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Preface

In recent years a considerable interest has been shown in the so-called fractional
calculus, which allows us to consider integration and differentiation of any order,
not necessarily integer. To a large extent this is due to the applications of the
fractional calculus to problems in different areas of physics and engineering. The
fractional calculus can be considered an old and yet novel topic. Starting from
some speculations of Leibniz and Euler, followed by the works of other eminent
mathematicians including Laplace, Fourier, Abel, Liouville and Riemann, it has
undergone a rapid development especially during the past two decades. One of the
emerging branches of this study is the theory of fractional quasilinear equations,
i.e. quasilinear equations where the integer derivative with respect to time is
replaced by a derivative of fractional order. The increasing interest in this class of
equations is motivated both by their application to problems from viscoelasticity,
heat conduction in materials with memory, electrodynamics with memory, and

also because they can be employed to approach nonlinear conservation laws

The purpose of this thesis is to extend the classical results (existence, uniqueness,
regularity of solution and controllability) of ordinary abstract evolution equations
to fractional abstract quasilinear equations. For completeness, these results are
derived using resolvent operators, family resolvent operators, the properties of

characteristic solution operators, fixed point theorem as well as fractional calculus.

This thesis is an outcome of the author’s research during his Dr.Sc. study at the
ENS Vieux-Kouba (October 2007 - October 2011) and Larbi Ben M’hidi University
(November 2011 - December 2012). Most of the material in the thesis is based on

the following articles from this period:
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[1]. M. Bragdi and M. Hazi, Controllability for systems governed by semilinear
fractional differential inclusion in a Banach spaces, Adv. Dyn. Sys. Appl., Vol.7,
No.2 (2012), 163170.

[2]. M. Bragdi and M. Hazi, Existence and uniqueness of solutions of fractional
quasilinear mixed integrodifferential equations with nonlocal condition in Banach
spaces, E. J. Qualitative Theory of Diff. Equ., No. 51 (2012), 1-16.

[3]. M. Hazi and M. Bragdi, Controllability of fractional integrodifferential
systems via semigroup theory in Banach space, Math. J. Okayama Univ. 54
(2012), 133-143.

[4]. M. Bragdi and M. Hazi, Existence and controllability result for an evolution
fractional integrodifferential systems, Int. J. Contemp. Math. Sciences, Vol. 5,
No. 19 (2010), 901-910.

The rest of this thesis is organized as follows: In Chapter 1 we recall briefly some
basic definitions of fractional derivative. Chapter 2 contains some background
material about resolvent and family operators which are used throughout this
work. In Chapter 3 applying resolvent operators and fixed point theorem, the
solvability of some fractional quasilinear equations are investigated. Chapter 4
is devoted to the controllability of some fractional quasilinear equations applying
family resolvent operators. Chapter 5 deals with to the controllability of fractional
Integrodifferential equations with almost sectorial operators, after the description
of this system, we use the properties of characteristic solution operators to obtain
sufficient conditions for the controllability results. Chapter 6 is devoted to the
investigation of controllability for systems governed by nonlocal quasilinear dif-
ferential inclusion in a Banach spaces by using resolvent family and a fixed point
theorem. In Chapter 7 the problem of existence of solutions for fractional differ-
ential inclusions is tackled in Banach spaces settings by the fixed point theorem

introduced by Covitz and Nadler for contraction multi-valued maps.



“God exists since mathematics is consistent, and the Devil exists since we cannot

prove it.”

André Weil



Abstract

In this work we consider two type of fractional abstract differential equations. The
purpose of the first part is to extend the classical results (existence, uniqueness,
regularity of solution and controllability) of ordinary abstract evolution equations
to fractional abstract quasilinear equations. In the second part we study existence,
uniqueness and controllability of nonlinear control system governed by a semilinear
differential inclusion. For completeness, these results are derived using resolvent
operators, family resolvent operators, almost sectorial operators theory, fixed point

theorems as well as fractional calculus.

Keywords: Controllability, Mild solution, Resolvent Operators, Family Resol-
vent Operators, Almost Sectorial Operators, Fixed Point Theorems, Fractional

Calculus.



Résume

Résumé

Dans le présent travail nous nous sommes intéressés a deux types d’équations
différentielles fractionnaires abstraites. Nous 'avons structuré en deux parties.
La premiere partie est consacrée a étendre des résultats classiques (existence,
unicité et régularité des solutions, et controlabilité, ) des équations d’évolution
ordinaires abstraites aux équations fractionnaires quasi-linaires abstraites. Nous
nous sommes attelés dans la deuxieme partie, a ’étude de 'existence, 1'unicité
et la controllabilité des systemes de controle non linéaires régis par une inclusion
différentielle semi-linéaire. Il y a lieu de signaler que ces résultats sont obtenus
en utilisant la théorie des semi-groupes, les opérateurs résolvants, le théoreme du

point fixe, ainsi que le calcul différentiel fractionnaire.

Mots Clés: Opérateurs résolvants, théorie des semi-groupes, théoreme du point

fixe, calcul différentiel fractionnaire.
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Chapter 1

Twofold Introduction to

Fractional Derivatives

1.1 Historical Introduction

The term fractional calculus is more than 300 years old. It is a generalization of
the ordinary differentiation and integration to non-integer order. The subject is as
old as the calculus of differentiation and goes back to times when Leibniz, Gauss,

and Newton invented this kind of calculation.

As to the history of fractional calculus, already in 1695 L’Hospital raised the
question as to the meaning of d"y/dx™ if n = 1/2, that is "what if n is fractional?”.
"This is an apparent paradox from which, one day, useful consequences will be
drawn”, Leibniz replied, together with ”d"/2z will be equal to zvdz :z”. In
1730 the subject of fractional calculus did not escape Eulers attention. J. L.
Lagrange in 1772 contributed to fractional calculus indirectly, when he developed
the law of exponents for differential operators. In 1812, P. S. Laplace defined the
fractional derivative by means of integral and in 1819 S. F. Lacroix mentioned a
derivative of arbitrary order in his 700-page long text, followed by J. B. J. Fourier
in 1822, who mentioned the derivative of arbitrary order. The first use of fractional
operations was made by N. H. Abel in 1823 in the solution of tautochrome problem.
J. Liouville made the first major study of fractional calculus in 1832, where he
applied his definitions to problems in theory. In 1867, A. K. Grunwald worked

on the fractional operations. G. F. B. Riemann developed the theory of fractional
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integration during his school days and published his paper in 1892. A. V. Letnikov
wrote several papers on this topic from 1868 to 1872. Oliver Heaviside published a
collection of papers in 1892, where he showed the so-called Heaviside operational
calculus concerned with linear generalized operators. In the period of 1900 to 1970
the principal contributors to the subject of fractional calculus were, for example,
H. H. Hardy, S. Samko, H. Weyl, M. Riesz, S. Blair, etc. From 1970 to the
present, they are for instance J. Spanier, K. B. Oldham, B. Ross, K. Nishimoto,
O. Marichev, A. Kilbas, H. M. Srivastava, R. Bagley, K. S. Miller, M. Caputo, I.
Podlubny, and many others.

Nowadays, the theory of derivatives and integrals of fractional order has played
an important role in engineering, physics, chemistry, and other sciences. Some of
the most prominent examples are given in a book by Oldham and Spanier [63]
(diffusion processes) and the classic papers of Bagley and Torvik [6], and Caputo
and Mainardi [24] (these two papers dealing with the modeling of viscoelastic
materials). More recent results are described, for example, in the works of Gaul
et al. [41] (description of mechanical systems subject to damping) and Podlubny
[67] (control theory). We refer to [36] and [66] for more details about the history

of the development of fractional calculus.

1.2 Mathematical Introduction

The brief historical introduction has shown that fractional derivatives may be
defined in numerous ways. In this Section, we recall several definitions on fractional

integral and fractional derivatives from [48] with a slight change.

1.2.1 Fractional Integrals

This section deals with the definition and properties of various operators of frac-
tional integration of arbitrary order. Among the various operators studied, it

involves the Riemann—Liouville fractional integral operators, Weyl operators.
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1.2.1.1 TIterated Integrals

Consider a locally integrable! real valued function f : J — R whose domain of
definition J = [a,b] C R is an interval with —oo < a < b < oco. Integrating n

times gives the fundamental formula

(1", f)(z) = / ’ / / " p ) da o dpadiy
I S

(1.1)
)!/a (x—y)" " fy)dy

C(n—1

where a < x < band n € N . This formula may be proved by induction. It reduces
n-fold integration to a single convolution integral. The subscript a+ indicates that
the integration has a as its lower limit. An analogous formula holds with lower

limit x and upper limit a. In that case the subscript a- will be used.

1.2.1.2 Riemann—Liouville Fractional Integrals

Equation (1.1) for n-fold integration can be generalized to noninteger values of n
using the relation (n — 1)! = I'(n) where I'(z) is Euler’s I'-function defined for all
z € C by A.1 (see Appendix A) .

Definition 1.1. Let —00 < a < z < b < 0o. The Riemann-Liouville fractional

integral of order o > 0 with lower limit a is defined for locally integrable functions
f:a,b] = R as

(v N)(x) = @I () = (D" f) (@) = ﬁ /m (z—t)* ' f(dt.  (1.2)

The Riemann-Liouville fractional integral of order v > 0 with upper limit b is

defined as

(2 Da) = (D@ = (D) = s [ =0 (13

LA function f : J = [a,b] C R is called locally integrable if it is integrable on all compact
subsets K C J
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1.2.1.3 Basic Properties of RL Fractional Integrals

Fractional integrals obey the following semigroup property:

Lo =I0Pe =112 ¢ (1.4)

1010 =106 = 1P IO ¢ (1.5)

The following results

b b
/ F(2) (12, g(x)) da = / o(@) (I f@)de, foge LMab),  (L6)

is called the property of "integration by parts” for fractional integrals.

1.2.1.4 Weyl Integral

The Weyl fractional integral is defined as

Definition 1.2. Let —oco < x < co. The Weyl fractional integral of order a > 0

with upper limit oo is defined for locally integrable functions f : (—oo0,00) — R

as
1 > 1
WeH)(x) = 2f)(x) = @/ (t—x)* f(t)dt (1.7)
The Weyl fractional integral of order o > 0 with lower limit —oo is defined as
« ol 1 ; a—1
(WD = (1206 = o [ =00 1

It can be shown that the Weyl definition coincides with the Riemann-Liouville
definition IS _ f respectively I ooyt f. For this reason the Riemann-Liouville frac-
tional integrals with limits d-oo, I f = ](‘ioo)Jrf and [¢f = I _ f are often called

Weyl fractional integrals.

The Weyl fractional integral may be rewritten as a convolution

(LEf)(x) = (KL [)(x), (1.9)
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where the convolution product for functions on R is defined as

(K + f)(z) = / K(x — 1) f(t)dt (1.10)
and the convolution kernels are defined as
()7
K¢ =T 1.11
i(x) F(O{) ) ( )

for & > 0. Here the suffix + in (x)i_l is just denoting that the function is vanishing
for x < 0. Being v > 0, this function turns out to be locally absolutely integrable
in R*. For @ = 0 the kernel K9 (z) = K°(x) = §(z) is the Dirac d-function.

1.2.1.5 Basic Properties of Weyl integral

Weyl fractional integral obeys the semigroup property. That is,

IEWEf = WerP = WE We . f (1.12)

Also the following relation holds

/0 " b(@) (o I0) ()d = / T (W) (@) () da (1.13)

Equality 1.13 is called Parseval equality. It can be established by interchanging

the order of integration.

Riemann-Liouville and Weyl fractional integrals have upper or lower limits of

integration are sometimes called left-sided resp. right-sided integrals.

1.2.1.6 Riesz Fractional Integrals

Definition 1.3. Let f € L]} (R) be locally integrable. The Riesz fractional in-

loc

tegral or Riesz potential of order o« > 0 is defined as the linear combination of

right— and left—sided Weyl fractional integrals.

(I"f)(x) = =

(1)) + (121)(z) ; -
2 cos(am/2) 2I' () cos(am/2) /_oo E ——t\l_o‘dt' (1.14)

The definition is again completed with (I°f)(x) = f(z) for a = 0.
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Riesz fractional integration may be written as a convolution

(I f)(x) = (K% f)(x), (1.15)
with the (one-dimensional) Riesz kernels

_ KS(z) + K%(z) _ !

Ko@) = = ostan2) .~ 3T(a) costan/2)’ (1.16)

fora #2k+1, k € Z.

1.2.1.7 Riesz—Feller fractional Integral

The generalized Riesz—Feller fractional integral of order > 0 and type g € R is
defined as

(17 f)(z) = (K7 % f)(x), (1.17)

where
o

"sin [o(7/2 + Bsgnz)]
2 («) sin(am/2)

Ka’ﬂ(aj) — |IL”

is the generalized RieszFeller kernels with parameter § and f € L}, .(R).

