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The theory of Fixed Points is one of the most powerful tools of modern mathematics. Not”
only is it used on a daily basis in pure and applied mathematics, but it also serves as a
bridge between Analysis and Topology, and provides a very fruitful area of interaction

”.between the two

Haim Brézis, Rutgers University



Abstract

This thesis presents new contributions to the study of both unique and non-unique fixed point
theorems under rational contractive conditions within several frameworks, including complete met-
ric spaces, complete Menger spaces, and complete b-metric spaces. Our findings advance and im-
prove the results of Khojasteh [76], Demma [39] and Yildirim [126] by integrating various types
of contractions introduced by Kannan, Chatterjea, Reich, and Ciri¢ with the rational contraction
to provide weak rational contraction conditions that confirm the existence of fixed points for such
mappings.

Additionally, we have developed a novel theorem that examines the distances between fixed
points, providing dynamic insights into their other fixed points, if they exist, including the dis-
tance between two fixed points in metric spaces, b-metric spaces, and their equivalents in Menger
probabilistic metric spaces. These contributions provide significant generalizations of previously
established results, such as [9,76,126].

Several mathematical problems have been examined based on the theoretical results obtained,
including integral equations, coupled fixed point theorems, and congruence problems.

key words: Metric space, b-metric space, Menger space, Fixed point, Rational type contraction
condition, Picard sequence, Coupled fixed point.
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Résumé

Cette theése apporte de nouvelles contributions a I’étude des théorémes de points fixes uniques
et non uniques sous des conditions contractives rationnelles, dans plusieurs cadres, y compris les
espaces métriques complets, les espaces de Menger complets et les espaces b-métriques complets.
Nos résultats développent et améliorent ceux de Khojasteh [76], Demma [39] et Yildirim [126], tout
en intégrant diverses contractions introduites par Kannan, Chatterjea, Reich et Ciri¢, afin d’établir
des conditions contractives rationnelles plus légéres garantissant I'existence de points fixes pour ces
applications.

De plus, nous avons développé un théoreme novateur qui examine les distances entre les points
fixes, offrant des perspectives dynamiques sur leurs autres points fixes, s’ils existent, notamment
la distance entre deux points fixes dans les espaces métriques, les espaces b-métriques, et leurs
équivalents dans les espaces métriques probabilistes de Menger. Ces contributions fournissent des
généralisations significatives aux résultats précédemment établis, tels que [9,76,126].

Plusieurs problémes mathématiques ont été analysés a partir des résultats théoriques obtenus,
en particulier les équations intégrales, les théorémes des points fixes couplés et les problemes de
congruence.

Mots-clés: Espace métrique, espace b-métrique, espace de Menger, point fixe, condition contrac-
tive rationnelle, suite de Picard, point fixe couplé.
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Symbol

(Q,%, P)

Table of Notations

Description

set of natural numbers.

set of integers.

set of real numbers.

n-dimensional Euclidean space.

set of complex numbers.

field (real or complex numbers).

vector space over K.

dimension of the vector space F.

metric distance (standard metric).

b-metric distance.

norm on a vector space.

absolute value of a scalar.

mapping or operator.

n-th iteration of the mapping .A.

fixed points.

set of all fixed points of the mapping A.
measure of non-compactness.

Kuratowski measure of non-compactness.
Hausdorff measure of non-compactness.
supremum measure of non-compactness.
diameter of the set IV.

open ball centered at v with radius 7.

boundary of the set .

closure of the set IV.

convex hull of the set IV.

closed convex hull of WW.

set of all continuous R-valued functions defined on [0, 1].
set of all subset of WW.

set of all bounded functions defined on Y.
Lebesgue space for real functions (0 < p < o0).
Lebesgue space for real sequences (0 < p < 00).
set of holomorphic functions on W.

set of bounded subsets of F.

t-norm (triangular norm in probabilistic spaces).
distribution function of the pair (u,v).

set of all distribution functions.

Heaviside step function.

image (range) of the mapping A.

residue classes modulo 7.

equivalence class of wu.

a is congruent to b modulo n.

family of all distribution functions on [—o0, +0<].
family of all distance distribution functions.

set of all distribution functions F' € A" such that lim; , ., F'(¢) = 1.
probability measure space.
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Abbreviations

Abbreviation Description

PM Probabilistic Metric spaces.
MNC Measure of Non-Compactness.
BCP Banach Contraction Principle.
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Introduction

Fixed point theory is a captivating area of research that intersects analysis, topology, and
geometry, yielding significant results that offer substantial applications in various fields, in-
cluding biology, chemistry, economics, engineering, game theory, and physics.

One of the fundamental contributions in this area is Banach’s contraction principle, es-
tablished by the great Polish mathematician Stefan Banach [11] in 1922, which states that
any contraction self mapping on a complete metric space possesses a unique fixed point.
This celebrated principle has widespread applications in both pure and applied mathemat-
ics, particularly in solving nonlinear problems.It has been generalized by various authors,
significantly expanding its applicability across multiple mathematical structures and disci-
plines.

A compelling illustration of the behavior of fixed points can be seen when using a cal-
culator to compute the cosine of a number repeatedly for radians mode. The output con-
verge to a specific point approximately 0.739085133. This can be viewed as an example of a
fixed point, which is the point that remains unchanged when a function is applied. Noted
that these fixed point arise from the function f(x) = cos(x), which is a contraction mapping.
A function is considered a contraction mapping if it satisfies the condition |f(x) — f(y)| <
k|x — y| for all x and y, where k < 1. The mean value theorem can be applied to demon-
strate the contraction constants for this function is k = sin(1), then we can applied Banach’s
contraction principle to guaranty the uniqueness of this fixed point.

In higher dimensions, fixed point theorems continue to provide profound insights into
both mathematical theory and practical applications. For example, stirring a cup of coffee
or crumpling a sheet of paper reveal that at least one point remains fixed during the trans-
formation.

Despite the widespread fame of Banach’s contraction principle in the mathematical world
and its diverse applications, it was not the first fixed point theorem in history. The earliest
fixed point theorems is attributed to the Dutch mathematician Brouwer [20] and before him
Poincaré and others. In 1912, Brouwer proved his famous theorem regarding fixed points for
continuous functions on closed and convex sets in finit dimensional spaces. This ground-
breaking result laid the foundation for future developments in fixed point theory. Later,
Schauder [111] extended this to infinite-dimensional spaces, with his fixed point theorem
being applied widely in functional analysis and partial differential equations. Further gener-
alizations by mathematicians such as Darbo [35], Sadovskii [109, 110], M6énch [93], and Kras-
nosel’skii [79, 80] expanded the scope of fixed point theorems to more intricate spaces and
mappings, which further expanded the applicability of fixed point theorems in functional
analysis and partial differential equations. As an example, we mention the Schrodinger
equation, which is a typical example of a nonlinear partial differential equation. It is often



INTRODUCTION

used to describe the propagation of light in nonlinear optical fibers and is of great impor-
tance in quantum mechanics. The existence and uniqueness of the solution of the nonlinear
Schrédinger equation can be obtained using one of the main mathematical techniques: the
fixed point theorems of Banach, Brouwer, Schauder, Schaefer, etc., where both local and
global results are traced (see [7, 86, 87, 125]).

The concept of metric spaces, introduced by Fréchet [48] in 1906, has undergone various
generalizations over the past century. These generalizations arose from the need to address
more complex problems that couldn’t be tackled using traditional metric spaces.

Our study focuses on two key generalizations: b-metric spaces, introduced by Bakhtin
[10] in 1989, and Menger PM spaces, introduced by Menger [88] in 1942. b-metric spaces
relax the strict conditions of standard metric spaces, providing greater flexibility when deal-
ing with non-continuous mappings. Numerous studies have investigated the topological
properties of these two spaces, clarifying their differences from traditional metric spaces.
For instance, the b-metric function is not necessarily continuous, as demonstrated by a
counterexample. On the other hand, Menger PM spaces generalize the concept of distance
through probabilistic functions, which enable the analysis of random and probabilistic fluc-
tuations in applications like biology and physics. The goal of these generalizations is to give
us stronger and more adaptable tools to deal with complicated nonlinear phenomena. This
will make it easier to solve problems that traditional metric spaces could not handle, espe-
cially in the study of fixed point problems.

The essence of the fixed point theory lies in its versatility, bridging various mathemati-
cal disciplines like analysis, topology, and geometry, also finding applications in numerous
fields such as biology, chemistry, economics, engineering, and game theory. With the emer-
gence of b-metric spaces and Menger PM spaces, fixed point theory has evolved further,
accommodating non-traditional metric structures as the work of Czerwik [32, 33], Sehgal
[114], and Schweizer-Sklar [113], and others. These structures have significantly expanded
the applicability of fixed point results, allowing researchers to address nonlinear problems
with more flexible frameworks and opening up new avenues for problem-solving in both
pure and applied mathematics.

The concept of coupled fixed points, first introduced by Guo and Lakshmikantham [52],
has proven instrumental in addressing complex mathematical problems, particularly in non-
linear systems. Bhaskar and Lakshmikantham [15] were among the first to apply coupled
fixed point theorems to establish the existence of a unique solution for periodic boundary
value problems. Since then, numerous researchers have explored the potential applications
of coupled fixed point theorems, significantly broadening their scope in areas such as dif-
ferential systems, optimization, integral systems, and dynamic systems (see [18, 30, 116]).
In this thesis, we propose a new theorem within this framework, contributing further to the
development of coupled fixed point theorems and their applications.

The fixed point theory is of great importance to other fields, including: optimization
(e.g., Cebysev approximation, control of rockets, game theory, and dual problems); quan-
tum statistics (the C*-algebra approach); quantum field theory (the Fock space); quarks in
elementary particle physics; gauge field theory (the Yang-Mills-Dirac equations), string the-
ory, mathematical physics (see Zeidler[130]), mathematical economics (see Zeidler[129]).
Because of its effective role in dealing with linear and nonlinear problems, including: ordi-
nary differential equations, linear and nonlinear integral equations; variational problems,
partial differential equations, partial differential equations of mathematical physics (e.g.,
the Laplace equation, the heat equation, the wave equation, and the Schrodinger equation);
time evolution equations and mild solutions [123]; boundary-value problems and obstacle

B. Laouadi 2 Univ. of OEB
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problems in nonlinear elasticity (see [89, 131-133]), the N-body problem in celestial me-
chanics; minimal surfaces and harmonic maps; superfluids, superconductors, and phase
transition (the Landau-Ginzburg model); viscous fluids (the Navier-Stokes equations) (see
[24, 63, 65, 123] and references therein).

Banach’s theorem was a major contribution to the field of fixed point theory, playing a
significant role in solving many nonlinear problems. Over the years, these theorems have
been generalized in various ways, thanks to contributions from mathematicians such as
Kannan [67, 69], Reich [106], Chatterjea [25], Hardy and Rogers [55], Cirié [26, 27], Berinde
[13], Suzuki [119] and others, who extended the application of fixed point theorems to in-
clude certain discontinuous functions, unlike Banach'’s original theorem.

Over the years, these generalizations have continued to evolve. The most important ones
were made by Dass and Gupta [37], Jaggi [60], and Khan [74] (updated by Fisher [46]) in
1975. They set up conditions for rational contractions and found some nonuniqueness fixed
point results that allowed for multiple fixed points in certain cases. Over the past decade,
several variations of rational contracting have been proposed within numerous frameworks.
These can be found in literature such as [8, 49, 57, 70, 91, 92, 97, 103] and the accompanying
references.

In 2014, Khojasteh [76] presented a non-uniqueness fixed point result under rational
contractive conditions, incorporating dynamic relations within the set of fixed points for
such mappings. Building on this foundation, Yildirim [126] and Demma [39] generalized
Khojasteh’s findings by modifying the rational contraction component to enhance the dy-
namic information regarding the separating distance between fixed points. Additionally,
Demma [39] extended Khojasteh’s result naturally to b-metric spaces. Our work aligns with
this context, offering broader and more general results, along with more precise dynamic
information. Furthermore, we integrate these findings with other contraction types, such
as Ciri¢ and Bianchi, and extend them to Menger probabilistic metric spaces and b-metric
spaces.

This thesis is divided into five chapters as follows:

The first chapter provides the necessary background concerning metric spaces, b-metric
spaces, and Menger probabilistic metric spaces, along with key lemmas and properties that
play a crucial role in the subsequent chapters.

The second chapter offers an overview of notable results in fixed point theory, tracing
their development from foundational contributions to contemporary generalizations. We
highlight key theorems, such as the Schauder fixed point theorem and Banach’s contrac-
tion principle, along with their historical extensions. This chapter also presents several gen-
eralized contractions introduced between 1912 and 2017, focusing on the most significant
findings, including Kannan’s contraction, Reich’s contraction, Hardy and Rogers’ contrac-
tion, Ciri¢’s quasi-contraction, and Suzuki’s contraction, among others. Furthermore, we
discuss several nonlinear rational contractions and their corresponding unique and non-
unique fixed point theorems.

In the third chapter, we present our own results on unique and non-unique fixed point
theorems for self-maps on complete metric spaces and under specific rational contractive
conditions, incorporating dynamic properties about additional fixed points for such map-
ping. Our work is inspired by contributions from Khojasteh [76], Yildirim [126], Demma
[39], Kannan [67, 69], Ciri¢ [26, 27], Bianchini [16], and others. In parallel, several examples
are provided to validate our assumptions and demonstrate the applicability of the theorems.
Furthermore, we address congruence problems and employ dynamic results to analyze the
characteristics of solutions, particularly in cases where the solution is not unique. These

B. Laouadi 3 Univ. of OEB
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results were published in [82, 84].

In the fourth chapter, we present some of the most significant and well-known fixed point
theorems within the field of Menger probabilistic spaces, extending Banach’s theorem to
Menger probabilistic metric spaces. In addition, we introduce a novel theorem that simu-
lates nonunique fixed point theorems presented in chapter 3 as well as the equvalence of
dynamic results for Menger spaces. This theorem explores the separation distance between
fixed points within the framework of probabilistic Menger spaces, providing dynamic infor-
mation about other fixed points, if they exist, and specifically integrating dynamic properties
into Menger probabilistic metric spaces. This groundbreaking result, published in [82], is the
first of its kind in this regard.

The fifth and final chapter summarizes the findings from our published work (Laouadi
et al. [12, 83]) in the setting of b-metric spaces, focusing on establishing improved fixed
point results under weaker rational contractive conditions. In this chapter, we extend sev-
eral theorems to complete b-metric spaces, based on the results presented in the second
chapter. A significant part of this study was devoted to the analysis of the distances between
fixed points in b-metric spaces, offering dynamic insights into the existence and properties
of additional fixed points. Our work enhances the results of Khojasteh [76], Yildirim [126],
Demma [39] by introducing new generalizations by combining rational contractions with
Kannan’s and, in some cases, Ciri¢’s or Chatterjea’s contractions. This approach allows us
to formulate more generalized rational contraction conditions, which enabled us to derive
new fixed point theorems with enhanced dynamic properties. These results have practical
applications, including solving integral equations and establishing coupled fixed point the-
orems. Notably, the results published in [83] provide a true generalization of [9, 76], as our
work identifies limitations in their findings when applied to specific examples discussed in
this chapter.

B. Laouadi 4 Univ. of OEB



Chapter l L. .
Preliminaries

In this chapter, we provide the necessary background concerning metric spaces, b-metric
spaces, and Menger probabilistic metric spaces, along with key lemmas and properties that
play a crucial role in the subsequent chapters.

1.1 Basic notions of metric spaces

This section is concerned with metric spaces and their topological properties.
Throughout this thesis, it is assumed that every set is non-empty.

1.1.1 The origins of the metric space

In 1906, Maurice René Frechét[48] stated the axioms of
metric space in his thesis, which he referred to as "L-
space".However, The concept of the metric could be inter-
preted as an extension of the distance between two points,
which was originally proposed by Euclid. As well, the term
"metric space" was first used by Felix Hausdorff[56].

Definition 1.1 A function o0 : Y x Y — [0,00) is considered a
metric if it satisfies the following axioms over the set Y .(i.e. for
every u,v,weY) Maurice René Frechét

(oo, =0—u=v

(02)o(u,u) =0

(o3)o(u,v)=0(v,u)

(og)o(u,w) <o(u,v)+o(v,w)

More precisely, the pair (Y,0) is referred to as a metric space.

1.1.2 Examples of metric spaces
Example 1.1 Each of the following functions represents a metric on the setR, for every u, v e R:
1. oo(u,v) = |lu—v|, (standard metric or Euclidean metric)

2. 01(u,v) =|arctan u— arctan v|,

lu—v|
1+|lu—v|’

3. oa(u,v) =

4. 04(u,v) =maxilul,|vl},



1.1. BASIC NOTIONS OF METRIC SPACES

0ifu=v,
5. o5(u,v) = .
5t V) { 1 otherwise.
Listed below are some classic examples in the functional analysis frameworks.

Example 1.2 The metric space (B(Y,Y),0) is the space of bounded functions f : Y — Y
equipped with the uniform metric

Ooo(f,8) =suplo(f(w),g(w): ueY}

It is straightforward to check that 0, is a metricon B(Y, Y); in particular, o0 (f, g) < oo if
f, g are bounded functions.

Example 1.3 Let Y = C[0, 1] be the set of all continuous R-valued functions that are defined
on the interval [0,1]. We define some interesting metrics on Y as follows:

1. 01(f,8) = fol | f(w) — g(w)|du. In terms of geometry, it represents the area bounded by the
graphs of the two functions.

2. a2(f,8) =\ fy (f(w) - g(w)2du.

1.1.3 Topological Properties of the Metric Spaces

In this section, we provide a concise overview of fundamental topological concepts for the
metric spaces. We consider (Y, o) to be a metric space. This space is endowed with a natural
topology. It is essentially unique and may be defined by taking the sets

Bu,r)={veY:ouv)<r}

for u€ Y and r > 0 as neighborhoods.

Convergence-compactness-completeness-continuity

Definition 1.2 Let {un};,., be a sequence in a metric space (Y,a), We say that:

(a) The sequence {uy}; | converges to u* €Y ifflim, oo 0 (uy, u*) =0, and it is denoted as
lim;, .o Uy, = U* or u; — u* as n — oo.

(b) The sequence {u,}} | is fundamental or Cauchy sequence iff for each € > 0, there exists
no = no(€), such that o (u,, uy) <€, foreach n,m = ny i. e. lim,, ;—co 0 (U, Upy) = 0.

(c) The metric space (Y, o) is complete iff every Cauchy (fundamental) sequence in Y con-

verges to a point withinY .
Theorem 1.1 LetY beacomplete metric space. Then (B(Y,Y),04) is acomplete metric space.

Lemma 1.1 Consider a Cauchy sequence{u,} in a metric space (Y, o), which need not be com-
plete. If the sequence {u,} includes a convergent sub-sequence, then the sequence {u,} is also
convergent and tends to the same limit.

Definition 1.3 A function «f : Y — Y is sequentially continuous at a € Y if for every sequence
{u,} converges to a, o/ (u,) — </ (a).(i.e. lim,_.. < (Uy) = of (lim,_co Un)).

Theorem 1.2 (Y, 0) is a metric space. A function o/ : Y — Y is continuous at a€Y if and only
if it is sequentially continuous at a.

B. Laouadi 6 Univ. of OEB



1.1. BASIC NOTIONS OF METRIC SPACES

Definition 1.4 A function </ : Y — Y is continuous if </ is continuous at any point ue'Y.
Next, we give the formal definition of compact metric space.

Definition 1.5 Ifevery open cover of a metric space (Y,0) has a finite sub-cover, then the cor-
responding metric space (Y, 0) is called compact. In addition, we say that metric space (Y, 0)
is sequentially compact if each sequence of points in Y has a convergent sub-sequence con-
vergingtoapointinY.

Note that in metric space (Y, o), the compactness of Y is equivalent to the following state-
ment: Each sequence in Y has a convergent sub-sequence.

Lemma 1.2 Every compact metric space is complete.
Proof according to Lemma 1.1. [ |

Definition 1.6 [75] We say that a self-mapping «¢ : Y — Y on a metric space (Y, 0) is asymp-
totically regular at a point u€ Y iflim,_.oo0 (/" (W), /™1 (1)) =0

Itis worth noting that the sequence being asymptotically regular does not suffice to guar-
antee that it is a Cauchy sequence, as illustrated in the following example:

Example 1.4 Consider (R,0) a metric space with o(u,v) = |u—v|. Let {u,} be a sequence de-
fined as u,, =log(n).
The sequence {u,} is asymptotically regular since

1
o (Up, Upi1) = log(l + —) —0asn— oco.
n
However, the sequence {u,} is not a Cauchy sequence, aslim,,_.o, u, = oco.

Compact maps - completely continuous maps

The term "compact" in this context of mappings refers to maps that transform any bounded
set into a set that is relatively compact. Throughout the main text, we reserve the term "com-
pact" for operators that not only exhibit this property but also are continuous. In the authors’
terminology, these are referred to as "completely continuous operators".

Condensing maps - measures of non-compactness

Condensing maps The definition of a condensing operator appeared as a natural general-
ization of the definitions of compact and contracting operators. A condensing operator, also
known as a densifying operator, is a type of mapping where the image of any set becomes
more compact than the set itself. To quantify the extent of non-compactness of a set, we
employ functions known as measures of non-compactness. ( see the next section)

Definition 1.7 [110]

Let E be a Banach space associated with a measure of non-compactness [. Let </ be an
operator on E.

(1) The operator « is called a (k, 1) -set contraction iff

(s (W) < kp(W),
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forany W < D, where k € [0,1) is a constant.
(2)The operator < is called p-condensing iff

plef (W) < (W),

for every bounded subset W < D with u(W) >0 (i.e W is not relatively compact).
In other words, o is p-condensing if and only if it decreases the measure of non-compactness
of any set W < D whose closure is not compact.

Remark 1.1

- The concept of (k, ) -set contraction and j1-condensing operator was initially introduced
for the Kuratowski measure of non-compactness «. Later, it was generalized for an arbitrary
measure of non-compactness.

- Every (k, u) -set contraction operator is p-condensing, as was shown in [96], the converse
is not true. However, every condensing map is 1-set contraction.

Example 1.5
- o is compact operator, then, <f is 0 -set-contraction.
- o is k-contraction, then & is k-set-contraction with the same constant.
- The contracting maps and the completely continuous maps, and also sums of operators
of these two types are condensing operators.
- For contracting maps was a condensing operator one can take as measure of non-compactness
the diameter of a set or the Kuratowski MINC «, while for completely continuous maps can take
the indicator function of a family of non-relatively compact sets or the Kuratowski MNC a.
- Contracting operators are not necessarily condensing with respect to Hausdorff measure
of non-compactness ¥ .

Many theorems about fixed points of completely continuous operators generalize to con-
densing operators. For more detail about condensing and k-set contraction operators and
their relation to fixed point theory see [5, 6, 36, 96, 110].

Measures of non-compactness

In 1930, K. Kuratowski[81] introduce a quantitative characteristic, denoted as a, which
measures the degree of non-compactness of subset of metric space. His work was closely
tied to problems in general topology. In the 1950s, several researchers including G. Darbo, L.
S. Gol'denshtein, I. Gohberg, A. S. Markus, W. V. Petryshyn, A. Furi, A. Vignoli, ]J. Danes, Yu.
G. Borisovich, Yu. I. Sapronov, M. A. Krasnosel’skil, P. P. Zabrelko, and others extended these
ideas by applying various measures of non-compactness in the fields of fixed-point theory,
as well as the theory of differential and integral equations.

Here, we present several standard examples for measures of non-compactness.

For any subset W of a Banach space E:

(1) The Kuratowski measure of non-compactness:

n
a(W) = inf{ ri>0:Wc|JA;diam(4;) < rj}
i=1
a(W) can be regarded as a characteristic of the extent to which W is not compact.
(2) The Hausdorff measure of non-compactness (which were introduced by Goldenstein
etal. [51]) of W as:

n_
X(W):inf{r>0:WcUB(ui,r),uiEE}
i=1
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(3) The diameter of W as : (here E is a normed pace)

ta(W) =diam(W) =supillu—vll,u,ve W}

(4) The supremum of W as : (here E is a normed pace)

ts(W) =supfllull, ue Wj.

For more details about the examples of the measures of noncompactness mentioned
above, as well as other examples and their basic properties, we refer the reader to [6, 110].

Next, we present a general definition of the measure of non-compactness along with
mentioning some of its types.

Definition 1.8 Let (E, | - ||) be a Banach space. A map pu: PB(E) :— [0,00) is called a measure of
non-compactness (MNC for short) on E if it satisfies the following properties :

(i) w(W) = u(conv(W)), where conv(W) is the closed convex hull of W.

(ii) w(W) = 0 implies that W is relatively compact.

Let pu be a measure of non-compactness on E. Then,

(1) u is monotone, if Wy c W, implies p(Wy) < p(Wo).

(2) u is satisfy the generalized Cantor intersection property if for any decreasing sequence
{Wy,} of nonempty, closed and bounded subsets of E such that lim,_.., u(W,) = 0, then the
intersection Wy, of all W,, is nonempty.

(3) p is called nonsingular if u(W U {ug}) = w(W) for any bounded set W < E and any
ug € E.

Remark 1.2 - The most frequently used measures of non-compactness do indeed characterize
the extent to which a set is not compact; this justifies the choice of the term "measure of non-
compactness'",

- If u is a monotone MNC on a Banach space E, then for any bounded set W c E we have

p(W) < (W) < p(conv(W)) = u(W)

which leads to p(W) = u(W).
- The aforementioned classical examples of MINCs exhibit monotonicity and fulfill gener-
alized Cantor intersection property, while the two final ones do not achieve nonsingularity.

1.1.4 Normed space

Semi-norms or norms

A semi-norm on a (real or complex) vector space E is a function p : E — R such that

1. p(u+v) < p(w) + p(v),

2. p(Aw) = A p(w),

for all u, v e E and all scalar A. A semi-norm p is easily seen to fulfill the following prop-
erties:

- p(0) =0.

-pw) =0.

-lp()-p@)| = plu-v).

- The sets of the form {u € E: p(u) < €} for some € > 0 are convex.

As a consequence of the first two properties above, we deduce that if p(u) # 0 whenever
u# 0, then p is actually a norm.
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First, we recall the notion of vector space. Let E be a nonempty set. We say that E is a
vector space if it is closed under scalar multiplication and finite vector addition. One of the
well-known and remarkable examples of a vector space is n-dimensional Euclidean space
R”. In this construction, each element is represented by a list of n real numbers, scalars are
real numbers (in the general case, the scalars are members of a field K), scalar multiplication
is multiplication on each term separately, and addition is componentwise. We generally say
that E is a vector space over K.

In what follows, we recall the concept of a normed space.

Definition 1.9 A normed space is a pair (E, || - |) of a vector space E and a function | - || : E —
[0,00), called norm on E, such that

1. Foreveryuc€ E, we have |lul| =0 ifand only if u=0;
2. Forevery scalars A and every u€ E, we have that |Aul| = |Al||lull;

3. llu+ vl < llull + lv|l for every u, ve E (the triangle inequality).

Relation Between normed and metric spaces

Notice that for a normed space E, a function 0 E x E — [0,00), defined as,

o(u,v):=|u-v|, foreach u,ve E (1.1.1)

forms a metric on E with two crucial properties:

1. Translation invariance: o(u,v) = o(u+ w, v+ w) for each we E;

2. Homogeneity: o(cu, cv) = |clo(u,v) for each c € K, where K can be R or C.

Thus, all the notions that are defined for metric spaces can be applied to normed linear
spaces.
We shall also consider the following metric that is obtained by a norm:

lu—vl
op(u,v):= — foreach u,ve E
1+ lu—7vl

Note that the values of the new metric o, (1, v) < 1 for each u,ve E.

