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Abstract
This thesis delves into the enigmatic mathematical realms of solutions associated with nonlinear

partial differential equations (PDEs), probing their existence, uniqueness, and explosive behaviors
under nonlocal integral constraints. Through a methodological tapestry weaving rigorous theoret-
ical analysis with practical insights, the study embarks on an intellectual journey across layered
complexities—from foundational analytical frameworks to unbounded temporal phenomena.

The introductory chapter constructs a robust analytical scaffold via a synthesis of advanced func-
tion spaces and cornerstone theorems, bolstered by innovative techniques such as Faedo-Galerkin,
energy methodologies , to establish existence under critical conditions. This chapter lays a method-
ological cornerstone for subsequent explorations of solutions and their behavioral unraveling.

The second chapter immerses into the interplay of nonlinear parabolic equation with a generalized
nonlinear integral condition of second type. unveiling mathematical thresholds that demarcate
stable solutions from finite-time blow-ups. Qualitative insights emerge on how behaviors morph
under initial condition and parameter perturbations.

Chapter3 transitions to the singular and degenerate quasi-linear equations, dissecting latent con-
nections between linear and nonlinear architectures. Here, precise conditions governing solution
emergence and uniqueness are illuminated, supported by numerical analyses that juxtapose theo-
retical predictions against empirical manifestations.

Subsequent chapters extend the analytical paradigm to explore the solvability of nonlinear hy-
perbolic equations with mixed nonlinear and linear integral Neumann boundary conditions and
the solvability of nonlinear fractional problems with second-kind integral conditions and boundary
specifications, invoking energy inequality techniques and fractional calculus to explore mathemat-
ical memory effects and nonlocal interactions.

In conclusion, this work transcends mere theoretical expansion of nonlinear PDE analysis, illumi-
nating the practical ramifications of blow-up phenomena across diverse scientific and engineering
domains. The findings underscore the necessity of integrating analytical and numerical methodolo-
gies to decode latent complexities in these systems, offering a referential framework for pioneering
future explorations in nonlinear mathematics and its transformative applications.

keywords: Existence, uniqueness, blow up, decay, numerical solution, nonlinear equation, frac-
tional partial differential equation, difference equation.
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Introduction

During the second half of the nineteenth century, many mathematicians focused on
exploring the complexities of partial differential equations (PDEs). The surge in
interest surrounding partial differential equations (PDEs) largely stems from their
ability to encapsulate many of the core laws governing nature. These equations
frequently occur in the mathematical analysis of numerous scientific and engineering
problems. As the field evolved, the next significant step involved establishing a
comprehensive theory and developing various techniques to solve PDEs. The
introduction of key concepts like distributions has brought the modern theory of
linear PDEs to a more mature phase. Today, PDEs hold a prominent position
in contemporary mathematics, playing a pivotal role in areas such as physics,
geometry, and analysis[40].
Although nonlinear PDEs have ancient origins, they have experienced remarkable
advances during the second half of the twentieth century. The primary catalyst for
this development has been the study of nonlinear wave propagation problems, which
arise in various fields, including fluid dynamics, nonlinear optics, solid mechanics,
plasma physics, quantum field theory, and condensed-matter physics.
Numerous studies have focused on the solutions of nonlinear fractional [51] and
ordinary differential equations[27], particularly in the context of various boundary
conditions. These investigations are of significant interest because such equations
provide precise and realistic models to describe complex phenomena in the nat-
ural and applied sciences. Among these boundary conditions, integral boundary
conditions have attracted attention due to their applicability in a wide range
of disciplines. For instance, they are frequently employed in the modeling of
population dynamics, blood flow within biological systems, chemical engineering
processes, cellular interactions, underground water flow, heat transmission, plasma
physics, thermoelasticity, and other fields. The versatility of integral boundary
conditions makes them a critical tool for solving real-world problems. A substantial
body of research and results on these applications and their theoretical underpin-
nings can be found extensively throughout the existing literature, highlighting the
growing importance of these mathematical techniques in advancing both scientific
understanding and technological innovation.
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The complexity of nonlinear PDEs posed significant challenges, requiring sophisti-
cated mathematical tools such as perturbation techniques and advanced numerical
methods to solve and analyze them. These equations often exhibit chaotic behavior,
blow-up phenomena, and the formation of singularities, making them central to
ongoing research. Advancements in fractional differential equations also paralleled
the rise of nonlinear PDEs, offering enhanced frameworks for modeling systems
with memory effects and anomalous diffusion. Including integral boundary con-
ditions further broadened the scope of differential equations, allowing for more
comprehensive models in areas such as population dynamics and heat transfer[24].
Blow-up and decay phenomena are fundamental aspects in the study of nonlinear
partial differential equations, particularly within the contexts of parabolic and
hyperbolic problems. These phenomena are of significant academic interest due to
their implications for the long-term behavior of solutions. Specifically, finite-time
blow-up describes a scenario where the solution of an equation becomes singular or
unbounded within a finite time interval, a behavior often driven by the intensity
of the nonlinearity and the structure of the initial and boundary conditions. The
profiles of such blow-ups can be highly varied, manifesting as pointwise blow-up
at specific spatial locations, global blow-up affecting the entire domain, or self-
similar blow-up that exhibits a predictable form as the singularity is approached.
Conversely, decay phenomena characterize the attenuation of solutions over time,
with behaviors ranging from exponential decay—commonly associated with strong
dissipative mechanisms—to polynomial decay, which occurs in the presence of
weaker dissipation. The interplay between these outcomes is intricately linked to
the energy distribution and dissipation mechanisms inherent in the system, making
the analysis of blow-up and decay critical in applications such as heat conduction,
wave propagation, and stress analysis. Theoretical insights into these phenomena
provide a deeper understanding of the stability and instability characteristics of
various physical and engineering models, where accurately predicting finite-time
singularities or long-term stabilization is essential.
An integral boundary condition is a type of boundary condition used in PDEs
where the value of the solution at the boundary is defined by an integral involving
the solution itself, often across the entire spatial domain or a subset of it. Unlike
traditional boundary conditions like Dirichlet or Neumann conditions, which specify
the value or derivative of the solution at the boundary, integral boundary conditions
introduce a nonlocal constraint, linking the solution at different points through
integration[21], [50], [8] and [7].

6
VI



Contents

Integral boundary conditions (IBCs) can have the first type:∫
Ω

u(x, t) = E(t),
∫
Ω

k(x, t)u(x, t)dx = 0,

where t ∈ (0, T ) , Ω ⊂ Rn and k is a given function. The second type occurs
when the Dirichlet or Neumann condition is modeled by an integral involving the
solution. For example, we can have:

u(x, t)|∂Ω =
∫
k(x, t)u(x, t)dx,

This is a versatile mathematical tool used to model systems where the bound-
ary’s influence depends on the overall solution behavior. These conditions are
particularly relevant in fields such as conservation laws, population dynamics, heat
transfer, and fluid dynamics, where the conservation of energy or mass across
boundaries is crucial. IBCs offer advantages like enhanced modeling precision, the
ability to capture complex system interactions, and the representation of intricate
boundary behaviors. Researchers have made significant contributions to the un-
derstanding and application of IBCs, including Batten’s early work[3], Cannon’s
theoretical foundations[16],[17],[18], Ionkin’s analytical techniques[37], Kamynin’s
innovative solution strategies, and contemporary advancements in methodology
and computational methods[39].
Integral boundary conditions significantly influence the dynamics of blow-up and
decay phenomena in parabolic and hyperbolic equations[21] [47] [41] [54] [6][56][57],
introducing complex behaviors that differ markedly from classical boundary condi-
tions. These conditions can fundamentally alter both the occurrence and nature of
finite-time blow-up, potentially creating multiple blow-up points through non-local
effects and modifying blow-up rates through integral feedback mechanisms. The
decay properties are similarly affected, often exhibiting slower-than-exponential
rates due to memory effects, with patterns ranging from polynomial to logarithmic
decay[60]. The interplay between blow-up and decay mechanisms is characterized
by a delicate balance between destabilizing nonlinear terms and stabilizing integral
effects, where the integral terms can either accelerate or delay blow-up time while
simultaneously introducing non-local memory effects that modify decay patterns.
This complexity necessitates sophisticated analytical tools, including modified
maximum principles, integral inequalities, and adapted energy methods, to fully
understand the system’s behavior. From an applications perspective, these dynam-
ics are crucial in various physical and biological systems, such as heat propagation

7
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with memory, reaction-diffusion with integral feedback, and population dynamics
with age structure. The ongoing research in this field focuses on both theoretical
aspects - including the classification of blow-up scenarios and sharp decay estimates
- and practical considerations such as developing robust numerical methods for
blow-up detection and control strategies for system stabilization. Understanding
these dynamics is essential for predicting critical phenomena, controlling system
behavior, and optimizing practical applications across various scientific domains[26].

The organization of thesis of the main work

The primary aim of this thesis is to investigate the solvability, blow-up behavior,
and decay properties of nonlinear evolution problems, with a specific focus on those
subject to nonlinear integral conditions. To accomplish this objective, the thesis is
structured into the following main chapters:
Introduction and Background: This chapter provides an overview of nonlinear
evolution problems, outlining their significance in various scientific fields and the
motivation behind studying their solvability and behavior. It also introduces key
concepts and terminology essential for understanding the subsequent chapters.
Functional Spaces and Preliminaries: Here, we establish the necessary functional
spaces and foundational theorems that underpin the analysis of nonlinear evolution
problems. This chapter emphasizes the mathematical tools required for addressing
the challenges posed by these complex equations.
In the othar chapters, we explore the solvability, blow-up behavior, and stability of
solutions for various classes of partial differential equations (PDEs), focusing on
both classical and fractional order problems. These investigations are motivated
by the increasing importance of nonlinear PDEs in modeling complex physical,
biological, and engineering systems, where nonlinearities and fractional dynamics
play pivotal roles.
The study begins by addressing the solvability and blow-up phenomena for a
nonlinear parabolic equation subject to a generalized nonlinear integral condition of
the second type. This sets the foundation for understanding how integral conditions
influence solution behavior, particularly in contexts where blow-up or decay is
expected.
The second chapter extends this analysis to singular and degenerate semilinear
parabolic equations, incorporating both linear and nonlinear integral conditions.
This chapter emphasizes the interplay between degeneracy, nonlinearity, and bound-

8
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ary conditions, leading to a deeper understanding of solution regularity and blow-up
dynamics.
Building on this, the third chapter focuses on linear hyperbolic problems with
second-type integral conditions, employing the Faedo-Galerkin method to establish
solvability. This chapter illustrates how classical techniques can be adapted to
handle complex boundary conditions.
In the fourth chapter, we turn our attention to fractional calculus, investigating
nonlinear fractional PDEs with second-kind integral conditions. The fractional
framework provides a natural extension of classical problems, allowing for the
modeling of memory effects and anomalous diffusion.
The fifth chapter continues the exploration of fractional problems, specifically exam-
ining semi-linear fractional parabolic equations with Dirichlet boundary conditions.
This analysis reveals the unique characteristics of fractional diffusion and its impact
on solution dynamics.
Finally, the thesis concludes with an investigation of fractional Fujita-type problems,
focusing on their solvability under specified boundary conditions using the energy
inequality method. This chapter highlights the intricate relationship between
fractional order, boundary conditions, and solution behavior, providing new insights
into the blow-up and global existence of solutions.
Conclusion and Future Directions
The thesis is concluded by summarizing the main findings related to solvability,
blow-up, and decay of nonlinear evolution problems. The broader implications of
the results are discussed, particularly in applied fields like physics, engineering, and
biology. Suggestions for future research, including the extension of these methods
to more complex systems or higher-dimensional problems, are provided.

1



1
Preliminaries

This chapter lays the groundwork for the thesis by stating fundamental mathemat-
ical concepts, theorems, and analytical techniques.
It begins with a discussion of functional spaces, particularly those involving time-
dependent functions, and introduces key convergence and compactness theorems
that are essential for understanding the solution behavior. The chapter delves into
the concepts of global and local solutions, along with fundamental inequalities used
to bound solution properties.
A variety of methods for proving existence and uniqueness of solutions are presented,
including the Faedo-Galerkin method, energy method, fixed-point techniques,
and continuation principles. These methods form the core analytical toolkit for
investigating solutions. The chapter also explores techniques for analyzing blow-
up phenomena, such as Kaplan’s first eigenvalue method, and discusses decay
properties of nonlinear equations.
To support the modeling of fractional and complex dynamics, the chapter intro-
duces preliminary concepts in fractional calculus and relevant simulation tools.
Collectively, these sections provide a solid foundation for the in-depth analysis
presented in subsequent chapters.

1.1 Functional spaces

Functional spaces are fundamental in the study of partial differential equations
(PDEs), and functional analysis. In the context of PDEs and mathematical analysis,
the most commonly used functional spaces include Lebesgue spaces, Sobolev spaces,
and Hilbert spaces[?].

1.1.1 Spaces involving time

The section explores the idea of function spaces where each point in time is
mapped to an element of a Banach space. These Banach-valued functions require
careful consideration of their properties, including continuity, measurability, and
integrability with respect to time. The treatment of these properties involves tools
from both functional analysis and real analysis, such as Bochner integrals, which

2



Chapter 1. Preliminaries

extend the concept of integration to Banach-valued functions, and Lebesgue spaces,
and describe the integrability conditions these functions must satisfy.

The space Lp(0, T ;X)

The space Lp(0, T ;X) consists of Banach-valued measurable functions f : [0, T ] →
X. In these spaces, functions must not only be measurable but must also satisfy
integrability conditions with respect to the time variable. Specifically, for a given
p-norm, the p-th power of the function’s norm (in the Banach space) must be
integrable over the domain. These Lp-spaces extend classical spaces of integrable
functions by accommodating functions that take values in Banach spaces rather
than simple real or complex numbers. Such spaces are critical for the mathematical
treatment of evolution equations, where time-dependent solutions often reside
in these types of functional spaces.These spaces are equipped with the following
norms: 

for 1 ≤ p < ∞ ∥f∥Lp(0,T ;X) :=
(∫ T

0 ∥f(t)∥p dt
) 1

p < ∞,

p = ∞ ∥f∥Lp(0,T ;X) := ess sup
0≤t≤T

∥f(t)∥ < ∞.

The space C([0, T ] ;X)

The space C([0, T ] ;X) includes all continuous functions f : [0, T ] → X , defined
by the norm:

∥f∥C([0,T ];X) := max
0≤t≤T

∥f(t)∥ < ∞.

The space W 1,p([0, T ] ;X)

The Sobolev space W 1,p(0, T ;X) meaning these functions are measurable and their
p-th power is integrable with respect to time over the interval (0, T ). Additionally,
a crucial requirement for belonging to this space is that the weak derivative of the
function f with respect to time is in Lp(0, T ;X). The norm on W 1,p(0, T ;X) is
given by:


for 1 ≤ p < ∞ ∥f∥W 1,p(0,T ;X) :=

(∫ T
0 (∥f(t)∥p + ∥f ′(t)∥p) dt

) 1
p < ∞,

p = ∞ ∥f∥W 1,p(0,T ;X) := ess sup
0≤t≤T

(∥f(t)∥ + ∥f ′(t)∥) < ∞.

3
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Remark 1.1

We set: H1([0, T ] ;X) = W 1,2([0, T ] ;X).

Theorem 1.1

Let f ∈ W 1,p(0, T ;X) for some 1 ≤ p ≤ ∞. Then
• f ∈ C([0, T ] ;X),
• f(t) = f(s) +

∫ t
s f

′(τ)dτ , for all 0 ≤ s ≤ t ≤ T ,
• max

0≤t≤T
∥f(t)∥ ≤ C ∥f∥W 1,p(0,T ;X) with the constant C depending only on

T .

Proof See the book [30]. ■

Remark 1.2

Given a bounded open set Ω ⊂⊂ V , and ũ = Lu

(L is a bounded linear operator ), we get that ũ ∈ L2 (0, T ;H2 (V ))
and

∥ũ∥L2(0,T ;H2(V )) ≤ C ∥u∥L2(0,T ;H2(Ω)) ,

an appropriate constant C. In addition, ũ′ ∈ L2(0, T ;H2 (V )), with the
estimate

∥ũ′∥L2(0,T ;H2(V )) ≤ C ∥ũ∥L2(0,T ;H2(Ω)) .

1.2 Some essential theorems and corollaries

In mathematical analysis, pointwise convergence is a critical concept that describes
how a sequence of functions behaves as it approaches a limiting function at each
individual point in the domain.

4
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Theorem 1.2: ( Dominated convergence theorem)

Let A ⊂ Rn be measurable and {fj} a sequence of measurable functions
that converge pointwise to a limit on a set A. Let be given a sequence of
measurable functions fjthat converges to a function f at every point x ∈ A,
meaning that for each x, the value of fj(x) gets arbitrarily close to f(x) as j
increases. If there exists a function g ∈ L1(A) such that |f(x)| < g(x) for
every index j and for all x ∈ A, then

lim
j→∞

∫
A

fj(x)dx =
∫
A

(lim
j→∞

fj(x))dx.

Theorem 1.3: (An Imbedding Theorem for Lp Spaces)

Suppose that mes (Ω) =
∫
Ω

1dx < ∞ and 1 ≤ p ≤ q ≤ ∞. If u ∈ Lq(Ω), then
u ∈ Lp(Ω) and

∥u∥p ≤ (mes (Ω))
1
p

− 1
q ∥u∥q .

Hence
Lq(Ω) → Lp(Ω).

If u ∈ L∞(Ω), then
lim
p→∞

∥u∥p = ∥u∥∞ .

Finally, if u ∈ LP (Ω) when p varies across the range 1 ≤ p < ∞, and if there
exists a constant K such that for all such p

∥u∥p ≤ K.

then u ∈ L∞(Ω) and
∥u∥∞ ≤ K.

1.2.1 Theorem of convergence and compactness

This section presents the essential theorems and lemmas of the main techniques of
establishing existence and uniqueness of solutions used in the thesis
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Lemma 1.1

In a reflexive Banach space, every bounded set is weakly compact. In
particular, every sequence from a bounded set contains a weakly convergent
subsequence.

Lemma 1.2

Consider a Banach space V , defined by V = (V ∗)′ where V ∗ denotes a reflexive
Banach space. Then, any bounded subset of V is weakly star compact, i.e.
every sequence in a bounded subset of V contains a subsequence that
converges weakly star.

Theorem 1.4

Suppose that V0, V, V1 are three Banach spaces with V0, V1 reflexive. Assume
that V0 be continuously imbedded into V , which in turn is continuously
embedded in V1, and the imbedding from V0 into V is compact. For any
given p0, p1 with 1 < p0, p1 < ∞, set:

W = {v| v ∈ Lp0([0, T ] , V0), vt ∈ Lp1([0, T ] , V1)}

Then the imbedding from W into Lp0([0, T ], V ) is compact.

Lemma 1.3

Let Ω be an arbitrary domain in Rn. Let un(x), u(x) be real functions in
Lp(Ω), (1 ≤ p ≤ ∞) such that un strongly converges to u in Lp(Ω). Then if
1 ≤ p < ∞, un has a subsequence almost everywhere converging to u and if
p = ∞, then un itself converges almost everywhere to u.

Lemma 1.4

Let V be a Banach space, and V = (V ∗)′ with V ∗ being another Banach
space. Suppose that, for 1 < p ≤ ∞, un → u weakly star in Lp([0, T ], V ),

un → u weakly star in Lp([0, T ], V ).

Then
un(0) → u(0) weakly star in B.

6



Chapter 1. Preliminaries

Remark 1.3

Suppose that 1 < p < ∞, and V is a reflexive Banach space. Then the weakly
star convergence in the above lemma is equivalent to the weak convergence.

Lemma 1.5

Let V be a reflexive Banach space and ϱ an abstract Lipschitz continuous
function defined in [0, T ] and valued in V . Then, ϱ′ ∈ L1 ([0, T ] , B) and

ϱ(t) = ϱ(0) +
t∫

0

ϱ′ (τ) dτ.

The Schauder theorem

In our work, we have used the following version of the Schauder theorem.

Theorem 1.5: ( Schauder-Tychonoff theorem)

Let E be a separated LCTVS ( locally convex topological vector space), K a
nonvoid compact convex subset of E, and f a continuous map from K into
itself. Then f admits at least one fixed point.

Corollary 1.1

Let S be a separated locally convex topological vector space (LCTVS) with
the property that the closed convex envelope of any compact subset is also
compact. Let Υ be a nonempty, closed, and convex subset of S, and υ be
a continuous function mapping from Υ to itself, with υ(Υ) being relatively
compact within S. Then, υ has at least one fixed point”.

Proof Let B be the convex envelop of f(A) (B the smallest convex set containing
f(A)) and K the closure of B in E. Then, K ⊂ A. Since f(A) is relatively compact,
K is also nonvoid and convex. As f is continuous on A, we have

f(K) = f(B) = f(B ∩ A) ⊂ f(B) ⊂ f(A) = B = K.

It only remains to apply the Schauder-Tychonoff theorem to f |K . ■
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Theorems of existence for ODEs

The existence of solutions for ODEs is a fundamental aspect of the theory of differ-
ential equations. Several key theorems provide conditions under which solutions
exist. Below are some of the most important theorems.

Theorem 1.6: (Picard–Lindelöf theorem)

Let Q ⊆ R × Rn be a closed rectangle with (t0, y0) ∈ int(D), the interior
of Q. Let f : Q → Rn be a function that is continuous in t and Lipschitz
continuous in y (with Lipschitz constant independent from t). Then, there
exists some ϵ > 0 such that the initial- value problem y′(t) = f(t, y(t)),

y(t0) = y0.

has a unique solution y(t) on the interval [t0 − ϵ, t0 + ϵ].

Theorem 1.7: (Carathéodory theorem)

Let f be a function defined on a rectangle R, such that for each fixed x, it
is measurable in t, and for each fixed t, it is continuous in x. Assume that
there exists a Lebesgue-integrable function m on the interval |t− τ | ≤ a,
satisfying the condition:

|f(t, x)| ≦ m(t) ((t, x) ∈ R) .

Then, a solution φ of (E) exists in the extended sense over some interval
|t− τ | ≦ β, (β > 0) , and satisfies the initial condition y0 (τ) = ξ.

1.3 Global and local solutions

In the realm of nonlinear evolution equations, the exploration of global and local
solutions remains a vibrant area of research to this day. The investigation into these
solutions is crucial because it directly impacts the understanding of the behavior
and dynamics of the equations involved. Researchers are particularly focused on
several key aspects:

• Local solution: A local solution of a PDE means that the solution exists
only on a finite interval or neighborhood. Often the focus is on proving
the existence and properties of local solutions first, and this encourages the
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researchers to build and develop important methods and theories in the
generalized sense or weak sense like the Faedo-Galerkin method, a prior
estimate, fixed point.

• Global solution: The solution that exists globally in time is necessary to
comprehend how the evolution problem behaves over the whole domain or
time range of interest and to ascertain whether a continuous dependence on
the initial or boundary conditions exists. This issue is still the main concern
in the research of PDEs. Since the 1960s the exploration of global solutions
in differential equations encompasses an examination of how solutions behave
across their entire domain, particularly as time progresses towards infinity.

1.4 Inequalities

In this section, we focus on the application of key inequalities to estimate the
energy and other critical terms associated with the solutions of the given PDEs.
These inequalities allow us to handle the nonlinearities present in the system
and provide a framework for proving the boundedness of the solution, preventing
blow-up phenomena, and ensuring global solvability.

Theorem 1.8: (Gronwall inequality [Gronwall (1919)]).

Let u(t) be a continuous function defined on the interval [t0, t1] and

u(t) ≤ α + β

t∫
t0

u(s)ds,

where α and β are nonnegative constants. Then,

u(t) ≤ α exp(β(t− t0)), t ∈ [t0, t1].

9
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Theorem 1.9: (Bellman inequality [Bellman (1943)]).

Let α be a positive constant, u(t) and β(t), t ∈ [t0, t1] real-valued continuous
functions, with β(t) ≥ 0, satisfying

u(t) ≤ α +
t∫

t0

β(s)u(s)ds,

Then ,

u(t) ≤ α exp(
t∫

t0

β(s)ds), t ∈ [t0, t1].

Bellman also proved that if u(t) and β(t) are continuous functions, β(t) is a
nonnegative function, and

u(t) ≤ u(t0) + α

t∫
t0

β(s)u(s)ds, t ∈ [t0, t1]

then

u(t0) exp(−
t∫

t0

β(s)ds) ≤ u(t) ≤ u(t0) exp(
t∫

t0

β(s)ds), t ∈ [t0, t1].

• An Interpolation inequality: Let 1 < p < q < r, so that 1
q

= θ
p

+ 1−θ
r

,
for some θ satisfying 0 < θ < 1. If u ∈ Lp (Ω) ∩ Lr (Ω) , then u ∈ Lq (Ω) and

∥u∥q ≤ ∥u∥θ
p ∥u∥1−θ

r .

• A Reverse Minkowski inequality: Let 0 < p < 1. If u, v ∈ Lp (Ω)

∥|u| + |v|∥p ≥ ∥u∥p + ∥v∥p .

• A Reverse Holder inequality: Let 0 < p < 1 such that p′ = p
p−1 < 0. If

f ∈ Lp (Ω) and
∫
Ω

|g(x)|p
′
dx < ∞, then

∫
Ω

|f(x) + g(x)| dx ≥

∫
Ω

|f(x)|p dx
 1

p
∫

Ω

|g(x)|p
′
dx

 1
p′

.
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1.5 Techniques for establishing existence and unique-

ness of solutions

In mathematical analysis, particularly in the study of differential and functional
equations, establishing the existence and uniqueness of solutions is crucial. Several
techniques and theorems are employed to guarantee that a solution exists and
that it is the only one under specified conditions. In summary, establishing
the existence and uniqueness of solutions to differential equations is a critical
aspect of mathematical analysis[?]. The concept of well-posedness introduced by
Hadamard, along with various techniques such as fixed-point theorems, energy
methods, variational methods, and the use of Sobolev spaces, provides a robust
framework for rigorously analyzing boundary-value problems. These methods not
only enhance our theoretical understanding but also have significant implications
for practical applications across various fields. Below are some key methods used
to achieve this. The concept of well-posedness for boundary-value problems of
partial differential equations was introduced by the French mathematician Jacques
Salomon Hadamard around 1932.

Definition 1.1

(Hadamard’s well-posedness) A problem is said to be well-posed. If
I. it has a unique solution,
2. the solution depends continuously on the given data
Otherwise, the problem is said to be ill-posed.

A comprehensive study of the significance of specific mathematical methods is
essential for two primary reasons. First, it is crucial to recognize the appropriate
contexts in which these methods should be employed. This understanding ensures
that mathematicians and researchers can effectively apply the right approach
to solve various problems. Secondly, gaining insight into the limitations and
breakdowns of these methods enables a deeper comprehension of the nature of the
problems being addressed. By identifying the scenarios in which a method may
fail, practitioners can better navigate complex challenges and refine their analytical
strategies.
In light of these considerations, this section will detail the various methods we have
utilized to tackle the problems at hand. Each method will be examined not only in
terms of its effectiveness but also regarding its boundaries and limitations. This
dual focus will provide a well-rounded perspective on the methods and enhance
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our understanding of their applicability in different mathematical contexts..

1.5.1 Faedo-Galerkin method

It originated from the idea of using an orthogonality condition, commonly attributed
to Galerkin in 1915. Referred to as the Faedo-Galerkin method when applied to
time-dependent problems, this emerged later within the framework of functional
analysis in the hands of the Italian mathematician Gaetano Fichera, who made
significant contributions to its development that has undergone refinement over
time.[?]
The Faedo-Galerkin method has a sensebility of application on the three steps:

• The first step consists in constructing solutions of certain finite-dimensional
approximations of the main problem, by selecting a set of basis functions
that form an orthogonal basis in the function space (𭟋). A sequence (ωn) of
functions having the following properties is introduced:
* ∀j = 1, ...,m : ωj ∈ V ∩H

* The family {ω1, ω2, ..., ωm} is linearly independent;
* The space Bm = [ω1, ω2, ..., ωm] generated by the family, {ω1, ω2, ..., ωm} ,
is dense in B ∩ 𭟋.
Let um = um(t) be an approximate solution given by

um(t) =
m∑
αik

i=1
wi,

and completed by the following initial conditions:
um(t) = u0m,

u0m =
m∑
βim

i=1
wi

m→∞→ u0.

Remark 1.4

We could take {ω1, ω2, ...} to be the complete set appropriately normal-
ized eigenfunctions for the diffusion operator.

• The second step involves deriving a priori estimates for the approximate
solution of the PDE problem. This process is crucial as it provides bounds on
the solution’s behavior before obtaining the actual solution. By establishing
these estimates, we can ensure that the approximate solutions not only
converge but also remain stable within the defined parameters of the problem.
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This step often includes analyzing the dependencies of the solution on initial
and boundary conditions, as well as the properties of the differential operator
involved. A priori estimates serve as a foundation for proving the existence
and uniqueness of solutions, and play a vital role in assessing the accuracy of
numerical methods used in solving the PDE.

• The third step concerns the process of taking limits within the Faedo-Galerkin
method and is intended for evaluating convergence and understanding the
accuracy of solutions. Its contributions to approximation theories and the
establishment of independent error estimates have had a lasting impact on
the field, enhancing both theoretical and practical approaches to solving
differential equations of both the Galerkin subspace and time discretization,
establishing it as a significant tool for the analysis of mathematical systems.
Thus, the continuous operator problem is converted to a discrete problem by
applying linear constraints determined by finite sets of basis functions. This
allows for a more straightforward analysis and solution of problems through
weak formulations providing a comprehensive and robust approach for achiev-
ing convergence to the true solution. Its adaptability allows it to be applied
to various types of problems, encompassing both linear and nonlinear systems.
Moreover, its ability to be combined with other methodologies enhances its
effectiveness and establishes it as a fundamental component in contemporary
numerical analysis and computational mathematics. This framework is espe-
cially valuable for addressing complex problems where traditional methods
may struggle, ultimately leading to accurate and dependable solutions. This
enables its applicability to demonstrating its versatility and usefulness in
solving a wide range of mathematical problems. Despite its advantages, the
method faces numerous challenges, particularly the difficulty of guaranteeing
convergence to the true solution in high-dimensional evolution problems,
essentially, because of the complexity in selecting the basis functions and the
inadequacy of the choice of function sets that may lead to inaccuracies in
the solutions. Additionally, the complexity involved in computing a priori
estimates poses challenges when applying the Faedo-Galerkin method to
specific types of boundary conditions and handling them.

1.5.2 The energy method

In the mid-20th century, researchers began to explore energy estimates as a powerful
tool in the analysis of PDEs, significantly advancing the field of mathematical

13



Chapter 1. Preliminaries

analysis. The method of energy inequalities emerged as a critical framework for
proving the existence of solutions to various classes of PDEs. By establishing
these energy inequalities, mathematicians were able to derive crucial information
regarding the behavior, stability, and convergence of solutions.
The core idea behind the energy method involves constructing energy estimates that
provide bounds on the energy of the system described by the differential equations.
This typically entails defining a suitable energy functional that encapsulates the
essential characteristics of the system. By demonstrating that this energy functional
remains bounded over time, researchers can ensure that the energy of the system is
controlled and finite. In essence, this boundedness implies that the solutions do
not exhibit unbounded growth, which is critical for the existence of well-behaved
solutions.
By proving that the energy remains finite, the energy inequality method establishes
a direct link between the mathematical properties of the PDEs and the physical
interpretations of the solutions. This approach allows researchers to make signifi-
cant progress in various fields, including physics, where it helps in understanding
phenomena such as heat conduction, wave propagation, and fluid dynamics. In
engineering, energy estimates are fundamental in analyzing systems subjected to
dynamic loads, ensuring the stability and safety of structures and materials.
Furthermore, the energy method has proven invaluable in the context of nonlinear
PDEs, where traditional methods may falter. In these cases, the method can
reveal the existence of solutions under conditions that would otherwise lead to
blow-up or other pathological behaviors. By carefully analyzing the energy flow and
dissipation, researchers can gain insights into the qualitative behavior of solutions,
including their long-term stability and convergence to equilibrium states.
Overall, the development and application of energy inequalities have laid a robust
foundation for the analysis of PDEs, facilitating advancements in both theoretical
mathematics and practical applications. As this method continues to evolve, it
remains a cornerstone in the study of nonlinear dynamics, equipping researchers
with the tools needed to tackle increasingly complex problems across diverse
scientific and engineering domains.

A priori estimate

The a priori estimates, totally dependent to a bound on the solution of a mathemat-
ical problem, are obtained before the actual solution is known to exist and guesses
the functional space of the solution by providing bounds on solution norms in
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appropriate function spaces. They are is important for proving the well-posedness
of the problems and suggests the corresponding analysis of PDEs. Also, a priori
estimates can be of great assistance in works where the authors(articles of taki and
his supperviosor) are dealing with delay and functional-differential equations on
the basis of an analogous abstract theorem, and have derived very precise results
in the case of ODEs, up to the point of postulating what now emerges as a special
case. The advantage of the present approach lies in its broad scope of application
to various classes of evolution equations and its provision of a unified treatment for
different equations. To get an a priori estimate of the problem, the proof must be
based on one of based our proof on three techniques depending on the nature of
the considered problem

• Pointwise estimates: These provide bounds on the solution or its derivatives
at individual points in the domain and often use the maximum principle,
comparison principles, or other inequalities (Sobolev space, Poincare inequal-
ities,...). They are handy for establishing regularity properties of solutions,
such as Hölder or Lipschitz continuity (uniqueness and stability of solution).

• Integral estimates: These provide bounds on the solution or its derivatives in
integral norms, such as Lp or Sobolev norms by multiplying the PDE by a
test function, integrating over the domain, and then applying the functional
analysis techniques to get crucial for proving the existence and uniqueness of
solutions.

• Energy estimates: These from a specific type of integral estimates that exploit
the energy of the PDE to provide bounds on the energy of the solution. They
are generally used in the analysis evolution of PDEs.

Energy inequalities method (a priori estimation method)

The energy inequalities method for solving PDEs is a powerful tool, particularly
in the context of the existence and uniqueness of solutions. It is widely used in
various branches of mathematics and physics, including heat transfer, electromag-
netism, quantum mechanics, elasticity, fluid mechanics, cosmology, and sonic boom
equations. The energy inequalities method is particularly effective for linear PDEs
and nonlinear under conditions. It is useful in the same way as their precursors,
for studying the well-posedness, existence, uniqueness, and stability of solutions to
partial differential equations.
In the a priori estimation method, also called the energy inequality method,
multipliers are constructed according to the specific problem at hand. These
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multipliers yield a priori estimates that are crucial for proving the existence of
solutions.
The energy inequality technique generally follows these steps:

• Formulation of the problem : The problem is formulated as an operator
equation

Lu = f,

Here, L represents a linear operator, and f is a known function. The operator
L is applied to a domain E, which includes functions u that meet specific
criteria, such as boundedness and smoothness.

• Choosing and constructing the multipliers : The construction of multipliers is
a crucial step in the energy inequality method. Generally, we denote by Mu

the effect of any multiplier M on u. These multipliers are used to transform
the operator equation into an equivalent form that can be used to establish
the prior estimates. The multipliers are chosen such that they satisfy certain
conditions, like being smooth and having a finite norm.

• A priori estimates: The multipliers are used to derive a priori estimates
for the solution u. These estimates are typically in the form of an energy
inequality:

∥u∥E ≤ C ∥Lu∥𭟋 ∀u ∈ D (L) , (1.1)

often involving function spaces such as Banach spaces and Hilbert spaces.
This is an inequality involving the square integral of the solution and its
derivatives.

Consequences:
- The solution u is both unique and exhibits continuous dependence on the initial
and boundary conditions.
Proof For u1and u2 being solutions of the problem, we can leverage the linearity

of the operator L. This property allows us to combine these solutions to analyze
the behavior of the system more effectively. This we get

L(u1 − u2) = 0,

Which gives
∥u1 − u2∥E ≤ 0 ∀u ∈ D (L) ,

Then,
∥u1 − u2∥E = 0 =⇒ u1 = u2.
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■
- The operator L from E to 𭟋 having a closure L, there is a constant C indepandent
of u such that

∥u∥E ≤ C
∥∥∥Lu∥∥∥

𭟋
∀u ∈ D

(
L
)
.

• Existence (Solvability): The proof of the existence of a solution to the
problem is established by leveraging the a priori estimates derived in the
preceding step, in conjunction with the application of the subsequent lemma.
By utilizing the a priori estimates, we can demonstrate that the approximate
solutions remain bounded and converge towards a potential solution. This
convergence is essential in ensuring that the solutions do not diverge and
that they satisfy the necessary conditions of the problem. In the subsequent
lemma, we apply specific criteria that provide a framework for establishing
the existence of a limit point within the solution space.

Lemma 1.6:

R(L)=R(L).
. The fact that the range of L is dense in F guarantees that for any
element (f, ϕ) ∈ F

1-L is injective and has a closed range, and we now need to show that every element
f in E can be written as Lv for some v ∈ D(L).
2-By the Banach open mapping theorem, since L is a closed operator with a closed
range.
3- Operator L is surjective in its range. For any f ∈ R(L), there exists v ∈ D(L)
such that Lv = f . Existence is usually established by demonstrating that the range
of the operator L is dense in the functional space 𭟋 (which consists of pairs (f, ϕ)),
ensuring that the operator L maps onto a dense subset of F . This characteristic is
utilized to establish the existence of solutions. Suppose that a sequence of functions
in the L domain converges to zero while their images under L converge to a certain
limit. In that case, that limit must be zero, ensuring the closure of the operator.
If L is surjective (its range is the entire space), it must also be injective for L to be
closed and have a dense range. This follows from the open mapping theorem, which
states that a bounded linear operator between Banach spaces that is surjective is
also boundedly invertible, implying injectivity.

∀v ∈ D(L) (Lu, v) = 0 =⇒ u = 0,
∀v ∈ D(l) (lu, v) = 0 =⇒ lu = 0.
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1.5.3 Fixed-point methods

Since 1930, the influential Polish mathematician Juliusz Schauder was introduced
by the paper ”The Fixed Point Theorem in Function Spaces”, which gives future
developments in the theory of nonlinear functional analysis. Before Schauder,
the Banach fixed-point theorem (the contraction mapping theorem) was well-
known. However, the Banach theorem applied only to contractions, limiting its
applicability. Schauder’s theorem extended the scope by applying to continuous,
compact operators, thus broadening the range of problems that could be addressed.
The development of Schauder’s fixed-point theorems highlights their profound
impact on the study of evolution problems.
In order to apply the Schauder’s theorem on a parabolic (hyperbolique) problem
we first need to define a closed convex set. Let it be:

X = {u ∈ Y ;u(0) = u0} ;

where (Y, ∥.∥Y ) is a Banach space, supposedly containing the solution, and u0

the intial boundry condition. By letting v = ϑ(u), the solution v of the main
problem corresponds to u, where ϑ : X −→ X ( X being a separated locally convex
topological vector space satisfying that the closed convex envelope of any compact
set is compact), to apply the theorem of Schauder, one must follow this plan.
1- Begin by considering the mapping ϑ : BR −→ BR, whereBR = {u ∈ X; ∥u∥Y ≤ R},
and BR is defined as a closed, convex, and non-empty subset of the space X.
2- Show that ϑ is mapped in itself (for the condition on T and R).
3- Prove the continuity of ϑ.
4- Show that ϕ (BR) is relatively compact in Y .

