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Abstract

This thesis investigates discrete fractional calculus, which adapts fractional derivatives to
discrete systems, enabling the modeling of processes with memory effects in discrete time
intervals. The work is divided into two parts: foundational concepts and original research. The
first part explores the definitions, properties, and stability of discrete fractional systems, along
with their applications in fields such as epidemiology and control systems. The second part
introduces novel contributions, including stability analysis of incommensurate-order systems,
variable-order systems, and their applications to epidemic modeling, particularly COVID-19.
These advancements highlight the theoretical and practical significance of discrete fractional

systems in addressing real-world challenges.
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Introduction

Fractional calculus extends the idea of derivatives and integrals to non-integer (fractional)
orders. It originated from a discussion between CHopital and Leibniz in 1695, where the
concept of a half-order derivative was first questioned. Over the centuries, mathematicians
such as Riemann, Liouville, Caputo, and Griinwald made significant contributions, defining
various approaches to fractional differentiation and integration [1, 2]. These developments
allowed fractional calculus to model systems with memory and hereditary effects, which are
common in fields like viscoelasticity, diffusion, and control theory. For example, fractional
derivatives are used to capture anomalous diffusion, where particles move at irregular rates, a
phenomenon seen in biological and physical systems [3, 4].

In parallel, the development of discrete fractional calculus aimed to extend fractional cal-
culus to discrete settings, where changes occur in steps rather than continuously. Discrete frac-
tional calculus uses fractional difference operators instead of derivatives, making it suitable for
studying systems described by sequences or discrete data. This approach is particularly use-
ful in modeling digital signal processing, population dynamics, and economic systems, where
processes naturally evolve in discrete time intervals. Mathematicians such as Kenneth S. Miller
and Bertram Ross contributed foundational theories in this area, introducing discrete analogs
of fractional operators [5, 6]. These tools have enabled the study of stability, control, and
dynamic behavior in discrete systems.

Modern researchers have further refined discrete fractional calculus by exploring numerical
methods and applications in real-world problems. For instance, discrete fractional models
have been applied to epidemiological studies [7], financial modeling [8], and control systems
[9], providing insights into how fractional order differences influence system dynamics. Key
references in this field include Podlubny’s seminal book on fractional differential equations
[1], Miller and Ross’s foundational text on fractional calculus and difference equations [5],
and recent advances documented in works by Atici and Eloe [10] and Anastassiou [11]. These
texts and studies highlight the theoretical and applied aspects of this growing area of research.

Fractional calculus and discrete fractional calculus have found widespread applications in
various complex systems, including chaos, synchronization, epidemics, and neural networks.

In chaos theory, fractional-order systems offer more flexibility in modeling and analyzing
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Chapter 0. Introduction

chaotic behavior, as they can capture memory and hereditary properties inherent in chaotic
processes, which traditional integer-order models often overlook [12]-[47]. These properties
have been used to design more effective control and anti-synchronization schemes in chaotic
systems. In synchronization, fractional models enable the coupling of systems with different
dynamics, improving robustness and precision in applications such as secure communications
and signal processing [48]-[89]. In epidemiology, fractional and discrete fractional models
have been used to study the spread of infectious diseases like COVID-19, capturing non-local
interactions and memory effects in population dynamics. This leads to more accurate pre-
dictions and insights into disease control strategies [90]-[96]. Furthermore, in neural net-
works, fractional calculus enhances the modeling of neural activity by incorporating memory-
dependent dynamics, improving learning algorithms and signal processing tasks [97]-[104].
Discrete fractional calculus, in particular, is well-suited for digital implementations in these
areas, enabling efficient computation and analysis in modern applications. These advance-
ments highlight the versatility and importance of fractional calculus in addressing real-world
challenges.

The first part of this thesis, Conceptual Investigation and Earlier Studies, provides a com-
prehensive background to the discrete fractional calculus and its existing body of research. It
begins by introducing the basic concepts of discrete fractional calculus, including key defini-
tions, properties, and operators such as fractional differences and sums. These elements form
the foundation for analyzing fractional-order systems. Following this, the thesis delves into
the stability of discrete fractional systems, a crucial aspect of ensuring the reliability and per-
formance of such systems in engineering and scientific applications. Finally, a survey of recent
advancements in the applications of fractional difference systems is presented, showcasing
their use in various domains and underscoring their broad potential.

The second part, Novel Contributions and Applications, highlights the original research
conducted in this work. A major focus is placed on stability analysis of fractional difference sys-
tems, particularly those with incommensurate orders, where system components operate with
different fractional orders. This unique perspective expands the understanding of stability in
complex dynamical systems. Additionally, the thesis investigates variable-order discrete-time
systems, which introduce flexibility by allowing the fractional order to vary over time, enabling
more accurate modeling of dynamic processes. The practical importance of discrete fractional
systems is further demonstrated through their application to epidemic models, including the
analysis and simulation of infectious diseases such as COVID-19. These applications show-
case the ability of fractional models to account for memory effects and complex transmission
dynamics, providing deeper insights into disease spread and control strategies.

The significance of this research lies in its dual contribution to the theoretical advancement

of discrete fractional calculus and its application to pressing real-world challenges. By address-
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ing open problems in stability analysis and demonstrating the utility of fractional models in
epidemiology, this thesis bridges the gap between mathematical theory and practical applica-
tion. It is hoped that this work will inspire further exploration of discrete fractional systems

and promote their adoption across a wider range of scientific and engineering disciplines.
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Studies



Chapter 1

Basic Concepts of Discrete Fractional

Calculus

Discrete dynamical systems have a wide range of applications in various fields. Some
common applications include: Physics and Engineering, Control Systems, Computer Science,
Algorithms and Data Structures, Computer Networks, Biology and Ecology, Economics and
Finance, Chaos Theory, Game Theory, Chemistry - - - ect.

These applications demonstrate the versatility and importance of discrete dynamical sys-
tems in understanding, analyzing, and predicting the behavior of complex systems across var-
ious disciplines.

A discrete dynamical system is a mathematical model that represents how a system evolves
over time in discrete steps. Suppose we have a variable = that represents the state of the
system at each time step, and let f : N x R™ — R" be a function that determines the evolution

of the system. The discrete dynamical system can then be expressed mathematically as:
z(t+1) = f(tz(t)), (1.1

Here, x (t) represents the state of the system at time step ¢, and « (¢ 4 1) represents the state at
the next time step ¢ + 1. The function f describes how the state evolves from z (¢) to = (¢ + 1).

A dynamic system can be defined implicitly as follows

z(t)=f(tz(1), (1.2)

1.1 Basics on the Delta Difference Operator

Delta Difference equations, serve as a distinctive subset within this mathematical frame-

work, specifically addressing the immediate alterations in values over successive time intervals.

2



Chapter 1. Basic Concepts of Discrete Fractional Calculus

These equations find application in capturing the real-time evolution of variables, making them

particularly valuable in the dynamic modeling of processes characterized by change.

1.1.1 Definitions and Som Properties of Delta Difference Operator

In the exploration that follows, we will delve into the definition and characteristics, shed-
ding light on the unique attributes that distinguish the Delta Difference operator. For ty € R,
we define the set Ny, as {to,to + 1,t0 +2,--- },

Definition 1.1 [105] Suppose f : Ny — R. In this context, we establish the Delta difference
operator A as follows:
Af(t) = f(t+1)— f(t), VteNp. (1.3)

Furthermore, we define the operators AN, N = 1,2,3, - recursively as AN f(t) = A(AN1£(t))
for t € Ny. Additionally, A° represents the identity operator;, denoted as A°f(t) = f(t).

Here are some pertinent properties concerning this operator.

Theorem 1.1 [105] Given functions f and g mapping from N to R, and constants « and f3
belonging to R, for any t € Ny, the following holds:

(i) Aa = 0.

(ii) Aaf(t) = aAf(t).

({i) A[f + 9] (1) = AF(E) + Ag(t).

(iv) AattP = (a — 1)al*h.

(W) Alfg) (t) = £(t+ DAg(t) + Af(B)g(t).

vi) A (%) (t) = LDATO—TDAG(D)

g(t)g(t+1)
where in (vi) we assume g(t) # 0, Vt € Ny.

Proposition 1.1 [105] Suppose f : Ng — R. Then, for a given ty € Ny, we have:

t—1
AY f(i) = f(t), Vte N, (1.4)
1=to
and -
Y Af(@) = f(t) = f(to), VteNo. (1.5)

i=to

Remark 1.1 When t < t, the usual convention is applied:

t—1
> fi):=0. (1.6)

i=to

1.1. Basics on the Delta Difference Operator



Chapter 1. Basic Concepts of Discrete Fractional Calculus

Theorem 1.2 (Summation by parts)[105] Considering two functions u; and us mapping from

Ny to R, and two natural numbers ty and t;, where tg < t1, we derive the summation by parts

formulas:
t1—1 t1—1
> g (8) Aug(i) = ur (Duz(i)[i — D ua(i + 1) Aug (i), (1.7)
1=to i=tg

where ui (Z)Ug(l)‘ié = Uux (tl)UQ(tl) — Ul (to)l@(to).

1.1.2 Falling Function

In continuous calculus, polynomial functions are considered among the most important
functions, because they are characterized by a large set of properties, especially differentiation
and integration.

In discrete calculus, polynomial functions lose their properties, but some functions main-
tain the same properties, which we call factorial functions.

In the case of the delta operator, these functions are called Falling function and are defined

as follows:

Definition 1.2 [105] For any r € R, we define the falling function, t"), read t to the r falling,
by:
I't+1)

) ::m:t(t—l)(t—2)m(t—r+1). (1.8)

For values of t and r where the right-hand side of this equation is meaningful, we extend this
definition by adopting the common convention that t\") := 0, when t — r + 1 is a nonpositive

integer.

Remark 1.2 When r = 0, we define t(©) := 1.

Theorem 1.3 (Power Rules)[105] For real numbers r, to, and t, the following power rules hold:

At + o)) = r(t + o)V, (1.9)

and
Aty — )" = —r(tg —t — 1)), (1.10)

provided that the expressions in these two formulas are well-defined.

1.1. Basics on the Delta Difference Operator



Chapter 1. Basic Concepts of Discrete Fractional Calculus

Theorem 1.4 (Repeated summation rule)[105] Consider a function f : Ng — R and let ty €
Ny, then:

t—1 71—1 Tp—1—1 t—1 .

! P t—i—1)e-1
DD IS DETAED D O} (111)
T1=toT2=to Tp=to i=tg ’

fort=p+to,p+to+1,--.

1.2 Basics on the Nabla Difference Operator

1.2.1 Definitions and Som Properties of Nabla Difference Opera-
tor

In the forthcoming exploration, we’ll delve into the definition and features, elucidating the

distinct attributes that set apart the Nabla Difference operator.

Definition 1.3 [105] Suppose f : Ng — R. In this context, we establish the Nabla difference

operator V as follows:
Vit):=f(t)—f(t—-1), vteNjt>1. (1.12)

Furthermore, we define the operators VIV, N = 1,2,3, - - - recursively as V" f(t) = V(VN71f(1)).
Additionally, V° represents the identity operator, denoted as V°f(t) = f(t).

Theorem 1.5 [105] Given functions f,g : Ng — R, and constants «, 5 € R, for any t € Ng,t >
1, the following holds:

(i) Va =0.

(ii) Vaf(t) = aVf(t).

(i) V[f +g](t) = V() + V(D).

(iv) if a # 0, then Vaite = =l g145,

() V [fg] (1) = F(t — 1)Vg(t) + VF(B)g(2).

, gV —FOVg(t
oDV (1) (1) = 2O,

where in (vi) we assume g(t) # 0, Vt.

Proposition 1.2 [105] Suppose f : N — R. Then, for a given ty € N, we have:

t
V ) @) =f(#), ¥teN, (1.13)
1=tp+1
and .
> VFG) = f(t) — fto), VteNL (1.14)
i=tp+1

1.2. Basics on the Nabla Difference Operator



Chapter 1. Basic Concepts of Discrete Fractional Calculus

Theorem 1.6 (Summation by parts)[105] Suppose we have two functions uj,us : N — R and

two natural numbers ty and t1, where ty < t1. Then, the summation by parts formulas are as

follows:
t1+1 t1+1
> g (1) Vua(i) = ur (Duz(i)[i — > ua(i — 1)Vua (i), (1.15)
1=to i=tg

where ul (Z)UQ(Z)‘E(I) = Uux (tl)UQ(tl) — U1 (to)UQ(to).

1.2.2 Rising Function

The factorial function, in the case of the nabla operator, is referred to as the Rising function

and is defined as follows:

Definition 1.4 [105] For any r € R, we define the falling function, ", read t to the r rising, by:

—t(t+1)(t+2) - (L7 —1). (1.16)

For values of t and r where the right-hand side of this equation is meaningful, we extend this
definition by adopting the common convention that t" := 0, when t is a nonpositive integer, but

t + r is not a nonpositive integer.

Remark 1.3 When r = 0, we define t° := 1.

Theorem 1.7 (Power Rules)[105] For real numbers r, tg, and t, the following power rules hold:

V(t+to)" =r(t+t) !, (1.17)

and

Vto—t)" = —r(tg —t +1)"1, (1.18)

provided that the expressions in these two formulas are well-defined.

Theorem 1.8 (Repeated summation rule)[105] Consider a function f : Ny — R and let ¢y €

Ny, then:
t+1 71+1 Tp—1+1 t+1

— p—1
Z Z Z f(Tp):Z(t(pjll))!f(i), (1.19)

T1=toT2=to Tp=to i=tg

fort:to_p+17t0_p+2at0_p+37”"

1.2. Basics on the Nabla Difference Operator



Chapter 1. Basic Concepts of Discrete Fractional Calculus

1.3 The h-Difference Operators

The h-difference operator serves as an extension of the conventional difference operator,
offering a more versatile tool for analyzing changes between values. Unlike the fixed step of 1
employed by the traditional difference operator, the h-difference operator takes into account
the length of the step, denoted by ’h’. This variable step size enables a more nuanced exami-
nation of the differences between values, allowing for a more flexible and detailed analysis in

various mathematical contexts. For ¢ty € R, we define the set (hN)t0 as {to,to + h,to + 2h,--- },

1.3.1 The Delta h-Difference

Let’s begin by introducing the delta h-difference operator.

Definition 1.5 [106] For a function f : Ng — R, the Delta h-Difference operator is defined as

Apf(t) := w Vvt € (hN), . (1.20)

While the h-difference sum is given by

il
WAL () =D f(th)h, Yt e (hN),. (1.21)

._tg
=

Definition 1.6 [106] For arbitrary t,r € R the h-falling function is defined by

o TG+

==t 1.22
h F(% —r+1) ( )
For values of t and r where the right-hand side of this equation is meaningful.
Proposition 1.3 [106] For real numbers r, t, and h > 0, the following power rules hold:
At = Y (1.23)

1.3.2 The Nabla h-Difference

Now we introduce the Nabla h-Difference operator.

Definition 1.7 [107] For a function f : Ny — R, the Nabla h-Difference operator is defined as

f) = f(t—h)

Vif(t) == : . Vte (hN),. (1.24)

1.3. The h-Difference Operators



Chapter 1. Basic Concepts of Discrete Fractional Calculus

while the h-difference sum is given by

t

o Vi (1) == zh: f(th)h, ¥t e (hN),. (1.25)

=041

Definition 1.8 [107] For arbitrary t,r € R the h-rising function is defined by

_ INg
r = h?'(hi;”) (1.26)
I'(3)
For values of t and r where the right-hand side of this equation is meaningful.
Proposition 1.4 [107] For real numbers r, t, and h > 0, the following power rules hold:
Yty =rt; . (1.27)

1.4 On The Z-transform

The Z-transform [108] is an important tool used in signal processing and discrete-time
systems analysis. It converts discrete-time signals into functions of a complex variable called
"2", facilitating analysis in the frequency domain. By transforming difference equations into
algebraic equations in terms of z, it simplifies system analysis and design. The Z-transform
enables operations like convolution, differentiation, and integration on discrete-time signals
and systems. Overall, it'’s a powerful tool for analyzing and designing digital filters, control

systems, and other discrete-time systems.

Definition 1.9 [108] The Z-transform of a sequence (x(t)),., with values only for non-negative
integers t (i.e., x(t) = 0fort = —1,—2,---), is defined as:

B(z) = Z(z(t) = > a(t)z", (1.28)

where z ¢ C.

The region in the complex plane where the series (1.28) converges defines the region of
convergence of x(z). Utilizing the ratio test is a prevalent approach to determine this region
for the series (1.28). Let’s assume:
z(t+1)

(t)

The series (1.28) converges within the region defined by |z| > R and diverges outside this

‘ _ R (1.29)

t—oo

region, specifically for |z| < R.

1.4. On The Z-transform B



Chapter 1. Basic Concepts of Discrete Fractional Calculus

1.4.1 Properties of the Z-transform

e Linearity:
Consider Z(z) as the Z-transform of the sequence (x(t)),.,, possessing a radius of con-
vergence Ri, and §(z) as the Z-transform of the sequence (y(t)),.,, with a radius of

convergence Ry. For any complex numbers A\; and )y, the following holds:

Z |ax(t) + Py(t)] = az(z) + fy(z), for |z| > max(R1, Ra). (1.30)

e Shifting:

Suppose R represents the radius of convergence of Z(z)

- Regarding right-shifting: If z(—i) = 0fori=1,2,--- i, then

Z x(t —i)] = 2 '%(z) for |z| > R. (1.31)
— Left-shifting:
Zx(t+19)]=2""%(z) — Zw(r)z“r for |z| > R. (1.32)
r=0
e Initial and final value:

— Initial value theorem:
| llim z(z) = z(0). (1.33)

- Final value theorem:
z(o0) = tlim x(t) = liml(z — 1)Z(2). (1.34)

e Convolution:

The convolution * of two sequences (z(t)),cz , (¥(t)),cz is defined by

t t

x(t) xy(t) = Zx(t —r)y(r) = Z:c(r)y(t —r). (1.35)

r=0 r=0

And The Z-transform of z(¢) * y(¢) :
Z () xy(t)] = 2(2)y(2). (1.36)

e Multiplication by at:

Consider Z(z) as the Z-transform of the sequence (z(t)) possessing a radius of con-

tez
vergence R.

Z [ata(t)] = (2) , for |z| > |a| R. (1.37)

1.4. On The Z-transform ]
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1.4.2 The Inverse Z-transform Using the Integral Method

When we multiply both sides of equation (1.28) by z/~!, where ¢t € N, we obtain:

F(2)2t7 = Zm(i)zt_i_l. (1.38)
=0

t—1 centered at z = 0.

Equation (1.38) provides the Laurent series expansion of Z(z)z
Let’s contemplate a circle C centered at the origin of the z-plane, encompassing all poles of
#(2)z'~!. Given that z(t) represents the coefficient of z~!, we deduce from the Cauchy integral

formula that:and by
1

x(t) = o C:%(z)zt_ldz, (1.39)
Applying the residue theorem, we obtain:
x(t) = sum of residues of #(z)z'" 1. (1.40)

1.5 On Volterra Difference Equations of Convolution

Type

Volterra difference equations of convolution type represent a class of difference equations
that involve convolutions of sequences. These equations are named after the Italian mathe-
matician Vito Volterra, who made significant contributions to integral equations and mathe-
matical biology in the early 20th century. The equation essentially states that the value of z (¢)

at time ¢ depends on the convolution of past values of z (¢), with appropriate coefficients.

Definition 1.10 [109] A Volterra difference equation of convolution type can be written in the

form:
¢

w(t+1) = Az(t) + Y B(t — i)z (i), (1.41)
=0
where x(t) € R",Vt € N, A = (a4)1<i,i<n 1S a n X n real matrix and B(t) is a n x n real matrix
defined on N.

If (B(t))sen € €1 (N™™), the resolvent matrix R(t) of (1.41) is defined as the unique solu-

tion of the matrix equation:

R(t+1) = AR(t)+ > B(t—i)R(i), R(0)=1I,teN, (1.42)
=0

1.5. On Volterra Difference Equations of Convolution Type
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where I, is the identity matrix. Let (z(t)),.y denote the solution of the equation

w(t+1) = Az(t) + > Bt —i)z(i) + g(t). (1.43)
=0

Then by the variation of constants formula, we obtain

t—1
2(t) = R(t)x(0) + > _R(t—i—1)g(i). (1.44)
i=0

Solving Volterra difference equations of convolution type often involves techniques from
discrete-time signal processing and linear algebra. Depending on the specific coefficients and
input sequences involved, various methods such as z-transforms.

These equations find applications in diverse fields including control theory, signal process-
ing, communication systems, and mathematical modeling in biology and economics. They are
particularly useful in systems where the evolution of a sequence depends not only on its past
values but also on the past values of another related sequence, as captured by the convolution

operation.

1.6 Fractional Discrete Operators

In this section, we introduce fractional summation and discuss two key fractional differ-
ence operators: the Riemann-Liouville and Caputo operators. We explore their definitions,

properties, and establish connections between them.

1.6.1 Fractional Delta Sum Operator

Firstly, we introduce the concept of fractional summation by leveraging the Repeated
Summation Rule and properties of the Gamma function. By substituting a real positive number

« for the natural number p, we arrive at the definition of fractional order summation.

Definition 1.11 [110] Let o > 0. We define the a-th fractional sum of a function f : N, — R as

follows:
t—a

ACF) = > (t—i— DV f), (1.45)

i=tg

Vit € Nt0+a-

Remark 1.4 It’s worth noting that A; * extends functions from Ny, to Ny 4.

1.6. Fractional Discrete Operators
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Lemma 1.1 [105] Given that > 0 and o > 0, we have:

Llp+1)

o W — _\P T
Atgiult = to) F'p+a+1)

o (t — to)Wte), (1.46)

Vt € th+,u+a-

Theorem 1.9 [110] Let f : Ny, — R be a given function, and let yx and v be positive real num-
bers. Then:

A A PO = A BT F(1) =AM A ()], (1.47)

Vt € Nygtpto-

Theorem 1.10 [110] Let f : Ny, — R be given, for any o > 0 and any positive integer p, we

have:
p—l (t —to) (a—p+1)

AAPE(E) = APA () ZF G prn ) (1.48)

Vit € Nt0+a-

1.6.2 The Fractional Delta Rimann Liouville Difference Operator

The Riemann-Liouville difference operator, is a fractional difference operator used in the
context of fractional calculus. It generalizes the notion of discrete differencing to non-integer

orders.

Definition 1.12 [110] For a > 0, the a-order Riemann-Liouville fractional difference of a func-
tion f defined on Ny, is defined as follows:

t—(p—a)
AP N (t—i—1)PTf(), VEE Nygipoa, (1.49)

1=to

1

A f(E) = ApAt_O(p_a)f(t) “Th—a)

where p = [a] + 1.

The Riemann-Liouville difference operator captures temporal memory in a time series by
computing a weighted sum of differences between the current value f(¢) and past values. This
operator is extensively utilized in fractional calculus to analyze systems exhibiting memory or

long-range dependence.
Remark 1.5 For o > 0,and p = [a] + 1

hn;Ag; f(t) = APf(t), and lim AJf(t) = APTLE(1). (1.50)
a— a—p—

1.6. Fractional Discrete Operators
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We can interpret the A§ operator as an interpolation between the AP operators. Furthermore,

it’s evident that Af maps functions defined on Ny, to functions defined on Ny 1 (,—q)-

Remark 1.6 Note that

Al1 = (t — o) =) £ 0. (1.51)

b
I'l—-a)
Theorem 1.11 [110] Given o > 0 and f defined on Ny, we have:

A%_,'_OCA;)O‘f(t) = f(t)7 vVt € Nto+Pv (1.52)

where p = [a] + 1.

Theorem 1.12 [110] If « > 0 and f is defined on Ny, then:

p—1 ;
(t — to)(@—P+i) A~
A% = O = )f( )7 Vt € Nt0+p7 (153)

A
lzor a+i—p+1) =

to+p—a
where p = [a] + 1.

Remark 1.7 We see that
A G AR f(t) # f(1) (1.54)

generally.

1.6.3 The Fractional Delta Caputo Difference Operator

The Caputo difference operator is named after the Italian mathematician Michele Caputo,
who introduced it as an alternative approach to fractional calculus. It has wide applications
in various fields, including physics, engineering, and mathematical modeling, where systems
exhibit non-local or memory-dependent behaviors. The Caputo operator is often preferred
over the Riemann-Liouville operator in fractional calculus because it has the advantage of
producing initial value problems with more physical relevance, particularly in the context of
fractional difference equations. The Caputo operator takes into account the entire history of
the function being differences, whereas the Riemann-Liouville operator includes contributions
from negative time, which may not be physically meaningful in many applications. The Delta
Caputo operator has found applications in various fields such as physics, engineering, signal
processing, and finance, where systems with memory effects, non-local behaviors, or fractal

properties are encountered.

Definition 1.13 [110] For o > 0 where « is not a natural number, the a-order Caputo fractional

difference of a function f defined on Ny, is given by:

1.6. Fractional Discrete Operators
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t—(p—a)
oa 1 _ . )
OAGF(t) == AP VAP f(t) = o= ST (t—i—-1)PVAPEG), Yt € Nygipoa,
i=t
’ (1.55)
where p = [a] + 1.
Remark 1.8 Note that
lim CAg f(t) = APTLE() — AP f(to). (1.56)

a—p—1

So CAQ is not an interpolation of AP. However; it is used in modeling because it is consistent with
the classical initial and boundary conditions. To avoid confusion, we define “ A as © A} f(t) :=

AP f(t), where p € N. Also, it is clear that CA,?O maps functions defined on Ny, to functions defined

on Ny, 4 (p—a)-
Remark 1.9 The fractional Caputo difference of a constant ¢ € R is
CAfe= APV AP =0, (1.57)

Theorem 1.13 [110] Suppose o > 0 and f is defined on Ny, then:

Pl )@
t—t .
ALy OO 1) = 1(1) —ZO(Z.!O)Nf(to), Vi€ Ny, (1.58)

.

where p = [a] + 1.
Specifically, if 0 < o < 1 then:

A ey A% (1) = F(t) = f(to), ¥tE N, (1.59)

Theorem 1.14 [110] Given o > 0, and f defined on Ny, then:

p—1
a a (t - tO (i=a)
CAg f(t) = AL f( ZF(z Tt D) A'f(to), VYt € Nigtpa, (1.60)

1=

where p = [a] + 1.
Specifically, when 0 < o < 1, we have

(t —to)(=)

CAR f(t) = A f(t) — T-a)

f(to), Vt € Nto—a—H- (1.61)

1.6. Fractional Discrete Operators
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Theorem 1.15 (Discrete Taylor’s Formula)[111] Consider f defined on Ny,. Then, for all
teNy,andpe Nwithp > 1:

=t L NS earg
f(t) = ;Z_!A f(to) + (p_l)!g;)(t —i—1)PDAPf(). (1.62)

Theorem 1.16 [112] Assume o > 0 and o ¢ N, and f is defined on Ny,. Then:

S (-t 1 &
f(t)=ZTA’f(to)+m S t—i—1)@D CAx f(i), Vte€ Ny, (1.63)
—~ il

1=to+p—a

1.6.4 The Fractional Nabla Sum Operator

The fractional Nabla sum is an operation used in fractional calculus, specifically in discrete
fractional calculus. It extends the traditional discrete sum to non-integer orders, allowing
for the analysis and manipulation of discrete-time signals and systems with fractional-order
dynamics.