Definition 1.10 A subset € of a normed space E is called convex if \u+ (1 - A)ve €, for each
u,ve € and real number A € [0,1]. In other words, the subset € is convex if the line segment
joining any two points in the set lies in the set.

As a first observation, the unit ball is convex.

Example 1.6 Let E = R" be a vector space. Here, E forms a normed space equipped with the

norm
n
o— 2
lullz = Zlu
1=

where u= (uy, Uy, ..., uU,) € R". The pair (R",| - ||) is called n-dimensional Euclidean space
with Euclidean norm | - ||».
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Furthermore, the 1-norm and the maximum norm are defined respectively as

n
lull:= ) luil
i=1

| ulloo := max{lul,luzl,..., luyl}.

A complete normed vector space is called a Banach space. Notice that every finite-dimensional
normed space is complete. In other words, every finite-dimensional normed space forms a
Banach space.

Example 1.7 SupposelK is either R or C. For a sequence u:N — K, we define a norm

) P
lullp := (Z(u(i))”) ifl<sp<oo
i=1

llloo := sup|u(i)] if p = o0
ieN
Here, (P = ¢P(K) := {u: N—K:lulp < oo} forms a normed space, which is complete for
each p € [1,00].
Note that || ul, does not form a norm for0 < p <1.

1.1.5 Various famous contraction type mappings on metric space

In this section, we present several common types of contraction mappings in metric spaces.
Additional types of contractions, including those in generalized spaces, are addressed in the
chapters of this thesis.

Definition 1.11 Let </ be a self-mapping on the metric space (Y,0), we say that < is:
(i) Lipschitz continuous (k-Lipschitzian) if there is a constant k = 0 such that

o((u),« () < ko(u,v) foreach pair(u,v)eY xY, (1.1.2)

(ii) contraction if it is k-Lipschitzian with0 < k < 1;

(iii) nonexpansive if for any pair (u,v) €Y x Y, 0( (u), (V) < o (u, v)

(iv) isometry if for any pair (u,v) €Y x Y, 0 (A (u), (V) = 0 (4, V)

(v) noncontractive if for any pair (u,v) €Y x Y, o (< (W), <4 (v)) = o(u, v)

(vi) expansive if, for any two different elements u and v in the set Y, o(<f (u), < (v)) >
o(u,v)

(vii) weak contraction also named "Edelstein contraction" if, for any two different ele-
mentsuandvinthesetY, o( (u), < (V) <o(u,v);

Remark 1.3

e The minimal constant k that satisfied the inequality (1.1.2) has been referred to as the
Lipschitz constant for the mapping </ .

» Contraction mapping brings points closer together. In other words, for every ue Y and
r >0, all points within the ball B, (u) are transferred into another ball B, (<f (1)) with a
smaller radius r' < r. That can be observed in Figure 1.2.

e Itis essential to realize that Lipschitzian maps are necessarily continuous.
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Figure 1.2: o/ is a contraction mapping.

1.1.6 Fixed point problem- coupled fixed point

Note that the following definition is independent of the type of space in which the mapping
is defined.

Definition 1.12 A point ¢ is called a fixed point of a function o if o (§) =¢.
The set of all fixed points of </ is denoted by Fix().

Definition 1.13 Let (Y,0) be a metric space and D c Y a nonempty subset. The fixed point
problem is well posed for an operator <f : D — Y if and only if

1 of has a unique fixed pint .
2 If{v,} in D and o (v, « (v,)) — 0 as n — oo, then v,, — &asn— oo.
The condition 2 can be expressed as follows:

2’ Let {e,,} be a sequence of positive numbers so that lim,;_.€, = 0 and {v,} in D. If
(s, A (V) <€, asneN, thenlim,, .o V1 =€.

Remark 1.4 Note that Fix(«f) c Fix (/™). Indeed, if € Fix(«f), then
A"E=o (... () =¢

Hence, ¢ € Fix (™). The reverse direction is not true, in general (see example 1.8).
IfFix (/™) = Fix(ef) = {¢} for each n € N, the operator </ is called a Bessage operator.

Example 1.8 For let f : [0,2] — [0,2] be defined by

2 ifxel0;1],
= 1.1.3
J@) {1 ifx€l1;2]. ( )
Then
2 1 ifxel0;1],
= 1.1.4
S {2 ifx €]1;2]. ( )

We remark that f? have two fixed point while f does not have one.

Definition 1.14 An element (u,v) € Y x Y is called a coupled fixed point of a mapping < :
YxY —Yifed(uv) =uand A (v,u) = .
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1.2 Basic notions of b-metric spaces

This section is concerned with b-metric spaces and their topological properties.

1.2.1 The origins of the b-metric space

It is well known that in certain functional spaces, the natural "norm" cannot satisfy the tri-
angle inequality, for example, on LP(R") when p € (0,1) the functional that is usually called
the "p-norm" has this property. In light of this observation, the idea of the b-metric space
was initiated from the works of Bakhtin [10] and Bourbaki [19].

In 1993, Czerwik [32] formalized a definition for the b-metric space by establishing axiom
that was less sturdy than the triangular inequality in a way that allows the extension of fixed
point theory to cover also these badly behaved function spaces. The definition is as follow:

Definition 1.15 /32] AssumethatY is a non-empty set. We define a mappingt : Y xY — [0,00)
to be a b-metric if it satisfies the following conditions for any u,v, we'Y,

(b1) T(u,v) =0 ifand only ifu=v;

b2) T(u,v) =71(V, U);

D3) t(u,w) <2[t(u,v) +17(v,W)].

If (Y, 1) satisfies the above conditions, it is known as a b-metric space.

After that, in 1998, Czerwik [33] generalized this notion where the constant 2 was re-
placed by a constant s = 1, also with the name b-metric. In 2010, Khamsi and Hussain [73]
reintroduced the notion of a b-metric under the name metric-type and prove several topo-
logical properties in this space that was identical to the classical metric ones. The notion of
b-metric spaces created a new direction in which fixed point theory could be developed. Cz-
erwik [32] was the first to gave a generalization for the Banach'’s principle to this new space.
Since then many authors contributed to this development and nowadays the field occupies
a considerable position in fixed point theory.

In this section, we will look back on some preliminary definitions and properties about
b-metric spaces; most of the concepts in this section come from [3, 33, 59].

Definition 1.16 /33] Assume thatY is a non-empty set and let s be a real number greater than
orequal tol. Wedefine a mappingt : Y xY — [0,00) to be a b-metric if it satisfies the following
conditions for any u,v,we'Y,

(b1) t(u,v) =0 ifand only ifu=v;

B2)t(u,v) =1(v, 1),

b3) T(u,w) < s[t(u,v) +1(v, W).

If (Y,7,s) satisfies the above conditions, it is known as a b-metric space with a constant s
(s=1), and it is also called a "metric-type space" or "quasi metric space" in some references.

1.2.2 Examples of b-metric spaces

Some examples of b-metric spaces are given by Bakhtin, I. [10], S. Czerwik [33], etc. We give
next some known examples of them.

Example 1.9 [3] Let (Y;0) be a metric space and let the mappingty: Y xY — [0,00) be defined

by
To(u,v) = [o(u, V)P forallu,veY; (1.2.1)
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where p > 1 is a fixed real number. Then (Y,1s) is a b-metric space with coefficient s =
25!,
We show that T, is a b-metric with s = 2P~ 1.
Obviously conditions (by) and (b,) of Definition 1.16 are satisfied. If 1 < p < oo, then the

convexity of the function f(x) = x” (x > 0) implies

(a+b
2

)psl(a”%b”)
2

and hence, (a+ b)P <2771 (aP + bP) holds.
Thus, for each u,v,z€ Y we obtain

70w, V) = (0w, )’ < (0(1,2) +0(z, )
<2P (0w, 2)P + (0(2,1)P) =2P 1 (1,(14,2) + T4 (2, 1))
Condition (b3) of Definition 1.16 is satisfied, confirming that T, qualifies as a b-metric.
However, if (Y,0) is a metric space, it does not necessarily imply that (Y,14) will also be a
metric space.
For instance, consider the set Y = R, which represents the set of real numbers. The metric

defined as t(u, v) = |u— v| corresponds to the standard Euclidean metric. Noted that T(u,v) =
(u—v)%. is a b-metric on R with s = 2; however, it is not a metric on R.

Also the following example of a b-metric space is given in [127].

Example 1.10 [127] The spacelP(0< p < 1),

lp:{(un)CR| Z |un|p<00}

n=1

together with the functiont : I[P x [P — R,

00 1/p
T(u,v) = (Z Iun—vnl”)
n=1

1

1_
where u= (uy),v=(vy) € I” is a b-metric space with s =27 ~ > 1.

Example 1.11 [127] The space LP (R)(0 < p < 1) of all real functions u(t), t € [0,1] such that:

1
f lu(®)|Pdt < oo
0

is a b-metric space if we take

1 lp
(U, v) = (f lu(t) - v(t)lpdt) , foreach u,ve LP (R)
0

1_
The constant s is as in the previous example equal to 27 L

It is important to remark that the two previous examples are also provided in [31] and
several other sources (such as [10, 77]), but the coefficient of the b-metric specified in those
sources isZ%. 0. Zahi and H. Ramoul [127] have determined that the appropriate coefficient
is2 ! .

In 2018, Huang et al [58] gave an example of unusual b-metric space as follows.
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Example 1.12 Let HP(U) = {f € HU) : || fllgr < oo} (0 < p < 1) be HP space defined on the
unit disk U, where H(U) is the set of all holomorphic functions on U and

1 (7 0 5
I fllzp = sup (Z_f |f(re' )Ide) )
/4

0<r<1 \ &7 J-

DenoteY = HP (U). Define a mappingt:Y x Y —R* by

7(f,8 = sup (if If(reig)—g(reig)l”de);.

0<r<1\27 J-

1
forall f,ge Y. Then (Y, 1) is a b-metric space with coefficient s = 25",

1.2.3 Comparison between metric and b-metric spaces

b-metric spaces are evidently broader than metric spaces. For s = 1, the b-metric space co-
incides with the metric space, thereby ensuring that every metric space is a b-metric space.
However, the reverse does not hold, as demonstrated in example 1.9.

Furthermore, it is noteworthy that, unlike standard distance metrics, b-metrics are gen-
erally not continuous. This is demonstrated in the following example:

Example 1.13 [59] Let Y =N U {oo} and letT:Y x Y — R be defined by

0, ifp=q

’l—l‘, if p and q are even or pq = oo
p, =417 1

5, if pand q are odd and p # q

2, otherwise

Then it is easy to see that for all p,q,r € Y, we have
(p,r) =3 (p,q) +1(q,71))

Thus, (Y,t,3) is a metric-type space. Let x, = 2n for each n € N. Then
1
712n,00)=——0 asn—oo
2n

that is, x,, — oo, butt (x,,1) =2 - 1(00,1) as n — oo.

1.2.4 Topological properties of b-metric space

Fundamental topological concepts, such as open and closed sets, convergence, closedness,
compactness, and completeness, in this space are discussed in [73]. The properties and
proofs of these concepts are analogous to those in classical metric spaces. While the fact
that these results extend to metric-type spaces is notable, it remains uncertain whether open
or closed balls are truly open or closed with respect to the natural topology. The following
concepts naturally arise as direct extensions of their metric counterparts:

Definition 1.17 /3, 31, 73] Consider a b-metric space (Y, 71, s). We define a sequence {u,} in Y
to be convergent if there is an element u€ Y that satisfies the condition lim,,_. ;o T(u,, 1) =0
and it is denoted aslimy,_.oo U, = U;
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If the sequence {u,} is convergent, its limit is easily proven to be unique. Definitions of
Cauchy sequences and completeness are presented below:

Definition 1.18 /3, 31, 73] Consider a b-metric space (Y, 1, s) and a sequence {u,} in'Y.
We call that the sequence {u,} is a Cauchy sequence if limy,, ;—co T (Un, Um) = 0. Addition-
ally, if every Cauchy sequence is convergentin 'Y, thenY is called a complete b-metric space.

Since a b-metric is typically not continuous, we require the following fundamental lemma
concerning convergent sequences in the context of b-metric spaces to demonstrate our re-
sults.

Lemma 1.3 /3] Let (Y, 7, s) be a b-metric space, where s = 1. Consider the sequences (u,) and
(vn), both of which converge in Y to the points u€ Y and v € Y, respectively. Therefore, we
have:

1
—Zr(u, v) <liminft (u,, v,) <limsupt (U, v,) < 2 T(u, v) (1.2.2)
S n—oo n—oo

Specifically, when u=v, it comeslim, .o T (U, V) = 0.
Furthermore, for each z€ Y, the subsequent inequalities are satisfied:

1
-1(u,2) < lilgninfr (Un, 2) <limsupt (uy,z) < st(Y, 2) (1.2.3)
S —00

n—oo

Proof Employing the triangle inequality within a b-metric space indicates that
T(u,v) < st (U, u,) + $°T (Up, vy) + T (vn, V)

and
T (Up, Uy) < ST (Uy, u) + szr(u, V) + T (v, vy)

To derive the first desired result, we evaluate the limit as n — oo applying the lower limit
to the first inequality and the upper limit to the second.
Reapplying the triangle inequality once more, we derive the final statement. [ |

1.3 Basic notions of Menger PM spaces

In this section, we will mention basic definitions and properties of Menger PM space that
will be useful for the obtained fixed point results.

1.3.1 The origins of the Menger PM space

The metric space is based on the introduction of the function o, which represents a positive
real number written as o (u, v) (the distance between u and v) for each pair (i, v) of elements
in a non-empty set Y. However, for one reason or another, the exact value of o(u, v) may
not be known, and only the probability of several possible values for this distance can be
determined.
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In 1942, K. Menger [88] proposed a probabilistic gener-
alization of a metric space. He gave the first definition of a
Statistical metric space (Menger space), which was later im-
proved by Schweizer and Sklar [113]. Menger’s idea was to re-
place the distance between two points o (u, v) with a distance
distribution function F,, ,, which assigns to each positive real
t the probability that the distance between the two points u
and v is less than or equal to ¢, i.e. F,,(¢) = plo(w,v) <1). It
follows that:

Karl Menger
Fyy(t)=F,,(t) forallt>0anduveY, (1.3.1)
F,(t)=1 forallt>0 < u=y, (1.3.2)
F,,(0)=0. (1.3.3)
Since the probability is between 0 and 1, we have:
0<F,,()<1. forallt=0. (1.3.4)

Since the probability is non-decreasing (in the sense of inclusion), it follows that F,, , is
non-decreasing function for all u,ve Y.

1.3.2 Definition of PM spaces and Menger PM spaces

We recall some well-known notions and definitions concerning PM spaces and Menger
PM spaces.

Definition 1.19 [54]

A distribution function (on [—oo,+0o0]) is a function F : [—oo,+o0] — [0, 1] which is left-
continuous on R, non-decreasing and F(—oo) =0, F(+oo) = 1.

We denote by A the family of all distribution functions on [—oo, +00].

Definition 1.20 [54]

A distance distribution function F : [—oo, +oo] — [0, 1] is a distribution function with sup-
port contained in [0, +o0].
The family of all distance distribution functions will be denoted by A*. We denote 2" = {F |
FeA", lim F(r)=1}.

t—+o00

Since any function from A* is equal to 0 on [—oo,0], we can consider the set A* consisting
of non-decreasing functions F defined on [0, +o0] that satisfy F(0) = 0 and F(+o0) = 1.

Moreover, 2™ then consists of non-decreasing functions F defined on [0, +o0) that satisfy
F(0)=0and IEEHOOF(I) =1.

The class 2" will play an important role in the probabilistic fixed point theorems.
H is a special element of 2 defined by

{0 ift<0,
H(f) =
1 ift>0.

IfY is a non-empty set,  : Y x Y — D% is called a probabilistic distance on Y and F(u, v)
is usually denoted by F, ;.
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1.3. BASIC NOTIONS OF MENGER PM SPACES

The following present examples of distribution functions.
Example 1.14

1. ForaeR" U{+oc}, the unit elemente, of A* is defined as:

Ifa < +o0,

0 0<t<a,
Ea(t):
1l a<st<+oo.

Ifa=+o0

0 0<t<+o0o,
€oo(t) =
1 t=+o0.

2. For0 < a< b < +oo, the uniform distribution on [a, b] is the function Uy, € 27 defined
by
0 O0<t<a,
Uup() =14 2 a<t<b,

b—a
1 b<t<+oo.

Definition 1.21 [114] A probabilistic metric space (PM-space) is a pair (Y, ) whereY is a set
and & is a function defined on Y x Y into the set of distribution functions F such that for all
wvandzinX, foralls,t >0

1. F,,(0) =0;
2. Fuo()=H(®) iffu=v;
3. Fu,l/(t) = Fv,u(t);

4. If F,(t)=1andF, (s)=1thenF,(s+1)=1.

Remark 1.5 Let (Y, 0) be a metric space. The distribution function F,,, defined by the rela-
tion F,, ,(t) = H(t—o(u,v)) for all 4, vand ¢ > 0, induces a PM-space.

Definition 1.22 [54] A triangular norm * (t-norm for short) is a binary operation on the unit
interval [0, 1] which is commutative, associative, non-decreasing in its second component and
forallte[0,1], tx1=t.

Remark 1.6 The monotonicity of a t-norm * in its second component is, together with the
commutativity, equivalent to the (joint) monotonicity in both components, i.e., to

1 *li <t x*lpwhenevery <t and [ < b,.
Among the most well-known t-norms, the following examples:

Example 1.15 Foralla,be€ [0,1],

1. The minimum t-norm is defined by

a ) b=min(a, b).
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2. The product t-norm * p is defined by

axp,b=a-b.

3. The Luckasiewicz t-norm * is defined by

a*rb=max(a+b-1,0)

4. The Weakest t-norm * p is defined by

min(a,b) ifmax(a,b)=1,
axpb= ]
0 otherwise.

Definition 1.23 [114] A Menger PM-space is a triplet (Y, %, *) where (Y, %) is a PM-space and

* s a t-norm with the following condition:
Fy (t+8) = Fy (8) * Fy 4(s),

forallu,v,ze Y and s, t > 0.
This inequality is known as Menger’s triangle inequality.

1.3.3 Examples of Menger PM spaces

We give next some known examples of Menger PM spaces.

Example 1.16 LetY =C, forallu,veY and t >0, we define

exp ( '”; ol )
then (Y, F, *,) is a Menger PM space. Indeed, let u,veY,

1. Itis obviousthat F,,=F,,.

2. Forallt>O0:
u=velu—-vl =0,
1
o —
exp(—'”;”')

< Fu,v(t) =1

- )

3. Foru,v,weY andt,s>0:

t+s =t s

= Fyw(t+58) = F, () Fy,,(9).

=) e (15
t+s ) P t P

IV—WI)
M

N
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1.3. BASIC NOTIONS OF MENGER PM SPACES

Example 1.17 Let (Y,0) be a metric space. We consider the function F defined onY xY by
t

t+o(u,v)’

Then (Y, E = p) is a Menger PM space. Indeed, let u,veY,

Fu,v(t) =

1. Itisevident that F,,, = F,,.

2. Forallt>0,

u=veoo(uv) =0,
ot+o(u,v) =t,
1

1
E — = —
t+o(u,v) t

t ot
t)

S — =
t+o(u,v)
< F () =1.

3. Foru,v,weY andt,s>0,

t S
X )
t+o(u,w) s+o(w,v)
St

st+to(w,v) + so(u,w)+o(u,wo(w,v)’
St

Fu,w(t)Fw,v(S) =

IA

st+to(w,v) +so(u,w)’
St

st+ (min(t, s))o(w, v) + (min(t, s))o (u, w)’
St

st+min(t,s)-o(u,v)’
(s+1)
T (s+D+ouv)’
=F,,(s+1).

I\

IA

Example 1.18 [53] Let (O, %, P) be a probability measure space, and (M, o) a complete sepa-
rable metric space. Let S be the space of all classes X of equivalence of measurable mappings
X:Q—M,ie, X,YeXifandonlyifX =Y a.e. Then (S,F,*p) is a complete Menger space,
where, for every X,Y €S,

Fz 70 =PlweQ|oX(),Y)<t) (£>0).

1.3.4 Topological properties of Menger PM spaces

In a PM space, neighborhoods and corresponding topological structures may be defined in
many non-equivalent ways (see [113]). The most effective approach is the one that closely
resembles the standard construction of metric spaces.

The concept of a neighborhood in a PM-space was introduced by Schweizer and Sklar
[112]. If u € Y, and €, A are positive reals, then an (¢, 1)-neighborhood of u, denoted by
Uy(e, M), is defined by

Uule, V) ={veY:F,,(e)>1-A}.
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The interpretation is that two points of a PM space are "near" when it is highly probable
that the distance between them is small.

The (e, 1)-topology in (Y, %) is generated by the family of neighborhoods
(Uu(€, V) (e, 1yeY xR+ x (0,1 -

The following result is due to Schweizer and Sklar [112].

Theorem 1.3 If (Y, %, *) is a Menger space and * is continuous, then (Y, %, ) is a Hausdorff
space in the topology induced by the family {U,(e, 1) : ue Y,e > 0,1 > 0} of neighborhoods.

Note that the above topology satisfies the first axiom of countability. In this topology, we
define some topological notions as follow:

Definition 1.24 [90] A sequence (uy) nen in a Menger PM-space (Y, %, *) is said

1. to converge to a pointuinY (u, — w) if and only if for everye >0 and A > 0, there is an
integer ng such that u, € Uy(€, ), i.e., Fy, ,(€) >1— A, whenever n = ny.

2. to be Cauchy sequence (fundamental) in Y if for eache >0 and A > 0, there is an integer
ng such that Fy,, ,, (€) > 1— A whenever n,m = ny.

In conformity with the completion concept in metric spaces, Schweizer introduce the
notion of a complete PM-space.

Definition 1.25 [90] A Menger PM-space (Y, %, *) is said to be complete if every Cauchy se-
quence inY converges to a pointin’Y.

1.3.5 Relation between metric spaces and PM spaces

The following theorem is easy to prove and establishes a connection between metric spaces
and Menger spaces.

Theorem 1.4 [114] If (Y, 0) is a metric space, then the metric o induces a probabilistic dis-
tance F : Y x Y — £, where & (u,v)(u,ve Y) is defined by

Fuv)(t)=H(t-o(uv) forallteR.

Further, if the t-norm * define by a * b = min{a, b}, for all a,b € [0,1], then (Y, %, *) isa
Menger space.

It is complete if the metric o is complete. The space (Y,%,*) obtained called induced
Menger space.
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Chapter 2 . . .
Brief history of some promi-

nent fixed point theorems

This chapter provides an overview of classical results in fixed point theory, as well as recently
published interesting results in the context of (standard) metric spaces. The theorems are
presented in chronological order.

2.1 Topological fixed point theorems

In this section, we aim to recollect and discuss classical fixed point theorems that are based
on topological concepts such as compactness, boundedness, and convexity.

2.1.1 Brouwer’s fixed point theorem

Brouwer’s theorem has an extensive historical background. In 1886, Henri Poincaré discov-
ered ideas that contributed to the proof of Brouwer’s theorem. In 1909, Brouwer demon-
strated the theorem for normed vector spaces of dimension n = 3. A year later, Hadamard
presented the first proof of the theorem for arbitrary n. In 1912, Brouwer [20] established
a proof of an enhanced version of the theorem. This is the well-known result that was later
named after him, as stated below. Notably, the theorem is equivalent to a number seemingly
unrelated propositions (see [129]). For instance, P. Bohl published a result in 1904 that is
equivalent to Brouwer’s theorem.

Theorem 2.1 ( Brouwer’s fixed-point theorem )
Let € be a bounded, closed, convex, and nonempty set in a finite-dimensional normed space
EoverK. If o : 6 — 6 is a continuous operator, then & has at least one fixed point.

Proof Several techniques exist for proving Brouwer’s theorem. For further details, refer
to [128, 130]. |

Remark 2.1 We demonstrate through counterexamples that each assumption of Brouwer’s
fixed point theorem is essential.
(i) Let 6 := [0,1]. The function of : € — € defined by

d(u):{l zfue[o,o.S[, o1
0 ifuel0.5,1].

has no fixed point. The set € is bounded, closed, and convex, but < is not continuous.
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2.1. TOPOLOGICAL FIXED POINT THEOREMS

(ii) Let € := R. The continuous function «f : € — € defined by <f (u) := u+ 1 has no fixed
point. The set € is convex, but it is not bounded.
(iii) Let € be a closed annulus as shown in Figure 2.1.

Figure 2.1: Domain of the function g.

Then, a proper rotation g : 6 — € of the annulus around its center is fixed point free. Here,
the operator g is continuous and the set € is bounded and closed, but it is not convex.

The Brouwer fixed-point theorem is recognized as one of the most significant results in fixed
point theory, owing to its wide-ranging applications. Zeidler’s work, as cited in [129], illu-
minates the theorem’s significance through compelling examples drawn from various dis-
ciplines. For instance, applications in game theory showcase how the theorem elucidates
strategic equilibrium points, while its relevance in mathematical economics (see Zeidler
[129]) underscores its utility in modeling market dynamics and equilibrium states. Addi-
tionally, in the field of numerical mathematics, the theorem serves as a fundamental tool for
developing efficient algorithms for solving equations and optimization problems. This ver-
satility underscores the theorem’s pivotal role in advancing both theoretical understanding
and practical applications across diverse domains.

This theorem extends the standard intermediate-value theorem for continuous real func-
tions, which was first established by Bolzano in 1817. The following example illustrates this
connection:

Example 2.1 Consider the real interval € = |a, b], where —oo < a < b < co. Within this con-
text, for every continuous function <f : [a, b] — [a, b), there exists a fixed point &, as illustrated
in Figure 2.2.

This particular case represents the elementary form of the Brouwer fixed-point theorem
(Theorem 2.1). To demonstrate this assertion directly, we define g (u) := </ (u) — u for all u e
[a, b]. Since o/ (a), « (b) € [a, b, it follows that < (a) = a and </ (b) < b, implying 9 (a) = 0 and
©(b) < 0. By applying the intermediate-value theorem, we conclude that the continuous real
function g must have a zero, denoted by é € [a, bl, such that 9 (&) = 0, which implies o (§) = ¢.
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b

Ca

a

Y

a £ b

Figure 2.2: An arbitrary curve illustrating the fixed point of the function <.

2.1.2 Schauder’s fixed-point theorem

The following theorem was proved by Schauder [111] in 1930 as a generalization of the Brouwer
fixed-point theorem.

Theorem 2.2 (Schauder’s fixed-point theorem)

If € is a bounded, closed, convex, and nonempty subset of a Banach space E over K, then
any continuous and compact operator (completely continuous operator) defined on € and
mapping into itself possesses at least one fixed point.

Proof The proof of this theorem is based on the Brouwer fixed-point theorem and can be
found in [130]. [ |

Remark 2.2 - The compactness condition of the operator &/ can be replaced with a more easily
verifiable condition: "</ (€) is relatively compact".

- Ifdim E < oo, then Schauder’s fixed-point theorem coincides with the Brouwer fixed-point
theorem.

- In 1935, Tychonoff [122] extended this theorem to locally convex topological vector spaces.
A further extension of Tychonoff’s theorem was given by Ky Fan [45].

- In 2012, Lépez Pouso [85] presented another version of Schauder’s fixed-point theorem,
demonstrating its applicability to operators that are not necessarily continuous (see [85, The-
orem 3.1]). Additionally, they showcased how this theorem can be applied to solve a class of
discontinuous problems.

- Schauder’s fixed-point theorem has numerous applications, including solving integral
equations and ordinary, partial, and fractional differential equations. For further details, see
[7, 130, 133].

