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Abstract

A Pisot number 6 is said to be simple if the beta-expansion of its fractional part, in base 6, is finite. Let
P be the set of such numbers, and S \ P be the complement of P in the set S of Pisot numbers. We show
several results about the derived sets of P and of S \ P. A Pisot number 6, with degree greater than 1, is said
to be strong, if it has a proper real positive conjugate which is greater than the modulus of the remaining
conjugates of 6. The set, say X, of such numbers has been defined by Boyd (1993) [5], and is contained in
S\ P. We also prove that the infimum of the j-th derived set of X, where j runs through the set of positive
rational integers, is at most j + 2.
© 2012 Royal Dutch Mathematical Society (KWG). Published by Elsevier B.V. All rights reserved.
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1. Introduction

For a real number 8 > 1, let (r,(B), €n(B))n>1 = (rn, €n)n>1 be the sequence defined by the
relations

(rn, &n) = ({Brn=1}, [Bra—1D),

where { } and [ ] are, respectively, the fractional and integer part functions, ro = ro(8) =
{8}, and n runs through the set N of positive rational integers. Then, r, € [0, 1[,¢, €
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{0, 1, ..., maxgenni, g k), {B) = anl &/ B", and we write

pr=y=

P
nz]’B

The sequence (&,),>1, called beta-expansion of {8}, was defined, in a more general context,
by Rényi [17]. If this sequence is periodic, then 8 is said to be a beta-number; in particular, when
(en)n>1 terminates only by zeros, the number B is called a simple beta-number. Beta-numbers
have been defined and studied by Parry [15]. One of the results of [15], asserts that beta-numbers
are algebraic integers, the conjugates of a beta-number S, are of modulus at most min(2, 8), and
simple beta-numbers are dense in the interval [1, oo[.

An easy argument shows that Pisot numbers are beta-numbers [19]. A Pisot number is a real
algebraic integer greater than 1, whose other conjugates are of modulus less than 1. Some results
related to the beta-expansion of real numbers, in a base which is a Pisot number, may be found
in [1,6,10,24]. A large amount of the structure of the set, usually denoted as S, of Pisot numbers
is understood. For example, S is closed in the real line R [18], minS = 6y = 1.3247 ..., where
93 — 6p — 1 = 0 [20], the elements of SN]1, 1.6183...[ are known [8] (see also Theorem 7.2.1

of [4], or the proof of Theorem 1 below), min S = 1%6 = 1.6180. .. [8], a complete list of the
elements of S(VN]1, 2[ is exhibited in [2] (see also Theorem 1.6 of [14]), and minS@® = 2 [11].
Throughout, the notation 7/), where I C R and j € N, means the j-th derived set of /.

The distribution of the elements of the set, say [P, of Pisot numbers which are simple beta-
numbers, is not completely known. In a very recent paper, Panju [14] determined the beta-
expansion of {8}, when § runs through the set of regular Pisot numbers in the interval ]1, 2[.
A regular Pisot number less than 2, is an element of SWN1, 2, or is a term of a sequence that
tend to an element of SY'N]1, 2[. Hence, for any ¢ > 0, there are at most finitely many non-
regular Pisot numbers in [1, 2 — ¢]. The sequences of Pisot numbers that approach any element
of SYNI1, 2[ are completely understood [23].

The following theorem collects some results about the structures of the set P and of its
complement S\ P in S. The first and second parts are essentially consequences of the computation
done in [14].

Theorem 1. With the notation above, we have:

() PAIL, (1+/5) /21 =801, (14 35) /21;

(i) inf P@ = inf(S \ P)® =2, and the two sets P and S \ P are not closed;
(iii) if a € NN [2, oo[, then a € PP

It is clear that beta-numbers of degree 1, belong to [P, and a short computation shows that
quadratic beta-numbers, are also Pisot numbers (see the proof of Theorem 2(i) below). In [3],
Bassino has proved that simple cubic beta-numbers are Pisot numbers too. Next, we complete
these results by proving the following theorem.

Theorem 2. The following propositions are true.

