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Abstract

In this work, we study several problems of a common fixed point in different metric spaces.
We start by the recalls of some fundamental preliminary concepts and necessary tools.

The second chapter is devoted to the study of a common fixed point for pairs of weakly
compatible mappings by cancelling the continuity condition in metric space, and application on
non-linear integral equation.

Then, the third chapter is intended to achieve common fixed point theorems for mappings
satisfying generalized contractive condition in a b-metric space. The result applied to prove the
existence of a common solution of system of Urysohn non-linear integral equations and unique
solution for linear equations system.

Finally, the fourth chapter is devoted to prove some common coupled fixed point theorems for
contractive mappings in Menger metric spaces. Also, we prove common fixed point theorems for
pairs of weakly compatible mappings. The main result is supported by a suitable example and
application to integral equations.

Keywords: b-metric space; Menger metric space; common fixed point; contractive condition,
weakly compatible mapping, non-linear integral equations.
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Résumé

Dans ce travail on a étudié divers problemes de point fixe commun dans différents espaces
métriques.

On a débuté dans un premier chapitre par des rappels de certaines notions préliminaires
fondamentales, et les outils nécessaires qui nous aident dans la démonstration des résultats obtenus
dans ce travail.

Le deuxiéme chapitre est consacré a l'étude d'un point fixe commun pour deux paires
d’applications faiblement compatibles en annulant la condition de continuité dans l'espace
métrique, et application sur une équation intégrale non linéaire.

Ensuite, le troisieme chapitre est destiné a réaliser des théorémes de point fixe commun pour
des applications satisfaisant la condition de contraction genéralisée, dans un espace b-métrique. Le
résultat appliqué pour prouver l'existence d'une solution commune de systéeme d'équations
intégrales non linéaires d'Urysohn, et d'une solution unique pour le systeme d'équations linéaires.

Enfin, le quatrieme chapitre est consacré a la démonstration de quelques théorémes de points
fixes couplés communs pour des applications dans les espaces metriques de Menger. De plus,
nous demontrons des théoremes de points fixes communs pour des paires d’applications
faiblement compatibles. Le résultat principal est soutenu par un exemple approprié et une
application aux équations intégrales.

Mots clés : Espace b-métrique, espace métrique de Menger, point fixe commun, condition
contractive, application faiblement compatible, équations intégrales non linéaires.
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General introduction

General introduction

What do you know about this equation f(z) =z ?

We all know what the line (A) " defined by the equation y = x " represent, or the points that
remain stationary, by an application or a transformation. All these concepts are oriented towards
the fixed point theory which is a very important branch of mathematics, and is one of the most
powerful tools of modern mathematics. It is a combination of analysis, topology and geometry.
In the last decades, fixed point theory has been revealed as a very powerful and important tool
in the study of non-linear phenomena.

L. Brouwer (1881-1966) is the father of this theorie which states that if a continuous
function f satisfies certain properties, then there is a fixed point. But the most widely theorem
used is Banach 1922 [7], which is the product of previous works in particularly those of E.
Picard.

Around 1922, Banach recognized the fundamental role of metric completeness, a property
shared by all spaces commonly used in analysis. For many years, activity in fixed-point theory
was limited to Banach’s mirror extensions of contraction principle and its multiple applications.
Much of the acquired theory attributes to new results of Browder’s pioneering work in the
mid-sixties, as well as the development of non-linear functional analysis as an active and vital
branch of mathematics, central to this evolution were Browder’s theorems.

The quality as well as the amount of research in fixed point theory in metric space increased
greatly in the 1970’s. Descriptions of important developments in this period prove the existence
of fixed point theorems using more generalized contractive applications than previous contractive
applications. More generalized contractive applications were designed by Bianchini, Caristi.
In the 1980’s, Sessa and Jungck introduced the notion of low commutativity and compatible
applications. Subsequently, a set of common fixed point theorems was introduced by Sessa,
Jungck [49].

The idea of b-metric was initiated from the works of Bourbaki and Bakhtin. Czerwik [16]
gave an axiom which was weaker than the triangular inequality and formally defined a b-metric

space with a view of generalizing the Banach contraction mapping theorem. A b- metric space
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General introduction

was also called a metric type spaces in [17].

In 1942, Menger [35] generalized the metric by associating a distribution function with
each pair of points (z,y) of a non-empty set. This idea played a major role in the probabilistic
development of metric space, and led to the birth of Menger spaces, and consequently probabilistic
metric spaces as a generalization of metric space and which are of interest in several fields such as
physics. It is also very important in probabilistic functional analysis, in non-linear analysis and
their applications. Such spaces have been widely developed by Schweizer, Sklar, Serstnev,
Tardiff, Thorp and later by many authors in various directions.

In this work, we present the theorem of fixed point in three different spaces, metric space,
b-metric space and Menger metric space. By these selected contractive properties, we applied
to solve some integral non-linear equations.

The thesis is organized as follows:

In Chapter 1, contains the essential elements that will be needed for the following chapters.

Chapter 2 is devoted to develop and generalize the work of Pathak and al. [42]; where we
prove a common fixed point theorems for a pair of weakly compatible mappings by cancelling
the continuity condition. Also, to illustrate and applied our results, an application on non-linear
integral equation is given.

Chapter 3 is intended to establish some common fixed point results having rational type
contraction conditions for mappings satisfying generalized contractive condition in a b-metric
space. The result its applied to prove the existence of a common solution of system of Urysohn
non-linear integral equations and unique solution for linear equations system.

Finally, in the last chapter, we present my work in [3] , where we prove some common coupled
fixed point theorems for contractive mappings in Menger metric spaces under geometrically
convergent t-norms. Also, we prove common fixed point theorems for pairs of weakly compatible
mappings, which generalize the results of Jian-Zhong Xiao and all (2011). The main results

are supported by a suitable example and application to integral equations.




Chapter 1

Preliminaries

In this chapter, we will recall the main notions and the concepts we will need, as well as

the definitions concerning this work.

The plan of this chapter is as follows:
1. Compatible applications

2. A b-metric space

3. Menger metric spaces

4. Coupled fixed point



Preliminaries

1.1 Compatible applications
Throughout this section, suppose (X, d) denotes a metric space.

Definition 1.1 ([49]) Let A,S : X — X be mappings. Then the pair (A,S) is said to be
commutative if

SAr = ASz,

for some v € X.

The pair (A, S) is said to be weakly commutative if
d(ASx,SAz) < d(Az,Sz),

for some x € X.

Definition 1.2 ([28]) Let A,S : X — X be mappings. Then the pair (A,S) is said to be
compatible if
lim d(ASz,, SAz,) =0,

n—oo
whenever {x,} is a sequence in X such that for somet € X :

lim Sz, = lim Az, =t.

n—oo n

It is easy to show that weak commutativity implies compatibility, but the converse is not true

in general as it has been proved in [28].

Definition 1.3 ([40]) Let A,S : X — X be mappings. Then the pair (A,S) is said to be
compatible of type (1) if d(t,St) < lim, . supd (t, ASz,), whenever {x,} is a sequence in X

such that lim,,_ Sz, = lim,,_. Az, =t, for somet € X.

Definition 1.4 ([40]) Let A,S : X — X be mappings. Then the pair (A,S) is said to be
compatible of type (I1) if and only if (S, A) is compatible of type (I).
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Definition 1.5 ([41]) Let A,S : X — X be mappings. Then the pair (A,S) is said to be
weakly compatible if they commute at theire coincidence points, that is ASx = SAx, whenever

Ax = Sz for x € X.

It is well known that a compatible pair of maps is weakly compatible pair but converse need
not be true [27]. However it is interesting to note that the concepts of weakly compatible maps
and compatible maps of type (I) are independent from each other, To show this, we illustrate

the following examples:

Example 1.1 Let X =[0,00) and A,S : X — X defined by

cosx when x # 1 e’ when ¥ # 1
Az = 7 and Sz = 7

0 when x =1 0 when x =1
Then, is clear that Ax = Sx iff t = 0 and x = 1. Also at these points ASx = SAx. It means
the mappings (A, S) are weakly compatible.
Now, we suppose that {z,} is a sequence in X such that Ax,,Sx, — t € X. Heret =1 by
definition of A and S.
Now d (t,St) =t and limd (t, ASxz,) = (1 —cosl) < 1. Therefore, the pair (A,S) is not
compatible of type (I).

Example 1.2 Let X = [0,00) and A, S : X — X defined by Ar = 2z + 1 and Sz = 22 + 1.
Then at x = 0, Az = Sz. Also at * = 0,ASx = 3 and SAx = 2, which shows that the
pair (A, S) is not weakly compatible. Now suppose that {x,} be a sequence in X such that
lim Az,, = lim Sx,, = t € X. by definition of A and S, t = 1. For this value, we have d (t,St) =1
and limd (t, ASx,) = 2, which shows that the pair (A, S) is compatible mappings of type (1) .

1.2 A b-metric space

Definition 1.6 ([16]) Let X be a (non-empty) set and s > 1 be a given real number.
A function d : X x X — R™ is a b-metric if, for all x,y,z € X, the following conditions are
satisfied:
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1/d(x,y) =0 iff v =y,

2/ d(x,y) = d(y, x),

3/ d(x,z) < s[d(x,y) + d(y, 2)].

The pair (X, d) is called a b-metric space.

It should be noted that the class of b-metric spaces is effectively larger than that of metric
spaces, since a b-metric is a metric if (and only if) s = 1.

We present an easy example to show that in general a b-metric need not be a metric.

Example 1.3 Let (X,p) be a metric space, and d(z,y) = (p(z,y))?, where p > 1 is a real
number. Then d is a b-metric with s = 2P71,

However, (X, d)is not necessarily a metric space. For example, if X = R is the set of real
numbers and p(x,y) = |x —y| is the usual Euclidean metric, then d(z,y) = (v —y)? is a b-metric

on R with s = 2, but it is not a metric on R.

Definition 1.7 ([10]) Let (X, d) be a b-metric space. Then a sequence {x,} in X is called:
(a) convergent if and only if there exists x € X such that d(x,,x) — 0, as n — +00.
In this case, we write lim,,_,, x, = .

(b) Cauchy if and only if d(xp, x,) — 0, as n,m — +oo.

Proposition 1.1 (See, remark 2.1 in [10] ) In a b-metric space (X,d) the following assertions
hold:

(1) a convergent sequence has a unique limit,

(ii) each convergent sequence is Cauchy,

(111) in general, a b-metric is not continuous.

Definition 1.8 ([10]) The b-metric space (X,d) is complete if every Cauchy sequence in X

CONVETGES.

1.3 Menger metric spaces

Definition 1.9 A probabilistic metric space is a generalization of metric spaces where the dis-

tance has no longer values in non-negative real numbers, but in distribution functions.

8
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Suppose that R = (—oo, +00) ,R* = [0, +00), R = RU {—00, +oc} and Z* be the set of

positive integers.

A function F' : R — [0,1] : is called a distribution function if it is non-decreasing and left
continuous with F' (—oc0) = F (+00) = 1.

The class of all distribution functions is denoted by D.

Suppose that D = {F € D, :inf F (t)=0, supF (t) =1}, DL ={F € D : F(0) =0}
and DT = DN DL (cf [10],[17]).

A special element of DV is the heaviside function H defined by:

1, t>0
0, t<0

H{(t) =

Definition 1.10 ([45]) A function A : [0,1] x [0,1] — [0,1] is called a triangular norm (for
short, a t-norm) if the following conditions are satisfied for any a,b,c,d € [0,1];

(A-1) Af(a,1)=a

(A-2) A(a,b) =A(b,a);

(A-3) A(a,b) > A(e,d), fora>c,b> d;

(A-4) A(A(a,b),c) =A(a,A(b,c)).

Two exemples of t-norm are Ay (a,b) = min{a, b} and Ap (a,b) = ab.

It is evident that, as regards the point wise ordering, A < Ay for each t-norm A.

Definition 1.11 ([45],[34]) A triplet (X, F,A) is called a Menger probabilistic metric space
(for short, a Menger PM-space), if X is a non-empty set, A is t-norm and F is a mapping
from X x X into D% satisfying the following condition (F' (x,y) for xz,y € X is denoted by F,,):

(MS-1) F,, (t)=H(t) for allt € R if and only if v = y;

(MS-2) F,, ()= F,, (t) forallz,y € X andt € R

(MS-3) F,,(t+s)>A(F,. (t), F., (s)) forallz,y,z € X and t,s € R*.