2.1.3 Leray-Schauder’s fixed point theorem

In 1934, Leray and Schauder established a more general version of Schauder’s theorem (The-
orem 2.2), leading to the following result, which is regarded as more effective for applications
in proving the existence of solutions to differential equations.
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Theorem 2.3 (Leray-Schauder principle)
Let of be a self-mapping on the Banach space E over K. If & is completely continuous, then
one of the following holds:

1. Theset Q(«f) ={uc E| u= A<l (u) for some0 < A < 1} is not bounded.
2. o possesses no less than one fixed point.

In other words, if a self-mapping </ on a Banach space E is completely continuous and
the set Q(«¢) is bounded, then «f possesses no less than one fixed point.

Remark 2.3

- The set Q(f) may be empty. (i.e., the equation u= A<f (u) may have no solution in E for
some A€ (0,1)).

- The second condition can be replaced by " The set </ (E) is bounded "

Remark 2.4 We illustrate through counterexamples that each assumption of the Leray-Schauder
fixed point theorem is essential:

(i) If a function is discontinuous or not compact, it does not necessarily have fixed points,
as demonstrated in the examples provided in Remark 2.1.

(i) Let E := R. The completely continuous function «f : E — E defined as <f (u) := u*> +1 has
1-V1-422 1+V1-4A2

24 22

no fixed point. However, the set Q(<f) = {

1+v1—-4A2
bounded because lim —— = co.
1—0 27

where A € (0, %]} is not

Remark 2.5 The Brouwer’s fixed-point theorem (Theorem 2.1) implies Schauder’s fixed-point
theorem (Theorem 2.2), which in turn implies the Leray-Schauder principle (Theorem 2.3).

2.1.4 Darbo’s fixed point theorem and some of their generalizations

In 1955, Darbo [35] extended Schauder’s fixed-point theorem and the Banach contraction
principle by employing the concept of the measure of non-compactness. This result, referred
to as Darbo’s fixed-point theorem, is presented in the following theorem.

Theorem 2.4 (Darbo’s Fixed Point Theorem) Let E be a Banach space, and let € < E be a
convex, closed, and bounded subset of E. Suppose that < is a continuous operator defined on
€ and maps € into itself. Then, o/ has at least one fixed point in €, provided that < is an
(a, k)-set contraction. Moreover, the set of fixed points, Fix(), is relatively compact.

Numerous generalizations and extensions of Darbo’s fixed point theorem are available in
the literature. We mentioned some of them in the sequel.
In 2015, Aghajani et al.[4] obtained the following generalization of Darbo’s theorem.

Theorem 2.5 Let E be a Banach space, and let € < E be a convex, closed, and bounded set.
Suppose that &/ is a continuous operator that leaves € invariant, and for every € > 0, there
exists some 6. > 0 such that

WeP(6), esuW)<e+d, = ulA(W))<e, (2.1.2)

where p is any monotone measure of non-compactness on E that possesses the generalized
Cantor intersection property. Then, &/ has at least one fixed point in €.
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Remark 2.6 Darbo’s fixed point theorem is a special case of the above theorem, since every
(k, w) -set contraction mapping satisfies the Aghajani condition (2.1.2).
Indeed, let of : € — € be a given (k, u) -set contraction mapping.
Let € > 0. From the definition of a (k, u)-set contraction mapping, there exists some k €
(0,1) such that
plef (W) < kp(W),

for any nonempty subset W < €. Let 6, = (% —1) . Then, for any nonempty subset W <€, we
have e
esuW)<e+d,= T = u(g(W)) <kuW)<e,

which confirms that «f satisfies the Aghajani condition.

In 2016, Jleli and co-authors [64] proposed a generalization of Darbo’s fixed point theo-
rem, stated as follows:

Theorem 2.6 Let E be a Banach space, and let </ be a continuous operator that maps a con-
vex, closed, and bounded set € < E onto itself. Assume there exists a function F : (0,00) — R
that satisfies the following conditions:

(F1) For any sequence{a,} < (0,00),

lim F(ay)=—-0c0 — lima,=0
n—oo n—oo

(F>) There exists a constant T > 0 such that, for any W € P(C),
pW)u(d (W) >0 = 1+ F(uled(W))) < F(u(W)),

where [ is any monotone measure of non-compactness on E that possesses the generalized
Cantor intersection property. Then, &/ has at least one fixed point.

Proof The proof of this theorem is based on the concept of the measure of non-compactness
and its properties and can be found in [64]. [ |

Remark 2.7 By taking F(t) = Int, where t > 0, the condition (F,) in Theorem 2.6 becomes
equivalent to the condition for (a, k)-set contraction in Darbo’s theorem. Thus, Theorem 2.6
encompasses Theorem 2.4 as a special case.

Recently, Taoudi [121] generalized Darbo’s fixed point theorem as follows:

Theorem 2.7 Let E be a Banach space, and let u denote a monotone measure of non-compactness
on E that satisfies the generalized Cantor intersection property. Suppose & is a continuous op-
erator that maps a convex, closed, and bounded set € < E onto itself. If, for every countable
subset W c €, the inequality

(st (W) < kp(W),

is satisfied for some constant k such that0 < k < 1, then &/ has at least one fixed point.

Proof The proof of this theorem can be found in [121]. [ |
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2.1.5 Sadovskii’s fixed point theorem

In 1967, Sadovskii [109] introduced the concept of a condensing map using measures of non-
compactness, which are more general than (k, i)-set contractions. Building on this concept,
he provided a more extensive fixed point result compared to Darbo’s theorem.

Theorem 2.8 (Sadovskii’s fixed point theorem) [72] Let E be a Banach space, and let u denote
a monotone measure of non-compactness on E that satisfies the generalized Cantor intersec-
tion property. Suppose < is a continuous operator that maps a convex, closed, and bounded
set € < E onto itself. If o is a pu-condensing map, then o/ has at least one fixed pointin €.

Proof The proof of this theorem is based on the Schauder fixed-point theorem. Details
of the proof can be found in [109]. [ |

Remark 2.8 If, in the definition of a condensing operator, the strict inequality is replaced by
"less than or equal to," the conclusion of the theorem may no longer hold, even in a Hilbert
space. For instance, a counterexample illustrating this situation is provided in [109].

The previous theorem has been extended to non-convex settings, as described in the next
theorem. For additional results in this direction, see, for instance, [72].

Theorem 2.9 [78] Kirk and Shin fixed point theorem Let H be a bounded hyper-convex met-
ric space, and let «f : H — H be a continuous condensing map. Then < has at least one fixed
point.

Remark 2.9

- Darbo’s theorem can be seen as a particular case of Sadovskii's theorem since every («, k) -
set contraction mapping with k € (0,1) is y-condensing.

- In their original formulation, Darbo’s fixed point theorems exclusively address the Ku-
ratowski measure of non-compactness a. However, upon careful examination of the proof, it
becomes clear that other measures of non-compactness, such as the Hausdorff measure y, the
diameter measure diam, or any monotone measure of non-compactness satisfying the gen-
eralized Cantor intersection property, can also be utilized. Similarly, Sadovskii’s fixed point
theorem, in its original form, deals only with the Hausdorff measure y. Nonetheless, it is pos-
sible to use any abstract nonsingular measure of non-compactness (see Definition 1.8).

- In 1977, De Blasi [38] introduced the concept of the measure of weak non-compactness.
Subsequently, in 1981, G. Emmanuele [44] presented a fixed point result for condensing map-
pings with respect to the measure of weak non-compactness. Notably, Emmanuele’s fixed point
theorem requires the mapping to be weakly continuous.

2.1.6 Krasnosel’skii’s fixed point theorem

In 1955, a unified approach to the main classical fixed point theorems: Banach Principle
and Schauder’s theorem, was put forward by M.A. Krasnosel’skii [79]. His result is widely
applicable to solving equations of the form:

A+ FL(UW=u UETFE (2.1.3)

where € is a subset of a Banach space E. It has been extensively used in the study of non-
linear integral equations of mixed type, as well as in differential and functional equations.
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Theorem 2.10 (Krasnosel’skii’s fixed point theorem) The sum of a contraction <¢ and a com-
pletely continuous mapping ., both defined on a closed convex subset € of a Banach space
E, admits at least one fixed point in €, provided that < (u) + ¥ (v) € € forallu,ve €.

Proof The proofisbased onacombination of Banach’s contraction principle and Schauder’s
fixed point theorem. ]
This theorem has been generalized in various ways. For instance, Burton [22] improved
it by replacing the condition </ (€) + . (€¢) < € with:

(u=FLW+A W), veEE)=>UES.

Burton’s result has applications in stability theory, integral equations, and covers cases where
Theorem 2.10 can not be applied. More recently, the compactness assumption on & was
relaxed in [124], leading to the development of several noncompact-type Krasnosel’skii fixed
point theorems.

Remark 2.10 [109] The fixed point theorems concerning an operator defined as the sum of a
contraction and a completely continuous operator were initially established through an alter-
native method by R. L. Frum-Ketkov. This work generalizes Krasnosel’skii’s result, particularly
in cases where the set € is a solid angle.

2.1.7 Monch’s fixed point theorem
In 1980, Harald Ménch [93] gave a variant of the result given by Sadovskii [110].

Theorem 2.11 Maénch’s fixed point theorem Every continuous self-map </ defined on a closed
convex subset € of a Banach space E has a fixed point, provided that for some uy € €, the fol-
lowing condition holds:

V=conv({ug)uf(V)) = Visrelatively compact, (2.1.4)
for every countable subset V of €.

Proof Thisis an immediate consequence of Schauder’s fixed point theorem. ]

Additionally, Monch established in the same manuscript a construction similar to the
previous result. With a slight modification on the condition (2.1.4), we arrive at a fixed point
result that is connected with the so-called Leray-Schauder boundary condition.

Theorem 2.12 Let E be a Banach space, D < E open, 0 € D, and of : D — E continuous, We
assume further that <f satisfies

Vceonv({0lue/(V)) = Visrelatively compact, (2.1.5)

for every countable subset V of D.
and the boundary condition

ueD, A€(0,1), u=Asf (1) = ug¢aD. (2.1.6)
Then there exists a fixed point of the mapping <f within the closure of the set D.

Proof The proof of this theorem is based on the Schauder principle, as outlined in [93].
|

Remark 2.11 The use of countable subsets in fixed point theorems was initiated by Daher [34]
in 1978.
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2.2 The Banach Contraction Principle

This section focuses on one of the most significant metric fixed point theorems established
by Banach [11], known as "The Banach Contraction Principle" (BCP). As previously stated,
the Banach contraction mapping principle is not the earliest fixed point theorem but it was a
cornerstone in the field of fixed point theory. This principle was initially introduced by Stefan
Banach in his thesis in 1920 and published in 1922. However, a few years later, this principle
was independently rediscovered by Caccioppoli [23]. In some older literature, this principle
isreferred to as the Picard-Banach theorem, while in other references, it is called the Banach-
Caccioppoli theorem. It is a fundamental tool for proving the existence and uniqueness of
solutions in various mathematical contexts. Originally formulated by Banach for normed
spaces, it was subsequently extended by Caccioppoli to complete metric spaces in 1930. No-
tably, this theorem not only guarantees the existence and uniqueness of fixed points for spe-
cific self-maps in metric spaces but also provides an iterative method for constructing these
fixed points.

Theorem 2.13 (Banach’s fixed point theorem). Define </ as a contraction self-mapping on
a complete metric space Y. Then, there exists exactly one fixed point, denoted as &, for o .
Specifically, the iterative sequence (" (1)) nen converges to & for every value of uy in Y (in
other words, the fixed point problem is well posed). Furthermore, for any n € N, the following

estimate holds: "

1-k
where k € (0,1) is the smallest constant for the contraction condition.

d (st (), &) < d(ug, < (up)), (2.2.1)

Proof Banach’sresultand its extensions are typically demonstrated through the conver-
gence of the geometric series Y.5° k. R. Kannan provides an alternative proof of Banach’s
theorem, as detailed in [68, theorem 3]. He examines the characteristics of subsets of Y,
definedas S, ={ueY :d(u, o/ (w) <a};, 0<a<+oo. [ |

It is worth noting that this celebrated fixed point theorem has been generalized through

various techniques:

* Relaxation of Contraction Conditions: This includes exploring more general formu-
lations of contractivity conditions, such as Kannan’s contraction, Hardy-Rogers’s con-
traction, weak contraction, nonlinear contractions with altering distance functions,
and control functions.

* Expansion to Various Space Types: This involves studying the validity of the fixed
point theorem in a range of generalized spaces beyond metric spaces, including cone
metric spaces, probabilistic metric spaces, G-metric spaces, Menger PM spaces, S-
metric spaces, rectangular metric spaces, D-metric spaces, partially ordered metric
spaces, b-metric spaces, intuitionistic metric spaces, etc.

* Relaxation of Axioms on the Mapping and Space: This includes relaxing continuity
assumptions on the mapping or completeness assumptions on the metric space.

¢ Extension to Multi-Valued Mappings: Fixed point theorems have also been extended
to multi-valued mappings, where a single point is mapped to a set of points rather than
a single point. Notably, S. Nadler’s result [94] is considered one of the most prominent
theorems in this area.
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¢ Combination of Techniques: Combining two or more of the aforementioned tech-
niques to derive new results and insights.

These generalizations are crucial for advancing mathematical theory and discovering
new applications in different fields such as differential equations, optimization, and dy-
namic systems.

2.3 Different types of contractive mappings and their rela-
tion to fixed point theory

The subsequent theorems exemplify several significant generalizations of Banach'’s principle.
Despite their origins dating back to the early 20th century, these theorems have inspired our
publications [12, 83, 84] and influenced numerous notable contemporary studies [3, 9, 40,
59, 76, 127]. This underscores their enduring relevance and profound impact on advancing
mathematical research.

2.3.1 Nemytskii and Edelstein’s results

This section examines contractive mappings and the corresponding fixed point results es-
tablished by Nemytskﬁ [95] and Edelstein [43].

Definition 2.1 Let &« be a self-mapping on the metric space (Y,0). We say that o is weak
contraction, also referred to as "Edelstein contractive," if, for any two distinct elements u and
vinthesetY, the following inequality holds:

ol (w),<f (V) <o(u,v).

It is crucial to note that a weak contraction mapping does not necessarily have a fixed
point. In other words, there exist weak contraction self-mappings that lack fixed points.
To illustrate this, consider the following examples.

Example 2.2 Let the function «f : R — R be defined as </ (u) = V1 + u?.
Taking the derivative of « yields:

oA W) = —2 .
V1+u?

Notice that |«/'(u)| < 1 for all u € R. By the mean value theorem, for any two different real
numbers u and v, there exists a z € R compared between them, allowing:

A (u) — A (v)
u—v

=1 (2)| < 1.

This implies | (1) — </ (V)| < |u—vl.
Next, we examine the existence of fixed points for «/. Consider the equation </ (u) = u,
which simplifies to:

w=1+ul
Subtracting u? from both sides results in: 0 =1,
indicating a contradiction. This implies that there are no fixed points for the function < .

Therefore, the function < (u) = V' 1+ u? is a weak contraction map on a complete metric
space without any fixed point.
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Example 2.3 [71] Let Y = [1,00) be equipped with a usual metric o(u,v) = |lu—v|. Suppose
that a self-mapping «f fromY into itselfis defined by < (u) = u+ %t Itis clear that < is a weak
contraction. Indeed, for each distinct pair u,ve Y, we observe that

o (et (1), 4 W) = |u+ -~ v 1
u v
1
uv
<o(uv),

smc? 1---<1 O'n th'e other hand < is fixed point free; that is, the fixed point equation
u=u+ +, has no solution in’Y.

In contrast, Nemytskﬁ [95] demonstrated in 1936 that a weak contraction on a compact
metric space always has a fixed point. This result highlights the crucial role of compactness
in ensuring the existence of fixed points, as illustrated in the previous examples.

Theorem 2.14 (Nemytskii fixed point theorem [95]) In a compact metric space (Y,0), any
weak contraction mapping < : Y — Y possesses exactly one fixed point within Y. Moreover,
every Picard sequence (defined by the recurrence relation u, .+, = &/ (u,) for n € N) converges to
the fixed point of the mapping < .

Proof The proof of this theorem can be found in detail in [71, 95]. [ |

Nemytskii’s work aimed to generalize the Banach contraction principle for k = 1. How-
ever, as demonstrated by the previous examples 2.2 and 2.3, the Banach contraction prin-
ciple holds only for k < 1. To ensure the existence of a fixed point, Nemytskii required a
compact metric space rather than merely a complete one. In 1962, Edelstein [43] further
refined the conditions by introducing a weaker criterion:

Jue Y {4 (W} 2{L™ (W)}, lim o™ (u) = ey, (2.3.1)

(in words: there exists a point usuch that its sequence of iterates contains a sub-sequence
that converges to a pointin Y).

This relaxed condition is sufficient to ensure the existence of a fixed point for a weak
contraction mapping. For more details, see [43, 71].

Comparison between Banach’s contraction principle and Nemytskii’s theorem

Janos [62] also proved the equivalence between Banach’s contraction principle and Nemyt-
skii’s theorem under suitable conditions, as follows.

Theorem 2.15 [62] Assuming that (Y, 0) is a compact metric space and &/ : Y — Y is contin-
uous map, the following statements are equivalent:

(i) </ is a weak contraction relative to a suitable metric 0™ topologically equivalent to o.

(ii) Given k € (0,1), there exists a metric 0™ topologically equivalent to o, relative to which
& is a contraction with Lipschitz constant k.
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2.3.2 Browder’s result

Banach’s fixed point theorem does not apply when k =1 (i.e., non-expensive mappings), as
demonstrated by the counterexamples 2.2 and 2.3. In this context, Browder [21] proposed
additional requirements in 1965 to ensure the existence of a fixed point. The next theorem
addresses this matter.

Theorem 2.16 LetY bea uniformly convex Banach space, and let «f be a non-expansive map-
ping of a bounded closed convex subset € of Y into itself. Then, o/ has no less than one fixed
pointiné.

Proof The proof of this theorem can be found in [21, 50]. [ |

2.3.3 Kannan’s result

In 1968, Kannan [67] proved the following theorem:

Theorem 2.17 [67] Let o/ be a mapping of the complete metric space Y into itself. If «/ is a
Kannan contractive mapping, i.e.,

ol (W), (V)] < afolu, (W] +olv, V)]}, (2.3.2)
forallu,ve Y, where0 < a < %, then </ leaves exactly one point of Y fixed.

Furthermore, Kannan [67, 69] eliminated the compactness condition of the metric space
and replaced it with more relaxed conditions (Condition 2.3.1 along with the continuity of
the mapping < at the point ¢), while still preserving the same results. The origin of this idea
can be traced back to Edelstein [43]. Notably, these conditions together do not guarantee the
completeness of the space. An illustrative example supporting this assertion is as follows:

Example 2.4 [69] Let Y = [0,1), </ (u) = %‘, and let the distance function o be the standard
Euclidean distance on the real line.

Comparison between Banach’s contraction principle and Kannan’s theorem

A comparison between Banach’s fixed point theorem [11] and Kannan’s theorem [67] reveals
the distinction between the contraction condition and the Kannan contractive condition. At
first glance, it is evident that a contraction mapping ensures the continuity of the map over
the entire space, whereas the Kannan condition does not inherently require continuity.

To illustrate the independence of the contraction and Kannan contractive conditions, we
present two examples demonstrating this distinction.

Example 2.5 [69] Let Y = [0,1] be equipped with the ordinary Euclidean distance, and con-
sider the mapping </ defined as follows:

. ifuelo,y),
o (u) =
. ifuelsy,1l.

alg el

Here, of is discontinuous at u = %; consequently, &/ is not a contraction. However, it is

easily verified that the Kannan condition is satisfied with a = %.
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Example 2.6 [69] Let Y = [0, 1], and consider the mapping <f (u) = g for ue [0,1], with the

distance function given by the ordinary Euclidean distance. Here, </ is a contraction; however,
it is easily observed that the Kannan condition is not satisfied if we take u= % andv=0.

Contrary to the conclusion drawn from the previous two examples, Janos [62], in 1976,
investigated the relationship between the classical Banach contraction principle and its gen-
eralization given by Kannan (see [67, 69]). He demonstrated that every contraction possesses
a fixed point, thereby satisfying the Kannan condition for a distance that is topologically
equivalent to the original distance. Conversely, the Kannan condition implies the contrac-
tion condition under additional requirements (the continuity and compactness of the map-
ping).

Janos [62] established the equivalence between Kannan contractive and Banach contrac-
tive mappings under suitable conditions, as stated below.

Theorem 2.18 [62] Let (Y,0) be a compact metric space, and let o : Y — Y be a continuous
mapping. Then, the following statements are equivalent:

(i) </ is Kannan contractive relative to a suitable metric o* that is topologically equivalent
too.

(i) For some k € (0,1), there exists a metric o™, topologically equivalent to o, such that <f is
a contraction with Lipschitz constant k.

As aresult, we can conclude the equivalence between Kannan contraction and weak con-
traction under the aforementioned conditions.

2.3.4 Chatterjea’s result
In amanner similar to (2.3.2), Chatterjea [25] introduced the following contractive condition:
There exists a € [0, %) such that

ol (u), o (V)] < afolu, o (V)] +olv,«/ (W]} forany u,ve Y, (2.3.3)

which ensures the existence and uniqueness of a fixed point for such self-mappings in a
complete metric space.

2.3.5 Reich’s result

In 1971, Reich [106] introduced a significant generalization that encompasses both Banach’s
contraction theorem and Kannan’s theorem.

Theorem 2.19 LetY be a complete metric space endowed with the metrico, andlet<f : Y — Y
be a Reich contractive mapping, i.e.,

oA (), (V) <ao(u,«(u)+bo(v, (V) +co(uv), uvey,

where the constants a, b, and c are nonnegative and satisfy the inequality a+ b+ c < 1.
Under these conditions, it can be concluded that &/ has a unique fixed point within the space
Y.
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Comparison of Banach’s fixed point theorem, Kannan’s fixed point theorem, and Reich’s
theorem

It is noteworthy that by setting a = b = 0, the above result reduces to Banach'’s fixed point
theorem, while setting a = b and ¢ = 0 yields Kannan'’s fixed point theorem, as mentioned in
[[69], p. 406]. Of course, we may always assume that a = b, although this is not essential.

To demonstrate that this theorem is more general than Banach’s and Kannan’s theorems,
consider the following example:

Example 2.7 LetY = [0,1], and define o (u) = ¥ for0 < u<1and /(1) = %. The mapping <f
does not satisfy Banach’s condition because it is not continuous at 1. Kannan’s condition also
cannot be satisfied because

o8] fson-of])

However, of satisfies Reich’s contractive condition if we set a = %, b= %, and ¢ = % (these
are not the smallest possible values).

2.3.6 Bianchini’s result

In 1972, Bianchini [16] introduced a generalization of Kannan’s contraction and established
a more general fixed point result, stated in the following theorem.

Definition 2.2 Let of be a map of the complete metric space Y into itself. We say that <f is a
generalized Kannan mapping if and only if

ol (W), (V)] < rmax{olu, (W], olv, (V)]}, forallu,veY andsomeO0<r<1. (2.3.4)

Theorem 2.20 [16] Every generalized Kannan mapping on a complete metric space has a
unique fixed point on it.

2.3.7 Hardy-Rogers'’s result

In 1973, Hardy and Rogers [55] introduced a generalization of Reich’s theorem, which also
serves as a generalization of both Banach’s and Kannan’s theorems. Before proceeding, we
present the following definition.

Definition 2.3 (See [55]) Let (Y,0) be a metric space. A self-mapping «f : Y — Y is said to be
generalized nonexpansive if, for all u,ve Y, the following inequality holds:

o(A (), ) <ao(u,v)+po(u,« () +yow,(v) +60(u,«(v)+ Lo(v, (1), (2.3.5)

wherea, B,7,0, L are nonnegative real numbers such thata+pf+y+6+L<1.

Ifa+B+y+0+L<1, wereferto o asacontraction of Hardy-Rogers type (or generalized
contraction,).

Remark 2.12
- The numbers «, 3,7,0, and L may depend on both u and v, with sup{a +f+y+6+L:
urveYi=sl.
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- Without loss of generality, we may assume that 6 = L and =y due to the symmetry of
the distanceo.

- Generalized nonexpansive mappings, or generalized contractions, may not be continu-
ous in general, as demonstrated in Example 2.5 (where < is a generalized contraction map-
ping but not continuous, since it is discontinuous at %).

Theorem 2.21 (See [55]) Let (Y,0) be a complete metric space, and consider a mapping < :
Y — Y. If « is classified as a contraction of Hardy-Rogers type, then it possesses a unique
fixed point within the space Y .

Remark 2.13 With an appropriate selection of coefficients, several well-known theorems can
be recovered:

1. If =y =06 =L=0, wearrive at the famous Banach's theorem [11].
2. Ifa=6=L=0andy = f, we derive Kannan's theorem [67].

3. Ifa = B =7y =0, we arrive at Chatterjea’s theorem [25].

4. If6 = L =0, we get Reich’s theorem [106].

Following the same approach as Nemytskii, Hardy and Rogers [55] presented a general-
ization of his contraction for @ + +7v+0 + L = 1 under additional conditions, as stated in the
following theorem.

Theorem 2.22 (See [55]) Let (Y,0) be a compact metric space, and consider a mapping <f :
Y — Y. If «/ is classified as a generalized nonexpansive continuous mapping, then <f has a
unique fixed pointinY.

In 1976, Bogin [17] established the following theorem for the case of generalized nonex-
pansive mappings.

Theorem 2.23 (See [[17], Theorem 1]) Let o/ be a self-mapping on a complete metric space
(Y,0). Suppose that for all u,ve Y, the following inequality holds:

o (W), (V) = ao(u,v) + blo(w, o (W) + 0 (v, (V)] + clo(u, (V) + 0 (v, o/ ()]
where the parameters satisfy the condition a +2b+2c = 1, along witha =0, b > 0, and
¢ > 0. Under these conditions, the mapping &/ has a unique fixed pointinY .
2.3.8 Ciri¢’s result

In 1971, Ciri¢ [26] introduced the notion of an .« -orbitally complete space, which was an
extension of the concept of complete metric spaces.

Definition 2.4 [27] Let o/ be a mapping of a metric space Y into itself. For each uc Y, define
the following:

O(urn):{u;d(u)y"')dn(u)}) n:]-)zy"'
O(u,00) = {u, o/ (1), +}.

A metric space (Y,0) is called "< -orbitally complete" if any Cauchy sequence within the
orbit O(u,0), for a given ue'Y, converges to a pointin'Y .
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It is clear that if Y is a complete metric space, then Y is «/-orbitally complete for any
self-mapping «/. In [26, example 3], it was shown that a non-complete metric space may be
orbitally complete relative to one mapping, but not to another.

In the same reference, Ciri¢ introduced a novel concept called "orbitally continuous map-
ping", which is a weaker condition than continuity and can replace the continuity require-
ment in several fixed-point theorems.

Definition 2.5 [26] A mapping </ of a space Y into itselfis said to be orbitally continuous if
A"(U) = 2= oA (A" (1) — A (2)
as i — oo.

Lemma 2.1 [26] Every generalized contraction is orbitally continuous in the sense of Defini-
tion 2.5.

One of the most general contraction conditions was obtained by Ciri¢ [27] in 1974.

Definition 2.6 [27] Amapping</ : Y — Y onametric space(Y,0) is called a quasi-contraction
if there exists a constant q within the interval [0,1) such that

o(d(u),« () < q-maxio(y,v);0(u, o (W),o,«W);o(u,W);ov, (W)},
holds for every u,ve Y.

Remark 2.14

- Any contraction map is a quasi-contraction.

- Any Kannan map is a quasi-contraction.

- Any Chatterjea map is a quasi-contraction.

- Any generalized contraction is a quasi-contraction, but the converse need not be true, as
shown in the following example.

Example 2.8 [27] Let

Yl:{%‘ a=3", neN, b=13), beN}u o]
a
YZ:{E‘ a=3", neN, b=213], beN}
and letY =Y U Y, with the usual metric. Define </ : Y — Y by

3u
—, forueY;,

o (u) =
% forueY,.

