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Abstract

The main objective of this thesis is to study some problems related to eigenvalues and singular
ones. We employ variational methods in order to show the existence of positive weak solutions
in both cases. Thanks to the results obtained recently research together with a new version of
the Picone inequality, we also establish the uniqueness results.

We divided this work into three chapters:

In the first chapter, we begin by recalling some of the basic and preliminary concepts used in
this work.

The second chapter deals with the definition of Picone inequality in local and non-local cases,
which we will need in the next chapter.

The third chapter deals with the presence of existence, non-existence, regularity, and the

uniqueness of the weak solution to two problems related to non-local and non-homogeneous
operators, the first for the generalized eigenvalues and the second for the singular.

key-words : Fractional p-Laplacian operator, non-existence, regularity results , positive
solutions, singular nonlinearity, variatianal methods.
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Function spaces

LP(Q):= {u:Q—» RN : 1 is measurable and _/S;Iulpdx<oo}, I<p<oo.

L°(Q) :={u:Q — R: u is measurable and |u(x)| <C a.e. in Q for some constant C}.

C(Q) space of continuously fanctions on Q.

C(Q) functions in C(Q) where the function x — u(x) admits a continuous extension to Q.
CPQ:={p:RN>R: e C®RY) and supp(p) EQ}.

CO'O‘(ﬁ)::{MEC(ﬁ), sup M<oo},with0<o(<l.

— — yl|a
X,Y€Q, XAy |x yl

_ p
WSP(RN) := {ueL”([RN), f f dedy<oo}, with0<s<1and 1< p<oo.
RN JRN  [x — y|N*+SP

WP (@) := {ue WP RY): u=0a.e. in RN\ Q}.

W:=W,""(Q) nW,>(Q)
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Introduction

In this work, we study some results of the fractional non-homogeneous problem involving
fractional and non-homogeneous operators. These kinds of non-local operators have their
applications in the real world such as optimization, finance, phase transitions, soft thin films,
and image processing. The fractional Laplacian also provides a model to describe certain
jump Lévy processes in probability theory and porous media in physical and among others in
various fields, see [2, 4, 15, 27, 41] and the references therein.

We point out that, the paper [40] presented two evolution models of flows in porous media
involving fractional operators:

¢ The first model is based on Darcy’s law and is given by

d;u=V-(uVP) in (0,00)xRY,
P=(-A)""u in (0,00) xRY,
u(0, x) = up(x) RY

where u is the particle density of the fluid, P is the pressure and (—A)* is the inverse of the
fractional Laplace operator (i.e. p =2). The initial data u, is a non-negative, bounded and
integrable function in RV,

e The second model in analogy to classical models of transport through porous media is
described in the non local case by

ou+(-A)*w™=0 e8]

For s — 1 and m = 1, the limiting model (1) is the well known heat equation. Furthermore
ifm > 1, (1) is known as the porous media equation (PME for short) whereas in case m < 1 it is
referred as the fast diffusion equation (FDE for short).

In this thesis, we study two problems:
« Firstly
Ay u+(-NZu=ra, ()™, u>0 inQ; wu=0, inRV\Q (P-(1))

where r = p or g, as follows.



Introduction

We say that a non-negative function u € W is called a weak solution to (P-(i)) if, for any
¢ € Wwe have:

() — u|"~? (ux) - u) (e(x) - ()
Joo

|x y|N+51p

dxdy

u(x) — u()| 77 (ux) - u) (e(x) — 9
fRN fRN| | )( ) dxdy

|x y|N+32q

:)\f ar(x)u ledx. 2)
Q

In addition if u satisfies u > 0 in Q, we call u positive weak solution.
Theorem 0.1. IfA <A, ;. (a;) holds, then (P-(i)) has no nontrivial solutions.

Theorem 0.2. IfA > Ay, 4(ag). Then (P-(i)) has at least one positive solution u. In addition,

ueCoQ), forsomea € (0, s1) and for anyo € (0, s1) and o’ > sy, there exists a positive constant
c=c(o,0") >0, such that:
!
c'd® <u<cd® inQ.

Moreover, the solution is unique.

Theorem 0.3. We set the following non-local Rayleigh quotient:

lu(x) - u(y)I r |u) —uy)|™
ffRN p——— dy+r—*fRNfRN oy 4y

f a,(x)u” dx
Q

As S*,1,1* (a) :=

wherer = p (or q), with s = s, (or s3) if r* = q (or p), with s = s, (or sy, respectively). Then,
As,s*,r,r* (a;) = A1,s,r(ar). In addition, the infimum is not attained.

Secondly:
(—A);} u+ (—A)if u=ud+bx,u), u>0 inQ u=0 inRV\Q (P-(ii))
We say that u € WN L*°(Q) is a positive weak solution to the problem (P-(ii)), if

essi%f u>0 overevery compactset KcQ

and
p- _ _
f f |u(x) - u(y|’™? Lt(x)N u@) () tp(y))dxdy
RN JRN |x — y|N+sip
q- _ _
ff lu(x) — u(y)l (w(x) —u@) () cp(y))dxdy
RN JRN |x — y|N*s24
:[ u_écpdx+f b(x,u)pdx 3)
Q Q
for all ¢ € C°(Q).

Theorem 0.4. Let0< sy <s;<1landl<v<q<p<oo. Assume that b satisfies (HI)-(H2).
Then, there exists a unique nontrivial weak solution u to the problem (P-(ii)). In addition,
ue CoQ), forsomea € (0, s1) and for anyo € (0, s1) and o’ > sy, there exists a positive constant
c=c(o,a") >0, such that:

c'd” <u<cd® inQ.




CHAPTER 1

Preliminaries and functional setting

This chapter is meant to provide an overview of the functional analysis that will be used
afterward. Moreover, we present some basic facts concerning the necessary function of
spaces (see [5]).

1 Notation and function spaces

1.1 Fourier transform of tempered distributions

In this section we just recall briefly the notion of Fourier transform of a tempered distribution.
First of all, we consider the Schwartz space of rapidly decaying C*°(R) functions whose
topology is generated by the seminorms {p} jeN defined as

pj(@):=sup (1+]x))7 Y [D*P(x)|

x€R” lo|<j
where ¢ € j(R"). More precisely, j contains the smooth functions ¢ satisfying

sup Ixo‘Dﬁq)(x)I < 400
xeR”
for all multi indices a and p € N} .
The natural locally convex topology on J can be characterized by the following notion of
convergence:
the sequence {¢} jen converges to 0 in J if and only if

lim xo‘Dﬁq)j(x):O, forall a and PeN]

Jj—+oo

We denote by

1 .
. e —i&-x
Jo (&) := o fRN exp G(x)dx (1.1)

(2m)>2
The Fourier transform of a function ¢ € j. Note that, for every ¢ € j, one has that Fy, € j.
It may be readily verified that the Fourier transform (1.1) and the inverse Fourier transform,
given by

Jlepx) = f exp*S (&) dE (1.2)
bl RN
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are both continuous onj(RV) into j(R"Y). Moreover, since
itie=jji"e=9
each of them is, in fact, an isomorphism and a homeomorphism of j (RY) onto j (RY).

Now letj’ be the topological dual of j. As usual, a tempered distribution is an element of j . If
t € j, the Fourier transform of T can be defined as the tempered distribution given by

(iTg):=(T jo) (1.3)

for every ¢ € j , where <, > denotes the usual duality bracket between j and its dualj’.
By using definition 1.1, one has

uel*>(RY) ifandonlyif jueL?RY) (1.4)

and
||u||L2([Rg) = ||ju||L2(R) (1.5)

for every u € L(R). Formula 1.5 is the so-called Parseval-Plancherel formula, which will be
crucial in what follows for proving the equivalence between the fractional spaces H*(R") and
HS(R") (see Corollary 1.15). For a detailed introduction to the classical theory of distribution
and Fourier transform, we refer to the monograph [36] and the recent book [14] for several
applications to elliptic problems of linear and nonlinear functional analysis.

1.2 Fractional Sobolev spaces

Let Q2 be a possibly nonsmooth, open set of the Euclidean space R and p € [1, +o0). For any
s > 0, we would define the fractional Sobolev space W*?(Q). In the literature, fractional
Sobolev-type spaces are also called Aronszajn, Gagliardo, or Slobodeckij spaces, by the names
of the ones who introduced them, almost simultaneously see [? ], [21], [37].

If s = 1 is a positive integer, we denote by W*” (Q) the classical Sobolev space equipped with
the standard norm

lullwsry:= Y. ID%ullri

0<|a|<s
for every u € W¥P(Q), where here and in what follows |.|l.»q) denotes the usual norm in
LP(Q2), and D* stands for the a-distributional derivative. This section is devoted to the defini-
tion of fractional Sobolev spaces; that is, here we are interested in the case where s ¢ N.
For a fixed s € (0, 1), we recall that the Sobolev spaceW*” (Q) is defined as follows:

[u(x) —u(y)l

Sp — p .
\ (Q).—{LLEL (Q): X yIps

ELP(QXQ)}.