A generalized Menger probabilistic metric space is a Menger space with F' (X x X) € D1.
Schweizer and al. [45],[46] point out that if the t-norm A of a Menger PM-space satisfies
the condition supy.,.; A(a,a) = 1, then (X, F,A) is a first countable Hausdroff topological
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space in the (¢, \) —topology T, i.e, the family of sets
{Us(e,A) :e>0,A€[0,1], (ze€X) }

is the base of neighborhoods of point = for 7, where U, (e,\) = {y € X : F,, (¢) > 1 — A}

By virtue of this topology 7 a sequence {z,} in (X, F,A) is said to be convergent to x (we
write x, — x or lim, e, = ) if lim, o Fi, . (t) = 1 for all ¢ > 0; {z,} is called a Cauchy
sequences in (X, F, A) if for any given € > 0 and A € [0, 1], there exists N = N (g, \) € Z" such
that F,, ., (¢) > 1 — A, whenever n,m > N, (X, F,A) is said to be complete if each Cauchy
sequence in X is convergent to some point in X.

In the sequel, we will always assume that (X, F, A) is a Menger space with the (¢, \) —topology.

Lemma 1.1 [3] Let (X, d) be a usual metric space. Define a mapping F : X x X — DT by

Foyt)=H(@{t—d(z,y), for z,ye X andt> 0.

Then (X, F,Ayr) is a Menger PM-space; it is called the induced Menger PM-space by (X, d)
and it is complete if (X,d) is complete.

An arbitrary t-norme can be extended (by(A-3)) in a unique way to an n-ary operation. For
(a1, as, ...,a,) € [0,1]" (n € Z*), the valued A" (a1, as, ..., a,) is defined by A! (a;) = a; and A"
(a1, ag,y ..., an) = A (A" (ay, a9, ..., apn_1) ,ay) .

For each a € [0,1], the sequence {A"(a)} 2, is defined by A'(a) = a and A" (a) =
A (A (a),a).

Definition 1.12 [3] A t-norm A is said to be of H-type if the sequence of functions {A™ (a)} -

n=1
18 equi-continuous at a = 1.
The t-norm A, is a trivial example of a t-norm of H-type, but there are t-norms A of H-type

with A # Ayy. It is easy to see that if A is of H-type, then A satisfies supy.,.1 A (a,a) = 1.
Lemma 1.2 [3] Let (X, F,A) be a Menger PM-space.For each A € (0,1], define a function
dy: X x X —R" by

dy(z,y) =inf{t > 0: F,,(t) > 1— \}.

10
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Then the following statements hold:
(1) dy (z,y) <t if and only if F,, (t) > 1— X
(2) dy (z,y) = dy (y,x) for all xz,y € X and X\ € (0,1];
(3) dy (x,y) =0 for all X € (0,1] if and only if x = y.

Lemma 1.3 [3] Let (X, F,A) be a Menger PM-space, and let {d/\}Ae(O,l] be a family of pseudo-
metrics on X defined in lemma 1.2.

If A is a t-norm of H-type, then for each A € (0,1], there exists u € (0, \] such that for each
m e Z+,

dx (zg, Tp) < Z;:OI dy (xi,xip1), for all xg, x, ..., xm € X.

Lemma 1.4 [3] Suppose that F' € D*t. For each n € Z", let F,, : R — [0, 1] be non-decreasing,
and gy, : (0,400) — (0,400) satisfy lim,—+gn (t) =0 for any t > 0.If

Fo(gn (1)) 2 F(t),VE>0

then lim, .« F, (t) =1, for any t > 0.

1.4 Coupled fixed point

Definition 1.13 ([18]) An element x € X is called a common fixed point of the mappings
f:XxX—>Xandg: X — X if

v=f(z,2)=g(x)

Definition 1.14 ([33]) An element (z,y) € X x X is called
(i) a coupled fized point of the mapping f : X x X — X if

flry) =2 f(y.z)=y.

11
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(ii) a coupled coincidence point of the mappings f: X x X — X and g : X — X if

flxy)=g(x); f(y,z)=g(y)

(#1i) a common coupled fixed point of the mappings f: X x X — X and g: X — X if

v=f(z,y)=g); y=Ff(yz)=9©)

In [1], Aamri and al. Introduced the concept of weakly compatible mappings, Here we give a

similar concept in Menger metric spaces as follows:

Definition 1.15 Let (X, F,A) be a Menger metric space andlet f: X x X — X andg: X —
X be two mappings. f and g are said to be weakly compatible (or w-compatible) if they commute

at their coupled coincidence points,i.e;if (x,y) is a coupled coincidence point of f and g, then

g(f (z,y)=f(9(x),9), 9(f(y,)=[(9),g(z))

Definition 1.16 ([25]) Let A: X x X - X, B: X x X - X, T: X - X, S: X — X be four
mappings. Then, the pairs (B, S) and (A,T) are said to have common coupled coincidence point

if there exists a,b in X such that

B(a,b)=S(a)=T(a)=A(a,b) and B(b,a)=S(b) =T (1) = A(b,a).

12



Chapter 2

Common Fixed Point Theorem in
Metric Spaces for Weakly Compatible
Mappings without Continuity, with
Application to Non-linear Integral

Equations

In this chapter, will develop and generalize the work of Pathak and al. [42]; where we
prove a common fixed point theorems for a pair of weakly compatible mappings by cancelling
the continuity condition. Also, to illustrate and applied our results, an application on non-linear

integral equation is given.

The plan of this chapter is as follows:
1. Introduction
2. Main results

3. Application to integral equations

13



Common fixed point theorem in metric spaces

2.1 Introduction

Many common fixed point theorems for mappings, satisfying certain contractive conditions can
be found in the recent literature and has been an interesting field of mathematics from 1922,
when Banach stated and proved his famous result (Banach contraction principle). The field of
fixed point theory - that is involving four single valued maps -, began with the assumption that
all of the maps are commuted. In 1998, the concept of weakly compatible pairs of mappings
has been introduced by Jungck [29]. Several common fixed point theorems have been proved on
the basis of compatible mappings introduced by Jungck [28]. Pathak and al. [40] introduced
notions of compatible mappings of type (I) and type (II) and utilized them in complete metric
space for establishing a common fixed point theorems of a quadruple of self mappings.

In recent years, several authors have obtained common fixed point results for different classes
of mappings on various metric spaces such as complete metric spaces. Applications of this
theorem to Voltera-Hammerstein non-linear integral equations with infinite delay have also
been given in [40]. Also, Chugh and Kumar in [13], the authors established some results about
common fixed point theorems for weakly compatible mappings. Motivated by these, we prove

the same previous results without continuity of mappings.

2.2 Main results

Throughout this section, suppose ¢ denotes the collection of mappings ¢ : [0,00) — [0, 00)
which are upper semi-continuous, non decreasing in each co-ordinate variables and ¢ (t) < ¢ for
all t > 0.

To prove our main theorem, we need the following lemmas :

Lemma 2.1 ([41]). If p, € ¢ and i € I , where I C N | then there exists some ¢ € ¢
such that :
max {p; (t):i €I} <@(t) forallt>0}

14



Common fixed point theorem in metric spaces

Let A, B, S and T be self mappings of a metric space (X, d) such that :

A(X) € T(X) and B(X) C S(X) (2.1)

d* (Az, By)
< a gy (d2p (Sx,Ty)) + (1 — a) max {901 (d2p (Sz, Ty)) ,
902 <dq (SZL’, Al’) dq/ (Ty> By)) 7903 <dr (SZL’, By) d?‘l (Ty7 Al’)) )
1 ' 1 ’

oo (3 [0 0 a0’ @pan)] ) o (5 [ semn d @ns])} o @2)

for all z,y € X,where ¢, € ¢,i =0,1,2,3,4,5,0<a<1,0<p,q,¢,r1r" s s LI <1,
such that 2p = ¢+¢ =r+1" = s+ = [+ 1'.Then for arbitrary xo in X . by (2.1) we choose

a point 1 € X such that T'r; = Axg and for this point z;, there exists a point x5 in X such

that Szy = Bz and so on. Continuing in this manner, we can define a sequence {y,} in X, for

n =1,2,3,...such that
Yon = TTony1 = Axg, and you1 = STopo = BTopr ,n €N (2.3)

(see, for instance, [13])

Lemma 2.2 ([12]). Let ¢ € ¢ and {{,} be a sequence of non-negative real numbers. if &, ., <
w{&,} forn €N, then {,} converges to 0.

Now we will prove the following lemmas which help us to establish our results:

Lemma 2.3 If we denote d,, = d (yn, Yni1) , where y, the sequence define in (2.3), then

lim d,, = 0.

n—--auoo
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or

Proof The inequality (2.2) implies

d* (y2n7y2n+1)
< a (d2p (?/2n—1,y2n)) + (1 — a) max {<P1 (de (Y2n—1, y2n)) )

2 (dq (3/2n—1; yzn) dql (yzn, y2n+1)> , P3 <dr (3/2n71, yan) dr, <y2n7 an)> )

1 / 1 ,
P4 (5 [ds (y2n—17y2n) d’ (me?hn)]) » Ps (5 [dl (y2n_1,y2n+1) d' (yzn,yan)D}

d,

< apy (dgi—l) + (1 — a) max {901 (dgﬁ 1) P2 (dgn 1dq, ) ;
0510, a0, (5 (s b, d)}

< a g (d2n 1)+(1—a)max{ 2n 1 » P2 (dg 2/11)7

¥3 (O> y P4 (0) » Ps ( [den 1dl2n + d dl2n )

if dsy,, > da,,_1, then we have

or

d2r
< a g (dgfz)

’ 1 ’ ’
+ (1 — a) max {901 (dSZ) )y P2 (dgiq ) v 03(0), ©,(0), 05 (5 [dl;ﬁl + dlerrLl }) } .

a2
a o (d32) + (1 — a)max {p; (d32) , 05 (d32) ;03 (0), @4 (0), 05 (d32)}

v (dsn)

d*

2n >

INIA

A\

16
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a contradiction. Thus, we must have ds, < do,_1.

Then using this inequality the condition (2.2) yields

don < ¢ (don—1) (2.4)

Similary taking x = xo,49 and y = 9,11 in (2.2), we get

d2p (y2n+17 y2n+2)

< a gy (de (Y2n, y2n—|—1)) + (1 — a) max {@1 (de (Y2n, y2n+1)) )

! /

(yzmy2n+1)) , P3 (dr (y2n+17 y2n+1) d" (y2n7y2n+1)) s

1 / 1 /
"on (— [ds (y2n+1, y2n+2) d’ (y2n7y2n+2)]) » P5 (— [dl (y2n+1a y2n+1) d' (y2m y2n+1)}>}

©a (dq (y2n+1, yzn+2) d?

2 2

or

2p
d2n+1

< a g (d2£) 1 —a max{gpl d2ﬁ y P2 ( 2n+1 ) » P3 (0)7

( dgn—i-l dgn + d2n+1 ) ) 905 }

< apg (dgf) (1-a max{ on a802 <d2n+1 n) .03 (0),

1., .
P4 ( [dQn—i—ld + d n+1d2n+1:|) )y P5 <O>}

if dop1q1 > day,, then we have

< apg (dgfﬁ-l)
d 1 S+s s+s’
+ (1 — a) max {901 (d2n+1) » P2 (dg:%) » P3 (0) » P4 (2 [dﬂﬂ + d2:+1]> » Ps (0)} .

17
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which implies

2p
d2n+1

IN

a @g (dngrl)
+ (1 — a) max {801 (dgiﬂ) » P2 (dgﬁﬂ) ,03(0), @4 (dgﬁﬂ) » Ps (0)}
¥ (dgﬁﬂ)

2p
< dypyg,

IN

contradiction, Thus, we must have ds, 1 < da,.

Again from (2.2), we obtain
dant1 < o (dan) (2.5)

From egs. (2.4) et (2.5), we obtain
dpi1 < (dy), forn=0,1,2,3,..

And so, by Lemma 2.2, we get lim d, =0. =

n—aoo

Lemma 2.4 The sequence {y,} defined by (2.3)
Yon = TI2n+1 = ASCQn and Yon+1 = Sl’gnJrQ = B$2n+1 ,n e N (26)

1s a Cauchy sequence.

Proof Suppose that the subsequence {925}, is not a Cauchy sequence. Then there exists
an € > 0 such that fo each even integer 2k, there exist even integers 2m (k) and 2n (k) with
2m (k) > 2n (k) > k such that

A (Yan(k)s Yam(k)) > €- (2.7)

For each even integer 2k, Let 2m(k) be the least even integer exceeding 2n(k) satisfying (2.7),
that is:

d2p(y2m(k)—27y2n(k)) <¢e and d2p(y2n(k)a Yom(k)) > €- (2.8)

18
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Then for each even integer 2k, we have:

e < d*(Yonk)s Yom())

IN

< ¢+ déi@(k dgi@(k

Hence from (2.8) and lemma 2.3 it follows that
hm d (y2n ygm(k)) =€
By triangular inequality, we have:
| (Yan(h) Yomm)-1) = A (Yon(rys Yom) | < A (Yom(w) -1, Yomer)

and

‘d (3J2n k)+1) Y2m(k)— ) —d* (an(k)7y2m(k‘))‘

< JF (me(k), yZm(k)fl) +d* <y2n(k)7 y2n(k)+1)

’dzp (y2n(k)+17 y2m(k)71) —d* (an(k), y2m(k))’ < d?;(k diﬁ(k

By (2.9) and lemma 2.2, we obtain:

nhl{lood (y2n(k)7y2m(k),1) = ¢
nh—I>nood (y2m(k)+17y2m(k)_1) = .