1.5.4 Continuation principle

The continuation principle is a key tool in proving the global existence of solutions
for evolution problems. It is based on the idea that if a solution can be shown to
exist locally in time and remains bounded, then this solution can be extended to
exist for all time. Show that if the solution remains bounded on [0, Tmax], then it
can be extended beyond Tmax or extend the solution using the boundedness of u,
implying Tmax = ∞. Generally, after proving the local existence, the proof is then
based on a contradiction argument. However, the technique needs more attention
and focus because this is not always available for all the research and problems.
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1.5.5 Nonextendable solution

Definition 1.2: nonextendable solution

Every solution can be expanded to meet this condition. In other words, any
given solution is a limitation of a specific nonextendable solution within a
shorter time interval.
In another way, the nonextendability of a solution is related to the concept
of blow-up, where the solution becomes unbounded or singular within a finite
time interval. Also, the concept of nonextendable solutions is closely tied to
blow-up phenomena in differential equations. A nonextendable or maximal
solution denotes the largest interval where a solution exists uniquely. If a
solution cannot be extended past a certain point, it is labeled nonextendable.
This moment is typically linked with the solution becoming unbounded or
singular within a finite time period, a situation known as blow-up.

Consider the abstract Cauchy problem:
du
dt

= A(u),
u(0) = u0.

(1.2)

Let B be a Banach space equipped with the norm ∥.∥ and u0 ∈ B. A solution of
the Cauchy problem (1.2) is a function u ∈ C1 ([0, T0] , B) , T0 > 0. We analyze
the equation using strong differentiation within the Banach space B for all t ∈
[0, T0] .The following theorem is significant.

Theorem 1.10

Let A(u) be a locally Lipschitz-continuous operator, that is, there exists a
function χ : [0,+∞) → [0,+∞), which is bounded on any bounded subset
of the ray [0,+∞) and is such that, for any u1, u2 ∈ B,

∥A(u1) − A(u2)∥ ≤ χ(max(∥u1∥ , ∥u2∥)) ∥u1 − u2∥ .

Then, there exists a unique solution such that either T0 = +∞ or T0 < +∞,

and in the latter case we have

lim
t→T0

∥u(t)∥ = +∞.

19



Chapter 1. Preliminaries

1.6 Blow-up methods

Blow-up methods are powerful analytical techniques used to study the behavior of
solutions to PDEs and other mathematical problems, particularly in the context
of singularities. These methods involve rescaling or transforming the problem
to gain insights into the nature of solutions as they approach critical points or
boundaries. Here as an overview of blow-up methods and their applications: The
earliest significant contributions to the study of blow-up phenomena in parabolic
equations are attributed to Samuel Kaplan and Hiroshi Fujita. Their pioneering
works laid the foundation for understanding the conditions under which solutions
to certain parabolic PDEs exhibit blow-up behavior, where the solution becomes
unbounded in finite time.[?],[?],[?],[?]
The term ’blow-up’ describes the situation where the solution to a differential
equation grows without bounds in a finite amount of time. This is important for
analyzing several physical and mathematical models.
The present section is a result of an important question: after studying the local
existence the intention of researchers directly goes to the question what happen
after T ? To give an answer to this simple question the researchers shall develop
techniques based on it.

Definition 1.3

Blow-up signifies a sudden infinite growth in a finite time span. Blow-up is
often caused by an imbalance between diffusion and reaction terms.

1.6.1 Kaplan’s first eigenvalue method

In 1930, Kaplan introduced the first eigenvalue method which a technique used to
prove the finite time blow-up. The method uses the first eigenvalue λ1 to establish
an upper bound for the blow-up time. This involves deriving a differential inequality
to obtain a lower bound for the blow-up time. The advantage of using this method
resides in its flexibility to be used in various applications.
Kaplan’s first eigenvalue method is a tool for analyzing finite time blow-up in
differential equations due to its ability to relate blow-up to spectral properties.
However, based on the information gathered in few references, because of the lack
of dedicated monographs suggests that while finite-time blow-up and Kaplan’s
first eigenvalue method are active areas of research, there does not appear to be a
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comprehensive book solely focused on these topics.
The research papers and online resources indicate that Kaplan’s first eigenvalue
method, that more deep research maybe needed to cover this subject.

Eigenvalues and eigenfunctions

Let us consider the following boundary-value problem: Lu = λu in Ω,
u = 0 on ∂Ω.

(1.3)

where Ω is an open bounded domain, and λ represents the eigenvalue of L provided
there exists a nontrivial solution u of (1.3).
Eigenvalues of symmetric elliptic operators
For L is the symmetric elliptic operator, by assuming that Ω is connected, the
associated bilinear form B [ , ] satisfies

∀u, v ∈ H1
0 (Ω) : B [u , v] = B [v , u] .

Theorem 1.11

1. Each eigenvalue of L is real.
2. If we repeat each eigenvalue according to its (finite) multiplicity, we

have {λk}∞
k=1 , where 0 < λ1 ≤ λ2 ≤ λ3 ≤ ..., and λk → ∞ as k → ∞.

3. There exists an orthonormal basis {uk}∞
k=1 of L2 (Ω) , with each uk ∈

H1
0 (Ω) being an eigenfunction corresponding to λk for k = 1, 2, 3... : Luk = λkuk in Ω,

uk = 0 on ∂Ω.
(1.4)

Remark 1.5

1- A symmetric operator implies that all the eigenvalues are real, positive,
and the corresponding eigenfunctions form an orthonormal basis of L2 (Ω) .
2- λ1 > 0 is called the principal eigenvalue of L.
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Theorem 1.12: Variational principle for the principal eigenvalue

We have λ1 = min
{
B [u , u]|u ∈ H1

0 (Ω) , ∥u∥L2(Ω) = 1
}
. Furthermore, the

above minimum is attained for a function u1, positive in Ω, which solves Lu1 = λ1u1 in Ω,
u1 = 0 on ∂Ω.

(1.5)

Finally, if u is any weak solution of Lu = λ1u in Ω,
u = 0 on ∂Ω.

(1.6)

then u is a multiple of u1.

The technique steps of the Kaplan’s first eigenvalue method are as follows.
Step 01: Determine the first eigenvalue λ1 (λ1 ≠ 0 and nonnegative eigenfunction)
along with the associated eigenfunction for the relevant eigenvalue problem defined
on the domain Ω with the specified boundary conditions.
Step 02: Test the nonlinear problem with the eigenfunction and simplifying the
expression to get an ODE.
Step 03: Analyze and solve the ODE to find the conditions under which a solution
to a PDE experiences finite-time blow-up.

1.6.2 Energy methods

Energy methods are a powerful analytical approach in the study of PDEs and
dynamical systems, particularly when investigating blow-up phenomena. These
methods involve analyzing energy-like quantities associated with the solutions to
assess their behavior as they approach singularities. Below is an overview of how
energy methods can be applied to study blow-up.
1. Basic concept of energy methods typically involve defining an energy functional
associated with the system. This energy functional often represents a physical
quantity such as kinetic energy, potential energy, or a combination of both. By
analyzing the properties of this functional, one can infer the behavior of solutions
over time.
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Energy method of H. A. Levine

The energy method, developed by H. A. Levine, was originally designed specifically
for investigating nonlinear equations. However, because of its succinctness, it
has become essential for analyzing the blow-up behavior in a broad range of
mathematical physics problems. There are numerous works regarding blow-up
phenomena by using the method of H. Levine. Levine’s method relies on the
construction of a suitable Lyapunov functional, which serves as a tool to establish
the existence and characterization of blow-up solutions. In particular, the method
involves identifying an appropriate energy functional and demonstrating that its
time derivative Alongside the solutions of the evolution equation, specific conditions
must be satisfied that can lead to the phenomenon known as blow-up of the solutions.
Essentially, Levine’s method utilizes the inherent properties of the solutions to derive
insights into their behavior under certain circumstances of an energy functional
associated with the PDE to demonstrate that the solution cannot remain bounded
for all time and must therefore blow up.

Application of H. Levine’s method to nonlinear parabolic equations :

Consider the abstract parabolic problem:
du
dt

= −Λu+ Γ(u(t)), t ∈ [0, T ) ,
u(0) = u0,

(1.7)

where Λ represents a positive linear operator defined within a subdomain D of a real
or Hilbert space, and Γ : D → H (H is a real Hilbert space), and the nonlinear
term Γ(u) complies with the following conditions:

• for every x ∈ D, the function Γ(x) possesses a symmetric Fréchet derivative
denoted by Γx, and the mapping x → Γx is strongly continuous;

• the scalar Ψ : D → R defined by the formula:

Ψ(x) =
1∫

0

(Γ(ρx), x)dρ, (1.8)

for x ∈ D satisfies the subsequent inequalities for a given constant α > 0 :

2(α + 1)Ψ(x) ≤ (x,Γ(x)) , (1.9)

Ψ(u0) >
1
2 (u0,Λ(0)u0) .
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Theorem 1.13

Under these assumptions and that u : [0, T ) → D is a strictly continuous and
differentiable function with respect to the norm of D, and is a nonextendable
solution of problem (1.3). For any t, let the above conditions for Γ : D → H

hold, and let the symmetric operator Λ fulfill the inequalities:
1. (x,Λ(t)x) ≥ 0 for all x ∈ D.

2. (x,Λ(t)x) ≤ 0 for all x ∈ D.

Then, the lifetime T of the solution is bounded:

lim
t→T −

t∫
0

(u(τ), u(τ)) dτ = +∞, lim sup
t→T −

(u(t), u(t)) = +∞,

As a result of our analysis, we derive the following upper bound:

T ≤ (2α + 1) (u0, u0)
2α2 (α + 1)

[(
(Γu0, u0) − 1

2 (u0,Λ(0)u0)
)]−1

. (1.10)

Remark 1.6

The straightforward equation of the type ut = ∆u+ ux + u2, is well-suited
for the application of Levine’s energy method. This approach facilitates the
analysis of the energy dynamics of solutions, helping to uncover stability
properties and conditions leading to blow-up, there by enriching our under-
standing of nonlinear evolution equations. However, the blow-up result can
also be easily derived using alternative methods. This is due to the fact that
the operator Λ = − d2

dx2 − d
dx

is not symmetric.

In the subsequent sections, we will detail the mathematical formulation of the
problem, the assumptions made, and the key results obtained from our analysis.
This focused examination will serve as a foundation for exploring more complex
systems in future research, ultimately enhancing our understanding of ignition
dynamics in solid fuels:


ut − ∆u = |u|p−1 u in ΩT = Ω × (0, T ) ,
u(x, 0) = φ(x) for x ∈ Ω,

u = 0 on ∂Ω × (0, T ) .
(P)

The domain Ω can be either bounded or unbounded, p > 1, and φ is a known
function.
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Theorem 1.14

Let Ω be a smooth domain, φ be the initial condition of equation (P). Assume
that the following conditions hold:

1. Finite-Time Blow-Up: If, for all t > 0,

−1
2

∫
Ω

|∇φ|2 dx+ 1
p+ 1

∫
Ω

|φ|p+1 dx > 0,

then the solution of equation (P) must blow up in finite time. This result
highlights a key aspect of the system’s dynamics, with implications for
the underlying mathematical model and its real-world applications.

2. Global Existence: If the solution φ of equation (P) is global and
satisfies

−1
2

∫
Ω

|∇φ|2 dx+ 1
p+ 1

∫
Ω

|φ|p+1 dx < 0, for all t > 0,

then the solution remains globally bounded in time.

Proof Initially, we construct the energy functional by multiplying the equation
by utand subsequently integrating over the domain Ω, This leads to the following
equation:

∫
Ω

u2
tdx+ 1

2
d

dt

∫
Ω

|∇u|2 dx

 = 1
p+ 1

d

dt

∫
Ω

|u|p+1 dx

 . (1.11)

Then, the appropriate energy functional J(t) is a typical choice for analyzing the
comprehensive analysis of the behavior of solutions to the evolution equation

J(t) = −1
2

∫
Ω

|∇u|2 dx+ 1
p+ 1

∫
Ω

|u|p+1 dx.

From equation (1.11), we get:

d

dt
J(t) =

∫
Ω

u2
tdx ≥ 0.

Integrating the latter (0, T ) implies

J(t) = J(0) +
t∫

0

∫
Ω

u2
tdxdt. (1.12)
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Now, construct a concave functional that is related to the solution of the equation
in (P):

Υ(t) =
t∫

0

∫
Ω

u2dxdt+ A, (1.13)

Where A is a positive integer to be determinated. Next, by differentiating (1.13),
we get

Υ′(t) =
∫
Ω

u2dx. (1.14)

Therefore,
Υ′′(t) = d

dt

∫
Ω

u2dx.

From the procedure of multiplying the equation in (P) by u, and then integrating
the resulting expression on the domain Ω, we can derive important energy estimates
that provide insights into the behavior of the solution. Here is how this process
typically unfolds:

Υ′′(t) = d

dt

∫
Ω

u2dx = −2
∫
Ω

|∇u|2 dx+ 2
∫
Ω

|u|p+1 dx. (1.15)

Upon examining the terms present in J(t) and Υ′′(t), we can deduce the following
relationships from the procedure outlined above:

Υ′′(t) ≥ 2
− (1 + p)

∫
Ω

|∇u|2 dx+
∫
Ω

|u|p+1 dx

 ,
≥ 4(1 + β)

J(0) +
t∫

0

∫
Ω

u2
tdxdt

 .
where the last equality is from (1.12). Clearly,

Υ′(t) =
∫
Ω

u2dx = 2
t∫

0

∫
Ω

utudxdt+
∫
Ω

|φ|2 dx. (1.16)

It follows that, for any δ > 0, we can establish the following results regarding the
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behavior of the solution u:

Υ′(t)2 =
2

t∫
0

∫
Ω

utudxdt+
∫
Ω

|φ|2 dx

2

,

≤ 4

δ2
 t∫

0

∫
Ω

utudxdt

2

+ 1
2δ

∫
Ω

|φ|2 dx

2
 ,

≤ 2δ
 t∫

0

∫
Ω

u2
tdxdt

t∫
0

∫
Ω

u2dxdt

+ 2
δ

∫
Ω

|φ|2 dx

2

(1.17)

Combining the above estimates, we find that for δ > 0,

Υ′′(t)Υ(t) − αΥ′(t)2 ≥ 2 (1 + p)
J(0) +

t∫
0

∫
Ω

u2
tdxdt

 t∫
0

∫
Ω

u2dxdt+ A



−α

2δ
 t∫

0

∫
Ω

u2
tdxdt

t∫
0

∫
Ω

u2dxdt

+ 2
δ

∫
Ω

|φ|2 dx

2
 .

we have 2(1 + p) − 2αδ > 0, J(0) > 0. and we can choose A to be large enough so
that

Υ′′(t)Υ(t) − αΥ′(t)2 > 0. (1.18)

From (1.18), it follows
d

dt

(
Υ′(t)
Υα(t)

)
> 0,

so that
∀t > 0, Υ′(t)

Υα(t) >
Υ′(0)
Υα(0) .

It can be concluded that the expression Υ(t) =
t∫

0

∫
Ω
u2dxdt+A cannot remain finite

for all values of t. ■

Application of H. Levine’s method to nonlinear hyperbolic equations

Todorova’s energy method

The energy method proposed by G. Todorova in 1994 contributes to the field of
mathematical physics by providing a specialized technique for analyzing nonlinear
PDEs that contain the term | ut |, in addition to a nonlinear source term.
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Consider the following a nonlinear hyperbolic problem with linear damping ut:
utt + aut = Pu+ F (u),

u(0) = φ (x) ,
ut(0) = ψ (x) .

(1.19)

The symmetry of the operator P (t) : D → H plays a crucial role in ensuring
that (x, P (t)x) ≥ 0 for all x ∈ D. If v : [0,∞) → H is a strictly continuous
differentiable mapping and both v(t)and dv

dt
belong to D for all t ≥ 0, then the

function (v(t), P (t)v(t)) is continuously differentiable, and the following inequality
holds:

Q(v, v) ≡ d

dt
(v, Pv) − 2(dv

dt
, Pv) ≤ 0.

Assume that the operator P (t) = P ≥ 0 is time-independent allows for a clearer
analysis of the solution behavior.
Applying Levine’s method, we derive sufficient conditions for blow-up in the initial-
boundary-value problem.

Theorem 1.15

Assume that F satisfies all the conditions in the last section. Let us treat
the nonextendable solutions in time u : [0, T ) → H of the problem (1.19).
Moreover, assume that the function u0 satisfies the inequality:

G(φ) > 1
2((φ, Pφ) + ( a2α)2(φ, φ)). (1.20)

Then, for all initial functions ψ ∈ D satisfying the inequalities:

∥ψ∥ ≤ r(φ), ∥ψ∥cosθ > a∥φ∥
2θ ,

where

cos θ = (φ, ψ)
∥φ∥∥ψ∥

, r(φ) =
√

2G(φ) − (φ,Aφ),

the associated solution experiences blow-up in a limited time frame:

T ≤ 1
a

ln
(

2α∥ψ∥ cos θ
2α∥ψ∥ cos θ − a∥φ∥

)
.

Proof Let ϕ(t) = (u, u) . By differentiation this function twice by time, we obtain
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the:
first derivative:

ϕ′(t) = 2(u, ut), (1.21)

and the second derivative:

ϕ′′(t) = 2(u, utt) + 2(ut, ut). (1.22)

The application of the Cauchy–Bunyakovsky inequality yields:

(u, ut)2 ≤ (ut, ut)(u, u),

i.e.
0 ≤ (ut, ut)(u, u) − (u, ut)2,

This can be represented in the following form:

G = (ut, ut)(u, u) − (u, ut)2,

4(α + 1)G = 2ϕ(2α + 2)(ut, ut) − (α + 1) (ϕ′)2 ≥ 0.

It is now easy to prove the estimate

ϕϕ′′ − (α + 1) (ϕ′)2 ≥ 4(α + 1)G+ 2ϕ((u, utt) − (2α + 1)(ut, ut)). (1.23)

In the next step, let us introduce the function:

X(t) ≡ (u, utt) − (2α + 1)(ut, ut) (1.24)

and examine the last term of (1.23) separately. Differentiating X(t) with respect
to time gives

X ′(t) = a(4α + 2)(ut, ut) − (4α + 2)(ut, F (u))

+ d

dt
[2α(u,Au) − a(u, ut) + (u, F (u))]. (1.25)

By integrating (1.25) from 0 to t and applying the properties of P and C along
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with the definition of X, it follows:

X(t) ≥ −a(u, ut) + 2(2α + 1)C(φ) − (2α + 1)((φ, Pφ) + (ψ, ψ)),

≥ −aϕ
′(t)
2 . (1.26)

In the previous inequality, we have applied condition (1.20). Substituting (1.26)
into (1.23), we derive the ordinary differential inequality

ϕϕ′′ − (α + 1)(ϕ′)2 ≥ −aϕϕ′ ⇒ (ϕ−α)′′ + a(ϕ−α)′ ≤ 0.

Integrating this inequality twice by time, we arrive at the lower estimate:

ϕα ≥ ϕα(0)
1 − α (1 − e−at) ϕ′(0)

ϕ(0)

. (1.27)

Under the condition
α
ϕ′ (0)
ϕ (0) > 1.

the denominator in (1.27) becomes zero at a specific moment in time; say t = t0 .
Consequently, we have established sufficient conditions for the blow-up of a solution
within a finite time, lim

t→T
∥u(t)∥ = +∞, and the upper estimate of the lifetime:

T ≤ t0 = 1
a

ln
(

2α (φ, ψ)
2α (φ, ψ) − a∥φ∥

)
.

The theorem is fully proven. ■

1.7 Decay analysis for nonlinear parabolic and

hyperbolic equations

Decay analysis is an important topic in the study of PDEs, particularly for nonlinear
parabolic and hyperbolic equations. This behavior is often characterized by the
concept of asymptotic stability, where the solution converges to a stable steady
state as time goes to infinity. The decay rate and the long-time behavior of solutions
are influenced by factors such as the nonlinearity, the dissipation mechanisms, and
the initial and boundary conditions.
The mathematical analysis of decay for nonlinear parabolic and hyperbolic equations

30



Chapter 1. Preliminaries

involves a wide range of techniques, including: energy methods, functional analytic
techniques, spectral theory, and others.

Definition 1.4

Decay means that the solution u(x, t) approaches the zero function as t → ∞.

Definition 1.5

Exponential decay dominates the long-term behavior whose property is a
strong stability and a convergence result for the nonlinear evolution equation,
and it has important implications for the long-term behavior of the solution.

1.7.1 Energy methods

The method of energy is a powerful technique used to establish the exponential
decay. The core strategy for achieving exponential decay estimates in the context
of nonlinear parabolic equations consists in demonstrating that the problem is
dissipative. This is primarily done by confirming that the diffusion term is coercive
and that the reaction term contributes through a significant dissipation This fact,
combined with Poincaré’s inequality, allows to control the functional energy E(t)
and derive the exponential decay estimate.
The exponontial decay for an parabolic equation with Dirichlet conditions and
parabolic equation with an integral condition.
Consider the nonlinear heat equation in the spatial domain Ω = (0, 1):


ut − ∆u = up ∀x, t ∈ QT ,

u(x, 0) = φ (x) ∀x ∈ Ω,
u(0, t) = u(1, t) = 0 ∀t ∈ [0, T ] .

(1.28)

Theorem 1.16

Let T > 0, Ω = (0, 1) and E(0) , λ positive constants. Then, the problem
(Pm1) admits a solution u(x, t) satisfying the following exponential decay
estimate:

E(t) = E(0)e−λt.

Proof Step 01: Construct the energy functional:
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∫
Ω

utu−
∫
Ω

∆u u =
∫
Ω

up+1,

d

dt

1
2

∫
Ω

u2

 = −
∫
Ω

∇u2 +
∫
Ω

up+1, (1.29)

By using the Gagliardo-Nirenberg interpolation inequality, for any θ ∈ (0, 1), we
have

∥u∥p+1
p+1 ≤ C ∥∇u∥(p+1)θ

2 ∥u∥(p+1)(1−θ)
2 ,

≤ 2
p−1

2 C (M(t))
p−1

2 ∥∇u∥2
2 . (1.30)

Step 02: On the other hand, by using the poincaré inequality on ( 1.29), we get

d

dt
M(t) = −

∫
Ω

∇u2 +
∫
Ω

up+1,

≤ −M(t)
(
C

2
cΩ

− (M(t))
p−1

2

)
.

This integral seems to be challenging to solve explicitly for a general p, but we can
analyze the behavior near M(t) = 0 to understand the exponential decay.
Step 03: By assuming that M(t) is small, (M(t))

p−1
2 will be much smaller than

C 2
cΩ

, so that we can use the approximation:

d

dt
M(t) ≈ −C 2

cΩ
M(t),

By setting λ = C 2
cΩ
, we can solve the simplified differential equation:

d

dt
M(t) ≈ −λM(t).

Thus, we conclude that the solution to this equation is given by

M(t) = M(0)e−λt.

where M(0) is the initial energy. ■

Now, we present another study of the same problem but with a second-kind integral
condition.
Let QT = {(x, t) ∈ Ω × (0, T )| Ω = (0, l)}. Consider the nonlinear heat problem
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with an integral boundary condition:



ut − ∆u = up ∀x, t ∈ QT ,

u(x, 0) = φ (x) ∀x ∈ Ω,
u(0, t) = 0 ∀t ∈ [0, T ] ,

u(l, t) =
∫
Ω
k(x, t)u(x, t)dx ∀t ∈ [0, T ] .

(1.31)

where k is a bounded function , φ a known function, and p ≥ 1.

Theorem 1.17

Let Ω = (0, l) and E(0) , λ a positive constants. Then, the problem (1.31)
admits a solution u(x, t) satisfying the following exponential decay estimate:

E(t) = E(0)e−λt.

Proof First, let us define
E(t) = 1

2

∫
Ω

u2,

by constructing the energy functional with the use of

d

dt

1
2

∫
Ω

u2

 = −
∫
Ω

∇u2 +
∫
Ω

up+1 +
∫

Ω

kudx

∫
Ω

u

 ,
≤ −

∫
Ω

∇u2 + C (E(t))
p−1

2 ∥∇u∥2
2 + ε

2kmax

∫
Ω

u

2

+ 1
2ε

∫
Ω

u

2

,

≤ −
∫
Ω

∇u2 + C (E(t))
p−1

2 ∥∇u∥2
2 + l2

(
ε

2kmax + 1
2ε

) ∫
Ω

∇u2. (1.32)

So, from (1.32), we conclude that

dE(t)
dt

≤
(

−1 + l2
(
ε

2kmax + 1
2ε

)) ∫
Ω

∇u2 + C (E(t))
p−1

2 ∥∇u∥2
2

≤ − ∥∇u∥2
2

((
1 −

(
ε

2kmax + 1
2ε

))
− C (E(t))

p−1
2

)
,

≤ −1
l

∥u∥2
2

((
1 −

(
ε

2kmax + 1
2ε

))
− C (E(t))

p−1
2

)
,

≤ −2
l
E(t)

((
1 −

(
ε

2kmax + 1
2ε

))
− C (E(t))

p−1
2

)
.

This integral can be challenging to solve explicitly for a general p, but we can analyze
the behavior near E(t) = 0 to understand the exponential decay. By assuming
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that E(t) is small, (E(t))
p−1

2 will be much smaller than
(

−2
l

(
1 −

(
ε
2kmax + 1

2ε

)))
,

so that we can employ the approximation:

d

dt
E(t) ≈ −λE(t),

where λ = 2
l

(
1 −

(
ε
2kmax + 1

2ε

))
. Therefore, we can solve the simplified differential

equation:
d

dt
E(t) ≈ −λE(t),

Thus, the solution to this equation is

E(t) = E(0)e−λt.

where E(0) is the initial energy. ■

Expenontial decay for a hyperbolic equation with Dirichlet conditions and a
hyperbolic equation with an integral condition

This section comprises two parts. First, we present the proof of the exponential
decay for a hyperbolic equation with a Dirichlet boundary conditions. Then, we
consider a more complex hyperbolic problem with an integral boundary condition
to study the exponential decay results under different assumptions in combination
with the above method. We start by considering the hyperbolic equation with a
Dirichlet boundary condition in a bounded domain Ω = (0, l) , l > 0:


utt − a∆u+ but = up ∀x, t ∈ QT ,

u(x, 0) = φ (x) ∀x ∈ Ω,
ut(x, 0) = ψ(x) ∀x ∈ Ω,

u(0, t) = u(l, t) = 0 ∀t ∈ [0, T ] .

(1.33)

Where the parameters a > 0 and p > 1, are given with the functions
φ and ψ, we note that the term involving b signifies the damping effect present in
the system.
Parameter Significance: The condition a > 0 typically indicates a stabilizing in-
fluence within the system, ensuring that any growth or oscillatory behavior is
moderated.
The parameter p > 1 suggests a nonlinear response, which can lead to complex
dynamics that depend on the magnitude of the state variables.
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Functions φ and ψ are predefined and can represent various aspects of the system,
such as initial conditions, external forces, or specific characteristics that influence
the behavior of the solutions. Their forms are critical, as they can introduce
nonlinearity or time dependency, affecting the overall dynamics.
Damping Effect: The damping term, represented by b, plays a vital role in the
system’s stability. It works to counteract growth and oscillations, providing a
corrective mechanism that leads to a more stable and controlled evolution of the
system. This effect is particularly important in physical systems where resistance
or friction acts to bring motion to equilibrium.

Theorem 1.18

Let Ω = (0, l), a > 0, p > 1, ε
2 > b, ∀ε > 0, and φ, ψ are given functions.

Then, the energy functional is given by

E(t) = 1
2 ∥ut∥2

2 + a

2 ∥∇u∥2
2 .

Moreover, there exist positive constants E(0) and λ (depending on the
problem parameters) such that the solution u(x, t) satisfies the following
exponential decay estimate:

E(t) = E(0)e−(−2b+max(2b,ε))t

Proof As usual, we first start by the energy functional defined by multiplying the
main equation of the problem (1.33) on ut , and then integrating the obtained
equation over Ω. We get∫

Ω

uttutdx− a
∫
Ω

∆u utdx =
∫
Ω

uputdx,

≤ 1
2

∫
Ω

u2pdx+
(

−b+ 1
2

) ∫
Ω

u2
tdx. (1.34)

Next, by using the inequality:

∥u∥2p
2p ≤ C ∥∇u∥2pθ

2 ∥u∥2p(1−θ)
2 .

for θ = 1
p
, we obtain

∥u∥2p
2p ≤ C ∥∇u∥2

2 ∥u∥2(p−1)
2 .
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Applying the Poincaré inequality gives

∥u∥2p
2p ≤ CCΩ ∥∇u∥2

2 ∥∇u∥2(p−1)
2 ,

≤ C ′ ∥∇u∥2p
2 ≤

(2
a

)p

C ′(M(t))p (1.35)

where C′ = C′a
2 , and M(t) = 1

2 ∥ut∥2
2 + a

2 ∥∇u∥2
2. By combining (1.34) and (1.35),

it follows that

d

dt

[1
2 ∥ut∥2

2 + a

2 ∥∇u∥2
2

]
≤

(2
a

)p C ′

ε
(M(t))p +

(
−b+ ε

2

) ∫
Ω

u2
tdx,

d

dt
M(t) ≤

(2
a

)p C ′

ε
(M(t))p +

(
−b+ 1

2

)
M(t) + 2

a

(
−b+ 1

2

)
M(t),

≤
(2
a

)p C ′

ε
E(t)p + (−2b+ max(2b, ε))E(t),

≤ −M(t)
(

(−2b+ max(2b, ε)) −
(2
a

)p C ′

ε
M(t)p−1

)

For ε
2 > b,∀ε > 0 assuming that (−2b+ max(2b, ε)) −

(
2
a

)p
C′

ε
M(t)p−1 > 0, we

have

(−2b+ max(2b, ε)(
2
a

)p
C′

ε

)
1

p−1 > M(t).

We observe that if M(t) is small, then M(t)p−1 also small since

C ′

2 M(t)p +
(

1 + 2
a

)(
−b+ 1

2

)
M(t)

To ensure the exponential decay, we need the term

dM(t)
dt

≈ − (−2b+ max(2b, ε))M(t).

So, we get the solution to this equation as follows:

E(t) = E(0)e−(−2b+max(2b,ε))t,

where E(0) is the initial energy. ■
Now , we must highlight a special problem, Consider the following non-linear
hyperbolic initial-boundary value problem. For any T > 0 and ΩT = Ω × (0, T ),
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find u = u(x, t) satisfying the PDE:

utt − a∆u+ but = up, (1.36)

with the prescribed initial condition: u(x, 0) = φ (x) ∀x ∈ Ω,
ut(x, 0) = ψ(x) ∀x ∈ Ω.

(1.37)

This problem involves both a homogeneous Dirichlet condition and an integral
boundary condition:

u(0, t) = 0 ∀t > 0,
ux(1, t) =

∫
Ω
k(x, t)u(x, t)dx ∀t > 0. (1.38)

Let as show that the energy of this problem decays exponentially over time. This
approach can be used to establish the existence and uniqueness of a solution, as
well as to study the long-time behavior of the solution.

Theorem 1.19

Let Ω = (0, l) be the domain under consideration. Assume that the following
conditions hold: θmax (ε, 1) < b

2 < k, ∀ε, θ > 0, and φ, ψ are given function,
Then, the energy functional associated can be expressed as:

E(t) = 1
2 ∥ut∥2

2 + a

2 ∥∇u∥2
2 .

Furthermore, there exist positive constants E(0) and λ , which depend on
the problem parameters, such that the solution u(x, t) obeys the following
exponential decay estimate:

E(t) = E(0)e−(b−θ max(ε,1))t.

Proof By multiplying of equation (1.36) with ut, we arrive at the following outcome:

d

dt
[12

∫
Ω

u2
tdx+ a

2

∫
Ω

u2
xdx] = −b

∫
Ω

u2
tdx+ a

∫
Ω

kudxu(1, t) +
∫
Ω

uputdx.

≤ −b
∫
Ω

u2
tdx+ ak2

2ε

∫
Ω

u2dx+ aε

2

∫
Ω

u2
xdx

+ 1
2θ

∫
Ω

u2pdx+ θ

2

∫
Ω

u2
tdx.
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Using the Gagliardo-Nirenberg interpolation inequality implies

d

dt
[12

∫
Ω

u2
tdx+ a

2

∫
Ω

u2
xdx]

≤ C

2bE(t)p − bE(t) +
(
k2

ε
+ ε+ b

)
a

2

∫
Ω

u2
xdx+ θ

2

∫
Ω

u2
tdx.

By assuming that θ = k2

ε
+ ε+ b, we get, θε = ε2 + εb+ k2 for b

2 < k. Therefore,

dE(t)
dt

≤ C

2bE(t)p + (−b+ θmax (ε, 1))E(t),

and for θmax (ε, 1) < b, we obtain

dE(t)
dt

≤ −E(t)
(

(b− θmax (ε, 1)) − C

2bE(t)p−1
)
,

Subsequently, by assuming that E(t) is small, (E(t))p−1 will be much smaller than
(b− θmax (ε, 1)), and we can use the approximation:

d

dt
E(t) ≈ −λE(t),

where λ = b− θmax (ε, 1). Then, we can solve the simplified differential equation:

d

dt
E(t) ≈ −λE(t),

whose solution is:
E(t) = E(0)e−λt.

where E(0) is the initial energy. ■

1.8 Fractional calculus preliminaries

Fractional calculus provides powerful tools for modeling and analyzing complex
systems that cannot be adequately described using traditional integer-order ap-
proaches. By extending the concepts of derivatives and integrals to fractional orders,
it opens new avenues for research and application across a range of scientific and
engineering disciplines. Fractional calculus is a branch of mathematical analysis
that extends the concept of derivatives and integrals to non-integer (fractional)
orders. It provides a framework for modeling various phenomena in nature that
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are better described by fractional rather than classical derivatives. In the history
of fractional calculus, as early as 1695, L’Hôpital posed the question regarding the
interpretation of dn

dxn if n = 1
2 , essentially asking, that is ”What if n is fractional?”.

Leibniz responded by stating: ”This represents an apparent paradox from which
valuable insights will eventually arise,” adding that ”d 1

2 will equate to x
√
x : x”.

S.F.Lacroix was the first to mention in some two pages a derivative of arbitrary
order in his 700 page textbook of 1819. Thus, for y = xα, α ∈ R+, he demonstrated
that

d
1
2y

dx
1
2

= Γ(α + 1)
Γ(α + 1

2)x
α− 1

2 .

In particular, he had
(

d
dx

) 1
2 x = 2

√
x
π

(the same results as by the present day
Riemann-Liouville definition below). Fractional calculus is a rich field with nu-
merous definitions and properties that extend traditional calculus concepts to
non-integer orders. Its applications across various disciplines highlight its im-
portance and versatility in solving complex problems in science and engineering.
Understanding the foundational definitions and properties of fractional derivatives
is crucial for exploring further advancements in this area. Fractional calculus is a
very productive field of mathematics having many applications
in various fields of science and engineering. In this section, several common
definitions and properties of fractional derivatives will be introduced.

Definition 1.6: (Gamma function) :

The function Γ(z), known as the Euler gamma function, is expressed by the
Euler integral of the second kind as follows:

Γ (z) =
∫ ∞

0
tz−1 exp(−t)dt (R(z) > 0) ,

Remark 1.7

• Γ (z + 1) = zΓ (z) .
• Γ(n+ 1) = n! (n ∈ N∗) as usual 0! = 1.
• Γ(n) = (n− 1)!.
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Definition 1.7

For any 0 < α < 1, the Caputo and Riemann-Liouville derivatives are defined
as follows:

• The left Caputo derivative:

C
0 D

α
t µ(x, t) := 1

Γ(n− α)

t∫
0

∂nµ(x, τ)
∂τn

(t− τ)−α+n−1 dτ.

• The right Caputo derivative:

C
t D

α
Tµ(x, t) := (−1)n

Γ(n− α)

T∫
t

∂nµ(x, τ)
∂τn

(τ − t)n−α−1 dτ.

• The left Riemann-Liouville derivative :

R
0 D

α
t µ(x, t) := 1

Γ(n− α)
dn

dtn

t∫
0

µ(x, τ) (t− τ)n−α−1 dτ.

• The right Riemann-Liouville derivatives :

R
t D

α
Tµ(x, t) := (−1)n

Γ(n− α)
dn

dtn

T∫
t

µ(x, τ) (τ − t)n−α−1 dτ.

Here, n = [α] + 1 for α ∈ N+, δ ̸= n+ 1
2 ,

Definition 1.8

The semi-norms |·|lHδ(Ω), |·|rHδ(Ω), and |·|cHδ(Ω) are said to be equivalent.
This equivalence is denoted by

|·|lHδ(Ω)
∼= |·|rHδ(Ω)

∼= |·|cHδ(Ω) . (1.39)

Lemma 1.7

For every real δ > 0, the space RHδ
0 (Ω) with respect to the norm (1.39) is

complete.
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1.9 Numerical simulation tools

Simulation tools are software applications or platforms designed to model, analyze,
and visualize complex systems across various fields, including engineering, physics,
finance, biology, and social sciences. These tools enable users to create simulations
that replicate real-world processes, allowing for experimentation and analysis
without the constraints of physical setups.

1.9.1 Interpolation approximations of the fractional Caputo
derivatives

Interpolation approximations of fractional Caputo derivatives are crucial for nu-
merically solving fractional differential equations (FDEs). Given the complexities
associated with fractional calculus, these methods help in estimating the fractional
derivatives when analytical solutions are difficult or impossible to obtain.

Theorem 1.20

The L1-method for the Caputo derivative is given by

C
0 D

α
t f(tn) = C

n−1∑
k=0

(f(tk+1) − f(tk))
[
(n− k − 1)1−α − (n− k)1−α

]
+O(αt2−α).

where C = ∆t−α

(1−α)Γ(1−α) .
The L2-method for the Caputo derivative is given by:

C
0 D

α
t f(tn) =

n∑
k=−1

Ckf(tn−k) +O(αt3−α),

where

Ck = A



1, k = −1
22−α − 3, k = 0

(k + 2)−α+2 − 3 (k + 1)−α+2

+3k−α+2 − (k − 1)−α+2 , 1 ≤ k ≤ n− 2
− (n− 2)−α+2 + 3 (n− 1)−α+2 − 2n−α+2, k = n− 1

n−α+2 − (n− 1)−α+2 , k = n.

where A = ∆t−α

Γ(3−α) .
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L1-approximation

The analysis of numerical schemes based on the L1-approximation has been an
active area of research in the field of fractional calculus. The L1-approximation is
one of the popular ways to discretize the Caputo fractional derivative of order α
(0 < α < 1).
For any positive integer n, let us set: ∆t = T

n
, tk = k∆t, 0 ≤ k ≤ n and

a(α)
l = (l + 1)1−α − l1−α, l ≥ 0.