The fractional Nabla sum has applications in various fields, including signal processing,
control theory, and time-series analysis, where systems with memory effects, non-local be-
haviors, or fractal properties are encountered. It provides a powerful tool for modeling and

analyzing complex dynamic systems with fractional-order dynamics in discrete-time domains.

Definition 1.14 [113] Let o > 0, the Nabla fractional sum of the function f : Ny, — R charac-

terized by:

t —_
Vil f(t) = F(la) (t—i+ 1) Lf(0), (1.64)
+1

1=to

Vt € Nto-

Lemma 1.2 [113] Given that ;x > —1 and « > 0, the following holds:

I'(p+1)

_ 4 )ta

Vit —to)

forany t € Ny,.
Theorem 1.17 [113] Consider the function f : Ny, — R be given, and suppose p,v > 0. Then:
Vi Vi F )] = VU £ () = VIV ), (1.66)

Vit € NtO'

1.6. Fractional Discrete Operators
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Theorem 1.18 [113] Given a function f : Ny, — R, for any o > 0 and any positive integer p, it
follows that:

X (t—to—p+ 1)2 P+
I'Na+i—-p+1)

Vil A VEf(t) = VPV 5, f (1) Vif(to+p—1). (1.67)

1=

1.6.5 The Fractional Nabla Rimann Liouville Difference Operator

The fractional nabla Riemann-Liouville difference operator finds applications in various
fields such as signal processing, physics, finance, and engineering, particularly in modeling

systems with memory effects or long-range dependence.

Definition 1.15 [105] When « > 0, the a-order Riemann-Liouville fractional nabla differences
of a function f defined on Ny, are defined as follows:

t
VPN (k=i 1P (i), VEE Ny, (1.68)
i=to+1

R0 = VPV =
where p = [a] + 1.
Theorem 1.19 [105] Assuming o > 0 and f is defined on Ny,, we have:

Vi ' f(t) = f(t), V€ Ny, (1.69)

where p = [a] + 1.

Theorem 1.20 [113] Given o > 0 and f defined on Ny, we have:

[y

S (t —tg —p+ 1) Pt

Vi Ve f Z S Cr——— VO P (g +p — 1). (1.70)
where p = [a] + 1.
Remark 1.10 We observe that
Vi Vi [(t) # (1) (1.71)

in general.

1.6.6 The Fractional Nabla Caputo Difference Operator

The Fractional Nabla Caputo Difference Operator is another important operator in frac-
tional calculus, similar to the Fractional Nabla Riemann-Liouville Difference Operator but with
a different definition. Compared to the Riemann-Liouville difference operator, the Caputo dif-
ference operator is more suitable for initial value problems because it eliminates the singular

behavior at the initial point.

1.6. Fractional Discrete Operators
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Definition 1.16 [105] For o« > 0 where « is not a natural number, the a-order Caputo fractional
difference of a function f defined on Ny, is defined as follows:

t

OV f(t) =V POVt = ———— 3 (t— i DPOIVPS(0), W€ Ny, (1.72)

where p = [a] + 1.

Remark 1.11 The fractional Caputo difference of a constant ¢ € R is simply 0, as it remains

constant regardless of the fractional difference operation:
OV e=v, P vre = 0. (1.73)

Theorem 1.21 [113] Assuming o > 0 and f is defined on Ny, then:

=l N
Vi Ove f(t) = f(t) - Z(ti‘t(])vlf(to), Vt € Ny, 1.74)
— !

1=

where p = [a] + 1.

Theorem 1.22 [113] Let o > 0, and f is defined on Ny,. Then:

p—1

Cve f(t) =V ft) =

=0

(t—to—p+1)°
I'i—a+1)

Vif(to+p—1), ¥t €Nyipa, (1.75)

where p = [a] + 1.

1.7 Fractional h-Difference Operators

Fractional h-difference operators are a generalization of the standard difference operators,
such as the Delta and Nabla differences, to fractional orders. These operators are used in vari-
ous fields including physics, engineering, and signal processing to model and analyze systems
or phenomena that exhibit non-integer order behavior.

Fractional h-difference operators have been extensively studied due to their applications in
modeling various phenomena exhibiting fractal or non-integer order behavior. They are used
in fractional calculus, time series analysis, numerical methods for solving fractional differential

equations, and in modeling anomalous diffusion processes, among other applications.

1.7. Fractional h-Difference Operators
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1.7.1 The Fractional h-Delta Operators

Definition 1.17 [106] Let o > 0. We define the a-th fractional h-Delta sum of a function
[ (hN),, — R as follows:

WAL TE) 1= w3 (¢ i — WY f (i), (176

vt € (AN); 4o, -
Remark 1.12 It’s worth noting that 1, A, extends functions from (hN), to (hN), | ., -

Definition 1.18 [106] For a > 0, the a-order Riemann-Liouville fractional Delta h-difference of
a function f defined on (hN), is defined as follows:

f—(p—a)
h
Ar ST (t=ih-h) TV (R, Y€ (WN)y o an

.__to
=7

AR f(t) = A toA;(p_a)f(t) “Th-a)

(1.77)
where p = [a] + 1.

Definition 1.19 [114] For o« > 0 where « is not a natural number, the a-order Caputo fractional
Delta h-difference of a function f defined on (hN), is given by:

CNGF(t) =19 A, P VAP f() = ——— (t—ih—h)"~ VAL f(iR), Wt € (AN), 4 phoan s

(1.78)
where p = [a] + 1.

1.7.2 The Fractional h-Nabla Operators

Definition 1.20 [107] Let o« > 0, the Nabla fractional h-Nabla sum of the function f : (hN), —
R characterized by:

h (t —ih + h)3 1 f(ih), (1.79)

oV f(t) = (o)

NER

=441

vt € (hN)

to *

Definition 1.21 [107] When « > 0, the a-order Riemann-Liouville fractional nabla h-differences
of a function f defined on (hN), are defined as follows:

1.7. Fractional h-Difference Operators
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t

h - , oI,
mvz > (t—ih+hP T f(iR), V€ (BN),

=041

V() = VP oV, P p(t) =

(1.80)
where p = [a] + 1.

Definition 1.22 [107] For o« > 0 where « is not a natural number, the a-order Caputo fractional
h-difference of a function f defined on Ny, is defined as follows:

o (p—a h ! ) a— )
Cvtof(t) =t Vh(p )VZf(t) = Tp—a) Z (t —ih +h)j, IV’;';f(zh), vt € (AN)y 4 pn -
i=to+1
’ (1.81)

where p = [a] + 1.

1.7. Fractional h-Difference Operators



Chapter 2

On the Stability of Discrete Fractional

Systems

2.1 Background on Stability of Integer Order Discrete
Systems

Stability analysis of integer-order difference equations involves examining the behavior of
solutions over time to determine whether they converge or diverge. Unlike differential equa-
tions, which involve derivatives with respect to continuous time, a difference equation deals
with discrete time steps. The stability of a solution in this context is crucial for understanding
the long-term behavior of a dynamic system.

Difference equations typically depict the progression of specific phenomena over time inter-
vals. For instance, in scenarios involving discrete generations within a population, the size of
the (¢4 1)th generation, denoted as =(¢+ 1), is determined by a function of the nth generation,

x(t). This dynamic relationship is formalized through a difference equation
z(t+1)=f(z(t)). (2.1

Alternatively, we can approach this issue from a different perspective. By commencing

from an initial point xy, we have the ability to generate a sequence:

zo, f (o), f (f (z0)), f (f (f (z0))),- - - (2.2)

The concept of equilibrium points, or states, holds significant importance in analyzing the
dynamics of various physical systems. Across diverse fields such as biology, economics, physics,
and engineering, there’s a common desire for all solutions of a system to converge towards its

equilibrium state. This pursuit of stability constitutes a fundamental aspect of stability theory,

20
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which is of paramount importance to scientists and engineers alike. Now, let’s delve into the

formal definition of an equilibrium point.

Definition 2.1 (Equilibrium Points) [108] A point x* in the domain of function f is considered
an equilibrium point of equation (2.1) if it satisfies the condition f(z*) = x*, indicating that x*
is a fixed point of f.

2.1.1 Notions of Stability

Let us consider the difference system

z(t+1) = [t (x(), (2.3)

where z (t) € R”, f : N x R” — R"™. We assume that f(n,z) is continuous in z. Recall that
(2.3) is said to be autonomous or time-invariant if the variable ¢ does not appear explicitly in

the right-hand side of the equation

fta () = fz(t), (2.4)

A point z* in R" is called an equilibrium point of (2.3) if f(¢,2*) = z*, for all t > t;. In most of
the literature x* is assumed to be the origin 0 and is called the zero solution. The justification
for this assumption is as follows:

Let y(t) = z(t) — «*. Then (2.3) becomes

y(t+1) = f(t,y(t) +2) — 2" = g(t, y(?)). (2.5)

Notice that y = 0 corresponds to x = z*. Since in many cases it is not convenient to make this

change of coordinates, we will not assume that z* = 0 unless it is more convenient to do so.

Definition 2.2 [108] A norm, denoted by ||.||, is a real-valued function defined on a vector space
V, satisfying the following properties:

(D ||z|| > 0and ||z|| = 0 only if x = 0.

(i) ||ax|| = || ||z|| for all z € V and scalars c.

(iiD) |l + ]| < llz]) + |yl for all 2,y € V.

Definition 2.3 [115] The equilibrium point x* of (2.3) is said to be:

e stable if, for each ¢ > 0 and ty € N, there exists a § = d(e,t9) > 0 such that for any solution
x(t) = x(t, to, o), with ||zg — x*|| < d one has ||x(t, to, zo) — z*|| < ¢, for all t € Ny, C N,

e uniformly stable if it is stable and ¢ depends solely on e,

Attracting if there exists § = d(to) such that ||xo — *|| < 6 implies tlim — x (t,to, o) = x*,
—00

2.1. Background on Stability of Integer Order Discrete Systems
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e uniformly attracting if the choice of § is independent of to. The condition for uniform attractivity
may be paraphrased by saying that there exists § > 0 such that for every e and ty there exists
N = N (e€) independent of to such that ||z(t,to,x0) — z*|| < € for all t > to + N whenever
|xo — z*|| < 0.

e asymptotically stable if it is stable and uniformly attracting

e uniformly asymptotically stable if it is uniformly stable and uniformly attracting.

e Exponentially stable if there exist 6 > 0, M > 0 and o € (0,1) such that ||x(t,t9,zo) — z*|| <
M'~%, whenever ||z — x*|| < §

e globally asymptotically stable if it is asymptotically stable for all xy € R™,

e globally uniformly asymptotically stable if it is uniformly asymptotically stable for all xy € R"™.

2.1.2 Stability of Linear Systems

In this subsection we specialize the results of the previous section to autonomous (time-

invariant) systems of the form
x(t+1)=Ax(t),t >ty >0, (2.6)

where z (t) = (1 (t), 22 (t),-- , 2, (1))’ € R, and A = (a;;) is a n x n real matrix. Here T
indicates the transpose of a vector
In the next theorem we summarize the main stability results for the linear autonomous

systems (2.6).

Theorem 2.1 [108] The following statements hold:
The zero solution of (2.6) is stable if and only if p(A) < 1 and the eigenvalues of unit modulus
are semisimple.

The zero solution of (2.6) is asymptotically stable if and only if p(A) < 1.

2.1.3 Stability of non-Linear Systems

Stability by Linear Approximation

The linearization method, pioneered by mathematicians Liapunov and Perron, is a crucial
tool in stability theory. Widely utilized in control system design, engineers and scientists fa-
vor this method for analyzing and designing feedback devices. Here, we specifically employ

Perron’s approach to study the stability of nonlinear systems of difference equations.

w(t+1)=Jz(t)+g(x(t), 2.7)

2.1. Background on Stability of Integer Order Discrete Systems
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where J = f/(0) is the Jacobian matrix of f at 0, and ¢g(z) = f(x)—Jz. Since f is differentiable
at 0, it follows that g(z) = o(z) as ||z|| — 0. Equivalently,

o lg@I _ o (2.8)
lzl—0 ||zl

Theorem 2.2 [108] Assume that g(z) = o(z) uniformly as ||z|| — 0. If the zero solution of the
linear system (2.6) is asymptotically stable, then the zero solution of the nonlinear system (2.7)

is exponentially stable.
Corollary 2.1 [108] If p(J) < 1, then the zero solution of (2.7) is exponentially stable.
Corollary 2.2 [108] If || f' (0)|| < 1, then the zero solution of (2.7) is exponentially stable.

Theorem 2.3 [108] (Hartman-Grobman) Let f : R — R" a C"-diffeomorphism with hyper-
bolic fixed point x*. Then there exists neigh-borhoods V' of x* and W of 0 and a homeomorphism
h:W — V such that f(h(z)) = h(Azx), where A = D f(x*).

In other words, f is topologically conjugate in a neighborhood of the fixed point =* to the linear
map induced by the derivative at the fixed point.

Remark 2.1 The fixed point x* is assumed to be hyperbolic, where none of the eigenvalues of A

lie on the unit circle.

Liapunov’s Direct, or Second, Method

In 1892, A.M. Liapunov introduced the influential Liapunov’s direct method for studying
the stability of nonlinear differential equations. This method, a cornerstone in stability theory,
enables the qualitative analysis of solutions without ezplicitly determining them. It relies on
identifying specific real-valued functions, named after Liapunov, though a challenge remains

in selecting the appropriate Liapunov function for a given equation.

Definition 2.4 [108] The function V : R® — R is said to be a Liapunov function on a subset
H of R™ if:
V' is continuous on H, and AV (z) < 0, whenever x and f(x) belong to H.

Theorem 2.4 [108] If V is a Liapunov function for (2.7) in a neighborhood H of the equilibrium
point x*, and V is positive definite with respect to =*, then x* is stable. If, in addition, AV (z) <0
whenever z, f(z) € H and x # x*, then z* is asymptotically stable. Moreover, if G = H = R"

and V(z) — oo as ||x|| — oo, then x* is globally asymptotically stable.

Based on the above, in this section we will formulate the stability theorems in the case of
difference (Delta difference, Nabla difference, Delta h-difference, Nabla h-difference)

2.1. Background on Stability of Integer Order Discrete Systems
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2.1.4 Stability Analysis of Delta Difference Systems

Stability of Linear Systems

Consider the integer order difference system:

{ Ax(t) = Az(t), teN, (2.9)

z(0) = zg, o € R,
where x(t) € R" and A is an n X n constant matrix.
It has an equilibrium point at the origin (z = 0). The solution of the linear system (2.9)

starting from z( has the form
z(t) = (A+I,)'xe, VteN, (2.10)

where I, is the identity matrix. We have the following result on the stability of linear system

(2.9).

Theorem 2.5 Let A1, A2, - -+ , A, be the eigenvalues of A.

If all the eigenvalues \; of A satisfies |\; + 1| < 1, 1 < i < n, then the trivial solution of (2.10) is
globally asymptotically stable on N.

If|Ni+1] < 1,1 < i < n,and whenever |\; + 1| = 1, then \; is a simple eigenvalue of A. Then
the trivial solution of (2.9) is stable on N.

Furthermore, if there is an eigenvalue X\ of A withe |\ + 1| > 1, then the trivial solution of (2.9)

is unstable on N.

Proof. By writing the system in explicit form, we find:

{ z(t+1) = (A+1,)xz(t), teN, (2.11)

z(0) = xo, x0 € R",

By applying the Theorem 2.1 to the system (2.11) noting that the eigenvalues of (A + I,,) are
of the form X\ + 1 where A is an eigenvalue of A we find:

The zero solution is asymptotically stable if and only if all the eigenvalues \; of A satisfies
N+l <1,1<i<n

The zero solution stable if and only if and whenever |)\; + 1| = 1, then J; is a simple eigenvalue
of A.

If there is an eigenvalue X of A withe |\ + 1| > 1, then the zero solution is unstable on N.

2.1. Background on Stability of Integer Order Discrete Systems
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Remark 2.2 Assume |\; + 1| < 1,1 < ¢ < n. If there is a non simple eigenvalue \ of A satisfying

|A + 1| = 1, then we can’t conclude.

Example 2.1 Consider the following linear system:

teN. (2.12)

{ Az1(t) = 0.221(t) — 4a(t),
Axo(t) = 0.3z1(t) — 3z2(2),

0.2 -038

The eigenvalues of A =
& f ( 03 -1

) are A\ = —5.3590 x 1072 and \y = —0.746 41 Since

AL+ 1] =0.94641 < 1
Mo+ 1] =0.25359 <1

then, by Theorem 2.5 the trivial solution of (2.12) is globally asymptotically stable on N.

Example 2.2 Consider the following system:

Azq(t) = t
zi(t) = z2(1), teN. (2.13)
A$2(t> == 03$1(t) - 2$2(t),
The eigenvalues are A\ = 0, A\ = —2. Since
M +1=1
Mo+1]=1"

and A\ and )\, are simple eigenvalues then, by Theorem 2.5 the zero solution of (2.13) is stable

Stability of Non-Linear Systems by Linearisation Method

Consider the following non-linear system:

{ Az(t) = f(xz(t), teN,

(2.14)
z(0) = x9, x0 € R",

where f : R” — R" a continuously differentiable function, and suppose f(0) = 0, thatis z =0

is an equilibrium point for system (2.14).

Theorem 2.6 Let J be the Jacobian matrix of f at 0. If all the eigenvalues \;,1 < i < n, of J
satisfies |\; + 1| < 1, then the trivial solution of (2.14) is asymptotically (exponentially) stable

on N.

Proof. By writing the system in explicit form, we find:

{ z(t+1) = f(z(t) + z(t), teN,

(2.15)
z(0) = xg, x9 € R",

2.1. Background on Stability of Integer Order Discrete Systems
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By applying the Theorem 2.2 to the system (2.15) noting that the eigenvalues of (J + I,) are
of the form X\ + 1 where ) is an eigenvalue of J we find: The zero solution is asymptotically
stable if and only if all the eigenvalues \; of J satisfies |\; + 1| < 1,1 <i < n.

Example 2.3 Consider the following non-linear system:

{ Al’l(t) _ O,2:U1(t)€m(t) — 4sin (:Uz(t)), teN (2.16)

Axy(t) = cos (z1(t)) — daa(t) — 1,
Note that 0 is a fized point for the system. Let f = (f1, f2)T, where fi = 0.2z(t)e™>®) —

4sin (zo(t)) and fo = % — x9(k), then the Jacobian matrix is given by

0f1(0)  9f1(0) _02 —4
T={ oy ot |=| )
- s 0 -15
hence the eigenvalues of J are A\; = —0.2, \; = —1.5. Since

A +1]=08<1
Mo4+1=05<1"

then, by Theorem 2.6 the trivial solution of (2.16) is asymptotically stable.

2.1.5 Stability Analysis of Nabla Difference Systems

Stability of Linear Systems

Consider the integer order difference system:

{ Va(t) = Az(t), teNy, (2.17)

z(0) = zg, zo € R",
where z(k) € R" and A is an n x n constant matrix. It has an equilibrium point at the origin
(z = 0). If det (I, — A) # 0, then the solution of the linear system (2.17) starting from x

existe and has the form
z(t) = (I, — A)"twg, Vte Ny, (2.18)

We have the following result on the stability of linear system (2.17).

Theorem 2.7 Let A1, A2, - -+ , A, be the eigenvalues of A.
If all the eigenvalues \; of A satisfies |\; — 1| < 1, 1 < i < n, then the trivial solution of (2.17) is

2.1. Background on Stability of Integer Order Discrete Systems
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globally asymptotically stable on N.

If [N\ — 1] < 1,1 < i< n,and whenever |\; — 1| = 1, then \; is a simple eigenvalue of A. Then
the trivial solution of (2.17) is stable on N.

Furthermore, if there is an eigenvalue X\ of A withe |\ — 1| > 1, then the trivial solution of (2.17)

is unstable on N.

Proof. By writing the system in explicit form, we find:

{ o(t+1) = (I — A) " a(t), teN, (2.19)

z(0) = xo, x0 € R",

By applying the Theorem 2.1 to the system (2.19) noting that the eigenvalues of (I, — A) "
are of the form (1 — \) ! where \ is an eigenvalue of A we find:

The zero solution is asymptotically stable if and only if all the eigenvalues \; of A satisfies
N—1>1,1<i<n.

The zero solution stable if and only if and whenever |A; — 1| = 1, then J; is a simple eigenvalue
of A.

If there is an eigenvalue X of A withe |\ — 1| < 1, then the zero solution is unstable on N.

Remark 2.3 Assume [\, — 1| > 1,1 < ¢ < n. If there is a non simple eigenvalue \ of A satisfying

A — 1| = 1, then we can’t conclude.

Example 2.4 Consider the following linear system:

Vi (t) = 321 (t) — 222(2),
() =3m() —2m(0), (2.20)
V:CQ (t) = l’l(t) - 3.%'2 (t),
. 3 -2 .
The eigenvalues of A = < ) 5 ) are A\ = —/7 and \s = \/7 Since
A1 — 1] =3.6458 > 1
Ao—1]=1.6458 > 1
then, by Theorem 2.7 the trivial solution of (2.20) is globally asymptotically stable on N.
Example 2.5 Consider the following system:
Vzi(t) = —0.3913z1 () — 0.3936x2(t),
m(f) m(f) 20 e, (2.21)
Vao(t) = 2.3773z1 (t) — 2.391324(¢),
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The eigenvalues are A\ = 0, Ao = 2. Since

-1 =1
Ap—1]=1"

and A\ and )\, are simple eigenvalues then, by Theorem 2.7 the zero solution of (2.21) is stable.

Stability of non-Linear Systems by Linearisation Method

Consider the following non-linear system:

{Vﬂﬂ:ﬂﬂm,ker

(2.22)
xz(0) = xy, =z € R,

where f : R” — R" a continuously differentiable function, and suppose f(0) = 0, thatisxz =0

is an equilibrium point for system (2.22).

Theorem 2.8 Let J be the Jacobian matrix of f at 0. If all the eigenvalues \;,1 < i < n, of J
satisfies |\; — 1| > 1, then the trivial solution of (2.22) is locally asymptotically stable on N.

Proof. By writing the system in explicit form, we find:

{ a(t+1) = f(z(t+1) +z(t), teN, (2.23)

z(0) = xo, x0 € R",
According to Hartman—Grobman theorem if |\; — 1| > 1 (0 is hyperbolic fixed point ) the

system (2.23) equivalent to

z(t+1)=Jz(t+1)+2(t), teN,
z(0) = xo, x0 € R,

in a neighborhood of the fixed point 0. So if |\; — 1| > 1, then the zero solution is locally
asymptotically stable. =

Example 2.6 Consider the following non-linear system:

{ V1 (t) = 2sin (x2(t)) (2.24)

Vo(t) = z1(t) + z1(t)x2(k).

Let f = (flafZ)Ta where fl = sin (ﬂjl(t)) - 1’2(15), and f2 = J}l(t) + 1‘1(15).’1:2(16) — l’g(t), then the

Jacobian matrix is given by
9£(0)  91(0)
J= 8;1 8;2 — 0 2
02(0)  0£2(0) 40 )

o1 0T
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hence the eigenvalues of J are A1 o =1 21/2. Since

AN —1=2V2-1>1
Mo—1]=2v2+1>1"
then, by Theorem 2.8 the trivial solution of (2.24) is unstable on N.

2.1.6 Stability Analysis of Delta h-difference Systems
Stability of Linear Systems
Consider the integer order difference system:

Apx(t) = Az(t), teN,
xz(0) = xg, =z € R",

where z(t) € R” and A is an n x n constant matrix.

(2.25)

It has an equilibrium point at the origin (z = 0). The solution of the linear system (2.25)

starting from z( has the form

z(t) = (RA + I,)'xg, VtEN,

where [, is the identity matrix. We have the following result on the stability of linear system

(2.26).

Theorem 2.9 Let A1, A2, - , A\, be the eigenvalues of A.

(2.26)

If all the eigenvalues \; of A satisfies |hA\; + 1| < 1, 1 < i < n, then the trivial solution of (2.25)

is globally asymptotically stable on N.

If|lhA; + 1] < 1,1 < i < n, and whenever |h\; + 1| = 1, then \; is a simple eigenvalue of A. Then

the trivial solution of (2.25) is stable on N.

Furthermore, if there is an eigenvalue X of A withe |h\ + 1| > 1, then the trivial solution of (2.25)

is unstable on N.

Proof. The proof of this Theorem is exactly the same as the proof of the Theorem 2.5. m

Example 2.7 Consider the following linear system:

A t) = —0.9688x1(t) — 0.2247x5(t
{ 0.221(t) r1(t) za(t), A~

Ao,gxg(t) = 0.9195:131(t) + 0.0688:132(t),

—0.9688 —0.2247

The eigenvalues of A =
0.9195 0.0688

IhAL + 1] = 0.96002 < 1
Ihds + 1| = 0.85998 < 1

(2.27)

) are \1 = —0.19992 and Ay = —0.700 08 Since
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then, by Theorem 2.9 the trivial solution of (2.27) is globally asymptotically stable on N.

Example 2.8 Consider the following system:

{ Bosra(t) = 15077001 (1) = 15.79752(1), | _ o (2.28)

A:L‘gg(t) = 8.0268$1(t) + 8.41041‘2(t),
The eigenvalues are Ay = —6.6667, Ay = 0 Since

‘h)\l—i-l’:l
WAy +1]=1"

and \1 and X\ are simple eigenvalues then, by Theorem 2.9 the zero solution of (2.28) is stable

Stability of non-Linear Systems by Linearisation Method

Consider the following non-linear system:

{ Apa(t) = f(z(t), teN,

(2.29)
z(0) = xo, x0 € R",

where f : R” — R" a continuously differentiable function, and suppose f(0) = 0, thatis z =0

is an equilibrium point for system (2.29).

Theorem 2.10 Let J be the Jacobian matrix of f at 0. If all the eigenvalues \;,1 < i < n, of J
satisfies |hA; + 1| < 1, then the trivial solution of (2.29) is asymptotically (exponentially) stable
on N.

Proof. The proof of this Theorem is exactly the same as the proof of the Theorem 2.6 =

Example 2.9 Consider the following non-linear system:

A t) = —0.0447x1(t) — t t) + 0.212425(1),
0.171(t) z1(t) — 1 (t)w2(t) + 220, | N (2.30)
Ap1z2(t) = sin (—1.4298x1 (t) — 2.1553x2(t))
Note that 0 is a fized point for the system. Let f = (f1, f2)?, where fi = —0.0447x1(t) —
x1(t)z2(t) +0.212425(t) and fo = sin (—1.4298x1(t) — 2.1553x4(t)) , then the Jacobian matrix is
given by
91(0)  2100) —0.0447  0.2124
T={ oy ot | =\ _, | )
2 2
20 24( —14298  —2.1553
hence the eigenvalues of J are \y = —0.2, \; = —2. Since

|hA1 +1] =0.98 < 1
lhdg+1/=08<1

then, by Theorem 2.10 the trivial solution of (2.30) is asymptotically stable.