The mapping < is a quasi-contraction with q = % Indeed, if both u and v areinY; orin
Y,, then o(A (u), 4 (V) < %U(u, V).

Assume u belongs to Y, and v isin Y ,. Then we have:

Ifu> 2, it follows that:

(of (), ( ))—§( —i )<§( —1 )—§ (u, < (v)
o u, v—5u24v_5u8v—50u, V).
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Inversely, ifu< 2 v, then:

3(5 3 3
o (), (v) = = (ﬂv— u) < E(U_ u) = ga(u, V).

Therefore, « onY satisfies the condition
o (W), (V) < gmax{a(u, v),0(u, o (V),0 (v, < (W)}

and hence </ is a quasi-contraction.
To establish that o/ is not a generalized contractiononY, we setu=1 and v = % Thus, we
have:

qg-ouv)+r-ou,d(w)+s-ov,o W)+ tlo(u, W) +0o(v, ()]
1 2 7 83
=q-—+1r-—+Ss-—+1t-—
2 5 16 80

83 83 43
2t —— < ——<—= )
<(g+r+s+21) 760 < T60 < 80 o (o (u), o (v))

asq+r+s+2t<1, and we see that < is not a generalized contraction.

Ciri¢ [27] used the notion of a quasi-contraction to prove the following theorem, which
generalizes Banach’s contraction principle, Hardy-Rogers’s theorem, Kannan’s theorem, gen-
eralized Kannan’s theorem, Chatterjea’s theorem, Reich’s theorem, and others.

Theorem 2.24 [27] Let (Y, 0) be an orbitally complete metric space relative to a quasi-contraction
mapping & of Y into itself. Then:

(a) < leaves exactly one point of Y fixed, denoted as 5 ,
(b) limy—.co /™ (u) = ¢, and

© o(L™w),¢) < (%) o (u,<f (1)) foreveryueY.

Note that [94, Theorem 2.5] is a special case of Theorem 2.24. Example 2.8 shows that
Theorem 2.24 is more general than [94, Theorem 2.5] and Hardy-Rogers’s theorem 2.21. In
that example, Y is «/-orbitally complete, and 0 is a fixed point under <.

In 1979, Fisher [47] extended the definition of quasi-contraction mapping and provided
a generalization of Ciri¢’s theorem. Later, Park S. and Rhoades B. E. [101] extended the fixed
point theorems of Fisher [47] and Janos [62] in 1982.

Rhoades has authored numerous valuable research papers, including [107, 108], which
classify various contractive definitions and their corresponding fixed point theorems. He
also compared different contractive definitions, some of which were mentioned throughout
this thesis, while others, such as Sehgal’s and Zamfirescu’s contractions, were not. Addition-
ally, Park S. [100] introduced fourteen more contractive definitions.

2.3.9 Berinde’s result

In 2004, Berinde [13] introduced the notion of an almost-contraction mapping, which unifies
large classes of contractive-type mappings.
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Definition 2.7 A mapping &/ : Y — Y defined on a metric space (Y,0) is called an almost-
contraction if there exist constants k, with 0 < k < 1, and L = 0, such that for every pair of
points u,ve Y, the following inequality holds:

o (u),of (V) <ko(u,v)+ Lo(u,< (V). (2.3.6)

Remark 2.15
- Any contraction map is an almost-contraction (for L =0).
- Any Kannan map is an almost-contraction (see [13, Proposition 1]).
- Any Chatterjea map is an almost-contraction (see [13, Proposition 2]).
- Any quasi-contraction with0 < g < % is an almost-contraction (see [13, Proposition 3]).

In the same manuscript, Berinde presented their fixed point theorem, which extends sev-
eral well-known fixed point theorems, including those due to Banach, Kannan, Chatterjea,
Zamfirescu, and others.

Theorem 2.25 Every almost-contraction mapping o/ : Y — Y on a complete metric space
(Y,0) leaves at least one point of Y fixed. Moreover, for any initial point uy € Y, the Picard
iteration sequence {u,}; , converges to someé € Fix(«/), and the following estimations hold:

n

-k

U(un,cf)sl o(ug,u1), n=0,1,2,...

k
o (up, &) < —ka(un LUn), n=12,...

where k is the constant appearing in (2.3.6).

2.3.10 Suzuki’s result

In 2008, Suzuki proved the following refinement of Banach'’s fixed point principle.

Definition 2.8 A mapping «/ : Y — Y defined on a metric space (Y,0) is called a Suzuki-
contraction if there exists a constant r, with 0 < r < 1, such that for every pair of pointsu,veY,

01(No(u, (W) <o(u,v) = o(f (W), (V) <ro(u,v),
where 0 :[0,1) — (1/2,1] is a real function defined by

1, Osrs@,
_)lr Va1l 1
Gl(r)— rlz; 12 = —\/—
2 L <
) \/E_r<1.

Theorem 2.26 ([119, Theorem 2])

Every Suzuki-contraction mapping «/ : Y — Y on a complete metric space (Y,0) leaves
exactly one point of Y fixed, denoted as &. Moreover; for any ug € Y, the Picard iteration {unlS,
converges to¢.

In 2009, Suzuki also proved the following version of Edelstein’s fixed point theorem.
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Theorem 2.27 (/120, Theorem 3]) Let (Y,0) be a compact metric space. Consider a self-map
o : Y — Y that satisfies the following condition for every pair u,ve Y, with u # v:

1

Ea(u,d(u)) <o(u,v) = o (), W) <o(u,v).

Under these assumptions, the mapping o/ guarantees the existence of a unique fixed point
within'Y .

This last theorem was generalized by Doric et al. [42] in 2012.

2.4 Rational type contraction and uniqueness fixed point the-
orems

In 1975, Dass and Gupta [37] were the first to establish a fixed point theorem under rational
contraction conditions in metric spaces.

Theorem 2.28 Let (Y, 0) denote a complete metric space, and let «f : Y — Y be a continuous
self-mapping. If there exist constants a and [} within the interval [0,1) such thata+p < 1, and
if the following inequality holds for every pair u,veY,

[1+0(u o (W)lo (v, (V)

o(d(u),«d ) <ao(u,v)+p T o) , (2.4.1)

then o possesses a unique fixed point within the spaceY .
In 1976, Khan [74] established the following result in the metric context.

Theorem 2.29 Consider a complete metric space (Y,0), and let «/ : Y — Y be a mapping that
fulfills the condition:
(e (1), 57 (1) < Ka(u,d(u))a(u,,szf(v)) +o(, A (vV)o (v, (1) (2.4.2)
o(u, (V) +0o, (W)
forall points uand vinY, where K is a constant satisfying0 < K < 1.
Under this assumption, the mapping «f admits a unique fixed point in Y. That is, there
exists a poim‘é €Y such that o (&) = &.

In 1978, Fisher [46] identified that condition (2.4.2) was not well-defined and subse-
quently presented a reformulation of Khan'’s result as follows:

Theorem 2.30 Let (Y,0) be a complete metric space, and consider «f : Y — Y as a mapping
that achieves

oot (0. o (0 < | K e ety o W)+ 01, (1) £0,
0, ifo(u,o (V) +0o(,«(u) =0,
(2.4.3)

foranyu,veY, whereK is a constantin[0,1).
Under this assumption, the mapping &/ admits a unique fixed point ¢ € Y. Moreover, for
allueY, the sequence {</" (u)} converges to¢.
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In 1977, Jaggi [60] introduced a new type of rational contraction condition independent
of Dass and Gupta’s rational contraction.

Theorem 2.31 Consider a complete metric space (Y,0) and a continuous mapping « : Y —
Y.
Assume that there exist constants a and  within the interval [0,1) such thata+ f < 1, and
that the following inequality holds for all distinct points u,ve Y:
o(u, o (W)o (v, (V)

o), ) <a + Bo(u, v). (2.4.4)
o(u,v)

Then o/ admits a unique fixed pointin’Y .

A mapping & satisfying (2.4.4) is called a Jaggi contraction map.
In 1980, Jaggi and Dass [61] extended Banach’s fixed point theorem using a rational ex-
pression. This result is presented in the following theorem.

Theorem 2.32 Let <f be a self-map of an orbitally complete metric space (Y ,0) satisfying:

ot (), (1) < —2TWAWNOWLW) g
ou,od W) +o,(u)+o(u,v)

forsomea, f €10,1) with a+ B <1, and for every pair of distinct elements u,ve Y.
Then o has a unique fixed pointin’Y .

In 2021, Aouine and Aliouche [9] proved the following fixed point result with a rational
contractive expression.

Theorem 2.33 Let o/ be a self-map of a complete metric space (Y,0) satisfying:

o(u, (V) +o(v,(u))
U(d(u),szf’(w)sU(u’d(u)HU(Ud(U))Hmax{a(u,d(u)),a(vd(w)} (2.4.5)

for every pair u,ve Y. Under this condition, the following conclusions hold:
(a) < has a unique fixed pointgé ey,
(b) The fixed point problem for of is well-posed, and

(c) of is continuous at the fixed pointé.

The next section presents additional theorems on rational-type contractions in cases
where fixed points are not necessarily unique.

2.5 Rational type contraction and non-uniqueness fixed point
theorems
In the study of nonlinear equations, the concept of non-unique fixed points has emerged as

a significant area of interest. Certain classes of mappings in metric spaces can possess more
than one fixed point, naturally extending classical fixed point theorems. The first known

B. Laouadi 40 Univ. of OEB



2.5. RATIONAL TYPE CONTRACTION AND NON-UNIQUENESS FIXED POINT THEOREMS

result for finding non-unique fixed points for certain operators was proposed by Ciri¢ [28] in
1974.

Since then, many notable results have emerged regarding the existence and computa-
tion of non-unique fixed points for different operators in complete metric spaces, with key
contributions from researchers such as Dhage [41], Pathak [102], Pachpatte [99], and Cirié
[28, 29]. These works have been fundamental in advancing the understanding of fixed point
problems involving multiple solutions.

Theorem 2.34 (Cirié’s nonunique fixed point theorem)[28] Assume that the metric space
(Y,0) is orbitally complete and that </ is a self-mappingon Y.

If there exists a real number k € [0,1) such that the following inequality holds for all u,v e
Y:

min{o (v, (V)),0(u, (1)), (A (1), (v))} —min{o (4 (W), v),0 (U, (V))} < ko (u, v).

Then, for any uy € Y, the Picard iteration {u,}}_, converges to someé € Y. Moreover, the
limit ¢ is the required fixed point of the self-mapping o .

In 1979, Achari [1] studied the existence of fixed points for a mapping «/ using a symmet-
rical rational expression, as stated below.

Theorem 2.35 (Achari’s nonunique fixed point) [1]

Assume that the metric space (Y,0) is orbitally complete and that <f is an orbitally con-
tinuous self-mappingon Y.

Ifthere exists a real number k € [0, 1) such that for every pair of pointsu,ve Y, the following
inequality holds:

A(u,v) — B(u,v)

<ko(u,v),
C(u,v)
where
A(u,v) =min{o (« (w),  (v))o(u,v),0(u, & (W)o (v, (v))},
B(u,v) = min{o (4, « (W)o (u, 4 (v)),0 (v, (V)o (A (1), V)},
and

C(u, v) =min{o (u, < (W), o (v, A (V))},

with C(u,v) #0.
Then, for any uy € Y, the Picard iteration {u,},_, converges to some¢ € Y. In addition, the
limit ¢ is the required fixed point of the self-mapping < .

In 1998, Ciri¢ and Joti¢ [29] established a nonunique fixed point result under rational
contraction condition, generalizing the main theorems of Pathak [102] and Dhage [41].

Theorem 2.36 (Cirié-Jotié¢’s nonunique fixed point)

Assume that the metric space (Y,0) is complete, and let «f be an orbitally continuous self-
mapping defined on 'Y .

If there exist non-negative constants a and k € [0,1) such that the following inequality
holds for all pairs of points u,veY,
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A(u,v)—aB(u,v) < kC(u,v),

where

o), ),ou,v),o(u A Ww),oL W),

) ot (W) 1+, W) oW, W) [1+0 (U, ()]
A(u,v) =min 1+o(u,D) ) 1+ (V) J

min{o? (o (W), (),0° (1, (1),0% (v, (1))}
o(u,v)

B(u,v) = min{o (v, o/ (W),0 (w, o (V))}, and  C(u, v) = max{o(u, v),0 (u, o/ (W)}
Then, o leaves at least one point of Y fixed.

In 2014, Khojasteh et al. [76] proved the following non-uniqueness theorem, which in-
troduced novel forms of rational contractive mappings.

Theorem 2.37 Let (Y,0) be a complete metric space, and let «f be a self-mapping onY. As-
sume that </ satisfies the following inequality:
o(u, o (V) +0 (v, (1)
o (u), (V) < , V), 2.5.1
oS, SO =gy row o +1) 7Y &5

for every pair of points u,ve Y. Then, the following conclusions hold:

(@) < has at least one fixed point & in Y;
(b) The sequence {</"(u)} converges to a fixed point for any ue Y;

(¢) Ifé and 1) are two distinct fixed points of <, then the distance between them is at least
i

3, Le., o) = %
In 2017, Olatinwo [97] generalized Ciri¢’s and Jaggi’s theorems (theorems 2.34 and 2.31
discussed previously). This generalization is detailed below.

Theorem 2.38 Assume that the metric space (Y, o) is complete, and let o/ be an orbitally con-
tinuous self-mapping defined on 'Y .

If there exist non-negative numbers f = 0, a = 0 and k € [0,1) such that the following
inequality holds for all pairs of points u,ve Y,

ou,o W) o, W) o, (u)
Pu,v)—-Qu,v) <« Bo (0,4 U)) + 0w, v) + ko(u,v), (2.5.2)

where

P(u,v) = min{o(« (w), A (v),0(u, 4 (u),o (v, (v))},

Q(u,v) = min{o (v, & (v)), 0 (v, < (W))},
then of leaves exactly one point of Y fixed.

For some recent generalizations, as well as other fixed point theorems concerning unique
and non-unique fixed points, see Agarwal, Meehan and O’Regan [2], Berinde [13, 14], Kara-
pinar [70, 71], Redjel et al [104, 105], Olatinwo [97, 98], and Zeidler [128], along with the
references therein.
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Chapter 3 . . .
Fixed point theorems in dy-

namic property under rational
contractive condition for metric
spaces

This chapter aims to generalize and discuss several fixed point results in the literature related
to rational contractions, as presented by Khojasteh [76], Demma [39], and Yildirim [126],
for complete metric spaces. Additionally, we establish dynamic information regarding the
existence of other fixed points, specifically the distance between two fixed points in the case
of metric spaces. To strengthen our results, we provide several examples.

3.1 Fixed point results for rational contractive maps in met-
ric spaces

In this section, we present some of the main results of our findings published in [84] and [82]
regarding fixed points for mappings defined on complete metric spaces that satisfy rational
contractive conditions. In light of the work of Khojasteh and its generalization by Yildirim,
we obtain the following enhanced result.

Theorem 3.1 Let (Y,0) be a complete metric space and let </ be a self-mapping on Y. Sup-
pose there exist nonnegative constants «, B,y, and 6, and a positive number €, such that a <
min{y, 0}, and for all u,ve Y, the following inequality holds:

ao (u, <4 (V) + o (v, </ (1))

U('d(u)"d(v))sya(u,d(u))+6a(v,g¢(v))+ea(u’v)' (3.1.1)

Then, the following conclusions hold:

1. of has at least one fixed point € Y ;

2. Every Picard sequence (uy) nen converges to a fixed point;

3. If<f has two distinct fixed points & and ) in Y, then o (&,7) = Y
a

Proof Consider a Picard sequence {u,},en generated by the recurrence relation w4+ =
& (uy), initiated from a random element ug in Y. If there exists an integer n ensuring that
Up, = Upy+1, then u,, represents a fixed point of the self-map ¢, which concludes the proof.
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However, if u, # u,+ for each natural number n, we proceed as follows:
Claim 1: The sequence (1) nen is asymptotically regular.
By setting u = u,-; and v = u, in inequality (3.1.1), we obtain:

ao(Up-1, Un+1)
o(Up, Upy1) < o (Up-1,Up)
YO (Up—1, up) + 60 (Uy, Ups1) +€

ao(Up—1, Un) + @0 (Up, Upy1)
< o (Up—1, Up)
YO (Up—1, up) + 60 (Uy, Ups1) +€

ao(Up—1, Un) + €0 (Up, Up+1)

U(un—b un)

min{y, 8}(0 (Un-1, Un) + 0 (Un, Un+1)) +€

aoc(Uy—1,Uy) a0 Uy, U
(nl n) (n n+1) forall neN.

We denote that 8,, = —
min{y, 5o (tn-1, Up) + 0 (Un, Uns1)) +€

Since a < min{y, 6}, it follows that 0 < 6, < 1. Additionally, the sequence (6},) en is de-
creasing since for all n e N:

a€[o(Uns1, Un+2) — O (Un—1, Up)]
[ minfy, 6}(0 (tn, Uns1) + 0 (Un+1, Un+2)) +€]
1
X
[ min{y, 8} (0 (tn-1, un) + 0 (Un, Up+1)) +€]
< 0.

6n+1 - Qn

On the other hand, we have:

IA

o (Up, Ups1) 0,0 (Up-1, un)

I\

0,010 (Up—2, Up-1)

IA

0,0,-1---010(up, u)
010 (uy, u1).

IA

Taking the limit as n — +oo, we find
lim O(Un, un+1) = 0.
n—+oo

Claim 2: The sequence (u,) nen is @ Cauchy sequence.
For any n, m € N such that m > n, we obtain:

o(Un, Um) = 0Up Ups1) 0 (Ups1, Ups2) + 0 (Um—1, Um)

m—1
< ) OxOk_1---01)0 (o, uy).
k=n
1
Define I = 040)_1---0;. Since lim,,_. ; % = 0, the series ZZS Iy is convergent. This
k
means that
m-1

lim Y 0kOk_1---61 =0. (3.1.2)

k=n
Consequently, the sequence (u,) ,en is @ Cauchy sequence in Y.
Claim 3: The sequence (u,) en is convergent.
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Since the metric space (Y,o0) is complete, the sequence (u,) en is convergent, and its
limit is denoted by ¢ € Y. That is,
Jim_ =
Claim 4: Check that ¢ is a fixed point of <.
By substituting u = ¢ and v = u, into inequality (3.1.1), we find:

ao (&, un+1) + Bo(un, o (£))

> " (& uy,). (3.1.3)
Yo (é,94 (&) + 60 (Un, tns1) +€ "

0 (AL (&), Upsr) <

Taking the limit as n — +o00 on both sides of inequality (3.1.3), we obtain:

o (<t (&), () =0,

which implies that «/ (é) = cf . Therefore, we conclude that 5 is a fixed point of «f.

Claim 5: We assume that the mapping < has two distinct fixed points ¢ and 77 in Y. We
seek to determine the distance between these two fixed points.

By substituting u = ¢ and v = 7 into inequality (3.1.1), we have:

ao )+ Pom,d)
yo(&,&)+8o(m,m+e

- (a+ﬁ)€0(€,n)a(é,m.

IA

o (&)

a(é,n)

From this inequality, it follows that o (¢,7) = p” j_ 5 The proof is complete.

The following examples illustrate and support Theorem 3.1.
Example 3.1 LetY =1{0,1,2} ando :Y x Y — [0, +00) be defined as follows:
0(1,00=0(0,1)=2, 02,1)=0(1,2)=3, 0(2,0)=0(0,2) =3.5,

0(0,0=0(1,1)=0(2,2) =0.

The pair (Y, o) forms a complete metric space. Let «f : Y — Y be a self-mapping defined
by
Ag0)=0, L(1)=1, «(2)=0.

We select the parametersa =1, 3=1,y=1,6 =1, and e = 4. Then, the following holds:

0(0,«/(1))+0(1,<(0)) B
(s 0), /() =2 = 0(0,57(0) +0(1,£(1)) +4U(0’ D=2,

ot (), d @) =2 < ZLFIT0RIA) o,
cLZ())+02Z2) +4

0(0,4(2))+0(2,44(0)) 49
0(£(0),4(2)=0< 50.70) 102 4 2) +40(0,2) = 30"

Thus, the mapping </ satisfies all the conditions of Theorem 3.1. Additionally, «/ has two

distinct fixed points 0 and 1, for which o (0,1) =2 = aiﬁ =2.
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Remark 3.1 We note that this estimation is optimal due to the choice of the constants
a,f,y,0 ande. (See also Example 3.8).

Example 3.2 Let Y = {0,1,2} be associated with a metric o such that o(1,0) = 0(0,1) = 0.75,
0(2,00=0(0,2)=1,0(2,1) =0(1,2) =0.25, and

0(0,00=0(1,1)=0(2,2) =0.

Let o/ be a self-mapping on 'Y such that </ (0) =2, o/ (1) =1, and </ (2) = 2.

It is straightforward to conclude that (Y, o) is a complete metric space, and the inequality
(3.1.1) is satisfied for all u,v € Y with constants a = § = %, Yy=0=1,ande = 711- According
to Theorem 3.1, we conclude that o/ has at least one fixed point (specifically, it has two fixed

points: 1 and 2). Furthermore, the distance between these fixed points iso(1,2) = 71;-

Remark 3.2 It should be noted that the theorem by Khojasteh et al. [76] is not applicable
in this example. However, the generalized Theorem 3.1 is applicable, as demonstrated in the
example above, which underscores the robustness of our results.

The following theorem combine two types of contractive mappings: the rational contrac-
tion represented by formula (3.1.1) and the generalized Chatterjea contraction to derive an
improved result.

Theorem 3.2 Let (Y,0) represent a complete metric space, and consider the self-map < de-
fined on Y. Assume there exist non-negative constants a, ,v,0, and € with € > 0, satisfying
either a < %min{y, Otorp< %min{yﬁ}, and the inequality (3.1.4) holds for each u,ve'Y.

ao(u,sf (v) + Bo (v, </ (u))
U(M(u),d(w)sYa(u’d(u)Héa(v’d(v))+€max{a(u,%(v)),a(v,d(u))}. (3.1.4)

Under these conditions, the subsequent statements are valid:

1. There is, at minimum, one fixed point of the mapping <f, denoted by &, within the space
Y;

2. Each sequence of the form («f (uy)) nen tends to a fixed point of A ;

3. If & has more than one fixed point, then each pair of fixed points must satisfy the in-
equality (3.1.5):

on = (3.1.5)

a+p’
Proof Consider a Picard sequence {u,},en generated by the recurrence relation v, =
</ (uy), initiated from a random element g in Y. If there exists an integer ny ensuring that
Up, = Uny+1, then u,, represents a fixed point of the self-map ¢, which concludes the proof.
However, if u,, # u,+ for each natural number n, we proceed as follows:
Claim 1: The sequence (u,) sen is asymptotically regular.
Case one: We assume that a < %min{y,c‘)‘}, by substituting u = u,-; and v = u, into in-
equality (3.1.4), we obtain
0 (Un, Ups1) < @01, Un+1) 0 (Un-1, Un+1);
YO (Un-1, Un) + 60 (Un, Un+1) +€
a0 (Up-1, Un) + @0 (Up, Up+1)
YO (Up-1,Un) + 60 (Up, Ups1) +€
a0 (Up-1, Up) + @0 (Up, Up+1)

[0 (Up-1, un) +0(Up, Ups+1)];

min{y; 8} (0 (un—1, Un) + 0 (U, Uns1)) +€ 10 Un=1, tn) + 0, U )]
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ao (Up-1,Up) + ao (Up, Up+1)

We define A, = for each n e N.

min{y; 6}(0 (Un-1, Un) + 0 (Un, Uns1)) +€
Given that a < %min{y, 0}, it follows that0 < A,, < % foreach n e N.
Furthermore, we establish

0 (Up, Up+1) < Aplo(Up—1, Up) + 0 (Up, Upi1)],
which implies

An

l_An

o (U, Upy1) < 0 (Up-1, Up).

An

We denote A,, = for each n e N.

n
Since0 <A, < % for each nin N, it follows that A,, € [0, 1).

Thisleads to o (uy, un+1) < 0(u,-1, uy,) for each n € N, which implies o (u;,+1, Un+2) < 0 (Up—1, Uy).
Moreover, the sequence {A,},en is decreasing due to the following reasoning

ae[0(Uns1, Un+2) — O (Up—1, Up)]
[ min{y; 63(0 (Un, Un+1) + 0 (Un+1, Un+2)) +€]
1
X )
[ min{y; 6}(0 (Un-1, Un) + 0 (Up, Uns+1)) +€]
< 0.

An+l - An

Therefore, the sequence {1} ,¢n is also decreasing. Consequently,

o(Up, Un+1) =< Apo(Up-1,Uyn);

IA

AnAn—10(Up—2, Up-1);

IA

AnAn-1+-- Ao (U, ur);
Ao (ug, uy).

IA

Now, for any pair of natural numbers n and m where m > n, we observe

o(Up, Uym) =< 0(Up Ups1) +0(Ups1, Ups2) +o+ 0 (Um—1, Um);

m—1

N Ao (uo, w);
k=n

A Am
1-2;

IA

o (up, uy).

By executing the limit as n and m approach infinity on both sides of the preceding inequality,
we obtain
lim o(uy,,u;,)=0. (3.1.6)

n,m—+oo

As aresult, (1) ,en forms a Cauchy sequence within Y.
Case two: We assume that § < %min{y,é}. By substituting u = u, and v = u,_; into in-
equality (3.1.4), we derive
po(up—1, Un+1)

o (Up, Ups1) < o (Up-1,Up+1).
YO (Up, Ups1) +00 (Up—1,Up) +€
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Following a similar argument as in Case One, we can conclude that the sequence (1) e is
a Cauchy sequence within Y.
Due to the completeness of the space (Y, o), there exists an element ¢ in Y such that

lim u,=_¢.
n—+oo

Claim 2: We check that ¢ is a fixed point of 7.
Case one: We assume that a < %min{y,(‘)‘}. By substituting u = u,, v = ¢ into inequality
(3.1.4), we obtain

a0 (up, 4 () + o (&, tns1)
Y0 (Up, Uns1) + 60 (&, () +¢€

(A (&), Un+1) < max{o§, un+1),0Un, L €))}.  (3.1.7)
By executing the limit as n and m approach infinity on both sides of the preceding inequality,
we obtain . .
ao (S, (S))
50 (&, () +e
Hence, o (<f (cf), é) =0, that means &/ (é) = cf . Therefore, f is a fixed point of «/.

Case two: We assume that § < % min{y, §}. By substituting u = ¢ and v = u, into inequality
(3.1.4), we obtain

ot (), < o, ). (3.1.8)

ao (&, 1) + o (U, o (&)

‘ 3 .’ n ) nrd ‘ .
ya(c’,d({))+5U(un’un+l)+€max{a(€ Un+1),0 (Un, o ()}

o (A (&), Uns1) <

Following a similar argument as in Case One, we can conclude that < () = ¢.

Claim 3: We assume that «f has two different fixed points, 6 and 7}, in the metric space Y.
Our objective is to determine the distance between them.
By substituting u = ¢ and v = 7 into inequality (3.1.4), we obtain

ao(&,n) +Bo@,E)

o@,i) < — ———0 (&, 0);
Yo (&,¢)+60 (M, +e
(@+poé,m . .
< Ma(f, T])'
€
Therefore, we conclude that o (¢, 1) = a%' This completes the proof. [ |

The following example illustrates and supports Theorem 3.2.

Example 3.3 Let Y = {0,1,2} be a set equipped with a metric o defined as follows: o(1,0) =
0(0,1)=0.75,0(2,1)=0(1,2)=0.25,0(2,0) =0 (0,2) =1, and

0(0,00=0(1,1)=0(2,2)=0.