AP (Yan(k)s Yom(k)—2) + P (Yomr)—2: Yam) 1) + AP (Y2m()—15 Yom(r))

(2.9)

(2.10)

19
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Now using (2.2) , we get

d* (A$2n(k), Blﬂzm(k)—l)
o (A (Szan(w), Tramry—1)) + (1 — a) max { (d* (Sanm), TTomer)-1)) »
d? (Swan(k), ATan ))d (T£E2m(k) 1, BZom(k)-1 )

d"” Sl‘zn Bl‘zm (k)— 1)d (szm(k 1>A332n(k )

IN

¥3

/\/\o

(
(
[ds S$2n (k)> A$2n k)) dSl (Tx2m(k)—17 Ax2n(k)):|) )

Af\
N = DN —

d' S@n B@m() 1) d' (Tx2m(k)—lan2m(k)—l)i|)}

or

4 (an(k)7 y2m(k)—1)

IA

a o (dzp (yzn(kyb y2n(k))) + (1 — a) max {@1 > (y2n(k —15 y2n(k))) )

(
P2 (dq y2n(k)flay2n(k)) d? (?JQm( -2 Yom(k )

d' (yzn(k)q, y2m(k)71) d" (y2m(k)727 yZm(k)l)]) }

dgﬁ(k)q) + (1 — a) max {@1 (dgﬁ(k)q) <dgn(k dgm(k )

(Yon(s)—1 Yom@r)—1) d” (y2m(k)f2>y2n(k))> ,
[dgn(k)—ldSI (y2m(k)f27 y2n(k))]) )

d' (an(k)—la y2m(k)—1) dl2m(k:)2:|> }

IA
S
©

Letting k¥ — oo and using Lemma 3.3, (2.9) and (2.10), we obtain

e < a @, (0) + (1 — a) max {901 (0), 92 (0), 5 (5T+T/> 104 (0) ;05 (O)}
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or

Z_:212 S (1 _ (l) 03 <€T+7’/>
< (1-a)p(¥)
< %

?

which is a contradiction. Hence {12, },.y is @ Cauchy sequence. m

Theorem 2.1 Let A,B,S and T self-maps of a metric space (X,d) satisfying (2.1) and (2.2)
and suppose any one of the subset S (X) or T (X) is complete. If the pairs (A, S) and (B,T) are

weakly compatible, then, A, B, S and T have a unique common fixed point in X .

Proof From Lemma 2.4, the sequence {yan1} = {Szani2} C S (X) is a Cauchy sequence
in S (X). Now suppose that S (X) is complete, then the sequence {Sxs, 2} converges to a point
z = Su for u € X. On the other hand, the subsequences {Azsy,},{Bxo,11} and {Two,1} of

{¥n},en also converges to the point z. If Au # z using (2.2), we obtain:

d2p (Au, B$2n+1)
< a o (4 (Su, Trania)) + (1 — a) max {¢; (4% (Su, Twans1))

©q (dq (Su, Au) d? (Txap1, Bx2n+1)> , O3 <d” (Su, Bropi1)d" (Txopy1, Au)) ,

1 ' 1 /
Oy (5 [ds (Su, Au) d° (Tx2n+1,Au)]) , s (5 [dl (Su, Bropi1) d (T$2n+1,Bx2n+1):|>}

Letting n — oo we have

d* (Au,z) < (1 — a) max {904 G [ds (2, Au) d* (=, AU)D }
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02 (Au, 2)
(1 — a) max {% (%dm’ (z, Au)) }

- <%d2p (Z,Au)>

1
< §d2p (z, Au)

< d* (Au,z),

IN

IN

a contradiction. Hence z = Au = Su.
As A(X) C T(X) there exist v € X such as z =T v.
If Bv # z using (2.2), we obtain:

d* (Au, Bv)
< a g, <d2p (Suij)) + (1 — a) max {gpl (d2p (Su,Tv)) ,

©g (dq (Su, Au) a (T, Bv)) , O3 <dr (Su, Bv) & (Tw, Au)) ,

oy (% @ (Su, Awyd (T, AU)D o (% [ (Su, Buyd' (T, BU)D }
i (2, Bv)
(1 — a) max{ . @ [ (5w, Bu)d' (T, Bv)] )}

© (%dl“' (2, Bv))

1
< §d2p (z, Bv)

IA

IN

< d* (z,Bv),

a contradiction. Hence Tv = Bv = z because (A, S) is weakly compatible we have Au = Su =

SAu = ASu, we get Sz = Az.
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If Az # z using (2.2), we get

d* (Az, Bv)
< a gy (d (Sz,Tv)) + (1 — a) max {p, (d* (Sz,Tv)),

Vg <dq (Sz, Az) i (T, Bv)) , O3 <d’" (Sz, Bv) & (Tw, Az)) ,

00 <% [ds (Sz, Az)d* (Tw, Az)]) 5 G [d’ (82, Bv)d (Tv, B”)D}

d* (Az, 2)

a ¢y (d* (Az, 2)) + (1 — a) max {4,01 (% (Az,2)) , 3 (dT (Az, z) d (z,Az))}
o (d (Az, 2))

d* (Az, z),

IN A

A

which is a contradiction, Hence Az = Sz = z. By analogy we have Tz = Bz = z.
Finally, we have Az = Sz = Bz =Tz = z, Thus z is a common fixed point of A, B, S and T.
For uniqueness of common fixed point. Let A, B, .S and T have another fixed point w , such
aw # z.

Then from using (2.2), we obtain

d* (Az, Bw)
< a g (d (Sz,Tw)) + (1 — a) max {p, (d* (Sz,Tw)),

09 <dq (Sz, Az) i (Tw, Bw)) , O3 <d’" (Sz, Bw) dr (Tw, Az)) :
©4 (% [ds (Sz, Az) & (Tw, AZ)]> , P5 <% [dl (Sz, Bw) d’ (Tw, Bw)})}
we get d? (z,w) < ¢ (d?" (z,w)) < d* (z,w), which is impossible, Hence z = w. =

Remark 2.1 By setting a = 1 and taking ¢, (t) = at, 0 < o < 1 in theorem 2.1, we obtain the

following rsults:

Corollary 2.1 Let A, B,S and T self-maps of a metric space (X,d) satisfying (2.1) and (2.2)
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and

d(Az, By) < ad(Sx,Ty), (2.11)

For all x,y € X, where 0 < o < 1 and suppose the pairs (A, S) and (B,T) are weakly compatible
and any one of the subset S (X) or T (X) is complete. Then, A,B,S and T have a unique

common fized point in X.

2.3 Application to integral equations

Consider the following pair of non-linear integral equations (Voltera — Hammerstein equation):

z(t)=w(t,z(t)) + u/ m(t,s)g; (s,z(s))ds+ )\/ook: (t,s) hj(s,z(s))ds (2.12)

For allt € [0,00),w (¢, (t)) € L' ([0, 00)) is known, m (¢, 5) , k (¢, s) , gi(s,x (s)) and h; (s, 2 (s)) ,i,j =
1,2 and i # j are real or complex valued functions tha are measurable both in ¢ and on [0, c0)
and A,y are real or complex numbers. The previous functions satisfy the following conditions:

(do) [, |w (s, (s))] is bounded for all z (s) € L* ([0,00)), and there exists Ko > 0 such that

for all s € [0,00) we have
lw (s,z(s)) —w(s,y(s))| < Kolz(s)—y(s)| forall z,ye[0,00) (2.13)

(dy) / sup |m(t,s)|dt = M; < +oo,
0

0<s<oco

(da) / sup |k (t,s)|dt = My < 400,
0 0<s<oco

(d3) gi (s, (s)) € L*([0,00)) for each x € L' ([0,00)), and there exists K; > 0 such that for

all s € [0,00),
g1 (5,2 (5)) — g2 (s, (s))| < Ky |z (s) —y(s)] forall z,y € L' ([0,00)) (2.14)

(dy) h; (s,x(s)) € L' ([0,0)) for each x € L' ([0,00)), and there exists K, > 0 such that for

24



Common fixed point theorem in metric spaces

all s € [0,00),
|hy (5,2 (5)) — ha (5,9 ()] < Ky |z (s) —y(s)] for all 2,y € L' ([0, 00)). (2.15)

The existence theorem can be formulated as follows:

Theorem 2.2 Let ¢ = min {p,, ¢} where functions p;, i =0, ...,5 are defined in Lemma 2.1
with the assumptions (dy), (d1),(d2), (ds) and (dy). Also, If the following conditions are
satisfied:
(1) /\/ook (t,s) hi (s,w (s, 2 () + pfym (s,7) gj (.2 (7)) dr) ds =0, i, j = 1,2,i # j;
(€2) Fos" some x € L' ([0,00)),

M/o m(t,s)gi(s,z(s))ds = z(t)—w(t,z(t)) — )\/Oook: (t,s) hi(s,z(s))ds
= TI;(t) e L' ([0,0)) . (2.16)

(e3) If for some T; (t) € L' ([0,00)), there exists 0; (t) € L' ([0,00)), such that

,u/o m(t,s)gi(s,x(s)—Ti(s))ds = w(t,x(t))+ /\/Oook (t,s) h;i (s,x(s) =T (s))ds
= 6;(t), i=1,2. (2.17)

then the systeme (2.12) has a unique solution in L' ([0,00)) for each pair of real or complex
numbers X\ and p with

Ko+ |ILL’ KM, + |)\‘ KoM, <1

and

(|| K1 M) e < (1 = (Ko + [N KoMy) e). ¢>0, 0<p<1 (2.18)
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Proof We define for every x € L' ([0, o0))

Ar) = [ mit.5) 0 (50 () ds (2.19)
Ba(t) — l/7nts v (s)) ds (2.20)
Ca(t) = t$@D+AA k1, ) hy (s, (s)) ds (2.21)
Da(t) = w@ﬂmwy+{émk@@)@<&x@»ds (2.22)
Se(t) = (I-C)aelt), Talt)=(-D)a(t), (2.23)

Were w (¢, (t)) € L* ([0,00)) ara known, I is the identity operator on L! ([0, 0)).
Then A, B,C, D, S and T are operator from L' ([0, 00)) into itself.

Indeed, we have:

A@) < ‘u [ s a6 s
il [ it o o5 )]

IN

< |p| sup ]mts| ]gl s,z (s))| ds.
0<s<oo0

We apply conditions (d;) and (d3) and thus, we have:

/ |A (z)|dt < |u\/ sup |m (¢ s)\dt/ lg1 (s,2 ()| ds < 400,
0

0<s<o0

hence Az € L' ([0,00)). Similary Bz € L' (0, 00)) .

)
We apply conditions (d2) and (d4) in the following manner:

Aww@mﬁgA Wtz (t) ﬁ+W/‘sw|ktﬂﬁlﬂm@wQM%<+m.@M)

0<s<o0

As [;7 |w (s, 2 (s))] is bounded so C' is a self operator on L' ([0, 00)) . Similarly D is also a
self operator on L' ([0, 00)) .

Hence S, T are operator from L' ([0, c0)).
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Now we prove that A (L' ([0,00))) € T (L' ([0,0))). So let x € L* ([0, 00)) be arbitrary.

Then we have

T(Az (t) +w(t,x(t) = (I—D)(Az(t)+w(t,z(t)))

- Am(t)—)\/o
N

[e.e]

By assumption (e;) of the theorem 2.2. Similarly one can prove B (L ([0,00))) € S (L' ([0, 0))) .
With the help of (d;) and (d3), We have for all 2,y € L' ([0,00)) that

pae—moipr = ([T1avi - syora)”
_ (/OOO /mtsgl(sx()ds— /mtng(sy())dsdt)2p
- ([ /mtsglsx s, <smdsdt)2p
< ([Tl mean o) o ouenia]a)”
< ([T w0 ot [ ion . 6) -0 uelas)

< (g ([T -yl d)

= (|ul Kx M) ||l — y|*". (2.25)
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Similarly, by (dp), (d2) and (d4), we get

|Cx —

Dy = ([ eta(®) ~wlty o)

A /O Tk (5) [ (5,2 () — ha (5,9 (s))] ds
(et @) -ty @)l d

[ s k(e / T [ (.2 (5)) — e (5.9 (5))] )

0<s<00

dt)?”