2.1. Background on Stability of Integer Order Discrete Systems
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2.1.7 Stability Analysis of Nabla Difference Systems

Stability of Linear Systems
Consider the integer order h-difference system:

{ Viwa(t) = Ax(t), te Ny, (2.31)

z(0) = xg, x0 € R",
where z(¢t) € R™ and A is an n x n constant matrix. It has an equilibrium point at the origin
(x = 0). If det (I, — A) # 0, then the solution of the linear system (2.31) starting from xg

existe and has the form
x(t) = (In — hA) 'z, VteNj, (2.32)

We have the following result on the stability of linear system (2.31).

Theorem 2.11 Let A1, Ao, - -+ , A, be the eigenvalues of A.

If all the eigenvalues \; of A satisfies |hA\; — 1| < 1, 1 < i < n, then the trivial solution of (2.31)
is globally asymptotically stable on N.

If I\ — 1] < 1,1 < i < n, and whenever |h\; — 1| = 1, then \; is a simple eigenvalue of A. Then
the trivial solution of (2.31) is stable on N.

Furthermore, if there is an eigenvalue X of A withe |h\ — 1| > 1, then the trivial solution of (2.31)

is unstable on N.

Proof. The proof of this Theorem is exactly the same as the proof of the Theorem 2.7 m

Remark 2.4 Assume |h)\; — 1| > 1,1 < ¢ < n. If there is a non simple eigenvalue X of A satisfying

|hA — 1| = 1, then we can’t conclude.

Example 2.10 Consider the following linear system:

{ Voszi(t) = da1(t) = 522(t), o (2.33)

Vosgxa(t) = 2x1(t) — x2(t),
The eigenvalues of A are \; = %Z\/ﬁ + % and Ay = % — %Z\/ﬁ Since
|hA1 — 1] = |hXAy — 1| = 1.562 > 1,

then, by Theorem 2.11 the trivial solution of (2.33) is globally asymptotically stable on N.

2.1. Background on Stability of Integer Order Discrete Systems
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Stability of non-Linear Systems by Linearisation Method

Consider the following non-linear system:

{ Vie(t) = f(z(t)), teN, (2.34)

z(0) = zg, x0 € R",

where f : R” — R" a continuously differentiable function, and suppose f(0) = 0, thatis z =0

is an equilibrium point for system (2.34).

Theorem 2.12 Let J be the Jacobian matrix of f at 0. If all the eigenvalues \;,1 < i < n, of J
satisfies |hA; — 1| > 1, then the trivial solution of (2.34) is asymptotically stable on N.

Proof. The proof of this Theorem is exactly the same as the proof of the Theorem 2.8 m

Example 2.11 Consider the following non-linear system:

{ Vo1 (t) = 1.89 cos (z1(t) + %), (2.35)

Vo.rxa(t) = sin (0.77x1(t)) — 229 (t) 4 21 (t)e*2®),

Let f = (f1, f2)", where fi = 1.89cos (z1(t) + 5), and fo = sin (0.77z1(t) + z1(t)x2(t)) , then

the Jacobian matrix is given by

2A10) 94 0) ~1.89 0
J = or1 0o — .
0f2(0)  9/2(0) 077 -2 )

81‘1 8902

hence the eigenvalues of J are \y = —1.89 and A1 = —2. Since

|hAy — 1] =2.323 > 1
hAg—1|=2.4>1

then, by Theorem 2.12 the trivial solution of (2.35) is unstable on N.

Remark 2.5 Note that Lyapunov’s direct method is valid for all previous systems.

2.2 Stability Analysis of Discrete Fractional Systems with
Commensurate Orders

There are many efforts devoted to studying the stability of discrete fractional systems. But
in this section, we will mention the most important results that were widely spread and had

many contributions to many studies.

2.2. Stability Analysis of Discrete Fractional Systems with Commensurate Orders
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2.2.1 Stability of Linear Systems

Consider the fractional order difference system:

AR x(t) = Az(t+a—1), t€Nyyia, (2.36)
x(to) =Tg, X0 € Rn,
where 0 < a < 1, tg € R, and A is an n x n constant matrizx.
we introduce the set:
«
S = {z eC:|z|< <2 cos |ar2gz|77> and |arg z| > O;W} (2.37)
—

Theorem 2.13 [116] Let o € (0,1) and A is an n X n constant matrix. If A\ € S* for all the
eigenvalues A of A, then the trivial solution of (2.36) is asymptotically stable. In this case, the
solutions of (2.37) decay towards zero algebraically (and not exponentially), more precisely

lz(®)]] = O@™") ast— oo,

for any solution x of (2.36).
Furthermore, if A € C\ cl(S®) for an eigenvalue \ of A, the zero solution of (2.36) is not
stable.

Example 2.12 Consider the following system:

2
ONJ w1 (t) = =21 (t) + —3a2(t),

3 teN; ;1 2. (2.38)
CAf xa(t) = —graa(t), ’
_3 3
The characteristic equation for 08 217 is (A + %)(z\ + %—;) = 0 and hence the eigenvalues
T
of Aare \y = —% and Ay = —é—;. Since

3 NIEEAR 2
Al =5 < <2cos w> ~ 0.6666666666, and |arg \i| = > % &\ €S
-3

and

2
17 Ao —7\°® 2
el = 5= < (2 Cos|arg22‘7r> ~ 0.6666666666, and |arg\e| = > % & A€ S5

Then, by Theorem 2.13, the trivial solution of (2.38) is asymptotically stable.

2.2. Stability Analysis of Discrete Fractional Systems with Commensurate Orders
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2.2.2 Stability of Non-Linear Systems via Liapunov’s Direct Method

Concerned in studying their stability are written in the general form as follow:

{ CARz(t) = f(t+a—1,z(t+a—1), t€Nyiia, 2.39)

.’lf(to) =g, X0 E Rn,

where n € Ny, tg € Ny, z(t) € R?, f : N;, x R — R” is continuous, and 0 < o < 1.
A point z* € R" is a fixed (equilibrium) point of (2.1) if and only if

We will be concerned with the stability of the equilibrium point z* = 0.

Theorem 2.14 [115] If there exists a positive definite and decrescent scalar function
V(t,z) € C [Ny, x S,,R] such that

CARV(t,z(t)) <0, (2.40)
forallty € Ny, and (t,x) € N x S, then the trivial solution of (2.39) is uniformly stable.

Theorem 2.15 [115] If there exists a positive definite and decrescent scalar function
V(t,z) € C [Ny x S,,Ry] such that

CALV(t,2(t)) < —¢(||lz(t +a—1]]), Vi € Ny, (t,2) ENx S,, (2.41)
where 1) € K, then the trivial solution of (2.39) is uniformly asymptotically stable.

Theorem 2.16 [115] If there exists a function V(t,x) € C [N, x R™, R ] such that

ARVt a(t) < (et +a 1)) Vo € Ny, (t,2) € Nx R,

where f,g, and » € KR hold for all (t,x) € Ny, x R", then the trivial solution of (2.39) is
globally uniformly asymptotically stable.

Remark 2.6 Theorem 2.16 gives a sufficient condition to analyze stability of (2.39). But it’s not
easy to construct g, f and v functions directly. Yet, so far there is no direct way to know the

stability of system (2.39).

2.3 Stability Analysis of Nabla h-difference Systems
2.3.1 Stability of Linear Systems

Consider the fractional order difference system:

2.3. Stability Analysis of Nabla h-difference Systems
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Vha(t) = Ax(t), t € Nyyn, (2.42)
x(to) =x9, xp€ R",
where 0 < a,h < 1, tg € R, and A is an n X n constant matrix.
we introduce the set:
- am 2 Jargz|\“
Sy =3z€eC: |argz| > - or |z| > 7 CO8 — . (2.43)

Theorem 2.17 [117] Let det(I — h*A) # 0. Then (2.42) has a unique solution for any initial
vector xg € R™. Moreover, the zero solution of (2.42) is asymptotically stable if all the eigenvalues
of A are located in 5‘2‘.

Example 2.13 Consider the following system:

2
O3 44(t) = —3x1(t t
wViai(t) = =3u(t) + o) tEN, .\ 2. (2.44)
gv% .’L'Q(t> = 3{E2(t) 3

The eigenvalues of A = ( -

1
0 3 ) are \;1 = —3 and Ay = 3. Since

A1l =3 Ay € 53,
and
Mol =3 & Ay € 53,

Then, by Theorem 2.17, the trivial solution of (2.44) is asymptotically stable.

2.3.2 Stability of Non-Linear Nabla h-difference Systems

Consider the fractional order difference system:

{ tco Qx(t) = f(z(t)), te Nyin, (2.45)

:E(to) =x9, x9 € R",
where 0 < a, h < 1, tg € R, and f : R™ — R"™ a continuously differentiable function.
Theorem 2.18 [117] Let z* be an equilibrium point of (2.45). If all the eigenvalues of f' (z*)

are located in S?, then (2.45) has a unique solution for all initial vectors close enough to =* and,

moreover, x* is asymptotically stable.

2.3. Stability Analysis of Nabla h-difference Systems
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Example 2.14 Consider the following system:

teN (2.46)

2.
to+1-3%

2
gvlz x1(t) = —2x1(t)e“”2(t)
IViaa(t) = 23(t) — 4.72o(t)e"r(®)

The eigenvalues of f' (x*) are A\ = —2 and \y = —4.7 Since \; € Sg, and Mg € S3. Then, by
Theorem 2.18, the trivial solution of (2.45) is asymptotically stable.

2.3. Stability Analysis of Nabla h-difference Systems
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Survey Study About New Results in the
Applications of Fractional Difference

Systems

3.1 A Brief Introduction to Chaos

The mathematical concept of a dynamical system is based on the idea that the behavior of
many real-world processes follows a set of specific rules. Chaos refers to a complex nonlinear
phenomenon characterized by extreme sensitivity to initial conditions in dynamical systems.
This sensitivity, often called the "butterfly effect,” means that even the smallest changes in
starting conditions can lead to vastly different outcomes over time.

Discrete chaotic systems, which have been studied extensively, exhibit this property of sen-
sitivity to initial conditions. To better understand and analyze their behavior, researchers have
developed various mathematical tools and techniques. In this chapter, we introduce funda-
mental characteristics and key concepts of chaos theory in the context of discrete fractional
nonlinear dynamical systems.

Chaos theory is a branch of mathematics that focuses on deterministic nonlinear systems
with high sensitivity to initial conditions. While chaotic systems may seem unpredictable at
first glance, they often exhibit underlying patterns or structures that emerge over time and can
be modeled mathematically.

Although there is no universally accepted definition of chaos, a widely referenced definition
was proposed by Devaney in 1989. To understand this definition, we must first introduce some

foundational concepts, which will be discussed in the following sections.

Definition 3.1 [118] Let E be a metric space. The function f : E — FE has sensitive dependence
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on initial conditions on E if there exists 0 > 0 such that, for any x € E and any neighborhood U
of z, there exists y € U and t > 0 such that | f'(x) — ft(y)| > 4.

Definition 3.2 [119] Let E be a metric space. The function f : E — F is said to be topologically
transitive if for any pair of non-empty open sets U,V C J, there exists t € N such that ¢'(U)NV =

g.

Definition 3.3 A subset I C X is said to be dense in X if for every x € X there a exists sequence

(2t)seny € I such that tlima:t =z

—00

In the following, we present the definition of chaos according to [118].

Definition 3.4 [118] f: E — FE is said to be chaotic on E if
e f possesses sensitive dependence on initial values.
e f is topologically transitive

e The set of periodic points is dense in F.

3.1.1 Chaotic Systems

Over the years, many researchers have focused on studying chaotic systems and their asso-
ciated maps. The advancement of technology and computational tools has greatly contributed
to progress in this field. These developments have made it easier to track the trajectories of
chaotic systems over extended periods and with greater precision.

As a result, theoretical studies of chaos have been significantly enhanced by numerical sim-
ulations. Various computational methods have been developed to investigate and understand
chaotic behaviors, allowing researchers to explore these complex dynamics more effectively

through the use of computer programs.

3.1.2 Characteristics of Chaotic Systems

Sensitivity to Initial Conditions

Sensitivity to initial conditions, as defined earlier, means that even a tiny perturbation in
the state of a nonlinear deterministic system can result in significant differences in its future
behavior. This property, often referred to as the "butterfly effect," was first observed by Lorenz
(1963) in his study of atmospheric models [120], where small changes led to unexpected and
dramatic outcomes. The term "butterfly effect" gained popularity from the title of Lorenz’s
1972 academic paper, "Predictability: Does the Flap of a Butterfly’s Wings in Brazil Set Off a

Tornado in Texas?"

3.1. A Brief Introduction to Chaos
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Mathematically, sensitivity to initial conditions is quantified using the Lyapunov exponents
(LE). A positive Lyapunov exponent indicates that the system is highly sensitive to its starting

conditions, with small differences in initial states diverging exponentially over time.

Strange Attractor

A strange attractor is a type of attractor that emerges from a chaotic system. Unlike simpler
attractors, it exhibits such intricate complexity that it is impossible to precisely predict the
exact location of the system’s state on the attractor at any given time.

Strange attractors are characterized by sensitivity to initial conditions, meaning that points
on the attractor that are initially close will diverge significantly over time. However, despite
this divergence, the points will remain confined to the attractor’s structure.

If the attractor is strange, the system’s motion is non-periodic, meaning it does not repeat

over time. This irregular yet deterministic motion is what defines chaotic behavior.

Bifurcation

Consider the non-linear discrete system
z(t+1)=f(z(),N) (3.1)

where A € R. When the parameter A known as the bifurcation parameter, is varied, the
dynamic behavior of the system may undergo significant changes. This phenomenon is called
a bifurcation.

A bifurcation occurs when even a small change in the bifurcation parameter leads to a
qualitative or topological shift in the system’s behavior. These shifts might include changes in
the number or stability of equilibrium points, periodic orbits, or the onset of chaotic dynamics.

Bifurcation diagrams are useful tools to visualize these changes. They plot the long-term
behavior of the system’s states as a function of the bifurcation parameter, allowing one to
observe qualitative transitions in the dynamics.

There are various types of bifurcations, including: Saddle-node (or fold) bifurcation, Hopf
bifurcation, Pitchfork bifurcation, Transcritical bifurcation,Period- doubling (or flip) bifurca-
tion and Neimark-Sacker bifurcation.

These types reflect different ways in which the system’s behavior can change as the para-

meter ) is varied.

Lyapunov Exponents

The Lyapunov exponents (LEs) method, introduced by Russian mathematician Aleksander

Lyapunov, is a key tool for measuring chaos in dynamical systems. It quantifies the sensitive

3.1. A Brief Introduction to Chaos
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dependence on initial conditions, a hallmark of chaotic systems. Specifically, the presence of a
positive Lyapunov exponent indicates that the system exhibits chaotic behavior.

Below, we define the Lyapunov exponents in the context of discrete-time systems and out-
line the Jacobian matrix algorithm for calculating the LE of fractional-order discrete systems.

Consider the discrete dynamical system:
v(t+1)=f(z(t)=f (z(0) (3.2)

where © € R".
For a small perturbation J,, in the initial values z, the sensitivity to initial conditions is
measured as:
1624 = ||8o]| €, (3.3)

where ) is the maximum Lyapunov exponent (MLE). It is calculated as:

A= lim Ll < |0 > (3.4)

t—oot H(son '

e )\ > 0: The trajectories are chaotic.
e )\ < 0: The trajectories converge.

e )\ = 0: The trajectories exhibit periodic motion.

The Jacobian matrix J; of the system is defined as:
Jt =J (mt,l) J (:L‘tfg) e J (xo) s (3.5)

where J (z;) = D, f(x)|

The eigenvalues of J; are denoted as:

o=z, 1S the Jacobian matrix of f at z;.

AT (3.6)

n

M)\ > \Ag”] > >

Then, according to [121], the i-th Lyapunov exponents is defined as

A

1
/\i:tlimgln =12, n. (3.7)

Calculating the Lyapunov exponents analytically is challenging due to the difficulty of com-
puting the Jacobian matrix J;. Thus, numerical techniques are often employed. Common
methods include:

e QR Decomposition Method [122].

e Wolf Method [ 1.
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The Wolf method is widely used for integer-order dynamical systems. It repeatedly renor-
malizes vectors using the Gram-Schmidt procedure. However, it does not work for fractional-
order discrete systems because fractional-order dynamics depend on all previous states.

This limitation led to the development of new algorithms tailored for fractional discrete
systems. One such approach is the Jacobian matrix algorithm for discrete fractional maps, as
described by Wu and Baleanu (2015) [124].

3.2 Synchronization

Synchronization describes a relationship between two systems where their states become
coordinated over time through appropriate control mechanisms. This phenomenon is crucial

in many applications, including secure communications, neuroscience, and control theory.

3.2.1 Master-Slave System

The master system is represented by:

OAG z1(t+1—a1) = (X (1)),

CA2z0(t+1—ag) = f2(X (1)),
. 0 2( az) = f2(X (1)) h=0.1,- (3.8)

CAG Ta(t +1 - an) = fulX (1)),
where “A¢ denotes the Caputo fractional difference of order a,0 < o < 1, for, X(t) =

(w1(t),22(¢), - ,2,(t))T € R™ is the state of the system (3.8) and (f1, fa, - , fn)? : R® — R™.
And the slave system is given by:

CAS”yl(t +1—a1) =q(X(t)+ U,

CAOQ t 1— o) = X(t)+U
y ?
. 0 2( 2) 92( ( )) 2 t_0717 , (39)

CAS‘"yn(t +1—ap) =g, (X)) + Uy,

where Y (t) = (y1(t), y2(t), - - ,yn(t))T € R™ is the state of the system (3.9), (g1,92, -+ ,gn)" :

R® — R" and U = (Uy,Us,--- ,U,)" € R™ is a control vector to be determined.

3.2.2 Types of Synchronization

Complete Synchronization (C.S)

Definition 3.5 [125] Complete synchronization occurs when the control U ensures:

lim |[Y(¢) — X ()] =0, (3.10)

t—o00
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where ||.|| denotes the Euclidean norm.

e If f; = g; for all 4, this is identical complete synchronization.

o If f; # g;, for some i, this is non-identical complete synchronization.

Anti-Synchronization

Definition 3.6 [125] Anti-synchronization occurs when the control U ensures:

lim [Y(8) + X (1) = 0. (3.11)

Projective Synchronization

Definition 3.7 [126] Projective synchronization happens when there exists a diagonal matrix
H = diag(hy,--- , hy) such as:

Tim [|Y'(1) = H x X(t)]| =0. (3.12)

e Ifall h; = 1, this represents complete synchronization.

e Ifall h; = —1, this represents anti-synchronization.

Full-State Hybrid Projective Synchronization (FSHPS)

Definition 3.8 [127] FSHP synchronization occurs if there exist controls U; and a constants -y;;

such as:

(3.13)

3

tlglolo yi(t) — z;’yijxj(t) =0, ¢=1,---
j:

Inverse FSHP Synchronization (I.FSHPS)

Definition 3.9 [128] Inverse FSHP synchronization occurs if there exist controls U; and a con-

stants f3;; such that:

Jlim |z;(t) —Z;/j‘ijyj(t) =0, i=1,---,n. (3.14)
=
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Generalized Synchronization (G.S)

Definition 3.10 [129] Generalized synchronization occurs if there exists a controller U and a
function f : R™ — R"™ such that:

Jim ¥ (2) ~ £ (XO)] =0, (3.15)

Remark 3.1 Generalized synchronization encompasses all previously mentioned types of synchro-

nization.

Inverse Generalized Synchronization (I.G.S)

Definition 3.11 [130] Inverse generalized synchronization occurs if there exists a controller U
and a function f : R™ — R" such that:

Jim [ X(1) — £ (Y (1) =0, (3.16)

Remark 3.2 If f (Y (t)) = BY (t) where B = (83,;), this is referred to as inverse full-state hybrid

projective synchronization.

Q-S Synchronization

Definition 3.12 [131] @ — S synchronization occurs in dimension d if there exist a controller U
and two functions Q : R — R? S : R — R such that:

Jim Q (X() = S (V)] =0, (3.17)

Remark 3.3 Q) — S synchronization is a generalized form of all prior synchronization types.

3.2.3 Analytical Results
Let us consider the master system defined as:
CAGzi(t+1—a) = Y ayyzi(t) + fL(X(1)),
j=1

CAfz(t+1—a)= ia2j$j(t) + f2(X (1)),
=

(3.18)
CAGan(t+1— )= Y anz;(t) + fu(X (1)),
j=1
where X (t) = (z1(t),x2(t),- -+ ,z,(t))T is the state vector, A = (a;;) € R™" is a coefficient

matrix, and (f1, f2, -+, fn)? : R* — R is a nonlinear function.
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Similarly, the slave system is given as:
CAGY(t+1— ) = 3 biyy;(t) + g1 (Y () + U,
j=1

“AJya(t+1—a) = ilszyj(t) +g2(Y () + Ua, (3.19)
= )

CAGyn(t+1—a)= Zlbnjyj(t) + gn(Y (1)) + Un,
J:

\
where Y (t) = (y1(t),y2(t),- -+ ,yn(t))T represents the states of the slave system, B = (b;;) €
R™ " is another coefficient matrix, and (g1, 92, -+ ,gn)’ : R* — R" is a nonlinear function.
The control vector U = (Uy, Us, --- ,Uy,)T is designed to synchronize the slave system with the

master system.

Theorem 3.1 The master-slave systems (3.18)—(3.19) achieve global complete synchronization
when the control law is given by:

n

Ui =— Z(Cij ’L] eg + mey] +gz Zaz]x] z ( )) WVi=1,2,---,m,
j=1
(3.20)

where ¢;(t) = y;(t) — x;(t) is the synchronization error. The control matrix C' must satisfy:
Cij:bijy lfz;é]and —2¢ <bii_cii<07 1§Z,j§n (321)

Proof. Define the synchronization error as e;(¢) = y;(t) —x;(t). Its Caputo fractional difference
is:

“Afei(t+1—a) wayj + (Y () +U; — Zazjac] Fi(X (). (3.22)

Substituting the control law and defining:

R; = Z<CZ] ZJ 63 + way] + gZ Zazgmj z ( )) (3.23)
j=1
the error dynamics simplify to:
n
CAS‘ei(t + o — 1) = Z(b” — cij)ej(t) + Ri + Ui(t), 1= 1, 2, ey N. (324)
j=1

Using the conditions on C' and substituting into the error system, we get:

CA%ei(t 4+ a —1) = (by — cii)eit). (3.25)

The error system is stable when b;; — ¢;; satisfy —2¢ < b;; — ¢;; < 0. This ensures that the eigen-
values of B — C' lie within the stable region defined by Theorem 2.13, leading to asymptotic
stability of the zero solution of the error system. Hence, the master and slave systems achieve

global complete synchronization. m

3.2. Synchronization



Chapter 3. Survey

Study About New Results in the Applications of Fractional Difference Systems

3.3 Synchronization of Fractional Discrete Chaotic Sys-

tems

In this section,

we propose an adaptive control method to achieve synchronization in a

fractional-order discrete-time Hopfield neural network (DTHNN). Let us define the master

system as [132]:

CAgl'lm (t) ==

CAgl‘gm (t) =
CACzy (1) =

The slave system is

CA(O;:BD« (t) =
CAgl'Qr (t) ==

CAYzs (t) =

—Z1m (t — 14+ a) — L4 tanh (21, (t — 1 + «)) + 1.2 tanh (zoy, (t — 1 + @)
—T7tanh (3, (t — 1+ «)),
—Zom (t — 1+ a) — L.1tanh (21, (t — 1 + @) + 2.8 tanh (z3, (t — 1 + @),
—Z3m (t — 14+ a) + Ptanh (1, (t — 1 + @) — 2tanh (o, (t — 1 + @)).
+4tanh (23, (t — 1+ «)).

(3.26)
defined as [132]:

—z1, (t — 14 ) — L.4tanh (z1, (t — 1 4+ «)) + 1.2 tanh (9, (t — 1 + «))
—T7tanh (23, (t —14+a))+Ci1(t—1+a),
—x9 (t — 14 ) — 1.1tanh (z1, (t — 1+ «)) + 2.8 tanh (z3, (t — 1 + «))
+Cy (t—1+a),
—x3, (t =14 ) + Ptanh (z1, (t — 14 «)) — 2tanh (22, (t — 1 + «))
+4tanh (z3, (t — 1+ a))+Cs(t — 1+ ),

(3.27)

where C1,Cy and Cj5 are the control functions ensuring synchronization. The master system

states are denoted with the subscript m , while the slave system states are indicated by r.

The synchronization error is defined as:

€1 = Z1r — T1m,
€2 = X2r — T2m, (3.28)

€3 = T3r — T3m,

Synchronization between the master system (3.26) and the slave system (3.27) occurs if the

errors satisfy:

lim Je; (1)| =0, fori =1,2,3. (3.29)

The following theorem describes the control law required to achieve synchronization.

Theorem 3.2 [

] Synchronization between the master system (3.26) and the slave system

3.3. Synchronization of Fractional Discrete Chaotic Systems
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(3.27) is achieved with the control laws:

Ci (t) = 1l.4tanh (x1, (t) — z1m (1)) — 1.2 tanh (2, (t) — x2m, (1))

—T7tanh (z3, (t) — z3m () — brex (t),
Cy (t) = 1.1tanh (z1, (t) — 21m (t)) — 2.8 tanh (x3, (t) — z3m (t)) — baea (t) (3.30)
Cs(t) = —Ptanh (21, (t) — 21 (1)) + 2 tanh (zo, (t) — x2m (t))

—4 tanh (z3, (t) — x3m (1)) — bses (t),

where —1 <b; <2*-1,7=1,2,3.

Proof. Using the error definitions and applying the Caputo-type fractional-order differences,

the error system can be written as:
CA%; = —bej, i =1,2,3. (3.31)

By choosing —1 < b; < 2% — 1, the eigenvalues of the corresponding matrix ensure stability.
Thus, the errors converge to zero, and synchronization is achieved.
[

Numerical simulations in MATLAB validate this result. Figure 3.1 shows that the errors

approach zero over time, confirming successful synchronization.
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Figure 3.1: Numerical simulation of the error system using MATLAB.
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Chapter 4

Stability Analysis of Fractional
Difference Systems with

Incommensurate Orders

To further explore the stability of linear commensurate Fractional-order Difference Sys-
tems (FoDSs), this chapter delves into their extended version involving incommensurate or-
ders. New results are presented, providing simple and applicable conditions for assessing
the stability of these systems. These results are achieved by converting the incommensu-
rate fractional-order difference system into an equivalent system composed of fractional-order
difference equations of the Volterra convolution type, utilizing properties of the Z-transform

method.