It is endowed with the natural norm

1
lu(x) — u(y)l? )E
5, = Pd ——dxd 1.6
Iithwsr@) (folu(x” “fm e Y (-0
where the term )
. [u(x) —u(y)|? [
[U]WS,P(Q) = (LXQWdXdy) . (17)

is the Gagliardo seminorm of u.
When s > 1 and s ¢ N, we can write s = m + o, where m € N and ¢ € (0,1). We can define
W*P(Q) as follows:

W (Q) :={ue W™P(Q):D*ue W>?(Q)forany as.t.lal = m}

4
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In this case, W%?(Q)is endowed with the norm

1
p
) lwsp @ = {110 gmp ) + 2 1D Ulliyep oy (1.8)
lal=m

for everyu €e WHP(Q) . All in all, the space W*”(Q) is well defined and is a Banach space for
every s > 0.
As in the clas sical case (i.e., s inN), any function in the fractional Sobolev space W¥” (R") can
be approximated by a sequence of smooth functions with compact support. Indeed, for any
$>0,

W"-“W&P(Rn) — Ws’p (Rn);

that is, the space cj°(R") is dense in WSP(RD).
In general, if Q < R”, the spacec;°(R) is not dense in ¢3°(R). Hence, we denote by ¢°(R") the
closure of ¢§°(R) with respect to the norm, ||.[lwsrq) ;that is,

WP (Q) 1= CO@D) W),

With this definition, we can also construct W*?(Q) when s < 0. Indeed, for s <0 and p €
(1,+00), we can define
WP (Q) := (W, ()

that is, WP (Q) is the dual space of W, % (Q), where % + % =1

Theorem 1.1. Let s € (0,1) and p € [1,+o00)such that sp < n. Then there exists a positive
constant C := C(n, p, s) such that, for any u € WP (R")

()l p*s gny < cf dedy

Raxpn | X —y|tPS

where the constant
pn

n—sp

ps =

is the so—called fractional critical exponent. Consequently, the space is W>P (R*) continuously
embedded inL9(R") forany q € [p, pi1. Moreover, the embeddingW*" (R*) — L;’OC () IS compact
forevery q € [p, ps). In an extension domain Q, the following embedding result holds:

Theorem 1.2. Lets€ (0,1) and p € [1, +oo)such that sp < n. Let Q < R"be an extension domain
forW*P_ Then there exists a positive constantC := C(n, p, s,Q) such that, for any ,u e WP (Q),

lullLa ) < Cllullwsrq),

for any q € [p, pi]. Moreover, the embedding W>” (R") — L?OC(RD) is compact for every q €

[p, ps).that is, the spaceW*>P (Q) is continuously embedded inL9(Q) for any q € [p, p;] . If,
in addition, Q is bounded, then the space W*P (Q) is compactly embedded inl.9(Q) for any

qelp,p;)

1.3 The fractional Laplacian operator

Nonlocal equations have attracted much attention in recent decades. The basic operator
involved in this kind of problems is the so-called fractional Laplacian (-A®) with s € (0,1).
This operator and its generalization appear in many areas of mathematics, such as, for
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instance, harmonic analysis, probability theory, potential theory, quantum mechanics, sta-
tistical physics, and cosmology, as well as in many applications, as we highlighted at the
beginning of this chapter. This section is devoted to the definition of this operator and to its
properties.

Let s € (0,1), and define the operator(—A®): j: j — L2(RY) by

(=A%) u(x) = c(n,s) lim ulx) - uy)

d x €RY, 1.9
e—0Jrn/B(x,e) |X— y|*+2S Y (1.9

where B(x, €) is the ball centered at x € R* with radius €, and C(n, s) is the following (positive)
normalization constant:

3 -1
1-cos(t) dc) (1.10)

|C1 |n+25

C(n,s) ::(

with{ = ({1,(),(’ € R*~. The operator defined in (1.8) is the fractional Laplacian. Commonly,
in defining (—A¥) , the abbreviation for “in the principal-value sense” is adopted. Precisely,

setting
P'\].‘/v Mdy X €E Rn’
RR |x _ y|n+25

we can write

(=A%) u(x) := c(n, s)P.V.f ulx) — uly)

n n
e Xy dy X€R", X €R, (1.11)

The singular integral given in 1.10 can be written as a weighted second-order differential quo-
tient as follows (see [16], lemma 3.2): Some recent results on fractional Laplacian equations
can be found in [10], [11], [12], [13], [16], [17], [18], [33], [34], [32], [7] and references therein.
Moreover, very recently, a new nonlocal and nonlinear operator (the fractional p—Laplacian
(—A®) was considered (see, e.g., the papers [30, 31] and references therein). Namely, for
p € (1,+00), s€(0,1), and u smooth enough, it is defined as

_ p-2 _
lu(x) —u( P = (ulx) u(y))dy

n n
Xy X€e€R", X€eER, (1.12)

(=A% u(x) =PV.
R

Up to some normalization constant depending on 7, p and s, this definition is consistent with
the one of the fractional Laplacian (—A¥) in the case p = 2.ators, we refer the reader to the
seminal paper of Caffarelli [9] (see also the recent papers [6], [35], [35])

1.4 Lebesgue’s dominated convergence theorem

Let f; be a sequence of complex-valued measurable functions on a measure space (S,)_, \).
Suppose that the sequence converges pointwise to a function fand is dominated by some
integrable function g in the sense that

[ frn(x)] < g(x)

for all numbers 7 in the index set of the sequence and all points x € S. Then f is integrable (in
the Lebesgue sense) and

limflfn—fldu=0
n—o0 S

which also implies

lim f fudp = f fp
6
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1.5 Fatou’s Lemma

Lemma 1.3. Giver a mesure space (0, F ) and a setX € F ,let {fn} be a sequence of (F,Br>)
mesurable non negative functions f, : X — [0,+o0o] . Define the function f : X — [0, +o0o] by
setting f (x) =lim,_ o inf f;,(x), for every x e X

then f is (E Br=) mesurable, and also [y fdu <liminf, . f,dy. where the integrals may be
infinite

Now, we recall the embedding of Wél’p (Q) in Wgz’q(Q) in the following Lemma:

Lemma 1.4. (see [26, Lemma 2.1]) Let1 < g < p <oo and0 < s, < §1 < 1, then there exists a
constant C = C(|Q|,N, p, g, 51, $2) > 0 such that

ltllyysza gy = Clullysrrg,

forallue WP (Q).

Remark 1.5. The embedding in Lemma 1.4 when s; = s, with p # q does not hold, see [28,
Theorem 1.1] for the counterexample. For that, we consider the space W:= ng’p (Q), in the case
0<sp<s1<],andifs=s) = sy, we take W:= Wg'p(Q) mwg'q(Q), equipped with the Cartesian
norm ||-llw:= Il ||Wé,p(Q) +- llWS'q(Q) . Notice thatWé’r (Q) is a separable reflexive Banach space

with s € {s1, 2} and r € {p, q}, then W is also a separable reflexive Banach space.
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CHAPTER 2

Picone inequality

1 Piconeinequality in the local case

We begin this chapter with the following first version of Picone equality (se [29]):

2
v 2 V.o
VuV(—)—|Vv|*=—=|Vv—-Vu(-)| (2.1)
u u

where u, v = 0 are differentiable functions , with u > 0, We refer here, this version was used to
prove a comparaison principle for ordinary differentil equations of sturm-liouville type.

1.1 Linear Picone inequalities

After that, the results in [1] extend this inequality to the nonlinear p-Laplace operator as the
following Theorem:

Theorem 1.1. (/1]) Let v =0, u = 0 be differentiable. Denote

p u o ub! p—2
L(u,v) =|Vu| +(p—1)ﬁ|Vv I—pvp_IVuIVvl Vv (2.2)
uP _2
R(u,v) = |Vul|P - V( p_l)lv” Vv (2.3)
v

then
L(u, v) =R(u, v)

u
Morever, L(u,v) 20, and L(u,v) =0 a.eQ if and only ifV(—) =0 a.e.Q, i.e. u = kv for some
v

constant k in each component of Q).
Remark 1.2. In the linear case p = 2, inequality is a direct consequence of the simple identity.