IN

IN

(Ko + [A| My K) ™ [l — | (2.26)

Consequently

ISz~ Tyl = |(I-C)a— (I ~D)y|”

= |z —y— (Cx— Dy)||*

> (e =yl = I(Cz — Dy)|)*
> (o =yl = (Ko + |\ KzMy) ||l — y[))*
> (1= (Ko + [\ K2M2)™ [lz =y, (2.27)

From (2.27), we obtain

(AVARY,

(a @0 1Sz = Tyl + (1 - a) max{ip, || Sz — Ty||*
e (1152 = Ae| | Ty = Byll” ) 05 (1182 = Byll" [Ty — Az|"")

1 s s 1 !
o4 (5 52— Ax|* Ty — Az D e (5 (I8 = Byl 1Ty - By”lD})

a o [|Sz — Ty|* + (1 —a) ¢, | Sz — Ty|* , with ¢ = min {¢g, ¢, }
a1 ||Sz —Ty|* + (1 — a) | Sz — Ty||*
¥ ||Sz — Tyl (2.28)
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As 1) is non-decreasing, from (2.18), (2.27) and (2.28) we obtain

U |Sz =Tyl > ¥ ((1— (Ko + |\ K2Mo))* [|lz — y)|*)
> ((Ju| KiMy)™ |z — o) ™)
> || Az — By|*”.

Thus condition (2.2) of theorem 2.1 is satisfied.

Now we prove that the pair (A,.S) is weakly compatible. For this we have

[SAz (1) — ASz ()| = [[(I —C)Az(t) — Al —=C)z ()]
= ||Az (t) — CAz (t) — Az (t) + ACx (t)]|
= ||ACz (t) — CAx (1) (2.29)

Whenever Az (t) = Sz (t). We have

,u/o m(t,s)g1(s,z(s))ds=x(t) —w(t,x(t)) — /\/Oook (t,s) hq (s, (s))ds. (2.30)

Therefore from (2.29) , we get

IS4z (1) — ASz (0] = [ACw (1) — CAu ()]
— H ( +)\/ookr(t s)hl(s,x(s)—f‘l(s))ds>
—0(/nuwml 2(6) =T () ds )|
_ H /mts ( A/Uook(s,f)hl(m(f)—rl(T))dT>ds
—w(ta(t )\/Oookr (,M/Osm(s,f)gl(T,x(T)—rl(f))m)ds
— 0

This shows that the pair (A, S) is weakly compatible. Similarly we can show that the pair
(B, T) is also weakly compatible.
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Thus all the conditions of theorem 2.1 are satisfied. Therfore, there exists a unique u €

L' (]0,00)) such that Au = Bu = Su = Tu = u and consequently, u is the unique solution of

(2.12). m

Remark 2.2 For uniqueness of solution. Let v € L' ([0,00)) another solution of (2.12) , such a

w# 2.
Then from using the conditions (dy) , (d1), (dz2), (ds) and (dy), we obtain

w (t,u(t) —w(tv(t) + u/o m (t,s) (91 (s,u(s)) = g2 (5,0 (s5))) ds

lu()) —o(®)] < /Om

+)\/Oook () hn (5,0 () — ha (5,0 () ds
< (Ko + |p| KiMy + |A| KoMo) |lu (t) —v (@) < |lu(t) —v (@),

dt

Which is a contradiction. Hence u (t) = v (t).
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Chapter 3

New Results in Common Fixed Point
Theorem in b-metric Spaces, with
Applications to Linear System and

Non-linear Integral Equations

In this chapter, we will obtain some common fixed point results having rational type contrac-
tion conditions for mappings satisfying generalized contractive condition in a b-metric space. The
result is applied to prove the existence of a common solution of system of Urysohn non-linear

integral equations and unique solution for linear equations system.

The plan of this chapter is as follows:
1. Introduction
2. Main results
3. Applications:
3.1. Application to linear equations

3.2. Application to integral equations
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3.1 Introduction

The concept of b-metric space was introduced in 1989 by Bakhtin. In 1993, Czerwik
[16] extended the results of b-metric spaces that generalized the famous Banach contraction
principle in metric space. Akkouchi [4], Boriceanu [11], kir et al. [31], Olatinwo and al. [37],
Pacurar [38] extended the fixed point theorem in b-metric space. A b- metric space was also
called a metric type spaces in [17]. Many articles generalized and extended the study of common
fixed point in b-metric spaces see ([17], [36]).

The aim of this work is to present some common fixed point results having rational type
contraction conditions for mappings, satisfying generalized contractive condition in a b-metric

space.

3.2 Main results

Theorem 3.1 Let (X,d) is a complete b-metric space and A,B : X — X be two non-
decreassings mappings, and suppose there exist non-negative real numbers o, 3,7,

with o+ B+ v+ 2s0 < % such that, for all x,y € X

(y, By) - [1 + d (z, Az)]
1+d(z,y)
d(y, Az) - [1 + d (z, By)]
1+d(z,y)
+4§ - [d(y, Az) + d (z, By)] (3.1)

d(Ar,By) < ad(z,y)+ 5"

Then, A and B have a unique common fixed point in X.

Proof Let x an arbitrary in X, we can define a sequence {z,}, . in X verifying :

Tony1 = Ao, €t Toppo = Bropyr ,neEN
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for all n € N we have

d2n

IN

IN

ININ A

IN

IN

d ($2n+1, $2n+2)

d (Azay,, Broni1)

(T2n+1, Brons1). [1 + d (20, Ax2,)]
1+ d (22n, Tont1)

+V.d(m2n+1, Azg,). [1 4 d (2, Bxoni1)]

1+ d(zon, Tans1)

+0. [d(zops1, ATay) + d (9, Broyy1)]

(T2n+1, Tan+2)- [1 + d (T2n, Tant1)]
1 +d(z2n, T2n41)

d(Tant1, Tans1)- [1 + d (Tan, Tani2)]

. 0. |d(zani1, Top d (Ton, Top
+7 T+ d (22, Tone) + 0. [d(@an41, Tont1) + d (Ton, Toni2)]

d
a.d(xan, Tony1) + 0.

d
a.d(xa,, Tony1) + 0.

d(Toni1, Tont1)- [1 + d (Ton, Tonia)]
1+ d(xon, Tant1)

a.d(Zon, Tons1) + B.d(Tani1, Toni2) + -
+6.d (o, Topy2)

a.d(xon, Tont1) + B.d(Tant1, Tani2) + 0.d (Ton, Topia)
a.d(Top, Topy1) + B.d(Toni1, Tania) + 0.d (Topn, Topi2)

a.d(Ton, Tons1) + B.d(Tans1, Tonsi2) + 0. [d(Tan, Tans1) + d (T2nt1, Tana2)]
o+ 80
m-d(ﬂbm $2n+1)
o+ 8o 1

h.d(l’gn,ﬂfgn_H) tq : h = m < E

This follows immediately

IN

d (Ton+1, Tant2) h.d(Zon, Toni1) < h2.d(Don_1, Ton)

< hg.d<l'2n_2,$2n_1) S S h2n+1.d(l‘0,l’1)
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for m>n

d (Ton, Tom) < s|d(xon, Tons1) + d (Tani1, Tom)]

< sd (2on, Tong1) + 87 [d (Tant1, Tanta) + d (Tony2, Tom )]
< sd (Tan, Tong1) + 82 (Tany1, Tonta)

+83d (Tonta, Tangs) + ... + 822" (Tom_1, Tom)
< (sh® 4 PR+ L4 SPTRPTY) d (o, 1)
< sh¥ (14 (sh) + (sh)® + ... + (sh)*™ > 1) .d(xo, 71)
< (k)™ d(zo, 1)

1—sh

(sh)?"

because 0 < h < %,We have — 0ifn — oo.

1—sh

Hence {29,},y is @ Cauchy sequence then {z,},  is a Cauchy sequence.
By the completeness of X, there exists a point z € X such that z, — 2z asn — o0

Next, we claim that Az = z. If Az # z then d(z, Az) > 0 By (3.1) we have

d(z,Az) < sld(z,xonia) + d(Topyia, Az)]
= s[d(z,xps2) + d(Brops1, Az)]
= s[d(z,2412) + d(Az, Broy1)]
< s {d (2, Tonya) + (a.d(z,xQnH) —i—ﬁ.d

d('r2n+17 AZ) [1 +d (Zv B$2n+1)}
1 —f- d (Z, $2n+1)

(T2n41, Brans)- [1 + d (2, A2)]
1+ d (2, zon41)

+ 6. [d(zant1, A2) + d (2, Bx%ﬂ)])}

(Ton+1, Tong2). [1 +d (2, Az)]
1+d(z,zon41)

d
= s |:d<z7$2n+2) + (a.d(z,mgnH) + B.

d(2ony1, A2). [1+d (2, Tony2)]
. . y
o 14+d(z,22,11) + 0. [d(xoni1, A2) + d (2, Topy2)]
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Letting n — o0

(z,2). [1+d(z,Az)]
1+d(z,z2)

d(z Az) < s{d(z,z)+<o¢.d(z,z) 454

= s(v.d(z,Az) +d.d(z, Az))

which implies that 1 < s (y+ 6) => (v + ) > 1 which is a contradiction.
Thus, we get d (z, Az) = 0 then Az = z.
Similarly Bz # z then d (z, Bz) > 0. By (3.1) we have

d(z,Bz) < s[d(z,zo041) + d(x2n11, B2)]

= s[d(z,xns1) + d(Axg,, B2)]
(2, Bz).[1 + d(x2,, Axay)]
1+ d(xon, 2)

d
< s |:d(2,x2n+1)+ a.d(xon, 2) + .

d(z, Azap). [1 + d (29, B2)]
1+ d(zan, 2)

= s {d (2, Topy1) + (a.d(xgn,z) —|—ﬁ.d

d(Z, $2n+1). []. + d (l’gn, BZ)]
1+ d(zay, 2)

. + 0. [d(z, Awan) + d (22, Bz)])}

(Z, BZ) [1 -+ d (:1:2717 x2n+1)]
1+ d(x9p, 2)

+7.

4 6. [d(2, Tansr) + d (22, Bz)])}

Letting n — o0

(2,Bz).[1+d(z,2)]
1+d(z,2)

d(z B:) < s[d(z,z)+(a.d(z,z) +pd

d(z,2).[14+d(z,Bz)]
14 d () + 0. [d(z,z)—f—d(z,Bz)])]

= s(p.d(z,Bz)+d.d(z,Bz))

which implies that 1 < s (8 + ) = (8 + §) > * which is a contradiction.
Thus, we get d(z, Bz) =0 then Bz = z.
Therefore, z = Az = Bz, that is, z is a common fixed point of A and B.

Finally, we show that z is a unique common fixed point of A and B.
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Assume that there exists another point 2’ such that 2z’ = Az’ = Bz’. Now, we have

d(z,72") =
(2/,BZ).[1+d(z, Az)]
1+d(z,7)
d(z', Az).[1 +d(z, B)] , ,
T+ d(2) +9.[d(Z, Az) + d (z, BZ")]
(2, 2). [1+d(z,Az)]
1+d(z,2)
DL 5 e o)+ a2
= a.d(z,2) +7.d(z 7)) +20.d(z,2")

d(Az,B2") < «.d(z7?) —i—ﬂ.d

= ad(z,2)+ 6.d

which implies that 1 < «a + v 4 20 which is a contradiction.
Thus, we get d(z,2z') =0 then z = 2.
Therefore, z is a unique common fixed point of A and B. m
Now if we set § = =0 = 0 and A = B in inequality (3.1) of Theorem 3.1 then we get

following corollary

Corollary 3.1 Let (X,d) is a complete b-metric space and A : X — X be non-decreassing

mapping.

Suppose that there exist non-negative real number o with o < % such that, for all v,y € X
d(Az, Ay) < ad(z,y)

Then, A have a unique fized point in X.

3.3 Applications

3.3.1 Application to linear equations

In this section we give an application using Corollary 3.1
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Theorem 3.2 Let X = R" be a b—metric space with the metric

where x,y € X.

Consider the system of n linear equations in n unknowns

§
a11%1 + a19%2 + ... + a1, = by

911 + A9oTo + ... + Qop Ty, = by

L Ap1T1 + Ap2Z2 + ... + AppTy = bn
If

; a;; €R; V1<id;5<n}

a = max{|an‘ + 11, |aiji;éj

1
< =
n

We have, the system of n linear equations in n unknowns (3.2) has a unique solution.
Proof It is easy to show that (X, dy) is a complete b—metric space.
So for proving that the system (3.2) has a unique solution, we need to prove that the mapping
H: X — X given by
H(X)=AX+1I1IX-D

18 a contraction.

Where X = (21, %, ..., 1,)" € R", D = (by, by, ..., b,)" € R and

a1 a2 ... QAip

21 Q29 ... QAgp
A=

Ap1 Ap2 ... QOpn
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Since

n

doo (Hzx,Hy) = max Z(ij—Hyj)

1<i<n
=1
n

< max (i +1) (21 — y1) + 22 i (25— y5)

=
< nmax {|a; + 1], o] V1 <47 <n} max |z; — v

1<j<n

< anmax |z; -y
< andy (x,y).