4.1 Stability Analysis of Delta Difference Systems

4.1.1 Stability of Linear Systems
Consider the following linear incommensurate fractional order difference systems:
CAS“SUl(t +1—- 041) = Zalia:i(t),
i=1

n
CAPma(t+1— az) = Y agw(t),
i=1 t=0,1,---, 4.1)

n
0A3n$n(t +1 - Oén) = Zamxi(t)a
=1

where CAgi is the Caputo fractional difference of order «;, where 0 < «; < 1, for i =

1,2,---,n,and A = (a;j)1<i j<n € R"*", subject to the initial vector condition z(0) = =g € R".
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To follow the progress in the stability of linear incommensurate fractional-order difference

systems, we will address these systems next. In this regard, we provide the following result:

Theorem 4.1 [133] If all roots of the following characteristic equation:
det (dimg (2(1 — 27 1), 2(1 — 271, 2(1— 27 1)) — A) =0, (4.2)

lie inside the unit disk, then the zero solution of system (4.1) is asymptotically stable.
If there exists a zero, say z* of (4.2) such that |z*| > 1, then the zero solution of system (4.1) is

not stable.

Proof. As we observed that

(CAgi:Bi)(Hl—oz) = ;(—Ht_sﬂ <t —iz—i— 1):1:(3)—(—1)”1 < tl+ 11>$(0)_|_$(t_|_1)’ Vi=1,2,---,n.

So we can rewrite system (4.1) as follows:

[ n@+1) = éo (=)=, ) (s) + (—1)F () 21(0) + z”lami(t),
B+ = DTSR+ (U )0 + D),
B 1) = B0 )+ (1) () 0) + ()
- - (4.3)
One might take the Z-transform to (4.3). This yields the following system:
zx1(2) —2za1(0) = (2= 2(1 = )*)z1(2) + (2(1 = )M~ = 2)1(0) + Zn:lalm(z),
2w9(2) — 222(0) = (2 —2(1— 1)2)ao(2) + (2(1 — 2)2271 — 2)29(0) + éagim(z),
2an(2) — 22,(0) = (2 —2(1— 1))z, (2) + (2(1 — L)1 — 2)2,(0) + iannx(z),
B (4.4)

where z;(z) indicates the Z-transform of z;(t), (i.e., z;(z) = Z[z;(t)],1 < i < n). Consequently,

we can rewrite system (4.4) as follows:

x1(2) z(1— %)0‘1_11:1(())
To(z 2(1 — 1yee—1y

AC2) 2:( )| _ ] =@ z): 2(0) | “5)
Zn(2) 2(1 = 1)an=lg,(0)

4.1. Stability Analysis of Delta Difference Systems
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in which
2(1 = 1) —aqy —ai2 e —Qin
Az) = —721 z(1— %).QQ — a2 : —C.LG . 4.6)
—an1 —ap2 21D —qp,

Multiplying both sides of (4.5) by (z — 1) gives:

(z = Dz1(2) 22(1—1)1a(0)
z— Doz 22(1 — Loz,

s | G700 || R0 | o
(z = Dzn(2) Z2(1 = 1)ona, (0)

Now, we should note that if all roots of det A(z) = 0, lie inside the unit disk, then system (4.7)
will be considered such that z satisfies |z| > R, withe R < 1 (R is the radius of convergence
of X(z)). Actually, system (4.7) has a unique solution in this limited area represented by
((z = Dz1(2),(z — Dza(2), -+, (2 = 1)zpn(2)). Accordingly, we have:

lim(z — 1)x;(2) =0, i=1,2,--- n. (4.8)

Z—)l

Based on the assumption stated in first part of this theorem, and based also on the Final-Value

Theorem associated with Z-transform, we obtain:

tlim z;i(t) = lim(z — Dzi(2) =0, i=1,2,--- ,n. 4.9

zZ—

On the other hand, considering the second part of this theorem implies that the conver-

gence radius R of the series:

Y Xt = X(2), (4.10)
t=0

is greater than 1 (i.e., R > 1). Therefore, there exist iy, where 1 < iy < n, which makes the

convergence radius R;,, of the series:

Z:):Z-O )27t = 24(2), (4.11)
=0

also be greater than 1 (i.e., R;, > 1). Thus, by using the Cauchy-Hadamard Theorem, we

obtain:
R;, = tlim sup v/ |4, (t)] > 1. (4.12)
— 00

Consequently, tlim sup |z;, ()| = oco. This, however, implies that x will be never bounded and
—00

hence (4.1) is not stable. m
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Corollary 4.1 [133] Suppose that A is a triangular matrix with diagonal elements \;,i =
1,--+,n. If —2% < )\; < 0,Vi, then the zero solution of system (4.1) is asymptotically stable.

Furthermore, such solution is not stable if either \; > 0 or \; < —2%, for some 1.

Proof. Consider the first part of Theorem 4.1 and A as assumed here. This will turn (4.2) into

the form: .
[]Ga—z"h=x) =o0. (4.13)
i=1
It means that there exists 7, where 0 < n such that:
(2(1 — z_l)o‘i — )\i) =0. (4.14)

Now, according to the assumption that supposes all the roots of (4.2) lie inside the unit disk,
we deduce that all \;’s belong to the set {z(1 —27)*, z€ Cand |z| <1}, for 0 < i < n.

Based on:

o .
{z(l _2_1)%—7 zeCand |z| < 1} = {z eC: |zl < <2cos’ar§Z‘7T> and |arg z| > a;ﬂ},
—

where \; € R,0 < 4 < n, This means that —2% < \; < 0, as desired. =

Example 4.1 Consider the vector difference equation

CA(\)/iu”Ul(t +1- \/i) = )\111}1(75) + 5.%'2(t) + 6.’123(t),
CASCL‘Q(t +1-— 7T) = )\2.732(75) + ng(t), (4.15)
CASl‘g(t +1- 6) = )\31’3(25),

where A1, A2, A3 € R, by Corollary 4.1 the zero solution of (4.15) is asymptotically stable if
—Qﬂ < M <0,

—2T < A2 <0,

and
-2 < A3 <0.

If either \; > 0 or \; < —2%, for some i = 1,2,3. Then, the zero solution of (4.15) is not stable.

As a matter of fact, the above result, represented by Corollary 4.1, is deemed one of the
main significant results in this chapter. It can be easily implemented for exploring the stability
of some linear incommensurate FoDSs which involve just a triangular matrix A in their forms.
On the contrary, one can find it extremely hard to verify condition (4.2) in the proposed result
represented by Theorem 4.1. Actually, this condition concerns with the full matrix that might
be found in the linear incommensurate FoDSs. To deal with this problem, we present below

another more practical result which is equivalent to Theorem 4.1.

4.1. Stability Analysis of Delta Difference Systems
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Theorem 4.2 [133] Consider 0 < «; < 1, fori = 1,2,--- ,n, and M is the lowest common

multiple of the denominators u; of a;’s, in which a; = 7+ and (u;,v;) = 1, where u;,v; € Z, Vi.

Then, the zero solution of system (4.1), subject to the initial vector condition X (0) = Xy € R",

e Asymptotically stable if any zero solution of the polynomial:

det (dimg (ANMer \Me2 . aMen) (1AM 4) (4.16)

lie inside the set

C\K",

where v = 4 and where

g
K7 = {z €eC: 7z < (2008 |argz|> and |arg z| < 7;} (4.17)
v

e Not stable, furthermore, if there is a zero, say A, of (4.16) such that A € IntK".

Proof. In accordance with Theorem 4.1, system (4.1) is asymptotically stable if all the zeros

of the following characteristic equation:

det (diag (2(1 — M (1 -z L (1 - z_l)a") —A) =0,

are located inside the unit circle. However, setting

1 1
l--=\Me = A £,

will turn the above characteristic equation to be in the form:

)\Mal )\Mocg AMO‘n
det ( di , _4) =o. 4.18
e(zmg<1—AM1—AM 1—/\M) ) (4.18)

Multiplying both sides of (4.18) by (1 — AM)™ yields:

det (diag (AMor, AMo2 oo AMom) — (1 - AM)A) = 0. (4.19)

Now, one finds that it is necessary to prove the two assertions z € {z € C: 0 < |z] < 1} &

A€ C\K"and z € {z€C:|z| >1} & X\ € IntK". For achieving those goals, consider the

following steps:

e Step 1: (Defining the stability boundary). Consider the following curve:

1 8
e {(1-2) -l (420
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which defines the stability boundary for system (4.1) and also describes its structure. Suppose
z=¢e%and 1 — 27! =re® for 0 < ¢ < 2r and r = () > 0, and also suppose w = w(y),
where w € [0, 27). Then,

1 —e % =re.
This equation, after the imaginary and real parts are equated, will be turned into the following
two components:

sinp =rsinw, 1—cosy = rcosw.

Observe that, when ¢ = 0, then » = 0. Otherwise, we have:

sin
tanw = ——.
1 —cosp
In view of the fact that:
singp 2sin(p/2) cos(p/2) et ? o tan(z B f)
1—cosy 2sin%(p/2) 2 2 27

we can write r and w as 7 = 2sin ¥ and w = 7/2 — ¢/2, respectively. From here, we obtain:

LY = {(25in g)wexp(i(ﬂ_ﬁy) 0<p< 27r} .

Observe that setting = —w = ¢/2 — 7/2, will turn L” to be as follows:

L7 = {(QCOSQ)WGXP(—Z"}/M) : —g <0< E}.

2
One can use the polar form represented by (|z| = (2cosf)”), where arg z = —~6, to obtain:
Yy
L7 = {z eC:|z| = <2cos W) and |arg z| < 7;} . (4.21)
gl

e Step 2: (Showing that w,(z) = (1 — 1)? maps the set D = {2z € C: |z| > 1} onto IntK7,
with noting that w,(2) = 277 € IntK?"). In view of the Open mapping theorem, and since
w~ is nonconstant holomorphic on Dg, then it maps Dg, to an open set. In other words, we
have a neighborhood of w,(z*) included in w.,(Dg),Vz* € Dg. This implies that the bound-
ary of w,(Dpg) can not be mapped by any point of Dg. This means that w,(Dg) C IntK".
Similarly, one can prove that w,(D;) C C\K", where Dy = {z € C:0 < |z| < 1}. In view of
wy({z € C:|z| =1}) = L7 (see the previous step), and also in view of the continuity of w,,
the above arguments imply that w,(Dg) = IntK7\ {1} .

e Step 3: For the purpose of showing the other part this theorem, we first assume that there is
a solution A of (4.16) with A\ € IntK". This implies that z = ﬁ is a solution of (4.2) with
|z| > 1. Thus, we can deduce, in view of Theorem 4.1, that there is an instability of the zero
solution of system (4.1). On the other hand, if each solution of (4.16) belongs to C\ K7, then
all solutions of (4.1) will belong to {z € C : |z| < 1}, which makes the zero solution of system

(4.1), via Theorem 4.1, asymptotically stable, as required. m
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Example 4.2 Consider the following linear incommensurate FoDS:

Q
B

1 (t—l— 1-— ) = —l’l(t) —|—l’2(t)

1
2 , t=0,1,2,---. (4.22)
o (t +1-— %) = —%Q?l(t) + %.%'2(75)

)

O~ Ol

Q
>

One can obtain M to be equal 4. This, however, implies:

20 !
det((o A)—“—”(_%

N|—= =

=
M4a-2)  —a-x
det( AL A U D P
s(1—=A%)  A—5(1 -\
=
1 1 1 1 1
S SN N AN SN2+ = =0, .23
T +2 3 + 5 + +16 0 (4.23)

Accordingly, the solution of (4.23) will be in the following form:

A = —1.1634,

Ao = —6.0451 x 1072,

A3 = —0.787 32 + 3. 189 44,

Ay = —0.78732 — 3.189 44,

A5 = 1.3269 — 0.487 54,

Mg = 1.3269 + 0.487 54,

A7 =7.2415 x 1072 4 0.808 74,
g = 7.2415 x 1072 — 0.808 744.

\

As per Theorem 4.2, and due to \; € (C\Ki ,Vi=1,2,---,8, then system (4.22) is asymptotically

stable about its zero solution.

4.1. Stability Analysis of Delta Difference Systems



Chapter 4. Stability Analysis of Fractional Difference Systems with Incommensurate Orders

0.45
.

04_ - - - - - - - . X H

, T2

Iy

0.1

+

+

0.05F %
.
%

-0.05 L - 1 L 1
0 50 100 150 200 250 300

Figure 4.1: Numerical simulation of the system 4.22 using MATLAB.

Example 4.3 Consider the following linear incommensurate FoDS:

1

CAO? x1 (t +1- %) = —a:l(t) — O.ng(t),

OAZzo (t+1— 1) =34z1(t) — 22(t) + 0.223(¢), t=0,1,2,---. (4.24)
2

CAgwg (t +1- %) = —$3(t),

One can find M = 6, which leads to:

X0 0 -1 0 -0.2
det 0 X2 0 |-@1=X9] 34 -1 02 =0
0 0 M\ 0o 0 -1

_)\18+)\16+)\15+)\14_)\13+2)\12_)\11_2>\10_)\9

(4.25)
Y LTS () LI LRI LIS L I I )
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Consequently, the solution of (4.25) will be in the form:

;

A1 = —0.321 31 — 0.874 984,
Ao = —0.321 31 + 0.874 984,
A3 = 0.32131 — 0.874 98,
As = 0.32131 + 0.874 981,
As = —0.851 80,

X6 = —0.544 63 + 0.727 64,
A7 = —0.544 63 — 0.727 64,
As = 0.544 63 + 0.727 61,

Ao = 0.544 63 — 0.727 61,
Ao = 0.42590 — 0.737 684,
A11 = 0.42590 + 0.737 684,

A2 = —1.1510,
A1z = 1.1510,
A = —1.2106,
A15 = 1.2106,

Mg = —0.58699 — 1.016 74,
A7 = —0.586 99 + 1.016 74,
A1 = 1.1740,

where

K& — {Z eC:lz| < (20056]argz|)% and |arg z| < %}

Hence, in view of Theorem 4.2, system (4.24) is also asymptotically stable about its zero solution.
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Figure 4.2: Numerical simulation of the system 4.24 using MATLAB.

In the present section, we report simple and applicable conditions for judging the stability
of linear incommensurate Fractional-order Difference Systems. These results have been ver-
ified numerically by demonstrating the stability of solutions through several examples. The
findings are applicable to various difference systems, such as the Duffing oscillator system,
which has been successfully used to model a range of physical phenomena, including beam
buckling, ionization waves in plasmas, nonlinear electronic circuits, stiffening springs, and

superconducting Josephson parametric amplifiers.

4.1.2 Stability of non-Linear Systems

The absence of satisfactory results addressing the stability analysis of nonlinear incommen-
surate Fractional-order Difference Systems (FoDSs) and the difficulty in establishing a proper
Lyapunov function to determine their stability are significant issues that need attention. To
overcome these challenges, this subsection provides convenient conditions that can be used to

ensure the asymptotic stability of these systems.

Consider the following non linear incommensurate FoDS:

4.1. Stability Analysis of Delta Difference Systems



Chapter 4. Stability Analysis of Fractional Difference Systems with Incommensurate Orders

CAS“xl(t +1—a1) = fi(z(t))

YAzt +1—ag) = t
. 220 ( az) = fa(z(t)) P01, (4.26)

CAF (1= an) = fulz(t))
where CAS” is the Caputo fractional difference of order «;,0 < a; < 1,fori =1,2,....m, z(t) =

(z1(t), 22(t), ..., z,(t))T € R® and f = (f1, fo, ..., fn) : R* — R™ a continuously differentiable
function, and suppose f(0) = 0.

Theorem 4.3 [134] The zero solution of system (4.26), subject to the initial vector condition
x(0) = xo € R™, is locally asymptotically stable if all the roots of the characteristic equation:
det (diag (2(1 — 2 1), 2(1 — 2712, ., 2(1— 2z~ 1)*) = J) =0, (4.27)

where J is the jacobian matrix of f at 0, lie inside the unit disk.

Proof. The system (4.26) can be written as the following

( t

ri(t+1) = ZZIO(—DH (22 )ma(s) + (=) (D) 21(0) + fi(= (1)
¢ X t=0,1,--.
zo(t+1) = S;O(—l)t*s (t_cﬁrl)m(s) + (=1t (O‘ti:l )22(0) + fa(z(t))
Tt +1) = SZ:)(_I)H (,0 ) an(s) + (—1)t+1(ag;r‘11)a;n(0) + f(z(2)),
B (4.28)
Using taylor development, (4.28) become
t
x(t+1)=Jzx(t) + ZB(t —s)x(s) +o(||lz®)|) + h(t), t=0,1,---. (4.29)
s=0
Where
(=1)"(51) 0
po—| O U o |
0 0 (=)
(1 ()
_1\t+1 (a1
ap=| Y *. (%) #(0)
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Taking the homogeneous part of (4.29)

2(t+1) = Ja(t) + Y Bt — s)z(s), (4.30)

s=0
We have B(t) € [(*(N)]""", the resolvent matrix R(t) of (4.30) is defined as the unique
solution of the matrix equation

t
R(t+1)=JR(t)+ Y B(t—s)R(s), R(0)=1IteN,
s=0
where by Theorem 2 in [109] R(t) € [fl(N)]nX" (because det(zI —.J — B(z)) # 0 for |z| > 1).
Then by the variation of constants formula, we obtain

t—1

w(t) = R(t)z(0) + > _R(t—s—1) (o([[a(s)]) + H(s)). (4.31)

s=0

We have

lz@) < [[R@)I] [0 H+ZIIR t—s =1 [lo(llz(s)[) ||+ZHR t=s=D[H(), (432)

s=0 s=0

for a given € > 0 there is 6 > 0 such that o(]|z||) < ¢||z| whenever ||z|| < J. So as long as
lz(s)]| < o

t—1 i—1
=) < IR =) + €Y IRE=s =D [lz(s)] + > IR(E—s =] |H(s)|l,
s=0 s=0

we defined y(¢) as follow

y(t) = r(t)y(0) + tz;r(t_ s — 1)y( )+tz(:1)r(t — s —1)h(s)
where
r(t) = R@)I, h(s)=1H(s), »(0)=[=(0)].
= t t
y(t+1) =r(t+1)y(0) + €> r(t—s)y(s) + > _r(t — s)h(s)
. =0 =0
y(t+1) =r(t+ 1)y(0) + er(t) x y(t) + r(t) = h(t). (4.33)
We have
lz(®)] < y(t),
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we see that r(¢) € ¢1(N). Taking the Z—transform on both sides of (4.33) gives

20(2) = y(0)z = (27(2) — 2)y(0) + 7 (2)§(2) + 7(2)h(2),

with R, < 1,and R;, = 1, where R, is the convergence radius of 7(z) and R, is the convergence

radius of h(z) =

§(2) = (2 = ()" (7(2)(0) + 7(2)h(2))

for |z| > max {R,,1,er(1)}.

1

Choose € < ==, we get max {R,, 1,e7(1)} = 1, by final value theorem

(1)

lim y(t) = lim(z — 1)§(2) = lim(z — 1)((z — e7(2)) 127 (2)y(0) + 7#(2)h(2))

t—o0 z—1 z—1

we have

3 IR - ) HG)] <G b 1R - 3)] [+(0)]

[t/2] t
§01<Z(s+11yxllR(t—s)ll+ > wnR@—s)H)

5=0 s=[t/2]+1

where C; > 0 is a suitable real constant and the symbol |.]| stands for the floor function and
o= 112112 {a;}. Since ||R(t)|| belongs to ¢*(N), we have ||R(t)|| = O(t~!) as t — oo and there

exist (:’2703 > 0 such that

w2y Cy lt/2]

1 Cs
> oo < 5 S e < e

where we have used the inequality S/, (s+1)7® < fot (x4 1)~ *dz. Similarly, the second sum

can be estimated as

! 1 C ! C:
Y. G IRl a X IRCE-9I< e

s=|t/2]+1 s=[t/2]+1

for suitable Cy, Cs > 0.

In summary, we have

t
D IR(E=s)I[[|H(s)]| < Cs(t +1)7%,
s=0

hence

YR =) H ()] = O™),
s=0

as t — oo. So by final value theorem

lim (z — 1)7(2)h(z) = 0,

Z—)l
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and that’s imply

Jim y(t) = lim (= — 1)i(=) = lim(z — V(= ~ ()" 27(2)y(0) + 7(2)h(z)) = 0

z—1

Corollary 4.2 [134] Suppose that «;’s are rational numbers between 0 and 1, fori = 1,2, ..., n.
Let M be the lowest common multiple (LCM) of the denominators u; of «;’s, where «; = %-7 (uj,v;) =
1uj,v; € Zy,i=1,2,...,n, and set v = ﬁ Then the zero solution of system (4.26) with initial

value x¢ = x(0) is locally asymptotically stable if any zero solution of the polynomial equation
det (diag (M1, \Maz | AMan) — (1 —AM)J) =0, (4.34)

lie inside the set
C\K",

where

g
K7 = {z eC:z| < <2cos |argz]) and |arg z| < 72%}
Y

and J is the jacobian matrix of f at 0.

Proof. The proof came immediately from the equivalence between the coditions of Theorem

4.3 and conditions of Corollary 4.2. =

Corollary 4.3 [134]Letay =az =...=a, =a. IfA € {z eC: |zl < (2(}03 %)a and |arg z| > %}
for all the eigenvalues A of J the jacobian matrix of f at 0, then the trivial solution of (4.26) is
locally asymptotically stable.

Proof. The proof came immediately from the equivalence between the coditions of Theorem

4.3 and conditions of Corollary 4.3. =

Example 4.4 Consider the nonlinear systems

(4.35)

X
ONGwa(t) = Laa(t)e ™D — L) (£)e2720),

where (21 (0),22(0)) = (1,1). It has an equilibrium point in the origin (0,0). The Jacobian

)

matrix is given by

8f1(0,0)  9f1(0,
9(0,0) _ ( 400 2400 ) _ ( =

9/2(0,0)  9/2(0,0) 9
ax 31'1 ng _E

N[—= =
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we have M = 4, so

A2 0 -1 1
det —(1-=2Y =
0 A % 3
=
1 1 1 1 1
Sy LTS N Ll R C ) S W .36
T +2 3 + 5 + +16 0 (4.36)

the solution of (4.36) is

A = —1.1634,

Ao = —6.0451 x 1072,

A3 = —0.78732 + 3.189 41,

A = —0.78732 — 3.189 44,

A5 = 1.3269 — 0.487 54,

g = 1.3269 + 0.487 54,

A7 =7.2415 x 1072 4 0.808 744,
Ag = 7.2415 x 1072 — 0.808 74i.

\

we have \; € C\K i, 1 <4 < 8, by Corollary 4.2 the zero solution of (4.35) is locally asymptoti-

cally stable.

1 ....................................................... 1 .....................................................
Y| SR oemass e owsnes] R - o] Y S focnmess PR pmsveme] o erean - e
AOG. ....... ........ ........ ....... ....... ..... Aoe. ....... ........ ........ ....... .....

5 ' N N N . N . 5 . . . B .

< | ; z : 5 5 5 RO : : : 5 : 5
04_ ....... ........ ........ ........ ....... ....... ..... 0 4_ ...... ........ ........ ........ ....... ....... .....

; : : : : ; : : ; : ' : : :
02,L ..... A - R R Lo
ob i T —
0 200 400 600 800 1000 1200

Figure 4.3: Numerical simulation of the system 4.35 using MATLAB.

Example 4.5 Consider the non linear systems

1

CAZxi(t+1— 1) =—a1(t) + (z3(t) — 0.1)> — 0.01,
1

CASma(t+1— %) = 3.4z (t) — m2(t) + 0.233(¢), (4.37)
2

CASa3(t+1—2) =21 (t) + 23(t) — x3(t).

4.1. Stability Analysis of Delta Difference Systems
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where (z1(0),z2(0),z3(0)) = (0.01,0.05,0.02). It has an equilibrium point in the origin
(0,0,0). The Jacobian matrix is given by

-1 0 -0.2
J=1| 34 -1 02
1 0 -1
we have M = 6, so
X0 0 -1 0 -02
det 0 X2 0 |-@=x9 34 -1 02 =0
0 0 M 1 0 -1

—1. 221 N6 AT o 1 oA 2,602 — 1.0 — 2.0010
10N — 2408 N — 26X N N N 1202+ 1.2=0

the solution of (4.38) is

(4.38)

A = —0.32131 — 0.874 98,

Ay = —0.321 31 4 0.874 984,

A3 = 0.321 31 + 0.874 98i,

s = 0.32131 — 0.874 984,

A5 = 0.41947 — 0.757 631,

e = 0.41947 + 0.757 634,

A7 = 1.1553 +7.566 9 x 10724,
Mg =1.1553 — 7.5669 x 1072,
Ag = —0.53846 + 0.737 631,

Ao = —0.53846 — 0.737 631,
A1 = —0.57297 + 1. 008 54,

A2 = —0.57297 — 1. 008 54,

A1z = —1.1872,
A1a = —0.863 79,
A5 = —1.1510,
Aig = 1.1510,

A7 = 0.5622 + 0.740 614,
A1g = 0.5622 — 0.74061%.
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By Corollary 4.2 the zero solution of (4.37) is locally asymptotically stable.

x107°
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Figure 4.4: Numerical simulation of the system 4.37 using MATLAB.
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4.2 Stability Analysis of Nabla Difference Systems

This section presents a study on the stability analysis of linear and nonlinear incommensu-
rate h-nabla fractional-order difference systems. Theoretical results are derived using various
theoretical approaches, including the Z-transform method, the Cauchy-Hadamard theorem,
the Taylor series expansion, the final-value theorem, and the Banach fixed point theorem.
These results are validated numerically through two illustrative examples that demonstrate
the stability of the solutions of the systems under consideration.

Consider the following linear incommensurate FoDS:

CVen(t) = f(z(t), t € Nyynp, (4.39)

to

where z(t) = (x1(t), 22(t), ..., zn(t))T € R, CVea(t) = (Ve (), Vitas(t), ....5 Vg"xn(t))T,

O<a;<l,fori=1,2,--- n. f=(f1,f2, - ,fn)T : R™ — R™ constantly differentiable twice
function. To simplify, we choose ty = 0.