More recently, non-homogeneous Picone inequalities of (2.2), were established. The first
contribution is obtained in [8] and states as follows:
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q
IVulP 2V uv(——) < [V 9| Vu| P~ 2.4)
ud-1
For p # g, as a plain consequence of Young inequality, (2.4) implies

<1 P9y (2.5)

p

Observe that for g =1, the previous 1nequa11ty reduces to
H(Vu) +(VH(Vu),V(v)-V(u)) <H(Vv) (2.6)

which just follows from the convexity of z— H(z). On the other hand by applying (2.3) with
the choices(here e >0) U = (e + H(Vu)) P uandV = (e+H(Vv)) P v,we get
q

;(€+H(Vu))7p <1 2.7

By multiplying the previous by (e + H(V u)) (e +H(Vu)) » and then letting € goes to 0,we get
and a second form of identity is given in as follows:

—q+1

V|7~ 2VuV(—) <|Vu|9~ ZVUV( ) (2.8)

ubP—4

where u,v are nonnegative differentiable functions,with u>0,1<g<p

1.2 Non-linear Picone inequalities

First, the nonlinear Picone inequality analogue of (2.1) in connection to the Laplace operator
has been obtained in [39], as follows:

2
v 2
VuV(f(u)) <alVy| (2.9)

for differentiable functions u and v, with u # 0 and where f(y) # 0 when y # 0 together
withf'(y) = £

In [3], the author provides an extension of the above result to the p— Laplace operator (with
a = 1) as follows:

Theorem 1.3. Let v > 0 and u = 0 be two non-constant differentiable functions in Q Also
assume that f'(y) = (p— 1)[f(y)l€_j]f0r ally. Define
puP~IVu|Vu|P~2Vy s uP f'(v)|Vu|

f [f ()12

u?
R(u,v) = |Vul? - v( )leIp vy
f)

L(u,v) =|Vul|P -

ThenL(u,v) =R(u, v) 20 . Moreover L(u,v) = 0 a.eQ ifand only if V(5 = 0.

Remark 1.4. when p =2 and f( y) = y we get the classical Picone’s Identity

2
IVul? + IVUI —-2— VuVU—IVuI +V V=0 (2.10)

for Laplacian and when p = 2 we get back its nonlinear version

2 i 2
wu e VU WITWVY Ve, oo G Y gy 2.11)
o W TP Fw)

10
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2 Picone inequality in the nonlocal case

We start by [8], the authors proved the following Picone inequality:

Proposition 2.1. (/8]) Let1 < p<ooandl < q< p.
Let u, v be two measurable functions with v =0 and u > 0, then
v(x)1 v(y)1
u(x)9-1  u(y)a!

lu(x) — u)P~? (u(x) - u(y))

] <|vx)— vMINux) —u’~7 (2.12)

Proof. (see [8]) we notice at first that is sufficient to prove

)T vy
u(x)9-1  u(y)a-1

<|lv(x)-v(yl? (2.13)

lu(x) — u@)97% (ulx) — u(y))

since 2.12 then follows by multiplying the previous inequality by |u(x) — u(y)|P~9 . At this aim,
let us start by observing that if u(x) = u(y), inequality 2.13 is trivially satisfied. We take then
u(x) # u(y) and we can always suppose that u(x) < u(y), up to exchanging the role of x and y.
We further observe that if v(y) = 0, inequality 2.13 is again trivially satisfied, since

v)? vy
u(x)9-1  u(y)a-1

() — w772 (ulx) - uly)) <0

We can thus suppose that v(y) # 0, then we rewrite the left-hand side of 2.13 as
v(x)9 v(y)?
u(x)9t w9t
(1 u(y))"‘1 ((v(x)u(y))q_ u(y))

Cux) v(y)u(x) u(x)

() = w77 (ux) - uy))

M)"
u(y)

= u(x)"(

while the right-hand side of 2.13 rewrites as

q

v(y)")
u(y)4

lv(x) — v = u(x)1 (

(v(x)u(y)) _uy
v(ulx)) ulx)

Then if we set
v(x)u(y) u(y)
=—-2a = —=
v(y)u(x) u(x)

the previous manipulations show that 2.12 is equivalent to the following

Q-0 (A— 1)< |A- 11

for0=t=<1
The previous elementary inequality is true (see [19, Lemma 2.6]), thus we get the desired
conclusion. O

In [23], authors extend the results obtained in [19], as follows:

Theorem 2.2. ([23]) Let1 < p <oo and 1 < q < p: Let u; v be two Lebesgue-measurable
functions in Q ; with v =0 and u > 0; then

v(x)P v(y)P

v(x)p—q+l v(y)p—q+l
ux)P1 u(y)r1 -

< [v(x) - v(y)] ux)P=1  u(y)p-1

[u(x) —u)]! (2.14)

Moreover, the equality in 2.14 holds in if and only if u = kv; for some constant k > 0:

11
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To proof this Theorem, we need the following technical Lemma:
Lemma 2.3. ([23]) Letl < p<ooandl< q< p: Then forall0 <t <1 andA € R*; we have:
Q-7 (AP - 1) <|A- 1|72 (A-1) (AP~9H —¢) (2.15)
Moreover, (2.15) is always strict unlessA=1ort=0:

Proof. (see [23]) Since the case p = g is covered by [[19], Lemma 2.6], we assume that 1 < g < p:
First, for ¢t = 0; (2.15) is obviously satisfied. Let us assume ¢ > 0:

Let us start with the case A” < ¢; this implies that A < 1: We distinguish three cases:

(1) Suppose that AP~9*1 > t; we obtain A > AP~9*1 > t > AP; then (2.15) follows from

AP —t<0and (A- 1) (AP~9*1 - 1) >0

(2) If t = A>AP~9%L; then t = A > AP~9"! > AP: Hence, (2.15) again follows.

(3) Finally, if A > t > AP~9*1; we observe that (1 - )9 ! > (A- )7 ' and AP -t < AP~9*1 — ¢ <0:
Then, by multiplying the previous two inequalities, we obtain (2.15).

We now assume A” > ¢ (note that if AP = ¢; (2.15) is obvious). Since ¢ < 1, this implies that
A > t,we then define g as below :

S AR

g = AP -1

After straightforward computations, the derivative of g with respect to A; denoted by g'(A),
verifies

g'A) =
(@-DA-DT2[(AP~9T — 1) (AP — 1) — (A— 1) (A>P~T — tAP~D)| + pr(A— )T L (AP~ — AP~ )
(AP —1)?
(g-1DA-DT2[AP9I(AP —AT— 1)+ t] + pt(A— DT 1 (AP~1 — AP79)
- (AP — 1)2
tA=- 072 (g1 (47 AP = A9 + p(A- 1) (AP~ - AP79)

(AP — 1)

Now, we note that g'(A) is positive if A > 1 whereas it is negative if 0 < A < 1. Noting g'(1) =0,
we get that A =1 is a global minimum point of the function g: Then g(A) = g(1)

1
for all A> t». The proof is now complete. 0O
From Lemma (2.3), we deduce the proof of Theorem (2.2):

Proof of theorem (2.2). (see [23]) First, note that if p = g; then (2.14) is obviously satisfied from
(1.4). Therefore, since the inequality (2.14) is invariant under the permutation (x, y) — (3, x),
we can suppose in the sequel that u(x) = u(y) together with p > q.

Now, the left-hand side expression of (2.14) can be rephrased as:

v)P  w)?
u(x)P~t  u(yp-1

[

u(x) v(y)u(x) u(x)

lu()u97? (u(x) - u(y)

M)p
u(y)

= u(x)q(

12
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and the right-hand side

p—q+1 p—q+l
() - I (0 - () | L 2D

u(x)P-4 u(y)p-4
= u(x)9 ( V(y))p (V(x)u(y)) _u(y) = (( v(x)u(y)) B u(y)) ((v(x)u(y))p_q“ ~ M)
u(J/) V(J/)U(X) u(x) U(y)u(x) u(x) V(y)u(x) u(x)

Setting A = %, r= % and applying Lemma (2.3), we obtain the desired conclusion.
v(y)u(x

On the other hand, since ¢ # 0; we remark that the equality in (2.14) holds ifand only A=1,
i.e.

u(x) u(y
v(x) vy
from which we get u = kv a.e. in Qfor some k > 0. O

3 Comparison principle

Definition 3.1. LetX be a real vector space. Let C be a non empty convex cone inX. A functional
W : C — R will be called ray-strictly convex (strictly convex,respectively) if it satisfies

w((1—-0Dvi+tvy) <A -8wvy) + tw(vs),

9 =¢>0

for all vi,v, € C and for all t € (0,1), where the inequality is always strict unless 7

(always strict unless v, = v,, respectively).

Proposition 3.2. (Discrete hidden convexity [[8], Proposition 4.1]).Let1 < p <ocoand1 < q < p.
For every uy, u; =0, we define

o:(0) =[1-Dud (x) + tu?(x)]‘li te[0,1]xeR".
Then
0: ()0 WIP < 1A= Duo(x) + tug(PIP + 1w () + i (WIP r€(0,1]x,y R,

Proposition 3.3. [22] Let1 < p <ocoand1<r < p. The functional W : v, — R* defined by

1 1
1 lw(x)r —w(y)r|P
Ww) := — dxdy, 2.16

W) prNfRN e (210

is ray-strictly convex on'V,. Furthermore, if p # r, then W is even strictly convex on V.

