

Summarize all the above by saying that £ (u.) verifies:

dfit;“) A& (uy) —1f02y (uy,0;0)do in Q,

§(uy) =0 ony,

¢ (uy) (2,7) =0,% (u,) (2, T) =0  inQ.

Third step: Since v — 7, (v) is a lower semi-continous function, we have

Ty (uy) <liminf 7, (vy,),

n—-+00

and according to (3.2.10) we get

Ty (uy) = velLI%EQ)jw (v).

Uniqueness of u, follows because 7, is strictly convex. m

Theorem 3.7 The averaged low-regret control . for (3.2.1) (3.2.9) is characterized by :

( d;ty?” — 0?Ay, = u,,
T = AL = [y, 0:0) do,
g, .
S -0 Ap72f01 Y (uy,0;0)do — 24+ (02 —01) 7 inQ,
Y =0.6,=0, p,=-L% p =0 on s, (3.2.17)

y. (, 0)—0,d3;(x 0)—0

£<xT>—o,d§;<,T>=o,

d,
p7<CL‘ 0)_07%( 70):07

py (2, T) = 0,2 (2,T) = 0 in Q,

where y, = y (u,,0;0) € L>(0,T; Hy (), &, = £ (uy) € L>(0,T; Hy (Q)), p, € L™ (0,T; L (Q))
and p, = p, (0) € L*(0,T; H} (Q)) .
With the variational inequality:

g2
(/ py (0)do + Nu,,v — uw) >0  forevery v € Uy. (3.2.18)
L2(Q)

o1

Proof. A first order condition for (3.2.9) gives

g2 g2
(/ y (uy,0;0) da—zd,/ y(v—uy,0;0) da) + N (U, 0 = tUy) 2
L2(Q)

g1 o1

oo (%

— (v — u«,)) >0 Vv € Ugg. (3.2.19)
v L2(%)

3.2. Optimal control of electromagnetic wave displacement with an unknown velocity of propagation
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Introduce a new state p., given by

d?p .

i Ap'y =0 in Q,
_ 2 Bé,y

P =T on 2,

P (2,0)=0,%(z,0)=0 inQ,

where . = ¢ (u,). As %aailj € L*(X) (by regularity propriety (3.2.8)) the latter problem has a

unique solution defined by transposition method in L* (0,7; L? (2)) (Lions, 1971). Then, we

1 [ r d*¢
(pv, ;/ y(v—1u,,0;0) do) = //py (w (v—uy) — AL (v — Uv)) dxdt
o )

T
d2
— //(df;—Apv)g(v—uy)dxdt
0 Q

_/T/FpA, (5.1) % (v —u,) (s, ) dTdt

have

1 [ 0 73 )
= —|(t=—= (uy),t=—=(v—u .
¥ < v () 8y< 7) ()
Define another state p, = p, (o) by
d;% — o?Ap, = f;2y(u7,0;a) da—zd—k(ag—al)’% in Q,
py=0 on X,
p’Y(va):Oadg;;@:;T):O in €.

It remains to be checking the validity of the variational inequality (3.2.18)

</ y(uv,O;a)da—zdjL(ag—01)%,/ y(v—uv,O;a)da>

1 1

g2 A d2
- / // ( dlgy - 02Ap”/) y (v —u,,0,0) dzdtdo
g1
Q

T
o2 d2
— / //p7 (—g (v —u,,0,0) — 0c*Ay (v — u,, 0, J)> dzdtdo
o1 dt 12(Q)

L2(Q)

Finally, the optimality condition (3.2.19) is equivalent to

(/ Dy (a)da—kNuW,v—uw) > 0 for every v € Uyg.
L*(Q)

o1

3.2. Optimal control of electromagnetic wave displacement with an unknown velocity of propagation
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3.2.4 Averaged no-regret control characterization

Since the averaged no-regret control u is expected to be a limit of averaged low-regret control

sequence u, when v — 0, we have to get some a priori estimates for the mentioned states in

(3.2.17) before getting the averaged no-regret control characterization.

Theorem 3.8 There exists some C' > 0 independent of ~ such that

<G,
L2(Q)

g2
/ Y (uy,0;0)do

o1

”Uv”LZ <C,

< Cy/v,
H 81/ L2 ﬁ
dy
H_v <c ||yw||Lw(o,T;Hg<m> =G
Lo°(0,T;L2 ()
dg.,
&, < C, N e (o zamziey) < C
H dt Lo°(0,T;L2(R)) ‘ VHL oissm)
alp7
H <C, HIO’YHLOO(O,T;LQ(Q)) <G
Lo (0,T;H-1(9))
dpfy
<C - <C.
H dt Lo (0,T;L2()) - ”pWHL (0.73H5(2)) =

Proof. u, is the minimum of 7, then 7, (u,) < J, (0) = 0 which leads to
o 9E.,
| ¥ g + 2

12(Q) i v
this gives (3.2.20).