For 1 < ¢ < n we have:

t/h—1

%lez(t) = % ;) (—1)t/h=st1 <20j s> xi(sh)%—%(—l)t/h <ai;; 1) z;(0)+ fi(x(t)),t € Npp,
SO
t/h—1 o
zi(t) = Y (-1 ( B ) zi(sh) + (=1)"/" (“Zt )mm +h% fi(x(t)),t € Nap.
s=0 h h
=

z;(th) = ti:l(—l)t_“l( i >xi(sh) + (1) <O‘t_ 1> z;(0) + h% fi(x(th)),t =1,2,- -,

t—s
s=0

we put y;(t) = z;(th) for1 <i<nandt=0,1,2,--- , we get

A(t+1) = t(—1)H %) () (=) (YT D) g 0) 4 iyt 1))t = 0,1,2, -
4 ; <t+1—s>y <t+1>y Y

This system is written in compact form as follow

t

y(t+1)=> B(t—s)y(s) + C)y(0) + Hf(y(t +1)),t =0,1,2,-- -, (4.40)
s=0
where
o) =diag (11 (%) ()0 7))) @A

C(t) = diag <(—1)t+1 (Of;l), (—1)tH! (‘fgf) e (1)t (O;";l)) L (442
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Chapter 4. Stability Analysis of Fractional Difference Systems with Incommensurate Orders

H = diag(h®, h®, -, ho™). (4.43)

We note that system (4.39) is equivalent to system (4.40). From now on, we will study the

system (4.40)

4.2.1 Stability of Linear Systems

We assume that the function f is linear, this means that there is a matrix M € R"*", so

that the system (4.39) is written as follows

OVha(t) = Ax(t), t€ Ngipp. (4.44)

Lemma 4.1 [135] Assume (y(t)),cy , @ Sequence in R", and let §j(z) be the Z—transform of y(t)

withe p > 0 the convergence radius. Then

o If p < 1, then lim y(t) = 0.
t—o00

o If p > 1, then lim y(t) = co.
t—o0

Proof. Let p < 1. Based on the Final-Value Theorem associated with Z—transform, we obtain

tlg})loy(t) = leri(z —1y(z) =0. (4.45)

On the other hand, considering the second part of this Lemma, then there exist i3, where

1 < iy < n, which makes the convergence radius of the series

D Yio (127" = Ty (2), (4.46)
t=0

also be greater than 1 . Thus, by using the Cauchy-Hadamard Theorem, we obtain

1tlim sup v/ |yio (t)| > 1. (4.47)

Consequently, tlim sup |yi, (t)| = c0. m
— 00

Theorem 4.4 [135] Let det(I — HA) # 0. Then (4.44) has a unique solution for any initial

vector xy € R™. Moreover

e If all roots of the following characteristic equation:

det <dz’ag <(1 _ %)al, (1= 1y - i)%) _ HA) o, (4.48)

z

4.2. Stability Analysis of Nabla Difference Systems m
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lie inside the unit disk, then the zero solution is asymptotically stable.

o If there exists a zero, say z* of (4.48) such that |z*| > 1, then the zero solution is not stable.

Proof. System (4.44) equivalent to

t

y(t+1) =D Bt —s)y(s) + C()y(0) + HA(y(t +1)),t =0,1,2,-- . (4.49)
s=0
=
(I — HA)y ZBt—s )+ C(t)y(0),t =0,1,2,--

Now suppose that det(I — HA) # 0 so we get

y(t+1)=> (I-HA)'B(t—s)y(s)+ (I - HA)'C(t)y(0),t =0,1,2,--- . (4.50)
s=0

The resolvent matrix R(t¢) of (4.50) is defined as the unique solution of the matrix equation

t
R(t+1)=) (I-HA)'B(t—s)R(s), R(0) = I,t = 1,2,--- . (4.51)
s=0

Then by the variation of constants formula [?] we obtain

t—1
y(t) = R(t)y(0) + > R(t—s—1)(I — HA)'C(s)y(0),t = 1,2, , (4.52)
s=0

hence the existence.
To study stability we will use Z—transform method. One might take the Z—transform to

(4.52). This yields the following system

(diag (1= ), (1= 1) .. (1= L)) — HA) () = s
(diag (( DO A=) (L= ) h) = HA)y(0).
where 7(z) indicates the Z—transform of y(t).
Now, we should note that if all roots of det (diag ((1 — )21, (1 — )22 . (1 —1)am) — HA) =
0 lie inside the unit disk then
§z) = (diag (1= )™, (1= 12, (1= ) — HA) 4.5

(dlag (( 1)a1 1a (1 - %)00717 s (1 - %)anil) - HA) y(()),
for |z] > 1. By Lemma 4.1
lim y(t) = 0.

t—o00

If there exists a zero, say z* of (4.48) such that |z*| > 1, then

tlim y(t) = oc.

4.2. Stability Analysis of Nabla Difference Systems
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Corollary 4.4 [135] Suppose that «;’s are rational numbers between 0 and 1, for i = 1,2, ..., n.
Let M be the lowest common multiple (LCM) of the denominators u; of c;’s, where a; = &, (ui, v;) =
1, uj,v; € Zy,i=1,2,...,n,and set v = ﬁ Then the zero solution of (4.44) is

e asymptotically stable if and only if any zero solution of the polynomial

det (diag (ANMer, \Me2 | \Men) — [T 4) =0, (4.55)
lie inside the set
C\K",
where ~
K7 = {z eC: |z < <2cos argz) and |arg z| < 72%} (4.56)
7

e Furthermore, If there is a zero A of (4.55) with A\ € IntK", the zero solution is not stable.

4.2.2 Stability of Non-Linear Systems

Theorem 4.5 [135] Let 0 be an equilibrium point of (4.39). If all roots of the characteristic

equation

det (dmg ((1 - %)al, =Yy - 1)%) _ HJ) —0, 4.57)

z z
where J is the jacobian matrix of f at 0, lie inside the unit disk, then (4.39) has a unique solution

for all initial vectors close enough to 0 and, moreover, 0 is asymptotically stable.

Proof. Let’s start with the study of existence and uniqueness. System (4.39) equivalent to

y(t+1) =S B(t — s)y(s) + C(0)y(0) + Hf(y(t + 1)t =0,1,2,--- . (4.58)
s=0

Using taylor development:

t
y(t+1) => B(t - s)y(s) + C(t)y(0) + HJy(t + 1) + Hg(y(t + 1)), (4.59)
5=0
where || g(y(t +1))|| = o(||ly(t + 1)), ||-|| is an norm in R™ or R™*" (as needed) with ||/|| = 1,
and ¢(0) = ¢’(0) = 0 with ¢’(0) is the jacobian matrix of g at 0 . Now suppose that det(] —
HJ) # 0 so we get
t

y(t+1) =Y (I-HJ) ' B(t—s)y(s)+(I—HJ) ' C(t)y(0)+(I—HJ) ' Hg(y(t+1)),t = 0,1,2,--

s=0
(4.60)

4.2. Stability Analysis of Nabla Difference Systems



Chapter 4. Stability Analysis of Fractional Difference Systems with Incommensurate Orders

Taking the homogeneous part of (4.60)

t

y(t+1)=> (I—HJ) 'B(t - s)y(s). (4.61)
s=0

We have (I — HJ) 'B(t) € [El(N)]nxn , the resolvent matrix R(t) of (4.61) is defined as the
unique solution of the matrix equation

R(t+1)=> (I-HJ)'B(t—s)R(s),R(0) = I,t €N,
s=0

where by Theorem 2 in [109] R(t) € [¢}(N)]"*". Then by the variation of constants formula

we obtain
t—1
y(t) = R(t)y(0)+ Y R(t—s—1)IT—HJ) " (Hg(y(s +1)) + C(s)y(0)), t = 1,2,---, (4.62)
s=0
=

y(t) = Tyoy(t), t=1,2,--,
where T}, is an operator defined for any initial condition y(0) = yo as follow

t—1

Tyoy(t) = R()y(0) + D R(t —s —1)(I = HJ)™' (Hg(y(s + 1)) + C(s)y(0)).
s=0

To prove existence and uniqueness, it is sufficient to prove that the operator T}, is a contraction
on a closed ball B(0,u) in a banach space for a u > 0, and T}, B(0,u) C B(0, u), (banach fixed
point Theorem).

Let y1,y2 € [(*°(N)]" we have

t
1 Tyoy1(t) = Tyoy2 (D =

(s (T~ HI)H (s + 1) = g(n(s-+ D).

S—=

—1
< Co 20 IRt —s =Dl llgyi(s + 1)) — g(ya(s + D) ,
< Co [|R]|gr mnxny [1(9(y1) = 9(y2)) | oo iy

where Cy = ||( — HJ)"'H||. Note that for y;,y2 € B(0,u),u >0

I(9(n) = 9@l < max o'W o — vl

and since ¢'(y) — 0 when y — 0, we can choose u achived

yeHB%E(%g,(u)CO Hgl(y)H HR”MI(N)}"XH =L <1,

||Ty0y1 - TyoyZH[goo(N)}" < Llly1 — y2||[e°o(N)]” J
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Chapter 4. Stability Analysis of Fractional Difference Systems with Incommensurate Orders

so Ty, is a contraction on B(0,u) C [(>(N)]".
On the other hand for y € B(0,u)

ITyy @I < [R®)y ()] + Z‘Z [R(t—s—1)(I = HJ)"" (Hg(y(s + 1)) + C(s)y(0)) [,

< [ Rlls gy IO + ;0 Co|IR(t — s — Dgly(s + D) + M [R(t — s — 1)C(s)y(0)] .

HRH[gl(N)]an ly(O)]l + L ||y||[£°°(N)]" +M ||RH[z1(N)]”X" ||C(S)||[goo(
1+ Mg gigrn ) IRlgs gy (O + L Ny o sy
L M€l g yen ) [ Rl s geyren 9O + L,

IA A

IN

where M = ||(I — HJ)™!||. Since L < 1,we can note that for any o close enough to 0

||Tyoy||[goo(N)]" < u,

SO
TB(0,u) € B(0,u),

for any yo close enough to 0. That’s complete the proof of existence and uniqueness.

Now we move to study the stability. We have from (4.62)

t—1 t—1

—Ol

Lyl < IROI Iy O + CoY_ IR(E = s = Dl o(lly(s + D) + MY |R(E = s = 1) [C(s)]|,

s=0 s=0

for a given 1 > e > 0 there is § > 0 such that o(||y||) < €||y|| whenever ||y|| < 4. So as long as

lly(s +1)|| < 8, we have

t—1 t—1

(4.63)

ly@1 < IROI Iy Ol + eCoY_ I1R(E =5 = Dl ly(s + DIl + MY _|R(t —s =D [C(s)]l,

s=0 s=0

=

ly()]| < IRQULOL 4 (=) z IRt = s — 1) [ly(s + 1|

+%Z:30 I1B(t —s =D C()]

=12,

we defined w(¢) as follow

t

wt+1)=r(t+ 1w —I—EC()ZTt—S 3—1—1)—I—MZr(t—s)c(s),t:0,1,2,--',

s=0

where

_ RO, _
) =g gy <= 1COI w0 =IO

We have

I

(4.64)
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We see that r(t) € ¢1(N). Taking the Z—transform on both sides of (4.64) gives

z <(1_1€C«0) — eCof(Z)) w(z) = (1 — €eCp) 27 (z)w(0) + M7(2)é(z),

with R, < 1, and R, = 1, where R, is the convergence radius of 7(z) and R, is the convergence
radius of ¢(z).
We choose ¢ achieve

(g —cvrla)) £ 0.k 2 1 (4.65)

This option is possible because 7(z) is bonded when |z| > 1. From this we get

-1
w(z) =2t <(1_1600) — eCof(z)> (1 =€) 27 (2)w(0) + M7(2)e(2)),

for |z| > 1. We have

. 1 1 N\ _
ll_{ri(z —1)z <(1_600> - 600’!”(2’)) (1 —€Cp) 27(2)w(0) =0, (4.66)

and from the proof of Theorem 4.5 we have

lirri(z — 1)7(z)é(z) = 0. (4.67)
By final value theorem
tlim w(t) = Iirri(z — Dw(z)
-1
= lim (2~ 1)27! (ﬁ - eC’of(z)) (1 — €Co) 27(2)w(0) + M#(2)é(2))
=0.
and that’s imply
tligloy(t) =0

Corollary 4.5 [135] Suppose that «;’s are rational numbers between 0 and 1, for i = 1,2, ...,n.
Let M be the lowest common multiple (LCM) of the denominators u; of «;’s, where o; = Z—ii, (uj,v;) =
Lu,v, € Zy,i = 1,2,...,n, and set v = ﬁ Then the zero solution of system (7) with initial

value x¢ = x(0) is locally asymptotically stable if any zero solution of the polynomial equation
det (diag (ANMor, Moz AMen) — []) =0, (4.68)

lie inside the set
C\K",
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where

-
K7 = {z eC:lz < <2005 argz> and |arg z| < 7;}
Y

and J is the jacobian matrix of f at 0.

Example 4.6 [135] Consider the following nonlinear incommensurate FoDS:

\Y
\Y

1(t) = —1.01sin (z1(¢)) + 0.98 sin (x2(t)) ,
o(t) = 0.48x4(t) cos (z1(t)) — 0.56x1 (t) cos (z2(t)) .

(4.69)

1
2
1:6
1
4
1:13

e eq

Note that the origin represents an equilibrium point of system (4.69). Furthermore, the Jacobian

matrix J has the following form:

9f(0,0) _ < 2L(00] - 80(80) ) _ ( ~1.01 0.98 )

9/2(00)  2£2(0.0)
Oz 2 2o —0.56 0.48

Here M = 4, and therefore
A0 —1.01 0.98
det - =0,
0 A —0.56 0.48
A3 —0.480%2 +1.01\ + 0.064 = 0. (4.70)

Consequently, the solution of this characteristic equation will be as follows:

A= —6.1349 x 1072,
A2 = 0.27067 — 0.984 864,
A3 = 0.270 67 4 0.984 86:i.

Obviously, one can deduce that \; € C\K i, 1 < i < 3. Hence, in view of Corollary 4.5, one can
deduce that the trivial solution of system (4.69) is locally asymptotically stable.
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0 20 40 60 80 100 120 140 160

Figure 4.5: Numerical simulation of the system 4.69 using MATLAB.

Example 4.7 [135] Consider the nonlinear incommensurate FoDS:

<

z1(t) = —0.98sin (z1(t)) — 0.2sin(z3(t)),
:L'Q(V) = 0.2$1(t) — 1.01.7}2( ) + 0. 02.%'3(t), 4.71)

z3(v) = 0.4sin (z1(t)) + 112 — sin (z3(t)) .

e eq eQ
<1 g
oo ol ol

In order to handle this system, it is of course necessary to realize that the origin (0,0,0) is an
equilibrium point. Besides, the Jacobian matrix J is of the form:

—-098 0 —02
J= 0.2 —1.01 0.02
0.4 0 -1

Observe that M = 6, and so

X0 0 —098 0 —0.2

det 0 X o0 |- 0.2 —1.01 0.02 =0,

0 0 X\ 0.4 0 -1

=
A2 1,017 4+ 0985 + N5 +0.989 8\ + 1.01A% + 1.06A% + 1.0706 = 0. (4.72)
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Accordingly, the solution of (4.72) will be as follows:

A = —1.0065,
Ao = —1.005 0,
A3 = 1.005 0i,

Mg = 0.48524 — 0.881 981,
As = 0.48524 4 0.881 983,
Xe = 0.72916 + 0.698 261,
A7 =0.72916 — 0.698 261,
Ag = —0.71118 — 0.716 88¢,
Ag = —0.71118 4 0.716 88:.

Obviously, one can deduce that \; € C\K é, 1 <i < 9. Hence, in view of Corollary 4.5, one can
deduce that the trivial solution of system (4.72) is locally asymptotically stable.

Figure 4.6: Numerical simulation of the system 4.71 using MATLAB.

4.3 Stability Exploration in Fractional h-Difference Equa-

tions with Incommensurate Orders

This section conducts a comprehensive stability analysis for h-Fractional Order Differences
(h-FoDs) in both linear and nonlinear states, considering commensurate and incommensurate

orders. The stability findings are encapsulated in relevant theorems. Numerical examples are
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provided to validate the theoretical results, demonstrating their applicability across various
domains.
To initiate our exploration, let’s examine an incommensurate h-FoDS, where for the sake
of simplicity, we set ty = 0:
(§ ARzt +h —aih) = fi(x(t))
(§ AR)2(t+ h — azh) = fo(x(t))
v . . t€ Ny, (4.73)
(§AFM)x(t +h — agh) = fa(a(t))
where z(t) € R", 0 < o < 1, for 1 < i < n,f : R" — R"” constantly differentiable twice
function.
As is known, the fractional system (4.73) can be written as a sum equation, S. Elaydi’s
extensive contributions to the stability analysis of Volterra difference systems of convolution

type have laid a solid foundation [109, 1, serving as a valuable framework for our own
research endeavors. Next we will present the Volterra difference equation equivalent to (4.73).

Lemma 4.2 [136] The system (4.73) is equivalent to the Volterra system

(wath ) = S D)0 + D )R (0 + 5 ()
sathrh) = (1)) + (D () aa(0) + e ala(), o
a(th+h) = ;) (S, 2 ) an(0) + (— )M (7)) 20(0) + B fu((8))

(4.74)

Proof. We have by (1.55)
GA%)((t+1—a)h) = ml—a)io (th — ah — b)) (Apz) (ih)h,
= uf_m;h‘“w (Apz) (ih)h,
- zo B (55277) (Awa) (ih)h,
= 3 [ = ()] i) — 1 (5)a(0) 4 e ()t + ).
Using the Pascal rule
(§aex)((t+1—a)h) = haiil (=0 D)a(ih) = h=o (", *)x(0) + h=z(th + h),
- h—aé (o) ain) — b= [ (5) + (59)] 2(0) + hew(th + b),

- hioz‘:zo(_l)tﬂjr1 (- Fpn)a(ih) = b (=1)™ (2:11)1:(0)
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So (4.73) equivalent to

h‘altg(—l)t‘”l(t‘Zil)wl(ih) — hme (=) (N 21(0) = fi(= (1),
t+1 ,
h_‘”g(—l)t‘z“(t_‘ﬁl)@(ih) = R (= 1) () 22(0) = fa(a(?)), e,
t+1 ] L
= ,:Z()(—l)“”l(tiil)xn(ih) — B (=) () 2n(0) = ful2(t)),
=
z1(th+h) = éo(—l)” (341)®1(6h) + b fr(2(1) + (1) (215 21(0),
x2(th +h) = lé(—l)t_i (t_oﬁ_l)l‘g(ih) + hez fo(z(t)) + (—1)H (Cg—ll)xz(()), LeN
Tp(th + h) = é(—l)t—i (.0 ) @n(ih) + hon fo(z(t) + (=105 2 (0),
|

Next, we will present the key findings of our research, subsequently validated through nu-
merical verification. These findings will unequivocally demonstrate the stability of the h-FoDS
under both commensurate and incommensurate orders, elucidated through the formulation of

useful conditions expressed as theorems.

4.4 Stability of Linear h-Difference Systems

Linear systems are considered very important in any theoretical framework. All stability
results must be studied first Linear equations due to their simplicity and their ability to ap-

proximate nonlinear systems. For this purpose, we will consider the system:

(§AM)z(t+ h — arh) = R aq121(t) + A a1ow2(t) + - - - + M arnzn(t),
(OCA;ZZ)‘T(LL +h— agh) = ho‘zaglml(t) + haz(IQQJEQ (t) + -+ ho‘Qagnxn(t),

) te Na,h7
(§ AR)z(t+h — agh) = h*mana1(t) + O apawa(t) + - -+ h* anp@n(t),
(4.75)
where 2(0) =20 e R", 0 < ; < 1,1 <i<n.Ifay = as = ... = a,, = «, then system (4.75)
can be written as
SASz(t+1—a) = Az(t), t=0,1,---, (4.76)
where z(t) € R", A € R™". Let
H = diag (h**,h*?,--- Jh"). 4.77)

4.4, Stability of Linear h-Difference Systems
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First, we will present the theoretical framework the stability of system (4.75).

Lemma 4.3 [136] If the solutions of the following nonlinear equation
det (diag (2(1 — 2o (1 — b 21— z_l)o‘”) — HA) =0, (4.78)

lie in the interior of unit disk. Then the zero solution of (4.75) is asymptotically stable.
If there exists a solution outside the unit disk for (4.78), then the zero solution of the linear system
(4.75) is unstable.

Proof. Applying Lemma 4.2 and performing Z—transform

z1(2) z(1 = Lyer=1g(0)
To(z 2(1 = Lyea—1y

C(2). 2:( o Z): A0 4.79)
Zn(2) 2(1 = 1yen=lg,(0)

where z;(z) is the Z—transform of z;(th),1 < i < n. In which
C(z) = diag (2(1 — Y 21— 272 L 2(1 - z_l)a") — HA. (4.80)

Multiplying (z — 1) on both sides of (4.79) gives

(z — Da1(2) 22(1— 2)*121(0)

z—1)zo(z 22(1 — 1)ezy
o | EmVmE || 20 Do)

(z — Day(z) 22(1 = 1)z, (0)

Assuming that all roots of the characteristic equation det C' (z) = 0 and using the final-value
theorem of Z—transform, we get:

tlim x;(th) = lim(z — 1)z;(2) =0, Vi.

Z—>1

If there is a solution at least for (4.78) outside the unit disk by Cauchy-Hadamard

Rio = tliglo Sup k\-/ ’xio (th)’ > 1,

for some 1 < ig < n, and consequently, tlim sup |z, (th)| = co. m
—00
The solutions of (4.78) can be found using numerical methods and MATLAB program,
but in the following we will extract a result from the previous Lemma, which will make the

equation a polynomial.

4.4. Stability of Linear h-Difference Systems
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Theorem 4.6 [130] Suppose that o;; = o+, (u;,vi) = 1,u4,v; € Zy,1 < i < n. Consider M as
the least common multiple (LCM) of u;.
o If the solutions of the following equation

det (diag (\Mor, AMe2 AMeny — (1 - AMYHA) =0, (4.81)

lie inside the set

T
2M
Then the zero solution of the linear system (4.75) is asymptotically stable.

{z € C:largz| > or |z| > (2(zosc\aurgz])ﬁ }, (4.82)

e If there is a solution at least for (4.81) belongs to
{z €C:largz| < " and |z| < (2cosc\argz])ﬁ } (4.83)
2M ’
the zero solution of (4.75) is not stable.
Proof. Lemma 4.3 implies that (4.75) achieves asymptotic stability when every zero of:

det (diag (2(1 — e (1 — 22 L 2(1 - 2_1)0‘”) —HA) =0

are located in the interior of unit disk
Let

1 1
l-—=\Me 2= A1
p z 1—AM’ # )

the characteristic equation become

det (diag (AMor, \Me2 | \Men) — (1 — AMYHA) = 0.
And acording to [?]
s 1
ze{zeC:0<|z] <1} N¢ {z € C:largz| < YV and |z| < (2008M|argz|)ﬁ}.
and

zef{zeC:|z]>1} e Ne {z €C:largz| < ﬁ and |z| < (QCOSM|argz|)ﬁ}.

We can get a simple result depending on the eigenvalues if the matrix is triangular or the

«; values are equal.

Corollary 4.6 [136] Since A is a triangular matrix with diagonal elements A\;,1 < i < n, we
have: the zero solution of (4.75) achieves asymptotic stability if:
—

Furthermore, if \; > 0or \; < — }2;1 for some 0 < i < n, the zero solution of (4.75) is not stable.

<N <0,i=1,...,n. (4.84)

4.4, Stability of Linear h-Difference Systems
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Proof. Applying Theorem 4.6 since A is a triangular (4.78) become

(2(1 - P h*i\;) = 0.
1

All solutions of (4.78) lie in the i_nterior of unit disk, mean all the A% \;’s belongs to
{z(1- 1% zeCand |7 < 1},
for0 <i<n,by[116]
{z(1-2"1)™ zeCand |z| <1} = {z € C:largz| > % and |z| < <2(:os W)ai},
where \; € R, this means —2% < h%); < 0. =

Theorem 4.7 [136] Suppose that
ag=ay=..=a,=a,ac (0,1)
If
A€ {ZE(C: larg z| > %and |z| < <2h_acosw>a}, (4.85)
for all the eigenvalues ) of A, then the zero solution of (4.73) is asymptotically stable. In this case
lz(®)]] = O@™") ast— oo,
Furthermore, if

(03
S {ZG(C: larg z| < Ogor |z| > <2h_acos’ar§Z’ﬂ> },
-«

for an eigenvalue \ of A, the zero solution of (4.75) is not stable.

Proof. By Lemma 4.3 the system (4.75) is asymptotically stable if all the zeros of:

det (diag (2(1 — 2o 2(1— 272, L 2(1 - z_l)o‘) — HA) =0,

are located inside the unit circle.
we put
2(1—27H* =\

And acording to [116]
zE{zGC:0<|z|<1}<:>/\E{26C1|argz|>o;7rand lz| < <2h_ac08w> }

and

(0%
zE{zE(C:|z|>1}<:>)\€Int{ZEC:|argz|<Ogror 2| > <2h_acos\ar§z]7r> }
-«

This complet the proof. m
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4.5 Stability of Non-Linear h-difference systems

In this section, we will generalize the previous results in the nonlinear case (system 4.73).
Of course, the results do not generalize completely due to the complex nature of nonlinear

systems.
Lemma 4.4 [136] If the solutions of the following equation
det (diag (2(1 — 27 1), 2(1 — 2712, ., 2(1 — 2 1)) — Hf'(0)) =0, (4.86)

lie in the interior of unit disk. Where ' (0) is the jacobian matrix of f at 0. Then the zero solution

of (4.73) is locally asymptotically stable.

Proof. The system (4.73) is equivalent to the Volterra system (4.74). Using taylor develop-
ment, (4.74) become

z(th+h) = Hf' (0)z(t) + ZB(t —7)z(jh) + o(||z(th)]]) + Q(t), t=0,1,---

§=0
Where
(=D"() 0
s | 0 V) o |
0 0 (=D'(£)
D)
1 t+1 (az2—1
an - | ! ):(t“) 2(0),
(_1)t+1(at1_11)
and

H = diag (h®, h°2, - hon) .
We have B(t) € [(1(N)]"", and R(t) is the resolvent matrix defined as:

R(t+1)=Hf (0)R(t)+ > B(t—j)R(j), R(0)=IteN,
j=0

where by Theorem 2 in [109] R(t) € [¢*(N)]""". Then by the variation of constants

t—1

z(t) = R(H)z(0) + Y _R(t - j — 1) (o(|=(7)II) + Q(5)) -

J=0

And acording to [109], (4.73) is locally asymptotically stable. m

4.5. Stability of Non-Linear h-difference systems Y
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Theorem 4.8 [136] Suppose that o;; = o+, (u;,vi) = 1,u3,v; € Zy,1 < i < n. Let M be the

lowest common multiple of ;. If any solution of:

det (diag (NMor, Moz AMen) — (1 = MMYH f7(0)) =0, (4.87)

lie inside the set (4.82) then the zero solution of (4.73) is locally asymptotically stable.

Corollary 4.7 [136] Suppose

f/ (0) = dZG/g ()‘la )\27 e 7An)

then the zero solution of (4.73) is locally asymptotically stable if (4.84) hold.

Theorem 4.9 [136] Suppose that

ag=ay=..=a,=a,a € (0,1)

If (4.85) hold for all the eigenvalues of f’ (0), then the zero solution of (4.73) is locally asymptot-

ically stable.