Consider a self-map <f onY defined by «/(0) = o/ (2) =2 and /(1) = 1.

It may be readily inferred that the metric space (Y, ) is complete. Moreover, the inequality
(3.1.4) holds with constants a = f§ = %, Yy=6=1ande= }lfor every u,ve’Y.

By applying Theorem 3.2, we conclude that </ has at least one fixed point. Specifically, «/
possesses two distinct fixed points, 2 and 1. Furthermore, it can be observed that the distance
between these fixed points, denoted as o(2,1), is greater than or equal to one-fourth.

The subsequent theorem extends and unifies the two previous findings.
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Theorem 3.3 Let (Y, 0) represent a complete metric space, and consider the self-map </ on
Y. If there exist non-negative constants a, 3,y,0 and € satisfying either a < %min{y, Ol orp <
%min{y, 0}, and the inequality shown in equation(3.1.9) holds for each u,ve 'Y,
ao (u, & (v) + po (v, o/ (w))

yo(u,<f () + 60 (v, (V) +€

o (W), ) < max{o(u, o (v),0 (v, (W),o(u,v)}, (3.1.9)

then the subsequent statements are valid:

1. There exists at minimum one fixed point, denoted by &, within the space Y for the self-
map A ;

2. Each sequence of the form («f (uy)) nen tends to one of the fixed points;

3. If < has several fixed points, then each pair of fixed points satisfies the inequality (3.1.10).

o) = aiﬁ. (3.1.10)

Proof The procedure for proving the above theorem is the same as the proof of Theorems3.2.
|
The following example confirms the validity of Theorem 3.3.

Example 3.4 Consider the setY ={m, p, q} equipped with the metric o defined by the follow-
ing values: o(p,q) =2, 0(m,p) = o(q, m) = 1. Furthermore, it holds that o (u,v) = o(v, u) for
every pair of elements u and v belonging to the set Y . Additionally, o(u, u) = 0 for each element
uinY.

Consider a self-map <f in the setY, where o (p) = m, 4 (q) = q, and &/ (m) = m.

It can be immediately deduced that (Y, o) forms a complete metric space, and the inequal-
ity (3.1.9) is satisfied for every u,ve Y with the constants a = 5 = %, y=6=1,ande=1.

By applying Theorem 3.3, we deduced that the self-map </ possesses no less than one fixed
point. Indeed, the given function possesses two distinct fixed points, g and m. Furthermore, it
can be observed that the distance between these fixed points is greater than or equal to 1, i.e.,
om,q)=1.

We can also provide a generalization of the first result by combining the rational contrac-
tion with Kannan’s contraction, as stated in the following theorem.

Theorem 3.4 Let (Y, o) represent a complete metric space, and consider the self-map o/ on'Y.
If there are non-negative constants «, ,v,0, € satisfying either a < min{y, 6} or f < min{y, 6}
and the inequality shown in equation (3.1.11) holds true for each u,veY,

ao (u, o (v) + fo (v, o (1))

a(szf‘(u),d(v))sYg(u’d(u))+50(U’d(v))+€max{a(u,v),a(u,d(u)),a(v,&f(v))}. (3.1.11)

Under these conditions, the subsequent statements are valid:

1. There exists, at a minimum, one fixed point denoted as & within the space Y for the
mapping < ;

2. Each sequence of the form (< (uy,)) nen tends to one of the fixed points;
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3. If o has several fixed points, then each pair of them must satisfy the inequality (3.1.12)

a(é,n) = (3.1.12)

a+p

If we consider all the constants in the above theorem to be equalto 1,i.e., a ==y =06 =
€ =1, we could get the next corollary.

Corollary 3.5 Let (Y,0) represent a complete metric space, and consider the self-map </ on
Y. If the inequality shown in equation(3.1.13) holds true for each u,veY,

o(u,d W) +o, (1)
U(M(u),af(w)sa(u,d(u)Ha(v,d(U))+1max{a(u,V),U(u,szf(u)),a(v,d(v))}, (3.1.13)

then

1. There exists, at a minimum, one fixed point, denoted as &, within the space Y for the
self-map o ;

2. Each sequence of the form («/ (uy)) nen tends to one of the fixed points;

3. If o has several fixed points, then each pair of them satisfies the inequality (3.1.14).

: 1
oz, (3.1.14)

The following example illustrates Theorem3.4 and Corollary 3.5.

Example 3.5 LetY = {m, p, g} be a set of three distinct elements equipped with a metric o in
the following way o (p, q) = 0.75, o(q, m) = 0.25, and o (p, m) = 1. Additionally, the following
standard conditions hold for each u,ve Y: o(u,v) =o(v,u) ando(u,u) =0.

Consider o as a self-map on the set Y, defined by the following equations: </ (m) = m,
A (p)=m,and A (q) = q.

It can be readily inferred that the metric space (Y, o) is complete. Moreover, the inequality
(3.1.13) holds for every u,ve Y.

By Corollary 3.5, we conclude that </ has at least one fixed point (specifically, «/ possesses
two distinct fixed points, m and q). Furthermore, it can be observed that the distance between
these fixed points is greater than or equal to one-half, i.e., 0 (m, q) = %

Now, we provide a generalization of the previous theorems.

Theorem 3.6 Let (Y, o) represent a complete metric space, and consider the self-map o/ on'Y.
Ifthere exist non-negative constants, denoted as , B,v,6 ande, satisfying either a < % min{y, 0}
orp< %min{y,é}, and the inequality shown in equation(3.1.15) holds true for each u,ve'Y,

ao(u,sf (v) + Bo (v, </ (u))

ol (W), (V) = Yo (u,of (u)+60 (v, (V) +e€

max{o (u, (v),0(, & (W),o(u, (w),o v, ), (uv)}

(3.1.15)
then the subsequent statements are valid:

1. There exists, at a minimum, one fixed point, denoted as &, within the space Y for the
self-map o ;
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2. Each sequence of the form («f (uy)) nen tends to one of the fixed points;

3. If <l has several fixed points, then each pair of them must satisfy the inequality (3.1.16).

o,n = (3.1.16)

a+p’

Proof The procedure for proving the above theorem is the same as that used for proving
Theorem 3.2. u
The following example confirms the validity of Theorem 3.6.

Example 3.6 Consider a collection of three elements, Y = {m, p, q}, equipped with a metrico.
The values of o(q, p), 0(q, m), and o(p, m) are 2, 1, and 1, respectively. Furthermore, it holds
that o (u,v) = o (v, u) for every pair of elements u and v belonging to the set Y. Additionally, we
have o (u, u) = 0 for each element u in the set Y .

Consider a self-map <f in the set Y, where <f (p) = p, 4/ (m) = p, and <4 (q) = q.

It can be immediately deduced that (Y,o) forms a complete metric space, and the in-
equality (3.1.15) has been established for every u,ve Y with the constantsa = f =€ = % and
y=6=3.

From Theorem 3.6, we deduce that the self-map </ possesses at least one fixed point. In-
deed, the given function possesses two distinct fixed points, q and p. Furthermore, it can be

1 1
observed that the distance separating them is greater than or equal to 2 ie,o(p,q)= 2

By ameliorating the previous results, we can provide the following theorems.

Theorem 3.7 Let (Y,0) represent a complete metric space, and consider the self-map </ on
Y. If there exist non-negative constants denoted as a, 3, y, 8, and € satisfying either a <
%min{}/, 0} or B < %min{yﬁ}, and the inequality shown in equation (3.1.17) holds true for
eachu,veY,

ao(u, < (v) + Bo (v, (u)

o(A (), (V) < yo (u, o (1) + 50 (v, (V) +€

maxi{o (u, « (v)),0 (v, (w),o(u, 4 (w)+o (v, (v),0(u,v)

(3.1.17)
then

1. There exists, at a minimum, one fixed point denoted as & within the space Y for the
self-map o .

2. Each sequence of the form («f (uy)) nen converges to one of the fixed points.

3. If o/ has several fixed points, then each pair of them must satisfy the inequality (3.1.18):

o,n = (3.1.18)

a+p’

Proof The procedure for proving the above theorem is analogous to the proof of Theo-
rem 3.2. u

Theorem 3.8 Let (Y,0) represent a complete metric space, and consider the self-map </ on
Y. If there exist non-negative constants, denoted as a, B, vy, 8, and €, satisfying either a <
%min{}/, 0t orB < %min{y,é}, and the inequality shown in equation (3.1.19) holds true for
eachu,veY,
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ao(u,« (v) + o (v, < ()
Yo (u, o (u) + 60 (v, (V) +€
max{o (u, (V) + o (v, (W), o (u, 4 (W),o (v, (v),0(u, v)}, (3.1.19)

o(A (), (V) <

then

1. There exists, at a minimum, one fixed point denoted as & within the space Y for the
self-map < .

2. Each sequence of the form (< (uy,)) nen converges to one of the fixed points.

3. If <l has several fixed points, then each pair of them must satisfy the inequality (3.1.20):

o(é,n) = (3.1.20)

€
2a+p)

Proof The procedure for proving the above theorem is analogous to the proof of Theo-
rem 3.2. n

Theorem 3.9 Let (Y,0) represent a complete metric space, and consider the self-map </ on
Y. If there exist non-negative constants, denoted as a, B, vy, 6, and €, satisfying either a <
%min{)f, 0} or B < %min{y,6}, and the inequality shown in equation (3.1.21) holds true for
eachu,veY:

ao(u, (V) + Po (v, < ()
Yo (u, o (u) + 60 (v, (V) +€
max{o(u, o (V) +o (v, (W), 0(u, (W) +o,«(),o(w,v)}, (3.1.21)

o(ef (W), o (V) <

then

1. There exists, at a minimum, one fixed point denoted as & within the space Y for the
self-map < .

2. Each sequence of the form (<f (uy)) nen converges to one of the fixed points.

3. If <l has several fixed points, then each pair of them must satisfy the inequality (3.1.22):

ENE (3.1.22)

€
2a+p)

Proof The procedure for proving the above theorem is analogous to the proof of Theo-
rem 3.2. u

Theorem 3.10 Let (Y, 0) represent a complete metric space, and consider the self-map < on
Y. If there exist non-negative constants, denoted as a, B, vy, 6, and €, satisfying either a <
%min{)f, 0} or B < %min{y,é}, and the inequality shown in equation (3.1.23) holds true for
eachu,veY:

ao(u, o (v) + Bo (v, (u))

oA (1), (V) < yo (u,of (1) + 50 (v, (V) +€

lo(u, A (V)+o(v, o (W)+o(u, A (w)+o (v, (v)+o(u, V)],

(3.1.23)
then, the following statements are valid:
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1. There exists, at a minimum, one fixed point denoted as ¢ within the space Y for the
self-map < .

2. Each sequence of the form (<f (uy)) nen converges to one of the fixed points.

3. If o/ has several fixed points, then each pair of them must satisfy the inequality (3.1.24):

a(é,n = (3.1.24)

3(a+p)

Proof The procedure for proving the above theorem is analogous to the proof of Theo-
rem 3.2. |
This example illustrates the validity of Theorem 3.10.

Example 3.7 Let Y = {m, p, q} be a set of three distinct elements equipped with a metric o
defined as follows: o(p,q) =2, o(p,m) = o(q,m) = 1. Furthermore, it holds that o(u,v) =
o (v, u) for every pair of elements u and v belonging to the set Y . Additionally, we have o (u, u) =
0 for each element u in the set Y .

Consider a self-map </ on the setY, where o (p) = p, 4 (q) = q, and < (m) = p.

It can be immediately deduced that (Y, o) forms a complete metric space, and the inequal-
ity (3.1.23) holds for every u,ve Y with the constants a = f = %, y=6=1ande= %

From Theorem 3.10, we deduce that the self-map </ has at least one fixed point. Indeed,
the given function has two distinct fixed points, p and q. Furthermore, it can be observed that
the distance between these fixed points satisfies the inequality o (p, q) = %

3.2 Application to solvability of equations in Z/nZ

In this section, let n be a natural number greater than or equal to 2.

We will discuss solving equations in Z/nZ. Our study will focus on the existence of solu-
tions and the distances between them, without explicitly determining their values.

The problem posed is that Z/nZ is not a vector space. However, we can consider it as a
metric space, which enables us to apply our theorem.

We begin by presenting our problem in the following form:

au= b[n], (3.2.1)

where a, b € Z and n € N, with the unknown u € Z.
Next, we reformulate the previous equation to make it applicable to our theorem:

a=b, (3.2.2)

where @, b € Z/nZ, with the unknown &t € Z/nZ.

Since the equations (3.2.1) and (3.2.2) are equivalent, it is enough to study the second
one.

Define the self-map < as follows:

A :7InZ — ZlnZ

i— of () = (a+ Du—b

Theorem 3.11 Let (Z/nZ,0) be a metric space. If the following conditions are satisfied:
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1- rang(<f) is a closed subset of ZI nZ,

2- There exist non-negative constants , ,v,6 ande withe > 0, satisfying either a < 3 min{y, 0}

orf < %min{y,é}, and such that inequality (3.2.3) holds for each u,v € rang </,

ao(u,« (v) + o (v, (1)
yo(u, < () +60 (v, (V) +€

oA (u),sf (V) < max{o (u, 4 (v),o0(v, < (u)}. (3.2.3)

Then, equation (3.2.2) admits at least one solution. Moreover, if the equation admits more
than one solution, we can provide dynamic information about the solutions, as shown in
equation (3.1.5).

Proof Consider the metric space Y = (Z/nZ,0). The space (Z/nZ,o) is complete, as the
range of the self-map «f is a closed subset of Y.

Based on the previous result, equation (3.2.3), and by applying Theorem 3.2, we conclude
that no less than one fixed point &z € Y exists for «/. Since the fixed points of the map «/
correspond to the solutions of equation (3.2.2), the desired results follow. [ |

Now, we present the following example to confirm the applicability of our theorem to the
solvability of algebraic problems in Z.

Example 3.8 Let Z/6Z be the set of equivalence classes for congruence modulo 6, associated
with the metric distance o defined by o(u, V) = |u— v|, where u and v refer to the minimum
representations of the classes u and v respectively. It is immediately deduced that the metric
space (Z16Z,0) is complete.

Consider the following linear equation in Z/6Z:

3u=3. (3.2.4)

Let &/ be the associated self-map to this equation,

A ZInZ — 7ZInZ
i— of (1) =411+ 3.

Here, rang<f = {1,3,5}, which is a closed subset of Z16Z.

By choosinga = =1, y =6 =2, and € = 3, the inequality (3.2.3) is satisfied for each
u,verangs/. Applying Theorem 3.11, we conclude that equation (3.2.4) admits at least one
solution.

We observe that this equation has exactly three solutions S = {1,3,5}. Without determining
their number or exact values, we can deduce that for each distinct pair of solutions, o (i1, V) = %

In order to improve this result, we adjust the constants a, 3,y,0, and € to the following
values: a = f = %, € =0 =2, andy = 1. This modification keeps the validity of the inequality
(3.2.3) and upgrades the dynamic information to: for each distinct pair of solutions, we have
o(u,v)=2.
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Chapter 4 . .
Dynamic fixed point results for

rational contractive maps on
Menger PM spaces

The introduction of the general concept of statistical metric spaces is attributed to K. Menger
[88], who developed this theory within the framework of probabilistic geometry. Subse-
quently, many researchers advanced the theory of fundamental probabilistic structures by
introducing new derivative spaces, such as fuzzy spaces, Wald spaces, intuitionistic Menger
spaces, and others.

The classical metric space is defined by the introduction of the function o, which rep-
resents a positive real number, written as o (i, v) (the distance between u and v), for each
pair (u, v) of elements in a non-empty set Y. However, in certain contexts, the exact value of
o (u, v) may not be known, and only the probability of several possible values for this distance
can be determined.

In 1942, Menger proposed a probabilistic generalization of a metric space, providing the
first definition of a probabilistic metric space (Menger space), which was later refined by
Schweizer and Sklar [113]. Menger’s idea was to replace the precise distance o (u, v) between
two points with a distance distribution function F,,,. This function assigns to each positive
real number ¢ the probability that the distance between the two points u and vis less than or
equal to ¢, i.e., F, () = p(o(u,v) < t). Additionally, the triangle inequality was replaced by a
condition involving triangle functions on these distributions.

Probabilistic metric spaces serve as a significant extension of classical metric spaces. This
framework facilitates the analysis of random and probabilistic fluctuations in fields such as
biology and physics. These generalizations provide more robust and adaptable tools for ad-
dressing complicated nonlinear problems, enabling solutions that are otherwise unattain-
able within the constraints of traditional metric spaces. For further information on the sig-
nificance of this field in applied mathematics, the reader is referred to [118].

Additional properties and further information on probabilistic spaces, particularly Menger
spaces, can be found in section 1.3 and the references therein.

4.1 Fixed point theorems for contraction mappings in Menger
PM spaces

Fixed point theory in probabilistic metric spaces can be considered as part of probabilistic
analysis, a highly dynamic area of mathematical research. In 1972, Sehgal and Barucha-Reid
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[114] made a significant contribution to this field by presenting the first fixed point theo-
rem for probabilistic metric spaces. In their pioneering work, they introduced the concept
of a probabilistic contraction mapping, which generalizes classical notions of contraction
mappings to accommodate the inherent uncertainty in probabilistic spaces, as follows.

Definition 4.1 [114, 115] Amapping ¢ of a PM-space (Y, %) into itselfis called a contraction
mapping if and only if there exists a constant k, with 0 < k < 1, such that for each u,ve Y,

Fow,ety(kt) =2 Fy () forallt>O0. 4.1.1)

4.1.1 On the relationship between Banach contractions and PM contrac-
tions

Inequality (4.1.1) generalizes the Banach contraction inequality for metric spaces. That is:

Proposition 4.1 [114, 115] Every Banach contraction mapping on a metric space (Y, 0) is also
a contraction mapping on the PM space induced by the metrico.

Proof Let«/:Y — Y bea contraction mapping on the metric space (Y, o). To prove that
the Banach contraction inequality implies (4.1.1), recall that every metric space (Y, o) can be
viewed as a Menger space (Y, %, min), where % is defined as follows:

Fyuu(t) = H(t—0(u, 1)),

1 ifo(uv)<t,
0 ifo(uv=t

(teR).

Suppose that &« : Y — Y is a Banach contraction. We show that inequality (4.1.1) is satis-
fied, i.e., for every ¢ > 0,
Fuy(kt)=1 = Fyu,aw() =1.

If F,,(kt) =1, then o (&, v) < kt, and the Banach contraction implies
oW, 4W) <k t<t,

which means Fo (), oz (1) = 1. [ |

4.1.2 Fixed point result for PM contraction mappings

In fact, the previous definition was given by Sehgal [115] years earlier in his thesis (1966),
where he proved Theorem 4.2 in the context of metric probability spaces. He showed that
every contraction map on a complete PM space that satisfies the strongest form of Menger’s
triangle inequality has a unique fixed point.

In 1971, Sherwood [117] provided a strong plausibility argument that indicate that this
result is the exception rather than the rule for PM spaces. He constructed a complete PM
space along with contraction maps in the sense of Sehgal which have no fixed points.

Theorem 4.2 [115, 117] A contraction map on a PM space has at most one fixed point.

The following theorem is the first fixed point result within the context of complete Menger
spaces, established by Sehgal and Barucha-Reid in 1972 [114]. It generalizes the Banach con-
traction principle, as noted in the preceding discussion.

B. Laouadi 56 Univ. of OEB



4.1. FIXED POINT THEOREMS FOR CONTRACTION MAPPINGS IN MENGER PM SPACES

Theorem 4.3 [114] Let (Y,%, *) be a complete Menger space, where * is a continuous t-norm
satisfying t « t = t for each t € [0,1]. If &/ is a contraction mapping of Y into itself, then there
exists a uniqueé € Y such that <f (¢) = . Moreover, o/ " (v) converges to¢ foranyve Y.

Proof

Let «/ be a contraction mapping on a complete Menger space (Y, %, *).

Step 1: We prove that o/ has at most one fixed pointin Y.

Assume «f has two distinct fixed points, denoted by u and v, i.e., &/ (1) = uand «f (v) = v,
with u # v.

From (1.3.2), there exist £ > 0 and a with 0 < a < 1 such that F,, ,(#) = a. However, for each
positive integer n, it follows from (4.1.1) that

a:Fu,y(t):F‘Q{(u)“Q{(y)(t) zFu,y(t/kn). (4.1.2)

Since F, ,(t/k™) — 1 as n — oo, it follows that a = 1. This contradicts the selection of a.
Thus, & has at most one fixed pointin Y.

Next, we prove the existence of a fixed point. Consider the iterative sequence u;,, = «/"(v),
n € N based on an arbitrary ve Y.

Step 2: We show that the sequence {u,} is a Cauchy sequence.

Let ¢, A be positive reals. Then, for any pair of natural numbers n and m where m > n, we
observe

Fun,um (€)= Fu,,,unﬂ (€ — ke) * Funﬂ,um (ke),
Z FU,MI ((6 - kE)k_n) * Fun+1,um (kﬁ').

By Menger’s triangle inequality and the monotonicity of the -norm *, we have

Fupu, (€)= Fyy (€~ ke)k™™ * Fy, 1w, (ke —K2€) x Fyy L, o (KP€)
> Fyu ((e— ke)k™™) = Fyu, ((€ - ke)k™™) % F, (kze).

n+2,Um

By the associativity of * and the hypothesis ¢ * ¢ = ¢, we obtain

Fupu, € = Fyy, (€ — ke)k™") Fumz,um(kze). (4.1.3)

Using the same reasoning repeatedly, we obtain:

Fup i (€) = Fy i (€ — k€)K™) % Fyyp, 1, (K™ Le)
> Fyuy (e~ ke)k™") % Fyy (k")
= Fyyuy (€~ ke)k™") % Fyy (e~ ke)k™™)
> Fyu, (€~ ke)k™")

Consequently, if we choose N such that F,, ;,, ((€ — ke)k™) > 1-A, itfollows that F,,, 4, (€) >
1—-Aforall n= N. Thus, {u,} is a Cauchy sequence.

Since (Y, F, *) is a complete Menger space, there exists a 5 in Y such that u,, — «f, ie.,
") — &,

Step 3: We show that ¢ is a fixed point of the mapping /.

Let N (e,A) be any neighborhood of « &). Then, u, — & implies the existence of an

integer N such that u, € N(¢, A) for all n = N. However,
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€
F o) o0& € 2 Fy, ¢ (E)
=2F, ¢ (e)

>1-1

for all n = N. _Thgrefore, o (uy,) € N, A) for all n = N, i.e., "(v) — /(). Thus, we
conclude that «f (§) = ¢. This proves the existence part of the theorem. [ |

Remark 4.1 Theorem 4.3 holds for a Menger space equipped with the t-norm min. Further-
more, it remains valid for the following t-norms:

a * b=max{a, b},
as*b=a+b-ab,
a*b=min{a+ b, 1}.

The following example supports and illustrates Theorem 4.3.

Example 4.1 LetY =1(0,1] and F,, ,(t) = Py |
u—v
complete Menger space (see section 1.3). Let the mapping </ be defined as:

forallu,veY,t>0. Hence, (Y,FEmin) isa

o (u) = % forall uelo,1].

We will show that </ is a  -contracting mapping:

t
lu—v|
4
t
1 )
t+ zlu— V|

= F, ().

1

1 2
Fowaw (1) =
2 r+

D=

Thus, we have shown that the mapping < satisfies all the assumptions of Theorem 4.3.
Consequently, it has a unique fixed point ¢ = 0.

This foundational result has inspired a wide range of further research (see, for example,
[84, 90, 113]). One of the most significant contributions to fixed point theory in probabilistic
metric spaces is attributed to Hadzic [53, 54], which led to numerous generalizations and
applications across various branches of mathematical analysis. For additional fixed point
theorems in this area, we refer the reader to [54] and the references cited therein.

4.2 Dynamicinformation theorems about fixed points for ra-
tional contractive mappings on Menger PM spaces

In this section, we extend the theorems presented in Chapter 2 to the framework of Menger
probabilistic metric (PM) spaces. Additionally, we explore the dynamic properties of the
fixed-point sets associated with such mappings, highlighting the intricate relationships and
behaviors that emerge in this probabilistic context.

Before delving into our original findings, we first introduce the following definition, which
plays a crucial role in the theoretical developments presented in this chapter.
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Definition 4.2 Let (Y, F, min) be a Menger PM space, and let o/ be a self-mappingonY .
The mapping < is called a rational PM contraction mapping if and only if there exist four
non-negative real numbers a, B,v,6 (with at most one of a or 5 equal to zero) such that

a+p B
— <l 4.2.1
ax{)/+5 5}< (4.2.1)
and . t
amin {Fud(u) (%) v Fuoer) (5)} +p
ymin{Fy /) (1), Fywq (D} +6

1 = For(u),ar ) (1) = (1= Fy(), (4.2.2)

forallu,veY and t > 0.

4.2.1 Non-uniqueness fixed point result

The following theorem establishes a non-uniqueness fixed point result, guaranteeing the
existence of at least one fixed point in the context of a complete Menger PM space under the
rational PM contraction condition.

Theorem 4.4 Any rational PM contraction mapping (in the sens of Definition 4.2) defined on
a complete Menger PM space has at least one fixed point. Moreover:

1. Every Picard sequence converges to a fixed point;

2. If the mapping has two distinct fixed points & and 1), then for all t > 0,

a+p-6
Fé,ﬁ(t)smax T,O or Féyﬁ(t):l.

Proof Let (Y, Fmin) be a complete Menger PM space, and let « be a self-mapping on
Y.

Let (u,) nen be a Picard sequence in Y with an arbitrary initial value yy € Y and recurrence
relation uy,+, = </ (u,), where n e N. Let ¢ > 0.

Claim 1: The sequence (u,) sen is a Cauchy sequence.

By setting u = u,_; and v = u, in inequality (4.2.2), we obtain

amin{Fy, | u,(5), Fu, up (3} + P

1-F _ () = - (1-Fy, , u,(D)
A 1), < (i) ymin{Fy, .., (), Fu, () (D)} +6 =1 tn

aFun—l un+1(t) + 16

< ' 1-Fy, _,u, (D)
YFup 1,1 (1) +6 ot

a+p B
< maX{ Y+5’5} (1= Fy,_y,u, (1)
<

a+p B\" .

— aFun—lrunH n+p
Define 6,,(¢t) = T RGE) for each n e N.

Let n, m € Nwith m = n. Then, we have

. r t t
Fup,u, (1) Zmin{Fy, o, (——), Fu, i upo (—)5 ooy Fup g upn (/)1 (4.2.3)
m-n m-n m-n

B. Laouadi 59 Univ. of OEB



4.2. DYNAMIC INFORMATION THEOREMS ABOUT FIXED POINTS FOR RATIONAL
CONTRACTIVE MAPPINGS ON MENGER PM SPACES

Thus,

r
1- Funrum(t) = max{l _Funvurﬁ—l (—) 1~ Fun+1vun+2(—)""’]‘ - Fum—l-um (——)}
m-—n m-—n m-—n

t t r r
en( )Hn—l( )61( )(1_Fu0,u1(—))
m-n m-n m-—n m-—n

IA

a+p B" t
ax{’)’+6’5} (1 Fuo,ul(m_n))
a+p g}”
ax{}/+5’5 '

IA

IA

Taking the limit as n, m — +00, we deduce

lim Fy ., (=1 Y£>0. (4.2.4)

n,m—+o0o

Thus, (u#,) nen is a Cauchy sequence.

As the space Y is complete, there exists &e Y such that lim,,_. o up, = £.
Claim 2: { is a fixed point of <.

By setting u = ¢ and v = u,, in inequality (4.2.2), we obtain

amin{F; ¢ (5); Fuyup ()} + B
1= F g (D= . 5;{(5) 2 ; u‘ 13 .
ymin{Fg , (0 F, :(0)}+

(I=Fg,, ().
Taking the limit as n — +oo, we find

aF; y)(5) + P
YFé,é(t) +0

1-F et < (1— Fg ¢(2)).