Proof. (see [22]) According to Definition 3.1, let us consider any w;, w, € V! and t € [0, 1]. Let
us denote w = tw; + (1 — t) w», we obtain by Proposition 3.2

ww) < tw(w) + (1 - Hw(wy) 2.17)
If the equality holds, then
1 1 1 1 1 1
lw)™ — w7 1P = tw (07 —wi(Y71P + A - )wa(x)7 — w2 ()7 |P
a.e x,y € R"...If p = r, we obtain

llall; = I1blr|" =lla=bll;,  a.ex,y€R®

13
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where |.||;- denotes the I” norm in R? and

a=((tw ()7, 1-Hw2()7), b= ((twr (7,1 - Ows(y))7)

Since r > 1, there exists a constant ¢ > 0 such that w; = cw, a.e. x € RN Then, W is ray —strictly

. . . p
convex on v} . On the other hand, if p # r thanks to the stric convexity of t — 1t~ onR* , we
obtain w; = w; a.e x, y € R* and Wis strictly convex on v’ O

Proposition 3.4. (Discrete Picone inequality [[8], Proposition 4.2]) Let1 < p <ooand1<r < p.
Let u, v be two Lebesgue-measurable functions with v=0 and u> 0. Then

v v ]
u(x)r—l u(y)r—l

<|vx) - v |u) -u@)|’™"

|lu(x) — u|P 7% (ux) - u) [

Lemma 3.5. (see [22]) Let1 < p <oo. Then, for1 < r < p and for any u, v two measurable and
positive functions in Q.

lu(x) — u(PIP 2 (u(x) — u(y)) (2.18)

u@)" —v®)"  u@)’ - v(y)’] N
u(x)r1 u(y)rt

v —ux)" v —u@)’ 0
v(x)1 v(y)1 -

lv(x) — v(Y)IP2(v(x) — v(y))

fora.e. x,y € Q. Moreover, ifu,v € Wé’p(Q) and if the equality occurs in (2.18) for a.e.x,y € Q,
then we have the following two statements:

(1) u/v=const>0a.einQ.

@) Ifalsop #r, thenu=v a.e. inQ.

Proof. (see [22]) Let u, v be two measurable functions such that u, v >0inQand 1 <r < p.
Then by using Proposition 3.4, we obtain for x, y € Q,

v)" v’
u(x)r—l u(y)r—l

lu(x) — u(y)|P % (u(x) — u(y))

] <|v()-vI'u@ —uI’"  (2.19)

Let us start with the case r = p. By using the above inequality,in this case, we obtain

u)? -vP  u@? -vy?
u(x)P-1 u(y)r-1

= |u(x)—u”-1wx)-vy)P
(2.20)

l10(x) — () 1P~ 2 (u(x) — u(y))

By exchanging the roles of u and v, we obtain

v(x)P —uP  v(P —u@)?

_ p_ _ p
V0P vG)P = |v(x)— v =1(ux)—u()l

(2.21)

lv(x)—v(MIP2(v(x)-v(y))

Combining (2.20) and (2.21), we obtain

ux)? -v@P  u@? -vy?

lu(x) — u(PP 2 (u(x) — u(y))

u(x)P-1 u(y)p-1
_ p-2 ~ v)P —ux)P  v(P - uy)”
lv(x) —v(MI" = (w(x) = v(y) DT O

14
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which concludes the proof of (2.18) for r = p. We deal finally with the case 1 < r < p. By using
Young’s inequality, (2.19) implies

ux)" —vx)’" B uy) —vy)’
u(x)r—l u(y)r—l

luu(x)—u(1P 2 (u(x) - u(y))

> % (140 — u)IP = v - vIP]

(2.22)
Reversing the role of u and v:

v —ux)" v —u@)’

_ p—2 —
lw(x)—v(MI" = (wx)-v(y) v(x)r1 vyt

]Z%UMM—VWWLWM”‘“WWq

(2.23)
Adding the above inequalities, we obtain (2.18) Now, let us consider u, v € Wg’p (Q), such that
u>0,v>0a.e inQ and 0 € (0,1). Setting w:= (1-0)u" +6v" , one can easily check that
w € V.. Thus, by Proposition 3.3, it is easy to prove that the function, defined in [0.1],

0— $pO):=W(w) =W((1-0)u"+60v")
is convex, differentiable and for 6 € (0,1):

1 1 1
lw(x) 7 — w7 1P 2 (wx)r — w(y)
’e:f 2.24
¢ 0 R2N\(Q¢x Q) |x — y|N+sP (224

Finally, let us assume that the equality in (2.18) holds. By the monotonicity of ¢': (0,1) — R,
we deduce that ¢(0) = constin (0,1) . It follows that ¢ : [0, 1] — R must be linear, i.e.

GO =W(w) =1-0)dp(0) +0p(1) =1 -0OW(u") +6W ("),

for all 8 € [0, 1]. We conclude that u = const.v with const > 0 and if p # r, then u = v, thanks
to Proposition 3.3 O

From the result in Lemma 3.5, we can show an extended version of the famous Diaz-Saa
inequality to the fractional and non-homogeneous operator, as follows:

Lemma 3.6. (Diaz-Saa inequality) Let1 < p <oo and 0 < s1,s2 < 1. Then, for1 < q < p, we
have in the sense of distributions:

(u?-vhHdx=0 (2.25)

j~(—Agu+(ﬂm§u_(—Aﬁv+(ﬂM§v
Q ud-1 vi-1

u v
for any u, v e W positive in Q such that —, — € L>°(Q). Moreover, if the equality occurs in (2.25),
v u

then we have the following two statements:

o = const>0 a.e. in ).

<=

* Ifalsop # q thenu=v a.e. inQ.

15
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Remark 3.7. It is easy to see that (2.25) is a distributional interpretation of the following
inequality:

f j @) — )| (@ - u®) [u@ - v@T w9 - v
RN JRN

|x_y|N+slp u(x)q—l u(y)q—l dXdy
[v(x) = v P72 (0@ - () [T - u®T v - uy)?
+foN N+sip -1 1| axdy
RN JR |x—y] v(x) v(y)
+f f () — u()] 7% (ux) - u()) [ ux) - v(x)9 _u@i-v(y)1? dd
RN JRN |x =y u(x)9-1 u(y)-! Y
[v) - v 772 (V@) - vW) [T - w®T V()T - uy)? dxdv=0
+AN‘[|;€N |x_y|N+szq U(x)q—l h v(y)q‘l xay =

for any u,v € W positive in Q such that ul/v, viu € L°°(Q). These integrals are defined as
Lebesgue integrals. Indeed, for any x,y € RN :

e There exists M > 0 such that:

ud u\g-1 v4 vyq9-1
0<s— :(—) usMu and 0<— =(—) v<=Mv
pa-1 v ud-1 u
ud vd
Then — € LP(RN) and e LP(RY), and vanish in RN\ Q.
pa-1 ud-1

¢ Having in mind Lagrange’s Mean Value Theorem, we obtain:

uf(x) uf(y) -

_ ul(x) — uiy)
vi~-Y(x) vi l(y) |~

_ ul(y) ul(y)
vi-l(x) vi1l(x)

vil(x)  vil(y)

_|uI - ui )] |va=1(x) — v~ ()|

q
T N W va=1(x) vi~1(y)
max {u?~!(x), u71(y)
< q { — y } |u(x)_ u(y)|
v (x)

.\ u?(y) (g — D) max{v72(x), vI2(y)} |
va-1(x) vi-1(y)

v(x)—v(y)|

<C (q, H % Hmm) (| - )| +|vx) - v()]).

Hence, u?/v9=1, v /udtew,
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CHAPTER 3

Applications to Differential Equations

The purpose of this chapter is to study the existence, non-existence, uniqueness, and regularity
of the weak solutions to the following non-linear problem involving fractional operators:

Ny u+(-Ngu=gxu), u>0 inQ u=0, inR \Q (P)

where Q is a bounded domain in RN with boundary of class chl N> s1p,0< sy <s;<1land
1 < g < p <oo. Here (-A); is the fractional r—Laplace operator, defined for s € {s;, 5o} and

re{p, q},as

s . lu(x) — u()|" 2 (w(x) — u(y))
(=A);u(x) .—ZI’.V.fRN PRI dy

where P.V. denotes the Cauchy principal value. For problem (P), we consider the following
two types of nonlinearities to the function g:

« Case (i) (Generalized eigenvalue problems):
glx,w)=Aag(x)u?! suchthat r=gq

where a, € (L*°(Q))* \ {0} and A is a positive real number.

« Case (ii) (Singular nonlinearity problems):

1
glx,u) = —6+b(x, u) with 0<d<1.
u

Our Hypotheses on the function b : Q x R — R are the following:

(H1) b:Q xR* — R is a continuous function, such that b(x,0) = 0 and b is positive on
Q x R*T\{0}.