Remark 4.1 The proof of the last two results is trivial because we have proven the equality of

conditions in the linear case.

4.6 Illustrating Numerical Examples

In this section we provide numerical examples to give the reader insight into applying

the results obtained. The application is simple and does not require complex or additional

calculations.

Example 4.8 [136] Let us consider the linear h-FoDs:

§A%xy (t+ h — ah) = —0.4x1 (t) — 1.0222 (t),
§ALxy (t+ h — ah) = 0.04z1 (t) — z2 (t) + 0.333 (t), ,t € No, (4.88)
§AYxs (t+ h — ah) = —1.046z2 (t) — z3 (t),

where o = 0.7, h = 0.5, 2(0) = (0.2,0.5,0.3) , x = (21, 72, 23) : Ng — R3,

-04 -1.02 O
A= 0.04 -1 03 1|,
0 —-1.046 -1

so the eigenvalues of the matrix are

(A1, A2, Ag) = (—0.436 42, —0.981 79 — 0.577 714, —0.981 79 + 0.577 714) .

4.6. lllustrating Numerical Examples
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We notice the condition (4.80) is fulfilled, and therefore the system (4.88) is asymptotically
stable around the origin. The following numerical simulations show the stability which agree

with theoretical result

Class.
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Figure 4.7: Numerical simulation of the system 4.88 using MATLAB.

Example 4.9 [136] Let us consider the linear h-FoDs:

§AM zy (t+h — arh) = —0.830 Tzq (t) 4 0.00923z5 () — 0.25844x5 (1),
gA,OLQ:BQ (t + h — OéQh) = 3.23052x1 (t) —0.923x9 (t) + 0.20306x3 (t) s ,t € Ng, (4.89)
1
§Afzy (t+h — agh) = —0.01846z1 (t) 4+ 0.02769z5 (t) — 0.93223z3 (1),
where (a1, a2, a3) = (2,3, 3), 2(0) = (-0.3,0.2,0.1), h = 0.5, z = (21, 2, 23) : Ng — R5.

—0.8307 0.00923 —0.25844
A= 3.2305  —0.923  0.20306
—0.01846 0.02769 —-0.93223

we have M = 4, so

Moo oo 051 0 0 —-0.8307 0.00923 —0.25844
det 0 A 0 —(1=2%Y 0 05%1 0 3.2305 —0.923  0.20306 =
0 0 M 0 0 051 —0.01846 0.02769 —0.93223

=

—0.247 8612 + 0.508 28\ + 0.384 82010 — 0.47407)2% +9.0923 x 1072X% — 1.5105)\7 + 0.230 376

+0.164242° — 9.0923 x 1072X* + 1. 002 2)\3 + 0.384 8222 + 0.309 84\ + 0.247 86 =0,
(4.90)

4.6. lllustrating Numerical Examples
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the solution of (4.90) is
2.1451

1.2615
—0.660 65
—0.70241
—1.4279

1.4476
—0.31256 + 1. 056 9
—0.31256 — 1. 056 9

3.9644 x 1072 — 0.700 82

3.9644 x 1073 + 0.700 82

0.302 32 + 0.744 52i
0.30232 — 0.744 52

by Theorem 4.6 the zero solution of (4.89) is asymptotically stable. The following numerical

simulations show the stability which agree with theoretical result
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Figure 4.8: Numerical simulation of the system 4.89 using MATLAB.

Example 4.10 [136] Let us consider the non-linear h-FoDs::

§ ALy (t+ h — ah) = sin (—1.9821 (t) — 1.01zo (t)) + 23(¢)
§AQwy (t+ h — ah) = 2.02x; (t) e=*2() 4 0.75 sin (22 (1)) .t € Ny,

§ARzs (t+h — ah) = —0.975z1 (t) e~ ™2 — 1.0235 (£) — 0.99sin (3 (1))
(4.91)

4.6. lllustrating Numerical Examples
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where a = 2, h = 0.5,2(0) = (—0.05,0.05,0.03) , = (z1,z2,23) : Ng — R3. The jacobian

matrix of fat 0 :
—-1.98 —-1.01 0

o=\ 20 075 0 ,
0.975 —1.023 —0.99

so the eigenvalues of the matrix are
(A1, A2, Ag) = (—0.615 + 0.42068i, —0.615 — 0.420 687, —0.99) .

We notice the condition (4.80) is fulfilled, and therefore the system (4.90) is locally asymptotically
stable around the origin. The following numerical simulations show the stability which agree with

theoretical result
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Figure 4.9: Numerical simulation of the system 4.91 using MATLAB.

Example 4.11 [136] Let us consider the linear h-FoDs:

§AM 2y (t+h — arh) = —0.9sin (z1 (t)) — 0.01sin (22 (¢)) 4 0.28sin (z3 (1)),
SAN22y (t+ h — ash) = 3.5z1 (t) e ™®) +sin (—x (t)) + 0.2233 (1), ,t € Np,

SAMxy (t+ h — agh) = sin (—0.02z1 (t) + 0.03z2 (t) — 1.01z3 (2)),
(4.92)

where (a1, g, a3) = (%, %,%) , 2(0) = (—0.4,0.4,0.04) ,h = 0.5, z = (x1,22,23) : Ng — R3.

The jacobian matrix of f at 0 :
—-0.9 0.01 —-0.28

1(0)= 3.5 -1 0.22
—-0.02 0.03 -—-1.01

4.6. lllustrating Numerical Examples
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we have M = 6, so

M0 o0 055 0 0 0.9 0.01 —0.28
det 0 XM 0 |-a=x o o052 o 35 -1 022 —0,
0 0 N 0 0 058 —0.02 0.03 —1.01

=4

—0.315 212" + 0.563 14\'6 + 0.451 7TA® +0.38531A™ — 0.801 6412 + 0.238 53112
—0.566 96\ — 1.126 3019 4+ 0.096 6\? — 0.770 6328 + 0.801 64\ — 0.238 536 (4.93)
+0.566 962° + 0.563 14\* + 0.451 7\ + 0.385 3122 + 0.31521 = 0,

the solution of (4.93) is
—1.4194

1.408 6
—0.269 81 + 0.878 507
—0.26981 — 0.878 501

—0.80059
—0.62512 — 1.079 5¢
—0.62512 +1.079 51

1.2779
—0.54045 — 0.641 473
—0.54045 + 0.641 47

1.1698

0.53487 — 0.639 23¢
0.534 87+ 0.639 23¢
—1.1851
0.406 34 4+ 0.694 31
0.406 34 — 0.694 31
0.268 52 — 0.880 95¢
0.268 52 + 0.880 95¢

by Theorem 4.8 the zero solution of (4.92) is locally asymptotically stable. The following numer-

4.6. lllustrating Numerical Examples
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ical simulations show the stability which agree with theoretical result

Class

The findings can be extended to broader scenarios involving variable orders in future re-

search. This study enables the prediction of stability in various systems, including cryptogra-
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Figure 4.10: Numerical simulation of the system 4.92 using MATLAB.

phy, epidemiology, engineering, and other applied h-FoDs models.

4.6.

[llustrating Numerical Examples



Chapter 5

Stability Analysis of Variable Order

Discrete time Systems

Variable-order fractional operators have become essential tools across a wide range of dis-
ciplines, including physics, engineering, and signal processing. Their importance stems from
their ability to model systems and phenomena characterized by varying levels of complexity
and memory. These operators provide a highly adaptable and versatile approach to capturing
the nuanced dynamics of systems where the fractional order changes in response to varying
conditions and inputs. Consequently, they have become invaluable for exploring and under-
standing dynamic systems with variable or adaptive characteristics. Their flexible nature has
expanded research possibilities, enabling more precise and responsive modeling in complex
and dynamic scenarios.

It is well-known that there are numerous definitions of fractional variable-order operators,
with differences arising from how the order is manipulated through various functions and
modifications. In this paper, our primary focus is on a specific operator derived by simplifying
the difference fractional order operator, representing it explicitly, and then modifying the order
using a function.

In this chapter, we conduct a stability analysis of Fractional Variable-order Dynamic Sys-
tems. This investigation is motivated by the recent increase in models that fall into this cat-
egory. Since stability is one of the most critical dynamic behaviors, developing theoretical
foundations for its examination has become crucial. Our goal is to generalize the results found
in constant-order cases to variable-order systems.

In our analysis, we consider the case where the parameter "a" is set to zero, a choice
made for the sake of simplicity and without any loss of generality. This particular setting
simplifies the mathematical expressions while still preserving the generality and relevance of

our findings. With "a" set to zero, we transition to a notation where we represent the fractional

87
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discrete time operator as “ A} by “Af. By further simplifying the expressions and making use
of Pascal’s rule, we can express this fractional discrete time operator in a more concise and

structured form as in [116]:

(CAFHE+1-t) =ft+1)+ Etlo(—l)t_”l(tiﬂ)f@) + (=D (3 f(0),

= ft+ 1)+ (D)) = f() + (=1)H(57)) £(0).

This simplification is a crucial step in our analysis, as it brings us to a point where we can
express the fractional discrete time operator in an explicit form. This explicit representation is
pivotal for our research, as it enables us to formulate a precise and well-defined definition for
the variable-order discrete time operator, which is a central concept in our study.

This simplification is a crucial step in our analysis, as it brings us to a point where we can
express the fractional discrete time operator in an explicit form. This explicit representation is
pivotal for our research, as it enables us to formulate a precise and well-defined definition for

the variable-order discrete time operator, which is a central concept in our study.

Definition 5.1 [137] Let o : N — (0, 1]. Then, the Caputo fractional variable-order discrete time
operator with order function t (.) is defined by:

CNDf(t+1—t(t) = fE+1)+ (=DFED)  £(2) + (~1)H(“07Y) £(0),

t 5.1
=)+ 3 )+ (R 0) G-D

In this work, our focus turns to the examination of the stability characteristics of discrete
systems featuring variable orders. To accomplish this, we will embark on a detailed analysis
of a specific system. To set the stage for our investigation, let us consider the following system

as our subject of study:
Ay (t+1—a(t) = f(z(t)),t €N, (5.2)

with initial condition z(0) = zy € R™, z : Ny — R" is a state function and f = (f1, fa, ..., fn)" :

R™ — R™, continuously differentiable function, and suppose z(0) = 0 (all cases can be trans-

ferred to be 0 the equilibrium point).

This system will serve as the foundation upon which we will build our exploration of the
intricate dynamics and stability properties associated with variable-order discrete systems. By
delving into the stability of this particular system, we aim to unravel essential insights that can
be applied to a broader understanding of systems with varying orders. This endeavor is fun-
damental in our quest to gain a comprehensive understanding of the dynamics and behaviors

of such systems.
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Using 5.1 and taylor devlopment we get

t

2(t+1) = Ja(t) + Y _B(t — s)z(s) + g(t) +o(lF D)), t=0,1,---, (5.3)
s=0

where J is the jacobian matrix of f at 0, B(t) = (—1)t(?‘f1))ln and g(t) = (—1)’5*1(0‘&2;1)95(0).
so z(t) is a solution of 5.2 if and only if it is a solution of 5.3. first analyze its homogeneous

part
t

o(t+1) = Ja(t) + Y B(t—s)z(s), t=0,1,---. (5.4)
s=0

When (B(k)),cy € ¢*(N"*™), the resolvent matrix R(k) of 5.4 is defined as:

t
R(t+1)=JR(t)+ > B(t—s)R(s), R(0)=1I,teN.
s=0
By the variation of constants formula, we obtain

t—1

z(t) = R(H)z(0) + Y R(t — s — 1) (9(s) + o(x(t)])) -

s=0

We perform the necessary notation related to the Z-transform of the kernel b (t) = (—1)* (ffl))

(with the radius of convergence R = 1) we have the following notation:

TR VRN () A
b(z)_kZ( 1)k<k+1>z k (5.5)

0

5.1 Stability in Linear Variable Order Systems

In this section, our focus centers on the examination of the stability characteristics inherent

to discrete linear systems with variable order. To facilitate our analysis, we shall delve into a

specific system model featuring a variable-order structure. This chosen system takes on the
following form:

Ay (t+1 —a(t)) = Az (t),t € No, (5.6)

z(0) =x9 € R",a: Ng — (0,1] and A € R"*".

By dissecting and scrutinizing this system, we aim to gain a comprehensive understanding
of the stability aspects in the context of variable-order systems. This exploration will shed
light on the behavior of such systems under different conditions, providing insights into their

dynamics and potential applications.

Theorem 5.1 [137] System 5.6 exhibits asymptotic stability solutions of:

det (zIn —A— B(z)) =0, (5.7)

5.1. Stability in Linear Variable Order Systems B3]
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are inside the unit circle. Furthermore, if ther is a solution of 5.7 located outside the unit circle

then the solution of 5.6 is not stable.

Proof. Suppose that the solutions of 5.7 are located inside the unit circle, by the variation of

constants formula, we obtain

s=0 8
We have
t
o0l = | £~ - )17 (o)
n
< ;R(t—s><—1>s(“<sz—1) 12(0)]
Tt
<G Z_:Om [1R(E — 5]
(8 RG-S e R 9)
= Do 1B —8)l[ + e = s)I ],
! s=0 (s+1) s:\_t/?]—i—l( )

where ¢; > 0 is areal constant and |.] is the floor function. Since the components of R belongs
to /1(Np), we have ||R(t)|| = O(t™!) as t — oo and there exist (5, (3 > 0 such that

t/2
Lt/2] 1 G

1 C3
— —_|R(t—9)| < - |
SZ_; (S + 1)Olmin H ( S)H ~t4+1 ; (8 + 1)amin — (t + ]_)amin

where we have used the inequality 3"._ (s+1)@min < f(f (x+1)"*mindg. Similarly, the second
sum can be estimated as

t t

1 Ca G5
Yo e IR =9l < = Y R s)| <
s=|t/2]+1 (S + ]_)0‘ (t + 1)04 s=[t/2]+1 (t T 1)0‘
for suitable ay, 5 > 0. In summary, we have |z(t)|| < (5(t + 1) %min, hence ||z(t)| = O(t™)
ast — oo.
Hence, if there is a zero z with |z| > 1, then the radius of convergence of at least one compo-

nent z; of x satisfies R > 1. So
r = lim sup v/|z;(t)| > 1,
t—o0

according Cauchy-Hadamard theorem, consequently, tlggo sup |z;(t)| = +oo which proves that
x is not bounded and thus 5.6 is not stable. m

Now, we proceed to unveil a practical result that emerges from our analysis, a result that
serves as a valuable addition to the understanding and application of the concepts under ex-

amination. To do this, we introduce a fundamental set, a concept that will play a pivotal role

5.1. Stability in Linear Variable Order Systems [
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in our ongoing exploration:

50 = {z — S (DR 2 e C 2] < 1}

k=0

a(0) :
= {z eC:|z| < (2008 |aélr_g;|(a)w) and |arg z| > O)W}

(5.8)

This introduced set encapsulates key elements that underpin the practical implications
of our study. It paves the way for the application of our theoretical insights in real-world
scenarios and problem-solving. Through a closer examination of this set, we aim to highlight
its importance and its role in bridging the gap between theoretical concepts and their practical
relevance, ultimately contributing to the advancement of knowledge and the solution of real-

world challenges.

Theorem 5.2 [137] Let

p = max { (1 — amm + Qmin — Oé(O)) s (Olmax — Qmax — 1 + 0((0)) } s
Qmax Omin

where
Qmin = Inf (), amax = sup a (t) ,
and
d ()\,(C\SO‘(O)) — inf {yx —z],z€ C\SO‘(O)} .
If

d (A,C\S“(O)) > p, (5.9)

for any eigenvalues X\ of A, then system 5.6 is asymptotically stable.

Proof. We have

)z—A—b( )_

2T Z <k:+1)

This means if

FA i <l<:+1>

we get for any eigenvalues \ of A :

(BB

k=

z—A—b(2) #0,Yz € C,|z| > 1. (5.10)
We have
> (DR = Y (-1 (%Sf“f) =
k=0 k=0
o0
(a(0))(1-a(0))--(k—a(0))  (a(k)(1-a(k)(k—ak)\ —k
k; ( T(k+2) - T(k+2) ) 2

5.1. Stability in Linear Variable Order Systems
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So
a(0) _— s (k) — X ((0))(1—a(0))---(k—a(0 anin) (1—tmax )+ (k— Cmax
k:1(_1)k(k<+1>)z k k;( 1)k (28)) ok <max{k21<( (O)1=a(0)(k-a(0) _ (amn)(i—apac) ))7
Omax (1 amm) (k_amin) (a(O))(1—a(0))~~~(k—a(0))
2 ( T'(k+2) o T'(k+2) )}’
=
DR - R DGR <
= [ (2(0)(1=a(0))--(k—(0)) _ (tmin) (@max)(1—max)(k—amax)
max { k; < T(k+2) ™ (max) T(k+2) ) ,
o~ (amax> (Omin) (1= amin) -+ (k—amin) _ (a(0))(1=a(0))-(k—a(0))
=
> (=DFEE) = S (DR <
k=1 k=1
s a 0 Qmin X Omax
max{kE(—l)k(ksrl) amax))kzl( D* (k+1)
ot (-1 3p) - DG
=

<

SVt - S
max { (1 — Smin 4 oy — a(O)) , (m P 04(0))} ’

Omax Qmin

If

Q'min

> max { (1 — Qe + oyyin — a(O)) , (m — Qmax — 1+ a(O))}

z—A— kzo(—l)k(zfl))z*k

then ‘z —A— B(z)‘ > 0 therefore the condition 5.7 is fulfilled. m

5.1.1 Stability in Non-Linear Variable Order Systems

Now, we turn our attention to the examination of the stability properties of the nonlinear
system 5.2 in a more comprehensive context. To achieve this, we introduce a critical compo-
nent to our analysis, a Lemma that will aid in our understanding of the system’s stability under

various conditions and scenarios:

Theorem 5.3 [137] System 5.2 exhibits local asymptotic stability if all solutions of:
det (zln —J- B(z)) —0, (5.11)
Are contained within the unit disk.

Proof. Suppose that all the solutions of 5.11 are contained within the unit disk, by the varia-

tion of constants, we obtain

t—1

z(t) = R(t)x(0) + Y R(t —s — 1) (g(s) + ol |z(s)I]) -

s=0

5.1. Stability in Linear Variable Order Systems
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where R(t) is the resolvent matrix. We have

t—1 t—1
=@ < IR [20)[| + Y 1R = s = D] o(llz(s)IDIl + > I1R(E = s = D[ lg(s)l|, (5.12)
s=0 s=0

for a given ¢ > 0 there is 6 > 0 such that o(||z||) < ¢||z| whenever ||z|| < J. So as long as
|lz(s)|| < 0, 5.12 becomes

t—1 t—1

lz@)Il < [R@[HzO)]| + €Y IIR(E—s = D l2(s)[ + D> I1RE =5 =] g(s)ll
5=0 s=0

we defined y(¢) as follow

y(t) = r(t)y(0) + ei)r(t —s—1y(s) + :T(t —s—1)f(s)

where
@) = [ROI,  f(s) = llgs)ll, y(0) = [z
= t t
(t+1) =r(t+Dy0) + e _r(t—s)y(s)+ > _r(t —s)f(s)
_ s=0 s=0
y(t+1) =7+ 1)y(0) + er(t) « y(t) +r(t) = f(t). (5.13)
We have
()] < y(t),

we see that r(¢) € ¢!(N). Taking the Z—transform on 5.13 gives:

2§(2) — y(0)z = (27(2) — 2)y(0) + €7(2)§(2) + 7(2) f(2),
with R, <1,and Ry = 1, where R, is the convergence radius of 7*(z) and R, is the convergence
radius of f(z) =
§(2) = (2 = ei(2)) " (27(2)(0) + 7(2)f(2))
for |z| > max{R,,1,er(1)}.

Choose € < ﬁ, we get max {R,, 1,er(1)} = 1, by final value theorem

lim y(t) = lim(z — 1)§(z) = lim(z — 1)((z — e(2)) 127 (2)y(0) + 7(2) f (2))

t—o00 z—1 z—1

we have
séOHR(t—S)\ [ H (s)]] éo ey 1B = )| [z (0)]]

Lt/ t
(Z e IRE=9)l+ X oo IIR(t—S)H)

s=|t/2]+1

5.1. Stability in Linear Variable Order Systems
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where ¢; > 0 is a suitable real constant and the symbol |.| stands for the floor function and

a= 1r<mn {a;}. Since || R(t)|| belongs to ¢!(N), we have ||R(t)|| = O(t™1) as t — oo and there

exist (5, (3 > 0 such that

2l 1t/2] ¢
_ 3
SZ:;(SH)CY”R@ S||_t+1zs+ (t+1)°

where we have used the inequality S°%_,(s+1)7® < fg (x+1)"*dz. Similarly, the second sum

can be estimated as

t t

1 (4 ¢
Z WHR(t—S)H < i+ 1) Z [R(t—s)| < 0 +51)a,

s=|t/2]+1 s=[t/2]+1

for suitable (4, (5 > 0. In summary, we have

Y OIRE=IIH ()] < G5t +1)7°
s=0

hence .
D IR = )| [|H(s)|| = Ot ") as t — oo.
s=0

So by final value theorem

and that’s imply

lim y(t) = lim (z — 1)§(2) = lim(z — 1)((z — €7(2)) "L27(2)y(0) + 7#(2) f(2)) = 0.

t—o00 z—1 z—1

Theorem 5.4 [137] Suppose that for any eigenvalues \ of J :

d ()\,C\St(o)) > p. (5.14)

Then System 5.2 is locally asymptotically stable. Where

p = max { <1 _ Cmin + Qmin — Ot(O)) ) (ama.x — Omax — 1 + t(0)> } >
Olmax Qmin

Proof. With the same steps of prove Theorem 8: If
ad (0% «
PSSOV <k+1>2"“ > max{<1 - Soin mm_am)) | (OK _amax_uam))},

‘z—)\—i)(z)‘ > 0,

therefore the condition 5.11 is fulfilled. m

5.1. Stability in Linear Variable Order Systems
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5.2 Numerical Simulations

What we will do in this section is to test the obtained result numerically through two
numerical examples regarding the linear case and two other regarding the nonlinear case and

to carry out numerical simulations that support the theoretical results.

5.2.1 Linear Systems

Example 5.1 [137] Let us consider the system with a variable-order the following form:

{ CAD gy (t+1— at)) = —0.45z1 (£) + 155 (£) . 5.15)
) 05 .

CA D gy (41— at)) = 0.01zy (t) — 0.67z5 ()
with initial condition (x1,x3) = (0.2,—0.3), where o : Ny — (0, 1],¢ (t) = 0.4 + 0.1e”*. We have
Omin = 0.4, apax = 0.5
p = 0.25.

The eigenvalues of the matrix are A\ = —0.39538, Ao = —0.724 62
. We notice from the following figure obtained by MATLAB that the condition 5.14 is fulfilled, and
therefore the system 5.15 is asymptotically stable around the origin.

x x
[

15

el

(o]

SO

0.5

-0.5 -

-15 -

Figure 5.1: The location of eigenvalues and disks whose center

eigenvalues and radius is p.
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The following numerical simulations show the stability which agree with theoretical result

03

02

01

Class

02

03

-04

Example 5.2 [

with initial condition (z1,x2,23) = (2.2,1.01,—1,4), where « :

|
h
*
¥
|

Figure 5.2: Numerical simulation of the system 5.15 using MATLAB.

] Let us consider the system with a variable-order the following form:

CA Dz (t+1—a(t) = —1.921 (t) — 0.9z (1)

CA gy (t+1—a(t)) = 2.0l (t) +0.8z2 (t) ¢ € N, (5.16)

CAWgs (t+1—alt)) = z1 (t) — 2 (t) — 23 (1)

0.1 cos t. We have

The eigenvalues of the matrix are \; = —0.43381, Ao = —0.666 19, A3 = —1. We notice from the
following figure obtained by MATLAB that the condition 5.14 is fulfilled, and therefore the system

Omin = 0.5, Gtmax = 0.7 = p = 0.4.

No — (0,1],£(t) = 0.6 +

5.2. Numerical Simulations
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5.16 is asymptotically stable around the origin.
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Figure 5.3: The location of eigenvalues and disks whose center

eigenvalues and radius is p.

The following numerical simulations show the stability which agree with theoretical result
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Figure 5.4: Numerical simulation of the system 5.16 using MATLAB.
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5.2.2 Non-Linear Systems

Example 5.3 [137] Let us consider the system with a variable-order the following form:

{ CAMD gy (t+1— a(t)) = —0.41sin (z1 () + L.4sin (22 (1)) . 517)
) 0 .

CA Mgy (t+1 - a(t)) = 0.522 (t) — 0.6z (1)

with initial condition z(0) = (0.5, —0.5), where a : Ng — (0, 1], () = 0.3 4+ 0.05cos(t). We
have
Omin = 0.25, ax = 0.35 = p = 0.4.

The eigenvalues of the Jacobian matrix of (—0.41sin (x1 (t)) + L4sin (22 (£)) , 0.5z (£) — 0.622 (1)) ,at
(0,0) are Ay = —0.41, \y = —0.6. We notice from the following figure obtained by MATLAB that
the condition 5.14 is fulfilled, and therefore the system 5.17 is asymptotically stable around the

origin.
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Figure 5.5: The location of eigenvalues and disks whose center

eigenvalues and radius is p.

5.2. Numerical Simulations ]



Chapter 5. Stability Analysis of Variable Order Discrete time Systems

The following numerical simulations show the stability which agree with theoretical result
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Figure 5.6: Numerical simulation of the system 5.17 using MATLAB.

] Let us consider the system with a variable-order the following form:

CA Dz (t+1 — a(t)) = —0.3sin (z1 (t)) — sin (z2 (t))

CAW gy (t+1 - a(t)) = 0.092; (t) — 0.8sin (z2 (1))

7t€N07

CA Mg (t+ 1 — at)) = sin (z1 (t) — z2 (t) — 23 (1))

with initial condition x(0) = (2,3, —4), where o : Ng — (0, 1], () = 0.6 + 0.1sin t. We have

Omin = 0.5, amax = 0.7 = p = 0.4.

The eigenvalues of the Jacobian matrix of

(—0.3sin (1 (t)) — sin (23 (t)),0.0921 (£) — 0.8sin (x5 (), sin (x1 (£) — 2 (t) — 23 (£)))",

at (0,0,0) are A\

—0.55 4+ 0.16583¢, Ao = —0.55 — 0.16583i, \3 = —1. We notice from the
following figure obtained by MATLAB that the condition 5.14 is fulfilled, and therefore the system

(5.18)

5.2. Numerical Simulations
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5.18 is asymptotically stable around the origin.
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Figure 5.7: The location of eigenvalues and disks whose center

eigenvalues and radius is p.

The following numerical simulations show the stability which agree with theoretical result
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Figure 5.8: Numerical simulation of the system 5.18 using MATLAB.