1.2.2 Fractional Derivatives

The notation for fractional derivatives is not standardized [48]. Leibniz and
Euler used d*, Riemann wrote 0%, Liouville preferred d*/dz®, Griinwald used
{d~f/dz*},_, or D*[f],_,, Marchaud wrote D, and Hardy-Littlewood used an
index f® Modern authors also use I~%, I % ,D%, d*/dz®*, ,DS, d*/d(z — a)®

instead of Dy, .

The fractional derivatives are defined using integrals, so they are non-local opera-
tors. The fractional derivative in time contains information about the function at
earlier points, so it possess a memory effect. Because of their non—local property
fractional derivatives can be used to construct simple material models and unified
principles. They have important applications in astrophysics, economics, fusion

plasmas, mechanics and viscoelasticity. (see [29]).

Here we recall the following known definition, for more details see [42, 60, 68].
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1.2.2.1 Riemann-Liouville Fractional Derivative

Definition 1.4. Let —0o < a < z < b < co. The Riemann-Liouville fractional
derivative of order a > 0 with lower limit a (resp. upper limit b) is defined for
functions such that f € L'([a,b]) and f* K"* € W™!([a,b]) as

(D3ef) (2) = (E1)" - (155°F) (2), (118)

and (DY, f) (z) = f(z) for a = 0.

Here n = [a] + 1 is smallest integer larger than a, and W*?(G) = {f € LP(G) :
f® € LP(G)} denotes a Sobolev space. For k = p = 1 the space Wh([a,b]) =

AC°([a,b]) coincides with the space of absolutely continuous functions?.

1.2.2.2 Caputo Fractional Derivative

Let f(z) be absolutely continuous on the finite interval [a,b]. Then, its derivative
[ exists almost everywhere on [a,b] with f' € L!([a,b]), and the function f can

be written as
f@) = [ £y + @) = (1) () + f(a),

Substituting this into I, f gives

(12.0) (@) = (8412, (@) 4 i o=

a+1)

where commutativity of I}, f and I, f was used. It follows that

(DI 1) () = (12, DF) () + oy o =)™

for 0 < o < 1. Above, the notations (Df) (z) = d];(;) = f'(z) were used for the

first order derivative.

2A function f : I — R is said to be absolutely continuous on I if for every ¢ > 0 there

!
exists 6 > 0 such that Y |f(br) — f(ax)| < € for every finite number of nonoverlapping intervals
k=1

l
(ak,bk), k=1,...,1 with [(Lk,bk] C I and Z (bk — ak) < 4.
k=1
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This observation suggests to introduce a modified Riemann-Liouville fractional

derivative through

(CDE ) (@) i= [ f () = —— >/:( 1 g, (1.19)

I'n—« x —y)entl

where n = [a] + 1. Note, that f must be at least n-times differentiable. Formula

1.19 is due to Liouville, but nowadays named after Caputo. We should point out

da
) dx™

a. If fis an abstract function with values in Banach space X, then the integrals

that we write from now on instead “Dg, for the Caputo derivative of order

and derivatives which appear in (1.19) are taken in Bochner’s sense.

1.2.2.3 Basic Properties of RL and Caputo Fractional Derivatives

Let A\, i, a, a be real constants and f, g arbitrary functions for which the needed

operations are defined. Then the linearity can be express by the formula:

Do (A f + pg) = ADZ(f) + 1uDgy(9), (1.20)

“DaL(Af + ng) = XDgu(f) + 1 Dgi(g). (1.21)

Similarly we can derive a general formula for an infinite series, where the funda-
mental condition is uniform convergence of original series. The idea is that we

have to deal with uniformly convergent series all the time

(D;;sz) S (D) (122

(CD;;; fk) => (“Dgfi) ( (1.23)

Especially for finite lower bound a we have to care only about the uniform con-
vergence connected with derivatives, because integrals stay uniformly convergent

automatically.
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The Caputo differential operator is a commute operator

(CD2CDES) (@) = (CDICDLS) (@) = ((D2*F) (@), Vo, Be Ry,  (124)

0 0

if f is sufficiently smooth, and it possesses the desirable propriety that
C NHa
. Dgc=0 for any constant c. (1.25)

The more common RL fractional derivative need not commute [40]; furthermore,

cr™ @

o —
T Tla—1)

The relation between (1.18) and (1.19) is given by

—

n—

(Deyf) (@) = (“Dgy f) (x) +

(x —a)ke

mf“f)(a), a > 0. (1.26)

=
Il

0

The RL integral operator and the RL differential operator are inverse operators

in the sense that

Dy 13 f(x) = f(x); (1.27)
n-l T — q)e k-1
I3, D3 f(x) = f(x) = ) w—)_m(z)”-k-lfg;a )(a), (1.28)

where

e f € AC™ ([a,b]) := {f € C™([a,b]) | f™ is absolutely continuous},
f€L'(la,b]), «>0and n=[a] + 1.

1.2.2.4 The generalized Riemann—Liouville fractional derivatives

Definition 1.5. The generalized Riemann-Liouville fractional derivative of order

0 <a<1and type 0 < 8 <1 with lower (resp. upper) limit a is defined as

(D2£5) (0) = (222270 3 (1705) ) . (1.20)

for functions such that the expression on the right hand side exists.
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The type 3 of a fractional derivative allows to interpolate continuously from D§, =
D(?:I? to CDS:N: = Da:l:

1.2.2.5 Marchaud-Hadamard fractional derivatives

Definition 1.6. Let —co < a < b < ooand 0 < o < 1. The Marchaud-Hadamard

fractional derivative of order o with lower limit a is defined as

a f(z Q T f(x) - f
U2 0 = R ooy T, e 00

and the Marchaud—-Hadamard fractional derivative of order o with upper limit b

is defined as

(M(?_f> ({L‘) _ f(l’) + o /b f(.%') _ f(y) dy, (131)

I(l—a)b—z)  T(1-a) (z — y)ott
For a = —o0o (resp. b = 00) the definition is
(ML) (x) 1_@ / fla a+1I:Fy)dy 1.32)

The definition is completed with M°f = f for all variants.

1.2.2.6 Weyl-Liouville fractional derivatives

Definition 1.7. The Weyl-Liouville fractional derivative is defined as

(DE1) (&) = £ (1) (a), (1.33)

for 0 < a < 1, where the Weyl integral =11 f was defined in (1.8).

1.2.2.7 Grunwald—Letnikov fractional derivatives

The basic idea of the Griinwald approach is to generalize finite difference quotients

to noninteger order, and then take the limit to obtain a differential quotient.
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Definition 1.8. The Griinwald-Letnikov fractional derivative of order o > 0 with

lower limit a is defined as

. 1 [(w—a)/h] o e B
(“FD2 f) (z) = lim > (-1 . f(x — kh), (1.34)

and the Grinwald-Letnikov fractional derivative of order o with upper limit b is
defined as the limit

—z)/h
(“*Dy_f) (z) = lim — Z ( >f(ac—|—kh), (1.35)

o
of fractional difference quotients whenever the limit exists, where < L ) is the

generalized binomial coefficient.

1.2.2.8 Local fractional derivatives

All fractional derivatives defined above are nonlocal operators. A local fractional
derivative (LFD) operators have been introduced in the recent literature [52].
Being local in nature these derivatives have proven useful in studying fractional

differentiability properties of highly irregular and nowhere differentiable functions.

Definition 1.9. For —oo < a < oo the right (left) Kolwankar-Gangal local frac-
tional derivative (KG-LFD) of order 0 < @ < 1 at x = a is defined by

("D%1) (a) = Fa%0) = lim (DL f) (2), (1.36)

T—a

The function f is called KG fractionally differentiable at the limit a whenever the

two limits (1.36) exist and are equal.



Chapter 2

Abstract Fractional Differential

Equations in Banach Spaces

This chapter serves as an introduction to the other chapters. It contains the
essential background materials required throughout this thesis. In this section, we
recall some materials about differential operators, resolvent operator and family
resolvent operator and its applications to abstract fractional differential equations.
We will only state results without proofs. See the references [5], [16]-[18], [30],
[45] and [65] for more details and summary of this theory.

2.1 Preliminaries

Throughout this thesis, most notations used are standard. So N, R, C denote
the sets of natural, real and complex numbers, respectively, and Ny := N U {0},
R, = [0,00), Yp(w) := {z € C\{0}: |arg(z—w)| <0}, 0 € (0,7), w € R,
Yo = (0,00) and Xy = ¥4(0) for short, also, %5 and X, denote its boundary and

closure, respectively.

Let X, Y be Banach spaces with norms | - ||x, || - ||y; the subscripts will be
dropped when there is no danger of confusion. By B(X,Y’) we denote the space
of all bounded linear operators from X to Y, B(X) := B(X, X) for short. Un-
less otherwise specified, we denote by E the Banach space C(J; X) of X-valued
continuous functions on J equipped with the sup norm. If A is a linear oper-
ator in X then D(A), R(A), N(A) denote domain, range and null space of A,

12
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respectively, while o(A) and p(A) mean spectrum and resolvent set of A and
R(X\, A) := (M — A)7! stands for the resolvent operator of A. We say that the
Banach space X is continuously embedded in the Banach space Y if X C Y and
I lx <Ol -y

Let I = (a,b), where —0o < a < b < oo, and 1 < p < 1. Then LP(I; X) denotes
the space of all (equivalent classes of) Bochner-measurable functions f: [ — X,

such that || f(t)||% is integrable for ¢ € I. It is a Banach space when normed by

1/p
[ llorcry = ( Juss ds) |

If p = oo the space LP(I; X) consists of all measurable functions with a finite norm

£l oo 1) := esssup [ f(#)]| x -
tel

Let us recall the following definition:

Definition 2.1 ([65]). A two parameter family of bounded linear operators U (¢, s),
0<s<t<T,on X is called an evolution system if the following two conditions

are satisfied.

(i) U(t,t) =1, U(t,r)U(r,s) =U(t,s) for 0 < s <r <t <T,

(i) (t,s) — U(t,s) is strongly continuous for 0 < s <t < T.
Definition 2.2 ([65]). A one parameter family 7' (¢), 0 < t < oo, of bounded
linear operators from X into X is a semigroup of bounded linear operators on X
if

(i) T(0) = I (the identity operator in X),

(ii) T(t)T(s) =T(t + s), for t, s > 0 (the semigroup proprety).

A semigroup of bounded linear operators T'(¢) is uniformly continuous if

lim |[7(¢) — I = 0.
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The linear operator A defined by

D(A) ={z € X |lim W exists}

h—0

and

A(x) = lim T(h)(z) —=

h—0 h ’

for x € D(A),

is the infinitesimal generator of the semigroup 7' (¢), D (A) is the domain of A.

Definition 2.3 ([65]). A one parameter family 7 (t), 0 < t < oo, of bounded linear

operators on X is a strongly continuous semigroup of bounded linear operators if

ImT (t)x =« for every z € X.
t—0

A strongly continuous semigroup of bounded linear operators on X will be called

a semigroup of class Cyy or simply Cj semigroup.

Theorem 2.4 ([65]). Let T'(t) be a Cy semigroup. There exists w > 0 and M > 1

such that

1Tt < Me*t, for 0<t<oo.

If w=0, T (t) is called uniformly bounded and if moreover M = 1 it is called a

Cy semigroup of contractions.

For more details on Cj semigroups, we refer the reader to the book of A. Pazy
[65].

2.2 Operators in Banach spaces

We now turn to a short introduction to sectorial operators
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Let X be a complex Banach space, and let A : D(A) C X — X be a closed linear
densely defined operator in X. In the sequel we suppose that D(A) is equipped
with the graph norm of A, i.e. ||z||p(A) := ||z||x + ||Az| x; since A is closed, D(A)

is a Banach space, continuously and densely embedded into X.

Definition 2.5 ([7]). We call an operator A : D(A) C X — X nonnegative iff

the following two conditions are satisfied:

(i) there exists K > 0 such that for all A > 0 and all x € D(A), M|z|[x =
K||Ax + Azx||x holds;

(ii) R(A + A) = X for all A > 0.

Observe that if A satisfies (i) and (ii), it is closed. Moreover, any nonnegative

operator in a reflexive Banach space is densely defined.

Definition 2.6 ([7]). An operator A satisfying (i) of Definition 2.5 with K =1 is

called accretive. If A moreover satisfies (ii) then A is called m-accretive.

Note that if A is accretive and (ii) holds for some Ay > 0 then it holds for all

A > 0, so it is m-accretive.

It is well known that if X is a Hilbert space with inner product (-,-) then A is
accretive iff R(Az,x) > 0 for all x € D(A).