The Caputo fractional derivative at t = tn can be written as

C
0 D

α
t f(tn) = 1

Γ (1 − α)

tn∫
0

f ′(t)
(tn − t)αdt,

= 1
Γ (1 − α)

n−1∑
k=0

tk+1∫
tk

f ′(t)
(tn − t)αdt.

with [tk, tk+1] ⊂ [0, tn] ,∀k ∈ 0, n. We have the following approximation of f ′(t)

f ′(t) = f(tk + ∆t) − f(tk)
∆t + o(∆t),

≃ f(tk+1) − f(tk)
∆t .

Therefore,

C
0 D

α
t f(tn) = 1

Γ (1 − α)

n−1∑
k=0

f(tk+1) − f(tk)
∆t

tk+1∫
tk

1
(tn − t)αdt,

= 1
Γ (1 − α)

n−1∑
k=0

f(tk+1) − f(tk)
∆t

tk+1∫
tk

(tn − t)−α dt,

C
0 D

α
t f(tn) = ∆t−α

(1 − α) Γ (1 − α)

n−1∑
k=0

(f(tk+1) − f(tk))
[
(n− k − 1)1−α − (n− k)1−α

]
.

(1.40)

Setting:
bk = ∆t−α

(1 − α) Γ (1 − α)
[
(k + 1)1−α − k1−α

]
.
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produces
C
0 D

α
t f(tn) =

n−1∑
k=0

bk (f(tk+1) − f(tk)) . (1.41)

the L1−approximation for the Caputo fractional derivative is thus determined by
(1.40).
For the Riemann–Liouville fractional derivative:

R
0 D

α
t f(tn) =C

0 Dα
t f(tn) + f ′(0)

Γ (1 − α)t
−α
n . (1.42)

we can obtain

R
0 D

α
t f(tn) =

n−1∑
k=0

bk (f(tk+1) − f(tk)) + f ′(0)
Γ (1 − α)t

−α
n .

The error estimate of the L1-method is easily expressed as follows:
∣∣∣∣∣
n−1∑
k=0

bk (f(tk+1) − f(tk)) + f ′(0)
Γ (1 − α)t

−α
n −R

0 D
α
t f(tn)

∣∣∣∣∣ ≤ C∆t2−α,

where C is a positive constant that depends onely on the order α and and the
function f .

L2− and L2
C−approximations

The L2−method and its variant L2
C−method are used to discretize the Riemann–

Liouville derivative of order α (1 < α < 2), which can be obtained in a similar way
to that of the L1 method. For the Caputo derivative with order 1 < α < 2, we
have

C
0 D

α
t f(tn) = 1

Γ (2 − α)

tn∫
0

f ′′(t)
(tn − t)α−1dt.

By using the property of integral:
a∫
0
g(t)dt =

a∫
0
g(a− t)dt , we get

1
Γ (2 − α)

tn∫
0

f ′′(tn − t)
tα−1 dt.
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C
0 D

α
t f(tn) = 1

Γ (2 − α)

n−1∑
k=0

tk+1∫
tk

f ′′(tn − t)
tα−1 dt.

= 1
Γ (2 − α)

n−1∑
k=0

tk+1∫
tk

f ′′(tn − t)
tα−1 dt.

On each subinterval [tk, tk+1], we have

f ′′(t) ≃ f(tk+1) − 2f(tk) + f(tk−1)
∆t2 .

Hence,

C
0 D

α
t f(tn) ≈ 1

Γ(2 − α)

n∑
k=0

f(tn − tk+1) − 2f(tn − tk) + f(tn − tk−1)
∆t2

∫ tk+1

tk

1
tα−1dt

≈ ∆t−α

Γ(3 − α)

n∑
k=0

(
f(tn − tk+1) − 2f(tn − tk)

+ f(tn − tk−1)
)(

(k + 1)−α+2 − k−α+2
)

≈
n∑

k=0
(f(tn − tk+1) − 2f(tn − tk) + f(tn − tk−1)) bk. (1.43)

where
bk = ∆t−α

Γ (3 − α)
(
(k + 1)−α+2 − (k)−α+2

)
.

The scheme can be rewritten as follows:

C
0 D

α
t f(tn) =

n∑
k=−1

Ckf(tn−k),

where

Ck = C



1, k = −1
22−α − 3, k = 0

(k + 2)−α+2 − 3 (k + 1)−α+2 + 3k−α+2 − (k − 1)−α+2 , 1 ≤ k ≤ n− 2
− (n− 2)−α+2 + 3 (n− 1)−α+2 − 2n−α+2, k = n− 1

n−α+2 − (n− 1)−α+2 , k = n

(1.44)
For C = ∆t−α

Γ(3−α) . This leads to the following L2−approximation for the Riemann-
Liouville derivative:
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R
0 D

α
t f(tn) ≈ C

0 D
α
t f(tn) + f(0)t−α

n

α(1 − α) + f ′(0)t1−α
n

α(1 − α) ,

≈
n∑

k=−1
Ckf(tn−k) + f(0)t−α

n

α(1 − α) + f ′(0)t1−α
n

α(1 − α) .

Let us pass to the L2
C-method. For the Caputo derivative with order 1 < α < 2,

we have

C
0 D

α
t f(tn) = 1

Γ (2 − α)

tn∫
0

f ′′(t)
(tn − t)α−1dt,

= 1
Γ (2 − α)

n−1∑
k=0

tk+1∫
tk

f ′′(t)
(tn − t)α−1dt. (1.45)

An approximation of the second-order derivative f ′′ can be performed by using the
four-point discretization. Indeed, starting from the formula:

f ′′(tk) = f ′(tk+1) + f ′(tk−1)
2∆t ,

and using f ′(tk+1) = f(tk+2)+f(tk+1)
∆t

, and f ′(tk−1) = f(tk)−f(tk−1)
∆t

, yield the four-point
formula:

f ′′(tk) = f(tk+2) − f(tk+1) + f(tk) − f(tk−1)
2∆t2 . (1.46)

Finally, combining (1.45) and (1.46) leads to

C
0 D

α
t f(tn) ≈ 1

Γ (3 − α)

n−1∑
k=0

(f(tk+2) − f(tk+1) + f(tk) − f(tk−1))
[
t−2+α
n−k−1 − t−2+α

n−k

]
.

By a similar reasoning, we can get

R
0 D

α
t f(tn) ≈ C

0 D
α
t f(tn) + f(0)t−α

n

α(1 − α) + f ′(0)t1−α
n

α(1 − α) ,

≈ 1
Γ (3 − α)

n−1∑
k=0

(f(tk+2) − f(tk+1) + f(tk) − f(tk−1))
[
t−2+α
n−k−1 − t−2+α

n−k

]
+ f(0)t−α

n

α(1 − α) + f ′(0)t1−α
n

α(1 − α) .
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The L2 and L2
C methods provide robust frameworks for approximating the fractional

Caputo derivatives. By focusing on error minimization in the L2−norm and
incorporating corrective terms, these methods enhance the accuracy and reliability
of numerical solutions to fractional differential equations. Their versatility makes
them valuable tools for researchers and practitioners across various disciplines.
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2
Solvability and blow-up study of weak

solutions for a nonlinear parabolic
equation with a generalized nonlinear

integral condition of second type

This chapter investigates the solvability and blow-up behavior of weak solutions
for a specific class of nonlinear parabolic equations characterized by generalized
nonlinear integral conditions of the second kind.
The chapter is structured into sections, each dedicated to developing the analytical
framework required to study the existence and uniqueness of weak solutions to
the nonlinear parabolic equation under consideration. These models are directly
relevant to the main problem of interest (2.1). Subsequently, we will explore the
blow-up phenomena associated with these weak solutions.[?],[?],[7],[21].
Let (0, T ) and Ω = (0, 1) be open bounded intervals in R. Consider the nonlinear
parabolic equation in the domain QT = Ω × (0, T ):



ut − a∆u+ bu+ cup = f(x, t, u) in QT ,

u(x, 0) = φ(x) ∀x ∈ Ω,

ux(0, t) =
1∫
0
k1(x, t)g(u(x, t))dx ∀t ∈ (0, T ),

ux(1, t) =
1∫
0
k2(x, t)h(u(x, t))dx ∀t ∈ (0, T ).

(2.1)

where φ is a given function, a, b and c positive integers, p ≥ 1, and k1, k2 bounded
functions.

2.1 Solvability of the problem for b = c = 0

Consider the problem (2.1) with appropriate boundary and initial conditions. We
will analyze this problem under the specific parameters b = 0, c = 0 and g, h are
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Lipschtizian functions satisfying:

∥g(u)∥ ≤ c1 ∥u∥ , (2.2)
∥h(u)∥ ≤ c2 ∥u∥ , (2.3)

c1, c2 being positive constants.
Let us study the problem:



∂u

∂t
− a

∂2u

∂x2 = f(u), x, t ∈ Q

u(x, 0) = φ(x), 0 ≤ x ≤ 1
ux(0, t) =

∫ 1
0 k1(x, t)g(u(x, t))dx, 0 ≤ t ≤ T

ux(1, t) =
∫ 1

0 k2(x, t)h(u(x, t))dx 0 ≤ t ≤ T.

(P2)

In order to solve this problem, we focus on the corresponding linear equation to
demonstrate the existence of a solution:

∂u

∂t
− a

∂2u

∂x2 = f(x, t), (x, t) ∈ Q

u(x, 0) = φ(x), 0 ≤ x ≤ 1
ux(0, t) =

∫ 1
0 k1(x, t)g(u(x, t))dx, 0 ≤ t ≤ T

ux(1, t) =
∫ 1

0 k2(x, t)h(u(x, t))dx 0 ≤ t ≤ T.

(P3)

Let us take into account the following auxiliary problem that involves a homogeneous
equation:

Lw = ∂w

∂t
− a

∂2w

∂x2 = 0,

with the initial condition:
ℓw = w(x, 0) = φ(x),

and the nonlinear integral conditions of the second kind:

wx (0, t) =
∫ 1

0
k1 (x, t) g(w (x, t) + y (x, t))dx,

wx (1, t) =
∫ 1

0
k2 (x, t)h(w (x, t) + y (x, t))dx.

Let g∗ and h∗ be two functions defined by

g∗ (w) = g(w, y) and h∗ (w) = h(w, y),

and verifying the following inequality:
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∥g∗ (w)∥L2(Q) ⩽ b1 ∥w∥L2(Q) + b2, and ∥h∗ (w)∥L2(Q) ⩽ b3 ∥w∥L2(Q) + b4,

b1, b2, b3 and b4 are positive constants. As a result, the corresponding auxiliary

problem, when considering the homogeneous version of the equation, can be
expressed in the following form:



Lw = ∂w

∂t
− a

∂2w

∂x2 = 0, (x, t) ∈ Q

ℓw = w(x, 0) = φ(x), x ∈ (0, 1)
wx (0, t) =

∫ 1
0 η0 (x, t) g∗ (w (x, t)) dx, t ∈ (0, T )

wx (1, t) =
∫ 1

0 η1 (x, t)h∗ (w (x, t)) dx. t ∈ (0, T ).

(P2)

Assuming that u is a solution to problem (P2) and w is a solution to problem (P2),

it follows that y = u− w is a solution of the following problem:

Ly = ∂y

∂t
− a

∂2y

∂x2 = f (x, t) , (x, t) ∈ Q

ℓy = y(x, 0) = 0, x ∈ (0, 1)
yx (0, t) = 0, t ∈ (0, T )
yx (1, t) = 0, t ∈ (0, T ).

(P3)

To establish the existence of solutions for the problem (P2), we only need to convert
it into a nonlinear ODE. We do this by integrating the equation in (P2) over the
domain Ω, we have:

∫ 1

0
wtdx− a

∫ 1

0
wxxdx = 0, ∀x ∈ Ω;

But,
∫ 1

0
wxxdx = wx(1, t) − wx(0, t)

=
∫ 1

0
η1 (x, t)h∗ (w (x, t)) dx−

∫ 1

0
η0 (x, t) g∗ (w (x, t)) dx,

then, we get
∫ 1

0
wtdx− a

∫ 1

0
η1 (x, t)h∗ (w (x, t)) dx+ a

∫ 1

0
η0 (x, t) g∗ (w (x, t)) dx = 0.
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i.e. ∫ 1

0
[wt − a(η1 (x, t)h∗ (w (x, t)) dx+ η0 (x, t) g∗ (w (x, t)))] dx = 0,

Thus, ∫ 1

0
(wt − F (t, w(x, t)))dx = 0, (2.4)

where
F (t, w(x, t)) = aη1 (x, t)h∗ (w (x, t)) − aη0(x, t)g∗ (w (x, t)) .

Therefore, it is clear that a function ψ exists such that:

wt − F (t, w(x, t)) = ψ (x, t) , with
∫ 1

0
ψ (x, t) dx = 0.

Consequently, we get

wt = G(t, w(t)),

where
G(t, w(t)) = F (t, w(x, t)) + ψ (x, t) .

G, known as a Carathéodory mapping, is applicable due to the following:
* The continuity of the function F with respect to w implies G for w as well,
* Given that F and ψ are measurable with respect to t, we can conclude that G is
measurable for t as well. Moreover,

∥G(t, w)∥ ≤ a ∥η∥∞ (∥h∗ (w)∥ + ∥g∗ (w)∥) + ∥ψ(x, t)∥L2 + b2 + b4

≤ b2 + b4 + ∥ψ(x, t)∥L2 + 2a ∥η∥∞ ∥w∥ ,

Thus, through the application of the existence and uniqueness theorem, we derive
w ∈ W 1,1 and, using Nemytskii mappings in Lebesgue spaces, we can verify that
wt is in L2[0, T ]
Based on these results, we can conclude that the problem (P2) has a unique solution.
Consequently, we need to address and demonstrate that problem (P3) has a unique
strong solution.
Let’s explore the following auxiliary problem with homogeneous conditions:
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

Lv = ∂v

∂t
− a

∂2v

∂x2 = f (x, t) (x, t) ∈ Qτ ,

ℓv = v(x, 0) = 0, x ∈ (0, 1),
vx (0, t) = 0 t ∈ (0, T ),
vx (1, t) = 0 t ∈ (0, T ).

(P4)

Evaluation of the uniqueness of solution for the problem (P 4)

To evaluate the uniqueness of the solution for the problem (P4), we need to establish
conditions under which the weak solution to the nonlinear parabolic equation is
unique.

Theorem 2.1

For every solution v to (P4) belonging to E, the following inequality holds:

∥v∥E ≤ c ∥Lv∥F , (2.5)

where c represents a positive constant that is independent of v.

Proof Let us assume that a solution v to the problem (P4) exists. By multiplying
the equation in (P4) by v and integrating over Q, where Q = Ω × (0, τ), we get∫

Qτ
vt · v − a

∫
Qτ
vxx · v =

∫
Qτ
f(x, v) · v. (2.6)

Carrying out integration by parts for each term in the left-hand expression of (2.6)
over Q, 0 < τ < T , we obtain

1
2

∫ 1

0
v (x, τ)2 dx+ a

∫
Qτ
v2

x dt =
∫

Qτ
f · v dxdt,

By multiplying the equation by 2, and using the Cauchy inequality, we have
∫

Qτ
f · v dxdt ≤ 1

2 ∥f∥2
L2(Q) + 1

2 ∥v∥2
L2(Q) .

Then, the (4.11) becomes
∫ 1

0
v (x, τ)2 dx+ 2a ∥vx∥2

L2(Qτ ) ≤ ∥f∥2
L2(Q) + ∥v∥2

L2(Q) , (2.7)
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Using Gronwall’s lemma in (3.7), we obtain

∫ 1

0
v (x, τ)2 dx+ ∥vx∥2

L2(Qτ ) ≤ exp(T )
min {1, 2a}

∥f∥2
L2(Q) .

By passing to the maximum over (0, T ), we get

∥v∥2
L∞(0,T ; L2(Ω)) + ∥vx∥2

L2(Q) ≤ c2 ∥f∥2
L2(Q) .

Finally, we obtain the desired inequality, with c =
√

exp(T )
min {1, 2a}

. ■

Corollary 2.1

If, for any s ∈ D (L), the estimate:

∥s∥E ≤ C ∥F∥F ,

is valid, then the solution v to problem (P3) if it exists, is unique.

Proof Consider s1 and s2 as two distinct solutions to the given problem (P3): Ls1 = F
Ls2 = F

=⇒ Ls1 − Ls2 = 0,

and since L is linear we obtain

L (s1 − s2) = 0,

Next, according to (2.5) we get

∥s1 − s2∥2
E ≤ c ∥0∥2

F = 0,

which gives
s1 = s2.

■

Study of the existence of the solution of problem (P4)

In this section, an analysis of the existence of a solution to the given problem is
under taken. This involves exploring the conditions under which a solution can
be determined, as well as identifying the mathematical framework that guarantees
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this existence.

Proposition 2.1

The operator L, mapping from the space E to the space F possesses a closure.

Proof Let {vn} ⊂ D(L) be such as:

vn −→ 0 in E,

and
Lvn −→ (f ;φ) in F, (2.8)

It must be demonstrated that

f ≡ 0 and φ ≡ 0.

The convergence of vn towards 0 in E implies

vn −→ 0 in D
′ (Q) . (2.9)

Considering the continuity of the derivation D
′ (Q) within the space D′ (Q), By

analyzing how continuity influences the properties of solutions and the overall
behavior of the system, we gain valuable insights into the dynamics governed by
the relation. The relation (2.9) encompasses several key aspects that are critical
for understanding the involved dynamics:

Lvn −→ 0 in D
′ (Q) , (2.10)

Otherwise, the convergence of Lvn towards f in L2(Q) leads to

Lvn −→ f in D
′ (Q) . (2.11)

Due to the uniqueness of the limit within the space D′(Q), we are able to derive
after calculations based on this property from the following expressions or principles
(3.8) and (4.15) that:

f = 0.

Then, (2.8) gives
ℓvn −→ φ in L2(Ω).

On the other hand, it is essential to consider the following aspects or factors that
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may influence our analysis or understanding of the situation at hand. We have

∥vn∥2
E = ∥vn∥2

C(0,T, L2 (Ω)) + ∥∂xvn∥2
L2(Q)

∥vn∥2
E ≥ ∥vn(x, 0)∥2

L2 (Ω) .

By passing to the limits, it follows that

lim
n→+∞

∥vn∥2
E ≥ ∥φ(x)∥2

L2 (Ω) ,

Since vn −→ 0 in E and then ∥vn∥2
E −→ 0 in E, we find

∥φ(x)∥2
L2 (Ω) ≤ 0,

from where φ = 0. ■

Definition 2.1

The solution of the equation
Lu = F

is said to be a strong generalized solution to problem (P3).

• The theorem (5.25) applies to a strong generalized solution, meaning we have
the inequality:

∥u∥E ≤ K
∥∥∥Lu∥∥∥

F
∀u ∈ D(L). (2.12)

As a result, this inequality leads to several corollaries that clarify the implications
and applications of the established relationship.

Corollary 2.2

The solution to the problem (P3), if it exists, is unique and exhibits continuous
dependence on the parameter F ∈ F .

This means that small variations in the input F will result in corresponding small
changes in the solution, ensuring stability and robustness in the system’s response.

Corollary 2.3

The set of values R(L) associated with the operator L is equal to R(L).

Proof Let z ∈ R(L), which implies that there exists a Cauchy sequence {zn}n∈N
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in F composed of elements from the entire range R(L) such as:

lim
n→+∞

zn = z.

Consequently, for each element in this sequence, we can define a corresponding
yn ∈ D(L) such as:

Lvn = zn.

From the estimate (2.12), we obtain:

∥vp − vq∥E ≤ k ∥Lvp − Lvq∥F → 0.

When p and q tend to infinity, we can conclude that {vn}n forms a Cauchy sequence
in E. Therefore, since E is a Banach space, there exists an s ∈ E such that:

lim
n→+∞

vn = v in E.

Under the definition of the operator L, consider a sequence (vn)n∈N in E such that

lim
n→+∞

vn = v in E.

If, additionally,
lim

n→+∞
Lvn = lim

n→+∞
zn = z,

then it follows that
lim

n→+∞
Lvn = z.

This conclusion relies on the fact that L is a closed operator. Consequently, we
deduce that

Ly = z.

The function y satisfies the following condition:

v ∈ D(L), Lv = z.

Thus z ∈ R(L), and so,
R(L) ⊂ R(L).

Consequently, we can conclude that R(L) is closed because of its completeness. In
metric spaces, any complete subspace is inherently closed, even if the larger space
itself lacks this property. This characteristic ensures that all limit points of R(L)
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are contained within R(L). Next, we show the reverse inclusion.
Let z ∈ R(L). Hence, there exists a Cauchy sequence
{zn}n in F that converges to z constituted of the elements of the whole R(L). This
completeness is a vital aspect of understanding the behavior of the operator L and
its implications in functional analysis, such as:

lim
n→+∞

zn = z.

where z ∈ R(L). Since R(L) is a closed subset of a complete space F , we conclude
that R(L) is also complete. Furthermore, for each term of the Cauchy sequence
{zn} in R(L), there exists a corresponding term vn ∈ D(L) such as:

Lvn = zn.

From the estimate (2.12), we obtain

∥vp − vq∥E ≤ m
∥∥∥Lvp − Lvq

∥∥∥
F

→ 0.

When p and q tend towards infinity, we can deduce that {vn}n is a Cauchy sequence
in the space E. Since E is a Banach space, there exists an element v ∈ E such that

lim
n→+∞

vn = v in E.

Once more, there is then a corresponding sequence {L (vn)}n ⊂ R(L) such as:

Lvn = Lvn over R(L), ∀n ∈ N.

Thus,
lim

n→+∞
Lvn = z,

Consequently, z ∈ R(L), and so,

R(L) ⊂ R(L).

■
Theorem 2.2

The solution of (P3) exists.

Proof We need to establish that R(L) is dense in F . To demonstrate the existence
of a solution, it is sufficient to show that Ly is surjective. According to the density
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of L we have R(L) = F . As a result, we conclude that the following statements
hold. Highlighting the significant findings of our analysis R(L)⊥ = {0}F , we need
to follow a structured approach. We have

R(L)⊥ = {w ∈ F, ⟨w,F⟩F = 0,∀F ∈ R(L)} ,
=

{
(w,w0) ∈ L2(Q), ⟨w, f⟩L2(Q) + ⟨w0, φ⟩L2(Q) = 0,∀f ∈ L2(Q), ∀φ ∈ L2(Q)

}
and

D0(L) = {v ∈ E, v(x, 0) = 0} .

Then,
w0 = 0.

It remains to demonstrate that w = 0. We have

⟨w,Lv⟩L2(Q) =
∫ 1

0

∫ T

0
wLv = 0.

Setting: w = v, we obtain
∫ 1

0

∫ T

0
v(vt − a∆v) =

∫ 1

0

∫ T

0
v · vt − a

∫ 1

0

∫ T

0
v · vxx = 0.

Therefore, ∫ 1

0

∫ T

0
v · vt = a

∫ 1

0

∫ T

0
v · vxx.

By applying integration by parts, we obtain the following results that provide
deeper insights into the problem at hand:

1
2

∫ 1

0
v2(x, T ) = −a

∫ T

0
v2

x ≤ 0.

Finaly, we get
v = 0 =⇒ w = 0.

■

Numerical study of the problem (P3) For the numerical solution of the
considered problem (P3) we apply the compact finite difference technique. First,
we partition the interval [0, 1] into M equal parts by taking the spacestep ∆x = 1

M

and the interval [0, T ] into N equal parts by using the timestep ∆t = 1
N

. By un
i we

use, the grid point (xi, tn) are given by : xi = i∆x, i = 0, 1, ...,M . tn = n∆t(n =
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0, ..., N). The notations un
i , f

n
i , g(un

i ) , h(un
i ),
(
∂g(u)
∂u

)n

i

and
(
∂h(u)
∂u

)n

i

are used for

the approximations of u(xi, tn), f(xi, tn), g(u(xi, tn)), h(u(xi, tn)), ∂g(u(xi, tn))
∂u

and
∂h(u(xi, tn))

∂u
respectively. By using the finite difference scheme and by multiplying

the operator
(

1 + (∆x)2

12 δ2
x

)
, we obtain :

δtu
n
i + (∆x)2

12 δ2
x(δtu

n
i ) − aδ2

xu
n
i = fn

i + (∆x)2

12 δ2
xf

n
i

Setting: r = a
∆t

(∆x)2 , the latter scheme can be written as follows:

( 1
12 − r

)
un

i+1 +
(5

6 + 2r
)
un

i +
( 1

12 − r
)
un

i−1

= 1
12u

n−1
i+1 + 5

6u
n−1
i + 1

12u
n−1
i−1 + ∆t

12 (fn
i+1 + 10fn

i + fn
i−1). (2.13)

We still have to predetermine the two unknowns un
0 et un

M . To this purpose, we
approximate the integral conditions numerically by the composite Simpson rule.
We have chosen this approximation because it is of the same order of precision. As
it requires an even number of sub-intervals, we set: M = 2i. In doing so, we have

ux(0, tn) =
∫ 1

0
k0(x, tn)g(u(x, tn))dx

= ∆x
3

 k0(x0, tn)g(un
0 ) + 4∑M

2
i=1 k0(x2i−1, tn)g(un

2i−1)
+2∑M

2 −1
i=1 k0(x2i, tn)g(un

2i) + k0(xM , tn)g(un
M)


Thus,

3ux(0, tn) − ∆xk0(x0, tn)g(un
0 ) − ∆xk0(xM , tn)g(un

M)

= ∆x

4
M
2∑

i=1
k0(x2i−1, tn)g(un

2i−1) + 2
M
2 −1∑
i=1

k0(x2i, tn)g(un
2i)

 (2.14)

So that

ux(1, tn) =
∫ 1

0
k1(x, tn)h(u(x, tn))dx

= ∆x
3

 k1(x0, tn)h(un
0 ) + 4∑M

2
i=1 k1(x2i−1, tn)h(un

2i−1)
+2∑M

2 −1
i=1 k1(x2i, tn)h(un

2i) + k1(xM , tn)h(un
M)


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i.e.

3ux(1, tn) − ∆xk1(x0, tn)h(un
0 ) − ∆xk1(xM , tn)h(un

M)

= ∆x

4
M
2∑

i=1
k1(x2i−1, tn)h(un

2i−1) + 2
M
2 −1∑
i=1

k1(x2i, tn)h(un
2i)

 (2.15)

Of course, a linearization technique will be developed to overcome the difficulty.
Using Taylor’s series expansion of the nonlinear terms g(un

i ) = g(u(xi, tn)) and
h(un

i ) = h(u(xi, tn)), we obtain

g(un
i ) = g(un−1

i ) +
(
∂g(u)
∂u

)n−1

i

(un
i − un−1

i ) + . . . (2.16)

h(un
i ) = h(un−1

i ) +
(
∂h(u)
∂u

)n−1

i

(un
i − un−1

i ) + . . . (2.17)

It follows that

an
0u

n
0 + an

1u
n
1 + an

2u
n
2 + an

3u
n
3 + an

4u
n
4 + ...+ an

M−1u
n
M−1 + an

Mu
n
M = Ln

M , (2.18)

where

an
0 = −25 − 4(∆x)2k0(x0, tn)

(
∂g(u)
∂u

)n−1

0
,

an
1 = 48 − 16(∆x)2k0(x1, tn)

(
∂g(u)
∂u

)n−1

1
,

an
2 = −36 − 8(∆x)2k0(x2, tn)

(
∂g(u)
∂u

)n−1

2
,

an
3 = 16 − 16(∆x)2k0(x3, tn)

(
∂g(u)
∂u

)n−1

3
,

an
4 = −3 − 8(∆x)2k0(x4, tn)

(
∂g(u)
∂u

)n−1

4
,

an
2i−1 = −16(∆x)2k0(x2i−1, tn)

(
∂g(u)
∂u

)n−1

2i−1
un

2i−1 ; i = 3, ..., M
2 ,

an
2i = −8(∆x)2k0(x2i, tn)

(
∂g(u)
∂u

)n−1

2i

un
2i ; i = 3, ..., M

2 − 1,

(2.19)
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and

Ln
M = 16(∆x)2

M∑
i=1

k1(x2i−1, tn)
h(un−1

2i−1) −
(
∂h(u)
∂u

)n−1

2i−1
un−1

2i−1


+8(∆x)2

M−1∑
i=1

k1(x2i, tn)
h(un−1

2i ) −
(
∂h(u)
∂u

)n−1

2i

un−1
2i


+4(∆x)2

k1(x0, tn)
h(un−1

0 ) −
(
∂h(u)
∂u

)n−1

0
un−1

0


+4(∆x)2

k1(x2M , tn)
h(un−1

2M ) −
(
∂h(u)
∂u

)n−1

2M

un−1
2M

 . (2.20)

Likewise, we have :

bn
0u

n
0 + ...+bn

2M−4u
n
2M−4 +bn

2M−3u
n
2M−3 +bn

2M−2u
n
2M−2 +bn

2M−1u
n
2M−1 +bn

2Mu
n
2M = γn

M ,

(2.21)
where



bn
0 = −4(∆x)2k1(x0, tn)

(
∂h(u)
∂u

)n−1

0
,

bn
2M−4 = 3 − 8(∆x)2k1(x2M−4, tn)

(
∂h(u)
∂u

)n−1

2M−4
,

bn
2M−3 = −16 − 16(∆x)2k1(x2M−3, tn)

(
∂h(u)
∂u

)n−1

2M−3
,

bn
2M−2 = 36 − 8(∆x)2k1(x2M−2, tn)

(
∂g(u)
∂u

)n−1

2M−2
,

bn
2M−1 = −48 − 16(∆x)2k1(x2M−1, tn)

(
∂h(u)
∂u

)n−1

2M−1
,

bn
2M = 25 − 4(∆x)2k1(x2M , tn)

(
∂g(u)
∂u

)n−1

2M

,

bn
2i−1 = −16(∆x)2k1(x2i−1, tn)

(
∂h(u)
∂u

)n−1

2i−1
, i = 1, ...,M − 2,

bn
2i = −8(∆x)2k1(x2i, tn)

(
∂h(u)
∂u

)n−1

2i

, i = 1, ...,M − 2,

(2.22)

60



Chapter 2. Solvability and blow-up study of weak solutions for a nonlinear parabolic
equation with a generalized nonlinear integral condition of second type

and

γn
M = 16(∆x)2

M∑
i=1

k1(x2i−1, tn)
h(un−1

2i−1) −
(
∂h(u)
∂u

)n−1

2i−1
un−1

2i−1

 (2.23)

+8(∆x)2
M−1∑
i=1

k1(x2i, tn)
h(un−1

2i ) −
(
∂h(u)
∂u

)n−1

2i

un−1
2i


+4(∆x)2

k1(x0, tn)
h(un−1

0 ) −
(
∂h(u)
∂u

)n−1

0
un−1

0


+4(∆x)2

k1(x2M , tn)
h(un−1

2M ) −
(
∂h(u)
∂u

)n−1

2M

un−1
2M

 .
Combining (2.18),(2.20), with (2.85) yields an (M + 1) × (M + 1) system of linear
equations that can be written in the following matrix form:

AnUn = Bn,

where

An =



an
0 an

1 an
2 an

3 an
4 ... an

M−4 an
M−3 an

M−2 an
M−1 an

M
1
12 − r 5

6 + 2r 1
12 − r 0 ... ... ... ... ... ... 0

. . . . . . . . . . . . ...
0 . . . 0 1

12 − r 5
6 + 2r 1

12 − r

bn
0 bn

1 bn
2 bn

3 bn
4 ... bn

2M−4 bn
2M−3 bn

2M−2 bn
2M−1 bn

2M


,

Un+1 =



un
0

un
1
...

un
M−1

un
M


,

Bn =



Ln
M

Ln
1
...

Ln
2M−1

γn
M


,
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with an
0 , ..., a

n
M , bn

0 , ..., b
n
M , Ln

M and γn
M being the coefficients in (2.19), (2.22), and

(2.23) respectively.

Numerical experiments To test the above algorithm described in Section 2.3 ,
we use two examples with known analytical solutions.
Example 1: Consider the heat equation:

∂u

∂t
− ∂2u

∂x2 =
(
1 + π2

)
exp (t) cos (πx) , 0 < x < 1, 0 < t ≤ T, (2.24)

with the initial condition:

u (x, 0) = cos (πx) , 0 < x < 1, (2.25)

and the nonlinear nonlocal boundary conditions:

ux (0, t) =
∫ 1

0
sin (πx)u3 (x, t) dx, 0 < t ≤ T, (2.26)

ux (1, t) =
∫ 1

0
sin (πx)u5 (x, t) dx, 0 < t ≤ T. (2.27)

The analytic solution is

u (x, t) = cos (πx) exp (t) . (2.28)

In Table 2.1 and Table 2.2 we present computed results with h = 0.05, 0.005 and k =
0.4 using the proposed numerical scheme for x = 0.1 and t = 0.01, 0.02, 0.03, ..., 0.1.
Table 2.3 gives the maximum errors of the numerical solutions and the experimental
order of convergence. The maximum error is defined as follows:

Er = ∥u− uhk∥∞ = max0≤k≤N{max0≤i≤M |u(xi, tk) − uk
i |},

whereas the experimental order of convergence for the scheme is calculated using
the formula:

order = ln(Er(hi−1)/Er(hi))
ln(hi−1/hi)

.

From the tables, it is clear that the obtained numerical results are in good agree-
ment with the exact ones. Moreover, the new scheme is fourth-order accurate in
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Table 2.1: Comparison of exact solutions with the numerical results at x = 0.1 for
h = 0.05 and h = 0.005 for Example 1.
ti exact CBES h = 0.05 CBES h = 0.005

0.01 0.96061479 0.96061503 0.96061479
0.02 0.97026913 0.97026948 0.97026913
0.03 0.98002050 0.98002092 0.98002050
· · · · · · · · · · · ·
0.1 1.05108000 1.05108060 1.05108000

Table 2.2: Maximum errors and the experimental order of convergence for Example
44.
M N maximum errors order
4 40 3.88 × 10−4

8 640 2.50 · 10−5 3.953
16 10240 1.57 · 10−6 3.995
32 163840 9.83 · 10−8 3.997

space. Figure 2.1 illustrates the exact solution and an approximate solution of
Example 1 by CBES .
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Figure 2.1: (a) Exact and (b) Approximate Solution by CBES for Example 1.

Example 2: The second test problem is that of the PDE:

∂u

∂t
− ∂2u

∂x2 = 2t− 2π(3x2 − 3x) cos(2π(x3 − 3
2x

2)) + 4π(3x2 − 3x)2 sin(2π(x3 − 3
2x

2)),

0 < x < 1, 0 < t ≤ T,

(2.29)

with the initial condition:

u (x, 0) = sin
(

2π(x3 − 3
2x

2)
)
, 0 < x < 1, (2.30)

and the nonlocal boundary conditions:

ux (0, t) =
∫ 1

0
2π(3x2 − 3x) cos(2π(x3 − 3

2x
2))eu(x,t)dx, 0 < t ≤ T, (2.31)

ux (1, t) =
∫ 1

0
2π(3x2 −3x) cos(2π(x3 − 3

2x
2)) 1

1 + u (x, t)dx, 0 < t ≤ T. (2.32)

The analytic solution is

u (x, t) = sin
(

2π(x3 − 3
2x

2)
)

+ t2. (2.33)

In Table 2.3, we present results with for h = 0.05 and h = 0.005 and r = 0.4 using
the proposed numerical scheme for x = 0, 1 and t = 0, 01; 0, 02; 0, 03; ...; 0, 1. Table
2.4, gives the maximum errors of the numerical solutions.
Figure 2.2 illustrate the exact solution and an approximate solution of Example 2
by CBES .

From the shown tables, it is clear that the numerical are in good agreement with
the exact ones.
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Table 2.3: Comparison of exact solutions with numerical results at x = 0.1 for
h = 0.05 and h = 0.005
ti exact CBES h = 0.05 CBES h = 0.005
0.01 0.30911699 0.30912416 0.30911707
0.02 0.30941699 0.3094286 0.30941711
0.03 0.30991699 0.30993220 0.30991715
... ... ... ...
0.1 0.31901699 0.31904755 0.31901730

Table 2.4: Maximum errors and the experimental order of convergence for Example
2.
M N maximum errors order
4 40 4.749373 × 10−3

8 640 2.949950 · 10−4 4.008
16 10240 1.840864 · 10−5 4.002
32 163840 1.150093 · 10−6 4.0005

Figure 2.2: (a) Exact and (b) Approximate Solution by CBES for Example 2.
if u represents a solution to the problem denoted as (P3) , and
w denotes a solution to the problem labeled as (P2). then we can analyze the
relationship or interactions between these solutions in the context of their respective
frameworks y = u− w satisfies



Ly = ∂y

∂t
− a

∂2y

∂x2 = G (x, t, y) x, t ∈ Q

y(x, 0) = 0 x ∈ (0, 1)
∂y

∂x
(x, 0) = 0 t ∈ (0, T )

∂y

∂x
(1, t) = 0 t ∈ (0, T )

. (P3’)

where G (x, t, y) = f (x, t, y) .
Since the function f is Lipschitzian, the function G is also Lipschitzian, i.e. there
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exists a positive constant k such that the following condition holds:

∥G (x, t, y1) −G (x, t, y2)∥L2(Q) ≤ k∥y1 − y2∥L2(Q), (2.34)

for any (y1, y2) ∈ (L2 (Q))2
.

Therefore, we have to demonstrate that problem (P3’) has a unique weak solution.
To start, we will clarify the concept of the solution that we are examining. Let us
define the following parameters that are essential for understanding the solution
υ = υ (x, t) belonging to the space L2

(
0, T ; H1 (0, 1)

)
.

By multiplying the equation in (P3’) by v and integrating it on Q, we arrive at

∫
Q

∂y

∂t
υdxdt− a

∫
Q

∂2y

∂x2υdxdt =
∫
Q

υG (x, t, y) dxdt.

Now, by using integration by parts along with the stipulated condition on y, we
obtain the following equation:

∫
Q

∂y

∂t
υdxdt+ a

∫
Q

∂y

∂x

∂υ

∂x
dxdt =

∫
Q

υG (x, t, y) dxdt, (2.35)

From (2.67), it follows that

Λ (r, υ) =
∫
Q

υG (x, t, r) dxdt, (2.36)

where
Λ (y, υ) =

∫
Q

∂y

∂t
υdxdt+ a

∫
Q

∂y

∂x

∂υ

∂x
dxdt.

We can present the following definition.

Definition 2.2

A function y ∈ L2
(
0, T ; H1 (0, 1)

)
is a weak solution to problem (P3’) if it

satisfies the following conditions (2.68) and yx(0, t) = yx(1, t) = 0.

Now, we construct a recursive sequence that begins with y(0) = 0, and is such that
given the previous element y(n−1), the next element in the sequence is iteratively
determined.
We will address the following problem, which consists in analyzing its components
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and seeking a solution through appropriate methods and techniques:


∂y(n)

∂t
− a

∂2y(n)

∂x2 = G
(
x, t, y(n−1)

)
y(n) (x, 0) = 0

∂y(n)

∂x
(0, t) = ∂y(n)

∂x
(1, t) = 0.