(1) Let B be a beta-number, with degree d. Then, B is a Pisot number, when d < 2, or when
is simple and d = 3.
(ii) There are infinitely many cubic beta-numbers which are not Pisot numbers.
(iii) For any d € N N [4, oo[, there are infinitely many simple beta-numbers, with degree d,
which are not Pisot numbers.
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A Pisot number 6 with degree d is said to be strong, if d = 1, orif d > 2 and 6 has a
proper real positive conjugate, which is greater than the absolute value of the d — 2 remaining
conjugates of 6. The set, say X, of strong Pisot numbers has been defined by Boyd [5], and its
elements appear in a paper of Dubickas [7] as examples of Z-numbers. A theorem of Pisot [16],
asserts that a real number 8 > 1, is a Pisot number, if and only if, there is A € R \ {0}, such that
D nen IAB" ||2 < 00, where ||¢|| = min{{z}, 1 — {¢}} is the usual distance from ¢ to the ring of
rational integers Z. Using this result of Pisot, the author obtained, recently [27], a characterization
of the elements of X, among real numbers greater than 1:

BeX=Ve>0, TIeR\{0}| ) 1"} <&

n>0

It is worth noting, that the relation above, does not allow to prove that X is a closed subset of
R, in a similar way that it has been done by Salem, for the set S [18]. I am not able to prove (or
disprove) that X is closed. The following theorem gives explicitly some elements of X(/), where
Jj runs through N.

Theorem 3. Fora e NN [3, 00,k € {1,...,a =2}, and {ny, ...,n} CN, let Py, .. ny.a) be
the polynomial defined by the relation

P(nk ..... no;a)(x) = x P(nk_|,...,n0;a)(x) +1, (1)
where P .q)(x) := x —a. Then, P, .. no.q) is the minimal polynomial of a strong Pisot number
Omy,....ng;a) €la —1,al, and limy,;, - o0 Ony,...n0za) = Owi_y,....n0:a)-

A proposition in [27], asserts that N N [3, co[C X(1). Theorem 3 improves this proposition.

Corollary. With the notation of Theorem 3, 0., .. no;a) € X@=2-k)

It follows immediately that 0,,..) = a € X@=2) and so inf X1 < j 42, forall j € N.
Notice also that the corollary above completes Theorem 1(iii), since a strong Pisot number 6,
with degree greater than 1, has a real positive conjugate, and so 6 € S \ [P (it is easy to see from
the proof of Theorem 3, when k > 1, that 0, . no.a) €la — 1, al, and 50 O, ... ng:qa) is nOt Of
degree 1).

A Pisot number whose other conjugates are of modulus less than e, where ¢ is fixed in the
interval ]0, 1], is called an e-Pisot number [9]. Let K be a real algebraic number field. Then, a
result of Fan and Schmeling [9] asserts that the set of e-Pisot numbers generating K, is relatively
dense in [1, oo[, that is there is a positive constant p, depending only on ¢ and K, such that
each subinterval of [1, oo[, of length p, contains an e-Pisot numbers generating K. We may ask
the same question for strong Pisot numbers, when the field K has a proper real conjugate, and
in particular when K is generated by a Salem number. Recall that a Salem number is a real
algebraic integer greater than 1 whose other conjugates are of modulus at most 1 and with a
conjugate of modulus 1. Using some results of Meyer on harmonious sets [12], we obtain the
following theorem.

..........

Theorem 4. Let K be a real algebraic number field, with degree d, having at least one proper

real conjugate when d > 2, and let ¢ €]0, 1]. Then, the following assertions are true.

(1) The set of e-strong Pisot numbers generating K, is relatively dense in [1, ool.

(ii) If K is generated by a Salem number, then there is a finite subset, say F = F(K,¢), of
the integers of K such that each Salem number generating K can be written as a sum of an
element of F and an e-strong Pisot number with degree d.
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In this paper, when we speak about a conjugate, the degree or the minimal polynomial of
an algebraic integer, we mean over the field of the rationals Q. Irreducible polynomials or the
degree of a number field are considered over Q too. The proof of Theorem 2 uses elementary
statements, and the one of Theorem 1 is mainly based on some results of [14]. To simplify the
proof of Theorem 3, we shall use a theorem of Smyth [21], which says that two conjugates of a
Pisot number having the same modulus are necessary complex conjugates. An easy application
of an argument, due to Meyer, gives Theorem 4(i). Finally, notice that the proof of Theorem 4(ii)
is similar to the one of Theorem 2 of [25], with minor modifications; for convenience of the
reader, we give some details of this proof.