2

a2
/ Y (050 do — 2

1 L2(%)

< J(0,0) =

(3.2.20a)

(3.2.20b)

(3.2.20¢)
(3.2.21)
(3.2.22)
(3.2.23)

(3.2.24)

2
||Zd||L2(Q)

Multiply both sides of the first equation in (3.2.17) by y, and integrate over (0, ¢) to get

2

50

t dy
2
202 93, () < | <Hu7 Mea H !

L2(Q)
then, use Gronwall lemma to obtain

dy.

sup di

te(0,T)

L2(Q) te(0,T

Because ; [y (uy,0,0)do € L?(Q) and by the same way we get (3.2.22).

<C, SUP Hvyw”(m(g) <C(o).

) ds,
L2
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According to (3.2.20¢), it’s easy to prove by contradiction that

25

< C forevery v < 1,
ov

; ‘ L2(S H v L2(
this means that £
(3.2.23).

For (3.2.24), remark that [y (u,,0) do — 24+ (02 — 01) % e L*(Q) to obtain the estimates by the

same way of (3.2.21) and (3.2.22). m

8W e L*(Z ) which allows to use theorem 4.3 in (Apolaya, 1994) to prove

Proposition 3.3 The low-regret control sequences u., converges to the no-regret control u solution of
(3.2.1) (3.2.4).

Proof. In view of (3.2.17;) and (3.2.20b) we deduce

d*y, 2
— — 0" Ay, <C. (3.2.25)
dt?
L2(Q)
From (3.2.20b) we get
u, — u weakly in L* (Q). (3.2.26a)
The a priori estimates (3.2.21,) implies that
y, — y weakly in L* (0, T; Hy (Q)) . (3.2.26b)

By proceeding as in the proof of theorem 3.6 and by using (3.2.26a), (3.2.26¢) we prove that
y =y (u,0; o) verifies
Y 0?Ay=u in Q,
y=0 onY, (3.2.26)
y(2,0)=0,%(2,00=0 inQ,
and from the estimates in (3.2.22) we have

¢, — & weakly in L (0,T; Hy ()
By a similar way & = ¢ (z,t;u) € L™ (0,T; H} (2)) is a solution of
T = AL w) = [y (u0;0)do inQ,

dt2 o1

§(u)=0 on Y, (3.2.27)

€(u) (2, T) =0, %W (2 TY =0 in Q,
dt

In view of (3.2.20c) we have

() 06 (u)
ov ov

which implies that fOT Jot 85(“) S gdldt = 0 for every g € L? (X), this means that « is a no-regret

=0 strongly in L? ()

control. m

3.2. Optimal control of electromagnetic wave displacement with an unknown velocity of propagation
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Theorem 3.9 The averaged no-regret control u solution of (3.2.1)(3.2.4) is characterized by the
following system:

( dy 2N, —
W-O’ Ay—u,

2 g
Zé =1 72y (u.0;0) do,
dt2 AIO - 07
B —0?Ap= [Ty (u,0;0)do — 24+ (02— 01) £ inQ,
C y=0,£=0, p=2A p:O on %, (3.2.28)

y (2,0) =0 dy (z,0) =

7 dt

E(x, T)=0 ¢ (x,T) =

) dt
p(,0) = 0,% (x,

? dt

0) =
p(x, T)—O,Z’Z(x,T) 0 in Q,

\

and the variational inequality:

02
(/ p(o)do + Nu,v — u) >0 forevery v € Uy (3.2.29)
L2(Q)

g1

with the following limits:

20,

u :EL%“’W y :iii%y (uy,0), & :Ei%fw pz}/ig})p,,, p=p(o) = hrnp7 and A = lim — =2

v—0
Proof. We have already the systems that govern the states y, ¢ in (3.2.26) and (3.2.27) resp., it
remains to find the systems that govern p and p.

From (3.2.23,) we deduce the existence of p such that
p, — p weakly in L> (0,73 L* (),
by continuity of embedding from L*> (0, T L? (2)) to L? (Q) we get
p, — pweakly in L* (Q), (3.2.30)

and from (3.2.20c) we deduce that there exist A € L? (2) such that

2 0¢,, R
— ——2 —~ X weakly in L* (%) . (3.2.31)
v Ov

By passing to limit in (3.2.173) and using (3.2.30), (3.2.31), we prove as in the first step of proof of
theorem 3.6 that p satisfies
Lo Ap=0 in Q,
p=A on Y,
p(2,0)=0,%(x,00=0 in Q.

> dt
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From (3.2.24,) there exist p
p, — p weakly in L= (0,T; Hy (2)) .
Again by continuity of embedding from L> (0,T; H} (2)) to L? (0, T; H} (Q)) we get
p, — p weakly in L* (0,T’; Hy (Q0))

because tf:f y (u,0;0) do —tzqg + (03 — 01) p, € L? (Q) and by reasoning by the same way of the
second step in the proof of theorem 4 to find
$2—0?Ap=[7y(u,0;0)do — 24+ (02— 01) 2 inQ,
p=0 on Y,
p(x,T)=0,%2(2,T)=0 in Q.