In this chapter, we have introduced novel, rigorously validated stability criteria for Frac-

tional Variable Order Discrete time Systems. This work considers a generalization of the results

5.2. Numerical Simulations

100
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obtained in the past years regarding the stability of discrete-time systems with constant order.
These criteria were confirmed through numerical demonstrations with multiple illustrative ex-
amples, offering valuable insights for a wide range of discrete-time systems, thus contributing
significantly to the field. This work motivates us to study many models in the case of variable
orders and to apply this type of model in many applied aspects such as biology and engineer-

ing.

5.2. Numerical Simulations il



Chapter 6

Application of Discrete Fractional

Calculus in Epidemic Models

The mathematical modeling of epidemics has a rich history, beginning in the 18th century
as scientists sought to understand and predict the spread of diseases. Here’s a more detailed
overview of its development [138, s , , 1:

18th Century — The Beginnings with Bernoulli:

The idea of mathematical modeling for diseases originated in the mid-18th century. In
1760, Daniel Bernoulli developed a mathematical model to study the impact of smallpox on
populations, with the main goal of evaluating the benefits of vaccination. Bernoulli’s work
demonstrated how vaccination could reduce mortality and used equations to determine the
proportion of the population that needed to be vaccinated to control the disease. This marked
one of the first instances where mathematics was used to understand disease dynamics.

19th Century — Population Distribution Laws:

In the 19th century, attempts were made to understand statistical relationships between
disease outbreaks and population groups. Researchers like William Farr, who studied cholera
outbreaks in Britain, used statistical data to describe trends in disease transmission. Though
these efforts predated formal mathematical models, they laid the groundwork for the use of
demographic data in epidemiology.

20th Century — The Emergence of the SIR Model:

A significant breakthrough came in 1927 when William Kermack and Anderson McKendrick
developed the famous SIR model (Susceptible, Infectious, Recovered). This model divided
populations into three key groups:

- Susceptible (S): Individuals who are not yet infected but are vulnerable to the disease.

- Infectious (I): Individuals who are currently infected and can transmit the disease to

others.
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- Recovered (R): Individuals who have recovered from the infection and have gained im-
munity.

The SIR model, based on differential equations, became a fundamental tool for under-
standing how diseases spread and how the number of infections changes over time. It allowed
scientists to make predictions about the course of an epidemic and introduced key concepts
like the basic reproduction number (Ry).

Mid-20th Century — Development of Complex Models:

By the mid-20th century, models became more sophisticated, incorporating additional vari-
ables like:

- Viral mutations: To study how genetic changes in viruses affect transmission (e.g., sea-
sonal flu).

- Geographical differences: Factoring in how urban and rural settings influence the spread
of diseases.

- Social behaviors: Including human behavior like social distancing, travel, and contact
patterns to enhance predictions.

These advancements enabled models to account for real-world complexities and provided
better insights into how diseases spread across diverse populations.

Late 20th Century — The Computing Revolution:

The 1980s and 1990s saw a leap in modeling capabilities with the rise of computing tech-
nology. Computer simulations allowed researchers to model large-scale disease outbreaks in
greater detail. A prominent example is the use of mathematical models during the HIV/AIDS
crisis, which helped understand the transmission dynamics of the virus and guided public
health interventions like antiretroviral therapies and education campaigns.

21st Century — Global Epidemic Challenges:

As the 21st century progressed, outbreaks like SARS (2003), HIN1 (2009), Ebola (2014-
2016), and Zika (2015) challenged the global community. Mathematical models played a
crucial role in these crises, helping predict the spread of these diseases and guiding strategies
like quarantine, vaccination campaigns, and public health responses. These models also helped
determine the effectiveness of interventions in real-time as new data became available.

COVID-19 Pandemic (2020) — Modeling During a Global Crisis:

The COVID-19 pandemic marked a turning point in the visibility and reliance on epidemic
modeling. Models were essential in predicting case numbers, hospital capacities, and the
impacts of interventions like lockdowns and vaccination. During COVID-19, models such as
the SEIR model (which adds an “Exposed” category for individuals in the incubation period)
became vital tools for understanding the spread of a virus with a long latency period. These
models helped governments and public health agencies make informed decisions in real-time,

showing the practical value of mathematical modeling in pandemic response.




Chapter 6. Application of Discrete Fractional Calculus in Epidemic Models

The Future - Artificial Intelligence and Machine Learning in Modeling:

As artificial intelligence (AI) and machine learning (ML) technologies advance, they are
increasingly being applied to epidemic modeling. AI and ML allow the analysis of massive
datasets, including epidemiological, clinical, and behavioral data, to create more accurate and
realistic models. These techniques enhance the ability to predict future disease outbreaks and
assess the effectiveness of public health measures in real-time.

Mathematical epidemic models have been widely used to estimate future trends of dis-
ease transmission, gain insight into disease dynamics, and plan control strategies to mitigate
outbreaks though possess limitations, such as identifiability in data fitting, case specificity,
and robustness. Recently, researchers have been applying advanced statistical methods, and
deep neural networks to overcome the limitations of fitting and achieve more accurate fore-
cast. However, these do not provide insight to disease transmission mechanism and impli-
cations to control. Time series forecasting is a well-known challenge for infectious diseases
[138, ) ) 1.

It is now increasingly common for infectious disease epidemics to be analysed with math-
ematical models. Modelling is possible because epidemics involve relatively simple processes
occurring within large populations of individuals. Modelling aims to explain and predict trends
in disease incidence, prevalence, morbidity or mortality. Epidemic models give important in-
sight into the development of an epidemic. Following disease establishment, epidemic growth
is approximately exponential. The rate of growth in this phase is primarily determined by the
basic reproduction number, RO, the number of secondary cases per primary case when the
population is susceptible. RO also determines the ease with which control policies can control
an epidemic. Once a significant proportion of the population has been infected, not all con-
tacts of an infected individual will be with susceptible people. Infection can now continue only
because new births replenish the susceptible population. Eventually an endemic equilibrium
is reached where every infected person infects one other individual on average. Heterogeneity
in host susceptibility, infectiousness, human contact patterns and in the genetic composition of
pathogen populations introduces substantial additional complexity into this picture, however e
and into the models required to model real diseases realistically. This chapter concludes with a
brief review of the recent application of mathematical models to a wide range of emerging hu-
man or animal epidemics, most notably the spread of HIV in Africa, the 2001 foot and mouth
epidemic in British livestock, bioterrorism threats such as smallpox, the SARS epidemics in
2003 and most recently the use of modelling as a tool for influenza pandemic preparedness
planning.

An epidemic is a chain reaction of disease spread within a population. Epidemics can
sometimes be described and predicted by mathematical models because they involve relatively

simple processes occurring within large populations. "Simple" means that infection and disease
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progression can be characterized by the transition of an individual from one state to another;
for example, from being uninfected and susceptible to infection to becoming infected after
contact with an infectious individual, or from an infected state to a recovered state following
recovery and the acquisition of immunity. Defining a model involves classifying the possible
infection states of an individual and identifying the processes that cause movement between
these states. The aim is to predict changes over time in the proportions of the population in
different infection states and the incidence of disease-related events [148].

Establishment: The epidemic grows from the first infected individual until enough individ-
uals are infected that the random extinction of the disease becomes unlikely. Many epidemics
may die out after infecting only one or two individuals if the last infected person recovers
(or dies) before transmitting the infection to others. This randomness makes the establish-
ment phase relatively long and variable in duration, which may explain the decades-long gap
between HIV entering the human population before 1950 and the large-scale epidemic recog-
nized in the early 1980s.

Exponential Growth: After establishment, epidemic growth tends to follow an approxi-
mately exponential pattern. The speed of this growth is largely determined by two factors:
the number of secondary cases generated by a primary case at the onset of the epidemic (the
basic reproduction number, Ry) and the average time for secondary cases to be infected by
a primary case (generation time, TG). Ry measures the infection’s inherent transmissibility
and depends on disease biology (which affects infectiousness) and host population structure
(which affects contact rates). TG is mainly determined by the incubation period and the du-
ration of infectiousness. Ry > 1 is essential for epidemic growth because, for an infection to
sustain itself, each infected person must infect at least one other. Vaccination campaigns aim
to reduce Ry below 1, thus driving the disease toward extinction [149].

Endemicity: Once a significant portion of the population becomes immune, dies, or re-
mains chronically infected, not all contacts with infected individuals will involve susceptible
people. As a result, the number of new infections declines, and once the susceptible popula-
tion is exhausted, the primary epidemic ends. Disease extinction is again possible by chance,
especially in small populations. Otherwise, the infection persists, with new births replenishing
the susceptible population until an endemic equilibrium is reached, where each infected per-

son infects one other individual on average. Based on the definition of Ry, this occurs when

1
Ry

epidemic growth rate but also the proportion of the population infected and the steady-state

of an individual’s contacts are susceptible, which means that R, determines not only the

incidence of the disease.

In theory, knowledge of the basic reproduction number (R;) and the duration of infectious-
ness allows for simple predictions of key aspects of disease transmission. However, estimating

Ry is often challenging, except for some childhood diseases like measles, where serological
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data is available. Epidemics are complex due to factors such as the mode of transmission (e.g.,
insect- or food-borne), pathogen heterogeneity (e.g., different strains), variations in host con-
tact patterns (e.g., age or geographic groups), long incubation periods (e.g., HIV), and sea-
sonal contact rate changes (e.g., measles). Incorporating these complexities is necessary for
creating models that can make accurate predictions, rather than just reproducing basic trends.

Realistic models often include many parameters that require data from epidemiology, clin-
ical studies, and behavioral patterns, but estimating these parameters remains difficult due to
the non-linear nature of transmission and the dynamic complexity it creates, such as chaotic
behaviors and random variations in epidemic timing. This complexity limits the predictability
of disease trends. While short-term predictions may be possible in some cases, models often
provide probabilistic forecasts, such as estimating the likelihood of epidemics of a certain size
over a decade, rather than precise weekly predictions. Distinguishing between these predictive

situations is a major challenge in epidemic modeling.

6.1 A Novel Fractional-Order Discrete SIR Model for
Predicting COVID-19 Behavior

During the broadcast of Coronavirus across the globe, many mathematicians made several
mathematical models. This was, of course, in order to understand the forecast and behavior
of this epidemic’s spread precisely. Nevertheless, due to the lack of much information about
it, the application of many models has become difficult in reality and sometimes impossible,
unlike the simple SIR model. In this work [150], a simple, novel fractional-order discrete
model is proposed in order to study the behavior of the COVID-19 epidemic. Such a model has
shown its ability to adapt to the periodic change in the number of infections. The existence
and uniqueness of the solution for the proposed model are examined with the help of the
Picard Lindelof method. Some theoretical results are established in view of the connection
between the stability of the fixed points of this model and the basic reproduction number.
Several numerical simulations are performed to verify the gained results.

In fact, in order to formulate the target mathematical model, which will enable us later
to predict the COVID-19 behavior according to the available information, we suppose that the
society is divided into four different classes; susceptible class S, infected class I, recovered class
R and death class D. In addition, we suppose that the transition between these classes takes

place according to the scheme exhibited in Figure 6.1.

6.1. A Novel Fractional-Order Discrete SIR Model for Predicting COVID-19 Behavior i)
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bS(t)I(t)

M) Death duc o
disease D(t)

\ SR(t)

Figure 6.1: Disease transmission flow of the proposed model.

In light of this figure, the values of all parameters reported in the model at hand can be

explained, as shown in the following Table:

Parameters Description
1 Corona death rate
) Natural death
0 The number of new births
b Infection rate
e Recovery rate
t The rate at which a recovering person is at risk of infection

As a matter of fact, the disease transmission flow of the proposed fractional-order discrete
SIR model, which is shown in its compartmental form in 6.1, can be furthermore described by

the following nonlinear system:

S(n+1)=S58(Mn)+0—->bS(n)I(n)+nR(n)—dS(n),
Iln+1)=1(n)+bS(n)I(n) — (p+d+e)I(n),

(6.1)
R(n+1) = R(n) +el(n) — (6 +n) R(n),
D(n+1)=D(n)+ pl (n),
subject to the following initial conditions:
5(0),1(0), R(0), D(0) > 0. 6.2)

Since the first three equations in the proposed system (6.1) are not related to class D, and

because this class can be studied alone from using the equation:

N(n) = S(n) + I(n) + R(n) + D(n),

6.1. A Novel Fractional-Order Discrete SIR Model for Predicting COVID-19 Behavior
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then the last equation of system (6.1) might be ignored. This would actually facilitate our
examination by focusing only on the first three equations of that system. At the same time, it
should be noted that because the value of the parameter b is very small (b = %, where k is the
rate of contacts per unit of time so 0 < k < 1, p is the probabilities of contagion so 0 < p < 1,
and N is the number of the total population in the tens of thousands or more), the two terms
bS(n) and bI(n) are also very small. The fact that we did not mention the age groups and
vaccination does not mean that they were neglected, but the high life expectancy in a society
can be seen as one of the causes of the high death rate due to the virus. As for vaccination, we
know that it does not provide 100 percent immunity, but it reduces the possibility of infection
(which reduces b), reduces virus mortality (1), and increases the recovery rate (e).
In accordance with the nonlinear model given in (6.1), we can now define the fractional-
order model, which will be taken into consideration in this work from now on. This model has
the following form:
CAGS(t+1—a)=0—6S(t) —bSH)I(t) + nR(t),
CASI(t+1—a)=bS@H)I(t) — (u+ 6 +e) I(t), (6.3)
CASR(t+1—a) = el(t) — (6 +n) R(t),

where 0 < a < 1 and ¢ € N. Continuing to move Delta in our examination, we recall below an

important result that clarifies the stability of the solution of system (6.3).

6.1.1 Fixed Points and Stability Analysis

In this subsection, we will be concerned with analyzing the stability of the disease-free
fixed point by finding sufficient conditions connected with the parameters of system (6.3) to
ensure the stability of this point. To this aim, we will first find those fixed points by equating
the right-hand side of system (6.3) with zero. In other words, we have:

0 —05* —bS*I* +tR* =0,
bS*I* — (u+d+e)I* =0, (6.4)
el* — (6 +n)R* =0,

It can be then seen that the above system has two fixed points at most. The first one is called

the disease-free fixed point (or simply DFF point), which can be obtained by assuming I* = 0,

Ey = (g,o,o) . (6.5)

On the other hand, if we let I* # 0, then we obtain:

B =gl

* +d+e
S* — ( . )7

I (5(u+5zre)fb9) (tk(ﬁ(‘j&?%é%)) ,

ie.,

(6.6)

6.1. A Novel Fractional-Order Discrete SIR Model for Predicting COVID-19 Behavior ]
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This, actually, yields the second fixed point of the considered system, which is called the pan-
demic fixed point E*. In other words, this point can be yielded only when 7* > 0, and it has
the form E* = (S*,I*, R*), where S*, I* and R*are defined above.

In the same regard, the so-called basic reproduction number Ry can be defined as the
number of infections caused by the first disease case. This 'infections’ number typically appears
in an appointed population where everyone is assumed to be susceptible to infection [149].
The importance of Ry lies in knowing the rapidity of the spread of the emerging disease among
the inhabitants and the proportion of the population to be immunized [149]. To be precise, the
population spread of the epidemic will occur when Ry > 1, where it is difficult to control. The
method to enumerate the basic reproduction number can be performed by finding the spectral

radius of the next generation matrix Y (i.e., Ry = p(Y')). The matrix Y is a multiplication of

F by V1, where:
F= [8E(E0)} and F — Pvi (EO)} , 6.7)
at; at;

where F; refers to the stream of freshly infected cases into compartment ¢;, and V; refers to

the entering/leaving streams connected with ¢;, for 4, j = 1,2, 3,---,m such that m is the total
of compartments demonstrated in the model. Based on the aforesaid argument, one might
calculate Ry for the fractional-order model (6.3) by obtaining the two primary matrices F' and

V. To this aim, we can note that the infected compartment I can yield the following assertion:
CAXT(t4+1—a) =bSH)I(t) — (u+ 6 +e)I(t) (6.8)

This consequently implies the following Jacobian matrix:
J = <b§>—(u+5+e) (6.9)

Accordingly, the above matrix can be decomposed in terms of the two matrices F' and V' so
that J = ' — V, where:

F = <b9> (6.10)
)
and

V=(qp+d+e) (6.11)

Therefore, the basic reproduction number R can be then calculated to be given as:

bo

Ro=p(Y)=p(FV )= ————. 6.12
0o=pY)=0p( ) e (6.12)

Remark 6.1 It should be noted that:

. (64+n)0 < _1>
g C(u+S+e)(§+n)—ne 1 Ro (6.13)

which asserts that the pandemic fixed point E* will hold only when Ry > 1.

6.1. A Novel Fractional-Order Discrete SIR Model for Predicting COVID-19 Behavior
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In what follows, we will analyze the stability of the DFF point. This will be implemented
by establishing some sufficient conditions related to the parameters of system (6.3) to ensure
the stability of this point. In order to achieve this objective, we introduce the next theoretical

result.

Theorem 6.1 [150] In case of Ry < 1.The the DFE point (FEy) of the system (6.3) is locally
asymptotically stable if

max{(0 +pu+e)(1—Rp),(d+n)} <2 (6.14)

Proof. The Jacobian matrix of F' at E can be given as:

_5 _? n
JE)=| 0 Y —(u+d+e) 0 : (6.15)
0 e —(0+mn)

Consequently, the characteristic polynomial will be as:

Se —bh + 0% + pd
det()Jd—J(Eo)):()\+5)()\+5+77)<A+ e +“>,

det (Md—J(Ep)) =A+0)A+(0+n)AN=(00+p+e)(Ro—1)).

This implies:
det (A\Id — J(Ep)) =0,

&
AM=-06<0 (6.16)
A=—(0+n)<0 (6.17)
and
A=0+p+e)(Ry—1)<0 (6.18)
Thus, when Ry < 1, we have:
-2 <A\ <0
! (6.19)
2% < A <0

Hence, according to Theorem 2.13 , the DFE point is locally asymptotically stable if Ry < 1.

6.1. A Novel Fractional-Order Discrete SIR Model for Predicting COVID-19 Behavior Rl
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6.1.2 Application to Predict the Behavior of COVID-19 in Germany

In this section, we will perform several numerical simulations to verify the results inferred
in the previous sections. For this purpose, we will apply our study to predict the behavior
of the virus in Germany. We will take all the statistics of a million people, which means we
will take the initial population size N(0) as 1,000,000. According to [151], we can easily
find: the number of new births per day for a million people # = 26.3308 and the death rate
0 = 3.15 x 10 — 5. We can also obtain the stats described in Table 2 from the site [?].

26— Apr 27— Apr 28 —Apr 29— Apr 30— Apr 1—May 2— May
30,791 29,637 28,642 28,126 27,845 27,375 26,262
3—May 4—May 5—May 6-—May 7—May 8— May 99— May
25,884 25,693 24,826 24,234 23,968 23,565 22,531
10 — May 11 — May 12— May 13— May 14— May 15— May 16 — May
21,817 21,253 20,707 20, 664 20, 557 20, 250 19,914
17— May 18— May 19— May 20— May 21— May 22— May 23— May
19,200 18,254 17,411 16,687 16,435 16,151 15,092

Using Table 2 and [?], we find the contact rate b = 5.1160 x 10 — 7, the recovery rate
e = 0.0789, the rate at which a recovering person is at risk of infection n = 0.87, and the
corona death rate ;4 = 0.1. We also find that the initial number of the susceptible people is
S(0) = 686,400, while the initial number of the exposed people is 1(0) = 33,966, and finally,
the initial number of the infected people is R(0) = 279,630. In order to apply Theorem 6.1,

we first calculate the basic reproduction number:
Ry =0.73013 < 1, (6.20)

and
max {(§ + p+¢) (1 — Rg), (6 +1)} = 0.87003 < 2. (6.21)

Note that the conditions of Theorem 6.1 are validated, then the DFE point is locally as-
ymptotically stable. Anyhow, based on these, we plot Figures 6.2 and 6.3, which represents a
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numerical simulation, confirming the stability of the system (6.3) in this case.

% Uninfected class (1+R)
% Infected class (1)

L
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Figure 6.2: Numerical simulation of the system 6.3 using MATLAB.

O Real data
—¥— Infected class for the fractional order (when a=0.23)
—¥— Infected class for the integer order system

Figure 6.3: Numerical simulation of infected class with integer and commensurate

fractional-order and comparison with the real data.

In order to obtain a better modeling use the incommensurate order system
CAFS(t+1—a)=0-03S(t) —bSH)I(t) + nR(¢),
CAPI(t+1—a)=bSH)I(t) — (u+6+e)I(t), (6.22)
CAPR(t+1—a)=el(t)— (6§ +n)R(t),

6.1. A Novel Fractional-Order Discrete SIR Model for Predicting COVID-19 Behavior Ji¥
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where 0 < oy, g, a3 < 1. In this case, the existence of a direct and simple condition that deals
with the stability of the system (6.22) is difficult and may be impossible in comparison with
establishing a simple condition that deals with the stability of the commensurate system (6.3).
However, it can indeed study the stability of the fixed points for system (6.22) by knowing the
values of 1,1 < ¢ < 3. In such a case, we need to report the next corollary.

Overall we will consider ai; = 0.223, 5 = 0.2, a3 = 0.232. In this case, we obtain a more
accurate approximation than the commensurate order case. Figure 6.4 shows a numerical
simulation of this case, and Figure 6.5 represents the comparison of this case with the real data,
while Figure 6.6 represents the comparison between the integer order case, the commensurate
order case, the incommensurate order case, and the real data. It can be seen that each time,

the system is more accurate.

ninfected class (R)
s

L
**********************
oK R ok % ox %
*

* %
0 I I I I I \ hi Mk LN S SR
[ 5 10 15 20 25 30 35 40 45 50
Time

Figure 6.4: Numerical simulation of system (6.22) with (a3 = 0.223, ay = 0.2, a3 = 0.232).
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x10*
35—
O Real data
—#— Infected class for the fractional order system (when &, =0.223, a, =02,a, =0232)

Class

Time

Figure 6.5: The comparison between the results of (6.22) and the real data.

It can be seen that system (6.22) is more accurate than system (6.1), and this reduces the error

rate in prediction.

x10*
35— . . .
O Real data
—#— Infected class for the integer order system
—#— Infected class for the commensurale order system

—%— Infected class for order system

Class

Time

Figure 6.6: The comparison between the integer order, the commensurate order, and the
incommensurate order systems with the real data.

We can assert that the presented model in this section can be applied to study the COVID-
19 pandemic in many regions around the world, even if this model is formulated with the

fractional-order Nabla operator in its commensurate or incommensurate cases.

6.1. A Novel Fractional-Order Discrete SIR Model for Predicting COVID-19 Behavior



Chapter 6. Application of Discrete Fractional Calculus in Epidemic Models

6.2 The SEIR Covid-19 model described by fractional-
order difference equations: analysis and applica-

tion with real data in Brazil

One of the other Covid-19 models have been constructed in [ ] as follow:

AS(n)= A—riS(n)E(n) —r:Sn)I(n) — pS(n) + 7R(n),
AE(n) = rS(n)E(n)+r2Sn)I(n) — (u+ p)E(n),

Al(n) = pE(n) = (v + p)(n),

AR(n) = ~I(n)— (u+7)R(n),

n € N. (6.23)

The proposed model’s flowchart and parameters description are well explained in:

Variable/Parameter Description Real data|?]
S(t) Susceptible class 17300532
E(t) Exposed class 169017000
I(t) Infected 1027023
R(t) Recovered class 30921318

A Recruitment rate into susceptible population 2837456.349
r1 and 7o Incidence rates 4.3726 x 10~11,1.3726 x 10~11
7 Natural mortality rate 0.014
T relapse rate 0.009
p Progression rate from exposed to infectious class 0.0005
~y Treatment rate for infectious individuals 0.158

Where r; = k;p;(1 —v), where k is the rate of contact, p is the probability of infection, 1 — v
is the effect of vaccination on the studied population.
The total population NV can be gained by adding up all classes announced in model (6.23),
ie.
N=S+FE+I1+R

We will pay attention to the Caputo fractional order system (6.23), which is written as follows:

CAS(t+1—a)= A—rSEH)E(t) —raS(t)I(t) — pS(t) + TR(t),
CATE(t+1—a)= m1S(t)E(t) +rSH)I(t) — (u+ p)E(),
CAYIt+1—a) = pE(t) — (v +uI(t),

CAYR(t+1-a)= yI(t) = (n+7)R(D),

(6.24)

6.2. The SEIR Covid-19 model described by fractional-order difference equations: analysis and
application with real data in Brazil R
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where 0 < a < 1. For simplicity, we consider N to be constant. It is true that this will reduce
the accuracy of the system, but it gives us simplicity in the study. As in [154] we can consider
that the study time is short, which allows this hypothesis, we canput R=N — S — E — I so
the system 6.24 becomes:

CACS(t+1—a)= A+71N—rSE)E{t) —raSE)I(t) — (u+7)S(t) — TE(t) — 71I(t),
CAYE(t+1—a)= rSHE®)+raSHI(t) — (n+ p)E(),

(
CAYIt+1—a) = pE(t) - (y+p)I(t),
(6.25)

In addition, the following initial conditions are taken in consideration:
S5(0), E(0),1(0) > 0. (6.26)

Remark 6.2 In [154] the presence of fixed points was studied and the authors gave a sufficient
condition for the disappearance of the disease and also a sufficient condition for the positivity of

S was given. Fixed point stability has not been comprehensively studied.

In the following, we will prove the positivity of the solution to the fractional order system
in all cases, and we will also give a sufficient condition for the stability of the disease-free
stationary cat, i.e. we set a condition that guarantees the disappearance of the disease (absence
of S) and also guarantees the absence of E, then we will study a model close to reality in the
case of commensurate and incommensurate order and give notes on the fundamental changes
between the two systems [155].

To find the fixed points of such system, we need to put:

A+ 7N —rSH)E(t) —raS)I(t) — (u+ 1) S(t) — TE(t) — 7I(t) = 0,
rS@)E(t) +r25)1(t) — (n+ p)E(t) = 0, (6.27)
pE) — (v +wI(t) =0,

This would assert, with some simple calculations, that this system will have two fixed points

atmost; the first one is called the disease-free fixed point eg = (/(\LT f)[ ,0,0), and the second

one, if it exists, is called the endemic fixed point.