Thus,

nl—l»TooFd(f)ré(t) =1 forall t>0.

Therefore, of ((f) = 6 ,i.e., &« has at least one fixed pointin Y.

Claim 3: We assume that the mapping «/ has two distinct fixed points in Y. We seek to
determine the probabilistic distribution distance between these two fixed points.

Let {,7 € Y be two fixed points of .

By setting 1= ¢ and v = 1) in inequality (4.2.2), we obtain

a+p
1-F () £ —————
d(s).d(m() YFé,f](t)+6

(1= Fg,(1)).
This implies that

)/Fézﬁ(t)+(6—7/—04—,6)F5'ﬁ(t)+a+/3—520 forall £ >0,
Therefore,

a+pB-06
Fé'ﬁ(t)Smax T,O or Fé’ﬁ(t):l.

This completes the proof.
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4.2.2 Uniqueness fixed point result

In this section, we derive a uniqueness theorem that refines Theorem 4.4. This result estab-
lishes conditions under which rational contraction mappings defined on a complete Menger
PM space guarantee the existence of a unique fixed point. The following definition presents
a special case of rational contraction mappings that will play a crucial role in the subsequent
theorem.

Definition 4.3 Let (Y, F, min) be a Menger PM space, and let «f be a self-mappingonY .

The mapping «/ will be called a strict-rational PM contraction mapping if and only if there
exist four non-negative real numbers a, B,v,6 (with at most one of a or b equal to zero) such
that a + B < 6 and satisfying the inequality (4.2.2) for allu,ve Y and t > 0.

Theorem 4.5 Any strict-rational PM contraction mapping defined on a complete Menger PM
space has a unique fixed point on it.

Proof Let (Y, FEmin) be a complete Menger PM space, and let «/ be a self-mapping on
Y.

We start by proving that the mapping </ has at most one fixed pointin Y.

Let ¢ and 7)€ Y be two fixed points of <, and let £ > 0.

By setting u = ¢ and v =1 in inequality (4.2.2), we get

a+p
1= Foyamp () = W(l = Fe (1)).

Since ¢ and 7 are fixed points, we have of (¢) = ¢ and <7 (7)) = 7). Substituting these equali-
ties, the inequality becomes

)/Fézﬁ(t)+(6—7/—a—,6)Fge'ﬁ(t)+a+,B—520 forall £>0.

Since a + f < 6, this implies that Fé’ﬁ(t) =1 forall £ >0, hence «E =1). Thus, o possesses
at most one fixed point within the space Y.

For the existence of a fixed point, the proof follows from the argument detailed in Theo-
rem4.4.

This completes the proof.

The following example illustrates and supports Theorem 4.5.

Example 4.2 Let Y = {0, 1,2} be a set associated with the following distribution functions:

0 ifr=<2,
Fo,l(l‘)=F1,2(l‘)={ 1 iff>2
0 ifr=<o,
Fop()=% % ifo<t<3,
1 iftr>3.

Fuu(t)=H(t) forallueY andforall teR,

Fu,(t)=F,,(t) forallu,veY andforallzeR.
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The triple (Y,%,min) constitutes a Menger PM space because it satisfies all the condi-
tions outlined in Definitions 1.21 and 1.23. Conditions 1-3 of Definition 1.21 are evidently
met. It remains to prove the fourth condition:

e If Fy1(¢f) =1and Fy»(t) =1, then £ >2 and s > 3, leading to £ + s > 5. Therefore, F; » (¢ +
s)=1.

e If Fpo(2)=1and F12(¢) =1, then ¢t >3 and s > 2, leading to ¢+ s > 5. Therefore, Fy ; (¢ +
s)=1.

e If Fp () =1and F12(¢) =1 then, £ > 2 and s > 2, leading to ¢+ s > 4. Therefore, Fy»(f +
s)=1.

Moreover, Menger’s triangle inequality is satisfied, as forall z,s >0

Fo2(t+s) =2min{Fy (£); F12(8)}, (4.2.5)
Fo1(t+ s) =z min{F(1); F1 2(s)}, (4.2.6)
Flyg(l' +8)= mil’l{F()’l (f);F()’g (8)}. 4.2.7)

Additionally, (Y, %, min) is a complete Menger PM space. Let «/ be a self-mapping de-
fined on Y as follows:

AH0)=0 HL1)=1 L(2)=0.

We proceed to confirm the validity of inequality (4.2.2) by settinga=y=90 =1and = %

ai§<1and§<1.

We now verify inequality (4.2.2) under each of the possible scenarios.
In the case where u = v, inequality (4.2.2) is immediately verified.
For u=0and v=1, we have

Given this choice, we observe that

1 ift=2,
1= Fo0),e1)(2) = 1= Fo,1(8) = { 0 ifr>2.
and
min{Fo,d(o)(%);Fl,d(l)(é)} + % (1=Fy1(0) = 1.5
min{Fo, ;1) (1); F1 0 (0} + 1 v Foa(+1
B 1.5 ift=<2,
- 0.75 iftr>2.
Hence,
1-Fy () <———— forall£>0.
0.1(1) Fo1(0)+1

For u=0and v =2, we have
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1 — Fyo(1)
=0
min{Fo,« ) (2); Fo,w ) (3} + 3
- (1= Fo2(1)).
min{Fy ¢4 2)(1); F2, o70) (D)} + 1

1= Foy0),2) (1)

For u=1 and v=2, we have

1 ift=2,

1-Foq)a@ (@) =1-F o) = { 0 ifran

and

: 1. t 1 t 1
ml.n{Fl,d(l) (3) P22 (5} + 5 (1= Fyo(0) Fo2(3)+3 (1= Fip(t)
min{F g 2)(1); F2, o) (D} +1 Fo)+1
3 ifr=o,

1 if0o<et=<2,
0 ifr>2.

Hence,

£y, 1
%(1 —F12(1)) forall £>0.

All conditions of Theorem 4.4 have been verified. Therefore, the mapping </ possesses
at least one fixed point in Y (specifically, it has two fixed points: 0 and 1). Moreover, it holds
that Fo,1 (¢) < 1 or Fo1 (1) = 1.

Additionally, every Picard sequence (< (1)) nen converges to a fixed point. Specifically:

- If uy =0, then </ (u,,) = 0 for all n € N, which converges to 0.

-If up =1, then &/ (u,) = 1 for all n € N, which converges to 1.

- If up =2, then o/ (u,,) =0 for all n € N, which converges to 0.

1 —Flyo(t) <

Remark 4.2 Very interesting results can be obtained in the same framework of Menger PM
space for the case of multivalued operators.

B. Laouadi 63 Univ. of OEB



Chapter 5 . .
Fixed point theorems and

dynamic results in b-metric
spaces under rational general-
ized contractive conditions with
applications

The concept of a b-metric space generalizes the standard metric space to accommodate a
broader class of spaces, where the notion of distance is more flexible. Unlike traditional
metric spaces, where the distance function must satisfy the triangular inequality, b-metric
spaces relax this requirement by introducing a multiplicative constant. However, this relax-
ation comes at the cost of losing certain key properties, such as the continuity of the metric
function, which can complicate theoretical analysis. Despite these challenges, this general-
ization has led to the development of new mathematical frameworks and methods, signifi-
cantly broadening the scope of fixed-point theorems beyond the classical metric setting.

Fixed-point theory, a critical tool in many areas of mathematics, particularly in analysis
and topology, has seen substantial advancements within the framework of b-metric spaces.
The foundational result in fixed-point theory for metric spaces is Banach’s contraction prin-
ciple, which guarantees the existence and uniqueness of a fixed point under specific contrac-
tive conditions. In 1993, Czerwik [32] extended Banach’s contraction principle to b-metric
spaces, establishing foundational results that have since inspired extensive research in this
area. Many authors have subsequently generalized several classical fixed-point theorems
to accommodate a variety of contractive conditions and different types of mappings in b-
metric spaces, including both single-valued and multi-valued mappings.

Motivated by the extensive literature on linear and nonlinear contractive operators cited
in Chapter 2, this chapter presents both uniqueness and non-uniqueness fixed-point results
for mappings that satisfy rational-type contractive conditions in b-metric spaces. These
results extend the work of Khojasteh [76] and Aouine [9] to the setting of b-metric spaces.
Furthermore, compared to Khojasteh’s results, this chapter offers more precise dynamic in-
sights. Most of the theorems in this chapter have been published in convenable journals; see
[12, 83].
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5.1. BANACH’S CONTRACTION PRINCIPLE IN THE CONTEXT OF b-METRIC SPACES

5.1 Banach’s contraction principle in the context of h-metric
spaces

The following theorem is one of the earliest fixed-point results in b-metric spaces, proven by
Czerwik [32]. It serves as an extension of the classical metric case.

Theorem 5.1 [32] Let (Y, 1) be a complete b-metric space with constant s = 1, and suppose
that of : Y — Y satisfies
T( (u), A (V) < p(T (1, V)

forallu,ve Y, where g :[0,00) — [0,00) is an increasing function such that
. n _
Jim,¢"(0 =0
foreach t =0. Then o has a unique fixed pointé € Y andlim,—oo.«/™(u) = ¢ foreach ueY.

Proof The proof of this theorem can be found in [32]. Notably, Kajant6 and Lukécs [66]
provided a more refined version of this proof in 2018 for improved accuracy. [ |

If we set ¢(t) = kt for t € [0,00) and some constant k € [0, 1), we get the following corol-
lary, which extends the classical Banach fixed point theorem.

Corollary 5.2 Let (Y, 1) be a complete b-metric space with constant s = 1, and suppose that
o Y — Y satisfies
7( (W), o/ (V) < kt(u, V)

forallu,ve Y, wherek € [0,1). Then, o has a unique fixed poim‘é €Y, andlim,_.oo /™ (u) = 6
foreachueY.

Remark 5.1 Note that this corollary was initially proved for some constant k € [0, %) (see [77,
Theorem 1]). This result was later extended to include the interval [%, 1).

For additional fixed-point results and examples in b-metric spaces, readers may refer to
[3, 8, 18, 31-33, 39, 40, 58, 59, 66, 73, 77, 91, 92, 126, 127].
The results presented in Sections 5.2 and 5.3 are published in [12, 83].

5.2 Uniqueness fixed point results in b-metric spaces

The following theorem provides a fixed point result in the context of a b-metric space un-
der a special contractive condition that combines a rational contraction condition with the
Bianchini contraction. This result generalizes and improves the result of Aouine A.C. and
Aliouche A. [9] (Theorem 2.33).

Theorem 5.3 Let (Y,1,s) be a complete b-metric space, and let «/ be a self-mappingon Y. If
there exist five positive real numbers a, B,7,0,€ such that s*a < min{y, 5} or s* < min{y, 6},
and forallu,veY,

at(u, o (V) + pr(v, A (W)

(o (W), o/ (V) < YT (u, o4 (1) + 6T (v, o/ (V) +€

max{t(u, </ (), (v, < (V))}. (5.2.1)

Then, o has a unique fixed pointé€ Y.
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Proof Let (uy,),en be a Picard sequence (u;,+1 = </ (1)) based on an arbitrary uy € Y. If
there exists an ng € N such that u,, = u,,+1, then u,, is the fixed point of </, and the proof is
complete. If u, # u,4; for all n € N, we follow the following steps:

Step 1: We show that (u,) ,en is @ Cauchy sequence.

Case 1: If s2a < min{y, 6}, by substituting u = u,-; and v = u, into inequality (5.2.1), we
find:

at(Up-1, Un+1)

T(Un, Ups1) <= max{t(uy—_1, Un), T(Upn, Un+1)};
YT (Up—1, Upn) + 0T (Up, Upt1) +€
ast(Up-1, Up) + AST(Up, Up+1) )
< max{t(uy—_1, Un), T(Upn, Up+1)};
YT (Un-1, Un) + 0T (Up, Ups1) +€
ast(up—1, Uy) + ast(Up, Ups1)
< T(Up-1, Up).

minty, 6}(t (Un—1, Un) + T (Un, Ups1)) +€

: ast(Up-1, Up) + AST(Up, Up+1)
min{y, 6}(T (Un-1, Un) + T(Up, Un+1)) +€
0, < % for all n € N. Furthermore, the sequence (8,,) ,en is decreasing.
On the other hand, we have:

Let 0, for all n € N. Since s?a < min{y, 5}, then 0 <

IA

T(Up, Un+1) OnT(Up—1, Un);

IA

010117 (Up—2, Up-1);

IA

0n0n-1---017(up, ur);
< 07t(up, uy).

Now, for all n, m € N such that m > n, we have:

—

m—

i—-n+l .

T(Up, Um) <= Y s oy, ui);
i=n

m-=1 .
< s (wg, wy);
i=n
(s61)" - (s67)™ 1 ( )
< x T(Up, U).
1-s6; sn-l to. th

By taking the limit as n, m — +oo on both sides of the previous inequality, we get:

lim 7(uu, u;,) =0. (5.2.2)
n,m—+oo

Thus, (u#,) nen is @ Cauchy sequence in Y.

Case 2: If 2 p < minf{y, 6}, by substituting u = u, and v = u,4; into inequality (5.2.1), we
proceed similarly as in case 1, proving that the sequence (u,,) ,en is Cauchy.

Hence, by completeness of the space Y, the sequence (u,) converges to a point of Y,
denoted as € Y.

Step 2: We verify that ¢ is a fixed point of . Suppose that 7 (¢, o/ (£)) > 0.

Case 1: If s?a < min{y,d}, by substituting u = u, and v = (f into inequality (5.2.1), we
obtain:

at(up, < () + BT(tny1,E)
YT (U, Uns1) + 0T, A (&) +€

T(A (&), Ups1) < maxi{z (&, (&), T (Un, Un+1)}.
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On the other hand, we have:

1€, L) < sTE Ups1) +ST(Uns1, A (E);
at (Up, < (E) + Pr(Un+1,$)
YT (U, Uns1) + 0T, o (&) +€

By taking the limit superior on both sides of (5.2.3), we obtain:

maxi{z (&, (&), T (Un, UnDR-3)

< st ups1) +s

salimsup,, ., T(ty, o (&)
51, () +e

1,4 (&) < 7, (&),

According to Lemma 1.3, we get:

2

. . sca . .
(¢, () s ————— 1, A (D).
51,4 (&) +e

Then,
2

1< S—
0TS,/ (8) +e€
Since s?a < min{y, 6}, it follows that s?a < 8, hence szar(é,d(é)) < 61(5,%(5)) + ¢, which
contradicts the inequality (5.2.4). Therefore, 7, () =0, meaning «f &) =¢.
Case 2: If s?8 < min{y, 8}, by substituting u = ¢ and v = u, into inequality (5.2.1), we
obtain:

1(¢, (D). (5.2.4)

at (&, uns1) + BT (uy, o (€))

——— T i
yr(é,d(.{))+5r(un,un+l)+€max{r(<f (), T (U, Uni1)}

7(A (), Upi1) <

Similarly, as in Case 1, we can deduce that «/ (é ) N 6 . _
Step 3: Suppose that «/ has two fixed points ¢,7 in Y. By substituting # = ¢ and v =7 into
inequality (5.2.1), we obtain:

at(E,n)+ BT,
y1(, &) +61(0,0) +€

(M) < max{z(¢,&), 71, M)}

Thus, 7(£,7) = 0, which implies that ¢ = 7). This completes the proof of the theorem.
|

Remark 5.2 Ifwetakea ==y =0 =€=1ands=1 in Theorem 5.3, we recover the result of
Aouine A.C. and Aliouche A. [9] (Theorem 2.33).

The following example illustrates and supports Theorem 5.3.

Example 5.1 LetY =[0,4.5] andt:Y x Y — R* be defined by t(u,v) = (u—v)? forall u,ve Y.
The pair (Y,7,2) is a complete b-metric space. Let & : Y — Y be a self-mapping given by

4.5 ifue]0,2.5],

o (u) = { ;
4  ifue(2.5,4.5].

Let u,veY and denote

_ 7(u, o (V) +1(v, o (U))
m(u,v) = T(&f(u),&f(v)H4T(u’d(u))+4r(v,ﬂ(v))+lmax{r(u,&f(u)),r(v,&f(v))}.

Ifuel0,2.5[ andve [2.5,4.5], we plot the curve of the function m over this domain.
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Figure 5.1: Curve of the function m.

We observe that it is positive, which proves the validity of inequality (5.2.1) for all u €
[0,2.5[ and ve [2.5,4.5]. The other cases are trivial.
Therefore, by choosinga = =€ =1 andy = 6 =4, all conditions of Theorem 5.3 are satisfied.
Hence, of has a unique fixed pointé in' Y (hereé = 4).

If we take s = 1 in Theorem 5.3, we obtain the following corollary.

Corollary 5.4 Let (Y,0) be a complete metric space and let o/ be a self-mapping inY. If there
exist five positive real numbers a, B,v,6,€ € R* such that a < min{y, 5} or f < min{y,d}, and
forallu,veY,

ao(u,sf (v) + Bo (v, </ (u))

Yo (A (1) + 00 W, A (1) + ¢ KO L W), oW, LWL (5:2.5)

o(A (W), (V) <

Then, o has a unique fixed point & € Y. Moreover, every Picard sequence converges to E.
The following example illustrates and supports Corollary 5.4 and Theorem 5.3.

Example 5.2 LetY = {0, 1,2} be associated with a metric o such thatc(0,1) =0.6, 6(0,2) =1,
ando(1,2) =0.4. Also, o(u,v) =o(v,u) forallu,ve Y, ando(u,u) =0 forallueY.

Let o/ be a self-mapping inY such that «/(0) =2, /(1) =1, and </ (2) = 1.

It is easy to conclude that (Y, 0) is a complete metric space, and the inequality (5.2.5) was
verified for all u,ve Y with constantsa ==y =6 =3 ande = i. According to Corollary 5.4,
we conclude that &/ has a unique fixed point. Additionally, every Picard sequence converges
toé.

Remark 5.3 It should be noted that Theorem 2.33 (the result of Aouine A.C. and Aliouche
A.[9]) is not applicable in this example, whereas the generalized Corollary 5.4 is applicable,
as shown in the example above. This demonstrates the robustness of our results.

If we take y = 6 = f = 0 in Theorem 5.3, we obtain the following corollary.
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Corollary 5.5 Let (Y, 1,s) be a complete b-metric space, and let « be a self-mappinginY. If
there exists a nonnegative number k such that for all u,veY,

7(f (W), of (V) < kT (1, of (V)T (u, 4 (1), (5.2.6)
then o/ has a unique fixed point é € Y, and every Picard sequence (<f (i4,)) neny converges to .

Proof Since 1(u, </ (1)) < maxt(u, < (1)), 7(v, < (v)), equation (5.2.1) is satisfied for all
u,ve Y with the constantsy=6 =f=0and a = _ke. Thus, all the conditions of Theorem 5.3
are satisfied. Hence, & has a unique fixed point €Y. [ ]

5.3 Non-uniqueness fixed point results in b-metric spaces

This section is dedicated to establishing fixed point theorems based on a contraction condi-
tion that is more general than (2.5.1) and (2.4.5) within a b-metric space. This condition does
not require the continuity of the mapping and enhances the dynamic properties in cases of
non-unique fixed points.

Theorem 5.6 Let (Y,7,s) be a complete b-metric space, and let o/ be a self mappingonY. If
there exist five positive real numbers a, B,v,0, € such that s2a < min{y, 0} or s2 B < min{y, 6}
and forall u,ve Y the following inequality holds:

at(u, o (V) + Pr(v,of (u))

T(A(w), A (V) < Y20 <4 (1) + 0T, A (1) +er(u, V), (5.3.1)

then
1. of has at least one fixed pointé € Y,

2. every Picard sequence (f (u,)) nen converges to a fixed point,

3. if<f has two distinct fixed points &, in Y, thenT(¢,19) = aiﬁ'

Proof Let (uy,)nen be a Picard sequence (u,+1 = &/ (u,)) based on an arbitrary up € Y. If
there exists an np € N such that u,, = u,,+1, then u,, is the fixed point of &, and the proofis
complete. If u, # u,+ for all n € N, we proceed with the following steps:

Step 1: Show that (u,) ,en is @ Cauchy sequence.

Case 1 If s>« < min{y, 6}, by putting u = u,,_1 and v = u, in inequality (5.3.1) we find,

at(Up—1, Un+1)
T(Up, Ups1) < T(Un-1, Un);
YT (Up-1, Up) + 0T (Up, Up+1) +€
astT(Up—1, Uy) + aST(Up, Up+1)
YT (Up-1, Upn) +OT (U, Up+1) +€

asT(Up—1,Uy) + aST(Up, Up+1)

IA

T(ul’l—l) un))

IA

min{’)/;(S}(T(un_l, un) + T(un, un+1)) +€T(un_1’ un)

— 1 + )
We denote that 8,, = — aST(Un-1, Un) + QST (Un, Un+1) forall n e N.
min{y; 6}(7(tn-1, Up) + T(Un, Uns1)) +€

Since s?a < min{y,8}, then 0 < 6, < 1 for all n € N, furthermore, the sequence (0,,) pen is
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decreasing because for all n € N,

ase|T(Un+1, Un+2) — T(Un-1, Uy) |

One1=0n = [ min{y; 6}(T (Un, tn+1) + T (Un+1, Un+2)) +€]
1
i gy; 63 ( o1, thn) + Tt i) +€]
< 0.
On the other hand we have,
T(Un, Un+1) = Op7(Up-1, Un);

IA

01,017 (Up—2, Up—1);

IA

0,0n-1---017(up, 1);
< 077(up, uy).

Now, for all n, m € N such that m > n, we have

m—-1
T(Up, Uy) =< s
i=n
m-1
S

i-n+1 .
T (U, Ujs1);

IA

i-n+lpi .
017 (up, uy);
=n

i
(s01)" = (s61)™
1-s6, sn—1

T(u()) ul)-

By passing to the limits n, m — +o0o0 on both sides of the previous inequality we get,

Iim t(u,, uy) =0. (5.3.2)
n,m—+oo
Then (uy,) nen is @ Cauchy sequence in Y.
Case 2 If 52 p < min{y, 8}, by putting u = u, and v= u,_; in inequality (5.3.1), we find,

ﬁT(un—lyun+l)
T(Uy, Upe1) < T(Up—1, Uy).
e YT(Up, Uns1) + 0T (Up_y, up) +€

Similarly, as in Case 1, we can deduce that (u,) ,en is @ Cauchy sequence in Y.
Since the b-metric space (Y, 1, s) is complete, there exists ¢ € Y such that,

lim u,=_¢.
n—+oo

Step 2: We check that ¢ is a fixed point of <.
By putting u=¢, v= u, in inequality (5.3.1), we find,

at(é, uns1) + BT (up, 4 ()

Raddul (&, uy). (5.3.3)
YT, L () +6T (U, Uns1) +€

(A (&), Upi1) <

By taking the limit on both sides of (5.3.3), we have lim,,_ ;» u, = d((f). Because of the
uniqueness of the limit, we find </ (§) =¢.
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Step 3: Suppose that of has two distinct fixed points ¢,7 in Y and we find the distance
between them.
By putting u = ¢, v =1 in inequality (5.3.1), we find,

at(é,n) + BT,
Y1, &) + 81,0 +e€
(a+ P10
€

t,n) < T(€,M);

T(,1).

Then, 7(,7) = j_ 5 This completes the proof of the theorem. [ |
a

Remark 5.4
-Ifwetakea ==y =06 =€=1ands =1 in Theorem 5.6, we return to the results of

Khojasteh et al. [76].
- If we take s = 1 in Theorem 5.6, we return to Theorem 3.1.

The following example supports our Theorem 5.6.

Example 5.3 LetY ={0,1,2} andt:Y x Y — R* be defined by t(u,v) = (u—1v)? forallu,ve Y.
The space (Y,7,2) is a complete b-metric space. Let «f : Y — Y be a self-mapping given by
A0)=0,4(1)=0, and «/ (2) = 2.

If u=v, the equation is obviously verified. Now, we treat the other cases:

Ifu=0andv=2, we have

7(0,2) = (7(0,2) +57(0,2))7(0,2).

Ifu=1andv=2, wehave

7(1,2) +57(0,2)
7(0,2) = 7(1,0).
47(1,0)+1

Ifu=2andv=0, we have

7(0,2) < (7(0,2)+57(0,2)7(0,2).

Ifu=2andv=1, we have

7(0,2)+571(1,2)
7(0,2) < 7(1,0).
47(1,0)+1

This means that equation (5.3.1) is verified with constantsa =1, =5,y =4,e¢=1, and § = 4.

Furthermore, all conditions of Theorem 5.6 are satisfied, so </ has at least one fixed point in

Y. )

We remark that «/ has exactly two fixed points: 0 and 2. Moreover, 7(0,2) = s
The following theorem confirms the existence of a non-unique fixed point under a mod-

ified rational contraction condition combined with a Chatterjea-type condition. Note that

this result is a corrected version of [83, Theorem 3].
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Theorem 5.7 Let (Y,71,5) be a complete b-metric space and let </ be a self-mapping in Y. If
there exist five positive real numbers a, B,y,6,€ € R* such that (3+sa < min{y, 0} or (s3 +
s%) < min{y, 8} and for all u,ve Y,

at(u, o (v) + 1 (v, of (1))

T(d(u),d(V))SW(u,d(u))+6T(V’d(l}))+€max{r(u,d(v)),r(v,d(u))}. (5.3.4)

Then,
1. of has at least one fixed pointé€ Y,

2. Every Picard sequence (<« (uy,)) nen converges to a fixed point,

3. If<f has two distinct fixed points &7 in Y, then (¢, 0) = arp

Proof Let (u,)nen be a Picard sequence (1,41 = </ (u,)) based on an arbitrary yp € Y.
If there exists ny € N such that u,, = u,y+1, then u,, is the fixed point of «¢ and the proof is
complete. If u, # u,+ for all n € N, we follow these steps:

Step 1: Show that (u,) ,en is @ Cauchy sequence.

Case 1 If (s* + s?)a < min{y, 6}, by putting u = u,,_; and v = u, in inequality (5.3.4), we
find:

T(Up, Up+1) < a7 (Uin-1, tns) T(Up-1, Un+1);
YT (Un—1, Un) + 6T (Up, Upy1) +€
asT(Up—1, Uy) + AST(Uy, Up+1)

Ty, B} (1, i) + Tttt ) 6 =1 ) & ST (i, )]

—1» + ) . .
Denotef,, = — ST (Un-1, Un) + QST (Up, Un+1) forall n € N. Since (s*+s?)a < min{y, 6},
min{y, 6} (T (up-1, Un) + T(Un, Ups1)) +E€
then0<80, < ﬁ forall n e N.
On the other hand, we have:

T(Up, Un+1) < OplST(Up—1, Up) + ST(Up, Ups1)].

Then,

T(Un, Ups1) < T(Up—1,Up).

n

0,s

Denote A,, = for all n € N. Since 0 <8, < ﬁ for all n € N, we have 0 < A, < 1.

]. - ns
Thus, T(uy,, un1) < T(Un—1, Uy) for all n € N, hence 7(uy41, Une2) < T(Uy-1, Uy). Furthermore,
the sequence (0,) ,en is decreasing. consequently, the sequence (A,) ey is also decreasing,

which leads to:

IA

T(Up, Un+1) AnT(WUp—1, Up);

IA

AnAn-1T(Up—2, Up-1);

IA

AnAn—1-+- AT (U, w1);

IA

AT (up, uy).
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Now, for all n, m € N such that m > n, we have:

IA

m-1
i—n+1 .
T(Up, Up) Y s T (wg, ui);
i=

Lo

m—

IA

i-n+l9gi .
N A/lT(u()r ul))

i=n
(SA) = (sAp™ y 1
1-sA; sn-l

T (Up, Uy).