Definition 2.7 ([7]). An operator A is said to be positive if it is nonnegative and

0 € p(A).

There are many examples of positive operators. For instance, any positive-definite
selfadjoint operator acting in Hilbert space is a positive operator. If A gener-
ates a Cy-semigroup of negative type then A is a positive operator. The reverse
statement, however, is untrue, since there exist positive operators which are not

generators of suitable semigroups.

Definition 2.8 ([28]). The operator A is called sectorial of angle 6 € [0,7) (A €
Sect(0), in short) if:
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(i) o(A) is contained in the closure of the sector

Yp:={2€C:2#0 andl|argz| <68},

(ii) For every ¢ € (0,7), sup{||zR(z, A)|| : z € C\ ¢/} < 0.

Obviously, any positive operator is sectorial. Examples of sectorial, but not pos-
itive operators are some differential operators on unbounded regions, like the

Laplace operator or the Stokes operator on exterior domains.

Theorem 2.9 ([7]). An operator A is sectorial of angle 6 € [0,7) (sectorial, in

short) if it is nonnegative, N(A) = {0} and R(A) = X.

Definition 2.10 ([28]). A family of operators (A, )¢ is called uniformly sectorial
of angle § € [0,7) if A, € Sect(f) for each 7, and sup{||zR(z, A,)|| : 7€ A, z¢€
C\XZp} < 0.

If 0 € p(A) for a sectorial operator A, then we can define its fractional powers as
follows. For b > 0, define A~° by

1
A= - — APR(N, A)d,
270 Jr)

where ¢ € (6,7) and the path T'(¢) runs in the resolvent set of A from ooe %
to ooe’®, avoiding the negative real axis and the origin, and A~? is taken as the

principle branch (see [28]).

Definition 2.11 ([76]). Let —1 <y <0 and 0 < 0 < 7/2. By ©,(X) we denote

the family of all linear closed operators A : D(A) C X — X which satisfy

(i) (A) cSp={2€C:2#0 and|argz| <0} U{0} and

(ii) For every p € (0, m) there exists a constant C), such that

|R(z, A)|| < C,lz|" forall ze C\S,.
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A linear operator A will be called an almost sectorial operator on X if A € ©)(X).
Note in particular that if A € ©)(X), then 0 € p(A) and A generates a semigroup
T(t) with a singular behavior at ¢ = 0 in a sense, called semigroup of growth 1+ .
Moreover, the semigroup 7'(¢) is analytic in an open sector of the complex plane C,

but the strong continuity fails at ¢ = 0 for data which are not sufficiently smooth

(see [76]).

2.3 Solution Operators

In this section, we introduce preliminary facts about solution operators in Banach

spaces which are used throughout this thesis.

2.3.1 Resolvent Operators

We consider the quasilinear fractional integrodifferential equation

di;it) + A(t, 2(t))z(t) = f(t,x(t),/o k(t, s,x(s))ds,/o h(t,s,x(s))ds), te€J,
(2.1)
2(0) + g(tita, ..oty 2() = 20, 70 € X, (2.2)

where J =[0,7],0 <a<land 0 <t <ty <---<t,<T, —A(t, ) is a closed
linear operator defined on a dense domain D(A) in X into X such that D(A) is
independent of ¢. It is assumed also that —A(t,) generates resolvent operator
in the Banach space X. The nonlinear functions f : J x X x X x X — X,
g:JPxX = X, k,h:JxJxX — X are given. The operator i—z denotes the
Caputo fractional derivative of order «.

We now give the definition of resolvent operators
Definition 2.12 ([17], [72]). A family of bounded linear operators R,(t,s) €

B(X), 0 < s <t <Tis called resolvent operator for equations (2.1) and (2.2) if

the following conditions hold:
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(a) R.(t,s) is strongly continuous in ¢t and s, R,(t,t) =1,t € J.

(b) For each x € X, R.(t,s)x is a continuously differentiable function in ¢ and s
such that

0*R,

ot

(t,s)x = —A(t, 2(t)) R, (t,s) x.

With 3§t§z (t,s) z strongly continuous on 0 < s <t < b. Here R,(t,s) can
be extracted from the evolution operator of the generator —A(t,-). The
resolvent operator is similar to the evolution operator for nonautonomous

differential equations in a Banach space.

Next we introduce the so-called ”Mild Solution” and ” Classical Solution” for (2.1)-
(2.2). Let us point out that the definition of mild solution will depend on whether

the operator solution was considered.

Definition 2.13 ([17, 72]). A continuous solution z of the integral equation

x(t)
= Rx(t, O)xo — Rx(t, O)Q(tl, to, ... ,tp, [L’())

1 ¢ - s T
+m/0(t—s) R;c(t,s)f(s,x(s),/o k‘(S,T,ZL’(T))dT,/O h(S,T,ZL’(T))cﬁ(';d;)’

with ¢ € J, is said to be a mild solution of (2.1)—(2.2) on J.

Definition 2.14 ([30, 32]). By a classical solution of (2.1)-(2.2) on J, we mean

a function x with values in X such that:

(i) x is continuous function on J and z(t) € D(A),

(i) £ exists and is continuous on (0,7, and satisfying (2.1)—(2.2) on J.

Definition 2.15 ([31, 43]). The system (2.1)—(2.2) is said to be controllable on
the interval J, if for every xy, x; € X there is exists a control v € L?(J,U) such
that the mild solution x(t) of (2.1)—(2.2) satisfies x(0) + g(t1,t2,...,tp, ) = xo
and z(b) = x1.
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Also, we need the following lemma

Lemma 2.16. [30, Lemma 3.1] Let Q C X, Y be a densely and continuously
imbedded Banach space in X and let R,(t,s) be the resolvent operator for the

problem (2.1)—(2.2), there exists a constant Cy > 0 such that
t
1Rz (1 s)w — Rey (8, s)w]| < CoHWlIY/ [21(7) = 2a(7)|dT,

for every z1, zo € E with values in ) and every w € Y.

2.3.2 (o, z)-Resolvent Family

Let E be the Banach space formed from D(A) with the graph norm. Since —A(t, -)
is a closed operator, it follows that —A(¢, ) is in the set of bounded operators from
E to X.

In order to give another definition to an («a, x)-resolvent family solutions we need

the following theoretical approach to our system.

Definition 2.17 ([31]). Let A(¢,x) be a closed and linear operator with domain
D(A) defined on a Banach space X and a > 0. Let p(A(t,z)) be the resolvent
set of A(t,z). We call A(t,z) the generator of an (o, z)-resolvent family if there
exist w > 0 and a strongly continuous function R,z : Ri — L(X) such that

{AY:R(\) > w} C p(A(t,x)) and for 0 < s <t < o0,
AT — A(s,2)] 'z :/ e_k(t_S)R(avx)(t,s)ydt, R >w, (z,y) € X2
0

In this case, Rz)(t,s) is called the («, x)-resolvent family generated by A(t, x).

(i) We can deduce that (2.1)—(2.2) is well posed if and only if —A(¢,z) is the

generator of (o, x)-resolvent family. |

(i) Here, R(a1)(t,s) can be extracted from the evolution operator of the gener-

ator —A(t, x),
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(iii) The (a,x)-resolvent family is similar to the evolution operator for nonau-

tonomous differential equations in a Banach space.

In the case where —A(t, z) is not dependent on x, a 1-resolvent family is the same
as a Cy-semigroup whereas that a 2-resolvent family corresponds to the concept

of sine family, see [5].
Here we give another definition of mild solution (see [31])
Definition 2.18 ([17, 31]). Let the linear part of the system (2.1)—(2.2) generates

an (o, z)-resolvent family R, . (t,s). A continuous solution x of the integral

equation

x(t)

= R(a,a?) (ta 0)370 - R(a,x) (ta O)Q(tla t27 cee 7tP7 .’L'()) (24)

+/0 Raz)(t,0)(t, s)f(s,as(s),/oS k‘(S,T,ZL‘(T))dT,/O h(s,T,x(T))dr)ds,

with t € J, is said to be a mild solution of (2.1)—(2.2) on J.

2.3.3 «-Mildly Solvability

E. Hernandeza et al. in [47] showed that it is inappropriate to define the mild

solution of problem

{ CDYx(t) + Ax(t) = f(t), t>0, (2.5)

z(0)=1, 0<a<l.

as follows

2(8) = T(t)zo + ﬁ /0 (t— $)*'T(t — 5)f(s)ds,

where T'(t) is the semigroup generated by A, though this fashion was used in some

situations of previous research (see, e.g., [50]).

We should point out that in the treatment of problem 2.5 and related problems,

one of the difficult points is to give reasonable concept of solutions. Another is
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that even though the operator A generates a semigroup 7'(t) in X, it will not be

continuous at ¢t = 0 for nonsmooth initial data x (see [76]).

Let us now give definition of a-mild solution in a way close to that given by R.-N.

Wang et al. and J. Wang et al.

Definition 2.19 ([17, 31]). Let the linear part A of the system (2.1)-(2.2) be an
operator in the class ©]. For each u € L*(J, X), an a-mild solution of the system

(2.1)—(2.2), we mean a function = € C'(J, X) which satisfies

x(t)
= Su(t)mg — Sa(t)g(t, tay .. . tp, 2(+))

+ /0 (t — 5)* 1Py (t — 5)(t,5) f(s, 2(s), /OS k(s, T,x(T))dT,/O h(s,T,x(7))dr)ds,
(2.6)

where the operator families {S(t)}|tesg/270 and {P(t)}hesg/%g are called charac-

teristic solution operators and given by

Su(t)z = Ba(—2t)(A)z = /0 W, ()T (st Vs,

Po(t)r = Epo(—2t%)(A)z = /000 asV,(s)T(st")xds,

where E, o, E, and ¥, are the generalized Mittag-Leffler function, Mittag-Leffler

function and Wright—type function respectively (see Appendix A).

We need some basic properties of these families which are used further in this

thesis.

Lemma 2.20. [76, Theorem 3.1]

(i) For eacht € 52/2_9, Su(t) and P, (t) are linear and bounded operators on X,

i.e., forany x € X,

ISa(t)z]] < M |[z]| and |[Pa(t)z] <

<t lel @D
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(i1) There exist constants Cs = C(a,v) > 0, C, = C(a,y) > 0 such that for all

t>0,

|Sa(t)z]| < Ct=W)  and  ||Pa(t)z|| < Cot 20+, (2.8)

Lemma 2.21. [76, Theorem 3.2] Fort > 0, S,(t) and P, (t) are continuous in the

uniform operator topology. Moreover, for every r > 0, the continuity is uniform

on [r,00).

Lemma 2.22. [76, Theorem 3.4] The following properties hold.

(i) Let B> 1+~ for all x € D(A?), lim S,(t)r = z;

t—0t

(ii) For allx € D(A), (Su(t) — ) a = [; —s* AP, (s)xds;



Chapter 3

Existence and Uniqueness of
Solutions of Fractional
Quasilinear Mixed
Integrodifferential Equations with
Nonlocal Condition in Banach

Spaces

3.1 Introduction

This chapter have been extracted from the research paper [17] .

The existence results to evolution equations with nonlocal conditions in Banach
space was studied first by [21], subsequently, many authors were pointed in the
same field, see [4, 11, 12, 22, 23, 34]. [34] indicated that, using the nonlocal
condition z(0) + Y7 | c;x(t;) = xo where ¢;, (1 = 1,2,...,p) are given constants

and t =0 <t <--- <t, <b to describe for instance, the diffusion phenomenon

23
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of a small amount of gas in a transparent tube can give better result than using

the usual local Cauchy problem z(0) = xo.

Recently, the existence of solutions of fractional abstract differential equations
with nonlocal initial condition was investigated by [61]. Much attention has been
paid to existence results for the nonlinear mixed integrodifferential equations with
nonlocal condition in Banach spaces, see Dhakne et al. [35]. Several authors have
studied the existence of solutions of abstract nonlocal problems by using different

techniques, see [8, 20, 37, 49, 57, 73, 74] and the references given therein.

Consider the quasilinear fractional integrodifferential equation as in chapter

LI 4 Altx(0)(0) = (8 2(0), /0 K(t, s, 2(s))ds, /0 Wt s,2(s))ds), 1€
(3.1)
z(0) + g(t1,ta, ..., tp, 2(-)) = xo, 1w € X, (3.2)

where J = [0,7],0 <a<1,0<t <ty <---<t, <T,—A(t,-) and the nonlinear
functions f: I X X X X X X =5 X, g: JPx X = X, k,h:JxJxX — X are

given as in Chapter 2.

In this chapter our aims is to study the existence, uniqueness and other properties
of solutions of the problem (3.1)—(3.2). The main tool employed in our analysis
is based on the Banach fixed point theorem, resolvent operators and fractional
calculus. Our results generalizes the correspondence results in [35] to nonlocal
quasilinear mixed integrodifferential equations of arbitrary orders. We indicate

that the method used in this work is different from that in [59].