6.2.1 Basic reproduction number

We have (FE, I) the infected compartment. Then, we obtain we consider the following two

equations that are taken out from system (6.25):

{ CASE(t+1—a)= mSHE®) +raSHI(t) — (u+ p)E(t), (6.28)

CASI(t+1-a)= pE(t)— (y+m)I(b),

6.2. The SEIR Covid-19 model described by fractional-order difference equations: analysis and
application with real data in Brazil [§E3
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In accordance with the above equations, we can determine the matrix J* that can be estab-
lished based on the leaving fluxes from the infected compartment and the newly fluxes to such

compartment. That is:

A+TN A+TN
T = < MG~ (BER) T ) (6.29)
p —(v+ )

Now, we can decompose the matrix J in terms of another two matrices F' and V such that
J = F — V. This, actually, yields:

A+TN A+TN
= e 20t (6.30)
0 0
and
0
V= ( (w+p) ) (6.31)
-p (vt
Consequently, we can generate the next generation matrix F'V ! to be in the following form:
Fv-l— ( Tt AT NT) + oemnetatrs A+ N7 gt (A NT) )
0 0

(6.32)

Therefore, the basic reproduction number R, will then be given by:

Ry = (Tt +pra) (A4 N7) (6.33)

(1+p) (T +p) (v+ 1)

It is worth noting that if Ry > 1, the system has an endemic fixed point of the form
e* = (S* E*, I*), where

g* — (tm(utp)
yritupri+pre

w _ () 7=
B =ty (6.34)
I = Ro—1
T (Ot tTe pro+ry(v+p)
( p(A+NT) )R(H_ p(T+p)

6.2.2 Stability analysis of the disease-free fixed point

In this subsection, we will be concerned with analyzing the stability of the disease-free
fixed point by finding sufficient conditions for the parameters in System 6.25 to ensure the

stability of this point.

Theorem 6.2 [155] Suppose that Ry < 1. then the disease-free fixed point of system (6.25) is
locally asymptotically stable if

max{(u+7'),7+2u+p—7_:}IU(A+NT)}<2a. (6.35)

6.2. The SEIR Covid-19 model described by fractional-order difference equations: analysis and
application with real data in Brazil
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Proof. In fact, the Jacobian matrix J of system (6.25) at the fixed point ey can be obtained to

be as:
—(p+71) —TI%—T —7’2%—7
J(eo) = 0 I ?ﬁg —(n+p) o ?ﬁg : (6.36)
0 p —(v+ )
Then, we obtain
det (AMd — J(EF)) =0 (6.37)
&
(+7)+X) (=X =BA+C) =0 (6.38)

where B = (7+2M+p—;j;u (A+N7)>,C:pT’fu (A+ N7)—(7 + ) (mp—;;;u (A—l—NT)).

Consequently, we have:

(L+T)+A=0= A= —(u+7) (6.39)
or
(=X = BA+C) =0. (6.40)
Now, if Ry < 1 then we have:
B2 4+4C > 0,

and hence the two roots \; and \g of

(=\*—=BX+C) =0 (6.41)
will be negative real numbers. Therefore, if A\ + Ao = v+ 2u+p — Tﬁrlu (A+ N7) > —2% then
we have:

—29 <A\ <0
! (6.42)
—2% < A <0

Hence, we can confirm, according to Theorem 2.13, that the disease-free fixed point is locally
asymptotically stable if Ry < 1.
[

From another point of view, we intend in the following content to present a simple con-
dition that can be employed to ensure the global stability of system (6.25) at the disease-free
fixed point.

Theorem 6.3 [155] Supposethet Ry < 1, if

raV_ (+p) =1 N

6.43
(v + ) p (6-43)

then the pandemic will disappear.

6.2. The SEIR Covid-19 model described by fractional-order difference equations: analysis and
application with real data in Brazil Rk
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Proof. To prove this result, we intend to consider the Lyapunov function of the following form:

L(t) = E(t) + 0I(t), (6.44)

where ({’/ zfz) <6< (’”p)%. By differentiating L with respect to time, we obtain:

CACL(t+1—a) = CASE(t+1—-a)+0CAL(t+1—a),

(r S ER) +r2S()I(t) — (k+ p)ER)) + 0 (pEQR) — (v + 1)I(t)),
(r1S(t) = (u+ p) + 02p) E 4 (r2S(t) — O2(y + p)) 1,

(riN — (u+ p) + 02p) E+ (raN — O2(y + p)) I

0.

<

A

Consequently, if condition (6.43) fulfilled, then “ A2 L(t + 1 — «) will be negative defined, and
hence with the help of Theorem 2.14 we can confirm that the pandemic will disappear.

Remark 6.3 We note that each of the fixed points and the basic reproduction number Ry are
not related to the order «.. This makes the fractional order system (6.28) effective because it is a

generalisation of integer order system and does not require new conditions.

6.2.3 Application in Brazil

In this subsection ,we see the effectiveness of this system by applying it directly in Brazil,
before that using the website described in [?], we get the number of active infections in Brazil
in the period 23 July to 15 August 2022. We have

2N _ 0182 and R =N g oosp, (6.45)
(v + ) p

6.2. The SEIR Covid-19 model described by fractional-order difference equations: analysis and
application with real data in Brazil Rk
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So the condition of the Theorem 6.3 is achieved and the disease disappears with the passage

of time.

—e datal
—#— Integer order a=1
a=095
—#—a=090
a=085

Class
T

Figure 6.7: Numerical simulation of infected class and comparison withthe real data.

Figure 6.7 shows a comparison between the real data and the results obtained using the

integer-order model (with order 1) and the fractional-order model with different values of «

Remark 6.4 We note that changing the order allows the system to be improved and made more

accurate.

6.3 A New Incommensurate Fractional-Order Discrete
COVID-19 Model with Vaccinated Individuals Com-

partment

To understand the behavior of the spread of the epidemic, we will divide the studied popu-
lation into five classes: people who are exposed to infection and were not previously infected
and did not receive vaccination, people who were previously infected and recovered from the
disease and are at risk of being infected again, vaccinated people against the epidemic. As for
the class of infected persons, it is divided into two secondary classes: The people with good
immunity and for whom infection does not pose a great risk and suppose that their ratio in the
society is A\, (A < 1), the infected persons for whom the infection is dangerous and consists of
the elderly, pregnant women and people with chronic diseases (whose their ratio in the society

is (1 — A)). Now we will explain the immigration in each class to the other[156]:

6.3. A New Incommensurate Fractional-Order Discrete COVID-19 Model with Vaccinated Individuals
Compartment [y
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Susceptible class: This class acquires a number of people, which is the number of people
entering the studied area, and in the event that the studied area is isolated, then represents
the birth rate in this area, this class loses, people who are exposed to infection, as well as loses,
people who have been vaccinated against the disease and natural deaths.

Recovered class: This class is acquired at the rate of new recovred persons and loses
people who are exposed to infection, as well as losing people who have been vaccinated against
the disease and natural deaths.

Vaccinated class: This class is acquired at the rate of new vaccinated persons, this class
loses, people who are infected and natural deaths.

Infection class: This class is acquired new infection, this class loses, people who are re-
covered, and natural deaths. (We assume that in this class there are no deaths due to the
epidemic).

Infection dangerous class: This class is acquired new infected persons, this class loses,
people who are recovering, natural deaths and deaths due to infection.

We now summarize all the previous in the following diagram:

Deaths due to
the epidemic
D

(1-M)ry (I+1q)

r3(I+1q)

Figure 6.8: Diagram showing the transition between categories.

The proposed model’s flowchart and parameters description are well explained in (6.46).

6.3. A New Incommensurate Fractional-Order Discrete COVID-19 Model with Vaccinated Individuals
Compartment |4l
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Variable Description

S Susceptible class

R Recovered class

Vv Vaccinated class

1 Infection class

Iy Infection dangerous class (6.46)

Q The birth rate

7 Natural death rate
T1,T2,73 Infection rates

P Recovered rate

v Vaccinated rate

0 Death due to infection rate

where r; = p;\,k .1 =1,2,3, k is the average numbers of contacts per capita (per unit of time),
p; is the probabilities of contagion (p; > p2 > p3) and N is the total population (It can be
considered as the maximum value of the population. Sometimes we take N = %).

The mathematical translation of the above in the system of differential equations is as
follows[156]:

W =Q-r (I +1a(t)S ) — (n+v)S(t),

= p(I(t)+ 1 () —r2 (I (1) + 1y (t) R <> (v+ ) R(1),

B =v(SH+R®)—rs(I+ 1)V (t)—pV (t), teRt.  (6.47)
4= (X(r1S (t) + 2R (1)) + 73V () (1 <>+Id<t>>f<u+p>f<t>,

Yt = (1= N) (S (8) + 2R (1) (I (1) + Ia (£)) — (u+ 0+ p) g (¢).

The total population is given as follow:
N=S+R+V+1+1,
In addition, the following initial conditions are taken in consideration:
5(0), R(0),V(0),1(0),14(0) > 0. (6.48)

In this paper, we will study the general case of the discrete system, which is given by the
Caputo incommensurate fractional differences we choose the order « for the healthy class
and the order 3 for the infected class. The incommensurate order gives us more flexibility in
modeling and making a more realistic model.

When converting system 6.47 to a system of fractional difference system, we have two

types of systems: The Delta difference system and The Nabla difference system.

6.3. A New Incommensurate Fractional-Order Discrete COVID-19 Model with Vaccinated Individuals
Compartment  [ie¥
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The fractional incommensurate order Delta difference system is given by[157]:

[ CASS(t+1—a)=Q—r (T(t)+1a(1)S () — (n+v)S(t),
CAGR(t+1—a)=p(I(t)+14(t) —ra (I (t) +1a(t)) R(t) — (v+p) R(t),
CAV(E+1—a)=0v(S{E)+R(t) —rs(I+1)V (t) — uV (t), t e Ny
CAJI(t+1—a) = (A(riS (t) + 2R (£)) + 73V (1) (I (t) + La (t) — (n+p) I (t)
CAGI(t+1—a) = (1= A) (1S (t) + 2R () (I () + I (t)) — (n+ 3+ p) La (t).

(6.49)
where 0 < a, 8 < 1. Using the Theorem 1.13, System 6.49 can be written as follow:
X(t+1)=X(0)+ F(la)z_:a(t —s— 1)@ VE(X (s)),t €N, (6.50)
where !
X(t) = (S@), R(2), V(t), I(t), 1a(t))
and
F(X (1) = ((X(1), f20X(1)), f3(X (1)), fa(X (), f5(X (1)),
HX (@) =Q=r (I(t) +1a(8) S () = (u+v)S(t),
fa(X(@) = p (I () + 1a(8)) —r2 (I (¢) + 1a () R(t) — (v+p) R(2),
fs(X (1)) =v (S () + R (1) —rs (L + L) V (t) — pV (1), (6.51)
fo(X(#)) = (A (S (8) + 2R (2) + 3V (1)) (I () + La (1) = (n+p) I (¢),

fs(X (@) = (1 =X) (rS (@) +r2R (8)) (I (1) + 1a () = (n+ 0+ p) La () .-

Thus, it is defined by a regression relationship. We can notice that existence and uniqueness
are trivial in this case. It cannot be shown that the solution is positive for system 6.49. In fact,
the solution to System 6.49 is not always positive even when the initial conditions are positive.

In the rest of the paper, we will study the fractional incommensurate order Nabla difference
system who writes as follows:

4

CVES(t) =Q—ri(I(t)+1a(t)S(t) = (p+v)S(t),
CVER(t) = p( ) +1a(t) —r2(I (@) +1a (@) R(t) — (v+p) R(),
CVaV () = v (S () + R(E) —rs (I + 1)V (£) — uV (¢), teN. (6.52)

CVOI(t) = (A (r1S (£) +raR (1)) + 73V (£) (L (8) + Lo (8) — (+p) L (£)
[ OVola(t) = (1= A) (rS (1) + 1o R () (1 (1) + 1a(8) = (p+ 6+ p) La (1)

When « = § = 1. By adding the equations from the system 6.52, we obtain:
VN (t) = Q= uN () = 614 (1),

since [, is positive, we get:
VN () < Q- uN (),

6.3. A New Incommensurate Fractional-Order Discrete COVID-19 Model with Vaccinated Individuals
Compartment  [ies
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SO
Nt < Q4+ N(t—1)
1+ p

Let N(0) < %, and suppose that N (t) < % for ¢, we get

QO+ N Q+ 2
N(t+1) < O
1+ p 1+p

then by induction for all ¢ when the solution existe

=2

0< N <2
1

Therefore, the solution belongs to the invariant region:
Q
U = {(S,R,V,I,Id) € R‘j’r and S+ R+V +1+1;< M}’

where R, = {(z1,22, 3,24, 25) € R® and z; > 0 for ¢ = 1..5}, as invariant region.

6.3.1 Fixed Points and Basic Reproduction Number

To study the dynamics of (6.52), one must first find the fixed points, and to find the fixed

points, the equation must be solved:

Q—ri(I*+I)S—(p+v)S* =0,
p(I* + I%) — 1o (I* + I}) R* — (v + p) R* = 0,
v(S*+ RY) —rg (I + I5) V* — pV* =0, (6.53)
(A (r1S* + 19 R*) + rsV*) (I* + I5) — (u+ p) I* =0
(=X (rS* +rR)(I*+1]) —(p+6+p) 1) =0.

\

The previous equation has the point Ey = (ﬁ, 0, u(ﬁv)

seen that the disease at this point is non-exist and therefore it is called the disease-free fixed

,0, O) as a solution. It can be

point who are interested in studying its stability later.
If we suppose that (I* + I}7) # 0, So we will get:

Q — g%
r1 (I 1) +(pto) ’
P(TH1T) e
T’Q(I*+I;)+(’U+M) - ’
V(S +R*) otk
ra(I*+I5)+p v (6.54)
(A(r1S*+r3R*)+raV*) I*
(p+p) T (Ir+13)?
(1—)\)(T13*+T2R*) _ I;
(nt+0+p) o (1+13)’

this system is complex and difficult to solve in the abstract case. Even if we were able to solve
it, studying the stability of this fixed point contains many obstacles. Over all, these point is
called the epidimic equilibrioum point E* = (S*, R*, V*,I*,I7}).

6.3. A New Incommensurate Fractional-Order Discrete COVID-19 Model with Vaccinated Individuals
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The basic reproduction number Ry is very important in the study of stability for the disease-
free fixed point, which represents the rate of new people being infected by one sick person until

his recovery. We will follow the steps described in [149], we find :

Q < (I=XN)rm  wvrs+ )\/.M“1>
(Htv) \(u+d+p)  pulu+tp) /)

Ro = (6.55)

6.3.2 Stability analysis of the disease-free fixed point

One of the most important dynamic behaviors in the system is the stability of fixed points.
Therefore, we always resort to studying it, and for the purpose of knowing whether the disease
disappears or not, we will be interested in studying the asymptotic stability of the disease-free

fixed point of the system.

Theorem 6.4 [157] Suppose that Ry < 1.Then the disease-free fixed point Ey of the system 6.52
is locally asymptotically stable.

Proof. To apply Theorem 2.17, we must first calculate the Jacobian matrix for the right-hand

side of system (6.52) at fixed point FEy, by simple calculation we obtain

—(pt+v) 0 0 — ) ~Wih
0 —(v+p) 0 p p
S I aE |
0 (B + ) — v (25 + 20)
0 0 0 LA U222 — (u+5+p)

(6.56)
The characteristic equation of J is:

(XM o) (XM 4 g v)” (XM 4 AXMP 4 B

where

_ _ 28 (urs+Aur1)
A= (u+p)+(p+d+p)(1—Ro)+ 0550007

B=(u+p)(p+d+p)(1—Ro).
So, we have

XM — _jpor XM = —p — v,

this means that

arg ‘XMO‘{ =,

and therefore
s

s

6.3. A New Incommensurate Fractional-Order Discrete COVID-19 Model with Vaccinated Individuals
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And if Ry < 1 then A, B > 0. So according to Routh Hurwitz criterion the both roots of
Y2+ AY + B,

is in the open left half plane so

XMB‘ T ox T T
‘ > 9 = XI> 555 > o

from it the condition of Theorem 2.17 fulfilled. Accordingly the disease-free fixed point Fy of

system 6.52 is locally asymptotically stable. m

Remark 6.5 [157] We note that this result is very logical and compatible with the definition of
the number Ry. As it is clear that if every infected person leaves less than one infection, the disease

will disappear.

6.3.3 A condition for the disappearance of the pandemic

The primary objective of the study of the mathematical model of the epidemic is to study
the possibility of finding solutions to get rid of the epidemic. By adding the last two equations

into the system 6.52 we find that the infection is described by the next equation:

OV (I +14) (n) = (rS (n) + 2R (n) + 13V (n) = (1 + p)) (I (n) + La (n)) = 61 (n),

Since [ is positive and r; = p]’f,i =1,2,3:
OV I+ 1a) (0) < (pik = (14 ) (I () + L ()
Applying the comparison Theorem we get
(I +1a) (t) <Y (1),
where Y'(¢) is the solution of
VLY (1) = (pik — (14 p)) Y (1), Y (0) = (I + 1) (0).

It is according to proposition 10:

Y(t) = (I + 1) (0)Fs((pik — (u+ p)), (1)7),
then B
(I+12) (t) < (I + 12) (0 Fa((prk — (1 + p)) . (1)°).

We note that if (p1k — (1 + p)) < 0, then according to proposition 9 (I + ;) (t) — 0 when

t — oo. So we get the following result:

6.3. A New Incommensurate Fractional-Order Discrete COVID-19 Model with Vaccinated Individuals
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Theorem 6.5 [157] If

(u+p)—1<k<(u+p)7 (6.57)

p1 P1

then the disease will disappear.

Remark 6.6 [157] While the condition of Theorem 6.5 is considered to be higher than the con-
dition of Theorem 6.5, it guarantees global stability.

In real applications, it is always the case that (u+ p) < 1, and the condition (6.57) becomes

(utp)
k< o

The authorities in all countries of the world have imposed preventive measures such as
protective masks and the use of sterilizer in public places, which affects the probabilities of
contagion (p1, p2, p3). The authorities can also impose a quarantine, which affects the friction
as in all cases (k), where is the only possible control is to reduce infection rates (r1,72,73).

Let z(t) : [0,400] — [0, 1] be the control function, which is representing the percentage of

quarantine (quarantine cannot be 100% because that is impossible). The controlled system is

written as follows:

St = Q-1 —u®)rn(@#)+1a®)SE) —(k+v)S(H),
CVS‘R(t)Z p(I()+Id(t)) (L—u(®)r2 (I () + 1o () R(t) — (v+p)R(1),
CVEV() = v (S +R(1) = (1 —u(®)rs (I +1a) V (t) = uV (1),
CVpI(t) = (A((l—u())nS() (1 =u(t))r2R (1)) + (1 = u(t)) rsV (£)) (1 (¢) + La (1))
—(n+p)I(1),
| OVoLa(t) = (1= X)((1—u(t) 1S (t) + (1 —u(t)) raR () (I (£) + Lo (t)) — (n+ 6+ p) L (t) .

(6.58)
When the initial condition is close enough to the disease-free fixed point It suffices to choose
a controller to ensure the asymptotic stability of the disease-free fixed point and this is what

we did in the following theorem:

Theorem 6.6 [157] Suppose that
Ry—1

Ry
Then the disease-free fixed point Ey is locally asymptotically stable.

< u(t). (6.59)

Proof. The characteristic equation become
(XMoc +,Uz) (XMQ+M+U)2 (XQM,3+A/XM5 +B/>,

where

A= (st p) + (8 + p) (1= (1= u(t)) Fo) + HUCEEDIR T,

B' = (ji+p) (u+6+p)(1— (1—u(t)) Ro).
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if R}gl < u(t), then A’, B’ > 0. So according to Routh Hurwitz criterion the both roots of
Y24+ AY + B,

is in the open left half plane so
7T

XMB‘ —:>X — >
’ > |]>2M5>

By it the condition of Theorem 2.17 fulfilled. Accordingly the disease-free fixed point Ej is
locally asymptotically stable. m

When the initial condition is far from the disease-free fixed point it is not possible to guar-
antee stability. To reduce the spread of the epidemic in this case, we present the following

result:

Theorem 6.7 [157] Suppose that

(1 +p)

1 _
p1k

< u(t) (6.60)

then the disease will disappear.

Proof. Let minu(t) = x. Adding the last two equations in the system 6.58 we find that infection

is described by the following equation

Ve I+ 1) = ((1—u(®)rS ) + (1 —ut)raR () + (1 —u(®) 3V (&) — (n+p)) (I (t) + 14 ()
=614 (t),

since [ is positive
OV (I +1a) < (1= u(®)) 118 (1) + (1 = u(t)) ra R (8) + (1 = u(®)) raV () = (4 p)) (1 (1) + I (1)) ,

Sincen:pl 1=1,2,3:

OVo (I +1a) < ((1—u(t)) BES (1) + (1 —u(t) BER (1) + (1—U(t))%V(t)—(u+p)>(I(t)+1d(t)),
< (1= u®) BF (S @)+ R+ V(1) = (n+ p))(f(t)JrId(t)),

S (M =x)pik = (p+p) (I(8) + 1a(t))-

Applying the comparison Theorem 10 we get
(I +1a) (t) <Y (1),
where Y'(t) is the solution of
CVRY (1) = (L= X) ik = (14 p)) Y (£), Y (0) = (I + 1) (0).
It is according to propostion 10

Y(t) = (I +12) (0)F3(((1 = x) pik — (u+ p)) , (1))
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then B
(1 +1a) (t) < (I + Ig) () F(((1 = x) prk — (1 + p)) , (£)°).

We note that if ((1 — x) p1k — (p+p)) <O, then (I + 1) (t) — 0whent — co. m

Remark 6.7 [157] We note that the control given in Theorem 6.7 is more expensive than the
control given in Theorem 6.6. Therefore, it is better to impose quarantine and other procedures

before the spread of the disease, that is, when the initial condition is very close to the disease-free
fixed point.

6.3.4 Numerical Simulations and Application

To review the effectiveness of the studied system, in this section we apply it to the state of
Germany and compare the results of the integer order system with the fractional incommen-
surate system to determine their compatibility with realistic results. All statistics are taken as

N(0) = 1,000, 000. According to [?], the initial population can be divided as follows
S (0) = 170145, R (0) = 260270, V (0) = 538794, I (0) = 27712, I; (0) + 3079. (6.61)

On the other hand, according to the same source [?] and according to [151], we can calculate

the values of the system parameters and find

0 = 32.3308; p=3.15x 1075; A=0.9;
1 =1.9008 x 1077; 79 =1.5849 x 10™"; 13 = 1.1405 x 10™7; (6.62)
p = 0.016; v = 0.0037; § = 0.06.
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We take real data on active cases in Germany during the period from 26 April to 30 May 2022,

represented in Figure 6.9.

The number of active infections in Germany

Time

Figure 6.9: The number of active infections in Germany in the period 26 April to 30 May
2022 [?].

To apply Theorem 6.4, we must first calculate Ry:

Q ( (1—=XN)r vrg + Aury
Ry =

(m+o) \(p+td+p)  pnlp+p)
We note that Ry < 1, according to Theorem 13 the disease-free fixed point Ej is locally

) = 0.5988228.

asymptotically stable. While we thus know that the number of active cases is decreasing with
time, we do not know what the nature of this decrease is. First, when applying the integer
order system (« = [ = 1) it can be seen from the simulations in Figure 6.10 that the model
provides a good result at first, then completes an exponential decrease in contrast to the real
results, which increase after a period of time.

We now apply the fractional incommensurate model by taking & = 0.99 and 8 = 0.09.
Note from Figure 6.11 that the results are very compatible and realistic, and in the end the
number of active cases is decreasing, although is should be noted that there is an epidemic
wave before this decrease as well. In particular, Figures 6.10 and 6.11 show numerical com-
parisons between real data which represents the number of active infections in Germany for
the period 26 April to 30 May 2022 along with the results obtained from the integer-order
system and fractional-order systems. Based on these two figures, we can clearly conclude that
the fractional-order system is closer than the integer-order system to the real data, enabling

us to rely on the construction of the fractional-order system to set a more suitable effective

6.3. A New Incommensurate Fractional-Order Discrete COVID-19 Model with Vaccinated Individuals
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prediction than the integer-order system.

x10*
35—
—e Realdata
—#— Infected class (I+1 ) for the integer order system

Class

fobo
o
=1 I'\\\

100

o d
150

Time

Figure 6.10: Numerical simulation of infected class with integer order and comparison

with the real data.

x10*
7
—® Real data
—#— Infected class for the fractional order (when  a=099and_b=009)

Class

Sog

Time

Figure 6.11: Numerical simulation of infected class with fractional-order system and

comparison with real data.

In the context of the COVID-19 pandemic, this section introduces a novel discrete fractional-
order compartment model that incorporates the number of vaccinated individuals as an ad-

ditional state variable to describe system dynamics. In this manuscript, we demonstrated

6.3. A New Incommensurate Fractional-Order Discrete COVID-19 Model with Vaccinated Individuals
Compartment [l



Chapter 6. Application of Discrete Fractional Calculus in Epidemic Models

that the proposed fractional-order model, governed by fractional difference equations, has an
asymptotically stable disease-free fixed point. Specifically, we proved a new theorem that es-
tablishes a condition for the pandemic’s elimination when certain epidemic parameters meet
an inequality. This finding is a key contribution of our approach and could help policymak-
ers better understand the long-term epidemiological behavior of COVID-19. Additionally, we
conducted multiple numerical simulations to highlight the effectiveness of discrete fractional
calculus in capturing the dynamics of the COVID-19 pandemic. This is one of the major contri-
butions of this work, alongside the application of fractional-order difference operators, which

have rarely been used in previous COVID-19 modeling studies.
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Conclusion and Perspectives

This thesis has made significant contributions to the field of discrete fractional calculus,
exploring its theoretical foundations, stability analysis, and diverse applications. By extending
classical discrete-time models with fractional-order operators, the research has addressed key
challenges in modeling complex systems that exhibit memory effects, hereditary properties,
and intricate dynamics. Through the introduction of fundamental operators and the analysis
of their properties, alongside the development of new stability criteria for systems with fixed,
incommensurate, and variable fractional orders, this work has filled critical gaps in the existing
literature. These advancements enhance the theoretical understanding of discrete fractional
calculus and demonstrate its practical relevance in addressing real-world problems.

A notable focus of this thesis was the application of discrete fractional systems to epidemic
modeling. The study showcased their ability to capture memory effects and nonlinear dynam-
ics inherent in infectious disease transmission, providing valuable tools for understanding and
controlling outbreaks like COVID-19. By leveraging fractional-order dynamics, this thesis has
not only improved modeling accuracy but also laid the groundwork for innovations in control
theory, signal processing, and biological systems analysis.

The findings presented here open up several promising avenues for future research. One
perspective involves the exploration of adaptive discrete fractional systems that can dynami-
cally adjust their fractional orders in response to changing system conditions, enabling more
robust and flexible models. Additionally, multi-scale modeling, integrating fractional calculus
across different temporal or spatial scales, holds great potential for advancing applications in
biology, finance, and engineering. The intersection of discrete fractional calculus with artifi-
cial intelligence also presents an exciting frontier, particularly in neural networks and machine
learning, where memory effects and complex dynamics could enhance algorithmic perfor-
mance and decision-making.

In conclusion, this thesis establishes discrete fractional systems as a powerful framework
for studying and solving complex problems in diverse scientific and engineering domains. By
bridging the gap between theory and practice, it is hoped that these contributions will inspire
further research and innovation, promoting the adoption of fractional calculus in understand-

ing and addressing the challenges of modern complex systems.
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