7 dt

3.2. Optimal control of electromagnetic wave displacement with an unknown velocity of propagation
and a missing boundary condition



Conclusion & perspectives

Our work has led us to prove existence, uniqueness and to characterize the optimal control for an
electromagnetic wave equation modeling a biomedical phenomenon (X-rays penetration in living
cells), where we controlled her displacement to be compatible with living bodies with unknown
physical proprieties.

We have coupled the notions of no-regret control and averaged control to introduce a novel notion
in control theory to solve this problem, it’s the averaged no-regret control. We have avoided the
missing velocity of propagation parameter by controlling the average of the state with respect to
this parameter, we averted the missing boundary condition by taking the no-regret control. Then,
we get an optimality system characterizing the averaged no-regret control.

As well as, we have proved existence, uniqueness and we have characterized the optimal control
for an ill-posed wave equation by regularization into a well-posed equation with missing data,
where we used the concepts of no-regret control and low-regret control to control the well-posed
one and consequently the ill-posed one.

We note that in both studied problems, the optimal control has characterized by an optimality sys-
tem which has a more complex structure comparing with optimal control of classical distributed
systems (systems with complete data) i.e., it contains four systems governing states characterizing
the optimum, on contrary, classical systems in her characterization need only two states. Conse-
quently, this structure makes numerical treatment of optimal control problems with missing data
more difficult than classical problems.

In the future, the notion of averaged no-regret control could be applied to control other distrib-
uted systems depending on an unknown parameter and with incomplete data, where we can get
more interesting results.

To further our research, we plan to study more complicated and general cases as abstract equa-
tions containing an operator depending upon an uncertainty parameter and with missing data,
for example, missing source, boundary conditions, initial conditions...

Further work needs to be done, like numerical simulations of the main problem to test the effi-

ciency of our method.




Appendices

Definition 1 Let J : U C X — Y be an operator with Banach spaces X,Y and U = () open. J is
called directionally differentiable at x € U if the limit

4J(z.h) = Tim J(x+th)—J(z)

t—0t+ t

ey

exists for all h € X. J is called Gateaux differentiable at x € U if J is directionally differentiable at
x and the directional derivative J'(z) : h € X — dJ(z,h) € Y is bounded and linear; i.e., J(x) €
L(X,Y).
Theorem 1 Let X be a Banach space and U C X be nonempty and convex. Furthermore, let
J : V' — R be defined on an open neighborhood of U. Let u be a local solution of

inf J(v),

VEUL

at which J is Gdteaux-differentiable. Then the following optimality condition holds:
(J'(u),v —u)y) x >0 Yo eU.

If J is convex on U, the last condition is necessary and sufficient for global optimality.

Theorem 2 (Green formulas) Let 2 C R" be a bounded smooth domain, and v be the outward
unit normal vector on I' = 0). Then we have

For u € H' () and v € H? () we have the half Green formula

/uAvdx = —/Vqudx—l—/u?dF.
v
Q

Q r

For u,v € H?(Q) we have the full Green formula

ov ou
/(uAv — vAu) dr = / (u% — v%> dr.
0 T

Definition 2 (Riemann-Liouville fractional derivative) (Samko, Kilbas, and Marichev, 1993)
Let f : R, — Rand a € (0,1), the left Riemann-Liouville fractional derivative of f of order « is

defined by
RL N« _ 1 i /t _ a—1
th(t)_F(l—Oé)dt 0<t 8) f(S)dS,t>0,
where I" (o) is the Euler gamma function.

Definition 3 (Samko, Kilbas & Marichev, 1993) Let f : R, — R and o > 0. Then

I"f(t):ﬁ/o (t—s)*"" f(s)ds, t >0,




is the Riemann-Liouville fractional integral of f of order «.
Lemma 1 (Mophou, 2011) Let 0 < a < 1, Then for every ¢, y € C* (@), we have

/ / (" Dy (z,t) — Ay (2,1)) ¢ (z,t) dodt = /Q (o (2, T) ' (2,T) — ¢ (x,0%) I'"* (2,0%)] dadt

+/0T/F [y (2,) Z—f — ¢ (x,1) % (z,t)| dldt
+/0T/99($7f) ("D (x,) — A (2, 1)) dadt.

where @), Q2 and I" are described in subsection 2.2.1.
Proposition 1 (Mophou, 2015) Let ¢ € L?(Q). Then equation

FEDp — Ap =1 inQ,
=20 on X,
e(T)=0 in Q,

has a unique solution ¢ € L?*((0,T); H*(2) N Hi(2)). Moreover, there exists a constant C' > 0
such that
||‘P||L2((0,T);H2(Q)) + HRLD?SOHLz(Q) <C ||‘P||L2(Q)

where @), Q, I and ¥ are described in subsection 2.2.1.
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