X, S

b
(H2) Letl<v<gqg,forae. s—

o1 is decreasing in R™ \ {0}.

1 Fractional and non-homogeneous eigenvalue problems

We define the notion of weak solutions to the problem (P) in case (i), i.e.
Ay u+(=Nju= Aa,)u"™', u>0 inQ; u=0, inRY\Q (P-(i)

where r = p or g, as follows:

17
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Definition 1.1. A non-negative function u € Wis called a weak solution to (P-(i)) if, for any
¢ € Wwe have:

u(x) - u(|P 2 (ux) - u() (9x) - 9y
fRN fRN| " ) ) iy

|x y|N+slp

u(x) - u(|7? (ux) - u) (Px) — (3
fRN fRN| " ) ) iy

|x y|N+szq

:)\f ar(x)u" ledx. 3.1)
Q

In addition if u satisfies u > 0 in Q, we call u positive weak solution.

In the following, we present an important remark about the regularity of weak solutions to
fractional and non-homogeneous equations that we will use several times in the sequel:

Remark 1.2. Let ug € WnL>(Q) be a nontrivial weak solution to the problem (P-(i)). Then,
Theorem 2.3 in [24], Corollary 2.4 and Remark 2.3 in [25] provide the C**(Q) -regularity of
Uy, for somea € (0, s1). By [24, Theorem 2.5], we infer that uy > 0 in Q. Finally, by the Hopf’s
Lemma [24, Proposition 2.6] implies that uy = k d*' 0 (x) for some k = k(ey) > 0 and for any
€o > 0. Again by using [24, Proposition 3.11], we get that, for all o € (0, s1) there exists a constant
K =K(o) > 0 such that uy <Kd°(x) in Q.

We first investigate the non-existence of positive weak solutions for the problem (P-(i)):

Theorem 1.3. Letr = p or q, with s = s) or s, respectively. If \ < Ay s r(a,) holds, then (P-(i))
has no nontrivial solutions.

Next, we state the results of the existence, uniqueness, and regularity:

Theorem 1.4. Let0< s, <s3<1landl< q< p<oo. Then, we have:

IfA> Ay 5, q(aq). Then (P-(i)) has at least one positive solution u. In addition, u € Co%(Q), for
somea € (0, s1) and foranyo € (0, s1) and o’ > sy, there exists a positive constant ¢ = c(o,0’) > 0,
such that:

¢ 'd” <u=cd® inQ.

Moreover, the solution is unique.

Theorem 1.5. We set the following non-local Rayleigh quotient:

|LL(X) u(y)| r |u(x) _ u(y)|r*
_LNAN |x — y|N+Sr dxdy+ F,[RN\[;N Ix—yIN”*’* dxdy

f a,(x)u” dx
Q

- (a): _1f

SS* LT

wherer = p (or q), with s = s (or s3) if r* = q (or p), with s = s, (or sy, respectively). Then,
A sr (@) = N5 r(ar). In addition, the infimum is not attained.

In this section, we first prove the non-existence of positive weak solutions for the problem
(P-(D).

18
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Proof of Theorem 1.3. Assume by contradiction that u € W is a nontrivial solution of (P-(i))
and A < Ay 5, (a,). Taking u as a test function in (3.1) and by the definition of A; ; ,(a;), we
have that:

r ull? q
1l e gy Il gy * 10 g
)\lsr(ar)——<)\:
Joar(xu"dx fQ a-(x)u’ dx
This contradicts our hypothesis. O

Next, we establish the existence results and other qualitative properties for the problem
(P-(@i)).

Proof of Theorem 1.4. We distinguish two cases:
» Case 1: s = s, and r = g. We divided the proof into 3 steps.
Step 1: Existence of a weak solution.

Consider the energy functional ¢ corresponding to (P-(i)), defined on W by (with u™ =
max{u,0}):

|u(x) - u(y)|p |u(x) — uy)|? A g
S = fRNﬁ;N |x y|N+81p \A‘QNLN Y T Newmg 4% dy—g];)aq(x)(u )dx.

It is easy to see that _¢ is well-defined on W. Moreover, _¢ is weakly lower semi-continuous on
W. Indeed, let (u,,) € W converges weakly to some u in W, as n — oo, we have:

lullw < lim infllu,llw.
n—oo
On the other hand, fractional Sobolev embedding [16, Theorem 6.5], implies that, up to

a sub-sequence, such that u,, — u in L(Q), for every 1 < ¢ < p; and u,(x) — u(x) for a.e.
x € RN, By the Dominated Convergence theorem we get:

lim a(x)(uZ)"dx:f a(x)(u")9dx.
n—oo Jo Q

This concludes the weakly lower semi-continuously of W. Finally, _# is also coercive on W.
Indeed, for every u € W, using Hélder inequality and the Sobolev embedding, we obtain:

1 1
— q
j(u) = p ” u” 51 p(Q) ” ”Wsz,q(Q) ||aq ”LOO(Q) ” u”Lq(Q)
> Ly s ||a [P
- W;Lp (0) qll1eeQ) LP(Q)
p -4 A q
= —Uull. s —1QI » a oo ully s
” ”W 1,p(Q) | | % || q”L (Q) ” ”Wol,p(Q)
qu,sl,p(l)
p - 1—- 61
A5,

Since 1 < g < p, we conclude that _# (1) — +oco when | u|lw — +o0o. Then, from above proper-
ties ¢ admits a global minimizer, denoted by 1. Noting that, with the notation t = " —t~,
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we have:

I (o) = # ()

1 | () (x) = (ug) ()]” 1 | (ug) () = (ug) (1]
+ZIRN.[RN Nesip dxdy+ EfRNf[RN Nt dxdy

|x—y| lx—y
2 (uhH ) - wH»|? 2 (uh) (x) = () »|?
+—f f | 0 N+Osp | dxdy+—f f | 0 N+0”’ | dxdy
p RN JRN |x_y| 1 q RN JRN |x_y| 2
> 7).

Therefore 1y = 0. In order to show that ug #Z 0 in Q, we find a suitable function u € W such that
F(u) <0=_¢(0). To this aim, forany t > 0:

tP t9 At
F 1015,9(@) = 91,090 [ ) + 2 101520 (00) [ g, = 7f9“(x>¢1ysz.q(aq>qu

q tP=4 p Al,sz,q(aq) -A
=t ”(I)LSqu(aq) ||Wsl'p(Q) + )\
p 0 q 1)527q(aq)

[¥1.520(@ e g

since A > Ay 5, 4(a4) and for ¢ > 0 small enough, we obtain that _# (¢, s, 4(ag)) < 0. Since
Z(0) =0, we deduce that 1y # 0. From the Gateaux differentiability of _#, we have that u,
satisfies (3.1) i.e. uy is a weak solution to (P-(i)).

Step 2: Regularity and positivity of weak solutions.

Firstly, we claim that all weak solutions to the problem (P-(i)) belongs to L*(Q2). To this aim,
we follow the approach of [20, Theorem 3.2]. Precisely, let uy € W be a weak solution to (P-(i)).
Setting

Up

-1
Vo where p =max{l,lluoll s}

plluollLaq

Noting that v € W and || vpllyq(q) = p~'. Now, we consider the function wy defined as follows

wie(x) = (vox)—1-2"%)* forkeN
wo(x) = (vo(x)7.

We first state the following straightforward observations about wy (x):

wreW and wip=0a.e. inRN\Q,

and
0< Wi (x) < wi(x) ae. inRY, (3.2
vo(x) < @K + Dwy(x) for x € {wgyq > 0}. '
Also the inclusion
{Wis1 >0} S {we > 2" Dy holds for all k € N. (3.3)

Now, we set Vi := || wkllzq(m.
Claim 1. Vi, — 0 as k — oo.