We conclude that H is a contraction mapping. By Corollary 1, the linear equation system (3.2)

has a unique solution. ™

3.3.2 Application to integral equations

In this section, we show that Theorem 3.1 can be applied to the existence of a common solution
of the system of the Urysohn integral equations.

Let X = C([a,b],R"),a >0, and d : X x X — R be defined by

d(z,y) = max |z (t) —y ()]l

tela,b]

Consider the Urysohn integral equations

z(t) = jKl (t,s,x(s))ds+g(t);
: 33)
[ K> (t,s,2(s))ds + h(t);

a

8
—~
~
~—
I

Where t € [a,b] CR,z,g and h € X and K;, K5 : [a,b] X [a,b] x R" — R"
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Suppose that K, Ky are such that F,, G, € X for all x € X, where

b
F, = /Kl(t,s,aﬁ(s))ds

a
b

G, = /KQ(t,s,x(s))ds

for all t € [a,b].

Theorem 3.3 If there exist non-negative real numbers c, 3,y and § such that for all inequality
holds:
(a) o+ B+ +2s6 < 3

(b)
[1Fe (1) = Gy (1) + 9 () = h (B
< aggﬁs(x,y) (t)+6m[ax]T(x,y) (t)
+7trg[3>§]‘/<w y)()+5tgl[a>b<]W(x ,y) (t)
where
S(z,y) () = [lv@) -y @),
T(wy) () = 1Gy (1) +h () — ()HOO+HF(1)+d((2y ()HooHGy(t)Jrh(t)—y(t)HOO7
Vi) ) = \IFm(t)+g(t)—y(t)llooHIFm(l)erEi)’y—)y()I!oo!\Gy(t)+h(t)—$(t)|!oo
Wiz,y)(t) = [[Fo()+9) =y @+ Gy (&) +h(t) =zt

then the system of integral equation (3.3) has a unique common solution.

Proof Define two mappings S,T : X — X by Ax = F, + g and Bx = G, + h. Then we
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have
d(Az,By) = max [ (t) =Gy (t) +g () —h ()],
d(y, By) = tem[%]HGy ) +h@) -y,
d(y, Ar) = mmax [E: (1) +9 () —y (D)o s
d(z,By) = trg[%lle(t)ﬂLh(t)—x(t)llw,
and

we can show easily that for all x,y € X,
d(Ax, B < ad(z,y)+p-
(Az,By) < oad(z,y)+ 0 T d(ey)

d(y, Ax) - [1 + d (z, By)]
1+d(z,y)
+6 - [d(y, Az) + d (z, By)]

+7 -

Now, we can apply Theorem 3.1. Therefore, we get the Urysohn integral equations (3.3) have

a unique common solution. m
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Chapter 4

Common Coupled Fixed Point
Theorems for Two Pairs of Weakly
Compatible Mappings in Menger
Metric Spaces, and Application to

Fredholm Non-linear Integral Equation

In this chapter, we present my work in [3]. When we will prove some common coupled
fixed point theorems for contractive mappings in Menger metric spaces under geometrically
convergent t-norms. Also, we prove common fixed point theorems for pairs of weakly compatible
mappings, which generalize the results of Jian-Zhong Xiao and al. (2011). The main results

is supported by a suitable example and application to integral equations.

The plan of this chapter is as follows:
1. Introduction
2. Main results

3. Application to integral equations
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4.1 Introduction

Many common coupled fixed point theorems for contractions in probabilistic metric spaces
under either a t-norm of Hadzic-type or the t-norm A, = prod can be found in the recent
literature, see [48],[57],[58],[14],[18],[15],[59]. The aim of this chapter is to obtain similar
results in a larger class of Menger metric spaces, namely in Menger metric spaces endowed
with geometrically convergent t-norms.

We only recall that a t-norm A is said to be of Hadzic-type (denoted A € H) if the family
{A™(t)}2 | defined by

AN #)=t, A" =A#A () n=1,2,.. tel0,1]

is equi-continuous at ¢ = 1, and that a t-norm A is called geometrically convergent (or g-
convergent) [18] if for all ¢ € (0,1),

lim A2, (1-4¢') =1

n—o0

It is worth noting (see [22]) that if for a t-norm there exists ¢o € (0, 1) such that

lim A2, (1—¢) =1

then:
lim AP, (1-¢') =1.

n—oo

The well known t-norms Ay, = min, A\, = prod and A}, (Lukasiewiez t-norm) are g-convergent.
Also, every member of Domby family (A? ) Ac(0:00)’ Aczel-Alsina family (AfA) d

Sugeno-Weber family (Afw)

Ae(0;00) an

Ne(—1:00) is g-convergent [22].

A large class of g-convergent t-norms, in terms of the generators of strict t-norms is described

in [22] (also see [21], Ch.1.8).
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Common coupled fixed point theorems in Menger metric spaces

Bhaskar and Lakshmikantham [8], Lakshmikantham and Cirié¢ [33] gave some coupled
fixed point theorems. Coupled fixed point theorem under contraction conditions given by Sedghi
and al. [48] are of great importance in the theory of fixed points in fuzzy metric spaces. Fang [18]
proved a result for compatible and weakly compatible mappings under y-contractive conditions
in fuzzy metric spaces which provide a tool to Xin-Qi Hu [57] to prove a result, which is
actually a generalization of the result of Sedghi [48] .

In this chapter, firstly we prove some common coupled fixed point theorems for contractive
mappings in Menger metric spaces under geometrically convergent t-norms. At the end, we
prove common fixed point theorems for pairs of weakly compatible mappings, which generalize
the results of Jian-Zhong Xiao and al (2011). The main result is supported by a suitable

example and application.

4.2 Main results

We now give our main result which provides a common coupled fixed point theorems for con-

tractive mappings in Menger metric spaces under geometrically convergent t-norms.

Theorem 4.1 Let (X, F,A) be a Menger metric space with A is a g-convergent t-norm. Let
A: X xX—->X,B: X xX—X,

T:X — X and S : X — X be four mappings satisfying the following condition

(1) A X xX)CT(X),B(X xX)CS(X)

(2) There exists k € (0,1) such that

FA(z,y),B(u,v) (kt) Z Min (FSx,Tu (t) 3 FSy,Tv (t)) (41)
forall z,y,u,v € X andt >0

(3) The pairs (A,S) and (B,T) are weakly compatible.
(4) One of the subspaces A(X x X) or T (X) and one of B(X x X) or S (X) are complete.
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If there exists a > 0 and xg,yo € X such that

S;ug t* (1 = Fuo, A(wono) (1)) < 00,
>

and

Stug) [ (1 - FSyo,A(yo7ro) (t)) < 00.
>

Then there ezists a unique point a in X such that A(a,a) =S (a) =T (a) = B (a,a) = a.

Proof For arbitrary zo,yo in X, by (1), we can choose x1,7; in X such that T (z;) =
A(zo,w0), T (y1) = A (Yo, To)-
Again by (1), we can choose z2, 9, in X such that S (z2) = B (x1,y1),5 (y2) = A (y1, 21).

Continuing in this way, we can construct two sequences {Z,} and {Zn} in X such that

{ Z2n+1 =A ($2n, yzn) =T (552n+1)
Lopya = B ($2n+1, y2n+1) =S ($2n+2)

{ Z,2n+1 =A (y2n7 x2n) =T (y2n+1)
Z2n+2 = B (Y2n11, Tans1) = S (Yan+2)

We divide the proof into 6 steps.
Step 1:
We show that {Z,} and {Z,} are Cauchy sequences.
Indeed, let 5 > 0. be such that

1 (1 = Fsap (o) (1)) < 5

and

te (1 - FSZJO:A(yO,mo) (t)) <p

for all ¢ > 0. Then

1
> >1—=3@1tY)" and Fsyy 1y, (—> >1—p(tY)" for every t >0 and n € N.

1
FSJ:(),T;El (_ n

tTL
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Ift > 0and € € (0,1) are given, we choose 4 in interval (k, 1) such that
00 )t k
AZ (1—(u )) >1—5and5:;.

As 6 € (0,1), we can find ny (= ny (t)) such that 37> 6" <.
Condition (4.1) implies that, for all s > 0,

FTI1755L‘2 (k’S) = FA(IE07yO)7B($17y1) (lfS) > Min (FSxo,Txl (8) ) FSyO7Ty1 (S)) )
and
FTy17Sy2 (]{38) = FA(yo,ﬂﬁo),B(yhm) (k’S) > Min (FSIO,TM (S) 7F5yo,Ty1 (S)) .

It follows by induction that
FZn,Zn-H (kns) > Min (F51307T$1 (S> >F5y0,Ty1 (3>>

and
mn?

Fy Z 41 (kns) > Min (FSI(),TM (S> vFSyo,Tyl (5)>

for all n € N. Then for all n > n; and m € N we obtain

FZn,Zn—i-m (Z 51)

i=n1

n+m—1
FZn,Zner ( Z 5Z>

A?;L:z_l (FZmZiJrl (51))

1 1
A?:t:n_l (A <FSrO,Tx1 (_z) 7FSyO7Ty1 (7)))
u u

AL (1= B

v

FZn,Zn—‘rm (t)

(AVARRAY/ v

v

If we choose ly € N such that Bu < ;i then 1 — 3 (u®)™™" > 1 — (u®)™™", for all n. Thus,

FZn+lovzn+lo+m (t) 2 A’?in+1 (1 - (Ua)l> > 1-— g,
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for every n > n; and m € N, hence {ZQn +1} is a Cauchy sequence. Similarly one can show that
{Z,} is a Cauchy sequence.

Step 2:

We show that

T (a) = B(a,b),T (b) = B(a,b) and S (a) = A(a,b), S(b) = A(b,a).

Without loss of generality, assume that 7' (X) and S (X) are complete. Now, {Zan 11}, {Zant2}
and {Z’Qn +1} , {Z271 +2} being respective subsequence of Cauchy sequences{Z,} and {Zn} are
also Cauchy.

Since T' (X)) is complete, so there exists a,b in X such that:

{Zopi1} —a and {Z,, 1} — b

Again convergence of the subsequences {Zs,41} and {Z,,,, } implies the convergence of original

Cauchy sequences{Z,} and {Z, } respectively such that
{Z,} waand {Z,} —b

It follows that the sequences {Z,}, {Zon11}, {Zansa} converge to a and {Z,}, {Z5, 1}, { Zonia}
converge to b.
Now a,b € T (X) implies the existence of p,q € X such that T (p) = a, T (¢) = b, so that we

have

lim Zy,.1 = lim A(xepn,yon) = lim T (29,11) = a =T (p)
T}LH;O Zopta = nh_)fglo (Tant1, Yant1) = nhjlgo S (xant2) =a=T(p),
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and

lim 7y, = lim A(ys, 220) = lim T (y2n1) =b =T (g)
nh_)nolo Z’2n+2 = nh_)rgoB (y2n+1a x2n+1) = nh_)ngo S (y2n+2) =b=T (Q) )

From condition (2),

Fa(anyon)Bog) () > Min (Fsa,,) 1) (), Fs@an 1) (1) -
Letting n — oo, we get
Fr),Bpg) (kt) > 1 this implies T'(p) = B (p,q) = a.

Similarly 7' (¢) = B (q,p) = .

Since the pair (B, T) are weakly compatible, so that T'(p) = B (p,q) = a implies T (a) =
B (a,b), similarly, T'(b) = B (b, a).

Again, since S (X) is complete, so that a,b € S (X)), which implies the existence of r, s in X,
so that: S (r) =a, S(s) =b.

from inequality (4.1), we get

Far5) Bleans1wonss) (F8) > Min (Fs) 1) (8) 3 Fs(9) 7 (anin) (1))
Letting n — oo, we get
Fa(rs)a(kt) > 1 implies A(r,s) =a =S5 (r)

Similarly, A (s,7) =b= 5 (s).
Since the pair (A, S) are weakly compatible, it follows that:

Afa,b) = S(a) and A(b,a) =S (b).
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Step 3:
Next we show S (a) =T (a) and S (b) =T (b).
From inequality (4.1):

Fa(ap),Bap) (kt) > Min (Fs@yr@ (t), Fswre (t))
and similarly
Fapa),Bba) (kt) > Min (Fsy 1@ (t), Fswre (t))

Thus
. . t t
Min {FS(a),T(a) (1), Fs(a),1(a) (t)} > Min {FS(a),T(a) (ﬁ) s Fs@).m) (k_"> }

for all n € N implying

It follows that
Fs@),r@ (t) =1 = Fsw)re) (t) for all t > 0.

Whence S (a) = T (a) and S (b) = T'(b), as claimed.