By taking limits as n, m — +00, we obtain:

Ilim t(u,, u,)=0.
n,m—+oo

Thus, (u#,) nen is @a Cauchy sequence in Y.
Case 2 If (s® + s?) § < min{y, 8}, by putting u = u,, and v = u,_; in inequality (5.3.4), we

find:

ﬁT(un—lxun+1)
T(Up, Ups1) < T(Up-1, Ups1).
e YT(Up, Uns1) + 0T (Up1,up) +€

By following similar steps as in Case 1, we can conclude that (u,),en is also a Cauchy se-
quence in Y. Since the b-metric space (Y, 7, s) is complete, there exists ¢ € Y such that

lim u,=_¢.
n—+oo

Step 2: Check that ¢ is a fixed point of <.
Suppose 1(¢, </ (£)) > 0. _
Case 1 If (s® + s?)a < min{y, 8}, by putting u = u,, v= ¢ in inequality (5.3.4), we find:

at(uy, () + Br(é, tns1)
YT (U, tns1) + 0T, o () +€

T(A (&), Ups1) < maxi{z (&, up11), 7 (tn, o ()} (5.3.5)

On the other hand, we have

sT(, un+1)+sr(un+1,w(§)); .
sat(Uy, (&) +sPr(&, ups1)
YT (U, tns1) + 0T, AL () +€

By taking limit superior on both sides of (5.3.6), we have,

7, ()

IA

max{z (&, up11), 7 (1, o (€15}3.6)

ST, Ups1) +

IA

(limsup 7 (uy, o (£)))?. (5.3.7)

. . a
, <—F
T ) = S By re sy

According to Lemma 1.3, we get,

3

. . s°a . .
(¢, () < —————1(¢, (D), (5.3.8)
51(¢, () +e

This leads to

sSa

ls——— 7¢,). (5.3.9)
0T, A () +e bt
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Since, (s° + s?)a < min{y, §}, then ssq <9, then sSat (oA (&) <.5T(§,.52¢(é)) +¢ which contra-
dict inequality (5.3.9). Therefore, 7(¢, </ (£)) =0, that mean &/ () =¢.

Case 2 If (s3 + s*) f < min{y, 6}, by putting u = ¢ and v = u,, in inequality (5.3.4), we find:
at (&, up+1) + BT (un, o (&)
YT, () + 6T (Un, Ups1) +€
Following similar steps as in Case 1, we can deduce that </ (é) = cf )

Step 3: Suppose </ has two distinct fixed points ¢,7 in Y and we find the distance be-
tween them. By putting u = ¢ and v =1 in inequality (5.3.4), we find:

at(&,n) + BT, E)
y1(é,&) +8T(M,7) +¢€
(a+ﬁir(€,n)r(é,m.

7(A (), Ups1) < max{z (&, t41), T (1, o ()}

T, n) T, m);

Then, 7(¢,7) = vt
a
If we take y = 6 = f = 0 in theorem 5.6, we get the following corollary

Corollary 5.8 Let (Y,7,s) be a complete b-metric space and let <f be a self mappingon Y. If
there exists a positive number k, for allu,ve Y

(A (W), (V) < kt(u, o/ (V)T (1, V). (5.3.10)
Then,
1. of has at least one fixed pointé€ Y,

2. Every Picard sequence (<« (uy,)) nen converges to a fixed point,
. . 1
3. If o/ has two distinct fixed points &,7) inY then, T(¢,1) = T

In the same way, we find

Corollary 5.9 Let (Y,7,s) be a complete b-metric space and let < be a self mappingonY. If
there exist nonegative number k, for all u,veY,

1(L (1), 4 (V) < k1 (1, (1))>. (5.3.11)

Then, o has at least fixed point& € Y, and every Picard sequence (of (14,)) nen converges to
a fixed point.

Proof Since 1(u, </ (v)) < maxt(u,  (v),7(v,< (1)), equation (5.3.4) is satisfied for all
u,ve Y with the constants y =6 = = 0 and a = ke. Thus, all the conditions of Theorem 5.7
are satisfied. Hence, < has at least fixed point € Y. [ |

The subsequent theorem extends and unifies the two previous theorems.

Theorem 5.10 Let </ be a self mapping acting on a complete b-metric space denoted by (Y, 1, s).
Assume there are five constants a, 8,y,0, and € € R* that ensure either s>a < %min{y, 0} or
s*f < 1 min{y,6} and forallu,ve Y,

at(u, (V) + pr(v, A (W)

T( (), o (V) < YT (U, (W) +61(v, o (V) +€

max{t(u, <« (v),7(v,« (W), 7(u,v)}. (5.3.12)

Then,
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1. There is, at a minimum, one fixed point, denoted by &, within the space Y for the map-
ping < ;

2. Each Picard sequence (<f (u,)) nen converges to one of the fixed points;
3. If o/ has several fixed points, then each pair of them must satisfy the inequality (5.3.13):

(5.3.13)

(M= ——0.
U 5
Proof The procedure for proving the above theorem is omitted because it is similar to

the proof of Theorem 5.7.
]

The following example illustrates and supports Theorem 5.10.

Example 5.4 LerY = [0;0.2] U[1;2] associated with a b-metrict such thatt(u, v) = (u—v)* for
allu,veY.
Let o/ : Y — Y be a self mapping given by,

0 ifuel0;0.2],

oA (u) =
{1 ifue[l;2].

It is easy to conclude that (Y, 1) is a complete b-metric space with the constant s = 2.
Let u,ve Y and denote by m the function,
7(u, o/ (V) + (v, o (1))

m(u,v):—T(&f(u),&f(v)HIGT(u,d(u)HIGT(U’Q{(U))Hmax{r(u,af(v)),r(v,&f(u)),r(u,V)}.

Ifu=v, the equation is obviously verified;

Ifu,ve [0;0.2] or u,ve [1;2], the inequality is obviously verified;

Ifue[0;0.2] and ve [1;2] or ue [1;2] and v € 0;0.2], we plot the graph of the function m
over this domain.

Figure 5.2: Plot of the function m.

It is worth noting that the inequality (5.3.12) holds true on this domain for the constants
a=p=1,y=06=16,ande = 1. By applying Theorem 5.10, we can deduce that o/ possesses no
less than one fixed point. The function has precisely two fixed points, either 0 and 1. Further-
more, it can be observed that the distance separating each other, denoted as 1(0, 1), is greater
than or equal to one-half.
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Next, we present the following theorem, which extends and unifies the findings of Kho-
jasteh et al. [76] and A.C. Aouine and A. Aliouche [9].

Theorem 5.11 Let </ bea self mapping acting on a complete b-metric space denoted by (Y, 1, s).
Assume there are five constants a, f,v,0,€ € R* that ensure either s?a < minf{y, 6} or 52,6 <
min{y, 0}. Additionally, the equation (5.3.14) holds for all values of u and v belongingtoY .

at(u, (V) + pr(v, A (W)

T(d(u),d(v))sYr(u,d(u))+6T(U,d(v))+€max{r(u,v),T(u,d(u)),T(v,d(v))}. (5.3.14)

Then,

1. There is, at a minimum, one fixed point, denoted by &, within the space Y for the map-
ping < ;

2. Each Picard sequence (<f (u,)) nen converges to one of the fixed points;

3. If o has several fixed points, then each pair of them must satisfy the inequality (5.3.15):

1,0 = (5.3.15)

a+p
Proof The procedure for proving the above theorem is omitted because it is similar to

the proof of Theorem 5.7. u
The subsequent example explains and affirms Theorem 5.11.

Example 5.5 LetY = {0,1,2} be a set equipped with a b-metric T defined as follows: 7(0,1) =
0.2,7(0,2) =1 andz(1,2) = 1.5. Additionally, T(u,v) = 1 (v, u) and t(u, u) = 0 for every u,veY.

Consider a self-map o actingonY defined by «/(0) =0, «/ (1) =0 and &/ (2) = 2.

It may be readily inferred that the b-metric space (Y, T) is a complete b-metric space with
the constant s = \/2. Moreover, the inequality (5.3.14) holds for every u,ve Y, with constants
a=2,p=1,y=0=2ande=3.

Theorem 5.11 leads us to the conclusion that «/ has a minimum of one fixed point (pre-
cisely, o possesses two distinct fixed points 2 and 0). Furthermore, it can be observed that the
distance separating each other, denoted as 1(0,2), is greater than or equal to one.

The following theorem establishes the existence of a non-unique fixed point under a
modified rational contraction condition combined with a Ciri¢-type condition. It unifies
and extends all previously mentioned fixed point results in this chapter.

Theorem 5.12 Let </ be a self mapping acting on a complete b-metric space noted by (Y, 1, s).
Assume there are five constants «, B,y,6, and € € R* that ensure either sSa < %min{y, 0} or
s*f < 2 min{y,6} and for allu,ve Y,

at(u, (V) + Pt (v, A (1))
T(&f(u),&f‘(v))sYT(uyd(u))+5T(v’d(v))+€max{r(u,d(v)),T(v,&f(u)),r(u,&f(u)),r(v,&f(v)),r(u,v)}.
(5.3.16)

Then,

1. Thereis, at a minimum, one fixed point denoted as & within the space Y for the mapping
;
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2. Each Picard sequence (<f (u,)) nen converges to one of the fixed points;

3. If o/ has several fixed points, then each pair of them must satisfy the inequality (5.3.17):

T(é, 1) = (5.3.17)

a+p

Proof The procedure for proving the above theorem is omitted because it is similar to
the proof of Theorem 5.7. [ |
The following example illustrates and supports Theorem 5.12.

Example 5.6 LetY = {>k, ¥, A} be a set equipped with a b-metrict defined as follows: T (3, ¥) =
0.2, 7(%,A) =1 and (4, A) = 1.5. Additionally, T(u,v) =t (v, u) and t(u,u) =0 forallu,ve Y.

Consider a self-map </ actingonY defined by <f (k) = %, </ (#) = § and </ (A) = %k.

It may be readily inferred that the b-metric space (Y, T) is a complete b-metric space with
the constant s =3 \/2. Moreover, the inequality (5.3.16) has been held for every u,ve Y, with
constantsa =2,=1,y=0 =4 ande =0.6.

Theorem 5.12 leads us to the conclusion that </ has a minimum of one fixed point (pre-
cisely, o/ possesses two distinct fixed points % and $). Furthermore, it can be observed that
the distance separating them, denoted as T (%, ¥), is greater than or equal t00.2.

Following the same proof procedure as before, we can introduce additional modifica-
tions to these results, yielding the following findings.

Theorem 5.13 Let </ be a self-mapping acting on a complete b-metric space noted by (Y, 1, s).
Assume there are five constants a, 3,7,8,€ € R* that ensure either s’a < %min{y,é} or 3B <
1 min{y, 6}, and for allu,ve Y,

at(u, o (V) + Br(v,<f (1)

T(of (W), o (V) < YT (w94 (W) + 6T (v, (V) +€

max{t(u, ' (v), T(v, o (W), T(u, (W) +7(v, o (V), T(uU, V)}.

(5.3.18)
Then,

1. There is at least one fixed point denoted as & within the space Y for the mapping < ;
2. Each Picard sequence (< (u,)) nen converges to one of the fixed points;

3. If o has several fixed points, then each pair of them must satisfy the inequality (5.3.19):

HEE (5.3.19)

a+pf
Proof The procedure for proving the above theorem is omitted because it is similar to
the proof of Theorem 5.7. u

Theorem 5.14 Let </ be a self-mapping acting on a complete b-metric space noted by (Y, 1, s).
Assume there are five constants a, B,y,0,€ € R* that ensure either sSa < %min{y,(’)‘} or 53/3 <
1 min{y,6}, and for all u,ve Y,

at(u, A (v) + (v, (W)

(o (W), o (V) < YT (o (W) + 6T (v, (V) +€

max{t(u, (V) +1(v, A (W), T(u, 4 (W), T (v, (V), T(u, V)}.
(5.3.20)

Then,
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1. There is at least one fixed point denoted as ¢ within the space Y for the mapping o/ ;
2. Each Picard sequence (< (u,)) nen converges to one of the fixed points;

3. If <l has several fixed points, then each pair of them must satisfy the inequality (5.3.21):

T(é, 1) = (5.3.21)

2(a+p)

Proof The procedure for proving the above theorem is omitted because it is similar to
the proof of Theorem 5.7. u

Theorem 5.15 Let </ be a self-mapping acting on a complete b-metric space noted by (Y, 7, ).
Assume there are five constants a, B,y,06,€ € R* that ensure either sSa < %min{y,@} or 53,8 <
%min{y, 0}, and forallu,ve Y,

at(u, o/ (V) + P (v, of (1))
YT (u, < (W) +6t(v, (V) +€

(A (W), A (V) < max{t(u, « (V) +1 (v, (W), T(u, « (W) +1 (v, A (v), 7(U, V)}.

(5.3.22)
Then,

1. There is at least one fixed point denoted as & within the space Y for the mapping <f;
2. Each Picard sequence (< (uy,)) nen converges to one of the fixed points;

3. If o/ has several fixed points, then each pair of them must satisfy the inequality (5.3.23):

7(¢,n) = (5.3.23)

€
2(a+p)

Proof The procedure for proving the above theorem is omitted because it is similar to
the proof of Theorem 5.7. [ |

Theorem 5.16 Let </ be a self-mapping acting on a complete b-metric space noted by (Y, 1, s).
Assume there are five constants a, 8,7,8,¢€ € R* that ensure either s*a < émin{y,(S} or s’ <
%min{y, 0}, and forallu,ve Y,

at(u, < (V) + Br(v, </ (u)

Pt (i, W) = YT, of (W) +67(v, o (V) +€

[T(u, 4 (W) +7 (v, (W) +7 (1, 4 (W) +7 (v, (V) +7T (1, V)].

(5.3.24)
Then,

1. There is at least one fixed point denoted as & within the space Y for the mapping <f;
2. Each Picard sequence (< (uy,)) nen converges to one of the fixed points;

3. If o/ has several fixed points, then each pair of them must satisfy the inequality (5.3.25):

RN (5.3.25)

3(a+p)

Proof The procedure for proving the above theorem is omitted because it is similar to
the proof of Theorem 5.7. [ ]
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5.4 Discussion

e The Theorem 5.6 generalizes the result of Khojasteh et al. [76] and the Corollary 5.4
generalizes the result of Aouine and Aliouche [9].

* We notice the disappearance of the fixed point uniqueness after adding the term 7 (1, v)
to the left part of the inequality 5.2.1 as illustrated in Theorem 5.11 and Example 5.5.

e If rang<f is a closed sub-set of Y, the inequalities (5.3.14),(5.3.12)(5.3.16), (5.3.18),
(5.3.20), (5.3.22) and (5.3.24) can be restricted for all u, v € rang.«/, and that does not
affect the proof and the desired results, which makes it easier for us to verify its validity
and become more applicable.

¢ We note that the choice of constants related to inequalities (5.3.1), (5.2.1), (5.2.5), and
(5.3.4) directly affects the dynamic result of Theorems 5.6, 5.3, and Corollaries 5.4 and
5.7, respectively. Example 3.8 illustrates this point precisely.

at(u, 4 (v) + (v, (W)
YT (u, (W) +0t(v, (V) +€
and (5.3.4) may be greater or less than 1; therefore, the corresponding theorems rep-
resent special modifications of the Banach contraction principle. Example 5.3 clarifies
this point precisely.

¢ Note that the ratio

in the inequalities (5.3.1), (5.2.1), (5.2.5),

e If the range of «f is a closed subset of Y, the inequalities (5.3.1), (5.2.1), (5.2.5), and
(5.3.4) can be restricted to the range of «/, which does not affect the proof or the desired
results, making it easier to verify its validity and more applicable.

* The above results can be generalized into several generalized metric spaces such as
g1 — g» b-metric spaces, partial metric spaces, etc.

5.5 Application to integral equations

In this section, we will apply Corollary 5.8 to study the problem of existence of the solution
for certain type of integral equation. In this section (E, ||.||) design a Banach space.

5.5.1 Position of the problem

The integral equation of the form

t
u(t) :h(t)+f G(t,s) f(s,u(s))ds, tel0,T], (5.5.1)
0

is a fundamental type of equation that arises in various fields such as mathematical
physics, engineering, and economics. In this equation, the variable u(f) represents the state
of the system at time t, while /2(#) denotes an initial condition or an external input. The func-
tion G(t, s) describes the influence of past states on the current state, and f (s, u(s)) models
the interaction between the state variable and other inputs at time s.

We consider the following:

u: [0, T] — Eis the unknown, where E: A complete vector space over the field K (R or C).
It is equipped with a norm || - ||.
h:[0,T]—E, f:10,T]xE— Eand G:[0,T] x [0, T] — K be a given functions
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5.5.2 Existence and Uniqueness of Solutions

We define the operator «f : C([0, T], E) — C([0, T], E) as:

t
(L (W) (1) = h(t)+f G(t,9)f(s,u(s))ds forall tel0,T],
0

where C([0, T], E): The space of continuous functions from the interval [0, T] to the Ba-
nach space E. This space is endowed with the b-metric defined as:

T(w,v) = sup [ (u(t) — o ()]
tel0,T]

forall u,ve C([0, T], E).

Theorem 5.17 assuming that the function f (s, u(s)) satisfies the condition:

Il f(s,ul(s) = f(s, v =< klluls) — v($)l - luls) — < (v())l

forall s €10, T] and u,v e C([0,T],E). Then the integral equation (5.5.1) have at least one
solution in C([0, T, E).

Proof Letse|0,T]and u,ve C([0, T], E).
T(A (1), 4 (V) = 0 (L (1), 4 (1))* = sup | (u(t)) — < (v(D)]|*

t€[0,T1]

we use the hypothesis and the Cauchy-Schwartz inequality,

|/ (u(t)) — < (v(t)ll

t t
f £ (s, u(s)) ds—f f(s,v(s)ds
0 0

4
fo (f(s,u() = f(s,v(s))) ds

IA

r
fo |f(s,u(s) ~ f (s, v(9)| ds

IA

t
kfo lu(s) —v(s)Illuls) — <« (v(s)lds

IA

: Lo 1
k(fo ||u(s)—v(s)||2ds) (fo lu(s) — o (W(s) 1> dss

that means,

s (u(t)) — < (v(1)) ||*

IA

t t
K2 fo () — v(s) |2 - fo 1 u(s) — o2 () |2 ds

IA

T T
szo IILt(S)—v(S)Ilzds-f0 llu(s) — o (V(s))I*d's

k*>T? sup |lu(s) — v(s)||* sup [lu(s)— < (v(s)) ]
s€[0,T] s€(0,T]

K2 T?1(u,v) - 7(u, <4 (1)

IA

IA

implies
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sup o (u(t) — o (W) < K> T?1(u, 1) - T(u, o (V)
tel0,T]

we obtain

(ot (u) — A V) < kK't(u,v) - 7(u, o (V)

This inequality shows that «f satisfies the condition (5.3.10) and since (C([0, T], E), ) is

a complete b-metric space with s = 2. Consequently, according Corollary 5.8 we conclude
that the operator « admits at least one fixed point in C([0, T, E). Thus, the integral equation
(5.5.1) has a solution u € C([0, T], E), which corresponds to the fixed point of the operator <.
]

5.6 Application to coupled fixed point theory

In this section, we apply Theorem 5.11 to examine the existence of coupled fixed points for
a certain type of mapping that represents solutions to nonlinear systems of the form:

(5.6.1)

oA, v) =u,
od(v,u) =v.

Such problems can be transformed into a fixed point problem by considering the map-
ping f: Y xY — Y x Y, defined as (u, v) — f(u,v) = (« (4, v), < (v, u)).

Many coupled fixed point theorems are, in fact, direct consequences of well-known fixed
point theorems, using the same principle mentioned above. This does not diminish their
scientific value, as these theorems have become effective tools for studying problems in the
form of system (5.6.1). For example, in [15], Bhaskar and Lakshmikantham established cou-
pled fixed point theorems and used these results to demonstrate the existence and unique-
ness of solutions to a class of periodic boundary value problems.

The following is a coupled fixed point result on b-metric space based on our fixed point
results. This result was published in [12].

Theorem 5.18 Let(Y,1,s) bea complete b-metric space and let «f : Y xY — Y be a mapping.
Assume there exist five positive real numbers a, f3,y,8,€ € R*, such that s*a < min{y, 5} or
5?8 < min{y, 8} and for all (x1,y1), (x2,12) €Y x Y,

at(xy, A (x2,2)) + BT (2, A (y1,x1))
YT (xy, & (x1, V1)) + YT, L (1, X1)) + 01 (X2, A (X2, 12)) + 0T ()2, A (12, X2)) + €

max{z (x1,x2), T(y1,¥2), T(x1, < (x1, 1)), T(1, & (1, X1)), T (X2, A (X2, 2)), T (Y2, & (2, X2))}.
(5.6.2)

T(A (X1, 1), (X2, )0)) <

Then, of has at least one coupled fixed point (x,j) € Y x Y, moreover, T(x,j) =0 ort(%,j) =
€

a+p’

Proof Let (Y,7,s) be a complete b-metric space, then, (Y x Y,1,s) is also a complete
b-metric space where 7 is a b-metric distance defined on Y x Y, as follows,

T((x1,)1), (x2,2)) = max{t (x1, x2), T(y1,)2)}
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5.6. APPLICATION TO COUPLED FIXED POINT THEORY

Let o/ : Y xY — Y be a mapping. We denote by F the self mapping F: Y xY — Y xY
defined as follows, F(x,y) = (< (x, ), </ (y, x)) for all couples (x,y) € Y x Y.
According to inequality (5.6.2), we have,

T( (x1, 1), (x2,)2)) <
amax{t(xy, < (x2,¥2)), T(Y1, A (Y2, X2)} + Bmax{zt (3o, o (1, x1)), T (X2, & (X1, 1))}
Yy max{t (x1, < (x1, 1)), T (Y1, (1, x1))} + 0 maxit (xp, & (X2, 12)), T ()2, A (2, X2))} + €

maxi{z(x1,x2), T(V1, ), T(x1, < (x1,1)), T(V1, L (1, X1)), T (X2, A (X2, 12)), T ()2, & (2, X2))}.
(5.6.3)

and

(A (1, x1), ()2, X2)) <
amax{t(x;, < (x2,2)), T(y1, ()2, X2)} + fmax{t (32, A (y1,Xx1)), T (X2, A (X1, 1))}
Yy max{t (x1, < (x1, 1)), T (Y1, < (1, x1))} + 0 maxit (xp, & (X2, 12)), T ()2, L (2, X2))} + €

max{7 (x1,x2), T(y1,¥2), T(x1, < (x1, 1)), T, & (1, X1)), T (X2, A (X2, ¥2)), T (Y2, & (32, X2))}.
(5.6.4)

From inequalities (5.6.3) and (5.6.4), we get,

max{z (ef (x1, 1), & (X2, ¥2)), T(&f (Y1, X1), A (2, X2)))} <
amaxiz (x1, A (X2, )2)), T(y1, <4 (Y2, X2)} + fmax{z (2, < (y1, x1)), T (X2, & (X1, 1))}
ymax{z (x1, < (x1,1)), T(y1, 4 (1, x1))} + 6 maxit (xp, o (x2,2)), T (Y2, & (2, X2))} + €
max{z (xy, X2), T(y1, y2), T(x1, 9 (x1, 1)), T(y1, A (Y1, X1)), T (X2, & (X2, ¥2)), T (Y2, A (¥2, X2))}.

That means,

T(F(w), F(v) < at(u, F(v) + Bt (v, F(w) (e (1), F(0). 70, E )]
S W F) + 01 (0, F) +e ,0),7(u, F(), T(v, F)},

Forall u,ve Y xY.

According to Theorem 5.11, we conclude that F has at least one fixed point, which means
that o has a coupled fixed point at least noted by (X,j) € Y x Y.

Since (j, x) is also a coupled fixed point for «, then, by choosing (x1,y;) = (%,j) and
(x2,12) = (j, %) in inequality (5.6.2), we have,

T2 (%, 3),

(X)) <

a+p
€

€
That means, 7(x,j) =0 or 7(x,j) = 5 This completes the proof of our theorem. [ |
a

Remark 5.5 Ifrang.</ isa closed subset of Y, the inequality (5.6.2) can be restricted torang.of x
rang </, and that does not affect the proof and the desired results, which makes it easier for us
to verify its validity and become more applicable.

In order to prove the possibility of fulfilling the conditions of the previous theorem, we
provide the following example.
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5.6. APPLICATION TO COUPLED FIXED POINT THEORY

Example 5.7 LetY = {0,1,2} associated with a b-metric T such that t(x,y) = (x—y)?. Let o/ be
a mapping defined on Y x Y such that

0 ifx=0o0rx=2o0ry=2,

%) :{ 1 otherwise.

It is easy to conclude that (Y,t,s) is a complete b-metric space with the constant s = 2
and the inequality (5.6.2) was verified for all (xy,y1), (x2,)») € rang </ x rang.«/ with constants
a=pf=e=1andy =0 =4. According to Theorem 5.18, we conclude that </ has at least one
coupled fixed point (x,j) € Y x Y. (In fact, it has four coupled fixed points: (0,0), (1,0), (0,1),
and (1,1)). Moreover, the distance between each couple is 7(0,0) = 7(1,1) = 0 and 7(0,1) =

(10)>1
7(1,0) = —.
2
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Conclusion

This thesis has been devoted to the study of fixed points for a new rational-type contraction
in metric spaces, with extensions to Menger PM spaces and b-metric spaces. We have de-
veloped the dynamic properties associated with the behavior of fixed points, enhancing and
generalizing previous results presented by Khojasteh [76], Yildirim [126] and Demma [39]. As
well, a brief historical overview was provided to describe the evolution of some prominent
fixed point results over the years.

Our original contributions expand on this foundational work by introducing new results
related to unique and non-unique fixed point theorems under rational contractive condi-
tions across various frameworks, including complete metric spaces, Menger PM spaces, and
b-metric spaces.

As an application, we investigated the existence of solutions to integral equations and
congruence problems. Moreover, we established results concerning coupled fixed points
in b-metric spaces. Finally, several examples were presented to validate and illustrate the
applicability of our theoretical findings.

The fixed point theory in probabilistic metric spaces is still in its formative stages; how-
ever, it holds significant promise for both theoretical and applied mathematics. As this field
continues to develop, it is expected to have a profound impact, particularly in areas that ad-
dress uncertainty and probabilistic models. The generalization of classical fixed point the-
orems to probabilistic settings opens up new avenues for research, offering potential appli-
cations across various domains such as optimization, differential equations, and stochastic
processes. Furthermore, the results presented in this thesis, while valuable, represent only
the beginning of our explorations. There remains considerable room for further investiga-
tions, refinements, and expansions of these findings. Future work will focus on enhancing
the scope and applicability of these results to real-world problems.
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Perspectives

The results obtained in this thesis open several avenues for future research. While we have
established key fixed point theorems under rational contractive conditions in metric, Menger,
and b-metric spaces, there are numerous unexplored extensions and applications that war-
rant further investigation:

1. Generalization to Other Types of Spaces: Future work could focus on extending the
current results to other generalized metric structures, such as partial metric spaces, modular
metric spaces, or probabilistic b-metric spaces. These spaces provide a broader framework
that may yield new insights into the fixed point theory.

2. Combining Rational-Type Contractions with Nonlinear Contractions: Combining
rational-type contractions with other nonlinear contractions, such as F-contraction and (F, y)-
Suzuki-contraction, could lead to more general contraction mappings and new fixed point
theorems, enhancing their application in problem-solving across various fields.

3. Applications to Non-Linear Problems: The application of fixed point theorems to
solving integral equations was touched upon. Future work could extend these applications
to non-linear fractional differential evolution problems, optimization problems, and con-
trol theory, where fixed points often play a crucial role in proving the existence of mild and
classical solutions.