Indeed, since 1 < g < p, p llugll @ = 1 and by using the following inequality

+

|x —y+|lS|x—y|l_2(x+—y+)(x—y), forx,yeR and [>1
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we obtain
q _ |Wie1(X) = w1 (MY
I wk+1”W(s)2,q(Q) —fRN fRN PRIy dxdy
Sf f | W1 () — Wis1 (NP dxdy+f f |Wit1(X) — W1 (V)19 dxdy
RN JRN |x — y|N+s1p RN JRN |x — y|N+s24

_ p-2 _ _
< ||u0||m<ﬂ>)l_prfN luo (%) — o (MNP~ (W41 (X) = Wie1 (1)) (1o (X) — up(y)) dxdy
RN JR

|x_y|N+s1p

_ [t () — ug (Y972 (Wpr1 (%) — wii1 (1)) (1o (x) — Up ()
1-gq
+(p luoll ae) fu@NfRN X y N dxdy
1-q q-1
< (0 Nutollge)' ™ [ ag]l ooy f W g dx
{Wi4+1>0}

q-1
=|la v, Wiyr1dx.
gl [
KO S,y °
This fact combined with (3.2), we obtain

lwirl] . o < CLEET+ DTV

$2,q
(o)

where C; > 0 is a constant. On the other hand, by the Hélder’s inequality and fractional
Sobolevimbeddings [16, Theorem 6.5], we obtain

q

1-—
Via= [ wf,dxs Colwgalnag wen >0 7 64
{Wg+1>0}

52,4
29

where C, > 0 is a constant. Now, from (3.3) we have
Vk:f dexzf wildx =2 ® V., > 0.
Q {wi+1>0}

Hence, we can write the inequality (3.4) as follows:

Vie1 =CHVIY forallkeN (3.5)

s
for a suitable constant C > 1 and o = %q This implies that

k
V< %, for all € N 3.6)

a1
where 1 = C~s and p= max{l, | o IIqu(Q),C"“Z }

Indeed, by induction arguments, we have:
1
q

« Clearly Vo = [|v5 |4 o) = 1?0l a(q) = P’

* Now we can assume that (3.6) holds for some k € N, and by use (3.5) we get

o1 nk+1
Vi1 =C Vk+(x =< p—q
Since n € (0, 1), we deduce that
lim Vi =0 3.7)
k—o0
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Since wy. converges to (vp—1)" a.e. in RN, from (3.7) we infer that w; — 0 a.e. in Q. Hence
vo < 1a.e. in Q, which implies || ug|l1 o) < p | UollLs(q) - Then, we deduce that 1y € L*°(€2). On
the other hand, from Remark 1.2, we infer that ug € C>*(Q), for some « € (0, s;) and for any
€p > 0 there exists a constant K = K(eg) > 0 such that

K- 1d$i+e < yy < Kd*1 % in Q.

Step 3: Uniqueness of a weak solution.

We apply Lemma 3.6 (The Diaz and Saa inequality) to arrive at the uniqueness of the positive
weak solution to the problem (P-(i)). For that, we consider v € W a weak positive solution of
(P-(i)). Now, lete >0, ue = ug +€, v = v+e€ and set

q q q q
ud - v —u

= eq_le and ¥ = eq_le
ue U€

From the inequalities in Remark 3.7, it is easy to see that ® and ¥ belong to W. Then, from
(3.1) we have:

dxdy

f f |uo(x) — o ()| 72 (10 (%) — 1o (1)) (©(x) — D))
RN JrN | — y|N+sip

dxdy

. f f |10 () — o (1|77 (10 (%) — 1o (1)) (©(x) — D))
RN JrN |xx — y N+

= )\f aq(x) ug_lcl)dx
Q

and

v(x)—vN|P 2 (vx) - vP) (¥(x) = P (3)
fRN fRNl " )( ) dxdy

|x_ y|N+s1p

|U(X) l’(")l z(b(x) D(J/))(I(x) I("))
f f
RN JRN

| — yIN+s2q dxdy

= )\f aq(x)vq_l‘l’dx.
Q

Then adding the above inequalities, we obtain:

uo (%) — o (1) |72 (o (%) = uo (1)) (@ (x) — D(y)
fRNfRNM o|” " (uo o) ( )dxdy

|x_y|N+51P

dxdy

+f f |uo(x) — o ()| 772 (uo (x) — (1)) (@ (x) — @(p))
RN JRN |x — y|N+s24

p-2
- - ¥(x) -V
s f f v — v " () - vy) (P - ¥ () dxdy
RN JRN |x— y|N+sip
+f f |v(x)—v(y)|"‘2(u(x)—v(y))(‘lf(x)—\lf(y))dxdy
RN JRN |xx— y|N+s24
q-1 1
U, v4
:)\fgaq(x)(F— vg_l)(ug—vg)dx. (3.8)
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Now, we follow the proof of [23, Theorem 2.10] in order to pass to the limit in the right-hand
side of (3.8). Precisely, we have

(z—:)q <201 [(@) +1] e Ll (). 3.9)

Indeed, from the Holder inequality, the fractional Hardy inequality and boundary behaviour
of uy, v (see Remark 1.2), we obtain:

p=q

Up\49 Uy q 1 P q
fQ(T) dstL(—dsl+€0(x)) dst(fQ—dppqqeO(x)) g, < 00

for €g small enough and C = C(ep) > 0. Similarly, we have for €y, small enough

q q
(E) <2071 (i) +1
Ue Ug

Now passing to the limit as € — 0 in (3.8), using Fatou’s lemma and the dominated convergence
theorem, we obtain that

f((—m;}uw(—mi;uo (=A)p v+ (=D)y
Q

eLN Q).

q-1 pa-1

) (w9 -vhdx=0.
Uy

Using Lemma 3.6, we infer that ©y = v, since 1 < g < p. O

Proof of Theorem 1.5. First, we have

T *
f [ gy 2 [ [ OO g
RN JRN | x — y|NFST RNJRN [x—y|NFST
far(x)urdx
Q

> Ay r(ar) > —co. (3.10)

)\ss* rr* (ar)

Hence A, ;, , - (ar) exists.

Next, we will follow the same idea in [38, Proposition 4]. For that, let £ >0, v =t} 5 r(a,) and

by the definition of 7\3 T and A s r(a;), we have that
f f v(x)—V(y)\ f f lv(x)—v(y)|™ WOVl gy
IRN RN |x y|N+Sr RN RN |x y|N+S r*
As,s*,r,r

f a(x)v" (x)dx
Q

fRN fR |15, (@r) (X) = 1,5, (@) ()] dxdy

|x_ y|N+s*r*

r
=Ais,r(ay) + 3.11)

f ar(xX)Pys,r (ar)" dx
Q

Now, we distinguish two cases:
Case 1: r = p with s=s; and r* = g with s* = s5.

Since 1 < g < p and passing to the limit as t — +ooin (3.11), we deduce that

AsleZIPJq(ap) = AI,SI,p(ap)'
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Case 2: r = g with s = s, and r* = p with s* = s;.

Passing to the limit as t — 0 in (3.11), and using again the fact that 1 < g < p, we get

ASz.sl,q,p(aq) < Asp,q(aq).

Then, from (3.10), we can see that

AS,S*,I‘,I’* (ar) = Al,s,r(ar)-

On the other hand, we suppose by contradiction that there exists a function uy € W, such that

|to(x) — uo ()| r | o (x) - "
f f N+sr dXdy+ _*f f N+s*r* dXdy
RNJRN  [x— r* JrNJrN o |x -y

f ar(x)uydx

|0 () -
_jl;{N[I'QN |x y|N+s r* dXdy

f ar(x)uydx
Q

which is a contradiction. O

A

S, S%,1,1* (ar) =

= )\l,s,r(ar) > )\1 sriar) = s s¥, 1% (ar)

2 Non-local and non-homogeneous problem with singular

We introduce the notion of the weak solution to the problem (P) in case (ii), i.e.

(A u+(=A)ju= ul+b,uw), u>0 inQ; wu=0, inRV\Q (P-(ii))
as follows:
Definition 2.1. We say that u € WNL>(Q) is a positive weak solution to the problem (P-(ii)), if

essi{(lf u>0 overevery compact set K < Q)

and
p—- _ _
f f |uCx) — up)|" u(x)N u(y) (@) tp(y))dxdy
RN JRN |x — y|N+sip
_[ f |u(x) — u()| 772 ( u(x)—u(y))(cp(x)—cp(y))dxdy
RN JRN |x — y|N*s24
:f u‘%dx+f b(x, w)@dx (3.12)
Q Q
forall € C(Q).

Our results about the existence and properties of solutions to the problem (P-(ii)) are as
follows.

Theorem 2.2. Let0< sy <s;<landl<v<q=<p<oo. Assume that b satisfies (H1)-(H2).
Then, there exists a unique nontrivial weak solution u to the problem (P-(ii)). In addition,
ue CO%(Q), for somea € (0, s1) and for any o € (0, s1) and 6’ > sy, there exists a positive constant
c=c(o,a’) >0, such that:

¢ ld” <u<cd® inQ.
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First, let n € N*, we consider the following auxiliary problem:

(=A) ) U+ (=Nt = (U + 1/1) ™% + b(x, up),

. . oN (Pn)
u,>0 in; wu,=0, inR"\Q.
We have the following notion of weak solutions.

Definition 2.3. We say that u, € Wis a weak solution of the problem (P,), ifu,, >0 a.e. inQ
and:

|tn () = un()|P 7% (n () = un () (@() — 9(3)
(NN

|x — y|N+s1p dxdy

N |t () = 1y (D] (1 () = () (9(x) — 9 (1))
(NN

|x — y|N+s2q dxdy

1\-9
:f (un+—) (pdx+f b(x, u,)pdx (3.13)
Q n Q
forallp e W.
Now, we can prove the following results.