Therefore,
S(a)=A(a,b) = B(a,b) =T (a) and S (b) = A(b,a) = B (b,a) =T (b).

Step 4:
We next show that
S(a) =a and S (b) =b.

Indeed, letting n — oo in the inequality
Fawanyan) Blap) (k) = Min (Fs(e,) 1) (), Fsan,re) (1) -

We get
Fys) (kt) > Min (Fys@) (), Fys0) (1))
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and similarly

Fb,S(b) (kt) > Min (Fa,S(a) (t) >Fb,S(b) (t)) .

Thus
; . t t
Min{F, @) (t), Fyse (t)} = Min {Fa,S(a) <ﬁ> , Fyso) (ﬁ) } :

for all n € N, implies
Min {Fa,S(a) (t) ,Fb,S(b) (t)} =L

It follows that
Fos(a) (t) = 1= Fys@ (t) for all t > 0,

Whence S (a) = a and S (b) = b.There are :
B(a,b) =S (a)=a=T(a) =A(a,b) and B (b,a) =S (b)=b=T(b) = A(b,a).

Step 5:
We shall that a = b. Indeed, letting n — oo in the inequality

FA(£2n7y2n)7B(y2n+1a1'2n+l) (kt) > Min (Fs(xzn),T(y%H) (t) 7F5(y2n),T($2n+1) (t))

We get
Fop (kt) > Min (F,p (t), Fya (1))

It follows that F,, (kt) > Fy; (t) for all t > 0, and so a = b.
Hence:

B(a,a)=S(a)=a=T(a)=A(a,a).

Step 6:
We show that the fixed point is unique.
Let z,w be common fixed points for A, B, S and T', then from (4.1), we obtain

FA(z,z),B(w,w) (kt) 2 Min (FSZ,Tw (t) ) FSZ,Tw (t)) .
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That is F, ., (kt) > F.,,, (t) for all £ > 0 implying z = w. =

If the t-norm A is of HadZzi¢-type, then the conditions

stug) t* (1 — Fsuo, A(wo,y0) (t)) < 00,
>

and

Stul(;) ta (1 - FS'yo,A(’yo,.TO) <t>) < 0.
>

can be dropped, so we have the following result :

Corollary 4.1 Let (X, F,A) be a Menger metric space with A is a t-norm of H-type. Let
A XXX —->X,B: XxX—->X,T:X— X andS: X — X be four mappings satisfying the
following condition

(1) A X xX)CT(X), B(XxX)CS(X)

(2) There exists k € (0,1) such that

FA(x,y),B(u,v) (kt> Z Min (FSx,Tu <t> ) FSy,Tv (t))

for all x,y,u,v € X andt >0

(3) The pairs (A,S) and (B,T) are w-compatible.

(4) One of the subspaces A (X x X) orT (X) and one of B(X x X) or S (X) are complete.
Then, there exists a unique point a in X such that A(a,a) = S (a) =T (a) = B(a,a) = a.

Corollary 4.2 Let (X, F,A) be a Menger metric space with A is a t-norm of H-type. Let
A: X x X — X be a mapping, and assume that for any t > 0; there exists k € (0,1) such that

Fawy), Atuw) (k) > Min (Fy, (t), Fy. (1))

for all z,y,u,v € X.
Suppose that A (X x X) is complete. Then A has a unique coupled fixed point a € X such
that A (a,a) = a.
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Jian-Zhong Xiao in [26] proved the following result:

Theorem 4.2 Let (X, F,A) be a complete Menger melric space with A is a t-norm of H-
type and A > A,. Let ¢ : R — R" be a gauge function such that p='({0}) = {0} and
Yoo @ (t) <4oo foranyt>0.Let A: X x X — X, T:X — X be two mappings such that

Faaaw) (9(1) 2 [A (Frozu (t), Fryzo (£)]"

for all z,y,u,v € X and t > 0,where A(X x X) C T (X),T is continuous and commutative

with A.Then, there ezists a unique uw € X such that w =Tu = A (u,u) .

Now, we prove the following result which generalizes the previous theorem for two pairs of

weakly compatible mappings:

Theorem 4.3 Let (X, F,A) be a Menger metric space with A is a t-norm of H-type and A >
A,. Let o : Rt — R be a gauge function such that ' ({0}) = {0} and >_°7, ¢™ (t) < +o0 for
anyt>0.Let A: X XX —->X B: XxX—->XT:X— X andS: X — X be four mappings
satisfying the following condition
(1) AX xX)CT(X), B(XxX)CS(X)
(2)
Fae) s (@(1) 2 [A (Fsem (1), Fsyro (0)]' (4.2)

forall z,y,u,v € X andt >0
(3) The pairs (A,S) and (B,T) are w-compatible.
(4) One of the subspaces A (X x X) orT (X) and one of B(X x X) or S (X) are complete.
Then, there exists a unique point a € X such that A(a,a) =S (a) =T (a) = B(a,a) = a.

Proof Step 1: We show that {Z,} and { Zn} are Cauchy sequences.
By condition (1),we can construct two sequences {Z,} and {Z, } in X such that

{ Zons+1 = A (2o, Yan) = T (22541)
Zont2 = B (Zant1, Yant1) = S (2n42)
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{ Z,2n+1 =A (ana x2n) =T (y2n+l)
Zzn+2 =B (yzn+1, 5132n+1) =9 (y2n+2)

Suppose that ¢ > 0. From (4.2), we have

FZ'ruZn-&-l (SD (t)) FTxn,SfEn+1 (90 (t))
FA(:cnfhynﬂ),B(mn,yn) (90 (t))
> [A (FSwnthﬂcn (t> ) FSynthyn (t))]

2 (Frz (0. Fy 2 )] v

12 (4.3)

27 (p) = Fry, 8y040 (¢ (1))

nr“n+1

FA(yn—hxn—l)yB(ynyxn) (90 (t))
2 [A (FSyn—lyTyn (t) 7stn—l7TCEn (t))] 1/2

_ [A (FZ/ RONI (t))]l/2

(4.4)

n—1"n

1/2
Suppose that G, (t) = [A (FZ/_ 7 (), Fz, | 2, (t))} . Then,operating by t-norm A on (4.3)

and (4.4), from the condition A > A, we obtain

1

Gy (9 (1)) = [A (G (1), G (D)2 =[G (1) G (D] = G (1) (4.5)
Thus, it follows from (4.3) — (4.5) that
Egp 20 (0" (1) > G ("1 (8)) > ... > Gy (t)  and. (4.6)

Fp oy (@) > Gu(e" (1) > .. 2 Gi(1). (4.7)

In the next step we show that {Z,} is a Cauchy sequence. For each \ € (0, 1], suppose that
D)\:mf{t>OG1(t) > 1—>\}

Then, Gy (D) +1) > 1 — A. From (4.6) we see that Fyz, z ., (¢" (D) +1)) > 1 — A. By lemma

Zn+1

1.3, we have

Ay (Zp, Zni1) < @" (Dx+1), foreach A € (0,1] . (4.8)
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By Lemma 1.3, for each A € (0, 1] there exists u € (0, A] such that
A (Zny Zn) < S001dy (Zi, Ziyy), for all myn € ZF with m > n. (4.9)

Suppose that ¢ > 0 and A € (0,1] are given. Since ), ¢" (D) +1) < +oo, there exists
N € Z* such that 37" ' (D, + 1) < ¢ for all m > n > N. Thus, by (4.8) and (4.9), we have
dx(Zn, Zn+1) < €. Using Lemma 1.3, we obtain that Fy, 7, (¢) > 1 — X forallm >n > N
, i.e.,{Z,} is a Cauchy sequence. Similarly, from (4.7) we can show that {Z,} is a Cauchy
sequence.

Step 2: We show that T'(a) = B (a,b),T (b) = B (b,a) and S (a) = A(a,b),S (b) = A(b,a)

wirhout loss of generality,assume that 7" (X) and S (X) are complete. Now {Zap 11}, {Zani2}
and {ZQn +1} , {ZQn +2} being respective subsequence of Cauchy sequences {Z,} and {Zn} are
also Cauchy.

Since 7' (X) is complete, so there exists a,b in X such that:
{Zopi1} —a and {Z,,,,} —b

Again convergence of the subsequence {Z,,1} and {ZZn +1} implies the convergence of original

Cauchy sequences {Z,} and {Z, } respectively such that
{Z,} —aand {Z,} >0

It follows that the sequences {Z,},{Zoni1},{Zont2} converge to a and {Z, },{Zy,1}.{ Zonsa}
converge to b.

Now a,b € T (X) implies the existence of p,q € X such that T'(p) = a, T (¢) = b, so that we

have
lim Zo,1 = Um A (zon,y2n) = lim T (29,41) = a =T (p) (4.10)
lm Zoppp = lim B (Tont1, Yony1) = lim S (Tany2) =a =T (p) (4.11)
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and

lim 7, = lim A(ys, 22,) = im T (y2n1) = b =T (q)
Jl_)nolo Z’2n+2 = nh_)rgoB (y2n+1a x2n+1) = nh_)ngo S <y2n+2) =b=T (Q) .

Since > 07 | " (t) < +00, we have lim,, o ¢™ () = 0, so there exists ng € Z* such that ¢ (t) <
t. Thus, from (4.2) we have

Fr@an).Bog) () = Frs,),8ma (" () = Fa@a,.y2.).Bmae (@ ()
no— o — 1/2
> [A (Fs(uan)rm) (2™ 1), Fsenr@ (@71 (1))]
no— no— 1/2
> [Fs(uan)rm) (€77 (1) Fsganr@ (€™ ()] (4.12)

Letting n — oo in (4.12), we have lim, o, T (z2,+1) = B (p,q). By (4.10), T'(p) = B (p,q) = a.
Similarly, we can show that T (¢) = B (q,p) = b.

Since the pair (B,T) are weakly compatible, so that T'(p) = B (p,q) = a implies T (a) =
B (a,b), similarly, 7' (b) = B (b, a).

Again, since S (X) is complete, so that a,b € S (X)), which implies the existence of r, s in X,
so that: S (r) =a, S(s) =b.

Since Y2, ¢" (t) < +oo,we have lim,,_.., ¢" (t) = 0,and so there exists ng € Z* such that

©" (t) < t.Thus,from (4.2) we get

Fa(rs),8@aniz) (1) = Fags),s@ania) (0" (1) = Fars),B@anienn) (97 (1))
ng— no— 1/2
> [A (Fs) o) (@7 (1), Fso)ansy) (™71 (1)))]
no— no— 1/2
> [Fs() ransn) (7 (1) Fs()Tynsn) (¢ (1)) (4.13)

Letting n — oo in (4.13), we have lim, o S (T2n42) = A(r,s). By (4.11), S(r) = A(r,s) = a.
Similarly, we can show that S (s) = A (s,r) = b.

Since the pair (A, S) are weakly compatible, it follows that: A (a,b) = S (a) and A (b,a) =
S (b).

Step 3: We claim that Ta =b0,T7b =a and Sa =b,5b = a
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In fact, from (4.2) we have

Friys a0 () = Faanwan).Bap) (2 (1)) (4.14)
1/2
1/2
> [Fstyan).1(a) (1) Fs(ean) ey )]
Similarly, we have
1/2
Fragns)rs (@ () = [Fs(aan),re) t) Fsgyan)ra (1)) (4.15)

Suppose that Q, (t) = Fs(yen),r(a) (t) FS(wsn)re) () . By (4.14) and (4.15), we have Q, (¢ (t)) >
Q1 (), hence
Qu (" (1) 2 Qut (9" (1) 2 ... 2 Qo (1) (4.16)

Furthermore, from (4.14) — (4.16) it follows that

Frignenaa (9" (1) 2 [Qo()]?5 and Frieg,.m (@7 (£) 2 [Qo (0] (4.17)
It is evident that [Qo (t)]"/* € D*. Since lim, .o, ¢" (t) = 0, from (4.17) and lemma 1.4 we have

lim T (y2n11) = Ta and lim T (x9,.1) = T0.

n—oo n—oo

This shows that Ta = b and Tb = a. Hence, B (a,b) = b and B (b,a) = a.
Similarly, we can show that Sa = b and Sb = a. Hence, A (a,b) = b and A (b,a) = a.
Step 4: Now we prove that a = b.
By (4.2) we have

Fap (0 (1)) = Fapa),Bap (@ (1))
1/2
(A (Fswyr (1), Fs@.re (1))

Fop(t). (4.18)

v

v
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From (4.18), we have F,; (¢™ (t)) > F,p (t). Using lemma 1.4 , we have F,,;, (t) = l,ie., a = b.