4. Coupled and tripled Systems: While coupled fixed point theorems were discussed
in the context of b-metric spaces, there remains scope for exploring coupled and tripled
fixed points for multi-variable systems. Such studies may lead to significant contributions in
systems of non-linear systems.

5. Computational Algorithms: Another perspective is to develop efficient numerical al-
gorithms for approximate fixed points in generalized metric spaces. Such algorithms could
have practical applications in areas like machine learning, data analysis, and complex sys-
tems modeling.

6. Further Exploration of Non-Uniqueness: Finally, the phenomenon of non-unique
fixed points is not yet fully understood, especially in dynamic systems. Investigating the
conditions under which non-uniqueness arises, and its implications in real-world systems,
would be an interesting direction for future research.

By pursuing these perspectives, the scope of fixed point theory could be further broad-
ened, offering new applications and deepening our understanding of contraction mappings
in various mathematical frameworks.

85



[10]

[11]

[12]

[13]

[14]

Bibliography

Achari, J. (1979). Results on non-unique fixed points. Publications de Llnstitut Mathé-
matique, 26(46), 5-9.

Agarwal, R. P, Meehan, M., & O’regan, D. (2001). Fixed point theory and applications
(Vol. 141). Cambridge university press.

Aghajani, A., Abbas, M., & Roshan, J. R. (2014). Common fixed point of generalized
weak contractive mappings in partially ordered b-metric spaces. Mathematica Slo-
vaca, 64(4), 941-960.

Aghajani, A., Mursaleen, M., & Haghighi, A. S. (2015). Fixed point theorems for Meir-
Keeler condensing operators via measure of noncompactness. Acta mathematica sci-
entia, 35(3), 552-566.

Akhmerov, R. R., Kamenskii, M. I, Potapov, A. S., & Sadovskii, B. N. (1982). Condensing
operators. Journal of Soviet Mathematics, 18, 551-592.

Akhmerov, R. R., Kamenskii, M. 1., Potapov, A. S., Rodkina, A. E., & Sadovskii, B.
N. (1992). Measures of non-compactness and condensing operators (Vol. 55). Basel:
Birkhduser.

Albert, M. (2019). Physical applications of fixed point methods in differential equa-
tions. In Proceedings of the University of Chicago Mathematics Summer REU (pp. 1-18).
Chicago, IL: University of Chicago.

Algahtani, B., Alzaid, S. S., Fulga, A., & Roldan Lopez de Hierro, A. E (2021). Proinov
type contractions on dislocated b-metric spaces. Advances in Difference Equations,
2021, 1-16.

Aouine, A. C,, & Aliouche, A. (2021). Fixed point theorems Of Kannan type With an
application to control theory. Applied Mathematics E-Notes, 21, 238-249.

Bakhtin, I.A. (1989). The contraction mapping principle in quasi metric spaces. Funct.
Anal. Ulianowsk Gos. Ped. Inst. 30, 26-37.

Banach, S. (1922). Sur les opérations dans les ensembles abstraits et leur application
aux équations intégrales. Fundamenta Mathematicae, 3, 133-181. (in french)

Batiha, I. M., Laouadi, B., Jebril, I. H., Benaoua, L., Oussaeif, T. E., & Alkhazaleh, S.
(2024). Some new fixed point theorems of rational type contraction with an applica-
tion to coupled fixed point theory. Adv. Fixed Point Theory, 14.

Berinde, V. (2004). Approximating fixed points of weak contractions using the Picard
iteration. Nonlinear Analysis Forum, 9(1), 43-53.

Berinde, V. (2009). Some remarks on a fixed point theorem for Cirié—type almost con-
tractions. Carpathian Journal of Mathematics, 25(2), 157-162.

86



BIBLIOGRAPHY

[15]

[16]

[17]

(18]

[19]

(20]

(21]

[22]

(23]

[24]

[25]

[26]

[27]

(28]

[29]

[30]

[31]

(32]

[33]

[34]

Bhaskar, T. G., & Lakshmikantham, V. (2006). Fixed point theorems in partially ordered
metric spaces and applications. Nonlinear analysis: theory, methods & applications,
65(7), 1379-1393.

Bianchini, R. T. (1972). Su un problema di S. Reich riguardonte la teoria dei punti fissi.
Boll. Un. Mat. Ital., 5, 103-108. (in Italian)

Bogin, J. (1976). A generalization of a fixed point theorem of Goebel, Kirk and Shimi.
Canadian Mathematical Bulletin, 19(1), 7-12.

Bota, M. E, Guran, L., & Petrusel, A. (2020). New fixed point theorems on b-metric
spaces with applications to coupled fixed point theory. Journal of Fixed Point Theory
and Applications, 22(3), 74.

Bourbaki, N. (1974). Topologie générale. Hermann: Paris, France. (in French)

Brouwer, L. E. J. (1911). Uber abbildung von mannigfaltigkeiten. Mathematische an-
nalen, 71(1), 97-115. (in German)

Browder, E E. (1965). Non-expansive nonlinear operators in a Banach space. Proceed-
ings of the National Academy of Sciences, 54(4), 1041-1044.

Burton, T. A. (1998). A fixed point theorem of Krasnosel’skii. Applied Mathematics Let-
ters, 11, 85-88.

Caccioppoli, R. (1930). Un teorema generale sull’esistenza di elementi uniti in
una trasformazione funzionale. Rendiconti dell’Accademia Nazionale dei Lincei, 11,
794-799. (in Italian)

Chamorro, D., & Poggi, B. (2022). On an almost sharp Liouville type theorem for frac-
tional Navier-Stokes equations. arXiv preprint arXiv:2211.13077.

Chatterjea, S. K. (1972). Fixed-point theorems. Comptes Rendus de I’Academie Bulgare
des Sciences, 25(6), 727-730.

Ciri¢, L. B. (1971). On contraction type mappings. Math. Balkanica, 1, 52-57.

Ciri¢, L. B. (1974). A generalization of Banach’s contraction principle. Proceedings of
the American Mathematical society, 45(2), 267-273.

Ciri¢, L.B. (1974). On some maps with a nonunique fixed point. Publ. Inst. Math. 17,
52-58.

Ciri¢, L.B., & Jotic, N.(1998). A further extension of maps with non-unique fixed points.
Mat. Vesnik, 50, 1-4.

Ciri¢, L., Olatinwo, M. O., Gopal, D., & Akinbo, G. (2012). Coupled fixed point theorems
for mappings satisfying a contractive condition of rational type on a partially ordered
metric space. Adv. Fixed Point Theory, 2(1), 1-8.

Cosentino, M., Jleli, M., Samet, B., & Vetro, C. (2015). Solvability of integrodifferential
problems via fixed point theory in b-metric spaces. Fixed Point Theory and Applica-
tions, 70 (2015), 1-15.

Czerwik, S. (1993). Contraction mappings in b-metric spaces. Acta mathematica et in-
formatica universitatis ostraviensis, 1(1), 5-11.

Czerwik, S. (1998). Nonlinear set-valued contraction mappings in b-metric spaces. Atti
Sem. Mat. Fis. Univ. Modena, 46, 263-276.

Dabher, S.J. (1978). On a fixed point principle of Sadovskii. Nonlinear Analysis: Theory,
Methods and Applications, 2(5), 643-645.

B. Laouadi 87 Univ. of OEB



BIBLIOGRAPHY

[35]

[36]

(371

[38]

[39]

[40]

[41]

[42]

[43]

[44]

[45]

[46]

[47]

(48]

[49]
[50]

[51]

[52]

[53]

Darbo, G. (1955). Punti uniti in trasformazioni a codominio non compatto. Rendiconti
del Seminario matematico della Universita di Padova, 24, 84-92. (in Italian)

Das, A., Rabbani, M., Hazarika, B., & Panda, S. K. (2022). A fixed point theorem using
condensing operators and its applications to Erdelyi-Kober bivariate fractional inte-
gral equations. Turkish Journal of Mathematics, 46(6).

Dass, B. K., & Gupta, S. (1975). An extension of Banach contraction principle through
rational expression. Indian J. pure appl. Math, 6(12), 1455-1458.

De Blasi, E S. (1977). On a property of the unit sphere in a Banach space. Bulletin
mathématique de la Société des Sciences Mathématiques de la République Socialiste
de Roumanie, 259-262.

Demma, M., & Vetro, P. (2015). Picard Sequence and Fixed Point Results on b-Metric
Spaces. Journal of Function Spaces, 2015(1), 189861, 6 pages.

Derouiche, D., & Ramoul, H. (2020). New fixed point results for F-contractions of
Hardy-Rogers type in b-metric spaces with applications. Journal of Fixed Point The-
ory and Applications, 22(4), 86.

Dhage, R. C. (1985). Some theorems for the maps with a non-unique fixed, point, In-
dian J. Pure Appl. Math. 16(3), 254-256.

Doric, D., Kadelburg, Z., Radenovic, S. (2012). Edelstein-Suzuki-type fixed point results
in metric and abstract metric spaces. Nonlinear Anal. 75, 1927-1932.

Edelstein, M. (1962). On fixed and periodic points under contractive mappings. Jour-
nal of the London Mathematical Society, 1(1), 74-79.

Emmanuele, G. (1981). Measure of weak noncompactness and fixed point theorems.
Bulletin mathématique de la Société des Sciences Mathématiques de la République So-
cialiste de Roumanie, 25, 353-358.

Fan, K. (1961). A generalization of Tychonoff’s fixed point theorem. Mathematische
Annalen, 142(3), 305-310.

Fisher, B. (1978). A note on a theorem of Khan, Rendiconti dell’Istituto di Matematica
dell’Universita di Trieste. An International Journal of Mathematics, 10, 1-4.

Fisher, B. (1979). Quasi-contractions on metric spaces. Proceedings of the American
Mathematical Society, 75(2), 321-325.

Fréchet, M. R. (1906). Sur quelques points du calcul fonctionnel. Rendiconti del Circolo
Matematico di Palermo, 22, 1-72. (in french)

Fulga, A. (2020). On (v, ¢p)-rational contractions. Symmetry, 12(5), 723.

Goebel, K. (1969). An elementary proof of the fixed-point theorem of Browder and Kirk.
Michigan Mathematical Journal, 16(4), 381-383.

Goldenstein, L. S., Gohberg, I. T., & Markus, A. S. (1957). Investigations of some prop-
erties of bounded linear operators with their g-norms. Ucen. Zap. Kishinevsk. Univ,
29, 29-36.

Guo, D., & Lakshmikantham, V. (1987). Coupled fixed points of nonlinear operators
with applications. Nonlinear analysis: theory, methods & applications, 11(5), 623-632.

Hadzi¢, O., Pap, E., & Budincevi¢, M. (2005). A generalization of Tardiff’s fixed point
theorem in probabilistic metric spaces and applications to random equations. Fuzzy
sets and systems, 156(1), 124-134.

B. Laouadi 88 Univ. of OEB



BIBLIOGRAPHY

[54]

[55]

[56]

[57]

(58]

[59]

[60]

[61]

[62]

[63]

[64]

[65]

[66]

[67]
[68]

[69]

[70]

[71]

[72]

[73]

Hadzi¢, O., & Pap, E. (2013). Fixed point theory in probabilistic metric spaces (Vol. 536).
Springer Science and Business Media,536.

Hardy, G. E., & Rogers, T. D. (1973). A generalization of a fixed point theorem of Reich.
Canadian Mathematical Bulletin, 16(2), 201-206.

Hausdorff, E (1914). Grundziige der Mengenlehre. Leipzig: Viet. (in German)

Huang, H., Ansari, A. H., Doli¢anin-Deki¢, D., & Radenovic, S. (2017). Some fixed point
results for rational type and subrational type contractive mappings. Acta Universitatis
Sapientiae, Mathematica, 9(1), 185-201.

Huang, H., Deng, G., & Radenovi¢, S. (2018). Fixed point theorems in b-metric spaces
with applications to differential equations. Journal of Fixed Point Theory and Applica-
tions, 20, 1-24.

Hussain, N., Dori¢, D., Kadelburg, Z., & Radenovié, S. (2012). Suzuki-type fixed point
results in metric type spaces. Fixed point theory and applications, 2012, 1-12.

Jaggi, D.S. (1977). Some unique fixed point theorems. Indian J. Pure Appl. Math. 8,
223-230.

Jaggi, D. S., & Dass, B. K. (1980). An extension of Banach'’s fixed point theorem through
arational expression, Bull. Calcutta Math. Soc. 72, 261-262.

Janos, L. (1976). On mappings contractive in the sense of Kannan. Proceedings of the
American Mathematical Society, 61(1), 171-175.

Ji, S., & Li, Y. (2023). Quasi-periodic solutions for the incompressible Navier-Stokes
equations with nonlocal diffusion. Electronic Research Archive, 31(12), 7182-7194.

Jleli, M., Karapinar, E., O’'Regan, D., & Samet, B. (2016). Some generalizations of
Darbo’s theorem and applications to fractional integral equations. Fixed point theory
and applications, 2016, 1-17.

Juodagalvyté, R., Panasenko, G., & Pileckas, K. (2021). Steady-state Navier—Stokes
equations in thin tube structure with the Bernoulli pressure inflow boundary condi-
tions: Asymptotic analysis. Mathematics, 9(19), 2433.

Kajanto, S., & Lukdcs, A. (2018). A note on the paper “Contraction mappings in b-
metric spaces” by Czerwik. Acta Universitatis Sapientiae Mathematica, 10(1), 85-89.

Kannan, R. (1968). Some results on fixed points. Bull. Cal. Math. Soc., 60, 71-76.

Kannan, R. (1969). On certain sets and fixed point theorems. Roum. Math. Pure. Appl,
14, 51-54.

Kannan, R. (1969). Some Results on Fixed Points-II, The American Mathematical
Monthly, 76(4), 405-408.

Karapinar, E., Roldédn, A., & Sadarangani, K. (2016). Existence and uniqueness of best
proximity points under rational contractivity conditions. Math. Slovaca, 66, 1427-1442.

Karapinar, E., & Agarwal, R. P. (2022). Fixed Point Theory in Generalized Metric Spaces.
Springer.

Khamsi, M. A. (2003). Sadovskii’s fixed point theorem without convexity. Nonlinear
Analysis: Theory, Methods and Applications, 53(6), 829-837.

Khamsi, M. A., & Hussain, N. (2010). KKM mappings in metric type spaces. Nonlinear
Analysis: Theory, Methods and Applications, 73(9), 3123-3129.

B. Laouadi 89 Univ. of OEB



BIBLIOGRAPHY

[74]

[75]

[76]

[77]

[78]

[79]

(80]

(81]

(82]

(83]

[84]

[85]

(86]

(87]

(88]

[89]

[90]

[91]

[92]

Khan, M.S. (1976). A fixed point theorem for metric spaces. Rend. Inst. Math. Univ.
Trieste. 8, 69-72.

Khang, D. B. (1986). On the asymptotic regularity of nonexpansive mappings. Acta
Mathematica Hungarica, 48, 109-115.

Khojasteh, E, Abbas, M., & Costache, S. (2014). Two new types of fixed point theorems
in complete metric spaces. In Abstract and Applied Analysis, 2014(1), pp. 1-5.

Kir, M., & Kiziltunc, H. (2013). On some well known fixed point theorems in b-metric
spaces. Turkish journal of analysis and number theory, 1(1), 13-16.

Kirk, W. A., & Shin, S. S. (1997). Fixed point theorems in hyper-convex spaces. Houston
Journal of Mathematics, 23, 175-187.

Krasnosel’skii, M. A. (1955). Two remarks on the method of successive approximations.
Uspekhi Matematicheskikh Nauk, 10, 123-127. (in Russian)

Krasnoselskii, M. A. (1958). Some problems of nonlinear analysis. Amer. math. soc.
transl, 10(2), 345-409.

Kuratowski, K. (1930). Sur les espaces complets. Fundamenta Mathematicae, 1(15),
301-309. (in french)

Laouadi, B., Guran, L., Oussaeif, T. E., Benaoua, L., & Tise, 1. C. (2023). New dynamic

fixed point results in Menger spaces. Surveys in Mathematics and its Applications, 18,
317-328.

Laouadi, B., Oussaeif, T. E., Benaoua, L., Guran, L., & Radenovic, S. (2023). Some New
Fixed Point Results in b-metric Space with Rational Generalized Contractive Condi-
tion, J. Sib. Fed. Univ. Math. Phys., 16(4), 506-518.

Laouadi, B., Benaoua, L., Oussaeif, T. E., & Liu, X. (2024). New fixed point theorems
in dynamic property under rational contractive condition with application. Journal of
Interdisciplinary Mathematics, 27(6), 1339-1359.

Lépez Pouso, R. (2012). Schauder’s fixed-point theorem: New applications and a new
version for discontinuous operators. Boundary Value Problems, 2012(92).

Malaguti, L., & Yoshii, K. (2020). Nonlocal solutions and controllability of Schrodinger
evolution equation. Fixed Point Theory, 21(2), 657-684.

Meng, B. (2019). A new application of Schrédinger-type identity to singular boundary
value problem for the Schrodinger equation. Boundary Value Problems, 2019(1), 161.

Menger, K. (1942). Statistical metrics. Proceedings of the National Academy of Sciences,
28, 535-537.

Migorski, S., Khan, A. A., & Zeng, S. (2019). Inverse problems for nonlinear quasi-
variational inequalities with an application to implicit obstacle problems of p-
Laplacian type. Inverse Problems, 35(3), 035004.

Mishra, S. N. (1991). Common fixed points of compatible mappings in PM-spaces.
Math. Japon, 36, 283-289.

Mitrovic, Z.D., Aydi, H., Kadeburg, Z., & Rad, G.S. (2020). On some rational contrac-
tions in b, (s)-metric spaces. Rend. Circ. Mat. Palermo, 1I Ser. 69(3), 1193-1203.

Mitrovic, S., Parvaneh, V, De La Sen, M., Vujakovic, J., & Radenovic, S. (2021). Some
new results for JaggiW-contraction-type mappings on b-metric-like spaces. Mathe-
matics 9(16), 1921.

B. Laouadi 90 Univ. of OEB



BIBLIOGRAPHY

(93]

[94]

[95]

[96]

[97]

(98]

[99]

[100]

[101]

[102]

[103]

[104]

[105]

[106]

[(107]

[108]

[109]

[110]

[111]

[112]

Monch, H. (1980). Boundary value problems for nonlinear ordinary differential equa-
tions of second order in Banach spaces. Nonlinear Analysis: Theory, Methods and Ap-
plications, 4(5), 985-999.

Nadler, S. B. Jr. (1969). Multi-valued contraction mappings, Pacific J. Math. 30 , 475-
488.

Nemytskii, V. V. (1936). The fixed point method in analysis. Uspekhi Matematicheskikh
Nauk, 1,141-174. (in Russian)

Nussbaum, R. D. (1969). The fixed point index and fixed point theorems for k-set con-
tractions (Ph.D. thesis). University of Chicago.

Olatinwo, M. (2017). Some non-unique fixed point theorems of Ciri¢ type using
rational-type contractive conditions. Georgian Mathematical Journal, 24(3), 455-461.

Olatinwo, M. O., & Ishola, B. T. (2018). Some fixed point theorems involving rational
type contractive operators in complete metric spaces. Surveys in Mathematics and its
Applications, 13, 107-117.

Pachpatte, B. G. (1979). On Cirié’s type maps with a non-unique fixed point, Indian J.
Pure Appl. Math., 10 (8), 1039-1043.

Park, S. (1980). On general contractive type conditions. Journal of the Korean Mathe-
matical Society, 17(1), 131-140.

Park, S., & Rhoades, B. E. (1982). Extensions of some fixed point theorems of Fisher
and Janos. Bull. Acad. Polon. Sci. Sér. Sci. Math, 30(3-4), 167-169.

Pathak, H. K. (1986). Some non-unique fixed point theorems for new class of map-
pings. Ranchi Univ. Math. ], 17, 65-70.

Piri, P, Rahrovi, S., Marasi, H., & Kumam, P. (2017). A fixed point theorem for F-Khan-
contractions on complete metric spaces and application to integral equations. J. Non-
linear Sci. Appl. 10, 4564-4573.

Redjel, N., & Dehici, A. (2014). On some fixed points of generalized contractions with
rational expressions and applications. Adv. Fixed Point Theory, 5(1), 56-70.

Redjel, N., Dehici, A., Karapinar, E., & Erhan, I. M. (2015). Fixed point theorems for
(a,v)-Meir-Keeler-Khan mappings. Journal of Nonlinear Science and Applications,
8(6), 955-964.

Reich, S. (1971). Some remarks concerning contraction mappings. Canadian Mathe-
matical Bulletin, 14(1), 121-124.

Rhoades, B. E. (1977). A comparison of various definitions of contractive mappings.
Transactions of the American Mathematical Society, 226, 257-290.

Rhoades, B. E. (1997). Using general principles to prove fixed point theorems. Annales
Universitatis Mariae Curie-Sktodowska Lublin-Polonia, Sectio A, LI1(2), 22.

Sadovskii, B. N. (1967). A fixed-point principle. Functional Analysis and Its Applica-
tions, 1, 151-153.

Sadovskii, B. N. (1972). Limit-compact and condensing operators. Russian. Math. Sur-
veys, 27(1), 85-155.

Schauder, J. (1930). Der fixpunktsatz in funktionalraiimen. Studia Mathematica,
2(1),171-180. (in German)

Schweizer, B., & Sklar, A. (1960). Statistical metric spaces. Pacific J. Math, 10(1), 313-
334.

B. Laouadi 91 Univ. of OEB



BIBLIOGRAPHY

[113]

[114]

[115]

[116]

(117]

[118]

[119]

[120]

[121]

[122]

[123]

[124]

[125]

[126]

[127]

[128]

[129]

[130]

[131]

[132]

[133]

Schweizer, B., & Sklar, A. (2011). Probabilistic metric spaces. North-Holland series in
probability and Applied Mathematics. Inc. New York.

Sehgal, V. M., & Bharucha-Reid, A. T. (1972). Fixed points of contraction mappings on
probabilistic metric spaces. Mathematical systems theory, 6, 97-102.

Sehgal, V. M., Some fixed point theorems in functional analysis and probability. Ph.D.
dissertation, Wayne State Univ., 1966.

Shatanawi, W., & Hani, M. B. (2016). A coupled fixed point theorem in b-metric spaces.
International Journal of Pure and Applied Mathematics, 109(4), 889-897.

Sherwood, H. (1971). Complete probabilistic metric spaces. Zeitschrift fiir
Wahrscheinlichkeitstheorie und Verwandte Gebiete, 20(2), 117-128.

Singh, S. P, Watson, B., & Srivastava, P. (2013). Fixed point theory and best approxima-
tion: the KKM-map principle (Vol. 424). Springer Science & Business Media.

Suzuki, T., (2008). A generalized Banach contraction principle that characterizes met-
ric completeness. Proc. Am. Math. Soc. 136, 1861-1869.

Suzuki, T. (2009). A new type of fixed point theorem in metric spaces. Nonlinear Anal.
71, 5313-5317.

Taoudi, M. A. (2023). On Darbo’s fixed point principle. Moroccan Journal of Pure and
Applied Analysis, 9(3), 304-310.

Tychonoff, A. (1935). Ein fixpunktsatz. Mathematische Annalen, 111(1), 767-776. (in
German)

Xi, X.X., Zhou, Y., & Hou, M. (2024). Well-Posedness of Mild Solutions for the Fractional
Navier-Stokes Equations in Besov Spaces. Qualitative Theory of Dynamical Systems,
23(1), 15.

Xiang, T., & Yuan, R. (2011). Critical type of Krasnosel’skii fixed point theorem. Proceed-
ings of the American Mathematical Society, 139, 1033-1044.

Xing, Y., Zhao, J. (2018). Existence and quantum calculus of weak solutions for a class
of two-dimensional Schrodinger equations in C*. Boundary Value Problems, 2018(59).

Yildirim, I., & Ansari, A. H. (2018). Some new fixed point results in b-metric spaces.
Topological Algebra and its Applications, 6(1), 102-106.

Zahi, O., & Ramoul, H. (2022). Fixed point theorems for (y, F)-Dass—Gupta contrac-
tion mappings in b-metric spaces with applications to integral equations. Boletin de
la Sociedad Matemdtica Mexicana, 28(2), 40.

Zeidler, E. (1986). Nonlinear functional analysis and its applications: Fixed-point the-
orems (Vol. 1). New York, NY: Springer.

Zeidler, E. (1988). Simplicial methods, fixed-point theory, and mathematical eco-
nomics. In Nonlinear functional analysis and its applications. New York, NY: Springer.

Zeidler, E. (2012). Applied functional analysis: Applications to mathematical physics
(Vol. 108). Springer Science and Business Media.

Zeng, S., Radulescu, V. D., & Winkert, P. (2022). Double phase implicit obstacle prob-
lems with convection and multivalued mixed boundary value conditions. SIAM Jour-
nal on Mathematical Analysis, 54(2), 1898-1926.

Zeng, S., Gasinski, L., Rddulescu, V. D., & Winkert, P. (2023). Anisotropic and isotropic
implicit obstacle problems with nonlocal terms and multivalued boundary condi-
tions. Communications in Nonlinear Science and Numerical Simulation, 118, 106997.

Zoubai, E, Merouani, B. (2021). Study of a mixed problem for a nonlinear elasticity
system by topological degree. Stud. Univ. Babes—Bolyai, Math. 66(3), 537-551.

B. Laouadi 92 Univ. of OEB



	Introduction
	Preliminaries
	Basic notions of metric spaces
	The origins of the metric space
	Examples of metric spaces
	Topological Properties of the Metric Spaces
	Normed space
	Various famous contraction type mappings on metric space
	Fixed point problem- coupled fixed point

	Basic notions of b-metric spaces
	The origins of the b-metric space
	Examples of b-metric spaces
	Comparison between metric and b-metric spaces
	Topological properties of b-metric space

	Basic notions of Menger PM spaces
	The origins of the Menger PM space
	Definition of PM spaces and Menger PM spaces
	Examples of Menger PM spaces
	Topological properties of Menger PM spaces
	Relation between metric spaces and PM spaces


	Brief history of some prominent fixed point theorems
	Topological fixed point theorems
	Brouwer's fixed point theorem
	Schauder's fixed-point theorem
	Leray-Schauder's fixed point theorem
	Darbo's fixed point theorem and some of their generalizations
	Sadovskii's fixed point theorem
	Krasnosel'skii’s fixed point theorem
	Mönch's fixed point theorem

	The Banach Contraction Principle
	Different types of contractive mappings and their relation to fixed point theory
	Nemytskiǐ and Edelstein's results
	Browder's result
	Kannan's result
	Chatterjea's result
	Reich's result
	Bianchini's result
	Hardy-Rogers's result
	Ćirić's result
	Berinde's result
	Suzuki's result

	Rational type contraction and uniqueness fixed point theorems
	Rational type contraction and non-uniqueness fixed point theorems

	Fixed point theorems in dynamic property under rational contractive condition for metric spaces
	Fixed point results for rational contractive maps in metric spaces
	Application to solvability of equations in  Z/n Z  

	Dynamic fixed point results for rational contractive maps on Menger PM spaces
	Fixed point theorems for contraction mappings in Menger PM spaces
	On the relationship between Banach contractions and PM contractions
	Fixed point result for PM contraction mappings

	Dynamic information theorems about fixed points for rational contractive mappings on Menger PM spaces
	Non-uniqueness fixed point result
	Uniqueness fixed point result


	Fixed point theorems and dynamic results in b-metric spaces under rational generalized contractive conditions with applications
	Banach's contraction principle in the context of b-metric spaces
	Uniqueness fixed point results in b-metric spaces
	Non-uniqueness fixed point results in b-metric spaces
	Discussion
	Application to integral equations
	Position of the problem
	Existence and Uniqueness of Solutions

	Application to coupled fixed point theory

	Conclusion
	Perspectives
	Bibliography