The rest of this chapiter is organized as follows: In section 2 we give some neces-
sarily conditions which ensuring the main results. The existence and uniqueness
theorems for the problem (3.1)—(3.2) and their proofs are arranged in section 3.

Finally in section 4 we give example to illustrate the application of our results.

3.2 Preliminaries

Now, we list the following hypotheses for our convenience. For the rest of this
chapter, let Z be taken as both X and Y.
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(H1) There exists a constant G > 0 such that

gt ta, .oty 21() — gltista, .ty 22()) || < Gllzy — 226

for 1,29 € E.

(H2) There are constants Ly, Ky, H;, G; and M such that

Ll = Oréltaé}% ||f(t707070)HZ7
Ky = max [[k(t,s,0),
0<s<t<T

Hl: max Hh(t,S,O)”,

0<s,t<T
Gy =max||g(ts, t2, ..., tp, 2())l|2,

My = max |R,(t,s)]-

0<s<t<T

(H3) The constants ||xo||, M, G4, L, K, K1, H, H;, T and r satisfy the following two
inequalities:
[Collzolly T + MoG + CoGT] + T3S [Lr + LT(Kr + K1) + LT(Hr + Hy) +
L]+ i

oL+ KT+ HT) < 1,

and

M()HLC()H + M()Gl + %[Iﬂ” + TLK?“ + TLKI + TLHT + TLH1 + Ll] S Tr.

With these preparations we are now in a position to state our main results to be

proved in the present chapter.

3.3 Main Results

Theorem 3.1. Assume that

(i) hypotheses (H1)—(H3) hold,
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(i) f:JxXxXxX — Z is continuous int on J and there exists a constant

L > 0 such that

Hf(t7x17y1721> - f<t7x27y2722)”z < L(Hxl - l’g” + Hyl - y2H + Hzl - ZQH)?

for x;,yi, zi € By, i = 1,2, where B, ={z € X : ||z|| <r}.
(i1i) k,h : J x Jx X — X are continuous in s,t on J and there exist positive

constants K, H such that

1k, 5,21) = k(t, 5, 22) || < K([lzy — a]),

1h(t, 5, 210) = h(t, s, 22)[| < H([Jx1 = 22)),
for xy,y; € B, 1 =1,2.
Then problem (3.1)—(3.2) has a unique mild solution on J.

Proof of Theorem 3.1. We shall use the notions and notations introduced in the

preceding section. We define an operator F': E — E by

(£72)(¢)
= R.(t,0)z0 — R.(t,0)g(t1, ta, ..., 1y, 2(-))

1 t - s T
+m/o(t_s) Rz(t,s)f(s,z(s),/o k(s,T,z(T))dT,/O h(S,T,Z(T))dT()Bd;;

for t € J. It follows from assumption on the functions f, h and k that F': E — F

and for every z € E, Fz(0) = xo — g(t1,t2, ..., tp, 2(+)).

Let S be the nonempty closed and bounded set given by

S={2€E:20) =0 —gltita... .ty 2()), |2(&)] <r}. (3.4)
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Then for z € S we have

I(F2)(@)]

< [|R(2, 0)zoll — ([ R= (2, 0)g(tr, 2, - - tp, 2()) ]
+Hﬁ/o (zf—s)‘“_IRZ(t,s)f(s,z(s),/0S k:(s,T,z(T))dT,/O h(s, 7, 2(7))dr)ds|

< My|zo|| + MGy + % / (t — 5) 1 £ (5. 2(s), / ks, 7, 2(r))dr,

/0 h(s,7,2(7))dr) = f(s,0,0,0)[| + [ f(s,0,0,0)[[]ds

< My|lzo|) + MG + % / (t — )" [L(l=(s) — O] + | / k(s.7, 2(r))dr — 0]

T
+ ||/0 h(s, 7, 2(7))dr = 0]|) + || f(s,0,0,0)]]ds
< Mol|zol| + MoG
+ % /Ot(t —5)* MLr + L/OS Wk(s, 7, 2(7)) — k(s,7,0) + k(s,7,0)||dr
T
+ L/ |h(s, T, 2(T)) — h(s,7,0) + h(s,7,0)||dr + Li]ds
0

< Myl|zol| + MoG4

M. t
* ) / (¢t =) [Lr+ LT(Kr + Ky) + LT(Hr + Hy) + L]ds
@) Jo

< Mo||zol|| + MoG1
MyT“

+ Y e ¢ TLKr+ TLK, + TLHr + TLH, + L] < r.
['a+1)

Thus, we have F': S — S.

Now, for every 21,2, € S and t € J, we have

[(Fz1)(t) — (Fz2)(t)]
< HRzl (tv 0>x0 - RZ? (t’ O)ZE()“

+ ||RZ1 (t> 0)9(251, t27 v 7tpa Zl()) - RZQ (t, O)Q(tla t2a v 7tp7 ZZ())”
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X [||Rzl(t,0)f(s,z1(s),/os k(s,, 21(7'))d7',/0 h(s, T,z (7))dr)

_RZZ(t70)f(S,ZQ(S>,/OS k(s,T, ZQ(T))dT,/O h(s, T, zo(7))dT)||]ds
< [|R., (¢, 0)z0 — R, (L, 0)ao|

+ HRzl (t, O)g(tl,tg, Ce ,tp, Zl<'>> — Rzz(t, 0>g(t1,t2, e ,tp, ZQ())H

[HRzl(t 0)f(s,z1(s), k(s T, 21(T))dr /0 h(s, T,z (7))dr)

0

R0 (s (s), | k(s 7 aa(r / h(s, 7, 2 (r)d)|
0

+ || R, (t,0) f(s, 21(s), k (5,7, 21(7 / h(s, T, 21(7))dr)
0

—R.,(t,0)f(s, 22(s), / k(s, T, zo(7))dr, /T h(s,T, ZQ(T))dT)”:| ds

0 0

< I+ 1y + I,

where

]1 - ||R21 (t, O)‘TO - RZz (t’ 0)!130“

+ ”Rz1 (tv 0)g<tlat27 s >tp7 Zl()) - RZQ(t7 O)g(tlat% s >tp7 z?())“a

1 ¢ o1
L= ) 09
S B (£,0)F (5, 21(5). /0 k(s, 7, 21 (7)dr, /0 h(s, 7, 21 (7))dr)

R(1.0)f (s, 2a(s). / (s, 7 21 (7)) dr, / h(s, 7, 21 (r))dr) ) ds.
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and

1 t ol
=gy 9
1 Run (£, 0) (5. 21(5), / k(s 7. 21 (7))dr, / h(s,7, 21 (7))dr)

S T
—RZQ(t,O)f(S,ZQ(S),/ k(s,T,ZQ(T))dT,/ h(s, T, zo(7))dT)||]ds.
0 0
Using Lemma (2.16) and hypotheses (H1), (H2), we obtain

[1 < HRzl(t7 0)230 - Rzz(ta 0)330”
+ ||Rz1 (t, O)g(thtg, Ce ,tp, Zl(')) — Rzl (t, O)Q(tl,tg, Ce ,tp, ZQ())H

R (1. 0)glt bty 20()) — Reg(0)g (01, 22()]
< Gllall " la(r) = a7l
+ R (8, 0)[|[[g(t1, ta, - ooty 21(5)) — g(t1, ta, ooty 22()) |
+ Colltsta 2Dy [ a(r) = 2o
< Cllallls =l [ dr+ MGl 2l
+ Collg(tsta stz Dl = 2l [ dr
Thus
I < [Collzo|lyT + MoG + CoGTl||z1 — 22| E- (3.5)

Applying Lemma (2.16), hypotheses (H2), and assumptions (ii), (iii), we get

L t a-l t — zo(7)||dT
f2§m/0(t—3) 00/0 24(7) = 22(7)d
« [Hf(s,zl(s),/o k(s,T,zl(T»dT,/o h(s, 7, 21 (7))dr) — £(5,0,0,0)]ly

+ ||f(57 07 07 O)HY]dS
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1 t t
< _ o)1 o
[2_ F(a>/0(t S) 00H21 Z2||E/O dT
< [L(]|(s) — O] + | / k(s 7, 21(7))dr — 0|
T
+ u/ h(s, 7, 21 ())dr — O]]) + || £(5,0,0,0)[|y]ds
1 ’ ¢ )
< — 5o —
= F(Q)A(t S) COHZI ZQ”ET
X [Lr + L/ lk(s, 7, 21(7)) — k(s,7,0) + k(s,7,0)||dr
0
T
L [ s, 7 (7)) = s, 70) + Al 0)dr + Lilds
1 ’ t )
< — 5o -
> F(Oé)/o(t S) COHZI ZQ“ET

X [Lr+ LT(Kr + Ky) + LT(Hr + Hy) + Ly]ds

Ta+1C
< —— 2 Lr + LT(Kr + K,) + LT(Hr + Hy) + L1]||21 — 2/,
I'(a+1)
TG,

Again by using Lemma (2.16), hypotheses (H2), and assumptions (ii), (iii), we

obtain

1/ w1
h< s [ = R0
X [Hf(s,zl(s),/o k(s,T,zl(T))dT,/O h(s, T,z (7))dr)
_f<3,22(3),/08 k(s,T, 22(7))d7,/0 h(s, T, z2(7))dr)||)ds
1 t a-l — 2o(s
< w7 [ =9 ML) — 20
—|—/0 Wk(s, 7, 21(7)) — k(s, T, z2(7))||dT

—|—/0 |h(s, T, 21(T)) — h(s, T, 29(7))||dT]ds
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1

t s T
< /(t—s)“1MOLHz1—22HE[1+K/ dT—l—H/ drlds
0 0 0

—~

a)

1 t
< —/ (t = 8)* ' MyL|lz1 — 2|1 + KT + HT)ds,
F(a) 0
TeM,L
—— 1+ KT+ HT — ) .
3 < F(a—i—l)[ + KT + HT||z1 — 2||& (3.7)

Hence from (3.5)—(3.7), we have

|Fz1 — Faallp < qllz1 — 22||E,

where g = [Co|lao|ly T+ MoG+CoGT)+ Tz [Lr+ LT (Kr+Ky) + LT (Hr+H) +
Ly] + ??ﬁ%[l + KT + HT], with 0 < ¢ < 1. Thus F' is a strict contraction map

from S into S and therefore by Banach contraction principle there exists unique
fixed point x of F'in S and this point is the mild solution of problem (3.1)—(3.2)

on J. This completes the proof of the Theorem 3.1. n

To establish the existence of unique classical solution to (3.1)—(3.2), we shall re-

quire the following lemma.

Lemma 3.2. Assume that |fg —fl| < 1and 0 < a < 1. Then, there exists a

constant No > 0 such that

I[R.(t2, 8) — R.(t1, 8)]z|| < (NoMo||z|| + €)|t2 — t1|* for every =,z € D(A).
(3.8)

Proof. Tt is not difficult to show that D(A) with the norm |z|4 := ||z| + || Az||
is a Banach space which we denote by X,4. Using the closed graph theorem
and closeness of —A(t,-), we obtain —A(t,-) is in the Banach space B(Xy4, X) of
bounded linear operators from X 4 to X. Therefore, there exists a constant Ny > 0

such that

|A(t, 2)z|| < No||z|| for every z,z € D(A) and every t € J.



Chapter 3. Ezistence and Uniqueness of Solutions of FQMIDE 32

Now, using (iv) of Definition 2.12, we obtain

I[R-(t2, 5) — Ra(ty, 9)]zl| < [|A(f, 2) Ra(fr, 9)[l[t2 — 1] + o(t2 — 1)

S N0M0||.§CH|{{2 — tNl‘ + 0(1?2 — El)

(3.9)
= (NoMy||z[| + €)[t2 — 1]
S (N()M()HI'H + 6)’%2 — El‘a'
0
Theorem 3.3. Assume that
(i) hypotheses (H1)—(H3) hold,
(ii) X is a reflerive Banach space with norm || - || and xy € D(A), the domain

OfA(tv')f
(”7’) g(tlat% s 7tp7 I()) S D(A>7

(iv) There exists a constant L > 0 such that

If(tr, 21,91, 21) — f(t2, 22,90, 20) [z < L[t — to| + [lz1 — 22| + [[y1 — vo|

+ 21 = zll),

(v) There exist constants K, H > 0 such that

|E(tr, s, 21) — k(ta, s, 22)|| < K([t1 — to| + ||z — 22)),

|h(t1, 5, 21) — h(t2, s, 22)|| < H(|t1 — to| + [l — 22]|),

Then x is a unique classical solution of (3.1)~(3.2) on J.
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Proof of Theorem 3.3. All the assumptions of Theorem 3.1 are being satisfied,

then problem (3.1)—(3.2) has a unique mild solution belonging to S and given by

x(t)
= Rz(tv O>x0 - Rm<t, O)g(tl, tg, C.. 7tp7 :Ij())
b [ o e G506, [ b, [ sty

(3.10)
Since J is compact it is easy to check that z is Holder continuous on J if it is
locally Holder continuous. Now we will show that x is locally Holder continuous.