Proposition 2.4. For any n € N*, there exists a unique weak solution u, € Wn Co%(Q), for
somea € (0, s1) of the problem (P,). Moreover, the sequence (u,), satisfies:

Up < Upy1, foranyxeQ
and for every w € Q there exists 0 = a(w) > 0 (independent on n) such that: for any n e N*

Up(x) =0 foranyxe w. (3.14)

Proof. Define the energy functional £ : W — R by:

1 U (%) — un(M|° 1 Un(x) — uy ()] 7
x(un):;fRN RN' ’|1 NZW| dxdy+—foN| . ) dxdy
x-yl q JrN Jr

1 1-8
- (un+—) dx—f B(x,u,)dx
1-8Jo n Q

where

t
fb(x,s)ds if0<t<+oo,

B(x,8)=<Jo
0 if —co<t<0.

We extend accordingly the domain of b to all of Q2 x R by setting

0B
b(x,t) = E(x, 1)=0 for(x,t)eQx(—o00,0).

We note that, £ is well-defined on W. On the other hand, we have that W is continuously
embedded in ng'p (Q), Wgz.q (Q2) and compactly embedded in L"(Q) (see (H2)) together with
(H1)-(H2), it is easy to show that £ is weakly lower semi-continuous and coercive on W.

Then, £ admits a global minimizer in W, denoted by u,. One has u, # 0. Indeed, let us
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consider ¢ € C!(Q) non-negative and nontrivial function with compact support in Q. Then,
we obtain

LP) <t tP 04t 10 5|, forall £>0,

where c1, ¢, and c3 are independent of ¢ and c¢3 > 0. Hence, for ¢ > 0 small enough, we deduce
that Z(td) < 0= Z£(0). Since u,, is a global minimiser for &£ and £ (u,) = £ (u;,), we deduce
that u, =0 and u, # 0 a.e. in Q. From the Gateaux differentiability of £, we have u, satisfies
(3.13) i.e., u, is a weak solution to (P,). Moreover, we can see that u, € L°°(Q), for any

n > 1. Indeed, for n € N* be fixed, we define wy(x) := (u,(x) — (1 — 2-k)* for k € N, and from
(H1)-(H2), we have

It o g,

:f f |wk+1(x)_wk+1(J’)|q dxdy
RN JRN |xx — yIN*52q

S[ f | W41 (X) = Wre1 (DIP dxdy+f f |wk+1(x)—wk+1(J’)|q dxdy
RN JRN |x — yN+s1p RN JRN |x — y|N+s24

- f f |14 () = (NP2 (Wiei1 (X) = Wi 1 (D)) (U (2) — up () dxdy
RN JRN |x — y|N+s1p

+f f |t () = U (DT 2 (W1 (%) = Wiy 1 (1)) (W (X) — Uup (1))
RN JRN

|x _ y|N+32q

f wk+1dx+f ul  widx
{wg+1>0} {wg+1>0}

1-1 k+1 v-l 1-2 v
=C) lwg+1 > 01" 9 lwgsrllpay+ @7 +1)  |wee >0 9] Wk+1||Lq(Q) .

dxdy

=C(n)

Then, the rest of the proof follows exactly on the same lines of Theorem 1.4 (Step 2 in Case 1).
Furthermore, from Remark 1.2, we deduce u,, € C>%(Q), for some a € (0, s1), and u,, > 0 in Q.

In particular, by the strong maximum principle, for every w € Q there exists o0 = o(w), such
that

u(x)=2o0>0 foranyxewcQ. (3.15)

e Now,let neN*,0<e<1, uye=up+eand Up+1,e = Up+1 + €. Choosing the test functions:

Y

v + v v oy-
_ (Up,e — un+1,e) _ (un+1,e —Upe)
O = o1 , W= ) ew
Upe un+1,e

in (3.13), we deduce that:

Upn(x) — up(y) p_z(un(x)— un(y) (®(x) —d(y)
fRN fRN| | ( ) dxdy

|x_y|N+slp

Un(x) — up(y) q_z(un(x) —up(P) (Px) —P(y)
+fquNfRN | | ( )dxdy

|x—y|N+52"

1\-9
:f (un+—) (Ddx+f b(x, u,)®dx
Q n Q

and
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p—2
n ~Yn n —Unp v -¥
fRNfRN |tt41(0) = Un1 (|7 (Uns1 () = U (1) (P () (y))dxdy

|x _ y|N+51p
|1 () = a1 |72 (W1 () = i (1) (P (0) = P (31)
+ dxdy
RN JRN |x — y|N*524q
1 -3
= f (un+1 + —) WYdx +f b(x,u,+1)Vdx.
Q n+1 Q
Subtracting the above inequalities, we have
f f |t () = un |72 (Un () = un ()
{un>up1} J{up>up1} |x—y|N+Slp
un,e(x)v - un+11,e(x)v _ un,e()’)v - un+11,e()/)v ] dxdy
Up,e(X)V™ Upe(Y)V~
+f f |t () = 1 (D] 772 (1 (20) = un (1))
{un>up1} JHup>ups1} |x—y|N+qu
un,e(x)u - un+1,e(x)v un,e(y)v - un+l,e:(y)U
- - = dxdy
Up,e(x)V Un,e(y)

N f f |1 () = i D] (1 () = e ()
{un>up1} JHup>ups1} |x—y|N+Slp
un+1,e(-’CYU - un,e(x)v _ un+1,e(y)U - un,e(J’)U
un+1,e(x)v_1 un+1,e(}’)v_1
+f f |1 (0) = b1 (D] T2 (1 () = 1 (1))
{un>un+1t J{un>uni1} |x—y|N+qu

un+1,e(x)v - un,e(x)v _ un+1,e(y)“ - un,e()’)v
un+1,e(x)v_1 un+1,e(y)v_1

1)7® 1 \?®
Uy +— Up+1+ T]_
_ n n v v
= f - v—1 (un,e a un+1,€) dx
{un>un+1}

v-1
Un,e Upile

dxdy

dxdy

b(x, b(x,
+f{u y }( (x _un) _ (xulfi’t+1)) (up e — Ub,1 ) dx. (3.16)
n n+1

v—1
Une Upile

In order to pass to the limit in (3.16), we need to:
First,

<, +1)"

yv-1 - V-1 ne" un+1,e)
n.e n+le

((unw) (unﬂm))(uv :
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Then, by the dominated convergence Theorem, we have

1\ 1 \7°
n

n+l
lim - vo—uY dx
e—0 (>t} uz,_el uz;i,e ( n,e n+1,e)
( 1\ 1 \7®
Un+— (un+1 )
n n+l
:f — — (up—up,y)dx<0.  (3.17)
{un>uns1} Un Ui
Second, by Fatou’s Lemma and (H1), we have
. b(x,uy) b(x, u,)
—liminf —_lnquedxs—f — "y, dx, (3.18)
€—0 {up>up+1} uz,e ' {un>unp+1} uz
.. b(x, up+1) b(x, uni1)
~liminf — Y cdx < - f —— LU dx, (3.19)
€—0 {un>uns1} un+l,€ {un>un41} Uy,
lim b(x, up)upedx = [ b(x, uy)u, dx, (3.20)
e—0 {un>uni1} {un>upi1}
lim b(x, up+1) Unt1e dx:f b(x, ups1)up1dx. 3.21)
€=0J{up>upi} {Un>uns1}

So, gathering (3.17)-(3.21), passing to the limit sup in (3.16) as € — 0 and using (H2) and
Lemma 3.5 (see remark 3.7), we obtain

f f |tn () = tn (|72 (un () — un ()
{up>up1} Jup>up}

|x_y|N+slp
Un(%)” = tp1 ()" up(y)’ - un+1(y)”] dxdy
Up(x)v-1 un(y)v-1
+f f |t () = 1y (D] (1 () = un (1)
{up>up1} Jup>up1} |x_y|N+526]
Un(%)” = tp1 ()" un(y)’ - un+1(y)”] dxdy
un(x)v—l un(y)u—l
+f f |un+1(x) - un+1()’)|p_2 (un+1(x) - un+1()’))
{up>up1} J{up>up1} |x_y|N+31p
Un+1(xX)" — Ltnl(x)U _un1()' - unl(y)” dxdy
Up1(X)V™ Up+1(Y)V™
N f f |1 (0) = s (D] T2 (U1 () = a1 (1))
{up>up1} J{up>up1} |x_y|N+82q
Up1(X)¥ = u_nl(x)v _ un+1,e(,V)U - Lfrlz(y)v ] dxdy =0.
Ups1(X)Y Up+1 (Y)Y

Hence (u,,(x) — up+1(x))* =0forany x € RN which implies that u,, < u, for any x € Q. This
fact combined with (3.15) implies that (3.14) holds true. 0O
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Remark 2.5. Ifu, and v, are two solutions of the problem (P,). Choose

_ ((up+€)’ = (vp+e)V)" _((vp+€)’ = (up+€)¥)”
¢= (1t +€)V1 and ¥ = (Vn+€)v7!

as a test function in (3.13), and using again the same argument of the monotonicity of (u,), in
the proof of Proposition 2.4, it is easy to prove that the weak solution to (P,) is unique.
Proof of Theorem 2.2. We divided the proof into 3 steps.