(P5)

According to Theorem (5.25), for each fixed n, the problem denoted as (P5) has a
unique solution. This establishes a foundational aspect of our analysis, ensuring
that the solutions are well-defined for each specific case of n through defining
y(n) (x, t) .
We will explore the proof, by assuming now that z(n) (x, t) = y(n+1) (x, t)−y(n) (x, t),
to get a new problem:



∂z(n)

∂t
− a

∂2z(n)

∂x2 = p(n−1)(x, t)
z(n) (x.0) = 0

∂z(n)

∂x
(0, t) = ∂z(n)

∂x
(1, t) = 0,

(P(z))

where
p(n−1)(x, t) = G

(
x, t, z(n),

∂z(n)

∂x

)
−G

(
x, t, z(n−1),

∂z(n−1)

∂x

)
.

Lemma 2.1

Assuming that the condition specified in (2.66) is satisfied, we can derive the
following a priori estimate for the problem labeled as (P(z)):

∥zn∥L2(0,T ; H1 (0,1)) ≤ c∥zn−1∥L2(0,T ; H1 (0,1)),

where

c =

√√√√√√ k2 exp
(

T
2

)
min

{1
2 , a

} .

Proof Multiplying the equation

∂z(n)

∂t
− a

∂2z(n)

∂x2 = p(n−1)(x, t), (2.37)
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by z(n) (x, t), and integrating it over Qτ , we obtain

I1 = I2,

where

I1 =
∫

Qτ

∂z(n)

∂t
(x, t) · z(n) (x, t) dxdt− a

∫
Qτ

∂2z(n)

∂x2 (x, t) · z(n) (x, t) dxdt,

I2 =
∫

Qτ

p(n−1)(x, t) · z(n) (x, t) dxdt.

To calculate I1, we apply integration by parts while taking into account the initial
and boundary conditions. This leads to the following expression:

I1 = 1
2

1∫
0

(z(n) (x, τ))2dx+ a
∫

Qτ

(
∂z(n)

∂x
(x, t)

)2

dxdt.

For I2, using the Cauchy inequality, we find the inequality:

I2 ≤ 1
2

∫
Q

(z(n))2 + 1
2

∫
Q

(p(n−1))2

On the other hand, we can also express pn−1(x, t) as follows:

∣∣∣pn−1(x, t)
∣∣∣2 =

∣∣∣∣∣G
(
x, t, z(n),

∂z(n)

∂x

)
−G

(
x, t, z(n−1),

∂z(n−1)

∂x

)∣∣∣∣∣
2

.

Since G is Lipschitzian, we get∫
Q

∣∣∣pn−1(x, t)
∣∣∣2 dxdt ≤ 2k2

∫
Q

(∣∣∣z(n−1)
∣∣∣2 +

∣∣∣z(n−1)
x

∣∣∣2) dxdt,
so that ∫

Q

∣∣∣pn−1(x, t)
∣∣∣2 dxdt ≤ 2k2∥zn−1∥2

L2(0,T ; H1 (0,1)). (2.38)

Finally

1
2∥zn (x, τ) ∥2

L2 (0,1) + a
∫

Qτ

(
∂z(n)

∂x
(x, t)

)2

dxdt

≤ 1
2∥z(n)∥2

L2(0,T ; L2 (0,1)) + k2∥zn−1∥2
L2(0,T ; H1 (0,1)),
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By applying Gronwall’s lemma and then considering the maximum on the interval
(0, T ), we arrive at the following inequality:

∥z(n)∥2
L∞(0,T ; L2 (0,1)) + ∥z(n)∥2

L2(0,T ; H1 (0,1))

≤
k2 exp

(
T
2

)
min

{1
2 , a

}∥zn−1∥2
L2(0,T ; H1 (0,1)),

Thus,
∥z(n)∥L2(0,T ; H1 (0,1)) ≤ c∥δz(n−1)∥L2(0,T ; H1 (0,1)).

where

c =

√√√√√√ k2 exp
(

T
2

)
min

{1
2 , a

} ,
This completes the proof of Lemma 11.
The established conditions and expressions guarantee the convergence of the series
∞∑

n=1
z(n) under the following specified assertion:

√√√√√√ k2 exp
(

T
2

)
min

{1
2 , a

} < 1,

that can be expressed in the form:

k <

√√√√√√min
{1

2 , a
}

exp
(

T
2

) .

Since z(n) (x, t) = y(n+1)(x, t) − y(n)(x, t), and y(0)(x, t) = 0, we can now proceed to

n−1∑
i=0

z(i) =
n−1∑
i=0

(
y(i+1)(x, t) − y(i)(x, t)

)
= y(n),

and the sequence
(
y(n)

)
n∈N

defined by

y(n)(x, t) =
n−1∑
i=0

z(i),
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converges to an element y ∈ L2
(
0, T ; H1 (0, 1)

)
.

By systematically addressing these points, we establish the fact that lim
n−→∞

y(n)(x, t) =
y(x, t) is a solution of the problem (P5) by showing that:

Λ (y, v) =
∫
Q

vG

(
x, t, y,

∂y

∂x

)
dxdt.

Therefore, we will examine the weak formulation of problem (P5), by redefining
the original problem in a such manner that allows for the inclusion of solutions
not necessarily classical. However, these still satisfy the necessary conditions in a
weaker sense:

Λ
(
y(n), v

)
=
∫
Q

∂y(n)

∂t
vdxdt+ a

∫
Q

∂y(n)

∂x

∂v

∂x
dxdt.

To sum up, from the linearity of the operator Λ, we have

Λ
(
y(n), v

)
= Λ

(
y(n) − y, v

)
+ Λ (y, v) (2.39)

=
∫
Q

∂(y(n) − y)
∂t

vdxdt+ a
∫
Q

∂(y(n) − y)
∂x

∂v

∂x
dxdt

+Λ (y, v)

We apply the Cauchy-Schwarz inequality on the term Λ
(
y(n) − y, v

)
, leading us to

the following inequality:

∫
Q

x
∂(y(n) − y)

∂t
vdxdt+ a

∫
Q

x
∂(y(n) − y)

∂x

∂v

∂x
dxdt+ b

∫
Q

xv(y(n) − y)dxdt

≤ 2 max {1, a} · ∥vx∥L2(0,T ; H1 (0,1))

 ∥
(
y(n) − y

)
t
∥L2(0,T ; H1 (0,1))

+∥
(
y(n) − y

)
∥L2(0,T ; H1 (0,1))

 .
As

y(n) −→ y in L2
(
0, T ; H1 (0, 1)

)
,

we get

y(n) −→ y in L2
(
0, T ; L2 (0, 1)

)
,

y
(n)
t −→ yt in L2

(
0, T ; L2 (0, 1)

)
,

y(n)
x −→ yx in L2

(
0, T ; L2 (0, 1)

)
.
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Taking the limit as n approaches +∞, we obtain the following result:

lim
n−→+∞

Λ
(
y(n) − y, v

)
= 0. (2.40)

This limit enables us to draw significant conclusions about the convergence of the
sequence y(n)and its relationship with the function v, ultimately shedding light on
the properties of the weak formulation we are considering. According to (2.74), the
process allows to pass to the limit in (2.73), and we obtain

lim
n−→+∞

Λ
(
y(n), v

)
= Λ (y, v) .

■

Theorem 2.3

If the solution of the problem (P3’) satisfies (2.66) and

k <

√√√√√√min
{1

2 , a
}

exp
(

T
2

) ,

then the problem (P3’) admits a weak solution belonging to
L2 (0, T ; L2 (0, 1)) .

Now, we show that the solution to the problem (P3’) is unique.

Theorem 2.4

The solution is unique if the condition (2.66) is satisfied.

Proof Assume that y1 and y2 in L2 (0, T ;H1 (0, 1)) are two solutions to (P3’), so

y = y1 − y2,

is also a solution in L2 (0, T ;H1 (0, 1)) to the problem:

∂y

∂t
− a

∂2y

∂x2 = G (x, t, y) ,

y(x, 0) = 0,
∂y

∂x
(0, t) = ∂y

∂x
(1, t) = 0,
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∂y

∂t
− a

∂2y

∂x2 = Ψ(x, t), ∀ (x, t) ∈ Q

y (x, 0) = 0,
∂y

∂x
(0, t) = ∂y

∂x
(1, t) = 0

where
Ψ(x, t) = G (x, t, y1) −G (x, t, y2) .

By virtue of lemma (2.1), we obtain

∥y∥L2(0,T,H1(0,1)) ≤ c∥y∥L2(0,T,H1(0,1)).

This yields
(1 − c) ∥y∥L2(0,T,H1(0,1)) ≤ 0,

and since c ≤ 1, we get
∥y∥L2(0,T,H1(0,1)) = 0,

i.e.
y1 = y2.

■
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2.2 Finite-time blow-up solutions to a super-linear

problem

Here, we analyze the phenomenon of finite-time blow-up of solutions to the semi-
linear problem (P2). This investigation concern mainly determining the conditions
under which solutions may become unbounded within a finite time interval. We
also explore the implications of such a behavior on the mathematical model given
by (P2) by taking

f (x, t, u) = up, g(u(x, t)) = h(u(x, t)) = ur,

where p and r are strictly positive integers. Let u ∈ C1,2((0, T ) × (0, 1)) be a
positive function with ut ⪈ 0, solution of the problem:

∂u

∂t
− a

∂2u

∂x2 = up ∀ (x, t) ∈ Qτ ,

u (x, 0) = φ (x) ∀x ∈ (0, 1) ,
ux(0, t) =

∫ 1
0 k1(x, t)urdx ∀t ∈ (0, T ) ,

ux(1, t) =
∫ 1

0 k2(x, t)urdx ∀t ∈ (0, T ) .

(PB)

where k1 and k2 are positive and bounded functions, with:

α0 ≤ k0 ≤ β0, α1 ≤ k1 ≤ β1 (2.41)

Theorem 2.5

Problem (PB) blows up in the finite time:

T ∗ = [Υ(0)]1−s

C (s− 1) ,

where s = min{r, p}, and Υ(0) =
∫ 1

0 φ (x) dx.

Proof Integrating the equation

∂u

∂t
− a

∂2u

∂x2 = up
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on (0, 1), we get
(∫ 1

0
u dx

)
t
+ a

∫ 1

0
k1(x, t)urdx =

∫ 1

0
updx+ a

∫ 1

0
k2(x, t)urdx.

Then, the two inequalities (2.41) imply
(∫ 1

0
u dx

)
t
+ aβ0

∫ 1

0
urdx ≥ min{1, a(α1 − β0)}

[∫ 1

0
updx+

∫ 1

0
urdx

]

Next, by applying the Jensen’s inequality, we get:

(∫ 1

0
u dx

)
t

≥ min{1, a(α1 − β0)}
[(∫ 1

0
udx

)p

+
(∫ 1

0
udx

)r
]

So that (∫ 1

0
u dx

)
t

≥ 2 min{1, a(α1 − β0)}
(∫ 1

0
udx

)s

with  max{r, p} if
∫ 1

0 udx ≤ 1,
min{r, p} if

∫ 1
0 udx ≥ 1.

Then (∫ 1

0
u dx

)
t

≥ C
(∫ 1

0
udx

)s

,

where C = 2 min{1, a(α1 − β0)}. Set:

Υ(t) =
∫ 1

0
u(x, t)dx

to get
Υ′(t) ≥ CΥs(t).

Consider the Bernoulli’s equation:

Υ′(t) − CΥs(t) = 0.

Its solution is:

Υ(t) =
 1

(1 − s)
(
Ct+ Υ1−s(0)

1−s

)
 1

s−1

.

Since 1
s−1 ⪈ 1, it follows that
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Υ → ∞ if (1 − s)
(
Ct+ Υ1−s(0)

1 − s

)
→ 0.

Finally, we obtain
T ∗ = Υ1−s(0)

C (s− 1) .

■

2.2.1 Numerical simulation of blow-up

Forward-time centred space (FTCS) We can approximate the time derivative
by the forward difference quotient, and use the centered second-order approximation
for the spatial derivative in (2.1) . Using the notations that were introduced above,
the obtained iterative scheme can be written as:

un+1
i = run

i+1 + (1 − 2r)un
i + run

i−1 + ∆t (un
i )p for i = 1, ...,M and n = 0, 1, ..., N,

(2.42)
where r = a∆t/ (∆x)2 .

This procedure is explicit, and we still have to determine the two unknowns un+1
0

and un+1
M . For this purpose, we need to approximate integrals. Concerning the first

derivative at x = 0, we use the following forward finite difference scheme of second
order:

ux (0, tn+1) ≃ −un+1
2 + 4un+1

1 − 3un+1
0

2∆x (2.43)

and for the first derivative at x = 1, we rather apply the following backward finite
difference scheme of second order:

ux (1, tn+1) ≃ 3un+1
M − 4un+1

M−1 + un+1
M−2

2∆x (2.44)

Combining (2.43) and (2.44) and linearizing the terms
(
un+1

0

)r
and

(
un+1

M

)r
, we get
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[
−3 − (∆x)2 rk0(0, tn+1) (un

0 )r−1
]
un+1

0 − (∆x)2 rk0(1, tn+1) (un
M)r−1 un+1

M

+2 (∆x)2
M−1∑
i=1

k0(xi, tn+1)
(
un+1

i

)r
− (∆x)2 rk1(0, tn+1) (un

0 )r−1 un+1
0 +[

3 − (∆x)2 rk1(1, tn+1) (un
M)r−1

]
un+1

M

= 4un+1
1 + un+1

2 + (∆x)2 (1 − r) k1(0, tn+1) (un
0 )r + (∆x)2 (1 − r) k1(1, tn+1) (un

M)r

+2 (∆x)2
M−1∑
i=1

k1(xi, tn+1)
(
un+1

i

)r
.

By setting:
a1 = −3 − (∆x)2 rk0(0, tn+1) (un

0 )r−1 ,

a2 = − (∆x)2 rk0(1, tn+1) (un
M)r−1 ,

b1 = − (∆x)2 rk1(0, tn+1) (un
0 )r−1 ,

b2 = 3 − (∆x)2 rk1(1, tn+1) (un
M)r−1 ,

c1 = −4un+1
1 +un+1

2 +(∆x)2 (1 − r) k0(0, tn+1) (un
0 )r+(∆x)2 (1 − r) k0(1, tn+1) (un

M)r

+2 (∆x)2∑M−1
i=1 k0(xi, tn+1)

(
un+1

i

)r
,

c2 = 4un+1
1 +un+1

2 + (∆x)2 (1 − r) k1(0, tn+1) (un
0 )r + (∆x)2 (1 − r) k1(1, tn+1) (un

M)r

+2 (∆x)2∑M−1
i=1 k1(xi, tn+1)

(
un+1

i

)r
.

we get the 2x2 system:

a1u
n+1
0 − a2u

n+1
M = c1

b1u
n+1
0 − b2u

n+1
M = c2

whose solution gives the two unknowns un+1
0 and un+1

M .

An implicit schema We can approximate the time derivative by the forward
difference quotient, and use the centered second-order approximation for the spatial
derivative in (2.1) to obtain

un+1
i − un

i

∆t − a
un+1

i+1 − 2un+1
i + un+1

i−1

(∆x)2 = (un
i )p .

This scheme can be rewritten in the form:

(1−2r)un+1
i = run+1

i+1 +run+1
i−1 +∆t (un

i )p for i = 1, ...,M and n = 0, 1, ..., N, (2.45)
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where r = a∆t/ (∆x)2 . This procedure is explicit, and we still have to determine the
two unknowns un+1

0 and un+1
M . To this end, we approximate integrals numerically

by means of the trapezoidal rule. We have

(
−1 − r (∆x)2 [k0(0, tn+1)(un

i )r−1
)
un+1

0 = (∆x)2 [k0(0, tn+1) [(1 − r)(un
0 )r]

+k0(1, tn+1)
[
(1 − r)(un

M)r + r(un
M)r−1un+1

M

]
+2

M−1∑
i=1

k0(xi, tn+1)
[
(1 − r)(un

i )r + r(un
i )r−1un+1

i

]
]

+un+1
2 , (2.46)

(
1 − r (∆x)2 k1(1, tn+1)(un

M)r−1
)
un+1

M = (∆x)2 [k1(0, tn+1)
[
(1 − r)(un

0 )r + r(un
i )r−1un+1

0

]
+k1(1, tn+1) [(1 − r)(un

M)r]

+2
M−1∑
i=1

k1(xi, tn+1)
[
(1 − r)(un

i )r + r(un
i )r−1un+1

i

]
]

−un+1
M−2. (2.47)

By setting:
a1 =

(
−1 − r (∆x)2 [k0(0, tn+1)(un

i )r−1
)
,

a2 = − (∆x)2 k0(1, tn+1)r(un
M)r−1,

b1 = − (∆x)2 rk1(0, tn+1) (un
0 )r−1 ,

b2 =
(
1 − r (∆x)2 k1(1, tn+1)(un

M)r−1
)
,

c1 = (∆x)2 [k1(0, tn+1) [(1 − r)(un
0 )r] + k0(1, tn+1) [(1 − r)(un

M)r]
+2∑M−1

i=1 k0(xi, tn+1)
[
(1 − r)(un

i )r + r(un
i )r−1un+1

i

]
] + un+1

2 ,

c2 = (∆x)2 [k1(0, tn+1) [(1 − r)(un
0 )r] + k1(1, tn+1) [(1 − r)(un

M)r]
+ 2∑M−1

i=1 k1(xi, tn+1)
[
(1 − r)(un

i )r + r(un
i )r−1un+1

i

]
] − un+1

M−2,

we obtain the 2x2 system:

a1u
n+1
0 − a2u

n+1
M = c1

b1u
n+1
0 − b2u

n+1
M = c2

whose solution gives the two unknowns un+1
0 and un+1

M , . Subsequently, considering
(1.45), (1.46) and (1.47) together, the global system can be expressed in eth matrix
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form:
An+1Un+1 = Bn+1 (2.48)

2.2.2 Numerical examples

In this section, we will use the two discrete finite methods derived in the last
two sections (explicit and compact finite difference scheme). Three numerical
experiments will be considered.

Problem 1 :


ut = auxx + u2 0 < x < 1, 0 < t < T

ux(0, t) =
∫ 1

0 k0(x, t)urdx ∀t ∈ (0, T )
ux(1, t) =

∫ 1
0 k1(x, t)urdx ∀t ∈ (0, T )

u(x, 0) = A(x+ 1)2 x ∈ (0, 1)



Problem 2 :


ut = auxx + u3 0 < x < 1, 0 < t < T

ux(0, t) =
∫ 1

0 k0(x, t)urdx ∀t ∈ (0, T )
ux(1, t) =

∫ 1
0 k1(x, t)urdx ∀t ∈ (0, T )

u(x, 0) = A(x+ 1)2 x ∈ (0, 1)



Problem 3 :


ut = auxx + u4 0 < x < 1, 0 < t < T

ux(0, t) =
∫ 1

0 k0(x, t)urdx ∀t ∈ (0, T )
ux(1, t) =

∫ 1
0 k1(x, t)urdx ∀t ∈ (0, T )

u(x, 0) = A(x+ 1)2 x ∈ (0, 1)


where k1(x, t) = 2

(A2)∗(x+1)6) , k2(x, t) = 4
(A2)∗(x+1)6) and A = 12.

Since the analytical (exact) solutions to problems 1, 2 and 3 with the associated
initial condition are not known, we can only estimate numerically the blow-up
times. In the next tables 2.5-2.7, we present blow-up times and the CPU times
(CPUT) for different values of the space-step using explicit and compact backward
Euler scheme(CBES). The numerical blow-up time is computed as the first time
when ∥un∥∞ ≥ 106. Our numerical experiments are performed using Matlab on an
Intel Core i3 with 2.1 GHz .
h T ∗ by explicit scheme CPUT T ∗ by CBES CPUT
1/40 0.02021781 0.7639 0.02022113 1.316
1/80 0.02021781 4.408 0.02022064 27.229
1/160 0.02021875 62.120 0.02021635 344.681
1/320 0.02021781 307.456 0.02021456 1842.532

Table 2.5: Problem 1, p = 2 , Explicit and implicit schemes.
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h T ∗ by explicit scheme CPUT T ∗ by CBES CPUT
1/40 0.00003347 0.0133 0.00031258 0.1915
1/80 0.000032854 0.035 0.00030986 1.932
1/160 0.00031258 0.501 0.00030758 3.4815
1/320 0.00030761 1.567 0.00030732 63.462

Table 2.6: Problem 2, p = 3 , Explicit and implicit schemes.

h T ∗ by explicit scheme CPUT T ∗ by CBES CPUT
1/40 0.0000229157 0.0402 0.00001972346 0.1213
1/80 0.0000212346 0.0469 0.00001953125 1.29
1/160 0.00001972346 0.0485 0.0000194992 3.315
1/320 0.00001953125 0.497 0.0000194931 56.157

Table 2.7: Problem 3, p = 4 , Explicit and implicit schemes.
Figures 2.3-2.5 display present the discrete graph of the numerical solution of
problems 1-3 obtained using explicit and CBE schemes.

Figure 2.3: Numerical solution by (a) explicit and (b) CBE schemes for Problem 1.

Figure 2.4: Numerical solution by (a) explicit and (b) CBE schemes for Problem 2.
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Figure 2.5: Numerical solution by (a) explicit and (b) CBE schemes for Problem 3.

2.3 Solvability of the problem for b ̸= 0, c = 0 :

In this section, we focus on the corresponding problem (2.1) to establish both the
existence and uniqueness of solution in relation to the associated linear problem.
This analysis involves demonstrating that under certain conditions, a solution to the
linear problem not only exists but is also unique, thereby providing a foundational
understanding for the broader context of the problem at hand.
Let (0, T ) and Ω = (0, 1) be open bounded intervals in R. We consider the domain
QT = Ω× (0, T ) in which we study a nonlinear parabolic problem of the form:



ut − a∆u+ bu = f(x, t) (x, t) ∈ QT

u(x, 0) = φ(x) x ∈ Ω

ux(0, t) =
1∫
0
k1(x, t)g(u(x, t))dx t ∈ (0, T )

ux(1, t) =
1∫
0
k2(x, t)h(u(x, t))dx t ∈ (0, T ),

(2.49)

where φ is a given function, a and b positive integers, p ≥ 1 and k1, k2 given
bounded functions.
Proof First, the solution existence is proved by applying the Faedo-Galerkin

method. Let (wk)k∈Nbe a sequence of linearly independent vectors in V = H1 (Ω)
whose finite linear combinations are dense in V . By possibly using the Grahm-
Schmidt orthogonalization process we can assume (wk)k∈N to be orthonormal in
L2 (Ω). Moreover, for any integer m ≥ 1, a function um is defined as follows:

t 7→ um (x, t) =
m∑

i=1
Sim (t)wi (x) .

Also, φk −→ φ in V . For a fixed k ∈ N∗, we seek an approximate solution to the
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problem (2.49), that is, for solutions of the finite-dimensional problem: ((uk)t , wi) − a (∆uk, wi) + b (uk, wi) = (f, wi) , i = 1, k,
uk (0) = φk.

(2.50)

By simplifying the problem (2.50), it follows that


((uk)t , wi) + a (∇uk,∇wi) + a
∫
Ω
k1g(uk)dxwk(0) + b (uk, wi)

= (f, wi) + a
∫
Ω
k2h(uk)dxwk(1),

i = 1, k,

uk (0) = φk.

(2.51)
By using the Picard–Lindelöf theorem, the problem (2.51) admits a unique local
solution uk (t) ∈ C [0, tk] et u′

k (t) ∈ L2 [0, T ]. Then, by multiplying the equation
(2.51) by Sik (t) and summing up for i = 1, ..., k , we obtain

((uk)t , uk) + a (∇uk,∇uk) + b (uk, uk) = (f, uk) + a
∫
Ω

k2h(uk)dxuk(1, t)

−a
∫
Ω

k1g(uk)dxuk(0, t),

Assume that

∀x ∈ R :
∫
Ω

h(x)dx ≤
∫
Ω

g(x)dx

,
we get

1
2
d

dt
∥uk∥2

2 + a ∥∇uk∥2
2 + b ∥uk∥2

2 ≤ 1
2ε ∥uk∥2

2 + ε

2 ∥f∥2
2 + aβ

∫
Ω

h(uk)dx
1∫

0

∇ukdx,

≤ 1
2ε ∥uk∥2

2 + ε

2 ∥f∥2
2 + aβ

2λ ∥h(uk)∥2
2 + aβλ

2 ∥∇uk∥2
2 .

Then, we using that h is Lipschitzian function satisfying, we obtain

d

dt
∥uk∥2

2 + 2
(
a− aβλ

2 − aβc

2λ

)
∥∇uk∥2

2 ≤ 2
(

1
2ε + aβc

2λ − b

)
∥uk∥2

2 + ε ∥f∥2
2 .
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Now, using the Gronwall’s lemma, it follows that

∥uk∥2
2+2

(
a− aβλ

2 − aβc

2λ

)
∥∇uk∥2

2 ≤
(
ε ∥f∥2

2 + ∥φ∥2
2

)
exp

(
2
(

1
2ε + aβc

2λ − b

)
T

)
.

(2.52)
Next, let us multiply (2.51) by S ′

im (t) and sum up for i = 1, ..., k . Similarly, we
get

∥(uk)t∥
2
2 + a

2
d

dt
∥∇uk∥2

2 + b

2
d

dt
∥uk∥2

2

≤ 1
2ε ∥(uk)t∥

2
2 + ε

2 ∥f∥2
2

+aβ
∫

Ω

h(uk)dx (uk)t (1, t) −
∫
Ω

g(uk)dx (uk)t (0, t)


After that, by simplifying and integrating over (0, T ), it follows that
∫ t

0
∥(uk)t∥

2
2 + a

2 ∥∇uk∥2
2 + b

2 ∥uk∥2
2

≤ 1
2ε

∫ t

0
∥(uk)t∥

2
2 + ε

2

∫ t

0
∥f∥2

2 + aβγ

2 ∥uk∥2
H1(Ω)

+aβ
γ

∥∇uk∥2
2 + aβ

γ
∥∇φk∥2

2 + a

2 ∥∇φk∥2
2 + b

2 ∥φk∥2
2 .

By setting: ∀ε > 0,∀γ > 0 : C1 = 1 − 1
2ε
, C2 = a

2 − aβγ
2 , C3 = b

2 − aβγ
2 ,

C4 = max
(

aβ
γ

+ a
2 ,

b
2

)
, the latter inequality implies

C1

∫ T

0
∥(uk)t∥

2
2 + C2 sup

0<t<T
∥∇uk∥2

2 + C3 sup
0<t<T

∥uk∥2
2 ≤ ε

2

∫ T

0
∥f∥2

2 + C4 ∥φk∥2
H1(Ω) .

(2.53)
We subsequently obtain the following additional a priori estimates, that provide
valuable bounds and insights into the behavior of the solutions under consideration:


uk is uniformly bounded in L∞(0, T ; H1 (Ω)),
uk is uniformly bounded in L2(0, T ; H1 (Ω)),

(uk)t is uniformly bounded in L2 (0, T ; L2 (Ω))
(2.54)

Thus, according to the Lemma 1.3 and 1.4, there exists a subsequence of uk, still
denoted by uk, that retains the relevant properties necessary for our analysis.
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Among many others, we can cite the following properties:

uk −→ u weakly* in L∞(0, T ; H1 (Ω)),
uk −→ u weakly in L2(0, T ; H1 (Ω)),

(uk)t −→ υ weakly in L2(0, T ; L2 (Ω)),
∇uk −→ w weakly in L2(0, T ; L2 (Ω)).

(2.55)

We deduce from lemma 1.5 there are subsequences denoted by (ukn) and
(
∂ukn

∂t

)
of (uk) and (uk)t respectively, such that

ukn ⇀ u in L2(0, T ; H1 (Ω)), (2.56)

∂ukn

∂t
⇀ w in L2 (0, T ; L2 (Ω)) . (2.57)

We know that, according to the Rellich-Kondrachov’s theorem, the injection of
H1 (Q) into L2 (Q) is compact. Similar to the results derived from the Rellich’s
theorem, any weakly convergent sequence in H1 (Q) possesses a subsequence that
converges strongly in L2 (Q). Therefore, we can conclude that the properties of weak
convergence in H1 (Q) ensure the existence of a strongly convergent subsequence
in L2 (Q), facilitating our analysis of the solutions in these function spaces. Thus,

ukn −→ u in L2(Q). (2.58)

On the other hand, according to Lemma 1.4, which we will continue to denote as
(ukn)n, that converges almost everywhere to ukn converges almost everywhere to u.
Consequently, this subsequence exhibits the following property:

ukn −→ u almost everywhere in Q. (2.59)

By Lemma 10 and 11, there is a subsequence of uk, still denoted by uk, that uk

converges to u almost everywhere in QT = Ω × [0, T ]. It remains to show that
w = ∂u

∂t
. For that it suffices to prove

u(t) = φ+
t∫

0

w(τ)dτ. (2.60)

As
ukn ⇀ u in L2(0, T ; L2 (Ω)),
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the proof of (2.60) is equivalent to verify that

ukn ⇀ φ+ χ in L2(0, T ; L2 (Ω)),

i.e.
lim (ukn − φ− χ, v)L2(0,T ; L2(Ω)) = 0, ∀v ∈ L2(0, T ; L2 (Ω)),

where

χ (t) =
t∫

0

w(τ)dτ.

Using the equality:

ukn − φkn =
t∫

0

∂ukn

∂τ
dτ, ∀t ∈ [0, T ] ,

since ukn ∈ L2 (0, T ;Vkn) and (ukn)t ∈ L2 (0, T ;Vkn), it follows that
ukn − φ−

t∫
0

w(τ)dτ, v


L2(0,T ; L2(Ω))

=
 t∫

0

(
∂ukn

∂τ
− w(τ)

)
dτ, v


L2(0,T ; L2(Ω))

+ (φkn − φ, v)L2(0,T ; L2(Ω)) ,∀t ∈ [0, T ] .

By virtue of Lemma 1.5, we get
ukn − φ−

t∫
0

w(τ)dτ, v


L2(0,T ; L2(Ω))

=
t∫

0

(
∂ukn

∂τ
− w(τ), v

)
L2(0,T ; L2(Ω))

dτ + (φkn − φ, v)L2(0,T ; L2(Ω)) ,∀t ∈ [0, T ] .

On the one hand, we have

lim
n−→∞

t∫
0

(
∂ukn

∂τ
− w(τ), v

)
L2(0,T ; L2(Ω))

dτ = 0, for t ∈ [0, T ] . (2.61)

Likewise,
lim

k−→∞
(φk − φ, v)L2(0,T ; L2(Ω)) = 0. (2.62)
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Therefore,

lim
k−→∞

(umk
− φ− χ, v)L2(0,T ; L2(Ω)) = 0, ∀v ∈ L2

(
0, T ;L2 (Ω)

)
.

Finally, combinig (2.61) and (2.62) leads to

lim
k−→∞

(umk
− φ− χ, v)L2(0,T ; L2(Ω)) = 0, ∀v ∈ L2

(
0, T ;L2 (Ω)

)
.

Now, passing to the limit in (P2), we obtain

((um(t))t , wk) + a (∆um(t), wk) + b (um(t), wk) = (f(t), wk) ∀k = 1,m. (2.63)

Since {wj, j ∈ N} is a basis of V , we get

u′ − a∆u+ bu = f. (2.64)

As u′,∆u, u and f all belong to L2 (0, T ;L2 (Ω)), (2.64) also holds in L2 (0, T ;L2 (Ω))
. ■
If u is a solution to problem (2.1) and w is a solution to problem (2.49), then
v = u− w satisfies

Ly = ∂y

∂t
− a

∂2y

∂x2 + by = F (x, t, y) (x, t) ∈ QT

y(x, 0) = 0 x ∈ (0, 1)
∂y

∂x
(x, 0) = 0 t ∈ (0, T )

∂y

∂x
(1, t) = 0 t ∈ (0, T ).

(2.65)

where G (x, t, y) = f (x, t, y) .
It is clear that if the function f is Lipschitzian, then the function G is also
Lipschitzian , i.e, there exists a positive constant k such that

∥G (x, t, v1) −G (x, t, v2)∥L2(Q) ≤ k∥v1 − v2∥L2(0,T ;H1(Ω)), (2.66)

for any (v1, v2) ∈ (L2 (Q))2
.

Next, we will focus on proving that problem (2.1) has a unique solution which
depends continuously on the data. So it remains to prove that the problem (2.65)
admits a unique weak solution. First, we propose the studied concept of the
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solution.
Let v = v (x, t) be any function in L2

(
0, T ; H1 (Ω)

)
. Multiplying the equation in

(2.65) by v and integrating the resulting one on Q, we obtain

∫
Q

∂y

∂t
vdxdt− a

∫
Q

∂2v

∂x2vdxdt =
∫
Q

vG (x, t, v) dxdt.

By applying the integration by parts and the condition on y, we can derive the
following expression:

∫
Q

∂y

∂t
vdxdt+ a

∫
Q

∂y

∂x

∂v

∂x
dxdt =

∫
Q

vF (x, t, y) dxdt, (2.67)

From (2.67), it follows

Θ (h, v) =
∫
Q

vF (x, t, h) dxdt, (2.68)

where
Θ (y, v) =

∫
Q

∂y

∂t
vdxdt+ a

∫
Q

∂y

∂x

∂v

∂x
dxdt.

Definition 2.3

A function y ∈ L2
(
0, T ; H1 (0, 1)

)
is said to be a weak solution of problem

(2.65) if y verifies (2.68) and yx(0, t) = yx(1, t) = 0.

Now, let us move on to the construction of a recursive sequence. Starting with
y(0) = 0, the sequence

(
y(n)

)
n∈N

is defined as follows: given y(n−1), for n = 1, 2, 3, ...,
y will be solution of the nonlinear parabolic problem in the domain QT

∂y(n)

∂t
− a

∂2y(n)

∂x2 = F
(
x, t, y(n−1)

)
y(n) (x, 0) = 0,

∂y(n)

∂x
(0, t) = ∂y(n)

∂x
(1, t) = 0.

(2.69)

As stated in Theorem (2.1), for each fixed n, problem (2.69) admits a unique
solution y(n) (x, t) . Introduce the notation: z(n) (x, t) = y(n+1) (x, t) − y(n) (x, t),
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yielding the following new problem:


∂z(n)

∂t
− a

∂2z(n)

∂x2 = p(n−1)(x, t),
z(n) (x, 0) = 0,

∂z(n)

∂x
(0, t) = ∂z(n)

∂x
(1, t) = 0.

(2.70)

where
p(n−1)(x, t) = G

(
x, t, z(n),

∂z(n)

∂x

)
−G

(
x, t, z(n−1),

∂z(n−1)

∂x

)
.

Lemma 2.2

Provided that condition (2.66) is verified, the following a priori estimate
holds for problem (2.70):

∥zn∥L2(0,T ; H1 (Ω)) ≤ c∥zn−1∥L2(0,T ; H1 (Ω)),

where

c =

√√√√√√ k2 exp
(

T
2

)
min

{1
2 , a

} .

Proof By multiplying the equation

∂z(n)

∂t
− a

∂2z(n)

∂x2 = p(n−1)(x, t), (2.71)

by z(n) (x, t) , and then integrating on Qτ , we get

I1 = I2,

where

I1 =
∫

Qτ

∂z(n)

∂t
(x, t) · z(n) (x, t) dxdt− a

∫
Qτ

∂2z(n)

∂x2 (x, t) · z(n) (x, t) dxdt

+b
∫

Qτ

z(n) (x, t) · z(n) (x, t) dxdt,

I2 =
∫

Qτ

p(n−1)(x, t) · z(n) (x, t) dxdt.

For determining I1, it suffices to integrate by parts and then consider the initial
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and boundary conditions to obtain the following expression:

I1 = 1
2

1∫
0

(z(n) (x, τ))2dx+ a
∫

Qτ

(
∂z(n)

∂x
(x, t)

)2

dxdt+ b
∫

Qτ

(
z(n) (x, t)

)2
dxdt.

Regarding I2, the use of the Cauchy’s inequality results in the following inequality:

I2 ≤ 1
2

∫
Q

(z(n))2 + 1
2

∫
Q

(p(n−1))2

Moreover, G satisfies the Lipschitz condition, we derive the following:
∣∣∣pn−1(x, t)

∣∣∣2 ≤ 2k2
(∣∣∣y(n−1)

∣∣∣2 +
∣∣∣y(n−1)

x

∣∣∣2) ,
so that ∫

QT

∣∣∣pn−1(x, t)
∣∣∣2 dxdt ≤ 2k2∥zn−1∥2

L2(0,T ; H1 (0,1)). (2.72)

Finally, by using the Gronwall’s lemma and taking the supremum over the interval
(0, T ), we can get

∥zn∥2
L∞(0,T ; L2 (0,1)) + ∥zn∥2

L2(0,T ; H1 (0,1)) ≤
k2 exp

(
T
2

)
min

{1
2 , a, b

}∥zn−1∥2
L2(0,T ; H1 (0,1)),

Then, we obtain

∥zn∥L2(0,T ; H1 (0,1)) ≤ c∥zn−1∥L2(0,T ; H1 (0,1)).

where

c =

√√√√√√ k2 exp
(

T
2

)
min

{1
2 , a, b

} .
The proof of the lemma is completed.
We can apply various convergence tests to determine the behavior of

∞∑
n=1

z(n),
according to the convergence criterion for series. Specifically, this series is convergent
if

k <

√√√√√√min
{1

2 , a, b
}

exp
(

T
2

) .
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Since z(n) (x, t) = y(n+1)(x, t) − y(n)(x, t), and y(0)(x, t) = 0, we have

n−1∑
i=0

z(i) = y(n),

so that
(
y(n)

)
n∈N

, defined by

y(n)(x, t) =
n−1∑
i=0

J (i),

converges to an element y ∈ L2
(
0, T ; H1 (0, 1)

)
. ■

Next, we show that lim
n−→∞

y(n)(x, t) = y(x, t) is a solution to problem (2.70) proving
that

Θ (y, v) =
∫
Q

vF

(
x, t, y,

∂y

∂x

)
dxdt.

To derive the weak formulation, we multiply the equation by a test function v

belonging to an appropriate function space of the subsequent problem (2.70). This
leads to the following integral form:

Θ
(
y(n), v

)
=
∫
Q

∂y(n)

∂t
vdxdt+ a

∫
Q

∂y(n)

∂x

∂v

∂x
dxdt+ b

∫
Q

y(n)vdxdt.