For simplification, set

Then (3.10) can be written as

x(t) = Ry(t,0)xo — Ry(t,0)g(t1, ta, ..., tp, 2(4)) + =— /t(t —5)* 'R, (¢, s)f(s)ds.

O (3.12)
Since x is continuous on J and the map f satisfy the assumptions (iv) and (v), it
fellows that f is continuous, and therefore bounded on J. Next, let ¢ € J be fixed

and let ¢,, f; be in (t — 0, + ) with #; < 7, and § > 0, we have

= [Ru(E5,0) — Ry (1, 0)]z0 — [Ru(fa, 0) — Ru(fy, 0)]g(tr, to, - .. £, ()

1 2 g a—1 g ¢

o [ 9 i 319
1 b ~ a—1 g a—1 ny £

- @/ [(f1 = )27t = (B2 — 9)° 7' Ro(fs, 8) f(5)ds
1 h g a—1 ny g £

+ m/o (t - 8) [Rx(t27 8) - Rx(th 5)]f(5)d5

||JI<LZQ) —J,’(t~1)H S IN1+I~2+I~3+I~4 (314)



Chapter 3. Ezistence and Uniqueness of Solutions of FQMIDE 34

Using Lemma (3.2) for a small enough § > 0, we get

I, < ||[[Ra(f2,0) = Ry(t1,0)]z0 — [Re(f,0) — Ru(t1,0)]g(tr, tay ..., tp, ()]

S [N(]M(]HQZH + N()M()Gl + 26”1?2 — £1|a7

(3.15)
for I, we have
N 1 t2 .
b [ =) Rl o) (o) ds
I'(@) J, (3.16)
< Moy iy — 14
“T(a+1) 2
and for I3, we have
T 1 b g a—1 g a-1 g 3
I3 < = | |t = 8)" = (fa = 8)" ||| Ra(t2, 8) f(s)|ds
F@) Jo (3.17)

MoN, [% _ . _
< ti1—s) *—(ta—s)"|d
el B CEDR S CER R

with ¢ = 1 — o. Here we can use the calculation presented in [64, Theorem 3.2]

to find the upper bound of integral and thus we get

M,yN,

5= T

pdt N1 — o) gy — gy P (3.18)

where ¢ = (1 —/L)i, 0<d <1and N, =supl/f(t)]..
teJ

Using again (3.8), we may calculate the bound of I, as

- 1 t | o1 . . -
I / (FL — 9)° | [Ra(ia, 8) — Rulf, )] F(s)]ds

- I
(NoMoN, + €) /;1 . e s
< £ — 8)* Yy — ,|%d (3.19)
> (@) ; (1 S) |2 1| S
T° o
< m(NoMON1+E)|t2—t1| ,

Hence from (3.15)—(3.19), locally Hélder continuity of x(t) follows.
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As pointed out earlier in this proof, we may deduce that x(t) is Holder continuous
on J. The Hélder continuity of z(¢) on J combined with (iv) and (v) of Theorem
(3.3) implies f(t) is Holder continuous on J. According to [30, Theorem 3.4] and

[65], we observe that the equation

do;iit) + A(t,y(t))y(t) = f(t,x(t),/o k(t, s,w(s))ds,/o h(t,s,xz(s))ds), teJ

y(0) = zo — g(t1, ta, ..., tp, 2(+))

has a unique classical solution y(t) on J satisfying the equation

y(t)

= R.(t,0)x0 — Ry (t,0)g(t1,ta, ..., tp, 2(-))

ty,
jtﬁ/0 (t—s)“le(t,s)f(s,x(S),/O k(s,T,fE(T))dTa/O h(s,7,2(r))dr)ds

=ux(t), tel

Consequently, z(t) is the classical solution of initial value problem (3.1)—(3.2) on

J. This completes the proof of Theorem 3.3. O]

Theorem 3.4. Suppose that the functions f, g,k and h satisfy hypotheses (H1)-
(H4) and assumptions (ii), (iii) of Theorem 3.1. Then, for each pair of elements
x§, x5t € X, and for the corresponding mild solutions x1,xs of problem (3.1) with
z1(to) + g(t1, ta, ... tp,x1(1)) = xf and x2(to) + g(t1,ta, ..., tp, xa(+)) = x5, the

inequality

My D2
T —T < ry — o | Bo(————T'(a)t?),
1 JE_( [l5 — 25"l Ql—m)() )

1—p1)
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18 true, whenever

Ta+100
[Na+1)

+ [Collzolly T + MoG + CoGT]

P1 = [LT+LT(KT+K1)—|—LT(H7’+H1>+L1]

<1
and py = MoL[1 + KT + HT].

Proof of Theorem 3.4. Suppose that z1(t) and x4 (t) satisfy (3.1) on J with z;(ty)+
g(t1,ta, .. tp,x1(1)) = xf and zo(to) +g(t, ta, . . ., tp, x2(+)) = x5*, respectively and
x1,x9 € E. Using the equation (2.6), hypotheses (H1)—(H4) and assumptions (ii),

(iii), we obtain

|21 (t) — z2() ||
< HRwl (t7 0)353 - er (tv 0)'758*”

IR (01 far by 1()) — Rt 0)g(tss oty a())]
x [HRxl(t,oms,xl(s), [ s rason, [ wtsna)ar)

s T
Ry, (£ 0) (s, 22(5), / k(s, 7, ma())dr, / h(s, 7, 2a(7))dr) | ds
0 0
< [ Ray (8, 0)3g — Ry, (L, 0)ag|| + || Ray (2, 0)2g — Ry, (t,0) 25" |
+ ||R-'El (t, O).g(tla t27 cee 7tp7 Il()) - Rxl (t7 O)Q(th t27 s ,tp, l’g())”

+ ||R$1 (t’ O)Q(tltha s 7tp7 m?()) - sz(ta 0)9(t17t27 ce 7tpa x?())”

+ﬁ/ot(t—s)a—1
X {HRxl(Zf,O)f(S,:L’l(S),/Osk(S,T,$1(T))dT, /OTh(S,T,xl(T))dT)

R (,0)f(s,21(5). /0 (s, (7)), /0 h(s, 7,20 (7))dr) | ds
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1R, (£, 0) £(5, 1 (5), /0 (s, (7)), /0 h(s, 7, (7))d7)
—Rm(t,())f(s,xQ(s),/Osk(s,T,xg(T))dT,/o h(s,T,xzo(T))dr)||| ds

Now, we can use the same calculation presented in proof of Theorem (3.1) to find

l21(2) = 22 ()] < Mol — 20*|| + prllzr — 22l

1 t
- t_ a—1 _ d
+ F(Oé) /(; ( S) pZHxl $2HE‘ S,

Therefore, we obtain

|21 — 22f|p < m”xo — T

Using Lemma (A.7), we get

My
(1—=p1)

b2

ZL‘* _I** Ea I
|| 0 0 || ((1 _pl)

|21 — 22| p < I'(a)t?),
provided that p; < 1. From this inequality, it follows that the continuous depen-
dence of solutions depends upon the initial data. This completes the proof of the

Theorem 3.4. O
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3.4 Application

In this section we present an example to illustrate the applications of some of our
main results, we consider the fractional mixed Volterra—Fredholm partial integrod-

ifferential equation

0%w(u,t) 0*w(u,t)
ot Ou?
= P(t,w(u,1), / ki(t, s, w(u, s))ds, / ha(t, s, w(u, s))ds) (3.20)

O<u<l, 0<t<T

+ a(u, t,w(u,t))

with initial and boundary conditions

w(0,t) =w(l,t) =0, 0<t<T, (3.21)
p
w(u,0) + > wlu,t;) =wo(u), 0<ty<ty<---<t,<T (3.22)
=1
where a : (0,1) x [0,T] xR = R, P: [0,T] x RxR xR — R, ky,hy : [0,T] x

[0,7] x R — R are continuous functions.

First, we reduce the equations (3.20)—(3.22) into (3.1)—(3.2) by making suitable
choices of A, f, g, k and h.

Let X = L?[0,1] be the space of square integrable functions. Define the operator
A(t,)) + X = X by (A(t,-)2)(u) = a(u,t,-)z"” with dense domain D(A(t,-)) =
{z € X : 2,2 are absolutely continuous, z” € X and z(0) = z(1) = 0}, generates
an evolution system and R, (t,s) can be extracted from evolution system, such
that ||R.(t, s)|| < My, My > 0 for s <t and x € Q C X (see [30, 31, 70]).

Define the functions f : [0, 7] x X x X x X — X, k:[0,T] x [0,T] x X — X,
h:[0,T] x[0,T] x X — X and g :[0,T]? x X — X as follows

[t z,y, 2)(u) = P(t, x(u), y(u), 2(u)),
k(t,s,z)(u) =k
h(t,s,x)(u) = hy(t, s, x(u)

gty ta, ..ty a(-))u = Zw(u,ti)
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for t € [0,7],z,y,2 € X and 0 < u < 1. We assume that the functions P, k; and
hy in (3.20) satisfy all the hypotheses of the Theorem 3.1. Also we suppose that

p

|Zw(u,tz~) =) w(v,t;)| <G sup |u(t) — v(t)]

=1 tE[O,T]

for u,v € F; = C(]0,T);R) and some constant G* > 0. Then the above problem
(3.20)—(3.22) can be formulated abstractly as quasilinear mixed integrodifferential

equation in Banach space X:

8";3&) + A2 ()x(t) = f(t,(t), /0 k(t, s,2(s))ds, /0 h(t,s,x(s))ds), teJ
(3.23)
x(to) + g(t1,ta, ..., tp, x(+)) = xo. (3.24)

Since all the hypotheses of the Theorem 3.1 are satisfied, the Theorem 3.1 can be
applied to guarantee the mild solution of the fractional mixed Volterra—Fredholm

partial integrodifferential equations (3.20)—(3.22).



Chapter 4

Existence and Controllability
Result for an Evolution Fractional

Integrodifferential Systems

4.1 Introduction

This Chapter essentially corresponds to the paper [16].

In the recent years, the studies of fractional differential equations and control
problems have attracted the attention of many mathematician and physicists.

A large amount of literature developed concerning fractional differential equations
[15, 33, 53, 54], and their controllability [15] to investigated various scientific mod-
els. Motivated by the fact that many partial fractional differential and integrod-
ifferential equations can be converted into fractional equations in some Banach
spaces [11, 39], we feel that there is a real need to discuss the controllability prob-
lem of fractional order systems in abstract spaces [72]. In this Chapter, we study

the existence and controllability result with the help of resolvent operators.

This Chapter is organized as follows: Section 4.2 gives the necessary preliminaries.
In Sections 4.3, the existence result of the fractional integrodifferential systems

with the help of resolvent operators is studied. In Sections 4.4 the controllability

40
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of the fractional integrodifferential control systems is investigated via the Banach

fixed point theorem. The last Section is devoted to an illustrated example.

4.2 Preliminaries

In the Section 4.3, we consider the nonautonomous semilinear evolution fractional

integrodifferential system of the form

dadxttft) =At)z(t) + f (t,x(t),/o h(t,s,z (3))ds> , (4.1)

x (0) = xo, (4.2)

where t € J :=[0,b], 0 < a < 1, the state x(-) takes values in the Banach space
X, o € X. Here the family {A(¢) }+es is a closed linear operator on X with dense
domain D(A) which is independent of ¢ and generates an evolution operators in the
Banach space X. The nonlinear operators h : Ax X — X and f: JxXxX — X
are given function and A = {(¢,s) |0 < s <t < b}.

In the Section 4.4, we consider the semilinear evolution fractional integrodifferen-

tial control system of the form

t

d®z (t)
dte

= Az (t) + f (t,x(t)a/

) h(t, s, x (S))ds) + Bu (t), (4.3)

z (0) = xo, (4.4)
where the control function u(-) is given in L?*(J,U), a Banach space of admissible

control functions with U as a Banach space and B is a bounded linear operator
from U to X.

Now, we shall make the following hypotheses
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(H1) f:Jx X x X — X is continuous and there exists constants M, My > 0,
such that for all x;,y; € X,7 = 1,2 we have

\f(t z,p1) — f(txe,y2)|| < My ||z — 22| + [|vn — v2ll]

and
My = max|[f (2,0, 0)].