2. The proofs

Proof of Theorem 1. (i) In [8], Dufresnoy and Pisot have shown that the minimal polynomial

of a Pisot number, say 6, less than 6, = (1 + \/§> /2, is one of the following polynomials:
Ax) =x0 =2 +x* —x2 4+ x — 1, Bu(x) = (2 —x = D)+ 1)/(x — 1), Byey1(x) =
(N (x2 —x = 1)+ 1)/(x> = 1), or C(x) = x¥(x? —x — 1) + (x® — 1), where k runs through
N. Hence, the root & = 1.5617 ... of the polynomial A is the only non-regular Pisot number in
[1, 6]. A direct calculation gives for this last case, ro = 6 — 1, (r1, €1) = 6%2=0,0), (r2, &2) =
63 —0%2—1,1), (r3,&3) = (0* — 03 —0,0), (r4, £4) = (0° —0* —02,0), (rs5, &5) = (0° —6° —
03—1,1), (re, g6) = (07 —0°—0*—6,0)and r; = 03 —07—0°—6%2—1 = (624+0+1)A(0) = 0;
thus
1 1 1

0)= 55+ 55+

and 6 € P. If By (#) = O (resp., lf sz+](9) = 0, Czk(e) = 0, Cx4+1(0) = 0), then
the results of [14] yield {#} = le‘ 192, + Z ikt 1 921 (resp., {8} = Zk_o 02/,{«9}
(le‘;ll 9%) + 942—,1, {8} = (le‘;i 9177) + W + W)’ and so # € P. Theorem 1(i) follows
immediately, since {00} = 0o — 1 = 1/6.

(ii) From the result above we have inf P() = (1 + «/3) /2. Let 6 > 1 be a root of the

polynomial x¥ (x> —x —1)—(x?>—1), where k € N. Then, 6 € SN0, 00[, limy 00 Ok = B0 [8],
and 6y € S\ P [14]; thus

infS\ P = inf(S\ P)(» = (1 + ~/§) /2.

In particular, we see that S \ P is not closed. From the proof of Theorem 1(iii), we shall easily
deduce that each interval of the form [a,a + 1], where a € N N [2, oo[, contains infinitely
many elements of the set P() N'S \ P, and from this we obtain the non-closure of . Notice
also that the equality inf(S)m = 2, implies inf(S \ P)(z) > 2 and infP® > 2. Now, let
Li(x) = xk — ZI;':l xk=J, where k € N N [2, oo. It is well known that Ly is the minimal
polynomial of a Pisot number, say lx, satisfying limy_, oo l[x = 2 and [} € SOAIL, 2[ (see [2]
or [23]). If we consider the sequence of Pisot numbers (6} i) j>k+1, Where 6; i is a root of the
polynomial

Ejx(x) = x/Li(x) — (X — 1),

then 64 € S\ P [14]. It follows by the equality limj_, o0 6 x = Ik, that inf(S \ P)® < 2 and
so inf(S \ P)® = 2 (using the relation l,’; - Z’;Zl l]k‘ﬂ = 0, a short computation shows that
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= —1= Z’;;i 1/lj, and so I} € P; this shows again that S \ P is not closed). Similarly
as for E; i, we obtain that each polynomial of the form

X Le(x) — (X = D/(x = 1),

where j > k + 1, has a root, say again 6}, which is a Pisot number. Moreover, we have
Ok € P, limj_ 000k = I and so inf P@ =2,
(iii) Let @ € NN [2, oo[. Then, the polynomial

P(x) = Play(x) == xF(x — (@ + 1) + (@ — 1),

where k € N, is the minimal polynomial of a Pisot number 6y = 6. 4). Indeed, we have
for |z] = 1, |z — (a + 1))| = |z—(a+1)] = a > a — 1, and so by Rouché’s theorem,
the polynomial P has k roots inside the unit circle, and one root 6y with modulus greater
than 1 (the modulus of the product of the roots of P is a — 1 > 1). Moreover, the relations
Pa+D)=a—-1,P@=a—-d"—1and |6y — (a+ 1| = (a— 1)/9,?, yield 6y €]a, a + 1[NS,
and limg_, o 6 = a + 1. Now, consider the polynomial