Due to the linearity of Θ , we can write

Θ
(
y(n), v

)
= Θ

(
y(n) − y, v

)
+ Θ (y, v) (2.73)

=
∫
Q

∂(y(n) − y)
∂t

vdxdt+ a
∫
Q

∂(y(n) − y)
∂x

∂v

∂x
dxdt+ b

∫
Q

(y(n) − y)vdxdt

+Θ (y, v)

This approach allows to apply the Cauchy-Schwartz inequality in Θ
(
y(n) − y, v

)
,

and we get

∫
Q

∂(y(n) − y)
∂t

vdxdt+ a
∫
Q

∂(y(n) − y)
∂x

∂v

∂x
dxdt+ b

∫
Q

v(y(n) − y)dxdt

≤ 2 max {1, a} · ∥vx∥L2(0,T ; H1 (0,1))

 ∥
(
y(n) − y

)
t
∥L2(0,T ; H1 (0,1))

+∥
(
y(n) − y

)
∥L2(0,T ; H1 (0,1))

 .
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On the other hand, since

y(n) −→ y in L2
(
0, T ; H1 (Ω)

)
,

we get

y(n) −→ y in L2
(
0, T ; L2 (Ω)

)
,

y
(n)
t −→ yt in L2

(
0, T ; L2 (Ω)

)
,

y(n)
x −→ yx in L2

(
0, T ; L2 (Ω)

)
.

By passing to the limit when n −→ +∞ we get:

lim
n−→+∞

Θ
(
y(n) − y, v

)
= 0. (2.74)

According to (2.74), by passing to the limit in (2.73), we obtain

lim
n−→+∞

Θ
(
y(n), v

)
= Θ (y, v) .

Thus, we have just proved the following result.

Theorem 2.6

If the solution to the problem (2.70) satisfies (2.66), and

k <

√√√√√√min
{1

2 , a, b
}

exp
(

T
2

) ,

then problem (2.70) admits a weak solution in L2 (0, T ; L2 (Ω)) .

Now, let us move to the solution uniqueness of the given nonlinear parabolic
problem (2.70). This result is crucial for the reliability and applicability of the
solution in various contexts.

Theorem 2.7

If condition (2.66) is satisfied, then the solution is unique.

Proof Let y1, y2 ∈ L2 (0, T ;H1 (Ω)) be two solutions of (2.70). Then

y = y1 − y2,

is also a solution in L2 (0, T ;H1 (Ω)) of the problem:
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∂y

∂t
− a

∂2y

∂x2 + by = Ψ(x, t), ∀ (x, t) ∈ QT

y (x, 0) = 0,
∂y

∂x
(0, t) = ∂y

∂x
(1, t) = 0,

where
Ψ(x, t) = G (x, t, y1) −G (x, t, y2) .

By invoking the context of Lemma(2.3), we obtain

∥y∥L2(0,T,H1(Ω)) ≤ c∥y∥L2(0,T,H1(Ω)),

i.e.
(1 − c) ∥y∥L2(0,T,H1(Ω)) ≤ 0.

Since c ≤ 1, it follows that

∥y∥L2(0,T,H1(Ω)) = 0,

i.e.
y1 = y2,

■

2.4 Solvability of a semi-linear parabolic equation

with second integral conditions

The solvability of semi-linear parabolic equations with integral conditions mainly
involves analyzing the existence, uniqueness.
Let Ω = (0, l) be a bounded open of R and QT = Ω × (0, T ). Consider the following
problem: 

∂u

∂t
− a∂2u

∂x2 + up − bu = f (x, t) ∀ (x, t) ∈ QT ,

u (x, 0) = φ(x) ∀x ∈ (0, l) ,
∂u

∂x
(0, t) =

∫ l
0 k1(x, t)u(x, t)dx ∀t ∈ [0, T ] ,

∂u

∂x
(l, t) =

∫ l
0 k2(x, t)u(x, t)dx ∀t ∈ [0, T ] ,

(PI1)

where a, b and p are positive odd integers, and k1, k2 are bounded functions.
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The aim of this section is to define a solution u = u (x, t) , x ∈ Ω, t ∈ [0, T ]; to
problem (PI1) based on specific assumptions (H). In order to properly state the
problem, and to have the tools to solve it, we need to introduce some functional
concepts and spaces that we will use later. We define the space:

V = H1 (Ω) ∩ Lp+1 (Ω) ,

endowed with the norm ∥v∥V = ∥v∥H1(Ω) + ∥v∥Lp+1(Ω) and the scalar product of
H1 (Ω). We are now able to formulate the problem precisely (PI1) we will study,
under the following hypotheses:

(H) :


f ∈ L2 (0, T ; L2 (Ω)) (H.1)
φ ∈ H1 (Ω) ∩ Lp+1 (Ω) (H.2)
ki ∈ L∞ ((0, T ) × Ω) ∀i ∈ {1, 2}.

Definition 2.4:

A weak solution of the problem (PI1) is a function u that satisfies the
following conditions:
(i) u ∈ L2 (0, T ; H1 (Ω)) ∩ L∞ (0, T ; H1 (Ω)),
(ii) u admits a strong derivative ∂u

∂t
∈ L2 (0, T ; H1 (Ω)),

(iii) u (0) = φ,
(iv)u verifies (ut, v)+a (ux, vx)+(up, v)−b (u, v)+av(l)

∫ l
0 k2(x, t)u(x, t)dx =

(f, v) + av(0)
∫ l

0 k1(x, t)u(x, t)dx
∀v ∈ V, and ∀t ∈ [0, T ] .
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2.4.1 Existence of the solution to the semi-linear problem (PI1)

Variational formulation

By multiplying the equation

∂u

∂t
− a

∂2u

∂x2 + up − bu = f (x, t) , (2.75)

by an element v ∈ V and then integrating on Ω, we obtain

∫
Ω

∂u

∂t
· vdx− a

∫
Ω

∂2u

∂x2 · vdx+
∫
Ω

up · vdx− b
∫
Ω

u · vdx =
∫
Ω

f · vdx,

leading to the equation:
∫
Ω

∂u

∂t
· vdx+ a

∫
Ω

∂u

∂x
· ∂v
∂x
dx+

∫
Ω

up · vdx

−b
∫
Ω

u · vdx− av(l)ux(l, t) + av(0)ux(0, t) =
∫
Ω

f · vdx. (2.76)

Using the boundary conditions and Green’s formula, (2.76) becomes

(ut, v)+a (ux, vx)+(up, v)−b(u, v)−av(l)ux(l, t)+av(0)ux(0, t) = (f, v) ∀v ∈ V,

(2.77)
where (., .) denotes the scalar product in L2 (Ω) .

Study of the solution existence to problem (PI1)

The demonstration is based on the method of Faedo-Galerkin which consists in
carrying out the following three steps.
Functional space separability: Since the space V is separable, there exists a
sequence ω1, ω2, ..., ωm, having the following properties:


ωi ∈ V, ∀i,
for any m,ω1, ω2, ..., ωm are linearly independent,
Vm = ⟨{ω1, ω2, ..., ωm}⟩ is dense in V.

(2.78)

In particular, we have

∀φ ∈ V, ∃(αkm)m ∈ N∗, φm =
m∑

k=1
αkm ωk −→ φ when m −→ +∞. (2.79)
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Approximation process: The Faedo Galerkin’s method consists in searching for
any integer m ≥ 1, a function:

t 7→ um (x, t) =
m∑

i=1
gim (t)ωi (x) ,

that satisfies the following identities: ((um(t))t , ωk) + a (∆um(t), ωk) + (up
m(t) − bum(t), ωk) = (f(t), ωk) ∀k = 1,m

(um(0), ωk) = αkm

(P2)
Therefore,

um(0) =
m∑

i=1
gim (0)wi (x)

= φm

=
m∑

k=1
αkmwk(x).

Existence of such αkm follows from u0 ∈ V ∩LP +1 (Ω) and the fact that {wk, k ∈ N}
is the base in V ∩ LP +1 (Ω). Thus, (PI1) is reduced to the following initial-value
problem for a system of first-order differential equations with respect to gim:


m∑
i=1

(wi, wk) ∂gim

∂t
(t) + a

m∑
i=1

((wi)x , (wk)x) gim (t)

−a
m∑

i=1
gim (t) ∂wi

∂x
(l)wk(l) + a

m∑
i=1

gim (t) ∂wi

∂x
(0)wk(0) + (up

m − bum, wk) = (f(t), wk) ,

gkm (0) = αkm ∀k = 1,m.
(P3)

Consider the two vectors:

gm = (g1m(t), ..., gmm(t)) , fm = ((f, ω1) , ..., (f, ωm))

and the matrices:

Bm = ((ωi, ωj))1≤i≤m
1≤j≤m

, Am =
((

∂ωi

∂x
,
∂ωj

∂x

))
1≤i≤m
1≤j≤m
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Cm =
(
∂ωi

∂x
(l) · ωj(l)

)
1≤i≤m
1≤j≤m

, Dm =
(
∂ωi

∂x
(0) · ωj(0)

)
1≤i≤m
1≤j≤m

G (g) =
(((

m∑
i=1

gim (t)ωi

)p

, ωj

))
1≤i≤m
1≤j≤m

.

Using these notations, problem (PI1) can be written in the following matrix form: Bm
∂gm

∂t
(t) + aAmgm − bBmgm +G (g) = fm + aCmgm − aDmgm

gm (0) = (αim)1≤i≤m

(2.80)

Using the Carathéodory’s existence theorem for ODEs, we can conclude that there
exists a tm depending only on |αim| such that in the interval [0, tm], problem (2.80)
admits a unique local solution gm (t) ∈ C [0, tm] with g

′
m (t) ∈ L2 [0, T ] .

Now, let us study the a priori estimates for the approximate solution um(x, t)
obtained in the previous step.

Theorem 2.8

Let m ∈ N∗, p

2 ≥ b. Suppose that φ ∈ H1 (Ω) ∩ Lp+1 (Ω) , f ∈
L2 (0, T, L2 (Ω)). Then problem PI1 admits a solution u such that

u ∈ L2 (0, T ; V ) ∩ L∞
(
0, T ; H1 (Ω)

)
,

and
u′ ∈ L2(0, T ; L2(Ω)).

Proof Multiplying both sides of the equations in (PI1) by gkm(t), and summing
for k from 1 to m, follows that

m∑
k=1

((um)t , ωk) · gkm(t) − a
m∑

k=1
(∆um, ωk) · gkm(t) +

m∑
k=1

(up
m − bum, ωk) · gkm(t)

=
m∑

k=1
(f, ωk) · gkm(t),

i.e.

((um)t , um) − a (∆um, um) + (up
m − bum, um) = (f, um)
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Thus,

1
2
∂

∂t
∥um∥2

L2(Ω) + a

∥∥∥∥∥∂um

∂x

∥∥∥∥∥
2

L2(Ω)
+ ∥um∥p+1

Lp+1(Ω)

= (f, um) + b ∥um∥2
L2(Ω) + a

∂um

∂x
(l, t)um(l, t) − a

∂um

∂x
(0, t)um(0, t).

After integrating from 0 to t, the Cauchy inequality gives

t∫
0

(
∂um

∂x
(l, τ) · um (l, τ)

)
dτ <

1
2

∫ t

0
u2

m (l, τ) dτ + 1
2

∫ t

0
u2

mx (l, τ) dτ.

To obtain the estimate, we need the inequality:

u2 (l, t) ⩽ 2
∫ l

x
u2

xdx+ 2u2,

which easily follows from the identity:

u (l, t) =
∫ l

x
ux (x, t) dx+ u (x, t) .

Likewise, by the second-kind integral condition, we have
∫ t

0
ux (l, t)u (l, t) dt

⩽
1
4

∫
Q
u2

xdxdt+ 1
4

∫ t

0
u2dt+ 2K

∫
Q
u2dxdt,

where K = max
τ∈[0,T ]

∫
Ω k

2
i (x, t) dxdt, i = 1, 2.

Thus, by using the same method, we get
∫ t

0
ux (0, t)u (0, t) dt

⩽
1
4

∫
Q
u2

xdxdt+ 1
4

∫ t

0
u2dt+ 2K

∫
Q
u2dxdt.

So,

∥um∥2
L2(Ω) + a

t∫
0

∥∥∥∥∥∂um

∂x

∥∥∥∥∥
2

L2(Ω)
+ 2

t∫
0

∥um∥p+1
Lp+1(Ω)

≤
t∫

0

∥f∥2
L2(Ω) +

(
2b+ 1 + a

2l + 4aK
) t∫

0

∥um∥2
L2(Ω) + ∥φm∥2

L2(Ω)
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Using the Gronwall’s lemma, we get

∥um∥2
L∞(0,T, L2(Ω)) +

∥∥∥∥∥∂um

∂x

∥∥∥∥∥
2

L2(Q)
+ ∥um∥p+1

Lp+1(0,T, Lp+1(Ω))

≤
exp

((
2b+ 1 + a

2l
+ 4aK

)
T
)

min {1, a}
(
∥f∥2

L2(Q) + ∥φm∥2
L2(Ω)

)
.

By setting:

CT =
exp

((
2b+ 1 + a

2l
+ 4aK

)
T
)

min {1, a}
(
∥f∥2

L2(Q) + ∥φm∥2
L2(Ω)

)
, (2.81)

We obtain

∥um∥2
L∞(0,T, L2(Ω)) +

∥∥∥∥∥∂um

∂x

∥∥∥∥∥
2

L2(Q)
+ ∥um∥p+1

Lp+1(0,T, Lp+1(Ω)) ≤ CT . (2.82)

Of course, CT is a positive constant depending only on
T∫
0

∥f (τ)∥2
L2(Ω),∥φm∥2

L2(Ω)

and T . From (2.82), it follows that

∥um (t)∥2
L2(Ω) ≤ CT .

This implies that the solution to the initial-value problem for the ODEs system
(2.80) can be extended to [0, T ], and on [0, T ], we have the following uniform a
priori estimates:


um is uniformly bounded in L∞(0, T ; L2 (Ω) ),
um is uniformly bounded in L2(0, T ; H1 (Ω)),

um is uniformly bounded in Lp+1 (0, T ; Lp+1 (Ω)) .

Now, we would like to get more a priori estimates. To this end, multiplying both
sides of the equation in (2.80) by g′

km(t), using the same variational formulation,
respectively,and then summing over k, we get

m∑
k=1

((um)t , ωk) · g′

km(t) +
m∑

k=1
a (∆um, ωk) · g′

km(t) +
m∑

k=1
(up

m − bum, ωk) · g′

km(t)

=
m∑

k=1
(f, ωk) · g′

km(t).
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So,

((um)t , (um)t) − a

(
∂2um

∂x2 , (um)t

)
+ (up

m − bum, (um)t) = (f, (um)t) .

After an integration on (0, t), it follows that:

min
{

1
2 ,
a

T

(
1
2 − l

ε

)
,

l

(p+ 1)T

}[
∥(um)t∥

2
L2(Q) + ∥(um)x∥2

L2(Q) +
∫ t

0
∥um∥p+1

Lp+1(Ω)

]

≤ max
{

1
2 ,
(
a

2 + a
l

ε

)
,

1
p+ 1 ,−

b

2

} ∥f∥2
L2(Q) +

(
a ε

2K
2 + b

2

)
CT

+ ∥(φm)x∥2
L2(Ω) + ∥φm∥p+1

Lp+1(Ω) + ∥φm∥2
L2(Ω)

 .
Setting:

C =
max

{
1
2 ,
(

a
2 + a l

ε

)
, 1

p+1 ,−
b
2

}
min

{
1
2 ,

a
T

(
1
2 − l

ε

)
, l

(p+1)T

}
We deduce

∥(um)t∥
2
L2(Q) + ∥(um)x∥2

L2(Q) +
∫ t

0
∥um∥p+1

Lp+1(Ω)

≤ C

[
∥f∥2

L2(Q) + bl

2 CT + ∥(φm)x∥2
L2(Ω) + ∥φm∥p+1

Lp+1(Ω) + ∥φm∥2
L2(Ω)

]

and therefore,
∥(um)t∥

2
L2(Q) ≤ C. (2.83)

Then, we get the following other a priori estimates :

umis uniformly bounded in Lp+1(0, T ; LP +1 (Ω)),
um is uniformly bounded in L2(0, T ; H1 (Ω)),

(um)t is uniformly bounded in L2 (0, T ; L2 (Ω)) .
(2.84)

Consequently, by Lemma (1.4), there is a subsequence of um, still denoted by um,

such that 
um −→ u weakly in Lp+1(0, T ; LP +1 (Ω))
um −→ u weakly in L2(0, T ; H1 (Ω))
um −→ u weakly in L2 (0, T ; L2 (Ω))

(2.85)

We deduce from lemma (1.4) that there are subsequences , still denoted by

(umk
) ,
(
∂umk

∂t

)
of (um) and (um)t respectively, such that

umk
⇀ u in L2(0, T ; H1 (Ω)), (2.86)
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∂umk

∂t
⇀ w in L2 (0, T ; L2 (Ω)). (2.87)

We know that according to Rellich-Kondrachov’s theorem that the injection of
H1 (Q) into L2 (Q) is compact. As a consequence of this theorem, any weakly
convergent sequence in H1 (Q) has a subsequence which converges strongly in
L2 (Q). Thus, we can assume that

umk
−→ u in L2(Q). (2.88)

On the other hand, from Lemma (10) there is a subsequence of (umk
)k, still denoted

by umk
, that converges almost everywhere to u, such that

umk
−→ u almost everywhere Q. (2.89)

By Lemma (10), there is a subsequence of um, still denoted by um, that converges
almost everywhere to u in QT = Ω × [0, T ]. It turns out that

(um)p converges almost everywhere up in QT .

On the other hand, (2.84) implies that (um)p is uniformly bounded in L
p+1

p (QT ).Therefore,
we infer from Lemma (1.5) that

up
m ⇀ up weakly in L

p+1
p

(
0, T , L

p+1
p (Ω)

)
.

It remains to demonstrate that w = ∂u
∂t

. For that it suffices show that

u(t) = φ+
t∫

0

w(τ)dτ. (2.90)

Since
umk

⇀ u in L2(0, T ; L2 (Ω)),

the proof of (2.90) is equivalent to demonstrate that

umk
⇀ φ+ χ in L2(0, T ; L2 (Ω)),
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which means

lim (umk
− φ− χ, v)L2(0,T ; L2(Ω)) = 0 ∀v ∈ L2(0, T ; L2 (Ω)),

where

χ (t) =
t∫

0

w(τ)dτ.

Using the equality:

umk
− φmk

=
t∫

0

∂umk

∂τ
dτ for all t ∈ [0, T ] ,

it follows from umk
∈ L2 (0, T ;Vmk

) and (umk
)t ∈ L2 (0, T ;Vmk

) that
umk

− φ−
t∫

0

w(τ)dτ, v


L2(0,T ; L2(Ω))

=
 t∫

0

(
∂umk

∂τ
− w(τ)

)
dτ, v


L2(0,T ; L2(Ω))

+ (φmk
− φ, v)L2(0,T ; L2(Ω)) , for all t ∈ [0, T ] .

Moreover, by virtue of Lemma (1.5), we get
umk

− φ−
t∫

0

w(τ)dτ, v


L2(0,T ; L2(Ω))

=
t∫

0

(
∂umk

∂τ
− w(τ), v

)
L2(0,T ; L2(Ω))

dτ + (φmk
− φ, v)L2(0,T ; L2(Ω)) , for all t ∈ [0, T ] .

On the one hand, we have

lim
k−→∞

t∫
0

(
∂umk

∂τ
− w(τ), v

)
L2(0,T ; L2(Ω))

dτ = 0, for t ∈ [0, T ] . (2.91)

Also, we have
lim

k−→∞
(φm − φ, v)L2(0,T ; L2(Ω)) = 0, (2.92)
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So that

lim
k−→∞

(umk
− φ− χ, v)L2(0,T ; L2(Ω)) = 0, ∀v ∈ L2

(
0, T ;L2 (Ω)

)
.

Finally, from (2.91) and (2.92) , we get

lim
k−→∞

(umk
− φ− χ, v)L2(0,T ; L2(Ω)) = 0, ∀v ∈ L2

(
0, T ;L2 (Ω)

)
.

Now, passing to the limit in (P3), since each term on the left side of (P3) is weakly
convergent in L

p+1
p (Ω), the following equations hold in L

p+1
p (Ω):

((um(t))t , ωk) + a (um(t), ωk) + (up
m(t) − bum(t), ωk) = (f(t), ωk) ∀k = 1,m.

(2.93)
{ωj; j ∈ N} being also a basis of L

p+1
p (Ω), we infer from (2.93) that the following

equation holds in L
p+1

p

(
0, T , L

p+1
p (Ω)

)
:

u′ − a∆u+ up − bu = f. (2.94)

Since u′,∆u, and f all belong to L2 (0, T ;L2 (Ω)) , up also belongs to L2 (0, T ;L2 (Ω)),
and (2.94) also holds in L2 (0, T ;L2 (Ω)) . Thus, we get the desired result. ■
In summary, we have established a framework for studying the existence of solutions
for the semi-linear problem (PI1) through the variational formulation and the Faedo-
Galerkin method. By carefully defining functional spaces and utilizing appropriate
approximations, we aim to demonstrate the existence of solutions under the specified
hypotheses.

Solution uniqueness

In the analysis of the semi-linear problem (PI1), we focus on establishing the
uniqueness of solution under a condition on the exponent p. This section will
outline the rationale for this attention and the implications of the odd nature of p
on the uniqueness of solution.
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Theorem 2.9

Suppose that φ ∈ H1 (Ω)∩Lp+1 (Ω) and f ∈ L2 (0, T ;L2 (Ω)). Then problem
(PI1) admits a unique solution u such that

u ∈ L2
(
0, T, H1 (Ω)

)
∩ Lp+1(0, T ; LP +1 (Ω)),

with
u′ ∈ L2(0, T, L2(Ω)).

Proof Suppose that p is odd. Multiplying the equation in problem (PI1) by u
and integrating it on the domain Ω = (0, l), we get∫

Ω

ut(x, t)udx− a
∫
Ω

∆u · udx+
∫
Ω

upudx− b
∫
Ω

u2dx =
∫
Ω

f(x, t)udx.

Therefore,

1
2
∂

∂t
∥u∥2

L2(Ω) + a
∫
Ω

(
∂u

∂x

)2

dx+
∫
Ω

up+1dx− b
∫
Ω

u2dx =
∫
Ω

fudx,

Then, by integrating on (0, τ) with τ ∈ (0, T ), we get

1
2 ∥u∥2

L2(Ω) + (a− aε)
t∫

0

∥∥∥∥∥∂u∂x
∥∥∥∥∥

2

L2(Ω)
dτ +

(
1 −

(1
2 + ε

l
+ K

2ε + b
) 2
p+ 1

) t∫
0

∥u∥p+1
Lp+1(Ω) dτ

≤ 1
2

T∫
0

∥f (τ)∥2
L2(Ω) dτ + 1

2 ∥φ∥2
L2(Ω) +

(1
2 + ε

l
+ K

2ε + b
) (p+ 1)mes(Ω)T

p− 1 .

By setting:

CT =
1
2

T∫
0

∥f (τ)∥2
L2(Ω) dτ + 1

2 ∥φm∥2
L2(Ω) +

(
1
2 + ε

l
+ K

2ε
+ b

)
(p+1)mes(Ω)T

p−1

min
(

1
2 , (a− aε) ,

(
1 −

(
1
2 + ε

l
+ K

2ε
+ b

)
2

p+1

)) , (2.95)

we can write

∥u (t)∥2
L2(Ω) +

t∫
0

∥∥∥∥∥∂u∂x
∥∥∥∥∥

2

L2(Ω)
dτ +

t∫
0

∥u∥p+1
Lp+1(Ω) dτ ≤ CT . (2.96)

We put

∥u∥2
L∞(0,T ;L2(Ω)) + ∥u∥2

L2(0,T ;L2(Ω)) + ∥u∥p+1
Lp+1(0,T ;Lp+1(Ω)) ≡ ∥u∥B .
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If u1and u2 be two solutions to the problem (PI1), then

Lu1 − Lu2 = 0,

where L is the differential operator of the main semi-linear problem. Therefore,

L (u1 − u2) = 0,

so that
∥u1 − u2∥B ≤ c ∥0∥F = 0,

which gives
u1 = u2.

■

Finite-time blow-up solution

This behavior is particularly relevant in the study of nonlinear evolution equations,
where nonlinearity often leads to complex dynamics. This section discusses the
conditions under which finite-time blow-up occurs, the implications for solutions,
and some examples illustrating this phenomenon.
By setting:

Ψ(t) =
∫

Ω
u2dx.

and by integrating the equation over Ω with null source , we get

ut − a∆u− bu = up∫
Ω
utudx− a

∫
Ω

∆u.udx−
∫

Ω
bu2dx =

∫
Ω
up+1dx

By using the Green’s formula, and Pointcarré’s inequality, it follows that

1
2
d

dt

∫
Ω
u2dx+ a

∫
Ω
u2

x −
∫

Ω
bu2dx ≤ a [ux(l, t)u(l, t) − ux(0, t)u(0, t)] +

∫
Ω
up+1dx

≤ a max
(x,t)∈QT

(k1, k2)
[
l

2

∫
Ω
u2 + l

2

∫
Ω
u2

x

]
+
∫

Ω
up+1dx.

Thus,
1
2
d

dt

∫
Ω
u2dx−

b+
al max

(x,t)∈QT

(k1, k2)

2

∫
Ω
u2dx ≤

∫
Ω
up+1dx.
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Next, applying the Jensen’s inequality gives

Ψ′(t) − 2

b+
al max

(x,t)∈QT

(k1, k2)

2

Ψ(t) + 2
(mes(Ω))

q+1
2 −1

(Ψ(t))
p+1

2 = 0. (2.97)

To solve this ODE, we use the following change of variable:

v = Ψ1−q, (2.98)

where
q = p+ 1

2
After combining 2.97 and 3.37, it follows that

1
q − 1v

′v

q

1 − q − 2

b+
al max

(x,t)∈QT

(k1, k2)

2

 v
1

1 − q + c1

(mes(Ω))q−1v

q

1 − q = 0.

(2.99)

Multiplying (2.99) by v
−q

1 − q yields

v′ − 2 (q − 1)

b+
al max

(x,t)∈QT

(k1, k2)

2

 v + (q − 1) 1
(mes(Ω))q−1 = 0. (2.100)

Before solving this ODE, let us solve the associated homogeneous equation. By
setting:

K = 2 (q − 1)

b+
al max

(x,t)∈QT

(k1, k2)

2


the ODE:

v′ +Kv = 0

Therefore, the problem clearly admits the solution

v1(t) = Be−Kt.

Now, move on to solving the non-homogeneous ODE (2.100) by the method of
constants variation. We start by setting:

v2(t) = B(t)e−Kt,

104



Chapter 2. Solvability and blow-up study of weak solutions for a nonlinear parabolic
equation with a generalized nonlinear integral condition of second type

Therefore,
v2(t) = 1

K
(q − 1) 1

(mes(Ω))q−1

and so,

v(t) =
(
Be−Kt + 1

K
(q − 1) c1

(mes(Ω))q−1

) 1
1−q

For t = 0, we get

B = (Ψ(0))1−q − 1
K

(q − 1) c1

(mes(Ω))q−1

Like 1
q − 1 > 0, then Ψ → ∞, so we obtain

T = 1
K

ln

 1
K

(q − 1) 1
(mes(Ω))q−1(

(Ψ(0))1−q − 1
K

(q − 1) 1
(mes(Ω))q−1

)
 .
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3
Solvability and blow-up of weak

solutions for a singular and
degenerate semilinear parabolic

equation with a mixed linear and
nonlinear integral condition

This chapter explores the solvability and blow-up of weak solutions for a singular and
degenerate semilinear parabolic equation subject to a mixed linear and nonlinear
integral condition. The presence of singularities, degeneracies, and complex integral
conditions introduces significant challenges to theoretical analysis and practical
applications. The results presented here give rise to a rich mathematical structure,
providing deeper insights into the behavior of solutions.
Let t ∈ (0, T ) , {Ω ⊂ R2, x ∈ Ω = [0, 1], 0 < t < T}, This chapter deals with local
existence, blow-up for the solutions of a singular degenerate parabolic equation
subject to different cases of the boundary conditions. Let Q = [0, 1] × (0, T ] with
T > 0, the typical non-linear problem studied is:



∂u

∂t
− (xαux)x = f (x, t, u) , (x, t) ∈ Q,

u (x, 0) = φ (x) , x ∈ [0.1],
ux(0, t) =

∫ 1
0 k1(x)h(x, t, u)dx t ∈ (0, T ],

ux(1, t) =
∫ 1

0 k2(x)g(x, t, u)dx t ∈ (0, T ].

(Pr)

Assume that f ∈ L2 (Q), φ ∈ L2 (0, 1), the weight functions k1, k2 are continuous
on [0, 1] and the function f is Lipschitzian, i.e. there exists a positive constant L
such that:

∥f (x, t, u1) − f (x, t, u2)∥L2(Q) ≤ L
(
∥u1 − u2∥L2(Q)

)
, ∀u1, u2 ∈ L2 (Q) .

Moreover, the functions g and h verify respectively the following inequalities:

∥g (x, t, u)∥L2(Q) ⩽ C0 ∥u∥L2(Q) , ∥h (x, t, u)∥L2(Q) ⩽ C1 ∥u∥L2(Q) , (3.1)
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where C0 and C1 are positive constants. It is necessary to point out that problem
(Pr) is singular and degenerate because the coefficients of ux and uxx tend to ∞
and 0 as x → 0. There is a wide literature on problem (Pr) in different cases and
under various assumptions on h, g .

3.1 Solvability and blow-up of weak solutions for
a singular and degenerate semilinear parabolic
equation with nonlinear integral condition

Here, we investigate the existence and uniqueness of weak solutions for a sin-
gular and degenerate parabolic equation. The presence of a nonlinear integral
boundary condition further complicates the equation. This work delves into the
delicate balance between the singular, degenerate nature of the equation and the
nonlinearity of the boundary condition. To deduce the solvability of problem
(Pr), letusfirstconsiderthelinearcase.

3.1.1 Study of the linear problem

This study of the linear problem is mainly focused on the existence of a solution.
We analyze the linear problem derived from the main problem of this chapter, by
using the Faedo-Galerkin method.
In the specified domain Q = {(x, t) ∈ R2 : 0 < x < 1, 0 < t < T}, consider the
following linear singular and degenerate problem:


ut − a(xαux)x = f (x, t) (x, t) ∈ Q,
u (x, 0) = φ (x) x ∈ (0, 1),
ux(0, t) =

∫ 1
0 k1(x)h(x, t, u)dx t ∈ (0, T ) ,

ux(1, t) =
∫ 1

0 k2(x)g(x, t, u)dx t ∈ (0, T ).

(P1)

where f , φ, k1 and k2 are given functions, and α ∈ (0, 1). Moreover, we assume
f ∈ L2 (Q) , φ ∈ L2 (0, 1), and the weight functions k1, k2 are continuous on [0, 1].
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Definition 3.1

We say that the function u a is the weak solution of problem (P1) if
(i) u ∈ L2

(
0, T ; H1

x
α
2

(Ω)
)

∩ L∞ (0, T ; L2 (Ω)),

(ii) u admits a strong derivative ∂u
∂t

∈ L2 (0, T ; L2 (Ω)),
(iii) u (0) = φ,
(iv) verifies: (ut, v) − a ((xαux)x, v) = (f, v) , ∀v ∈ V, ∀t ∈ [0, T ] .

Theorem 3.1

Suppose that φ ∈ H1 (Ω) , f ∈ L2(0, T, L2(Ω)). and ε, δ > 0 such that(
1 −

(
2ε+ 1

2δ

))
> 0,

(
a
2 − 2ε

)
> 0. Then, the problem (P1) admits a solution

u ∈ L2(0, T,H1
x

α
2
(Ω)) ∩ L∞(0, T, L2(Ω))

with
∂u

∂t
∈ L2(0, T, L2(Ω)).

Proof
Showing the existence of a solution to problem (P1) utilizing the Faedo-Galerkin
method is grounded in executing the following key steps: Formulation of the
approximate problem, Derivation of a priori estimates, Convergence to a weak
solution.

Step 1: Construction of the approximate solutions Since the space V =
L2(0, T,H1(Ω)) ∩ L(0, T ;L2(Ω)) is separable, there exists a countable sequence
ω1, ω2, ..., ωm, that possesses the following properties:


ωi ∈ V ∀i,
∀m,ω1, ω2, ..., ωm are linearly independent,
Vm = ⟨{ω1, ω2, ..., ωm}⟩ is dense in V.

(3.2)

In particular,

∀φ ∈ V =⇒ ∃(αkm)m ∈ IN∗, φm =
m∑

k=1
αkmωk −→ φ when m −→ +∞. (3.3)

Faedo-Galerkin’s approximation involves seeking, for any integer m ≥ 1, a function
um that can be expressed as a linear combination of basis functions from a finite-
dimensional subspace of the function space under consideration. Specifically, we
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write
um (x, t) =

m∑
i=1

gim (t)ωi (x) ,

and verify um (t) ∈ Vm ∀t ∈ [0, T ] ,
((um(t))t , ωk) + χ (um(t), ωk) = (f(t), ωk) . ∀k = 1, ...,m

(P3)

where

((um(t))t , ωk) =
((

m∑
i=1

gim (t)ωi

)
t

, ωk

)
=
(

m∑
i=1

∂gim

∂t
(t)ωi (x) , ωk

)

=
m∑

i=1
(ωi, ωk) ∂gim

∂t
(t) ,

χ (um(t), ωk) =
(

m∑
i=1

gim (t) (xα (ωi)x)x, ωk

)

= −a
m∑

i=1

(
x

α
2
i ω, x

α
2
k ω
)
gim (t) + a

m∑
i=1

gim (t) ∂ωi

∂x
(1)ωk(1),

and
um(0) =

m∑
i=1

gim (0)wi (x) = φm =
m∑

i=1
αimwi(x).

We obtain a system of first-order nonlinear differential equations, which can be
expressed in the following general form:

∑m
i=1 (wi, wk) ∂gim

∂t
(t) + a

∑m
i=1

(
x

α
2wi, x

α
2wk

)
gim (t)

= (f(t), wk) + a
∑m

i=1 gim (t) ∂wi

∂x
(1)wk(1),

gim (0) = αim, ∀i = 1, ...,m.

(P4)

This vector allows us to succinctly express the system in a more compact form:

gm = (g1m(t), ..., gmm(t)) , fm = ((f, w1) , ..., (f, wm))

We also consider the matrix θm, χm, ηm that represents the coefficients of the
linearized system or any relevant relationships among the components of the vector
ω. This matrix can be expressed as follows:

θm = ((ωi, ωj))1≤i≤m
1≤j≤m

, χm =
((
x

α
2
i ωi, x

α
2
j ωj

))
1≤i≤m
1≤j≤m

109



Chapter 3. Solvability and blow-up of weak solutions for a singular and degenerate
semilinear parabolic equation with a mixed linear and nonlinear integral condition

and
ηm =

(
∂ωi

∂x
(1) · ωj(1)

)
1≤i≤m
1≤j≤m

.

Problem (P4) in the following matrix form: θm
∂gm

∂t
(t) + aχmgm = fm + aηmgm,

gm (0) = (αim)1≤i≤m .

Since the matrix entries θm are linearly independent (due to the fact that it is a
diagonal matrix), we have det θm ̸= 0, so it is invertible, Consequently, we can state
that gm is the solution of the system:

∂gm

∂t
(t) + (aθ−1

m χm − aθ−1
m ηm) gm = θ−1

m fm,

gm (0) = (αim)1≤i≤m .
(P5)

The usual existence and uniqueness theorems applicable to ODE systems allow us
to derive significant conclusions about the behavior of the solutions. By applying
the results from ([?], Theorem 3.1, Chapter 3), we deduce that the matrix
(aθ−1

m Am + bθ−1
m Bm − aθ−1

m ηm) has constant coefficients and the vector θ−1
m fm con-

sists of continuous functions that are dominated by integrable functions on the
interval (0, T ). Thus, we can conclude that there exists tm which depends only on
the values of |αim| such that in the interval [0, tm], the nonhomogeneous problem
(P5) admits a unique local solution gm (t) ∈ C [0, tm] with g

′
m (t) ∈ L2 [0, T ]. But,

as the elements of the vector θ−1
m fm are majorized by integrable functions on (0, T ),

the solution can be extended to [0, T ].

Step 2: Establishing a priori estimates: Consider the following theorem

Theorem 3.2

For each m ∈ N, the approximate solution um satisfies the following uniform
bounds as m → +∞:

um is uniformly bounded in L∞(0, T ; L2 (Ω)),
x

α
2 um is uniformly bounded in L2(0, T ; H1 (Ω)),

(um)t is uniformly bounded in L2 (0, T ; L2 (Ω)) .
(3.4)

Proof Multiply the equation in (P3) by gkm(t) and sum up for k to obtain
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((um(t))t , um(t)) + a

(
∂

∂x

(
xα∂um

∂x

)
, um

)
= (f(t), um(t)) .

Thus, we get

1
2
d

dt
∥um∥2

L2(Ω) + a

∥∥∥∥∥xα
2
∂um

∂x

∥∥∥∥∥
2

L2(Ω)

= (f(t), um(t)) + a
m∑

i=1
gim (t) ∂ωi

∂x
(1)

m∑
k=1

gkm(t)ωk(1).

By using the Cauchy inequality with ε/2 we get

1
2
d

dt
∥um∥2

L2(Ω) + a

∥∥∥∥∥xα
2
∂um

∂x

∥∥∥∥∥
2

L2(Ω)

≤ 1
2ε ∥f∥2

L2(Ω) + ε

2 ∥um∥2
L2(Ω) + a

m∑
i=1

gim (t) ∂wi

∂x
(1)

m∑
k=1

gkm(t)wk(1). (3.5)

By integrating from 0 to t, we can get an estimate of the third term of right-hand
side of (3.5) as follows:

∫ t

0

(
m∑

i=1
gim (t) ∂ωi

∂x
(1)

m∑
k=1

gkm(t)ωk(1)
)
dτ =

∫ t

0

(
∂um

∂x
(1, t) · um (1, t)

)
dτ.

Again, by using the Cauchy inequality with ε, we have

∫ t

0

(
∂um

∂x
(1, τ) · um (1, τ)

)
dτ

≤ ε

∥∥∥∥∥xα
2
∂um

∂x

∥∥∥∥∥
2

L2(Q)
+ ∥um∥2

L2(Q)

+ C0K

2ε ∥um∥2
L2(Q) ,

where K = max
∫

Q k
2 (x, t) dxdt and C0 is the constant in (3.1). By using the

Gronwell’s lemma and take δ = 1, we get

∥um∥2
L∞(0,T ; L2(Ω)) +

∥∥∥∥∥xα
2
∂um

∂x

∥∥∥∥∥
2

L2(Q)

≤ exp(
(1

2 + 2ε+ C0K

ε

)
T )
[
∥f∥2

L2(0,T ; L2(Ω)) + ∥φm∥2
L2(Ω)

]
,
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∥um∥2
L∞(0,T ; L2(Ω)) + 2 (a− ε)

∥∥∥∥∥xα
2
∂um

∂x

∥∥∥∥∥
2

L2(Q)

≤
exp(

(
1
2 + 2ε+ C0K

ε

)
T )

min {1, 2 (a− ε)}
(
∥f∥2

L2(0,T ;L2(Ω)) + ∥φm∥2
L2(Ω)

)
.