The uniqueness of a follows from (4.2). So, the proof of theorem 4.3 is finished. m

Theorem 4.4 Let (X, F,A) be a Menger metric space with A is a t-norm of H-type. Let
¢ : Rt — R be a gauge function such that o' ({0}) = {0}, (t) < t and lim, o, ¢" (t) = 0
foranyt>0.Let A: X xX —-X B: XxX—->X,T:X—X,5:X — X be four mappings
satisfying the following condition

(1) AX xX)CT(X), B(XxX)CS(X)

(2)
F(ay),Buw) (o(t)) > [Fsaru () Fsyro (t)]l/z (4.19)

for all x,y,u,v € X andt >0
(3) The pairs (A, S) and (B, T) are weakly compatible.
(4) One of the subspaces A (X x X) orT (X) and one of B(X x X) or S (X) are complete.
Then, there ezists a unique point a € X such that A(a,a) = S (a) =T (a) = B (a,a) = a.

Proof Stepl: We show that {Z,} and {Z,} are Cauchy sequences.
By condition (1), we can construct two sequences {Z,} and {Z,} in X such that

{ Zzn+1 =A (I2m y2n) =T (1132n+1)
Z2n+2 =B ($2n+1; y2n+1) =S (£U2n+2)

{ Z’2n+1 =A <y2na$2n) =T (y2n+1)
Z2n+2 =B (y2n+17 $2n+1) =S (y2n+2)

Suppose that ¢ > 0.From (4.19),we have

Fra, sz, (# (1))
FA@n1.yn-1).B@nyn) (¢ (1))
[Fsu_y 7w () Fsy oy, (1)]
Frunza O Fp ()] 172

n—l’

FZmZnH (QO (t))

o (4.20)

A%
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FZ;L,Z;+1 (p(®) = Fry, Sya (0 (1))
= FA(yn—17xn—1)7B(ynyxn) (90 (t)>
Z [FSyn—LTyn (t) FSIH—17TITL (t)]

1/2
= |Fr o O Fs 0 ®)]

(4.21)

1/2

1/2
Suppose that P, (t) = | Fz,_,,z, (t) Fyr (t)} .Then, (4.20) and (4.21) we obtain P, (¢ (t)) >
P, (t) .This implies that

Eg 20 (9" () > Py ("1 (1)) > ... > P (t)  and. (4.22)
Fy oz (0" (1) =Py (" T@)=...=>P(1). (4.23)

1/2
Since P (t) = [FZO’Z1 (1) Fy oz (t)] € D and lim,, o ¢" (t) = 0 for each ¢ > 0,by lemma 1.4

we have
lim Fz, z,., (t)=1and lim F, . (t)=1 (4.24)
Thus,by (4.24),we have
lim P,(t)=1 forallt >0 (4.25)

We claim that,for any k € Z™,

Fz, 2,0 (1) 2 A" (P (t = 9 (1)) and Fy 5 (8) =AM (P, (t = 0 (1)) - (4.26)

n“ntk

In fact,this is obvious for & = 1 by (4.20) and (4.21). Assume that (4.26) holds for some k.
Since ¢ (t) < t.By (4.20), we have
Fr. 2, () > Fz, 2., (¢(t) > P, (t). By (4.19) and (4.26), we have

1/2

v

FZn+lyzn+k:+1 (()0 (t>>

n'“n+k

> AN(P(t—(1).

|Fanin O Fgy (8

V
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Hence, by the monotonicity of A, we have

FZn7Zn+k+1 (t) = FZn,Zn+k+1 (t - ¢ (t) + (t))
A (FZn,Zn+1 (t - ¥ (t)) 7FZn+17Zn+k+1 (90 (t)))
> AP (t—¢(1), AN (P (t =9 (1) = A (P (t— (1))

v

Similarly, we have Fyr ,r (t) > AL (P, (t — ¢ (t))) . Therefor, by induction, (4.26) holds for
n k41

all k € Z*. Suppose that € > 0 and A € (0, 1] are given.

By hypothesis, A is a t-norm of H-type; there exists § > 0 such that
AF(s)>1— )\, forallse (1 —4,1]and k€ ZT. (4.27)

By (4.25) ,there exists N € Z* such that P, (¢ — ¢ (¢)) > 1 —¢ for all n > N.
Hence, from (4.26) and (4.27) we get

Fp.2,,.(e)>1—Xand F, , (¢)>1— X, foralln>N; ke Z".

Ltk
Therefor, {Z,} and {Z, } are all Cauchy sequences.

Step 2: We show that 7' (a) = B (a,b),T (b) = B (b,a) and S (a) = A(a,b),S (b) = A(b,a)

wirhout loss of generality,assume that 7' (X) and S (X) are complete.Now {Zapn 11}, {Z2ni2}
and {ZQn +1} , {ZQn +2} being respective subsequences of Cauchy sequences {Z,,} and {Zn} are
also Cauchy.

Since T' (X)) is complete, so there exists a,b in X such that:

{Zops1} —a and {Z,, 1} —b

Again convergence of the subsequences{Zs,.1} and {22n +1} implies the convergence of original

Cauchy sequences{Z, } and {Zn} respectively such that

{Z,} »aand {Z,} —b.
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It follows that the sequences {Z,},{Zont1},{Zont2} converge to a and {Z, },{Zy,,1}.{ Zoni2}
converge to b.

Now a,b € T (X)) implies the existence of p,q € X such that T (p) = a, T (q) = b, so that we

have
lim Zs,1 = Um A (zon,y2n) = lim T (29,41) = a =T (p) (4.28)
nhng Zopyo = nllj{)lo B (172n,+1, ’y2n+1) = nIEEO S ($2n+2) =a=T (p) (4-29)

and

lim Zy,.; = Jim A (yan, 720) = Hm T (Yon1) = b= T'(q)

n—oo

nh_{{.lo Z§n+2 = nh_{{.loB <y2n+17 9132n+1) = nh_{{)lo S (y2n+2) =b=T (Q) )

From (4.19) and ¢ (t) < t,we obtain

Fr(zs,1)Bwag) () = Fras, 1)Bmg (P (1) = Fa@an.yem).Br.g (¢ (1))

1/2
2 [FS(-T27L)7T(1D) (t) Fs(y27L)7T(q) (t)] (430)

Letting n — oo in (4.30), we have lim,, .o, T (z2n41) = B (p, q) . Hence,T (p) = B (p, q) = a.

Similarly, we can show that 7' (¢) = B (q,p) = b.

Since the pair (B, T) are weakly compatible, so that T'(p) = B (p,q) = a implies T (a) =
B (a,b), similarly, 7' (b) = B (b, a).

Again, since S (X) is complete, so that a,b € S (X)), which implies the existence of r, s in X,
so that: S (r) =a, S(s) =b.

Similarly,we can show that S (s) = A(s,r) =band S(r)=A(r,s) =a .

Since the pair (A, S) are weakly compatible, it follows that: A (a,b) = S (a) and A (b,a) =
S (b).

Step 3: We claim that T'a = b,Tb = a and Sa = b,Sb=a
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In fact, from (4.19) we have

Fris)ra (0 (1) = Fagonwan),Bap) (2 (1)) (4.31)

1/2
> [Fsan) @) () Fsanre )]

Similarly, we have

1/2
Fr(wsi0)76 (0 (1) 2 [F(aan),10) () Fs(gan)ra (1)] (4.32)
Suppose that Qu (t) = Fis(yzn) 1) (1) Fswan) 1) (1)
By (4.31) and (4.32), we have
Qu (" (1) = Q1 (9" (1) = ... 2 Qo (1)
n 1/2 n 1/2
Friy.nra (9" (1) 2 [Qo (775 and Fr(ay, ). (9" (1)) = [Qo ()]
Since [Qo (£)]"/* € D*. Since lim,,_o " (£) = 0, by lemma 1.4 we conclude that
lim T (y2n11) = Ta and lim T (x9,.1) = T0.
This shows that Ta = b and Tb = a. Hence, B (a,b) = b and B (b,a) = a.
Similarly, we can show that Sa = b and Sb = a. Hence, A (a,b) = b and A (b,a) = a.
Step 4: Finally, we prove that a = b.
By (4.19) we have
Fap(p (1)) = Fapa).sas (# (1))
1/2
> [Fswri () Fswro (0] = Fus (). (4.33)

From (4.33), we have F,;, (¢" (t)) > Faup (t) . Using lemma 1.4, we have F,; (t) = 1,i.e., a = b.The

uniqueness of a follows from (4.19). So, the proof of Theorem 4.4 is finished. =

Theorem 4.5 Let (X, F,A) be a Menger metric space with A is a t-norm of H-type. Let
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0 :RT — R" be a gauge function such that ="' ({0}) = {0}, (t) < t and lim,, .o ¢" (t) = +oo
foranyt>0.Let A: XXX —->X B: XxX—->X,T:X—X,5:X — X be four mappings
satisfying the following condition
(1) AX xX)CT(X), B(XxX)CS(X)
(2)
Fa(ay) Buw) (1) = min{Fs. 7o (¢ (), Fsyro (0 (1))} (4.34)

for all z,y,u,v € X andt >0
(3) The pairs (A, S) and (B, T) are w-compatible.
(4) One of the subspaces A (X x X) orT (X) and one of B(X x X) or S (X) are complete.
Then, there exists a unique point a € X such that A(a,a) =5 (a) =T (a) = B(a,a) = a.

Proof Stepl: We show that {Z,} and {Z,} are Cauchy sequences.
By condition (1),we can construct two sequences {Z,} and {Z, } in X such that

{ Zont1 = A(Ton, Yon) = T (T2n41)
Z2n+2 =B <$2n+1; y2n+1) =S (I2n+2)

{ Z,Qn—&-l = A <y2n7 'I2n) =T (y2n+1)
Zopio = B (Yant1, Tons1) = S (Yon+2)

Suppose that ¢ > 0.From (4.34),we have

Fz, 2, () = Fro, Se,. (t)
Fa@1,90-1)Blanyn) ()

> min{ Fsy, 1, (¢ (1) Fy,_yry. (0 (1))}
min {an,hzn (¢ () 7FZIL71,Z;L (¢ (t))}

(4.35)

Fry, syni (1)
Fayn—120-1)Byn,en) (1)
> min {Foy, 1y (9 1)), Fou 1w (0 (1))}
= win{Fy . (0(0). Fr iz (0 ()}

Fy oy (1)

nr“n+1

(4.36)
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Suppose that F,, (t) = min {FZ’_ 7 (0 (), Fz,_, 2, (¢ (t))} .Then, (4.35) and (4.36) we obtain

1'“n

E,i1(t) > E, (¢ (t)) . This implies that
Eni1 (t) > By (p(t) > Epr (9 (1) = .. > Er (™ (t))  and. (4.37)

Since lim;—, 1o F1 (t) = limy—, 1 oo min {FZ(),Z{ (0 (t), Fzy.2, (¢ (t))} = land lim,, . ¢" (t) = +00
for each t > 0,we have
lim 40 1 (" (t)) = 1.Moreover, by (4.35) — (4.37),we have Fz, 7 . (t) > Ei (¢™(t)) and

F, o (t) > Ey(¢™(t)) Hencelimy o Fz, 7,., (t) = 1 and limy_, ;oo F/ (t) = 1.This im-

!
ny“n+1 n7Zn+1

plies that
lim E,(t) =1 for all t > 0. (4.38)

t——+o0

In the next we show that,for any k& € Z*,

Fz, 2,0 (0 (1) = A (B (0 (t) — 1)) and Fy p (0 () > A" (B, (¢ (1) — 1)) (4.39)

' “n+k

In fact,this is obvious for £ = 1 by (4.35) and (4.36). Assume that (4.39) holds for some k.Since
@ (t) > t,by (4.35),we have
Fp, 2., (t) > E,(¢(t) > E, (t) By (4.34) and (4.39),we have

Pt O 2 min{ Pz, 7., (9 () Fyr (9 (D)} = A (En (9 (1) — 1)

nmEntk
Hence,by the monotonicity of A,we have
Fzy i (0 (1) = Frpz, 00 (9 (8) =t +1)

A (FZn,Zn+1 (90 (t) - t) >FZn+17Zn+k+1 (t>)
A (B, (9 (1) = 1), AR (B, (9 (1) = 1)) = A" (B, (9 (1) — 1))

v

v
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Similarly,we have F,/ (o () > AP (E, (¢ (t) — t)) . Therefore, by induction, (4.39) holds

“n+k+1

for all k& € Z* . Furthermore, by (4.34) and (4.39) we have

Fz, 2,0 (¢ (8)) = A* (B (¢ (1) = 1)) and Fyy pr (¢ (1) 2 A¥ (Ep (9 (1) — 1) (4.40)

nr“n+k

Suppose that ¢ > 0 and A € (0, 1] are given.Since A is a t-norm of H-type; there exists § > 0
such that
AF(s)>1— ), forallsc (1—6,1] and k € Z7. (4.41)

By (4.38), there exists N € Z* such that E,, 1 (¢ (¢) —¢) >1—4 for all n > N.
Hence, from (4.40) and (4.41) we get
g 2, (€) >1=Xand Fyr , N () > 1=\, foralln > N and k € Z*.This shows that,{Z,}

and {ZTIL} are all Cauchy sequences.
Step 2: We show that 7' (a) = B (a,b),T (b) = B (b,a) and S (a) = A(a,b),S (b) = A(b,a)
wirhout loss of generality,assume that 7' (X) and S (X) are complete. Now {Za, 11}, {Zani2}
and {Z2n +1} ) {ZQn +2} being respective subsequences of Cauchy sequences {Z,,} and {Zn} are
also Cauchy.