M(x) = M .a)(x) = x" K Py ay(x) + 1,

where n € [k + 1, oo[. Then,

k n
Mx)=x-1) <x” _azxnfj _ Z xnj)’
j=1

j=k+1

and by a result of Perron, cited in [10], the factor x" — a 21;:1 xn—i— i X" of M(x),
is the minimal polynomial of a Pisot number B, = B(.kq). It is easy to check that 8, € P
(this result is also a corollary of Theorem 2 of [10]), and the equality |P(8,)| = 1/ ,8,’1’_" gives
lim,—, o Bn = 6. It follows that each 6y is a limit of a sequence of elements of P, and so
a+ 1 € PP, This ends the proof of Theorem 1(iii), because the relation 2 € P@, follows
from Theorem 1(ii). Finally, notice that 6; € S\ P, since P(0) = @ — 1 and P(1) = —1; thus
a+1 e (S\P)!V, and the sets P and (again) S\ IP are not closed, since B k,a) € P, Ok,a) € S\ P
anda+1eP. O

Proof of Theorem 2. (i) Let 8 be a beta-number with degree d. If d = 1, then 8 is a rational
integer, {#} = 0 and B € IP. Suppose d = 2. Since a beta-number has no conjugate, other than
B itself, in the interval |1, oo[ [22], the conjugate y of a quadratic beta-number B, other than S,
belongs to the interval ] — 2, 1[. To show that 8 € S, it suffices to prove that y ¢] — 2, —1[.

A short computation gives that each interval of the form [n, n 4+ 1], where n € N, contains
2n — 1 quadratic Pisot numbers : the minimal polynomial of 6 is P(x) = x> — (n + Dx + p,
with p e {1,...,n —1},0r Q(x) = x2 —nx — p, with p € {1, ..., n}. If P(6) = 0, then 6 has
a conjugate in ]0, 1[ and so 6 € S \ IP; otherwise {} =60 —n = g and 0 € P.

Now, assume on the contrary that y €] —2, —1[. Then, 8 + 1 is a quadratic Pisot number, and
so B is a root of one of the irreducible polynomials Q(x + 1) = 2—m—=-2Dx—m+p-1),

where p € {1, ..., n}. If B is simple, then there is k € N, such that
koo
— B —en = el
(Bl=p-e0=) 55
j=1

and so Q(x + 1) divides, in the ring Z[x], the polynomial xktl _goxk — . . —g: thus n+ p—1

divides & in Z, and this leads to a contradiction, sincen+p—1>nand 1 < e <[B] < B <n.
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Similarly, if B is not simple, then we have

k—1 e oo k+q—1 Py
_ J j
B =p-eo=D gi* 2 2 i
j=1
for some g and k € N (if k exists). By the equation 8 — g9 = Zk ! ;’ + ﬂﬁq ’;:Z_l 8—;, we
obtain a monic polynomial R(x), which is a multiple of Q(x + 1) in Z[x], and this relation leads
also to a contradiction, because |R(0)| = |ek_ 1 — ek+q_1| < [B] < n. Finally, notice that the

cubic case follows from [3].
(i1) Consider the family of polynomials

P(x) = Pe(x) = x> —kx?> — (k+ Dx + 1,
where k € N N [2, oo[. Then, the relations P(—2) = —5 — 2k, P(—1) =1 = P(0), P(1) =
1 —2k,Pk) = 1—k(k+1)and P(k + 1) = 1, imply that P has a root in each one of
the following intervals ] — 2, —1[, 10, I[ and ]k, k + 1[, and so P is irreducible. Let § = B
be the root of P which belongs to the interval ]k, k 4+ 1[. Then, 8 ¢ S,[8] = k and

{B}y = B—k=(k+1)/B—1/B* Hence, B{B} =k +1—1/B,k < B{B} < k+ 1,6 =
k,ri=1—-1/B,Bri =p—1,e2=k—1andr, = {B}. It follows thatrj.p =rj,e2j_1 =k
and &2; =k —1,Vj € N; thus

kook—1
=% (5 )

j=l

and g is a beta-number.
(iii) Let d € NN [4, ool. First, suppose that d is even, and consider the polynomial