Step 1: The sequence (i), found in Proposition 2.4 is bounded in W. Indeed , we take u,
as test function in (3.13), using (H1)-(H2), Holder inequality and Sobolev embeddings, we
obtain

Un

p q
upll’” + = ——
litnllss gy * Nt g fQ e

sf u,lq_de+ C
Q

<C

dx+f b(x,u,)u,dx

fQ(un +uy)dx

(17w

+ Ntz gy + el

52 q(Q) W;Z’Q(Q)

where C > 0 is a constant.

Assume by contradiction that ||, |lw — oo. Then we have the following Alternatives:

Py T +oo and || i, ||W;2.q(9) — +00.

Then, for n large enough, we have | u, ”WSLP(Q) > 1 which implies that
0

—-6—
Cq < |Nttnllyy >~ + luanllyy 7+ Nunllyy ?

Since 1 < v < g and passing to the limit as n — oo, we get a contradiction.

Alternative 2: || un”W51 P = TOO and || uy, ||W52 ) is bounded.
Symmetrically to Alternative 1.
Alternative 3: || u;, IIWS1 P(Q) is bounded and | i, ”WSz (g — 00
Therefore,
q p q
W +|lu
ltnlsa g < Nanlp g + 1enlla
v
” Up ” Sz q(Q) ” Up ”W(‘;Z’q(Q) + ” Up ”W(.;Z,Q(Q)
and thus
1-6—q
1= G Ntnlygaey +anly i g + Ntnlly o

n — oo leads to a contradiction.
Hence, we deduce that (1), is uniformly bounded in W. Then, we have two points:

 u, weakly converges to u in W. Consequently,

[t () = U (D1P ™2 (U (X) — up(y))

N+syp

[x—yl *

is bounded in L” (RN x RY)
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and
— q-2 — /
{ [t (x) — un (Yl N(f:;;(x) un(y)) } is bounded in LY RN x RN
lx—yl
where p’ = b1 and g’ = %

e uy, — uinL'(Q) for 1< t < pj, and u, — ua.e. in Q, we obtain

[t (26) = U (DIP 72 (U (%) — 1 () _»Iu(x)—-u(yﬂp‘z(u(x)—-u(yn

N+s1p N+s1p
lx—y| ¥ lx—y| *
and
|14 (%) — un D972 (Un (%) — un(¥)  |ulx) — u@)972(w(x) — uly))
N+soq - N+soq
lx—yl ¢ lx—yl 7

a.e. in RN x RN, Tt follows that

|un () = unWIP 72 (Un () = un(y) 1) = u@)P~?(ux) - u)
N+s1p N+si1p

x—yl » [x—yl 7

and
| () = n (VT2 (U () = un (1) ) = u()197% (w(x) — u(y))
N+spq N+soq

lx—yl ¢ lx—yl 7

weakly in LP' (RN x RN) and L7 (RN x RN), respectively. Then, since ¢ € CX(Q), we obtain

— p—2 _ _
lim { f f [4n(0) = U2 (1 () — un Y QE @)
n—oo | JrN JrN |x_y|N+s1p

_ q-2 _ _
+1[ /’IunUO U= (U (x) — un () (@(x) (pUO)dxdy}
RN JrN |xx — yN+s2q
_ p-2 _ _
:j“L[ [u(x) —u( P (u(x) — u(y) (ex) wUO)dxdy
RN JRN |x — y|N+s1p
_ q-2 _ _
+f f [u(x) —u(P 97 (u(x) — uy) (px) wwndxdy
RN JRN |x — y|N*s24

On the other hand, from Proposition 2.4 for any ¢ € C°(Q2) with suppy = w there exists
0 = o(w) >0 (independent on n) such that: for any n e N*

@ _
ﬁ <0 8(|',)€Ll(£2)
n

and by (H1)-(H2), we infer that b(x, u,) is bounded in Lo (Q) and b(x, u,) — b(x,u) a.e. in
Q. Then, by the dominated convergence Theorem, we obtain

lim
n—oo Q

1\-8
un+—) (pdx:f u_6¢dx
n Q

and

n—oo

limf b(x, un)(pdx:f b(x, u)pdx.
Q Q
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By passing to the limit in (3.13),we conclude that u satisfies (P-(ii)), i.e.

u(x) — u)|” 7 (ux) - u) () — )
fRN fRN| " )( ) dxdy

|x_y|N+31P

_ q-2 _ _
+f f lu(0) — u@)|"™" (ux) - u() (9 tp(y))dxdy
RN JRN |x — yIN+s2q
:f u_SLpderf b(x,u)pdx (3.22)
Q Q

for any ¢ € C*(Q).
Step 2: Regularity and positivity of weak solutions.

We follow approach of the proof [24, Corollary 2.9] to prove u € C**(Q), for some a € (0, 5).
Therefore, (3.14) which implies that for all w € Q there exists 0 = o(w) > 0 such that

u=0>0 foranyxew. (3.23)
Moreover, from (H1)-(H2), we have:
(=AY u+ (—N)Zu=u""+b(x,w
C 1+ Il + Il

L) L)
<

u®

for C > 0 is a constant. On the other hand, from (H1), we have
1. A u+ (-AN%2u
o " p q

Then, by the weak comparison principle [24, Proposition 4.3], for any €y > 0 there exists a
constant K = K(eg) > 0 such that

K 1dsi+e < y < Kd* 7% in Q.

This fact combined with the fractional Hardy inequality , we obtain

-8 P
fQu cpdeC(e)de(sl+€0)6dx

p-1

P

1

sC(e)(fW) loflw <0
Ya T (%)

since 0 < 6 < 1 for € small enough and C(e) > 0 is a constant. By density arguments, we
conclude that (3.22) is satisfied for any ¢ € W.

Step 3: Uniqueness of a weak solution.

Let u; and u» be two weak solutions of (P-(ii)). Let e € (0,1), we choose

(1 +€)’ — (uz +e)’ (up+e)’ —(ug +¢)*
= and ¥ =
(u; +e)v-1 (up +€)V1

as test functions in (3.12). Then adding the equations, we deduce
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- p-2 - D(x)— D
fRNfRNlul(x) u (V)77 (w1 (%) — ua () (@ (x) (y))dxdy

|x_y|N+s1p

- -2 - D(x) - D
+fRNfRN|u1(x) (M| (w1 () — wr (1) (@) (y))dxdy

|x _ y|N+52q

p—2
- - ¥ (x)— P
+fRNfRN |tz (%) = (1) |77 (w2 (%) — uz (1)) (¥ (x) (y))dxdy

|x_y|N+81P

q-2
-~ -~ W(x)-W¥
. fRN fRNluz(x) w7 (U2 (x) — w2 () (P (x) - ¥ () dxdy

|x _ y|N+826]
J

f ( b(x, u) b(x, uy)
+
Q

(up+e)V1  (up+ev-1

-9 -0
Uy U,

(up+e)V1  (up+ev1

(U +€)’ = (U2 +€)V)dx

)((u1+e)”—(u2+e)")dx. (3.24)
On the other hand, according to boundary behaviour of u; and u,, we have

v 1 (ug)”+ 1
o\ . 5
Uy 1231 Uy

< 2U—1

1 (u2+e

5
Uy

eLN Q). (3.25)

Uy +e

Indeed, since N > s;v and v > 0, we have

1 1
];Zu_?dXSC(E)LdS(SI'*—de<OO

and

L) gr<c ! L PR LI
LLT? u_l X= (e)Ld(x)5(51+€0) d31+€0(x) X= (€)f9d(26+u)eo+sw(x) X<oo

for g small enough and C(ep) > 0. Similarly, we have for €, small enough

1 ux v 1
Sl s
Uy \U2 u

2

V)
< 2U—1

= eLl Q). (3.26)

5
u,

1 (u1+e

Ur +€

Finally, gathering (3.9), (3.25), (3.26), using u1, up € L>°(Q) and b(x, u;), b(x, u) € L*°(Q) which
combined with Fatou’s lemma, the dominated convergence theorem, (H2) and passing to the
limit in (3.24) as € — 0 yield

— — (uy —uy)dx=0.

f AN+ (DPu () up+ (D) up
Q ul u2

From Lemma 3.6, we infer that u; = u, sincel <v< g <p. O
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Conclusion

he main goals of the present work are to discuss non-existence, existence, uniqueness, and
Holder regularity results, in two problem. More precisely, by using the variational methods,
we show the existence of a positive weak solution. On the other hand, the results obtained in
[24] and [25] combined with the boundedness of weak solution provide the regularity results.
This fact together with a new version of the Diaz-Saa inequality yields the uniqueness of weak
solutions to the problem.
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