(H2) h: A x X — X is continuous and there exists constants L, Ly > 0, such

that for all x1, x5 € X we have
|h(ts,21) = R (t,s,22)|| < Ly |lzg — 22,

and
Ly = max|lh(t,s, 0)]|.

(H3) Denote M = max |R(t,s)| for s < t.
,8€

(H4) Let M ||zo||+vM Ny < n for some n > 0, where Ny = M (n +nLib+ Lob)+
MQ, Y= S and P1 = ’}/M [Ml —+ Mlle] be such that 0 S P < 1.

I'(a+1)

Under these assumptions, we can prove the existence of mild solutions.

4.3 Existence result

Theorem 4.1. Let assumptions (H1)—(H4) be satisfied. Then for every zo € X,

problem 4.1-4.2 has a mild solution on J.

Proof As in [70], we let 2y € X be fixed and let Z = C(J, X) be the Banach
space of all continuous functions from J into X with sup-norm and Z,, = { z |z €

Z, x(0) =z, ||[z(t)|| <n, for t € J}. Define an operator ¢ : Z,, — Z,, by

Br (1) = R (,0) 20 + ﬁ/g (t— )" R(t,s) f (5,2 (s), He (s)) ds,
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where Ha (s) = [ h(s, 7,2 (7)) dr.
First we show that ® maps Z,, into it self. For z € Z,

@z @) | < [[R(0)z ||

L1
I'(«

| R (t,0) u+%/@ (t— s | R(t.9) |

IN

H / (t— )" Rit.s) f (s, (s), Ha (s)) ds |

I'(«

X {II f(s,x(s), Hr (s)) = f(5,0,0) [[ + ]| f (5,0,0) ||| ds

ININA

IN

n.

M H:UoH + T

b()é

- _MI[M Lb+ Lob) + M.
) [My (n 4+ nLib+ Lab) + Ms]

M |[zol[ + M Ny

Therefore ® maps 7, into it self. Now for =,y € Z,, we have

| P (1) — Py (t) |

Thus

<

IN

IN

| Pz — oy |

1 t a—1
i | =T RS I s (9. H 5)

—f(s,y(s), Hy(s)) [l ds

M ¢ 1
m/ (t = 5)° " ds [My + My Lyb] 2 — g
0
Mb®
ot [M; + My Lyb] ||z — [,

< MMy + MyLabl [z = ylf = po [l =yl -

which implies that @ is a contraction on Z,, by assumption (H4).

4.4 Controllability result

For all xy € X and admissible control u € L?(J,U), system 4.3-4.4 admits a mild

solution give by
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z,(t) = R(t0)zo
1 ! a—1
+TO&)/O (t—S) R(t,s) [BU(S)+f<3,$(5),Hl'(5))]d3-

To prove the controllability result, we further consider the following additional

conditions.

(H5) The bounded linear operator W : L? (J,U) — X defined by
b
Wu = —/ (b—s)*"" R(b,s) Bu(s)ds,
0

has an induced inverse operator W' which takes values in L2 (J,U)/ker W
and there exists constants Ky, Ky > 0, such that | B || < Ky and | W™ || <
Ko

(H6) Let M ||lxol| + yM K1 Ky [||z1]] + M ||xo|| + yM N3] + yM Ny < k for some
k > 0, where Ny = My (k + kL1b + Lob) + My and v = =2

T(a+1)"

(H7) po = yM M, [M K, Koy + 1] [1 + Lqb] be such that 0 < py < 1.

Theorem 4.2. If the hypotheses (H1)—(H3) and (H5)—(H7) are satisfied, then the

control system 4.3—4.4 is controllable on J.

Proof Let Z), = {z |z € Z, (0) = o, ||z ()| <k, fort € J}. Define an
operator €2 : Z, — Z; by

Qz, (t) = R(t,0)zo+ ﬁ /0 (t—n)*""R(t,n) BW™* [:El — R (b,0) xg
1

b a—1
_F_(a)/o (t— ) R(b,s)f(s,2(s), Hr (s))ds} (1) diy
1 ! a—1
+m/o (t—s)"""R(s)[f(s,z(s), Hz(s))ds.
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Using the hypothesis (H5), for an arbitrary function z(-) choose the control

w(t) = W [xl — R (b,0) zo

e [T R0 2, (9) 5] 1)

— —s ,8) f(s,x(s),Hx (s))ds .

I'(a) Jo
Using this control we shall show that the operator {2 has a fixed point. This fixed
point is then a solution of the control problem 4.3-4.4. Clearly Qx(b) = x1, which
means that the control u steers the system 4.3-4.4 from initial state xq to z; in
time b provided we can obtain a fixed point of the operator 2. As in [11, 70] we

first show that 2 maps Z; into itself.

[ Qea @) | < || R(0)z0 || + ﬁ/o (=) IR @) LB W

<[l 41 RO |+ 575 [ =9 IR0 |

X[ f (s, () Ha () = f(5,0,0) | 11 £ (5,0,0) ||| ds]
1 ! a—1

| T IRED N1 (0 (5) 2 (5)

£ (5,0,0) |+ £ (,0,0) || ] ds

IN

1 t o
Mo+ | =™ ME K [0+ M 20
boc
_ Y um Lib+ L M}
+F(a+1) [M; (k + kLib+ Lab) + Ms] | dn
1 ¢ _
+—/ (t —s)* " MMy (k4 kLib + Lab) + My ds
F(a) 0

< k.

IN

Thus, 2 maps Zj into itself. Now, for x,y € Z, we have

() —Qy(t) | < ﬁ / (=) R () BV

1 b o1
F(O‘)/o (b—s) HR(b,S)[f(s,x(s),Hx(s))

—f (s,y(s), Hy (s)) | |l dsdy

X
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1 t o1
| =T IR [F () ()
~f (sy(s), Hy () | llds

Therefore
100 = Q) || < — o MK Ky— 2 MMy + MyLyb] | — |
Y = Tla+rl) Tt 1M y
bOé
MM, + ML _
+F(a—|—1) [My + My Lyb ||z — y|

IN

YM M, [MK Koy + 1] [1 + Lib] ||z — y|| ,
Thus
Q2 — Qy|| < pa|lz —yl|.

From assumption (H7), we find that €2 is a contraction mapping on Z; and hence
there exists a unique fixed point x € Z,. Any fixed point of ® is a Mild solution
of 4.3-4.4 which satisfies (b) = x;. Thus, system 4.3-4.4 is controllable on J.

4.5 Application

In this section we present an example to illustrate our main results. Let us consider

the following nonlinear partial integrodifferential equation of the form

e ) = alt) 3 1) + )+ (10 [ sz ) as),
(4.5
Z(Ovy> = %0 (y>7 O<y< 17 (46>

z(t,0)==z(t,1), teJ=10,1], (4.7)
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where 0 < a < 1, @ and p: J x [0,1] — [0, 1] are continuous functions.

Assume that nonlinear functions puq, ps satisfy the following Lipschitz conditions
[ (& v, wi) = pa (F vz, w2) || < Wh[flon = va| + flwr — wall],

12 (8, 85,w1) = pa (8, 5, w2) | < Wallor — o .

where Wy, Wy > 0, v, w; € X,i=1,2.

Now, let us take X = U = L?[0,1], and define A(t) : X — X by

(A(t)w)(y) = alt, y)u”,

with domain D (A) = { w € X |w,w" are absolutely continuous, w” € X, w (0)
= w (1) = 0}, generates an evolution system (see [70]), such that R(t,s) < k,
k>0 for s <t

Let Bu: J — X be defined by

(Bu) () (y) = p(t.y), ye(0,1).
Assume that the linear operator W is given by

1

W) ) = 75 / (t— s R(b,s)u(s,y)ds, ye(0,1),

has a bonded invertible operator W~ in L? (J,U)/ker W.

With the choice of A, B, h and f, we see that Eqs. 4.3—4.4 is the abstract formu-
lation of Eqgs. 4.5-4.6.

Further, all the conditions states in Theorem 4.2 are satisfied. Hence, system
4.5-4.6 is controllable on J.



Chapter 5

Controllability of Abstract
Fractional Differential Equations

with Almost Sectorial Operators

5.1 Introduction

The present chapter is devoted to some controllability results for nonlinear frac-
tional integrodifferential systems in infinite dimensional spaces. without imposing
severe compactness condition on the characteristic solution operators, we obtain
sufficient conditions for the controllability results by using fractional calculus, al-

most sectorial operators theory and Schauder’s second fixed point theorem.

Surely there are works dealing with controllability of solutions to this type of
equations ( cf., for instance, [2, 11, 27, 71]). However, most existing results concern
the case where the order is integer and the extension to the case of non-integer
order looks quite natural. Some of our results are an extension of L. Gorniewicz
[43] to the situation where the order is non integer. Techniques employed in
[43], have been generalized to the study of this type of equation. That is, under
different appropriate assumptions, controllability of solutions are obtained, using

a fixed point argument. The main tool in the approach followed in our proves is

48
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the properties of characteristic solution operators of the theory of almost sectorial

operators.

Now consider the following system represented by the fractional integrodifferential

equation of the form

d“;cgt) = Az (t)+ f (taif(t)>/th(t,s,x(s))ds> + Bu(t), teJ:=100b],
(5.1)
7 (0) = o, (5.2)

where0 <a<1,h: AxX - X, A={(t,s) |0<s<t<b}, f: IxXxX =X
are given function, zo € X, Aisin the class ©) and —1 <y < 0,0 < § < /2, and
the state z(-) takes values in the real Banach space X. Also the control function
u(+) is given in L?*(J,U), a Banach space of admissible control functions with U as

a Banach space. Finally, B is a bounded linear operator from U to X.

To begin, we quickly recall some definitions from Chapter 2.

Definition 5.1. A continuous solution of the integral equation

z(t) = Sy (t) 20 + /O t (t— )" Pyt —s) [Bu ()
+f(S,x(s),/Osh(s,T,JJ(T))dT>} ds, teJ

is said to be a mild solution of the problem (5.1)-(5.2) on J.

Definition 5.2. The system (5.1)—(5.2) is said to be controllable on the interval
J, if for every xg, w1 € X there is exists a control u € L?(J, U) such that the mild

solution x(t) of (5.1)—(5.2) satisfies x(b) = x;.

5.2 Main results

To investigate the controllability of the system (5.1)—(5.2), we assume the following

conditions:
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(H1) The linear operator B : L*(J,U) — L'(J,U) is bounded, W : L*(J,U) — X
defined by

Wu = /0 (b—5)*""S, (b—s)Bu(s)ds,

has an inverse operator W~! which takes values in L?*(J,U)/ker W and there

exist positive constants M;, M, such that

1Bl ) < My and | W lgix p (o eewy < Mo

(H2) h satisfies Caratheodory condition, i.e.

— for each (¢,s) € A, the function h(t,s, ) : X — X is continuous, and

— for each x € X, h(-,-,x) : A — X is strongly measurable;
(H3) f satisfies Caratheodory condition, i.e.

— for each t € J, the function f (¢,-,-) : X x X — X is continuous, and

— for each z,y € X, f(-,z,y) : J — X is strongly measurable;

(H4) For every positive integer k, there exists ¢ € LP ((0,b)) such that for a.e.
teJandz e C(J,X)

¢
sup ||f (t,x(t),/ h(ts,x(s))ds) ' < (1),
l=|| <k 0

where p >~ g = =2 and [lo]| = supye, (0|

(H5) There exists ¢ € L' (J,R,) such that

[h (s, u)l < g ()W (lull), (ts) €A, uwelX,

where ¥ : [0, 00) — (0, 00) is a continuous nondecreasing function;

(H6) There exists p € L' (J,R,) such that

1 (& w, o) < p @)W ([[ul]) + vl for each (t,u,v) € Jx X x X
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and there exists a constant M, > 0 with

M,

1 b >1
Cr+ (Co+ B M) W (M.) fy [p(s) +q (5)) ds

where
(07

C1 = M x| + T MMy My (|| || + M [[2o]|)

(a+1)

and
b2a—1 M2M M
02_r<a)r(a+1) —

(H7) For all bounded subsets B, the set

t—h [e's)
Vs ={ [ [Tartt- o - 9
0 1
< fs.a(s), [ hls.s.a()s)drds, w e B},
0
is relatively compact in X for arbitrary h € (0,¢) and § > 0.

Theorem 5.3. If the hypotheses (H1)—(H6) are satisfied, system (5.1)—(5.2) is

controllable on J.

Proof. In view of the hypothesis (H1) for an arbitrary function z (), the control

is defined as follows
e (8) = W [:pl — Su(b)mo
_ /Ob (b= )1 Pu(b—s)f (s,x (s), /0 h(s,ma (7)) dT> dS] (t).