P(x) = Py(x) = x? = px?=1 — px?=2 — p,

where p is prime. Then, P is p-Eisenstein, P(p) = p?1 —p, P(p + D) =(p+D?¥2%—p,
and so P is the minimal polynomial of a real number B = Ba €lp, p + 1[. Furthermore,
we have [B] = p,{B} = B—p = p/B+ p/B" BB} = p+p/B7 (e =
(p/B=2. ). (rj.e) = (p/B*=177.0).¥j € 2,....d~2},and (r4—1. £4-1) = (0. p). Hence,
{B} = % + ﬂ,{)—_] and B is a simple beta-number which is not a Pisot number, since 8 has a
conjugate in ] — 2, —1[ (we have P(—1) =1 —p <0Oand P(-2) = 24 42472 — p > 0).
Now, assume that d is odd, and consider
P(x) = Py(x) = x4 — 2pxd*1 - 2pxd*2 - 2pxd74 - p,

where p is prime. Similarly as for the case where d is even, we have that P is p-Eisenstein,
P(2p) <0,P2p+1) >0, P(—1) >0, P(—2) < 0, and so P is the minimal polynomial of an
algebraic integer 8 = B4 €]2p, 2p + 1], having a conjugate in the interval 1— 2 —1[. Moreover,
[8] = 2p, {B} = B — 2p and an easy calculation gives {§} = 27” —+— £+ Hence, S is a
simple beta-number which does not belong to S. [

ﬂ(ll

Proof of Theorem 3. To simplify the notation, set Py := Py, . ng:a), Yk € {0,...,a —2}. It
is clear that P1(1) =2 —a,Pi(a—1) =1—(a —1)"! < —1 and P;(a) = 1. Assume that
we have Pr_1(1) =k —a, Pr—1(a — 1) < —1 and Py_1(a) > 1, where k > 2. Then, (1) gives
immediately Pr(1) = k+ 1 —a, Pr(a — 1) < —1 and Pi(a) > 1. It follows by induction that
Pr(1) <0, Pr(a—1) < 0and Pr(a) > 0. Hence, if k € {1,...,a — 2}, then the polynomial
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Py has two real roots, one py = P,

,,,,,

no:a) €10, 1[ (recall that P;(0) = 1), and the other

Ok = Oy, ....no:a) €la — 1, al. Furthermore, the equalities Py(ox—1) = Pr(6k—1) = 1, where

k €{2,...,a — 2}, obtained from (1), yield px €]px—1, 1[ and 6 €]a — 1, Ok_1[; thus
a—1<6,2 < <0):=0pnyq =a. 2)

Itis clear that 8y € X. Fork € {1, ..., a — 2}, we shall prove that p is a conjugate of 6, and the

other conjugates of 6y are of modulus less than pi. Let z be a complex number with modulus 1.
Then, |Py(z)| = a — 1. Moreover, if |Pr—1(z)| > a — k for some k > 1, then by (1) we obtain
|Pi(2)| = |Pic1(@]| —1>a—(k+ 1), |P(z)] > 1forallk € {0,...,a — 2}, and

|P(2)] > 1, Vk<a-—3. 3)

Now, a simple induction shows that 6; € S and Py is the minimal polynomial of 6. Indeed, this
last proposition is trivially true for k = 0. Assume that P;_; is the minimal polynomial of the
Pisot number 6x_1, where k € {1, ...,a — 2}. Then, using Rouché’s theorem, the relation (1)
together with (3) give that Py has ny + deg(Px—1) — 1 = deg(Py) — 1 roots with modulus less
than 1, and the result follows immediately, since Py has one root with modulus > 1, namely 6.

To complete the proof of the relation: 6y € X, consider a conjugate « of 6y, with modulus less
than 1, where k > 1. Then, writing (1) explicitly, we obtain

ank+--<+n1+1 — qotkttm + k2 oo a™4+1=0,

|a|nk+~~~+nl+1 + |a|nk+-~~+n2 4L |O{|nk +1>a |a|nk+'~-+n1 ;
and so
Pr(lal) = 0.

Consequently, to show the inequality || < p, it suffices to verify that Py (t) < 0, YVt €]pk, 1[. In
fact, we use again an induction on k, to show that P,é (t) < Oand Pr(t) <0, Vt €]px, 1[. Clearly,
Pl/(t) =m+ D" — nr/(n + 1)) < 0,Vt €]0, nr/(n + 1)[, and so the quantities Pl/(t) and
P () are negative when ¢ €]p1, 1[, since ]p1, 1[C]O0, nr/(n + 1)[ and P;(p1) = 0. Suppose that
Pi_1(t) < Oand P/_,(t) < 0, where  €]px—1, 1[ and k € {2,...,a — 2}. Then, the relation
P/(t) = =Y Pe_y (1) + tP,_, (1)), gives P{(t) < O fort €]px, 1[, since Jp, 1[Clpk—1. 1[,
and so