So,

∥um∥2
L∞(0,T ; L2(Ω)) +

∥∥∥∥∥xα
2
∂um

∂x

∥∥∥∥∥
2

L2(Q)
≤ R1

(
∥f∥2

L2(0,T ; L2(Ω)) + ∥φm∥2
L2(Ω)

)
, (3.6)

where

R1 =
exp(

(
1
2 + 2ε+ C0K

ε

)
T )

min {1, 2 (a− ε)} .

Now, using the same variational formulation (P4), by multipling the new equation
by g′

km(t) and summing up for over k, we find
∥∥∥∥∥∂um

∂t

∥∥∥∥∥
2

L2(Q)
+ a

2

∥∥∥∥∥xα
2
∂um

∂x
(τ)
∥∥∥∥∥

2

L2(Ω)

=
∫ t

0

(
f (t) , ∂um

∂t

)
+ a

∫ τ

0

∂um

∂x
(l, t) · ∂um

∂t
(l, t) dt+ a

2

∥∥∥∥∥xα
2
∂φm

∂x

∥∥∥∥∥
2

L2(Ω)
.(3.7)

Hence with (3.7) , using the Cauchy inequality with ε, we get

(
1 −

(
2ε+ 1

2δ

)) ∥∥∥∥∥∂um

∂t

∥∥∥∥∥
2

L2(Q)
+
(
a

2 − 2ε
) ∥∥∥∥∥xα

2
∂um

∂x
(τ)
∥∥∥∥∥

2

L2(Ω)

≤ a
K

2εR1
(
∥f∥2

L2(0,T ; L2(Ω)) + ∥φm∥2
L2(Ω)

)
+
(
a

2 + 2ε
) ∥∥∥∥∥∂φm

∂x

∥∥∥∥∥
2

L2(Ω)
+ δ

2 ∥f∥2
L2(Q)

≤ R2,

where

R2 =
max

(
aK

2ε
R1,

(
a
2 + 2ε

)
, δ

2

)
min

((
1 −

(
2ε+ 1

2δ

))
,
(

a
2 − 2ε

))
∥f∥2

L2(Q) +
∥∥∥∥∥∂φm

∂x

∥∥∥∥∥
2

L2(Ω)
+ ∥φm∥2

L2(Ω)

 .
Thus, ∥∥∥∥∥∂um

∂t

∥∥∥∥∥
L2(0,T ; L2(Ω))

≤ R2. (3.8)

From (4.11) it follows that the solution to the initial-value problem for the system
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of ODE (P4) can be extended to [0, T ]. This confirms what we have demonstrated
in the first step. More precisely, when m → +∞ in ( 3.8), we have obtained


um is uniformly bounded in L∞(0, T ; L2 (Ω)),
x

α
2 um is uniformly bounded in L2(0, T ; H1 (Ω)),

(um)t is uniformly bounded in L2 (0, T ; L2 (Ω)) .
(3.9)

■

Step 3: Convergence and result of existence: Consider the following theorem

Theorem 3.3

There exist a function u ∈ L2(0, T ; H1 (Ω)) ∩ L∞(0, T ; L2 (Ω)) with ∂u

∂t
∈

L2 (0, T ; L2 (Ω)), and a subsequence denoted by (umk
)k ⊆ (um)m such that


x

α
2 umk

⇀ x
α
2 u in L2(0, T ; H1 (Ω)),

∂umk

∂t
⇀

∂u

∂t
in L2 (0, T ; L2 (Ω)) ,

when m −→ +∞.

Proof We deduce from lemma 1.3 that there are subsequences denoted by (umk
) ,
(
∂umk

∂t

)
of (um) and (um)t respectively, such that

x
α
2 umk

⇀ x
α
2 u in L2(0, T ; H1 (Ω)), (3.10)

∂umk

∂t
⇀ w in L2 (0, T ; L2 (Ω)) . (3.11)

We know, from Relikh-Kondrachov’s theorem, that the injection of H1 (Q) into
L2 (Q) is compact. Furthermore, any weakly convergent sequence in H1 (Q) has a
subsequence which converges strongly in L2(Q). So,

x
α
2 umk

−→ x
α
2 u in L2(Q). (3.12)

On the other hand, from lemma 1.3 there is a subsequence of (umk
)k, still denoted

by umk
, that converges almost everywhere to u, such that

x
α
2 umk

−→ x
α
2 u almost everywhere Q. (3.13)
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It remains to show that w = ∂u
∂t

, and it suffices to prove

u(t) = φ+
∫ t

0
w(τ)dτ. (3.14)

As
umk

⇀ u in L2(0, T ; L2 (Ω)),

the proof of (4.20), is equivalent to demonstrate that

umk
⇀ (φ+ γ) in L2(0, T ; L2 (Ω)),

which means

lim ((umk
− φ− γ) , v)L2(0,T ; L2(Ω)) = 0, ∀v ∈ L2(0, T ; L2 (Ω)),

where
γ (t) =

∫ t

0
w(τ)dτ.

Using the equality:

umk
− φmk

=
∫ t

0

∂umk

∂τ
dτ for all t ∈ [0, T ] ,

which results from umk
∈ L2 (0, T ;Vmk

) and (umk
)t ∈ L2 (0, T ;Vmk

) that by virtue
of (ii) , it comes

((
umk

− φ−
∫ t

0
w(τ)dτ

)
, v
)

L2(0,T ; L2(Ω))

=
∫ t

0

((
∂umk

∂τ
− w(τ)

)
, v

)
L2(0,T ; L2(Ω))

dτ +
(
x

α
2 (φmk

− φ) , v
)

L2(0,T ; L2(Ω))
, ∀t ∈ [0, T ] .

On the one hand, we have

lim
k−→∞

∫ t

0

((
∂umk

∂τ
− w(τ)

)
, v

)
L2(0,T ; L2(Ω))

dτ = 0, for t ∈ [0, T ] . (3.15)

Moreover,
lim

k−→∞
(φmk

− φ, v)L2(0,T ; L2(Ω)) = 0. (3.16)

So, we get

lim
k−→∞

((umk
− φ− γ) , v)L2(0,T ; L2(Ω)) = 0, ∀v ∈ L2

(
0, T ;L2 (Ω)

)
.
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■

Theorem 3.4

The function u of Theorem ( 4.1.3) is the weak solution to problem (P2) in
the sense of the definition 4.1.1.

Proof From Theorem( 4.1.3), we have shown that the limit function u satisfies
the first two conditions Definition 4.1.1.
Now, let us demonstrate (iii). According to Theorem 4.1.3, we have

umk
(0) ⇀ u (0) in L2(Ω).

On the other hand, we have

umk
(0) −→ φ in L2(Ω),

so that
umk

(0) ⇀ φ in L2(Ω).

From the uniqueness of the limit, we get

u (0) = φ.

Still to demonstrate (iv) :

(ut, v) + a (u, v) = (f, v) ∀v ∈ V, ∀t ∈ [0, T ] .

Integrating (P3) on (0, T ) , we find
∫ t

0
((um(t))t , ωk) dτ − a

∫ t

0
((xα (um)x)x, ωk) dτ =

∫ t

0
(f(t), ωk) dτ,

∀k = 1,m, ∀t ∈ [0, T ] .(3.17)

By employing equation (3.8) and recognizing that Vm is densely embedded in V ,
we take the limit as expressed in equation (4.23). This leads us to the result:

∫ T

0
(ut, ωk) dτ − a

∫ T

0
((xαux)x, ωk) dτ =

∫ T

0
(f, ωk) dτ, ∀t ∈ [0, T ] ,

Thus, condition (iv) holds. ■
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Corollary 3.1

The uniqueness of the solution to problem (P1) follows directly from the
estimate (4.11) .

■
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3.2 Investigation of the existence and uniqueness

of weak solutions to the non-linear problem

This section presents an analysis of the existence and uniqueness of weak solutions
for nonlinear parabolic equations through the application of the linearization
method. The study establishes a robust theoretical framework of the existence and
uniqueness, tackling the intricate challenges associated with nonlinear problems.
The problem under consideration is formulated as follows:


ut − (xαux)x = f (x, t, u) (x, t) ∈ Q,
u (x, 0) = φ (x) x ∈ (0, 1) ,
ux(0, t) =

∫ 1
0 k1(x)h(u)(x, t)dx t ∈ (0, T ),

ux(1, t) =
∫ 1

0 k2(x)g(u)(x, t)dx t ∈ (0, T ) .

(P1)

Theorem 3.5

Let f , g and h be Lipschitz continuous in u, with the respective constants
k, C0 and C1. Then, problem (P1) admits a weak solution in L2(0, T ;L2√

x(Ω)∩
L2(Ω)).

Proof
Set:

u = y + w,

such that w is a solution to the following nonlocal linear problem:

wt − (xαwx)x = 0 (x, t) ∈ Q,

w (x, 0) = φ (x) x ∈ (0, 1) ,
wx(0, t) =

∫ 1
0 k1(x)h(w(x, t))dx t ∈ (0, T ),

wx(0, t) =
∫ 1

0 k2(x)g(w(x, t))dx t ∈ (0, T ) ,

(P4)

and
y = u− w

is a solution to the following nonlocal nonlinear problem:

Ly = yt − (xαyx)x = G (x, t, y) ,

y(x, 0) = 0, ∀x ∈ (0, 1) ,
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yx(0, t) = yx (1, t) = 0, ∀t ∈ (0, t) ,

where
G (x, t, y) = f (x, t, y + w) .

Like the function f , the function G is also Lipchitzian, i.e. there is a positive
constant k′ such that:

∥ G (x, t, u1) −G (x, t, u2) ∥L2(Q)≤ k′
(
∥u1 − u2∥L2(0,T,H1(0,1))

)
. (3.18)

Let us build a recurring sequence starting with y(0) = 0. This sequence
(
y(n)

)
n∈N

is defined as follows:
For n = 1, 2, 3, ..., y(n) is solution of the following problem:

∂y(n)

∂t
− (xαy(n)

x )x = G
(
x, t, y(n−1)

)
,

y(n) (x, 0) = 0,
y(n)(0, t) = y(n)(1, t) = 0.

(P5)

According to the study of the previous linear problem, for fixed n, problem (P5)
admits a unique solution y(n) (x, t). Now, by setting:

z(n) (x, t) = y(n+1) (x, t) − y(n) (x, t) ,

we get a new problem: 
∂z(n)

∂t
− (xαz(n)

x )x = p(n−1)(x, t),
z(n) (x, 0) = 0,
z(n)

x (0, t) = z(n)
x (1, t) = 0,

(P6)

where
p(n−1)(x, t) = G

(
x, t, y(n)

)
−G

(
x, t, y(n−1)

)
.

Next, multiply the equation:

∂z(n)

∂t
− (xαz(n)

x )x = p(n−1)(x, t)

by z(n), and integrate it on Qτ , use an integration by parts, By taking account of
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the initial and boundary conditions, we find

1
2

∫ 1

0
(z(n) (x, τ))2dx+

∫
Qτ

xα

(
∂z(n)

∂x
(x, t)

)2

dxdt

=
∫

Qτ

p(n−1)(x, t)z(n) (x, t) dxdt.

The application of the Cauchy’s inequality with ϵ on the second member of the
equation yields∫

Qτ

p(n−1)(x, t)z(n) (x, t) dxdt

⩽
1
2ε

∫
Qτ

| G
(
x, t, y(n)

)
−G

(
x, t, y(n−1)

)
|2 dxdt+ ε

2

∫
Qτ

(
z(n) (x, t)

)2
dxdt.

⩽
k′2

2ε

∫
Qτ

(| y(n) − y(n−1) |)2dxdt+ ε

2

∫
Qτ

(
z(n) (x, t)

)2
dxdt

⩽
k′2

2ε
∥∥∥z(n−1)

∥∥∥2

L2(Q)
+ ε

2

∫
Qτ

(
z(n) (x, t)

)2
dxdt.

Then multiply by 2 and apply Gronwell’s lemma. By integrating with respect to t,
we obtain:

∥∥∥z(n)
∥∥∥2

L2(Q)
+
∥∥∥∥∥∂z(n)

∂x

∥∥∥∥∥
2

L2√
xα (Q)

⩽
Tk2 exp(εT )
εmin(1, 2T )

∥∥∥z(n−1)
∥∥∥2

L2(Q)
+
∥∥∥∥∥∂z(n−1)

∂x

∥∥∥∥∥
2

L2√
xα (Q)

 .
Set:

c = Tk2 exp(εT )
εmin(1, 2T ) .

Thus, ∥∥∥z(n)
∥∥∥2

V
⩽ c

∥∥∥z(n−1)
∥∥∥2

V
, (3.19)

where
V =

{
y : y ∈ L2 (Q) , yx ∈ L2√

xα (Q)
}
.

As we have
n−1∑
i=1

z(i) = y(n)

according to the convergence criterion of the series, the series
∞∑

n=1
z(n) converges if

|c| < 1, which implies:

k <

√√√√εmin(1, 2T )
T exp(εT ) .
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Therefore,
(
y(n)

)
n

converges to an element y of V . Show that in V :

lim
n−→∞

y(n)(x, t) = y(x, t)

is a solution to the problem (P5) showing that y checks:

A (y, v) =
∫

Qτ

G(x, t, y)v(x, t)dxdt ∀v ∈ O, (3.20)

where
O =

{
v ∈ C1(Q), v(0.t) = v(1.t) = 0,∀t ∈ (0.T )

}
,

and

A
(
y(n), v

)
=
∫

Qτ

∂y(n)

∂t
(x, t)v(x, t)dxdt+

∫
Qτ

xα∂y
(n)

∂x
(x, t)∂v

∂x
(x, t)dxdt.

We have

A
(
y(n) − y, v

)
=
∫

Qτ

∂(y(n) − y)
∂t

(x, t)v(x, t)dxdt+
∫

Qτ

xα∂(y(n) − y)
∂x

(x, t)∂v
∂x

(x, t)dxdt.

By applying the Cauchy-Schwarz inequality, we find

A
(
y(n) − y, v

)
⩽∥ v ∥V

∥∥∥(y(n) − y)t

∥∥∥
V

+ ∥ v ∥V

∥∥∥(y(n) − y)x

∥∥∥
V
.

On the other hand, as
y(n) −→ y in V,

we have

y(n) −→ y in L2 (Q) ,
y

(n)
t −→ yt in L2 (Q) ,
y(n)

x −→ yx in L2√
xα (Q) .

By passing to the limit when n −→ +∞, we get

lim
n−→+∞

A
(
y(n) − y, v

)
= 0.

Next, to show the solution uniqueness, let y1 and y2 be two solutions in V . Then,
we proceed as follows:

Z = y1 − y2
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satisfies Z ∈ V and

LZ = ∂Z

∂t
− (xαZx(x, t))x = β (x, t) , (3.21)

Z(x, 0) = 0, ∀x ∈ (0, 1) ,

Z(1, t) = Z(1, t) = 0, ∀t ∈ (0, t) ,

where
β (x, t) = G (x, t, u1) −G (x, t, u2) .

Now multiply (3.34) by Z, we find:

1
2

∫ 1

0
(Z (x, τ))2dx+

∫
Qτ

(Zx(x, t))2 dxdt =
∫

Qτ

β(x, t)Z (x, t) dxdt.

We use the Cauchy-Schwarz inequality and Gronwall’s lemma to get∫
QT

(Z (x, τ))2dxdt+
∫

QT

(
x

α
2Zx(x, t)

)2
dxdt ⩽ c ∥Z∥V ,

which gives
∥Z∥V ⩽ c ∥Z∥V

and since c < 1, we have
(1 − c) ∥Z∥V ⩽ 0.

This implies that
Z = 0,i.e. y1 = y2.

We conclude the uniqueness of the weak solution. ■

3.3 Solvability and blow-up of weak solutions for
a singular and degenerate semilinear parabolic
equation with a linear integral condition

This section provides an analysis of the solvability and blow-up of weak solutions
for a singular and degenerate semilinear parabolic equation with g(u) = h(u) = u.
By employing the Galerkin method, energy estimates, and blow-up criteria, we
establish conditions under which weak solutions exist, are unique, and blow up in
finite time.
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In the domain Π = {(x, t) ∈ R2 : 0 < x < 1 and 0 < t < T}, consider the problem:


ut − (xαux)x = f (x, t, u) (x, t) ∈ Π,
u (x, 0) = φ (x) x ∈ (0, 1),

u(0, t) =
1∫
0
k1(x)u(x, t)dx t ∈ (0, T ),

u(1, t) =
1∫
0
k2(x)u(x, t)dx t ∈ (0, T ).

(Pm)

3.3.1 Solvability of the linear problem

Here, we will first formulate the main linear problem related to (Pm), discuss the
problem’s solvability in view of the variable separation method, and explore the
existence and uniqueness of solution to that problem.

Position of the problem

Using the same domain mentioned above, consider the following linear problem:


ut − (xαux)x = f (x, t) (x, t) ∈ Π,
u (x, 0) = φ (x) x ∈ (0, 1) ,

u(0, t) =
1∫
0
k1(x)u(x, t)dx t ∈ (0, T ) ,

u(1, t) =
1∫
0
k2(x)u(x, t)dx t ∈ (0, T ) ,

(Pm1)

where 0 ≤ α < 1 and the functions f , φ, k1 and k2 are known functions.
In order to go forward in our investigation, we intend to separate formally the
problem (Pm1) into two further linear problems. These problems are stated as
follows: 

vt − (xαvx)x = 0 ∀ (x, t) ∈ Π
v (x, 0) = φ (x) ∀x ∈ (0, 1)

v(0, t) =
1∫
0
k1(x)v(x, t)dx ∀t ∈ (0, T )

v(1, t) =
1∫
0
k2(x)v(x, t)dx ∀t ∈ (0, T ) ,

(P2)

and 
Lw = wt − (xαwx)x = f (x, t) ∀ (x, t) ∈ Π
lw = w (x, 0) = 0 ∀x ∈ (0, 1)
w(0, t) = w(1, t) = 0 ∀t ∈ (0, T ) .

(P3)

where L = (L, l) and F = f(x, t).
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Solvability of problem (P2)

The solvability of problem (P2) is analytically treated using the method of separation
of variables.
To this end, let us assume that a solution to the problem takes the following form:

v(x, t) = X(x)T (t). (3.22)

For finding X(x), we substitute the above solution in (P2). Consequently, for
λ = ω2 > 0, we get:

(xαX
′)′

X
= T

′

T
= −ω2.

This gives the following Sturm-Liouville problem:

xαX
′′(x) + αxα−1X

′(x) + ω2X = 0,

X(0) =
1∫
0
k1(x)X(x)dx,

X(1) =
1∫
0
k2(x)X(x)dx.

Thus, the solution of this problem can then be given formally as:

Xn(x) = AJ +By.

A, B positive constant, J is a Bessel function. Alternatively, in order to obtain the
expression for T (t) as stated in (3.22), we can use the principle of superpositions
and assume:

v(x, t) =
∑
n≥0

Xn(x) · Tn(t). (3.23)

This immediatrly implies
Tn (0) = φn,

Tn (t) = φne
−w2

nt,

where

φn =
1∫

0

φ(x) ·Xn(x)dx.
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Solvability of problem (P3)

In this subsection, we will use the energy inequality method to obtain a priori
estimates for the solution problem (P3). To this aim, we introduce the next
theoretical result that is related to the uniqueness of the solution to (P3).

Theorem 3.6

For any function w in the space C(0, T, L2√
ξ
(0, 1)), the following estimate

holds:
∥w∥E ≤ k ∥F∥F , (3.24)

where E = C(0, T, L2√
ξ
(0, 1)) and F = L2(Π) are Banach and Hilbert spaces

with finite norms and k is positive integer, respectively. The uniqueness of
the solution to problem (P3), if it exists, is guaranteed by this theorem.

Proof To prove this result, we first multiply the PDE in problem (P3) by the
multiplier Mu, which has the following form:

Mu = w(x, t) ,

and then integrate the result over Πτ = (0, 1) × (0, τ), where τ ∈ [0, T ]. This would
give ∫

Πτ

[wt − (xαwx)x] · w(x, t)dxdt =
∫

Πτ

f(x, t) · w(x, t)dxdt.

Simplifying the last equation and applying the Cauchy inequality to the result
yields:

1
2

∫
Ω
w(x, t)2dx+

∫
Π

xαw(x, t)2dxdt ≤ 1
2

∫
Π

f(x, t)2dxdt+ 1
2

∫
Π

w(x, t)2dxdt.

Consequently, applying the Gronwall’s Lemma to the above inequality gives:

max
0<τ<T

∫
Ω
w(x, τ)2dxdt+ 2

∫
Πτ

xαw(x, τ)2dxdt ≤ eT (
∫

Πτ

f(x, t)2dxdt)

where C = eT . Accordingly, we obtain:

∥w∥2
C(0,T, L2 (0,1)) + ∥∂xw∥2

L2(0,T, L2√
xα (0,1)) ≤ C ∥f ∥2

L2(Π) .
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This is equivalent to the following inequality:

∥w∥E ≤ k ∥F∥F ,

and this completes the proof. ■

Corollary 3.2

For any function w ∈ D(L) satisfying ∥w∥E ≤ k∥F∥F , Equation (5.29)
provides an estimate that ensures the uniqueness of the solution to problem
(P3), assuming such a solution exists.

Proof Assume w1 and w2 are two solutions of problem (P3), which means that Lw1 = F
Lw2 = F

, so that L (w1 − w2) = 0.

In accordance of (3.3.1), we can infer:

∥w1 − w2∥2
E ≤ c ∥0∥2

F = 0,

which asserts that w1 = w2, and this completes the proof. ■
In addition, we present the following theoretical result to explore the existence of a
solution to problem (P3).

Theorem 3.7:

If ϑ ∈ L2 (Π) and for any w ∈ D (L), the integral of Lw and ϑ over Π is zero,
then ϑ vanishes almost everywhere Π.

Proof The scalar product is given by (Lu, ω)F =
∫

Q Lw ·ϑdxdt. Here, L is a differ-
ential operator, and ϑ,w belong to appropriate function spaces. Moreover, equation
(P3)canbeexpressedas :

∫
Π

∂w
∂t

· ϑdxdt −
∫

Π
∂

∂x

(
xα ∂w

∂x

)
· ϑdxdt = 0,(3.25)where w,

∂w

∂t
and ∂w

∂x
∈ L

2√
xα (Π) such that w satisfies the boundary conditions of problem

(P3). From the last equality, we can choose the function ϑ as follows:

ϑ = w.

This means that ϑ ∈ L2 (Q). Now, substituting for ϑ into (3.25) yields

∫
Π

∂w

∂t
· ϑdxdt = −

∫
Π
xα

(
∂w

∂x

)2

dxdt ⩽ 0.
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Accordingly, if one integrates by part in the above inequality and uses the given
boundary conditions, then the following inequality is obtained:

1∫
0

(w)2

∣∣∣∣∣∣
τ=T

τ=0

dx ⩽ 0,

which immediately gives w = 0 in Q. Therefore, we can infer that w = 0 implies
R(L) = F , which finishes the proof of this theorem. ■

Uniqueness of solution to problem (P1)

Our upcoming goal is to investigate the uniqueness of the solution to problem (P1).
To achieve this, we need the following result.

Theorem 3.8

Provided that for every function u ∈ L2(0, T ;L2(Ω)), the following estimate
holds:

∥u∥A ≤ k ∥F∥B , (3.26)

where A = L2(0, T ;L2√
xα(Ω)) ∩ L2(0, T ;L2(Ω)) ∩ L∞(0, T ;L2√

xα(Ω)) is a
Banach space with a finite norm:

∥u∥2
A = ∥ux∥2

L∞(0,T ;L2√
xα (Ω))+∥ux∥2

L2(0,T ;L2√
xα (Ω))+∥ut∥2

L2(0,T ;L2(Ω))+∥u∥2
L2(0,T ;L2(Ω)) ,

and B = L2(0, T ;L2(Ω)) is a Hilbert space with a finite norm:

∥u∥2
B = ∥f∥2

L2(0,T ;L2(Ω)) + ∥φ∥2
(L2(Ω)) + ∥φx∥2

L2√
xα (Ω) ,

The solution to problem (P1), if it exists, is unique.

Proof Let ε, c, d, δ, β be very small positive integer such that d = 4k2, β = 1
8k2 ,

δ = 4k2, c = 1
4 . By multiplying problem (P1) by u, and then integrating the result

over the domain Πτ , we obtain:∫
Πτ

[ut − (xαux)x − f ] .Mudx =
∫

Πτ

f(x, t)udx,
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Now, using the Cauchy inequality with ϵ > 0 leads us to the following inequality:

1
2

1∫
0

u(x, τ)2dx+
∫

Πτ

xα(ux(x, t))2dxdt−
τ∫

0

ux(1, t)u(1, t)dt (3.27)

≤ 1
2ε

∫
Πτ

f 2dxdt+ ε

2

∫
Πτ

u(x, t)2dxdt+ 1
2

1∫
0

φ(x)2dx.

The integral conditions therefore give

τ∫
0

ux(1, t)u(1, t)dt ≤ δ

2

τ∫
0

ux(1, t)2 + k′2

2δ

τ∫
0

1∫
0

u(x, t)2dxdt, (3.28)

where k′ = max
0<ξ<1

k2(ξ). In addition, we have

1∫
0

ut(x, t)dx−
1∫

0

(xαux)xdx =
1∫

0

fdx,

so that
δ

2

τ∫
0

|ux(1, t)|2 dt ≤ δ

2
β

2

τ∫
0

1∫
0

ut(x, t)2dx+ δ

2
1

2β

τ∫
0

1∫
0

f 2dx. (3.29)

Thus,

1
2

1∫
0

u(x, t)2dx+
∫

Πτ

xαux(x, t)2 +
∫

Qτ

ut(x, t)2 + 1
2

1∫
0

xαux(x, t)2

≤ ( 1
2ε + 1

2c + d

4β + δ

4β )
∫

Qτ

f 2 + 1
2

1∫
0

φ(x)2dx+ 1
2

1∫
0

xαφx(x)2

+(ε2 + k2

2δ )
∫

Πτ

u(x, t)2 + ( c2 + dβ

4 + k2

2d + δβ

4 )
∫

Πτ

ut(x, t)2.

The Gronwall’s Lemma can be used to yield

1∫
Π

u(x, t)2dx+
∫
Π

xαux(x, t)2dxdt+
1∫

Π

xαux(x, t)2dx+
∫
Π

ut(x, t)2dxdt

≤ C∗

∫
Π

f 2dxdt+
1∫

0

φ(x)2dx+
1∫

0

xαφx(x)2dx

 ,
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where

C∗ =
max

{
( 1
2ε + 1

2c + d

4β + δ

4β ), 1
2

}

min
{(

1 − ( c2 + dβ

4 + δβ

4 + k2

2d)
)
,
1
2

} exp
(

(ε2 + k2

2δ )T
)
.

Hence,

∥ux∥2
L∞(0.T, L2√

xα (Ω)) + ∥ux∥2
L2(0.T, L2√

xα (Ω)) + ∥ut∥2
L2(0.T, L2(Ω)) + ∥u∥2

L2(0.T, L2(Ω))

≤ C∗(∥f∥2
L2(0.T, L2(Ω)) + ∥φ∥2

(L2(Ω)) + ∥φx∥2
L2√

xα (Ω) ,

which completes the proof. ■

3.3.2 Solvability of the nonlinear problem

The objective is to prove that there exists a unique solution to the following
nonlinear problem (Pm) with the nonlinear function f (x, t, u):



ut − (xαux)x = f (x, t, u) (x, t) ∈ Π,
u (x, 0) = φ (x) x ∈ (0, 1),

u(0, t) =
1∫
0
k1(x)u(x, t)dx t ∈ (0, T ),

u(1, t) =
1∫
0
k2(x)u(x, t)dx t ∈ (0, T ).

(Pm)

Next, set:
u = y + w,

where w is the solution of problem:


wt − (xαwx)x = 0 (x, t) ∈ Π,
w (x, 0) = φ (x) ξ ∈ (0, 1) ,

w(0, t) =
1∫
0
k1(x)w(x, t)dx t ∈ (0, T ) ,

w(0, t) =
1∫
0
k2(x)w(x, t)dx t ∈ (0, T ).

(P4)

Besides,
y = u− w
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satisfies the following nonlocal nonlinear problem:

Ly = yt − (xαyx)x = H (x, t, y) , (3.30)

y(x, 0) = 0 x ∈ (0, 1) , (3.31)
y(0, t) = y (1, t) = 0 t ∈ (0, t) . (3.32)

where
H (x, t, y) = f (x, t, y + w) .

The Lipschitz continuity of H is obviously similar to that of f . This implies the
existence of a positive constant k such that:

∥ H (x, t, u1, ) −H (x, t, u2) ∥L2(Π)≤ K∥u1 − u2∥L2(0,T,H1(0,1)). (3.33)

To solve the nonlocal nonlinear problem, we construct a recursive sequence with
y(0) = 0 and defined as follows. For every k = 1, 2, ..., we solve the problem:

∂y(k)

∂t
− (xαy(k)

x )x = H
(
x, t, y(k−1)

)
y(k) (x, 0) = 0

y(k)(0, t) = y(k)(1, t) = 0, ∀k = 1, 2, 3, · · · .

, (P5)

In accordance to the study of the previous linear problem, note that at each iteration
we have fixed k. Thus, problem (P5) will admit a unique solution y(k) (x, t). Now,
by setting:

z(k) (x, t) = y(k+1) (x, t) − y(k) (x, t) ,

we get a new problem: 
∂z(k)

∂t
− (xαz(k)

x )x = p(k−1)(x, t),
z(k) (x.0) = 0,

z(k) (0, t) = z(k)(1, t) = 0,

(P6)

or
p(k−1)(ξ, t) = H

(
x, t, y(k)

)
−H

(
x, t, y(k−1)

)
.

Multiplying the PDE in problem (P6):

∂z(k)

∂t
− (xαz(k)

x )x = p(k−1)(x, t)
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by z(k), and then integrating the result over Πτ yield

∫
Πτ

∂z(k)

∂t
(x, t) · z(k)(x, t)dxdt−

∫
Πτ

(xαz(k)
x )x · z(k) (x, t) dxdt

⩽
1
2ε

∫
Πτ

| p(k−1)(x, t) |2 dxdt+ ε

2

∫
Πτ

(
z(k) (x, t)

)2
dxdt,

⩽
1
2ε

∫
Πτ

| H
(
x, t, y(k)

)
−H

(
x, t, y(k−1)

)
|2 dxdt+ ε

2

∫
Πτ

(
z(k) (x, t)

)2
dxdt.

Since H is a Lipschitzian function, we get

∫
Πτ

∂z(k)

∂t
(x, t) · z(k)(x, t)dxdt−

∫
Πτ

(xαz(k)
x )x · z(k) (x, t) dxdt ⩽ K2

ε

∥∥∥z(k−1)
∥∥∥2

L2(Π)
+ ε

2

∫
Πτ

(
z(k) (x, t)

)2
dxdt.

Multiplying the above inequality by 2 and then applying Gronwall’s Lemma lead
to the following inequality:

1∫
0

(z(k) (x, τ))2dx+ 2
∫

Πτ

xα

(
∂z(k)

∂x
(x, t)

)2

dxdt ⩽ 2K2

ε

∥∥∥z(k−1)
∥∥∥

L2(0,T,L2(0,1))
exp(εT ).

Next, by integrating the latter with respect to t, the following inequality holds:

∥∥∥z(k)
∥∥∥2

L2(Π)
+
∥∥∥∥∥∂z(k)

∂x

∥∥∥∥∥
2

L2√
xα (Π)

⩽
2TK2 exp(εT )
εmin(1, 2T )

∥∥∥z(k−1)
∥∥∥2

L2(Π)
+
∥∥∥∥∥∂z(k−1)

∂x

∥∥∥∥∥
2

L2√
xα (Π)

.

Consequently, if

c = max
{

1, 2TK2 exp(εT )
εmin(1, 2T )

}
,

then ∥∥∥z(k)
∥∥∥2

V
⩽ c

∥∥∥z(k−1)
∥∥∥2

V
,

where
V =

{
y : y ∈ L2 (Π) , yx ∈ L2√

xα (Π)
}

and
k−1∑
i=1

z(i) = y(k).
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Based on the series convergence criterion, we can establish that the series ∑∞
k=1 z

(k)

is convergent provided that |c| < 1. Hence,

k <

√√√√εmin(1, 2T )
2T exp(εT ) .

Thus, the sequence y(k) converges to an element y in V . In this regard, we have to
prove

lim
k−→∞

y(k)(x, t) = y(x, t)

in V , where y(x, t) represents the solution of problem (P4) in which y should satisfy

M (y, v) =
∫

Πτ

H(x, t, y) · v(x, t)dxdt ∀ v ∈ O,

where
O =

{
v ∈ C1(Q) : v(0.t) = v(1.t) = 0,∀t ∈ (0.T )

}
,

and

M
(
y(k), v

)
=
∫

Πτ

∂y(k)

∂t
(x, t) · v(x, t)dxdt+

∫
Πτ

xα∂y
(k)

∂x
(x, t) · ∂v

∂x
(x, t)dxdt.

Note that we also have

M
(
y(k) − y, v

)
=
∫

Πτ

∂(y(k) − y)
∂t

(x, t)·v(x, t)dxdt+
∫

Πτ

xα∂(y(k) − y)
∂x

(x, t)·∂v
∂x

(x, t)dxdt.

It is possible to obtain the following equation by means of the Cauchy-Schwartz
inequality:

M
(
y(k) − y, v

)
⩽∥ v ∥V

∥∥∥(y(k) − y)t

∥∥∥
V

+ ∥ v ∥V

∥∥∥(y(k) − y)ξ

∥∥∥
V
.

As y(k) converges to y in V , it follows that

y(k) −→ y in L2 (Π) ,
y

(k)
t −→ yt in L2 (Π) ,
y

(k)
ξ −→ yξ in L2√

ξα
(Π) .

Moreover,
lim

k−→+∞
M
(
y(k) − y, v

)
= 0.
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For the uniqueness of the solution of problem (Pr), let y1 and y2 be two solutions
of the problem at hand in V . Therefore,

Z = y1 − y2

is in V . Consequently, by setting:

η (x, t) = H (x, t, u1) −H (x, t, u2) ,

Z will clearly satisfy the equation:

LZ = ∂Z

∂t
− (xαZx(x, t))x = η (x, t) , (3.34)

and

Z(x, 0) = 0, ∀ξ ∈ (0, 1) ,
Z(1, t) = Z(1, t) = 0 ∀t ∈ (0, t) .

Multiplying equation (3.34) by Z leads to the following assertion:

1
2

1∫
0

(Z (x, τ))2dx+
∫

Qτ

(Zx(x, t))2 dxdt =
∫

Πτ

η(x, t) · Z (x, t) dxdt.

By using the Cauchy-Schwartz inequality and the Gronwall’s Lemma, we obtain∫
ΠT

(Z (x, τ))2dxdt+
∫

ΠT

(Zx(x, t))2 dxdt ⩽ c ∥Z∥V ,

which implies
∥Z∥L2(0,T,H1(ω)) ⩽ c ∥Z∥L2(0,T,H1(ω)) .

Since c < 1, we get
(1 − c) ∥Z∥L2(0,T,H1(ω)) ⩽ 0.

Therefore,
Z = 0 i.e. y1 = y2,

and hence the uniqueness follows.
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3.3.3 Construction of a blow-up solution of Fujita type

This section is devoted to the construction of blow-up solutions in the sense of
Fujita. Our primary goal is to provide a clear understanding of finite-time blow-up
solutions and present effective numerical methods to approximate them. We will
delve into two crucial schemes: the forward time centered space scheme and the
backward time centered space scheme, which are well-suited for approximating
finite-time blow-up solutions. To facilitate the analysis, we will assume that the
function in (Pm) takes the form f(x, t, u) = up throughout this section.

Finite-time blow-up solution

Let λ1 be the first eigenvalue and ψ(x) its corresponding eigenfunction of the
following eigenvalue problem:


−(xαψx)x = λ1ψ

ψ(0) = 0
ψx(1) = 0.

(3.35)

It is worth noting that according to [?], λ1 is obtained as the first zero of
J 1−α

2−α
(2

√
λ

2−α
x

2−α
2 ), where J 1−α

2−α
denotes the Bessel function of the first kind of orders

1−α
2−α

. Moreover, ψ(x) is a positive and smooth function on (0, 1), and can be
explicitly expressed as follows:

ψ(x) = dx
1−α

2 J 1−α
2−α

(2
√
λ1

2 − α
ξ

2−α
2 ).d > 0.

Suppose now that u is a positive function and

ρ(t) =
∫ 1

0
ψ(x)u(x, t)dx.

Multiplying the equation:
∂u

∂t
− (xαux)x = up

by ψ and integrating the resulting expression over the domain Ω = (0, 1) lead to

∂

∂t

∫ 1

0
u(x, t)ψdx−

∫ 1

0
λk2u(x, t)dx+

∫ 1

0
λψu(x, t) =

∫ 1

0
upψdx.
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Thus, as a result of utilizing the Jensen inequality to the aforementioned equality,
we deduce that

∂

∂t

∫ 1

0
u(x, t)ψdx− λ

min k2

maxψ

∫ 1

0
u(x, t)ψdx+

∫ 1

0
λu(x, t)ψdx ≥ (

∫ 1

0
u(x, t)ψdx)p.

It immediately follows:

ρ′(t) + cρ(t) ≥ ρ(t)p,

where
c = −λmin g2

maxψ + λ.

Now, if one solves the resulting Bernoulli equation:

ρ′(t) + cρ(t) − ρ(t)p = 0, (3.36)

by assuming
v = ρ1−p, (3.37)

and 1
p− 1 > 0, then

ρ → ∞ if
(

(ρ(0))1−p − 1
(1 − p)c

)
e−(1−p)ct + 1

(1 − p)c → 0.

Hence,

T ∗ = 1
(1 − p)c ln

 1
(1−p)c(

(ρ(0))1−p − 1
(1−p)c

)
 .

Approximation of the finite-time blow-up solution

We employ the finite difference method to compute the numerical solution for
problem (P5). Let us partition the intervals [0, 1] and [0, T ] into M and N sub-
intervals of uniform sizes h = 1/M and k = T/N , respectively. As usual, un

i denotes
the finite difference approximations of u(xi, tn) at the ith grid point and nth time
step. The grid points (xi, tn) are given by xi = ih, for i = 0, 1, 2, · · · ,M , and
tn = nk, k = 0, 1, 2, ..., N .