In what follows, it suffices to show that when using this control the operator
¢:C(J,X)— C(J,X) defined by

Pz (t) = So(t)zo + /O (t — )" " Po(t —s) {Bux (s)

+f<s,x(s),/Osh(s,f,x(f))dfﬂ ds, t € J,



Chapter 5. Controllability of AFDE with Almost Sectorial Operators 52

has a fixed point z () from which it follows that this fixed point is a mild solution
of the system 5.1-5.2. Clearly ®x (b) = 21, from which we conclude that the sys-

tem is controllable.

As in ([43]), we first prove that @ is continuous and completely continuous.

For convenience we let
G 1) = BW a1 = (b - / (0= Palb = 9F (5)ds| (),

where f(s) = f(s,x(s), [y h(s,ma(r))dr).
Let B, ={z € C(J,X) |||z]| < k} for some k > 1. It is clear for z € By, that

ba—l b
16 ()l < My M, {Hxlu M o] + / o (5) ds] -G
F(Oé) 0

and
o a—1

Ta+D) 7 T

where we have used the Lemma 2.20 and the hypotheses (H1), (H4). Let 7,7 € J

with 75 > 7 > 0, and € > 0 small enough, we have

[@z (1)]] < M [|zo]| + M x5

|Px(12) — Pw(m)|| < I + I + I3 + Iy + I,
where

I = ||Sa(m2)20 — Salm1)20]| 5
T2
=

(72 = 8)* " [ Palra — 8)f(s)l1ds,

s /T1 (1= 8) H[Pa(re = 8) = Palr = 8)|| |1/ (5)llds,

. |
Iy = /T1 (1= )" [Palrz = 5) = Palni = )| 1 () ds,

1—€&

[e=]

Is = /0T1 ‘(7'2 — )"t —(n — 3)a_1| N Palre = s)| 1£(5)llds,
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From Lemma 2.21 and Lemma 2.22(i) it is easy to see that [; — 0 when t; — t.

Moreover, using (H4) and Lemma 2.20 we get

bozfl
< -
I < 11(04)]\/1'/71 ok (s)ds

< sup ||Pu(e— ) — Palri — 9)|| / (11— )% " r(s)ds,
0

s€[0,11—¢]

I, < sup  ||Pa(ma — ) — Po(m — s / 1 (11— 8)* tor(s)ds.
s€[0,11—¢] TI—€

It follows from Lemma 2.21 that I; (i = 2,3,4,5) tends to zero independent of

x € By asty—t; — 0, e — 0. Hence, we can conclude that | Px(m2) — Px(m)|| — 0

as to — t; — 0, and the lirnit is independent of x € B;. For the case when

0=t <ty <T,since I, < " s)ds, in view of (H4) and Lemma 2.20,

|®x(72)|| can be made small When tg is small independently of z € By. Thus, the

equicontinuity of ¢ holds.

Define II = @By, and II(t) = {®Px(t) : © € By} for t € J. Clearly, I1(0) = {zo}
is compact, and hence, it is only necessary to consider ¢ > 0. For each h € (0,1),
€ (0,T], arbitrary 6 > 0, define I, 5(t) = {@ps2(t) : © € By} where

t—h
@y, 5(t) x0+/ / ar(t — s)* YW ()T ((t — 5)°7) f(s)drds.

Using Lemma 2.21, [H7] and the same method used in [75, Theorem 3.1] , one can
verify that the set I1(t) can be arbitrary approximated by the relatively compact
sets 1, 5(t). So, II, 5(t) is relatively compact in X for every h € (0,¢) and 6 > 0.

Moreover, for every x € Bj we have

|z (t) — Ppsx(t)]

//aTt—sal\I/()T((t—s) 2 (s)drds

/th/ ar(t = )" Wa()T((t = 5)7) f(5)drds

< /0 ot — )10, (s)ds /0 o (r)dr

t [e'e]
+/ Cp(t — s)_l_‘”gok(s)ds/ T W, (T)dT
t—h 5
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[P (t) — P s (t)|

¢ 3 ¢ 5 o
<G, </ 3(1+M)qd5> </ @Z(s)ds) / T W, (T)dT
0 0 0
=08 (" _granas N ([ ,
e aig P(s)d
—i—C'pF(l o </ s s /t_hgak(s) s
bl 14av)q % )
<G (m) ||S0/€||LP(071))/0 T W (T)dT
I'(1-4) gl-(+ar)q q
+ Cpr(l _ 50&) (1 _ (1 + Oé’Y)(] ”QOkHLp(o’b) :
Therefore, the set I1(t) = {Pz (t) |z € By} is totally bounded. Hence [1(t) is

relatively compact in X and as a consequence from the Arzilda—Ascoli theorem we
can conclude that @ : C' (J, X) — C (J, X) is completely continuous.

Now let {z,},” C C'(J,X) with z, — x in C'(J, X). Then, there exists an integer
k such that ||z, (t)|| < k for alln € Nand t € J, so x, € By and x € By. For

brevity we let
G, (n)=BW™! [ml —S () xg— /o (b—s)*""P((b—5s) fu (s)ds| (n),

where f, (s) = f(s,20(s), 5 h(s, 7,2, (7))dr) . By (H3) and (H4),

A~ ~

fn@t) — f(t) asn— oo,

for each t € J, since

I fa(8) = F () ] < 200 (1)

and

| @, () — B (1) || < bw_zwq/ | G (s) — G (s) | ds

bo‘l .
M/Hﬁ )= F(s) Il ds,

where

| Go(s) = G (5) | < MiMo M/Hh )= £ (s) 1 ds.
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by using the dominated convergence theorem, we get
| Pz, — Pz || - 0 asn — oo.

Thus, @ is continuous and completely continuous.

Now let A € (0,1) and let = A@x. Then for ¢t € J

x(t):)\S(t)x0+)\/Ot(t—s)a_lp(t—s)Bux(s)ds
o3 [ame P f ) ds
where
0 ) =W [ = 00— [ 05 P05 F 01| 9

and we have

o (0] < 1 o] + F(Cf—:l)MMlMQ
<[t ol + s [ o)+ a6l e D as]

ba 1
F(Q)M/O [p(s) +q ()] ¥ ([|lz(s)]]) ds

b
< 1+ G (l2]) / p(s) +q(s) ds

a—1

T

MU (|jz]) / p(s) + q(s)] ds

Consequently

]

Cr+ (Co+ M) w (el fy [p () + q (5)] ds
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Then by (HT7) there exists M, such that ||z|| # M..
Finally set
Ve{reC(J,X)]||x| < M}.

From the choice of V' there is no x € dV such that © = A@x for some A € (0,1).
As a consequence of Theorem B.4 we deduce that ¢ has fixed point « in V and

hence system 5.1-5.2 is controllable on J. This completes the proof.

5.3 Application

In this section we present an example to illustrate our main results. Let us con-

sider the following nonlinear partial integro-differential equation of the form [76,

Exemple 6.3.]
Bt (t:) + (=il + 0)3 w(t.y)
t
= ult.9) + Plt.olt.n). [ altswls.)ds), -
0 (5.3)
t>0, yeR?

w(0,y) = wo(y), ye€R?,

where A > 0 is a suitable constant, A is the Schrédinger operator, 0 < a < 1,
p: Jx(0,5) — (0,%) is continuous. Let us take X = U = L3([0, 3]?), u(t) = pu(t, )

)
and let

A= (—iA+0)2, D(A) =W(R?)

NI

Then iA generates a -times integrated semigroup S°(¢) with § = 2 on L*(R?)
such that HSB(t)}|B(L3(R2)) < Mt?, for all t > 0 and some constant M > 0. We
can deduce that the operator iA + X belongs to @f /_21 (L3(R?)), which denotes
the family of all linear closed operators A : D(A) C L*(R?) — L3(R?) satisfying
0(A) C Spjp = {2 € C\ {0} : |argz| < 7/2} U {0}, and for every 7/2 < p <7
there exists a constant C, such that | R(z, A)|| < Cp|z|?~! for all z € C\ S,. Thus,
it follows that A € ©,'" (L3(R?)) for some 0 < 6 < 7/2. Here a : A x R —
R, A={(t,s)|[0<s<t<1}and P:J xR xR — R are continuous and we
assume that these functions a, P satisfy (H2)—(HT).
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Define the function f: Jx X x X — X and h: A x X — X as follows

/ (t,l‘, Z) (y) = P(t,[t (y) ) 2 (y))
and
h (t7 S, :E) (y) =a (tv 5, (y)) .

forteJ, x,z€e Xand 0 <y <m7/2.

With the choice of A, B, h, f and B = I, the identity operator, we see that Egs.
5.1-5.2 is the abstract formulation of system 5.3.

Now assume that the operator W : L? [J,U] — X defined by

x/2 1 A
Wu = /0 (/2 —5)"" Ey(—2(1/2 — 5)*) (A)Bu (s) ds,

has an inverse operator and satisfies the condition (H1).

Thus all the conditions of the above Theorem 5.3 are satisfied. Hence system 5.3

is controllable on J.



Chapter 6

Controllability for Systems
Governed by Nonlocal
Quasilinear Differential Inclusion

in a Banach Spaces

6.1 Introduction

This Chapter presents some results of the paper [18].

The investigation of controllability problems for nonlinear systems by the meth-
ods of fixed point theory has a long history [62]. In recent years, the study of
differential inclusions and control problems have attracted the attention of many
mathematicians and physicists. A large amount of articles developed concerning
the investigation of controllability problems for systems governed by semilinear
differential inclusion in Banach spaces [10, 13, 14, 26, 43]. In the literature there
are a few papers dealing with the controllability for systems governed by nonlocal
quasilinear differential inclusion. Motivated by our work [18], Gérniewicz et al.
[43] and Debbouche [31], our main purpose, in this work, is to study the control-

lability of nonlocal quasilinear fractional differential inclusions by using resolvent

58



Chapter 6. Controllability for Systems Governed by Nonlocal QDI 59

family and a fixed point theorem. We indicate that the method used in this work
is different from that in [43].

This chapter is organized as follows. In Section 6.2 we give the necessary prelim-
inaries for the chapter. In Section 6.3 we give the outline of the corresponding
results for the case when the multivalued map is lower semicontinuous. The last

Section is devoted to an illustrated example.

6.2 Preliminaries

In this section, we give some basic definition and proprieties of resolvent family.

Let X be a separable real Banach space with the norm || - ||. We denote by E the
Banach space C(J; X) of X-valued continuous functions on J equipped with the
sup-norm and by B(X) the space of all bounded linear operators from X to X.
For € X and for nonempty sets A, B of X we denote d(z, A) = inf{||lx —y||;y €
B}, e(A, B) := sup{d(z, B);x € A} and x(A, B) := max{e(A, B),e(B,A)} for a

Hausdorff metric. For more detail, we refer the reader to [25, 62].

Motivated by the work in [18, 31, 43], we consider the following nonlinear control

system governed by a semilinear differential inclusion of the form:

dx (t)
dte

€ A(t,z(t))x (t) + F (t,x (t)) + Bu(t), te J:=]0,b], (6.1)

x (0) + h(z) = o, (6.2)

where 0 < a < 1, F: J x X — P(X) is a bounded, closed, multivalued map,
P(X) the set of all nonempty subsets of X, g € X and h: C(J, X) — X. We
assume that A(t,-) is a closed linear operator defined on a dense domain D(A)
in X into X such that D(A) is independent of ¢. It is assumed also that A(t,-)
generates an (a, x)-resolvent family R(,4)(,s) in the Banach space X and the
control function u(-) is given in L?(J,U), a Banach space of admissible control
functions with U as a Banach space. Finally B is a bounded linear operator from
U to X. The following definition is similar to the concept defined in [5, 31, 43].

Definition 6.1. A continuous function z(:) is said to be a mild solution of the

problem (6.1)—(6.2), if 2 (0) + h(z) = o and there exists a function v € L*(J, X)
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such that v(t) € F(t,z(t)) a.e. on J and

2 (8) = Ry (£, 0)20 — R (£, 0) () + /O Riony(t:) [Bu (s) + v (s)] ds.

Definition 6.2 ([31, 43]). The system (6.1)—(6.2) is said to be controllable on the
interval J, if for every xg, x; € X there is exists a control u € L?(J,U) such that
the mild solution z(t) of (6.1)—(6.2) satisfies = (0) + h(x) = o and x(b) = z;.

We give now a suitable forms of the Lemma 2.16.

Lemma 6.3. [31, Lemma 3.1] Let Q@ C X, Y be a densely and continuously
imbedded Banach space in X and let R, ) (t,s) be the resolvent operator for the

problem (6.1)—(6.2), there exists a constant K > 0 such that

t
1R (ay)(t; 8)w = Riaa(t; s)w]| < K||W||y/ ly() — a(7)lld,

for every z1, zo € E with values in Q and every w € Y.