Since T (X) is complete, so there exists a,b in X such that:
{Zops1} —a and {Z,, 1} —b

Again convergence of the subsequence {Z,,1} and {Z2n +1} implies the convergence of original

Cauchy sequences{Z, } and {Zn} respectively such that
{Z,} waand {Z,} —b

It follows that the sequences {Z,},{Zont1},{Zont2} converge to a and {Z,},{Z,, 1} .{Zon 2}
converge to b.

Now a,b € T (X) implies the existence of p,q € X such that T (p) = a, T (¢) = b, so that we
have

lim Zs,1 = Um A (22, y2n) = lim T (29,41) = a =T (p) (4.42)

n—oo
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lim Zonyo = lim B (2241, Y2n41) = lim S (Tany2) = a =T (p) (4.43)

n—oo

and

lim Z’2n+1 = nh—{EOA (ana x2n) - nh—>noloT (y2n+1> =b=T (Q>

nh_{lc}o Z’2n+2 = nh_)n;OB (y2n+17 Q:2n+1) = nh_{go S (y2n+2) =b=T (Q) )

From (4.34) we obtain

Fr(esn)Bra) (1) = Fa@anyen).Bog (1) = min { Fs,)70) (0 (1), Fs@a)r@ (0 (1)} (4.44)

Letting n — oo in (4.42), we have lim,, o T (22,41) = B (p,q) .-Hence,T (p) = B (p,q) = a .In
the same manner we can show that T'(¢) = B (q,p) = b.

Since the pair (B,T) are weakly compatible, so that T'(p) = B (p,q) = a implies T (a) =
B (a,b), similarly, T'(b) = B (b, a).

Again, since S (X) is complete, so that a,b € S (X)), which implies the existence of r, s in X,
so that: S (r) =a, S(s) =b.

Similarly,we can show that S (s) = A(s,r) =band S(r) = A(r,s) =a .

Since the pair (A, S) are weakly compatible, it follows that: A (a,b) = S (a) and A (b,a) =
S (b).

Step 3: We claim that Ta =0,7b = a and Sa = b,5b = a

In fact, from (4.34) we have

FT(y2n)7T!l (t) = FA(yQ'naxZn)aB(a:b) (t)

> min{ Fs(y,, 1),7(0) (9 (1) s Fstean )0y (¢ (1)} (4.45)

Similarly,we have

Frgg,yro (t) = min { Fsay,_)70) (1), Fsan_1),7a (1)} (4.46)

64



Common coupled fixed point theorems in Menger metric spaces

Suppose that M, (£) = min { Fr(,.) 7 (t) , Frey,.)ra (t) } . From (4.43) and (4.44) it follows that
My, (t) = My (0 (8) = . = Mo (" (1)) -
Since lim,, o ™ (t) = 400, we have
My (™ (t)) = min {FT(xO),Tb (1), Frey),ra (t)} —lasn— oo
This shows that M, (t) — 1 as n — oo,and so

lim T (yons1) = Ta and lim T (zg,41) = Tb.

n—oo n—oo

Hence, Ta = b and Tb = a.
Similarly,we can show that Sa = b and Sb = a. Hence, A (a,b) = b and A (b,a) = a.
Step 4: Finally, we prove that a = b.
By (4.34) we have

Fup (t) = Fawa),Bap ) = min { Fsp) @) (¢ (), Fs@.re) (0 (£)} = Fap (0 (1)) (4.47)

From (4.45), we have F,; (t) > F,, (¢" (1)) .
Letting n — oo, we have F,,;, (t) = 1, i.e., a = b. Since the uniqueness of a follows from (4.34),
the proof of Theorem 4.5 is completed. =

We give an exemple to illustrate the validity of Theorem 4.5.

Example 4.1 Let X =[0,1) and

t

F,, ()= ——.

Let A: X xX—>X, B:XxX—=X,T:X—X andS: X — X mappings, such that:

2,2
5 i x>y

) ={

0, of xr <y
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=Y af x>y
B — ] 6> =
(z.9) {0, if <y
and
2
S(.r):%, T@):%.

Clearly, A(X x X) CT(X) and B(X x X) C S(X) and S (X) and T (X) are complete sub-

space of X.

Next we show that our results can be used for this case .

Let us prove that the pairs (A, S) and (B,T) are w-compatible. It is obtained that:

A(x,y) =95 (z) and: A(y,x) = S (y) if and only if v =y = 0.

Since A(S(0),5(0)) = S(A(0,0)), the mappings A and S are wekly compatible. And

B(z,y) =T (z) and B (y,z) =T (y) if and only if ==y =0.

Since B (T (0),7T(0)) =T (B(0,0)).

Finally, we prove that for x,y,u,v € X,

FA(ac,y),B(u,v) (SO (t)) Z A (FS{L',TU (t) 3 FSy,Tv (t)) .

Let ¢ : (0,00) — (0,00) by ¢ (t) = 5t,
the following cases:

Case 1: x>y and u > v

Fatey), By (1) =

Then lim,, . o " (t) = 400 for any t > 0.we distinguish

t
¢ |2 — usv
3t
z2 i 2 v
3t + (7‘5)‘(%—5)

3¢ 3¢t
Mi 2 2
Z”{§t+|x2—u|’§t+|y2—v|}
2 2

Min{Fs,mu (¢ (1)), Fsyro (0 (1))}
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Case 2: v > y,and u <wv

Fage,9),Bu) (1)

Case 3: v <y, andu>v

Fataey),Buw) (1)

Case 4: v <y, andu<wv

Fa(e),Buw) (1)

v

v

v

v

v

t
t+ L;yz’—o‘
3t
3t + | 254
3
3|5 -9 - (5 -9)]
3¢

t
t+]0— 5|
3t
st+ (5 -5 - (%)
3¢
2
x2 u
st 15— 3

Min {FSz,Tu (QO (t)) s FSy,Tv (90 (t))}

t
+0

== o

Min {FSx,Tu (90 (t)) 5 FSy,Tv (90 (t))}

Hence, all the hypotheses of theorem 4.5 hold. Clearly (0,0) is the unique common coupled fixed

point of A, B, S and T.
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4.3 Application to integral equations

As an application of the coupled fixed point theorems established in section 2 of this chapter, we
study the existence and uniqueness of the solution to a Fredholm non-linear integral equation.

We shall consider the following integral equation,

z(p) = /(K1 (p,q) + K2(p,q)) [f (q,7(q)) + g (q,2 ()] dg + h (p), (4.48)

forall pe I =a,b].
Let © denote the set of all functions 6 : [0, 1] — [0, 1] satisfying

(79) 0 is non-decreasing,
(iig) 0 (p) < p.

We assume that the functions K, Ks, f, g fulfill the following conditions:

Assumption 4.1

(i) Ky (p,q) > 0 and Ky (p,q) <0 for all p,q € I,

(ii) There exists 6 € © such that for all z,y € R with « > y, the following conditions hold:

0< flg,2)— flqy) <M (x—y) (4.49)
and
—pb (x —y) < g(q,x) —g(q,y) <0, (4.50)
(iii)
/ 1
wax (A psup [ (K () — Ko ()] d < (451)

Consider the integral equation (4.48) with K;, Ko € C'(I x I,R) and h € C' (I, R). Suppose that
Assumption 4.1 is satisfied. Then the integral equation (4.48) has a unique solution in C' (I, R).
Proof Consider X = C (I,R). It is easy to check that (X, F| %) is a complete Menger metric
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space with respect to the distribution distance

t

Fo, ()= ———

, forall z,y € X and ¢t > 0

with x % y = min (z,y) for all z,y € X.

Define now the mapping 7' : X x X — X by

T (2,9) (p /lﬁpqﬂf@x(n+g@y< cMﬁ/l@@@ﬂf@y@»+g@x@mdw%@)
(4.52)

forallpe I and k = % for all t > 0. Now,for all z,y,u,v € X, using (4.49) and (4.50), we have

T (z,y) (p) = T (u,v) (p) (4.53)
= / Ki(p,q) [f (¢, (q)) +9(q,v(q))] dg

/zep, D+ 9 (g, (@) dg

_ /qu, 0,7(0) ~ f (¢,u(0) +9(a.y(2) — g (0.0 (0)] dg
+A;Qpﬂ (0,9(@) = £ (0,0 (2) + 9 (0,7 () — g (2, u(q))] dg
_ /Zqu (@) - £ (@.0(@) — (9 (a.v(2)) - g (.9 (a)))] dg
/zep, 2.0 (@) = £ (@.y(@) — (9.7 (@) - 9 (q.u(q)]dg

—u(q)) +pb (v(q) —y(qg))l dq

IA
za\»
=
5
>
=

—/z@@ﬂnw@m@—y@»+MMxmwwmmn@
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Since the function 6 is non-decreasing and so we have

0 (x(q) —u(q) <0(|z(q) —u(q))

and

0(v(a) —y(a) <0(vig) =y,

hence by (4.53), in view of the fact Ks (p,q) < 0, we get
7 (r.9) (p) =T (0.0) () (4.54)
< / Ky (0,0) M (12 () = (@)]) + 18 (v (0) — v ()])] da
b
—/ Ky (0, 0) M (10 (0) — 5 (9)]) + 0 (| (q) — u (q)])] dog
b
< / Ky (py ) [max {0, 12} 6 (|2 (g) — u (g)]) + max {\, 1} 6 ([v (q) — v (9)])] dg

~ [ Ka o) max (01} 6 (1 (@) ~ y (@) + max {1} 6 (2 (@) ~ u (@)} dg

as all the quantities on the right hand side of (4.53) are non-negative. Now by using (4.54), we
get

T (z,y) = T (u,v)] (4.55)

maX{A,u}/ (K1 (p,q) — K2 (p,q)] dq. [0 (|2 (q) —u(q)]) + 6 (Jv(q) —y(q)])]

IN

IN

b
maX{A,u}Sup/ (K1 (p,q) — K2 (p,q)l dq. [0 (|2 (q) —u(q)]) + 0 (Jv(q) —y(q)])]

pel
0 (Jz —ul) +0(lv—yl)
4 Y

IN

Thus

(4.56)
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Now, since # is nondecreasing, we have

IN

0|z —ul) 0|z —ul) + 0 (ly —vl),

0(ly =) < O(z—ul)+0(y—vl),

which, by using (i), this implies

0 (lz —ul) + 0 (ly —v])

. < (e —ul+ly )
< |z —ul+]y -
< 2max{|lr —ul,|y —v|},

and so
0 (|lz —ul) +0(Jy —v|)
2

< max {|z —ul, [y — v}

Thus, by (4.56) and (4.59) , we get
2T (z,y) = T (u,v)| < max{[z —ul, |y —v[}
Now, it follows that

t
Fr(ey) re (k) = Fhmwﬂmw(g)

v

t +max {[z — ul, [y — v[}

. t t
min )
t+ e —ul t+ |y — vl
min{Fx,u (t) aFyﬂ) (t)}’

v

v

Thus
ey m(uw) (k) > Foo (t) % Fyy ()

(4.57)

(4.58)

(4.59)

(4.60)
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show that all hypotheses of corollary 4.2 are satisfied.
This proves that 7" has a unique fixed point a € X, that is, a = T (a,a) and therefore
a € C (I,R) is the unique solution of the integral equation (4.48). m
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Conclusion

Fixed-point theory is one of the important fields in mathematics that contribute to the
solution of many problems, especially non-linear.

In this work, we attempted to present the theory in three different spaces: metric spaces,
b-metric spaces and Menger metric spaces, with selected contractive properties and applied
into solve some integral non-linear equations, several works have been carried out previously
in this field, the differentiation between these works can be found: either in the properties of
the applications, or in the conditions of contraction, or in the spaces used, with applications in
various fields of mathematics and other technical sciences.

Where, after deep research into new spaces for problems, we were able to achieve these results:

1. Weakly compatible maps and common fixed point theorem in metric spaces with applica-
tion to nonlinear integral equations.

2. New results in common fixed theorem in b-metric spaces with application to linear system
and nonlinear integral equations..

3. Common coupled fixed point theorems for two pairs of weakly compatible mappings in
Menger metric spaces.

From this stand point, this theory remains in need of further development and search for

more important and diverse fields of application in mathematics and other sciences.
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