Explicit forward-time centered-space scheme First, it should be noted
that we can approximate the time derivative by the forward difference quotient.
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Besides, we can use the 1st- and the 2nd-order centered difference formulas for
approximating the 1st- and the 2nd-order spatial derivatives occurring in (P5),
respectively. However, this would give the following explicit expression:

un+1
i = k (un

i )p + (1 − 2rxα
i )un

i + (rxα
i + α

2irx
α
i )un

i+1 + (rxα
i − α

2irx
α
i )un

i−1, (3.38)

for i = 1, 2, · · · ,M − 1, n = 0, 1, · · · , N , and r = k/h2. Clearly, it remains to
determine the two unknowns un+1

0 and un+1
M . For this, we approximate the integrals

arising in (Pm) using the trapezoidal rule. In so doing, we get

(1 − h

2k1(0))un+1
0 − h

2k1(1)un+1
M = h

M−1∑
i=1

k1(xi)un+1
i , (3.39)

and
−h

2k2(0)un+1
0 + (1 − h

2k2(1))un+1
M = h

M−1∑
i=1

k2(xi)un+1
i . (3.40)

Now, set: a1 = (1 − h
2k1(0)), a2 = −h

2k2(0), b1 = −h
2k1(1), b2 = (1 − h

2k2(1)),
c1 = h

∑M−1
i=1 k1(xi)un+1

i and c2 = h
∑M−1

i=1 k2(xi)un+1
i . So, the following condition:

a1b2 − a2b1 ̸= 0

is satisfied for sufficiently small h. Finally, using the Cramer’s rule, we can find
un+1

0 and un+1
M .

Implicit backward-time centered-space scheme In what follows, we will use
the classical backward-time centered-space finite difference scheme to approximate
the derivatives occurring in problem (P5). Thus,

(1+2rxα
i −kp (un

i )p−1)un+1
i +( α2irx

α
i −xα

i )un+1
i−1 +(− α

2irx
α
i −xα

i )un+1
i+1 = un

i +k(1−p)(un
i )p,

(3.41)
for i = 1, 2, · · · ,M − 1, n = 0, 1, · · · , N , and r = 3b1k/h

2. Note that there are
M − 1 linear equations given by (3.41) with the M + 1 unknowns u0, u1, · · · , uM .
In order to find these unknowns, we need two more equations. For this purpose,
let us formally approximate the integrals appearing in (P1) using the trapezoidal
rule. As a result, we get

un+1
0 = h

2 (k1(0)un+1
0 + k1(M)un+1

M + 2
N−1∑
i=1

k1(xi)un+1
i , (3.42)
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and

un+1
M = h

2 (k2(0)un+1
0 + k2(M)un+1

M + 2
N−1∑
i=1

k2(xi)un+1
i . (3.43)

Combining (3.42) and (3.43) with (3.41) yields a (M + 1) × (M + 1) system of
linear equations. The latter can be written in matrix form as follows:

An+1Un+1 = Bn+1 (3.44)

where

An+1 =



(1 − h
2k1(0)) −hk2(x1) −hk2(x2) −hk2(M − 1) −h

2k2(1)
α
2 rx

α
1 − rxα

1 ψ1 −α
2 rx

α
1 − rxα

1 0
0 α

4 rx
α
2 − rxα

2 ψ2 ... 0
...

0 −α
2 rx

α
(M−1) − rxα

(M−1)

−h
2k2(M) −hk2(x1) −hk2(x2) −hk2(xM−1) −(1 − h

2k2(0))



ψ
i

= 1 + 2rxα
i − kp(un

i )p−1,

Un+1 =



un+1
0

un+1
1

un+1
2

· · ·
un+1

M−1

un+1
M


(M+1)×1

Bn+1 =



0
un

1 + k(1 − p)(un
1 )p

un
2 + k(1 − p)(un

2 )p

· · ·
un

M−1 + k(1 − p)(un
M−1)p

un
M + k(1 − p)(un

M)p

0


.
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Illustrative numerical experiments

Now, let us validate the accuracy and efficiency of the explicit and implicit schemes
just derived through three numerical experiments. These test problems will demon-
strate the practical usage of these schemes. The nonlinear problems are formulated
as follows:

Problem 1:



∂u

∂t
− ∂

∂x
(xα∂u

∂x
) = u2 x ∈ [0.1] , t > 0

u(0, t) =
1∫
0
k1(x)u(x, t)dx ∀t ∈ (0, T ) ,

u(1, t) =
1∫
0
k2(x)u(x, t)dx ∀t ∈ (0, T ) ,

u(x, 0) = A cos(π
3x) x ∈ [0.1]

Problem 2:



∂u

∂t
− ∂

∂x
(xα∂u

∂x
) = u3 x ∈ [0.1] , t > 0

u(0, t) =
1∫
0
k1(x)u(x, t)dx ∀t ∈ (0, T ) ,

u(1, t) =
1∫
0
k2(x)u(x, t)dx ∀t ∈ (0, T ) ,

u(x, 0) = A cos(π
3x) x ∈ [0.1]

Problem 3:



∂u

∂t
− ∂

∂x
(xα∂u

∂x
) = u4 x ∈ [0.1] , t > 0

u(0, t) =
1∫
0
k1(x)u(x, t)dx ∀t ∈ (0, T ) ,

u(1, t) =
1∫
0
k2(x)u(x, t)dx ∀t ∈ (0, T ) ,

u(x, 0) = A cos(π
3x) x ∈ [0.1]

where k1(x) = 1
cos( πx

3 ) , k2(x) = 1
2cos( πx

3 ) and A = 12. It is important to note that we
are unable to determine the exact analytical solutions for all three problems. As a
result, we will rely on numerical estimation to determine their blow-up times T .
The upcoming tables present the estimated blow-up times and their corresponding
CPU time in seconds for varying space-step values utilizing both explicit and
implicit schemes.
h T ∗ by the explicit scheme CPU time T ∗ by the implicit scheme CPU time
1/40 0.084931 1.18 0.084912 1.316
1/80 0.084392 18.2629 0.084356 33.229
1/160 0.08409375 152.368 0.08409143 544.681
1/320 0.0840813 2108.014 0.0840805 13069.686

Table 3.1: Comparison of the explicit and implicit schemes in obtaining T ∗ for
Problem 1 with p = 2.
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h T ∗ by the explicit scheme CPU time T ∗ by the implicit scheme CPU time
1/40 0.00368172 0.330 0.00367421 0.270
1/80 0.00360731 0.873 0.00360582 1.942
1/160 0.00358246 4.94 0.00358112 24.315
1/320 0.00353125 58.60 0.00353089 363.32

Table 3.2: Comparison of the explicit and implicit schemes in obtaining T ∗ for
Problem 2 with p = 3.
In the same context, Figures 3.1, 3.2 and 3.3 present the corresponding graphs of
h T ∗ by the explicit scheme CPU time T ∗ by the implicit scheme CPU time
1/40 0.00025327 0.32 0.00025156 0.215
1/80 0.00023564 0.59 0.00023048 2.346
1/160 0.00021998 0.883 0.00021945 5.298
1/320 0.00021875 3.63 0.00021871 22.506

Table 3.3: Comparison of the explicit and implicit schemes in obtaining T ∗ for
Problem 3 with p = 4.

the numerical solutions of the three problems 1, 2 and 3 obtained using the explicit
and implicit schemes, respectively.

Figure 3.1: Numerical solution to Problem 1 by (a) explicit scheme and (b) implicit
scheme
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Figure 3.2: Numerical solution to Problem 2 by (a) explicit scheme and (b) implicit
scheme

Figure 3.3: Numerical solution to Problem 3 by (a) explicit scheme and (b) implicit
scheme
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4
Exploring Solvability of Nonlinear
Hyperbolic Equations with Mixed

Nonlinear and Linear Integral
Neumann Boundary Conditions

This chapter examines the solvability of linear hyperbolic problems with second-
type integral conditions, using the Faedo-Galerkin method. This general framework
establishes the foundational assumptions, boundary conditions, and key properties.
From this, we derive specific problems as particular cases in next sections.
Let Q = {(x, t) ∈ R2, x ∈ Ω = ]0, l[ and 0 < t < T}. Consider the nonlinear prob-
lem [?],[8], given below:



∂2u
∂t2 − a∂2u

∂x2 + bu = f(x, t, u),
u(x, 0) = φ(x),
ut(x, 0) = ψ(x)

∂u
∂x

(0, t) =
∫ l

0 k(x, t)α(u)(x, t)dx,
∂u
∂x

(l, t) =
∫ l

0 k(x, t)β(u)(x, t)dx.

(P1)

Under these assumptions, f, φ and ψ ∈ L2 (Q) and k ∈ L∞ (Q). Also, α and β are
a Lipschtizian function.
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4.1 Analysis of the solvability of the solution of lin-
ear hyperbolic problem with integral condition
of second type by the method of Fadeo-galarkin

4.1.1 Position of the linear problem (P1)

In the rectangular domain Q = Ω × (0, T ), with T finite. Consider the following
linear problem (P2):



∂2u
∂t2 − a∂2u

∂x2 + bu = f(x, t) ∀ (x, t) ∈ Q,

u (x, 0) = φ (x) ∀x ∈ (0, l) ,
ut (x, 0) = ψ (x) ∀x ∈ (0, l) ,

∂u
∂x

(0, t) =
∫ l

0 k(x, t)α(u)(x, t)dx ∀t ∈ (0, T ) ,
∂u
∂x

(l, t) =
∫ l

0 k(x, t)β(u)(x, t)dx ∀t ∈ (0, T ) .

(P2)

The hyperbolic equation associated with this problem is given by:

Lu = ∂2u

∂t2
− a

∂2u

∂x2 + bu = f(x, t), (4.1)

The initial conditions can be formally expressed as:

ℓu =
 u(x, 0) = φ (x)
ut (x, 0) = ψ (x)

, x ∈ (0, l) ,

Along with the integral condition of the second kind:

∂u

∂x
(0, t) =

∫ l

0
k(x, t)α(u)(x, t)dx, t ∈ (0, T ) .

∂u

∂x
(l, t) =

∫ l

0
k(x, t)β(u)(x, t)dx, t ∈ (0, T ) .

Where

k(x, t) ≥ 0, ∀(x, t) ∈ Q and α(u)(x, t) ≤ β(u)(x, t), ∀(x, t) ∈ Q.

We define space V by:
V =

{
u ∈ H1 (Ω)

}
.
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Where V , equipped with the norm ∥v∥V = ∥v∥H1(Ω) , this forms a Hilbert space.
To effectively formulate and investigate problem (P2)„ it is essential to establish
the following hypotheses that will guide our study:

(H) :
 f ∈ L2 (0, T ;L2 (Ω)) (H.1),
φ ∈ H1 (Ω) (H.2) .

Definition 4.1

The weak solution of the problem (P2) is a function allowing for a thorough
exploration of its properties and behaviors:
(i) u ∈ L2 (0, T ;H1 (Ω)) ∩ L∞ (0, T ;H1 (Ω)) .
(ii) u admits a strong derivative ∂u

∂t
∈ L2 (0, T ;L2 (Ω)).

(iii)u (0) = φ, ut (0) = ψ.
(iv)Identity: ∀v ∈ V, ∀t ∈ [0, T ]

(utt, v) + a (ux, vx) + b (u, v) = (f, v) + ux(l, t)v(l) − ux(0, t)v(0).

4.1.2 Variational formulation

This section, presents the Variational formulation of the problem (P2):

(utt, v) + a (ux, vx) + b (u, v) = (f, v) + ux(l, t)v(l) − ux(0, t)v(0) ∀v ∈ V, (4.2)

Where (., .) denotes the scalar product L2(Ω).

4.1.3 Study of the existence of weak solution of the problem
(P2)

The demonstration of the existence of the solution of the problem (P2) is grounded
in the Faedo-Galerkin method. Which consists of three critical steps, each designed
to progressively build towards a rigorous proof of existence. Below is an elaboration
on each step:
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Step 1: Construction of a Galerkin Approximation:

The first step involves identifying a suitable finite-dimensional subspace Vm of the
Hilbert space V in which we seek solutions. This subspace is spanned by a finite
set of basis functions w1, w2, ..., wm, We express the approximate solution um(t) in
terms of these basis functions as follows:

wi ∈ V, ∀i,
∀m,w1, w2, ..., wm are linearly independent,
Vm = ⟨{w1, w2, ..., wm}⟩ is dense in V.

(4.3)

In particular :

∀φ ∈ V =⇒ ∃(θkm)m ∈ IN∗, φm =
m∑

k=1
θkmωk −→ φ when m −→ +∞. (4.4)

∀ψ ∈ V =⇒ ∃(λkm)m ∈ IN∗, ψm =
m∑

k=1
λkm ωk −→ φ when m −→ +∞. (4.5)

Faedo Galerkin’s approximation consists in searching for any integer m ≥ 1, a
function

t 7→ um (x, t) =
m∑

i=1
σim (t)ωi (x) ,

verifies  um (t) ∈ Vm, ∀t ∈ [0, T ] ,
((um(t))tt , ωk) + A (um(t), ωk) = (f(t), ωk) ∀k = 1,m.

(P3)

Where, we have

((um(t))tt , ωk) =
((

m∑
i=1

σim (t)ωi

)
tt

, ωk

)
,

=
(

m∑
i=1

∂2σim

∂t
(t)ωi (x) , ωk

)
,

=
m∑

i=1
(ωi, ωk) ∂

2σim

∂t2
(t) . (4.6)
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and

A (um(t), ωk)

= A

(
m∑

i=1
σim (t)ωi, ωk

)
,

= a
m∑

i=1
σim (t)

∫
Ω

∂ωi

∂x

∂ωk

∂x
dx− ∂ωi

∂x
(l)ωk(l) + ∂ωi

∂x
(0)ωk(0)

 ,
(4.7)

= a
m∑

i=1
σim (t)

∫
Ω

∂ωi (x)
∂x

∂ωk(x)
∂x

dx− a
m∑

i=1
σim (t) ∂ωi

∂x
(l)ωk(l) + a

m∑
i=1

σim (t) ∂ωi

∂x
(0)ωk(0),

=
m∑

i=1
A (ωi, ωk)σim (t) . (4.8)

Also, we have

um(0) =
m∑

i=1
σim (0)ωi (x) ,

= κm =
m∑

i=1
κimwi(x).

and

u′
m(0) =

m∑
i=1

σ′
im (0)wi (x) ,

= χm =
m∑

i=1
χimwi(x).

We obtain a system of second order nonlinear differential equations :

m∑
i=1

(ωi, ωk) ∂2σim

∂t2 (t) + a
m∑

i=1

(
∂ωi

∂x
, ∂ωk

∂x

)
σim (t)

= (f(t), ωk) + a
m∑

i=1
σim (t) ∂ωi

∂x
(l)ωk(l) − a

m∑
i=1

σim (t) ∂ωi

∂x
(0)ωk(0),

σim (0) = κim ∀i = 1,m.
σ′

im (0) = χim ∀i = 1,m.

(P4)

We consider the vector

σm = (σ1m(t), ..., σmm(t)) , fm = ((f, ω1) , ..., (f, ωm)) ,
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and the matrix

Bm = ((ωi, ωj))1≤i≤m
1≤j≤m

, Am =
((

∂ωi

∂x
,
∂ωj

∂x

))
1≤i≤m
1≤j≤m

,

and
Cm =

(
∂ωi

∂x
(l) · ωj(l)

)
1≤i≤m
1≤j≤m

, Dm =
(
∂ωi

∂x
(0) · ωj(0)

)
1≤i≤m
1≤j≤m

.

We write the problem (P4) in the matrix form, we obtain :

Bm

∂2σm

∂t2 (t) + aAmσm + aDmσm = fm + aCmσm,

σm (0) = (κim)1≤i≤m ,

σ′
m (0) = (χim)1≤i≤m .

As the matrix entries Bm are linearly independent (because it is adiagonal matrix)
then detBm ̸= 0, so it is invertible, then σm is the solution of


∂2σm

∂t2 (t) + (aB−1
m Am + bB−1

m Dm − aB−1
m Cm)σm = B−1

m fm,

σm (0) = (κim)1≤i≤m ,

σ′
m (0) = (χim)1≤i≤m .

(P5)

It is easy that we can verify this ordinary differential systems have a solution
whare the matrix (aB−1

m Am + bB−1
m Bm − aB−1

m Cm) with constant coefficients and
the vector B−1

m fm with continuous functions and majorized by integrable fuctions
on (0, T ) then we can conclude that there exists a tmdepends only on |κim| , |χim|.
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Step 2: A priori estimate

Lemma 4.1

For all m ∈ N \ {0} and if
1
8a > k2,

the solution um ∈ L2 (0, T ;Vm) of the problem (P2) checks

∥um∥L2(0,T ;H1(Ω)) ≤ c1,∥∥∥∥∥∂um

∂t

∥∥∥∥∥
L2(0,T ; L2(Ω))

≤ c2.

where c1,c2 are two positive constants independent of m.

Proof Multiply the equation of (P3) by σ′
km(t) and we sum over k, we find

m∑
k=1

((um(t))tt , ωk) · σ′
km(t) + a

m∑
k=1

(
∂2um

∂x2 (t), ωk

)
· σ′

km(t)

=
m∑

k=1
(f(t), ωk) · σ′

km(t) + a
m∑

i=1
σim (t) ∂ωi

∂x
(l)

m∑
k=1

σ′
km(t)ωk(l)

−a
m∑

i=1
σim (t) ∂ωi

∂x
(0)

m∑
k=1

σ′
km(t)ωk(0).

So, we obtain

((um(t))tt , (um(t))t) − a

(
∂2um

∂x2 (t), um

∂t
(t)
)

= (f(t), (um(t))t) + a
m∑

i=1
σim (t) ∂ωi

∂x
(l)

m∑
k=1

σ′
km(t)ωk(l)

−a
m∑

i=1
σim (t) ∂ωi

∂x
(0)

m∑
k=1

σ′
km(t)ωk(0).

Thus; we get

((um(t))tt , (um(t))t) + a

2
d

dt

∥∥∥∥∥∂um

∂x

∥∥∥∥∥
2

L2(Ω)

= (f(t), um(t)) + a
m∑

i=1
σim (t) ∂ωi

∂x
(l)

m∑
k=1

σ′
km(t)ωk(l

−a
m∑

i=1
σim (t) ∂ωi

∂x
(0)

m∑
k=1

σ′
km(t)ωk(0).
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integrating over 0 to t, by using the Cauchy inequality with ε, (|ab| ≤ a2

2ε
+ εb2

2 ), we
get

1
2

∥∥∥∥∥∂um

∂t

∥∥∥∥∥
2

L2(Ω)
+ a

2 ∥∇um∥2
L2(Ω)

≤ 1
2ε ∥f∥2

L2(Q) +
(
εCT

2 + (ak)2

2δ

)∥∥∥∥∥∂um

∂t

∥∥∥∥∥
2

L∞(0,T ;L2(Ω))
+ δ ∥∇um∥2

L∞(0,T ;L2(Ω))

+a2 ∥∇χm∥2
L2(Ω) + max(1

2 , akδ) ∥κm∥2
H1(Ω) , (4.9)

where the constant K = max
∫

Q k
2 (x, t) dxdt. Then, we obtain

1
2

∥∥∥∥∥∂um

∂t

∥∥∥∥∥
2

L2(Ω)
+ a

2 ∥∇um∥2
L2(Ω)

≤ 1
2ε ∥f∥2

L2(Q) +
(
εCT

2 + (ak)2

2δ

)∥∥∥∥∥∂um

∂t

∥∥∥∥∥
2

L∞(0,T ;L2(Ω))
+ δ ∥∇um∥2

L∞(0,T ;L2(Ω))

+a2 ∥∇ψm∥2
L2(Ω) + max(1

2 , δ) ∥φm∥2
H1(Ω) , (4.10)

(
1
2 −

(
εCT

2 + (ak)2

2δ

))∥∥∥∥∥∂um

∂t

∥∥∥∥∥
2

L∞(0,T ;L2(Ω))
+
(
a

2 − δ
)

∥∇um∥2
L∞(0,T ;L2(Ω))

≤ 1
2ε ∥f∥2

L2(Q) + a

2 ∥∇ψm∥2
L2(Ω) + max(1

2 , δ) ∥κm∥2
H1(Ω) .

setting ε = 1
4CT

, δ = 4 (ak)2, we get

∥∥∥∥∥∂um

∂t

∥∥∥∥∥
2

L∞(0,T ;L2(Ω))
+ ∥∇um∥2

L∞(0,T ;L2(Ω))

≤ C1
[
∥f∥2

L2(Q) + ∥∇χm∥2
L2(Ω) + ∥κm∥2

H1(Ω)

]
. (4.11)

therefore,

C1 =
max

(
2CT ,

a
2 ,max(1

2 , (ak)2)
)

min
{

1
4 ,
(

a
2 − 4 (ak)2)

)} .

From (4.11), it follows that∥∥∥∥∥∂um

∂t

∥∥∥∥∥
L2(Ω)

≤
√
C1
[
∥f∥2

L2(Q) + ∥∇χm∥2
L2(Ω) + ∥κm∥2

H1(Ω)

] 1
2 . (4.12)
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Integrating (4.12) over [0, T ], we obtain∥∥∥∥∥∥
τ∫
0

∂um

∂t

∥∥∥∥∥∥
L2(Ω)

≤
τ∫
0

∥∥∥∥∥∂um

∂t

∥∥∥∥∥
L2(Ω)

≤ T
√
C1
[
∥f∥2

L2(Q) + ∥∇χm∥2
L2(Ω) + ∥κm∥2

H1(Ω)

] 1
2 ,∥∥∥∥∥∥

τ∫
0

∂um

∂t

∥∥∥∥∥∥
L2(Ω)

≤ T
√
C1
[
∥f∥2

L2(Q) + ∥∇χm∥2
L2(Ω) + ∥κm∥2

H1(Ω)

] 1
2 ,

∥um − κm∥L2(Ω) ≤ T
√
C1
[
∥f∥2

L2(Q) + ∥∇χm∥2
L2(Ω) + ∥κm∥2

H1(Ω)

] 1
2 ,∣∣∣∥um∥L2(Ω) − ∥κm∥L2(Ω)

∣∣∣ ≤ T
√
C1
[
∥f∥2

L2(Q) + ∥∇χm∥2
L2(Ω) + ∥κm∥2

H1(Ω)

] 1
2 ,(

∥um∥L2(Ω) − ∥κm∥L2(Ω)

)2
≤ TC1

[
∥f∥2

L2(Q) + ∥∇χm∥2
L2(Ω) + ∥κm∥2

H1(Ω)

]
,

∥um∥2
L2(Ω) + ∥κm∥2

L2(Ω) ≤ TC1
[
∥f∥2

L2(Q) + ∥∇χm∥2
L2(Ω) + ∥κm∥2

H1(Ω)

]
+2 ∥um∥L2(Ω) ∥κm∥L2(Ω) .

Applying Cauchy inequality with γ, it follows that

∥um∥2
L2(Ω) + ∥κm∥2

L2(Ω) ≤ TC1
[
∥f∥2

L2(Q) + ∥∇χm∥2
L2(Ω) + ∥κm∥2

H1(Ω)

]
+1
γ

∥um∥2
L2(Ω) + γ ∥κm∥2

L2(Ω) . (4.13)

Setting γ = 2, we get

∥um∥2
L2(Ω) ≤ 4TC1

[
∥f∥2

L2(Q) + ∥∇χm∥2
L2(Ω) + ∥κm∥2

H1(Ω)

]
. (4.14)

It follows from (4.11) and (5.9) that the solution to the initial value problem for
the system of ODE (P4) can be extended to [0, T ]. We obtain um is uniformly bounded in L2(0, T ; H1 (Ω)),

(um)t is uniformly bounded in L2 (0, T ; L2 (Ω)) .
(4.15)

■
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Step 3: Convergence and result of existence

Theorem 4.1

There is a function u ∈ L2(0, T ; H1 (Ω)) ∩ L∞(0, T ; L2 (Ω)) with ∂u

∂t
∈

L2 (0, T ; L2 (Ω)) and a subsequence denoted by (umk
)k ⊆ (um)m , such that


umk

⇀ u in L2(0, T ;H1 (Ω))
∂umk

∂t
⇀

∂u

∂t
in L2 (0, T ; L2 (Ω))

,

when m −→ +∞.

Proof We deduce from lemma 1.3,1.4 chapter 1, there are subsequences denoted
by (umk

) ,
(

∂umk

∂t

)
of (um) and (um)t respectively, such that

umk
⇀ u in L2(0, T ; H1 (Ω)) . (4.16)

∂umk

∂t
⇀ w in L2 (0, T ; L2 (Ω)) . (4.17)

We know that according to Relikh-Kondrachoff’s theorem that the injection of
H1 (Q) into L2 (Q) is compact. And like the results of Rellich’s theorem, any
weakly convergent sequence in H1 (Q) has a subsequence which converges strongly
in L2 (Q) . So

umk
−→ u in L2(Q). (4.18)

On the other hand, from lemma 1.5 chapter 1, there is a subsequence of (umk
)k is

still denoted by umk
converges almost everywhere to u, such that

umk
−→ u almost everywhere Q . (4.19)

It remains to demonstrate that w = ∂u
∂t

, for that it suffices to prove :

u(t) = φ+
t∫

0

w(τ)dτ. (4.20)

As
umk

⇀ u in L2(0, T ; L2 (Ω)) ,

then, the proof of (4.20), is equivalent to demonstrate that

umk
⇀ φ+ h in L2(0, T ; L2 (Ω)) ,
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which means

lim (umk
− φ− h, v)L2(0,T ; L2(Ω)) = 0, ∀v ∈ L2(0, T ; L2 (Ω)),

as

h (t) =
t∫

0

w(τ)dτ.

Using equality

umk
− φmk

=
t∫

0

∂umk

∂τ
dτ, for all t ∈ [0, T ] ,

which results from umk
∈ L2 (0, T ;Vmk

) and (umk
)t ∈ L2 (0, T ;Vmk

) that
umk

− φ−
t∫

0

w(τ)dτ, v


L2(0,T ; L2(Ω))

=
 t∫

0

(
∂umk

∂τ
− w(τ)

)
dτ, v


L2(0,T ; L2(Ω))

+ (φmk
− φ, v)L2(0,T ; L2(Ω)) , for all t ∈ [0, T ] ,

by virtue of Lemma 1.5 chapter 1, it comes
umk

− φ−
t∫

0

w(τ)dτ, v


L2(0,T ; L2(Ω))

=
t∫

0

(
∂umk

∂τ
− w(τ), v

)
L2(0,T ; L2(Ω))

dτ + (φmk
− φ, v)L2(0,T ; L2(Ω)) , for all t ∈ [0, T ] .

On the one hand, we have

lim
k−→∞

t∫
0

(
∂umk

∂τ
− w(τ), v

)
L2(0,T ; L2(Ω))

dτ = 0, for t ∈ [0, T ] . (4.21)

Also, we have
lim

k−→∞
(φm − φ, v)L2(0,T ; L2(Ω)) = 0. (4.22)

So we get

lim
k−→∞

(umk
− φ− h, v)L2(0,T ; L2(Ω)) = 0, ∀v ∈ L2

(
0, T ;L2 (Ω)

)
.

■
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Theorem 4.2

The function u of the theorem (4.1) is the weak solution to the problem (P2)
in the sense of the definition (4.1).

Proof From the theorem (4.1), we have shown that the limit function u satisfies
the first two conditions of the definition (4.1). Now we will demonstrate (iii).
According to the theorem (4.1), we have

umk
(0) ⇀ u (0) in L2(Ω) .

On the other hand, we have

umk
(0) −→ φ in L2(Ω) ,

so
umk

(0) ⇀ φ in L2(Ω) .

From the uniqueness of the limit, we get

u (0) = φ.

By using the same steps we demonstrate ut (0) = ψ.Still to demonstrate (iv) :

(utt, v) + a (u, v) = (f, v) ∀v ∈ V, and ∀t ∈ [0, T ] .

Integrating (P3) on (0, T ) , we find

t∫
0

((um(t))tt , ωk) dτ+
t∫

0

a (um(t), ωk) dτ =
t∫

0

(f(t), ωk) dτ ∀k = 1,m, and ∀t ∈ [0, T ] .

(4.23)
we know that Vm dense in V and by passing to the limit in (4.23) , we find

T∫
0

(utt, ωk) dτ +
T∫

0

a (u, ωk) dτ =
T∫

0

(f, ωk) dτ, ∀t ∈ [0, T ] ,

so (iv) is verified. ■
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Corollary 4.1

The uniqueness of the solution of problem (P2) comes straight through the
estimate (4.11) .

4.2 Exploration of weak solutions in the context of
nonlinear source with b=0 and homogeneous
boundary conditions

To broaden the class of admissible solutions in the nonlinear problem (P1), the
proof of the solvability of the weak solution concept becomes even more crucial to
the nonlinear problem with b = 0, and homogeneous boundary conditions.
First, we propose the concept of the studied solution. Let υ = υ(x, t) be any
function of V , such that

V =
{
υ ∈ C1 (Q) , υx(l, t) = υx(0, t) = 0, t ∈ [0, T ]

}
.

Multiplying
∂2y

∂t2
− a

∂2y

∂x2 = f(x, t, y, yx).

By υ and integrate it on Qτ , we find

∫
Qτ

∂2y

∂t2
(x, t) · ∂υ

∂t
(x, t)dxdt− a

∫
Qτ

∆y(x, t) · ∂υ
∂t

(x, t)dxdt

=
∫

Qτ

G (x, t, y, yx) · ∂υ
∂t

(x, t)dxdt,

and using an integration by parts and the conditions on y, v we get

∫
Qτ

∂2y

∂t2
(x, t) · ∂υ

∂t
(x, t)dxdt+ a

∫
Qτ

∂y

∂x
(x, t) · ∂

2υ

∂x∂t
(x, t)dxdt

=
∫

Qτ

G(x, t, y, yx) · ∂υ
∂t

(x, t)dxdt, (4.24)

152



Chapter 4. Exploring Solvability of Nonlinear Hyperbolic Equations with Mixed Nonlinear
and Linear Integral Neumann Boundary Conditions

it then results from(4.24) that

Φ (y, v) =
∫

Qτ

G(x, t, y, yx) · ∂υ
∂t

(x, t)dxdt, (4.25)

Where,

A (y, v) =
∫

Qτ

∂2y

∂t2
(x, t) · ∂υ

∂t
(x, t)dxdt+ a

∫
Qτ

∂y

∂x
(x, t) · ∂

2υ

∂x∂t
(x, t)dxdt.

Building a recurring sequence starting with y(0) = 0. The sequence
(
y(n)

)
n∈N

is
defined as follows: given the element y(n−1), then forn = 1, 2, 3, ...we will solve the
following problem



∂2 y(n)

∂t2 − a∆y(n) = G
(
x, t, y(n−1), y(n−1)

x

)
,

y(n) (x, 0) = 0,
y

(n)
t (x, 0) = 0,
y(n)

x (0, t) = 0,
y(n)

x (l, t) = 0.

(P4)

According to the study of the previous linear problem each time we fix the n,
the problem (P4) admits a unique solution y(n) (x, t), as established through
the Faedo-Galerkin method. This unique solution is derived by constructing a
finite-dimensional approximation of the infinite-dimensional problem, effectively
demonstrating that the solution exists within the prescribed constraints of the
method.

z(n) (x, t) = y(n+1) (x, t) − y(n)(x, t),

so we get a new problem :


∂2z(n)

∂t2 − a∆z(n) = p(n−1)(x, t),
z(n) (x.0) = 0,
z

(n)
t (x.0) = 0,
z(n)

x (0, t) = 0,
z(n)

x (l, t) dx = 0.

(P5)

or
p(n−1)(x, t) = G

(
x, t, z(n), z(n)

x

)
−G

(
x, t, z((n−1)), z(n−1)

x

)
.
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Multiplying
∂2 z(n)

∂t2
− a∆z(n) = p(n−1)(x, t),

by z(n), and integrating it on Qτ , we obtain :

∫
Qτ

∂2z(n)

∂t2
(x, t) · ∂z

(n)

∂t
(x, , t)dxdt− a

∫
Qτ

∆z(n)(x, t) · ∂z
(n)

∂t
(x, t) dxdt

=
∫

Qτ

p(n−1)(x, t) · ∂z
(n)

∂t
(x, t) dxdt.

Let us perform integration by parts on each term of the relevant equation, carefully
considering both the initial conditions and the boundary conditions. This approach
allows us to manipulate the terms effectively and derive useful expressions for our
analysis. Starting with the equation, we can express it as follows:

1
2

∫
Ω

(∂z
(n)

∂t
(x, τ))2dx+ a

2

∫
Ω

(
∂z(n)

∂x
(x, t)

)2

dxdt =
∫

Qτ

p(n−1)(x, t) · ∂z
(n)

∂t
(x, t) dxdt.

We can apply the Cauchy-Schwarz inequality to the second part of the equation to
provide an estimate for the integral involving the inner products of the functions.
Recall that the Cauchy-Schwarz inequality states, we can express it as follows:

1
2

∫
Ω

(∂z
(n)

∂t
(x, τ))2dx+ a

2

∫
Ω

(
∂z(n)

∂x
(x, t)

)2

dxdt

⩽
1
2ε

∫
Qτ

| G
(
x, t, y(n), y(n)

x

)
−G

(
x, t, y(n−1), y(n−1)

x

)
|2 dxdt

+ε

2

∫
Qτ

(
∂z(n)

∂t
(x, t)

)2

dxdt,

Like G is lipschitz function, we find :

⩽
k2

2ε

∫
Qτ

(| y(n) − y(n−1) | + | y(n)
x − y(n−1)

x |)2dxdt+ ε

2

∫
Qτ

(
∂z(n)

∂t
(x, t)

)2

dxdt,

⩽
k2

ε

∥∥∥z(n−1)
∥∥∥

L2(0,T,H1(0,l))
+ ε

2

∫
Qτ

(
∂z(n)

∂t
(x, t)

)2

dxdt.
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We multiply by 2 and apply Grenwell’s lemma, we get

∫
Ω

(∂z
(n)

∂t
(x, τ))2dx+ a

∫
Ω

(
∂z(n)

∂x
(x, t)

)2

dx ≤ k2

ε
exp(εT )

∥∥∥z(n−1)
∥∥∥

L2(0,T,H1(0,l))
.

We integrate on t, we obtain

∫
QT

(∂z
(n)

∂t
(x, τ))2dxdt+

∫
QT

(
∂z(n)

∂x
(x, t)

)2

dxdt ⩽
Tk2 exp(εT )
εmin(1, a)

∥∥∥z(n−1)
∥∥∥

L2(0,T,H1(0,1))
.

Setting
c = Tk2 exp(εT )

εmin(1, a) .

Therefore,

∥ ∂z(n)

∂t
∥2

L2(0,T,H1(0,1)) + ∥ ∂z(n)

∂x
∥2

L2(0,T,H1(Ω))⩽ c
∥∥∥z(n−1)

∥∥∥2

L2(0,T,H1(Ω))
,

applying poincaré inequality, we have

∥ z(n) ∥2
L2(0,T,H1(Ω))⩽ Tc

∥∥∥z(n−1)
∥∥∥2

L2(0,T,H1(Ω))
.

n−1∑
i=1

z(i) = y(n).

According to the convergence criterion of the series
∞∑

n=1
z(n) converges if the absolute

value of the ratio |c| < 1, This implies that the terms of the series diminish
sufficiently fast as n increases, leading to a finite sum, then we can conclude that:

∣∣∣∣∣(Tk)2 exp(εT )
εmin(1, a)

∣∣∣∣∣ < 1 ⇒ k <

√
εmin(1, a) exp(−εT )

T
.

Then (y(n))n converges to an element of L2(0, T,H1(Ω)), we call ρ.We will show
that

lim
n−→∞

y(n)(x, t) = y(x, t)

is a solution to the problem (P5) by showing that ρ satisfies:

Φ (y, v) =
∫

Qτ

G(x, t, y, yx) · v(x, t)dxdt.

To establish the weak formulation, we begin by multiplying the governing equation
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of the problem (P1). The weak formulation can be expressed in an integral form
over the domain Qτ :

Φ
(
y(n), v

)
=

∫
Qτ

∂2y(n)

∂t2
(x, t) · ∂v

∂t
(x, t)dxdt+ a

2

∫
Qτ

∂y(n)

∂x
(x, t) · ∂2v

∂t∂x
(x, t)dxdt.

From the linearity of Φ, we have :

Φ
(
y(n), v

)
= Φ

(
y(n) − y, v

)
+ Φ (y, v)

=
∫

Qτ

∂2(y(n) − y)
∂t2

(x, t) · ∂v
∂t

(x, t)dxdt

+a2

∫
Qτ

∂(y(n) − y)
∂x

(x, t) · ∂2v

∂t∂x
(x, t)dxdt

−
∫

Qτ

∂2y

∂t2
(x, t) · ∂v

∂t
(x, t)dxdt+ a

2

∫
Qτ

∂y

∂x
(x, t) · ∂2v

∂t∂x
(x, t)dxdt,

So

Φ
(
y(n) − y, v

)
=

∫
Qτ

∂2(y(n) − y)
∂t2

(x, t) · ∂v
∂t

(x, t)dxdt

+a2

∫
Qτ

∂(y(n) − y)
∂x

(x, t) · ∂2v

∂t∂x
(x, t)dxdt,

We apply the Cauchy-Schwartz inequality, and we obtain

Φ
(
y(n) − y, v

)
⩽ ∥ vt ∥L2(Qτ )

∥∥∥(y(n) − y)tt

∥∥∥
L2(0,T,L2(Ω))

+a2 ∥ vxt ∥L2(Qτ )

∥∥∥(y(n) − y)x

∥∥∥
L2(0,T,L2(Ω))

.

Then, we find

Φ
(
y(n) − y, v

)
⩽ C(

∥∥∥(y(n) − y)tt

∥∥∥
L2(0,T,L2(Ω))

+
∥∥∥(y(n) − y)x

∥∥∥
L2(0,T,L2(Ω))

)(∥ vt ∥L2(Qτ )

+ ∥ vxt ∥L2(Qτ )),

Where
C = max(1, a2).

As
y(n) −→ y in L2

(
0, T,H1 (0, l)

)
≊ H1 (Q) ,
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So

y(n) −→ y in L2 (Q) ,
y

(n)
t −→ yt in L2 (Q) ,
y(n)

x −→ yx in L2 (Q) ,

Then, when n −→ +∞, we find

lim
n−→+∞

Φ
(
y(n) − y, v

)
= 0.
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5
Solvability of Nonlinear Fractional

Problems with Second Kind Integral
Conditions and Boundary

Specifications

This chapter explores the solvability of nonlinear fractional partial differential
equations with second kind integral conditions and specific boundary conditions.
The study is divided into two sections: one focusing on time-fractional problems
with integral conditions, and the other on fractional Fujita problems analyzed using
the energy inequality method.

5.1 A nonlinear fractional problem with a second
kind integral condition for time-fractional par-
tial differential equation

In this section, our study insights into non-linear fractional problem with a second
kind of integral condition. First, we explore the existence of a solution for the asso-
ciated linear fractional case. Building on these findings, we then apply linearization
methods to study whether solutions exist for the full non-linear problem.

5.1.1 Formulation of the non-linear problem (P1)

Let Q = {(x, t) ∈ R2 with : 0 < x < 1and 0 < t < T}. We intend to explore the
following nonlinear problem:



c
0D

α
t u(x, t) − a

∂2u(x, t)
∂x2 + bu(x, t) = f

(
x, t, u, ∂u

∂x

)
∀ (x, t) ∈ Q,

u (x, 0) = φ (x) ∀x ∈ (0, 1),
u(0, t) = 0 ∀t ∈ (0, T ) ,
∂u

∂x
(1, t) =

1∫
0
u(x, t)dx ∀t ∈ (0, T ).