Pr(t) < P(px) =0,

Vt €]pk, 1[. Hence, || < pi, and by the above mentioned result of Smyth [21] we deduce that
|| < pg; thus 6, € X.
Now, the relation (1) together with (2) yield

lim Pe_i(6) =0 fork > 2,
ng— 00

since |Pr_1(6r)| = 1/9,:”‘ < 1/(a — 1)"; thus
lim 6 = 61, )

ng—00
because 6;_ is the unique root with modulus greater than 1 of the polynomial P,_;. O

Proof of the Corollary. With the same notation as in the proof above, the relation (4) gives
immediately 6,_>_x € X® Vk e {1,...,a — 3}. The inequality |0, — a| = OILI < ﬁ

implies also lim,, o 6 = a, andso y € X@ 2. O



T. Zaimi / Indagationes Mathematicae 23 (2012) 318-326 325

Remark. If we consider the polynomials x"(x — r) + k, where the rational integers r and k
satisfy r > k 4+ 2 > 4, then by the same way as in the proof of Theorem 3, we obtain families of
strong Pisot which are not units.

Proof of Theorem 4. To show Theorem 4(i), we shall exhibit a real model set A, such that each
element of A,N]1, oo is an e-strong Pisot number generating K, and after this, we conclude by
a result of Meyer [12], which says that a real model set is a relatively dense subset of R (for
more details on model sets, see also [13] or [26]). It is clear that Theorem 4(i) is true ford = 1,
since the set of e-strong Pisot number generating Q is N N [2, co[. Now, suppose that d > 2,
and let oq, ..., o4 be the distinct embeddings of K in C, where the first r ones are real, o] is
the identity of K,r > 2, and 04 —r)/2(a) is the complex conjugate o;(a) of o;(a), where
jel{r+1,...,r4+(d —r)/2} and @ € K. For a fixed base {wy, ..., wq} of the ring of the
integers of K, consider the linear forms /1, .. ., [; defined on RY by the relations

d
lj(xl, ...,xd) = Zxkdj(a)k)
k=1

when j € {1,2,...,r}, and

d
Li(xt, ..., xq) = ZXk(Gj (@) + 04 @d—ry2(@r))/2
k=1

and

d
Liv@—rp2&t, ... xq) = ZXk(Gj (@) — 01 @d—r2(@r))/2i,
k=1
where i2 = —1, when j e {r +1,...,r 4+ (d — r)/2}. Consider also the subset

d—-r)/2
2 =1e/2,6[x(10.2/2D" 2 x () AG1 - ya—r) €RTT |y 43T 4,0 < €7/4)
j=1

of the Euclidean space RY~! Then, the set

d
AEZ Zpkwk|(pls"'vpd)eZdv(lz(pls""pd)v"'7ld(p17"'7pd))E‘QE ’
k=1

is a real model set [12]. It is clear that A, is contained in the ring of the integers of K. Let
o € Ag. Then, the relation ]_[‘;=1 |O’j (oz)‘ > 1, gives |a| > 1, and so the conjugates of « are
exactly the numbers o7 («), ..., o4(cr). In particular, if « > 0, then o > 1,¢/2 < on(a) < &,
and \Uj (oz)‘ < ¢/2 for j > 3; thus « is an e-strong Pisot number, and this ends the proof of
Theorem 4(i).

Now, suppose that K is generated by a Salem number. Then, r = 2 and d > 4. Let A be a
model set defined by

d
A= "preon | (pi, - pa) € 24, (a(pi, -, pa)s - La(pr, -, pa)) € 21,
k=1

d-2)/2 _ .
where 2 = [—1, 1] x ﬂ§:1 )/ {(V1, Y25+ -+ Ya—2) € R42, yjz + yJ2'+d—2 < 1}. Then, a simple

computation shows that @ € A if and only if « is an integer of K and |0 | ((x)| < 1 for each
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Jj € {2,3,...,d}; thus Salem numbers generating K belong to A. After this we conclude,
similarly as in the proof of Theorem 2 of [25], by using Proposition 7.9 of [13], which asserts
that there is a finite subset F, of K suchthat A C A, + F. O
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