(P1)
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Where 0 < α < 1, and a, b ∈ R∗
+. In the remainder of this section we assume f

∈ L2 (Q) to be lipschitz, i.e, there is a constant k > 0 as :

∥f (x, t, u, ux) − f (x, t, v, vx)∥L2(Q) ≤ k
(
∥u− v∥L2(Q) + ∥ux − vx∥L2(Q)

)
,

∀ u, ux, v, vx ∈ L2 (Q) .

5.1.2 Study of the associated linear problem

In this section, we focus on investigating the existence and uniqueness of solutions
for the linear problem. Moreover, the study existence of solutions obtained for the
linear problem was derived through the method of separation of variables.

Position of the associated linear problem (P2)

In Q = (0, 1) × (0, T ), with T < ∞, we examine the following associated linear
problem :



c
0D

α
t u(x, t) − a

∂2u(x, t)
∂x2 + bu(x, t) = f (x, t) ∀ (x, t) ∈ Q,

u (x, 0) = φ (x) ∀x ∈ (0, 1),
u(0, t) = 0 ∀t ∈ (0, T ) ,
∂u

∂x
(1, t) =

1∫
0
u(x, t)dx ∀t ∈ (0, T ).

(P2)

Which can be written in this operational form :

Lu = c
0D

α
t u(x, t) − a

∂2u(x, t)
∂x2 + bu(x, t) = f(x, t),

With the initial condition

ℓu = u(x, 0) = φ (x) , x ∈ (0, 1) ,

Dirichlet boundary condition

u(0, t) = 0, t ∈ (0, T ) ,

and the integral condition of the second kind

∂u(1, t)
∂x

=
∫ 1

0
u (x, t) dx, t ∈ (0, T ) .
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Resolution of problem (P2) by the variable separation method

Let the following associated homogeneous linear problem :


c
0D

α
t u(x, t) − a

∂2u(x, t)
∂x2 + bu(x, t) = 0 ∀ (x, t) ∈ Q,

u (x, 0) = φ (x) ∀x ∈ (0, 1) ,
u(0, t) = 0 ∀t ∈ (0, T ) ,
∂u(1, t)
∂x

=
1∫
0
u(x, t)dx ∀t ∈ (0, T ).

(P3)

We can certainly demonstrate that the problem (P3) admits a unique solution. To
achieve this, we will introduce the following approach:

u(x, t) = X(x)Y (t). (5.1)

Substituting (5.1) into (P3), we obtain



c
0D

α
t Y.X − aX

′′
Y + bXY = 0,

X(x)Y (0) = φ(x),
X(0)Y (t) = 0,

X ′(1)Y (t) =1
0 X(x)Y (t).

Therefore, we get for λ > 0

c
0D

α
t Y

Y
= a

X
′′

X
− b = −λ.

We begin by demonstrating that a Sturm-Liouville problem is well-defined and can
be analyzed within the context of our study. A Sturm-Liouville problem typically
takes the following standard form:

X
′′(x) + µ

a
X(x) = 0,

X(0) = 0,

X ′(1) =
1∫
0
X(x)dx.

With µ = b− λ, has a solution which given by

X(x) = A cos
√
µ

a
x+B sin

√
µ

a
x,

Or A and B are two real arbitrary.
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The Dirichlet boundary conditions specify that specified values at the endpoints of
the interval. Formally, we can express this as:

A = 0.

It follows that
X(x) = B sin

√
µ

a
x.

Now, we use the integral condition to derive additional insights into the Sturm-
Liouville problem. Specifically, the integral condition can be expressed as:

X ′(1) = B

√
µ

a
cos

√
µ

a
,

=
1∫

0

X(x)dx,

= − B√
µ

a

cos
√
µ

a
x

∣∣∣∣∣∣∣∣
1

0

,

= − B√
µ

a

cos
√
µ

a
+ B√

µ

a

. (5.2)

This ordering allows for the systematic analysis of the eigenfunctions, which form
a complete basis for representing solutions to a wide range of differential equations
in the corresponding function space., we can establish that the eigenvalues are
ordered such that:

√
µ =

√
a arccos a

µ+ a
.

Our next goal is to determine the explicite form of Y(t).
According to the superposition theorem, we pose :

u(x, t) =
∑
n≥1

Xn(x) · Yn(t). (5.3)

Replacing ( 5.3) by ( P2), leads to :

∑
n≥1

(c
0D

α
t Yn + (b− µn)Yn) · sin

√
µn

a
x =

∑
n≥1

sin
(√

µn

a
x
)

· fn (t) , ∀n ∈ N,

Which implies
c
0D

α
t Yn(t) + (b− µn)Yn(t) = fn (t) . (5.4)
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As

u(x, 0) =
∑
n≥1

sin
(√

µn

a
x
)
Yn(0)

= φ(x)

=
∑
n≥0

φn · sin
(√

µn

a
x
)
,

then

φn =
1∫

0

φ(x) · sin
(√

µn

a
x
)
dx,

hence
Yn (0) = φn. (5.5)

We can then solve in a simple way the fractional ordinary differntial problem
(5.4) − (5.5) in a straightforward manner using the Laplace transform method. By
applying the Laplace transform to the fractional differential equations, we can
convert them into an algebraic form that is more manageable for analysis, we can
transform the fractional derivatives as follows:

L (c
0D

α
t Yn(t)) = sF (s) − Yn(0)

s1−α
,

then
sF (s) − Yn(0)

s1−α
+ (b− µn)F (s) = L (fn(t)) ,

So
F (s) = 1

sα + b− µn

[
sα−1φn + L (fn(t))

]
,

Finaly, we obtain

Yn (t) = L−1
[

1
sα + b− µn

(
sα−1φn + L (fn(t))

)]
.

Thus, we conclude that the explicit solution of the problem (P3) obtained through
the Laplace transform method provides a powerful tool for analyzing and under-
standing the dynamics of the fractional ordinary differential equations at hand
: ∑

n≥0

(
Bn sin

(√
µn

a
x
))

·
(
L−1

[
1

sα + b− µn

(
sα−1φn + L (fn(t))

)])
.
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Solvability of the weak solution of the non-linear problem Let us consider
the homogeneous equation associated with our initial problem



c
0D

α
t v(x, t) − a

∂2v(x, t)
∂x2 + bv(x, t) = 0 ∀ (x, t) ∈ Q,

v (x, 0) = φ (x) ∀x ∈ (0, 1) ,
v(0, t) = 0 ∀t ∈ (0, T ),
∂v(1, t)
∂x

=
1∫
0
v(x, t)dx ∀t ∈ (0, T ).

(P4)

If u is a solution of ( P1) and v is a solution to ( P4) , then w = u− v satisfies

Ly = c
0D

α
t w(x, t) − a

∂2w(x, t)
∂x2 + bw(x, t) = G (x, t, w, wx) , (5.6)

w(x, 0) = 0, ∀x ∈ (0, 1) , (5.7)
w(0, t) = 0 ∀t ∈ (0, t) , (5.8)

∂w(1, t)
∂

= 0 ∀t ∈ (0, t) , (5.9)

or G (x, t, w, wx) = f (x, t, u+ v, ux + vx) . Going forward, we assume that the
function G is Lipschitz, i.e., there exists a positive constant k such that:

∥G (x, t, w1, (w1)x) −G (x, t, w2, (w2)x)∥L2(Q) ≤ k
(
∥w1 − w2∥L2(Q) + ∥ (w1)x − (w2)x ∥L2(Q)

)
∀ w1, (w1)x , w2, (w2)x ∈ L2 (Q) . (5.10)

To derive the desired results, it is necessary to propose the concept of the solution
under consideration. Let ϑ = ϑ(x, t) represent an arbitrary function from V, defined
as:

V =
{
ϑ ∈ C1 (Q) , ϑ(0, t) = ∂

∂x
ϑ(1, t) = 0, t ∈ [0, T ]

}
.

multiply (5.6) by ϑ and integrate it on Qτ , we find

∫
Qτ

c
0D

α
t w(x, t) · ϑ(x, t)dxdt−

∫
Qτ

a
∂2w

∂x2 (x, t) · ϑ(x, t)dxdt+
∫

Qτ

bw(x, t) · ϑ(x, t)dxdt

=
∫

Qτ

G (x, t, w, wx) · ϑ(x, t)dxdt,
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by the use integration by parts and the conditions on w, ϑ we get
∫

Qτ

R
0 D

α
t w(x, t) · ϑ(x, t)dxdt+

∫
Qτ

a
∂w

∂x
(x, t) · ∂ϑ

∂x
(x, t)dxdt+

∫
Qτ

bw(x, t) · ϑ(x, t)dxdt

=
∫

Qτ

G(x, t, w, wx) · ϑ(x, t)dxdt,(5.11)

then, (5.11) establishes the following formula

A (w, ϑ) =
∫

Qτ

G(x, t, w, wx) · ϑ(x, t)dxdt, (5.12)

or

A (y, ϑ) =
∫

Qτ

R
0 D

α
t y(x, t)·ϑ(x, t)dxdt+

∫
Qτ

a
∂y

∂x
(x, t)·∂ϑ

∂x
(x, t)dxdt+

∫
Qτ

by(x, t)·ϑ(x, t)dxdt.

Definition 5.1

We say the solution to the problem (5.6) − (5.9) is weak, any function
w ∈ L2 (0, T ; H1 (0, 1)) such as (4.12) , (5.8) and (5.9) are achieved.

Now, we build a recurring sequence defined as follows : from w(n−1) we can define(
w(n)

)
n∈N

, where the first element is given by w(0) = 0, then for n = 1, 2, 3, ... the
following problem is solved



R
0 D

α
t w

(n)(x, t) − a
∂2w(n)(x, t)

∂x2 + bw(n)(x, t) = G
(
x, t, w(n−1), (w)(n−1)

x

)
,

w(n) (x, 0) = 0,
w(n)(0, t) = 0,
∂w(n)(1,t)

∂x
= 0.

(P5)

For any n fixed, based on the analysis of ( P2 ) where we explicitly provided the
solution using the variable separation method, we can conclude that the problem (
P5) has a unique solution denoted as w(n) (x, t). Now, let’s define a new function
z(n) (x, t) = w(n+1) (x, t) −w(n) (x, t), . This formulation leads us to a new problem
that explores the relationship between consecutive solutions in the sequence defined
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by our iterative method, This new problem can be expressed as:

R
0 D

α
t z

(n)(x, t) − a
∂2z(n)(x, t)

∂x2 + bz(n)(x, t) = p(n−1)(x, t),
z(n) (x.0) = 0,
z(n) (0, t) = 0,
∂z(n)(1,t)

∂x
= 0.

(P6)

or
p(n−1)(x, t) = G

(
x, t, w(n), w(n)

x

)
−G

(
x, t, w(n−1), w(n−1)

x

)
.

Lemma 5.1

We assume that ( 3.33) be satisfied. So we obtain for the problem ( P6) the
following a priori estimate :

∥z(n)∥L2(0,T,H1(0,1)) ≤ c∥z(n−1)∥L2(0,T,H1(0,1)),

or
c =

√√√√ k2

2εmin
(
a, b− ε

2

) .

Proof We multiply by z(n) this equation

R
0 D

α
t z

(n)(x, t) − a
∂2z(n)(x, t)

∂x2 + bz(n)(x, t) = p(n−1)(x, t),

and we integrate it on Qτ , we get :

∫
Qτ

R
0 D

α
t z

(n)(x, t) · z(n)(x, , t)dxdt−
∫

Qτ

a
∂2z(n)(x, t)

∂x2 · z(n) (x, t) dxdt+
∫

Qτ

b
(
z(n)(x, t)

)2
dxdt

=
∫

Qτ

p(n−1)(x, t) · z(n) (x, t) dxdt.

Performing integration by part and using lemma 2, 3, 4, 5 in [?]-[?], we obtain :

1∫
0

( R
0 D

α
2
t z

(n) (x, τ))2dx+
∫

Qτ

a

(
∂z(n)

∂x
(x, t)

)2

dxdt+
∫

Qτ

b
(
z(n)(x, t)

)2
dxdt

=
∫

Qτ

p(n−1)(x, t) · z(n) (x, t) dxdt.
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Using Cauchy with ε−inequality, we get :

1∫
0

( R
0 D

α
2
t z

(n) (x, τ))2dx+
∫

Qτ

a

(
∂z(n)

∂x
(x, t)

)2

dxdt+
∫

Qτ

b
(
z(n)(x, t)

)2
dxdt

≤ 1
2ε

∫
Qτ

(p(n−1))2dxdt+ ε

2

∫
Qτ

(z(n) (x, t))2dxdt. (5.13)

Exploiting the fact that
∣∣∣pn−1(x, t)

∣∣∣2 =
∣∣∣G (x, t, y(n), y(n)

x

)
−G

(
x, t, y(n−1), y(n−1)

x

)∣∣∣2 ,
we conclude from (3.33) that :∫

Qτ

∣∣∣pn−1(x, t)
∣∣∣2 ≤

∫
Qτ

k2
(∣∣∣y(n) − y(n−1)

∣∣∣+ ∣∣∣y(n)
x − y(n−1)

x

∣∣∣)2

≤ k2∥z(n−1)(x, t)∥2
L2(0,T ; H1(0,1)).

Then, we can rewrite the equation as:

b
∫

Qτ

(z(n) (x, τ))2dx+ a
∫

Qτ

(
∂z(n)

∂x
(x, t)

)2

dxdt

≤
1∫

0

( R
0 D

α
2
t z

(n) (x, τ))2dx+
∫

Qτ

a

(
∂z(n)

∂x
(x, t)

)2

dxdt+
∫

Qτ

b
(
z(n)(x, t)

)2
dxdt

≤ 1
2ε

∫
Qτ

(p(n−1))2dxdt.

Finally,

∥z(n)(x, t)∥2
L2(0,T ; H1(0,1))

≤ k2

2εmin
(
a, b− ε

2

)∥z(n−1)(x, t)∥2
L2(0,T ; H1(0,1)).

Our next concern will be the convergence of the sequance
(
y(n)

)
n
, Therefore, we

are particularly interested in the convergence of the series
∞∑

n=1
z(n). To investigate

this, we will utilize the criterion for convergence of series, the following conditions
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are met: √√√√ k2

2εmin
(
a, b− ε

2

) < 1,

Then
k <

√
2εmin

(
a, b− ε

2

)
.

As z (n) (x, t) = w(n+1)(x, t) − w(n)(x, t), and w(0)(x, t) = 0 we have

n−1∑
i=0

z (i) =
n−1∑
i=0

(
w(i+1)(x, t) − w(i)(x, t)

)
= w(n).

It is noteworthy that we have rigorously demonstrated the convergence of the
sequence

(
w(n)

)
n

based on the following key observation:

w(n)(x, t) =
n−1∑
i=0

z (i),

now established, our aim is to show that this limit function, w(x, t), indeed
represents a solution to the boundary value problem (5.6) − (5.9). So,

A (w, ϑ) =
∫

Qτ

G(x, t, w, wx) · ϑ(x, t)dxdt.

from ( P5 ), we get :

A
(
w(n), ϑ

)
=
∫

Qτ

R
0 D

α
t w

(n)(x, t) · ϑ(x, t)dxdt+
∫

Qτ

a
∂w(n)

∂x
(x, t) · ∂ϑ

∂x
(x, t)dxdt

+
∫

Qτ

bw(n)(x, t) · ϑ(x, t)dxdt.
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As A is linear, we get

A
(
w(n), ϑ

)
= A

(
w(n) − y, ϑ

)
+ A (w, ϑ)

=
∫

Qτ

R
0 D

α
t

(
w(n) − w

)
(x, t) · ϑ(x, t)dxdt (5.14)

+
∫

Qτ

a
∂
(
w(n) − w

)
∂x

(x, t) · ∂ϑ
∂x

(x, t)dxdt

+
∫

Qτ

b
(
w(n) − w

)
(x, t) · ϑ(x, t)dxdt+

∫
Qτ

R
0 D

α
t w(x, t) · ϑ(x, t)dxdt

+
∫

Qτ

a
∂w

∂x
(x, t) · ∂ϑ

∂x
(x, t)dxdt+

∫
Qτ

bw(x, t) · ϑ(x, t)dxdt, (5.15)

Appling the Cauchy Schwartz inequality on A
(
w(n) − w, ϑ

)
, we get

∫
Qτ

R
0 D

α
t

(
w(n) − w

)
(x, t) · ϑ(x, t)dxdt+

∫
Qτ

a
∂
(
w(n) − w

)
∂x

(x, t) · ∂ϑ
∂x

(x, t)dxdt

+
∫

Qτ

b
(
w(n) − w

)
(x, t) · ϑ(x, t)dxdt

≤ max (1, aγ, b) ∥ϑx∥L2(Q)
[
∥R

0 D
α
t

(
w(n) − w

)
∥L2(0,T,H1(0,1)) + ∥

(
w(n) − w

)
x

∥L2(0,T,H1(0,1))
]
,

Where γ is the Poincaré inequality constant, therefore

w(n) −→ w in L2
(
0, T,H1 (0, 1)

)
≊ H1 (Q) ,

So

w(n) −→ w in L2 (Q) ,
w(n)

x −→ wx in L2 (Q) ,

Leting n −→ +∞, we obtain

lim
n−→+∞

A
(
w(n) − w, ϑ

)
= 0. (5.16)

From (5.16) and going to the limit in (5.15), we obtain

lim
n−→+∞

A
(
w(n), ϑ

)
= A (y, ϑ) .
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■
Theorem 5.1

If the condition (3.33) is satisfied and

k <

√
2εmin

(
a, b− ε

2

)
.

So the problem (5.6) − (5.9) admits a weak solution which belongs to
L2 (0, T ;H1 (0, 1)) . It remains to be proven that the problem (5.6) − (5.9)
admits a unique solution.

Theorem 5.2

According to (3.33) , the solution of the problem (5.6) − (5.9) is unique.

Proof Suppose that y1 and y2 in L2 (0, T ; H1(0, 1)) are two solutions of (5.6) −
(5.9), then Z = y1 − y2 satisfied Z ∈ L2 (0, T ;H1(0, 1)) and

LZ = R
0 D

α
t Z(x, t) − a

∂2Z(x, t)
∂x2 + bZ(x, t) = ψ (x, t) , ∀ (x, t) ∈ Q

Z(x, 0) = 0, ∀x ∈ (0, 1) ,
Z(0, t) = 0 ∀t ∈ (0, t) ,

∂Z(1, t)
∂X

= 0 ∀t ∈ (0, t) ,

where,
ψ (x, t) = G (x, t, y1, (y1)x) −G (x, t, y2, (y2)x) .

Similar analysis to that in the proof of the lemma (5.1), shows that

∥Z∥L2(0,T ; H1(0,1)) ≤ c ∥Z∥L2(0,T ; H1(0,1)) , (5.17)

then c is the same constant of lemma (5.1). As c < 1, so according to (5.17) it
comes that

(1 − c) ∥Z∥L2(0,T ; H1(0,1)) ≤ 0.

We conclude that y1 = y2 in L2 (0, T ;H1(0, 1)) ,which is the desired conclusion. ■
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5.2 Solvability of fractional Fujita problems with
specified boundary conditions using the energy
inequality method

5.2.1 Formulation of the problem

This section introduces the nonlinear fractional evolution problem of the general
form expressed by:
Let T > 0,Ω ⊂ Rn and Q = Ω × (0, T ) = {(x, t) ∈ Rn+1 : x ∈ Ω, 0 < t < T}. The
nonlinear fractional parabolic problem we consider is as follows


CDα

t u− a∆u+ b(x, t)u+ c(x, t)up = f(x, t),
u(x, 0) = φ(x),

u(0, t) = u(l, t) = 0.
(P1)

The formulation of the nonlinear fractional parabolic problem is expressed mathe-
matically as follows:

Lu = CDα
t u− a∆u+ b(x, t)u+ c(x, t)up = f(x, t). (5.18)

Initial Condition:
lu = u(x, 0) = φ(x) ∀x ∈ [0, l] . (5.19)

Boundary conditions:

u(0, t) = u(l, t) = 0 ∀t ∈ [0, T ] . (5.20)

where f(x, t), and φ(x) are given functions and p > 1. where b(x, t) and c(x, t)
satisfy the following assumptions:
A1. b1 ≤ b(x, t) ≤ b0, c1 ≤ c(x, t) ≤ c0, (x, t) ∈ Q̄.
We aim to establish a priori bounds and prove the existence of solutions for problems
(5.18) − (5.20).
Let Lu = F , where L = (L, l), and F = (f, u0) corresponds to the operator
equation associated with problems (5.18) − (5.20). The operator L acts from E to
F defined as follows. The Banach space E consists of all functions u(x, t) with the
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finite norm

∥u∥2
E =

∥∥∥∥CD
α
2
t u
∥∥∥∥2

L2(Q)
+ ∥∇u∥2

L2(Q) + ∥u∥2
L2(Q) + max

0≤k≤p−2
∥u∥p−k

L2(Q) . (5.21)

The Hilbert space F consists of the vector valued functions F = (f, u0) with the
norm

∥F∥2
F = ∥f∥2

L2(Q) (5.22)

We assume that the data function φ satisfies the conditions of the form (5.20) :

φ (0) = φ (l) = 0.

Then, we using the following changement of variable :

v(x, t) = u(x, t) − φ(x) ⇒ u(x, t) = v(x, t) + φ(x),

So, we get the following new problem
CDα

t v − a∆v + b(x, t)v + c(x, t) (v + φ)p =
∼
f(x, t),

v(x, 0) = 0,
v(0, t) = v(l, t) = 0.

(P2)

whose nonlinear fractional parabolic equation is given as follows

Lv = CDα
t v − a∆v + b(x, t)v + c(x, t) (v + φ)p ,

= f(x, t) + a∆φ+ b(x, t)φ,
=

∼
f(x, t). (5.23)

To properly analyze this equation, we need to define appropriate boundary and
initial conditions:
Initial Condition:

lv = v(x, 0) = 0 ∀x ∈ [0, l] . (5.24)

These conditions are crucial for ensuring a well-posed problem and can take various
forms:
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the Dirichlet boundary conditions

v(0, t) = v(l, t) = 0 ∀t ∈ [0, T ] . (5.25)

We first establish a priori estimate for the solution to problems (5.23) − (5.25) .

3.2 A priori bound

Theorem 5.3

If the assumptions A1 are satisfied then for any function v ∈ D(L), there
exists a positive constant c independent of u such that
∥∥∥∥CD

α
2
t v
∥∥∥∥2

L2(Q)
+∥∇v∥2

L2(Q) +∥v∥2
L2(Q) + max

0≤k≤p−1
∥v∥p−k

L2(Q) ≤ δ
∥∥∥f̃∥∥∥2

L2(Q)
, (5.26)

and D(L) is the domain of definition of the operator L defined by

D(L) = {v ∈ L2(Q) / CD
α
2
t v, ∇u ∈ L2(Q)},

satisfying conditions (5.20).

Proof Taking the scalar product in L2(Q) of Eq. (5.23) and the operator

Mv = v,

where Qτ = Ω × (0, T ), we have

(Lu,Mu)L2(Qτ ) =
(

CDα
t v, v

)
L2(Qτ )

− a (∆v, v)L2(Qτ ) + (bv, v)L2(Qτ ) + (c (v + φ)p , v)L2(Qτ )

=
(
f̃ , v

)
L2(Qτ )

, (5.27)

The successive integration by parts of integrals on the right-hand side of (5.27),
yields

(
CDα

t v, v
)

L2(Qτ )
=

(
CD

α
2
t v,

C
t D

α
2 v
)

L2(Qτ )
,

= cos
(
απ

2

)
|v|2CH

α
2 (Ω) ,

= cos
(
απ

2

) ∥∥∥∥CD
α
2
t v

∥∥∥∥2

L2(Qτ )
, (5.28)
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and
−a (∆v, v)L2(Qτ ) = a ∥∇v∥2

L2(Qτ ) , (5.29)

and
(bv, v)L2(Qτ ) =

∫
Qτ
b(x, t)v2(x, t)dxdt, (5.30)

Also

(c (v + φ)p , v)L2(Qτ ) =
p−1∑

k=0
Cφkvp−k−1, v


L2(Qτ )

,

≥
p−2∑
k=0

c1

∥∥∥∥φ k
p−k v

∥∥∥∥p−k

Lp−k(Qτ )
,

≥ c1 max
0≤k≤p−2

(φk

0) max
0≤k≤p−2

∥v∥p−k
L2(Qτ ) . (5.31)

Substituting (5.28) − (5.31) into (5.27), we obtain

cos
(
απ

2

) ∥∥∥∥CD
α
2
t v
∥∥∥∥2

L2(Qτ )
+a ∥∇v∥2

L2(Qτ )+
∫

Qτ
b(x, t)v2(x, t)dxdt+c1 max

0≤k≤p−2
(φk

0) max
0≤k≤p−2

∥v∥p−k
L2(Qτ )

≤
(
f̃ , v

)
, (5.32)

estimate the last term on the right-hand side of (5.31) by applying Cauchy inequality

with ε, (|ab| ≤ a2

2ε + εb2

2 ), then we get

cos
(
απ

2

) ∥∥∥∥CD
α
2
t v

∥∥∥∥2

L2(Qτ )
+ a ∥∇v∥2

L2(Qτ ) + b1

∫
Qτ
v2(x, t)dxdt+ c1 max

0≤k≤p−2
(φk

0) max
0≤k≤p−2

∥v∥p−k
L2(Qτ )

≤ 1
2ε
∥∥∥f̃∥∥∥2

L2(Q)
+ ε

2 ∥v∥2
L2(Q) , (5.33)

Finally, we get
∥∥∥∥CD

α
2
t v
∥∥∥∥2

L2(Q)
+ ∥∇v∥2

L2(Q) + ∥v∥2
L2(Q) + max

0≤k≤p−1
∥v∥p−k

L2(Q) ≤ δ
∥∥∥f̃∥∥∥2

L2(Q)
,

Where
δ = 1

2εmin
{

cos
(

απ
2

)
, a,

(
b1 − ε

2

)
, C0 max

0≤k≤p−1
(φk

0)
} .

So, we have
∥v∥E ≤ δ ∥Lv∥F (5.34)

Let R(L) be the range of the operator L. However, since we do not have any
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information about R(L), except that R(L) ⊂ F , we must extend L, so that estimate
(5.34) holds for the extension and its range is the whole space F . We first state the
following proposition. ■

Proposition 5.1

The operator L : E −→ F has a closure

Proof let (un)n∈N ⊂ D (L) a sequence where :

vn −→ 0 in E

and
Lvn −→

(
f̃ ; 0

)
in F (5.35)

we must proof that
f ≡ 0 .

The convergence of vn to 0 in E drives :

vn −→ 0 in D′ (Q) . (5.36)

According to the continuity of the derivation of D′ (Q) in D′ (Q) , and the continuity
the distribution of the function vq . The relation (5.36) involved

Lvn −→ 0 in D′ (Q) , (5.37)

Moreover, The convergence of Lvn to f in L2 (Q) give

Lvn −→ f in D′ (Q) (5.38)

As we have the the uniqueness of the limit in D′ (Q) , we conclude from (5.37) and
(5.38) that

f = 0.

Then, we get L is closable of this operator, with domain of definition D(L). ■

174



Chapter 5. Solvability of Nonlinear Fractional Problems with Second Kind Integral
Conditions and Boundary Specifications

Definition 5.2

A function v is termed a strong solution of the operator equation

L̄v = F

is called a strong solution to problems (5.18)−(5.20).if it satisfies the equation
in the strong sense, meaning that v lies in the domain D(L) of the operator
L and the equation holds in the relevant function space.
∥∥∥∥CD

α
2
t v

∥∥∥∥2

L2(Q)
+∥∇v∥2

L2(Q)+∥v∥2
L2(Q)+ max

0≤k≤p−1
∥v∥p−k

L2(Q) ≤ δ ∥f∥2
L2(Q) , ∀v ∈ D(L̄)

(5.39)

We deduce from the estimate (5.39) :

Corollary 5.1

The range R(L̄) of the operator L̄ is closed in F and is equal to the closure
R(L) of R(L), that is R(L̄) = R(L).

Proof The proof is into two parts:
Part 1: closed Range: to demonstrate that R(L) is closed in F .
Part 2: equality of the Range and Its Closure:We also need to show that R(L̄) =
R(L).
To start the proof, let z ∈ R(L), so there is a cauchy sequence (zn)n∈Nin F

constituted of the elements of the set R(L) such as

lim
n−→+∞

zn = z.

There is then a corresponding sequence vn ∈ D(L) such as

zn = Lvn.

The estimate (5.34) , we get

∥vp − vq∥E ≤ C ∥Lvp − Lvq∥F → 0,

Where p, q tend towards infinity. We can deduce that (vn)n∈Nis a cauchy sequence
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in E, so like E is a Banach space, it exists v ∈ E such as

lim
n−→+∞

vn = v in E.

By virtue of the definition of L̄ ( lim
n−→+∞

vn = v in E ; If lim
n−→+∞

Lvn = lim
n−→+∞

zn = z,

then lim
n−→+∞

L̄vn = z as like L̄ and is closed, so L̄v = z), the function u check :

v ∈ D
(
L̄
)
, L̄v = z.

Then z ∈ R(L̄), so
R(L) ⊂ R(L̄)

Also we conclude here that R(L̄) is closed because it is Banach ( any complete
subspace of a metric space (not necessarily complete) is closed). It remains to show
the reverse inclusion
Either z ∈ R(L̄) then it exists a Cauchy sequence (zn)n∈Nin F constituted of the
elements of the set R(L̄) such that

lim
n−→+∞

zn = z

or z ∈ R(L̄) , because R(L̄) is a closed subset a completed F, So R(L̄) is complet.
There is then a corresponding sequence vn ∈ D(L̄) such that

L̄vn = zn.

We get from (5.34):

∥vp − vq∥E ≤ C
∥∥∥L̄vp − L̄vq

∥∥∥
F

→ 0,

Where p, q tend towards infinity. We can deduce that (vn)n∈Nis a cauchy sequence
in E, so like E is a Banach space, it exists v ∈ E such as

lim
n−→+∞

vn = v in E.

Once again, there is a corresponding sequel (Lvn)n∈N ⊂ R(L) such as

L̄vn = Lvn on R (L) ,∀n ∈ N.
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So
lim

n−→+∞
Lvn = z,

Consequently z ∈ R (L), then we conclude that

R
(
L̄
)

⊂ R (L).

■

4.3 Existence and uniqueness of solution

This section outlines the key principles and methods used to demonstrate these
properties for the equations under consideration. This section is dedicated to
illustrating the existence of the problem (P 2 and establishing the uniqueness of
the primary problem.

Theorem 5.4

Under the assumption A1 , for every F = (f, 0) ∈ F , , there exists a unique
strong solution u = L̄−1F = L−1F to the problems defined in equations
(5.18) − (5.20).

Proof We have
(Lv,W )F =

∫
Q

Lv · wdxdt (5.40)

Where
W = (w, 0) .

Si for w ∈ L2 (Q) and and for all v ∈ D0(L) = {v, v ∈ D (L) : ℓv = 0} , we have∫
Q

Lu.wdxdt = 0

By putting w = v, we obtain
(

CDα
t v, v

)
L2(Qτ )

− a (∆v, v)L2(Qτ ) + (bv, v)L2(Qτ ) + (c (v + φ)p , v)L2(Qτ ) = 0,

cos
(
απ

2

) ∥∥∥∥CD
α
2
t v

∥∥∥∥2

L2(Q)
+ b1 ∥v∥2

L2(Q) + c1 max
0≤k≤p−2

(φk

0) max
0≤k≤p−2

∥v∥p−k
L2(Q) ≤ −a

∫
Qτ

(∇u)2 ,

cos
(
απ

2

) ∥∥∥∥CD
α
2
t v

∥∥∥∥2

L2(Q)
+ b1 ∥v∥2

L2(Q) + c1 max
0≤k≤p−2

(φk

0) max
0≤k≤p−2

∥v∥p−k
L2(Q) ≤ 0.

we obtain
∥v∥2

L2(Q) ≤ 0.
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So, it’s give u = w = 0. ■

Corollary 5.2

If for every function u ∈ D(L), we the following estimate holds:

∥u∥E ≤ C ∥F∥F ,

Then the solution of the problem (P1) is unique, provided it exists.

Proof To demonstrate the uniqueness of the solution, we begin by assuming that
there exist two distinct solutions, u1 and u2 to the problem (P1). We can define
the difference between these two problems as: Lu1 = F

Lu2 = F
=⇒ Lu1 − Lu2 = 0,

By substituting v into the corresponding equation of problem (P2081) and leverag-
ing the linearity of the operator, we derive the following relationship: by mutipliying
the last homogen equation by v where v = u1 − u2, we then obtain

cos
(
απ

2

) ∥∥∥∥CD
α
2
t v
∥∥∥∥2

L2(Q)
+ b1 ∥v∥2

L2(Q) + a ∥∇v∥2
L2(Q) +

∫
Qτ

(up
1 − up

2) vdxdt = 0,

for
u1 − u2 ≤ 0 and up

1 − up
2 ≤ 0,

we can easely conclude that

cos
(
απ

2

) ∥∥∥∥CD
α
2
t v

∥∥∥∥2

L2(Q)
+ b1 ∥v∥2

L2(Q) + a ∥∇v∥2
L2(Q) ≤ 0

Consequently, applying the estimate provided in the statement, we obtain:

∥v1 − v2∥2
E ≤ c ∥0∥2

F = 0,

which leads us to conclude that v must be the zero function:

v1 = v2.

■
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conclusion

The comprehensive study delves into the solvability and blow-up and decay phe-
nomena of nonlinear parabolic equations, emphasizing their theoretical foundations
and practical applications across diverse scientific fields.
The research offers a meticulous examination of nonlinear parabolic equations,
focusing on generalized nonlinear integral conditions. It provides theoretical insights
into the conditions that lead to the existence and uniqueness of weak solutions
while exploring scenarios that cause blow-ups, where solutions become unbounded
in finite time. These mathematical findings are crucial for applications in fields
such as fluid dynamics, heat transfer, and biological modeling.
By employing a variety of mathematical techniques—including functional analysis,
the Faedo-Galerkin method, energy methods, and fixed-point theorems—the study
builds a solid theoretical framework. This foundation addresses complex behaviors
like stability, decay, and blow-up in dynamic systems, offering practical methods
for modeling and simulation. Moreover, the incorporation of fractional calculus
and computational tools like the finite element method enhances the analysis of
time-dependent and memory-influenced processes.
The investigation of blow-up phenomena, particularly through Kaplan’s First Eigen-
value Method, uncovers the conditions under which solutions become unbounded.
This understanding informs fields that rely on predictive modeling and safety
considerations, such as reaction-diffusion systems and thermal engineering.
Where we present a detailed exploration of Banach, Hilbert, and Sobolev spaces,
highlighting their importance in the formulation and solution of time-dependent
partial differential equations.
Then, Critical insights into parameters and conditions that lead to blow-ups, with
implications for engineering, physics, and ecology.
Also, the use of interpolation techniques for fractional derivatives and finite element
methods to validate theoretical models and simulate real-world phenomena.
The research encourages interdisciplinary collaboration and highlights the potential
for advancements in mathematical modeling, simulation techniques, and applica-
tions across various domains. It proposes future exploration into more sophisticated
computational methods, the integration of machine learning, and new classes of
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integral conditions to refine and extend the theoretical findings.

180



Bibliography

[1] Ahmed, B., Taki-Eddine, O., Imad, R., and Zainouba, C., Solvability of
solution of singular and degenerate fractional nonlinear parabolic Dirichlet
problems. Bulletin of the Institute of Mathematics, 17(1), 2022, 105–123.

[2] Anakira, N., Chebana, Z., Oussaeif, T.-E., Batiha, I. M., and Ouannas, A.,
A study of a weak solution of a diffusion problem for a temporal fractional
differential equation. Nonlinear Functional Analysis and Applications, 27(3),
2022, 679–689.

[3] Batten, G. W., Second-order correct boundary conditions for the numerical
solution of the mixed boundary problem for parabolic equations. Mathematics
of Computation, 17(83), 1963, 405–413.

[4] Batiha, I. M., Chebana, Z., Oussaeif, T.-E., Ouannas, A., and Jebril, I. H.,
On a weak solution of a fractional-order temporal equation. Mathematics and
Statistics, 10(5), 2022, 1116–1120.

[5] Batiha, I. M., Ogilat, O., Chebana, Z., Oussaeif, T.-E., Anakira, N., Amourah,
A., and Momani, S., Finite-Time Blow-Up and Solvability for a Semilinear
Parabolic Problem with Nonlinear Integral Conditions. Journal of Nonlinear
Functional Analysis, 2024, 2024, 29. doi:10.23952/jnfa.2024.29.

[6] Batiha, I. M., Jebril, I. H., Chebana, Z., et al., Finite-time blow-up and
solvability of a weak solution for a superlinear reaction-diffusion problem with
integral conditions of the second type. Advances in Fixed Point Theory, 2024.
https://doi.org/10.28919/afpt/8708

[7] Batiha, I. M., Chebana, Z., Oussaeif, T.-E., et al., Solvability and dynamics
of superlinear reaction diffusion problem with integral condition. IAENG
International Journal of Applied Mathematics, 53(1), 2023, 1–9.

[8] Batiha, I. M., Chebana, Z., Oussaeif, T.-E., et al., Solvability of nonlinear wave
equation with nonlinear integral Neumann conditions. International Journal
of Analysis and Applications, 2023.

181



Bibliography

[9] Bellout, H., Blow-up and global existence in reaction-diffusion systems with
nonlocal terms. Nonlinear Analysis: Theory, Methods & Applications, 185,
2019, 1–23. doi:10.1016/j.na.2019.02.012. (Addresses nonlocal reaction-diffusion
blow-up.)

[10] Berger, M. and Kohn, R. V., A rescaling algorithm for the numerical calculation
of blowing-up solutions. Communications on Pure and Applied Mathematics,
40(6), 1987, 841–863. doi:10.1002/cpa.3160400606. (Numerical methods for
tracking blow-up.)

[11] Bebernes, J. and Bressan, A., Similarity solutions and catastrophic behav-
ior for a semilinear heat equation. Nonlinear Analysis: Theory, Methods &
Applications, 20(7), 1993, 755–769. doi:10.1016/0362-546X(93)90039-Y.

[12] Beilin, S. A., Existence of solutions for one-dimensional wave equations with
nonlocal conditions. Electronic Journal of Differential Equations, 2001, 1–8.

[13] Benuar, N. E. and Yurchuk, N. I., A mixed problem with an integral condition
for parabolic equations with a Bessel operator. Differentsial’nye Uravneniya,
27(12), 1991, 2094–2098.

[14] Bouziani, A., Oussaeif, T. E., and Leila, B. A., A mixed problem with an integral
two-space-variables condition for parabolic equation with the Bessel operator.
Journal of Mathematics, 2013, 2013, 457631. doi:10.1155/2013/457631.

[15] Boukhatem, Y., Benabderrahmane, B., Rahmoune, A., Méthode de Faedo-
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