6.3 Main results

To investigate the controllability of the system (6.1)—(6.2), we assume the following

conditions:

(H1) The bounded linear operator W : L?(J,U) — X, defined by

b
Wu:/ Ra.2)(b, s)Bu(s)ds,
0

has an induced inverse operator W~! which takes values in L?(J, U) /ker'W
and there exist positive constants M;, My such that | B|| < M; and || W1 || <
M;

(H2) F:J x X — P(X) is a nonempty, compact-valued, multivalued map such
that:
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(i) (t,x) — F(t,z) is L ® B measurable,

(ii) @ — F (t,x) is lower semi-continuous for a.e. t € J;

(H3) For each k > 0, there exists () € L*(J, R, ) such that

1 (&, 2) || = sup {{lv]| [ v € F(t,2)} < @r(t),

for all ||z]] < k and for a.e. t € J;

(H4) There exists a function ¢ (-) € L*(J,R,) such that F' is t(t)-Lipschitz in the

sense that
X(E(t,y), F(t,x)) < (t)||ly — z||, for a.e. t € J,

and for each z,y € X, where x is the Hausdorff metric on P (X)) (see[25, 62]);

(H5) h : E — Y is Lipschitz continuous in X and bounded in Y, that is, there

exist positive constants H; and Hy such that
[h(2)lly < Ha,

1h(y) = h(@)|ly < Haolly — 2|p, 2,y € E;
(H6) Denote M = max ||Raq)(t,5)||px), 0<s <t <b, zeX;

(H7) There exist positive constants ky and ko such that

b

M |l ||+ MM, M, [nmn M (onn s+ | sok1<s>ds)}+M||sokluL1 <k,
0

and

b
ko = M My Myb [(Kb2||f||L1 + M/ Y(s)ds) + (Kb||zo| + M Hy + Kle)}
0

b
0

Theorem 6.4. If the hypotheses (H1)—-(H7) are satisfied, system (6.1)—(6.2) is

controllable on J.
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Proof. As in [43], the assumption (H2) and (H3) imply that F' is of lower semi-
continuous type (i.e., it has nonempty closed and decomposable values (see[19])),
then there exists a continuous function f : E — L'(J, X) such that f(z) € F(z)

for all x € F/, where F is the Nemitsky operator defined by

F@)={welLl (JX)| w(t) € F(t,z(t) forae tecJ}.

Consider the problem

It is clear that if x € F is a solution of the problem (6.3)—(6.4), then it is also

solution to the problem (6.1)—(6.2).

In view of the hypothesis (H1) for an arbitrary function x (¢), the control is defined

as follows (compar with [31])

0 (1) = W o1 = Reaa 00020+ Reon(0:0)0e) = [ R (0501 (0) (55| 1)

In what follows, it suffices to show that when using this control the operator

¢ . ' — FE defined by

Px (t) = R(O¢7x)(t7 0)(1:0 - h(ZL’)) +/O R(Ol7$)(t - S) [BU% (S) + f(ZE) (S)] dS, teJ,

has a fixed point z (-) from which it follows that this fixed point is a mild solution
of the system (6.1)—(6.2). Clearly ®x (b) = 1, from which we conclude that the

system is controllable.
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Let By, be the nonempty closed and bounded set given by
By, ={z € E: z(0) =z, ||2] < ki}. (6.5)
We first prove that @¢(By,) C By,. For convenience we let
} b
G 1) = B o1 = Reay0.0)(a0 — (o) = [ Reo (0.5)11) (5 0,
0
It is clear for x € By, that
b
16 (] < M ol 4 0 | + 2128 +.01 [, (95| = G
0

and

[P (#)[| < M [[zoll + MGo + M [[opg, || 1
where the last two inequalities follow from (H1), (H3), (H5) and (H6).
From assumption (H7), one gets ||@z|| < k;. Thus, @ maps By, into it self.

Now prove that @ is a contraction. Then for x,y € B;
[Py (t) — P (1)]| < Li(t) + Iao(t) + Ls(2),
where

L(t) = (| Bia) (t, 0)0 = Riay) (1, 0) ol + [ Riaa) (1, 0)A(x) = Ria) (£, 0)A(y)]I;

B0 = [ Wi (t:5)Gul5) = R (t:5)Gu(s) s
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and

I(t) = / 1Ry (£ 3) (9)(5) — Ry (£ 5) () (5) | ds.

Applying Lemma 6.3, (H5) and (H6), we get

Li(t) < [[Ra,2)(t, 0)z0 — Ry (t, 0)zo|| + [ Ria,z) (L, 0)h(z) — Riaz)(t, 0)(y)]]
+ ||R(a,;t) (ta O)h(y) - R(a,y) (ta O)h(y) ||

< (Kb||zo|| + M Hy + KbHy)||z — yl| -

Also, we apply Lemma 6.3, and (H4)—(H6), we obtain

I(t) < / IRy (£ ) £(0)(5) — ey (8, 5) F()(5)]
Ryt 8 F(@)(5) — Ry (1,8 £ (2)(5) s
< / MIIF@)(s) — F()(s)] + Kbl uslds

b
< (KW||fllps + M / B(s)ds)lly — zlz.

Again, Lemma 6.3 and (H4)—(H6), imply that

Bl0) < [ 1R (t:5)Gy(5) = R t:5)G(5)
4 IRt (19)Ga(5) = ot 5Gis) s
< [[IM1G,(5) = Guto) + KbG o)y — s
< /Ot[MMlMQ([l(b) + I3(b)) + KbGylly — || g)ds
< (VRGN s+ M [ (63 + (Kbllol + My + Kb,

+ KbGo}lly — 2| e
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Now, from (H5), we have
1@y () — P (1)]] < kolly — z[-

Therefore, @ is a contraction mapping and hence there exists a unique fixed point

x € X, which is a solution to problem 6.3-6.4. This completes the proof.

6.4 Application

In this section we present an example to illustrate our main results. Let us consider

the following nonlinear partial differential equation of the form

—8a§§§’ ) _ a(y,t, w(y,t))%;/;t) +Q(tw(y, )+ p(y.t),  (6.6)
w(0,t) = w(m, t) =0, teJ:=][0,0], (6.7)

p
w<y70)+zczw(y7tz):w0(y)a 0<t1<t2<"'<tp§b7 CieRa ye [Oaﬂ—]a
i=1

(6.8)
where 0 < a<1,a: (0,7) x [0,b] x R = R, p:[0,7] x J — [0, 7] is continuous
and Q : J x R — P (R) is a multivalued map.

Let us take X = U = L?[0,7], u(t) = u(t,-), z(t) = wt,-), h(w(,t)) =

P cew(,t;) and
F(t7x(t)) (y) = Q(tvw(tvy»v ted, ye [O,ﬂ'].

such that the hypotheses (H2)—(H4) are satisfied.
We define A(t,) : X — X by (A(t,-)2)(y) = a(y,t,-)z" with

(i) The domain D(A(t,-)) = {z € X : z, 2" are absolutely continuous, z” € X
and z(0) = z(m) = 0} is dense in the Banach space X and independent of ¢.
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Then A can be written as

Alt,z)z = — Zn2 (2, 2n) Zn, 2 € D(A),

n=1

where (-, ) is the inner product in L?0, 7| and z, = Z, oz is the orthogonal
set of eigenvectors in A(t, z), and Z,(t,s) = \/2/7sinn(t —s)*, 0 < s <t <
bn=12 ..,

(i) The operator [A(t,-) + A*I|7! exists in L(X) for any A with ®(\) < 0 and

C
Alt, - an— < a :
A )+ AT < s e

(iii) There exist constants n € (0,1] and C,, such that

I[A(t1, -) = Altz, )JAT (s,)]| < Calty — o], t1, 12,5 € J.

Under these conditions each operator A(s, -), s € J generates an evolution operator

which is an (a, z)-resolvent family and has the form (see[31, Example]) :
R, .(t,s)z = Zexp[—nz(t — $)Y(2, 2n)2n, 2z € X.
n=1

With the choice of A, F' and (Bu)(y,t) = u(t,y), we see that Eqs. 6.1-6.2 is the
abstract formulation of Eqgs. 6.6-6.8. Now assume that the linear operator W is

given by
Waty) = 3 [ explono =071, ). )z v € 0.7

has a bounded invertible operator W in L?(.J,U)/ker W. Thus all the conditions
of the Theorem 6.4 are satisfied. Hence system 6.6—6.8 is controllable on J.



Chapter 7

Existence of Solutions for
Fractional Differential Inclusions

in Banach Spaces

7.1 Introduction

Delbosco and Rodino [33] considered the existence of a solution for the nonlinear
fractional differential equation % = f(t,x), where 0 < a < 1, and f : [0,a] x
R — R,0 < a < +o0 is a given function,continuous in (0,a) x R. They obtained
results for solutions by using the Schauder fixed point theorem and the Banach
contraction principle. Qiu and Bai [69] considered the existence of positive solution

for equation

d*x (t) B
T + f(t,xz(t)) =0, 0<t<l, (7.1)

where 2 < a < 3, and f : (0,1] x [0,00) — [0,00) with f is singular at t = 0
(that is hnﬁ f(t,-) = +00), by using Krasnoselskii’s fixed point theorem and
t—0

nonlinear alternative of Leray-Schauder type in a cone. Recently, Aitaliobrahim

67
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[3] considered the existence of solutions to the boundary-value problem

2(t) € F(t,z(t),2'(t)), a.e. on [0,1] -

Z(0)=r, 2'(1)=s, .
where F'is a closed multifunction, measurable in the first argument and Lipschitz
continuous in the second argument, by using the fixed point theorem introduced by
Covitz and Nadler for contraction multi-valued maps. In this Chapter we establish

the existence of solutions to the boundary-value problem

daw (t) / "
I € F(t,x(t),2'(t),2"(t)), a.e. on [0,1], 73)

z(0)=0, 2'(1)=s, 2"(0)=r,

where 2 < a < 3 and F' is nonconvex, closed multifunction, measurable in the
first argument and Lipschitz continuous in the second argument; and r, s are in a
Banach space X. We should point out that the technique used in this chapter is

the same technique of [3]

The Chapter is organized as follows. In Section 7.2 we recall some preliminary

facts that we need in the sequel while in Section 7.2, we give the main result.

7.2 Preliminaries

Let X be a real separable Banach space with the norm || - |. We denote by
C([0,1], X) the Banach space of continuous functions from [0, 1] to E equipped with
the norm [|z(+)||s := sup {||lz(¢)[|;¢ € [0,1]}. For z € X and for nonempty sets
A, B of X we denote d(z, A) = inf{d(z,y);y € A}, e(A, B) := sup{d(z, B);x € A}
and H(A, B) := max{e(A, B),e(B,A)}. A multifunction is said to be measurable

if its graph is measurable.

Also, we recall the following results that will be used in this chapter.

Definition 7.1 ([3]). Let T': X — 2% be a multi function with closed values

(i) T is k-Lipschitz if H(T(z),T(y)) < k|lz — yl| for each z,y € X.
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(ii) 7T is a contraction if it is k-Lipschitz with £ < 1.
(iii) T has a fixed point if there exists x € X such that = € T'(z).

Lemma 7.2 ([3]). If T : X — 2% is a contraction with nonempty closed values,

then it has a fized point.

Lemma 7.3 ([3]). Assume that F : [a,b] x X — 2% is a multi function with

nonempty closed values satisfying:

(i) For every xz € X, F(.,x) is measurable on [a,b];

(ii) For everyt € [a,b], F(t,.) is (Hausdorff) continuous on E.

Then for any measurable function x(-) : [a,b] — X, the multi function F(.,z(-))

is measurable on [a,b].

Definition 7.4 ([3]). A measurable multi-valued function F : [0,1] — 2% is said
to be integrably bounded if there exists a function h € L([0,1], X) such that for

all v € F(t), ||v]] < h(t) for almost every ¢ € [0, 1].

Definition 7.5 ([3]). A function x(-) : [0,1] — X is said to be a solution of (7.3)

if z(-) is absolutely continuous on [0, 1] and satisfies (7.3).

Lemma 7.6 ([69]). Given ¢ € C|0,1], and 2 < o < 3, the unique solution of

d*y(t) —
o +o(t) =0, 0<t<l, (7.4)

y(0) =¥/ (1) = y"(0) = 0.

18
1
y(t) = / Gt 5)p(s)ds
0
where
(a=D)t(1—s)*"2—(t—s)*"! 0<s<t<1
Gt s) = T(a) T (7.5)
t(1—s)*—2
0<t<s<1




Chapter 7. Existence of Solutions for FDI in Banach Spaces 70

Obviously, G(t,s) is continuous on [0,1] x [0,1] and 0 < G(t,s) < A, for each
t,s € [0,1] and some A.

7.3 Main results

The following is the main result of this section.

Theorem 7.7. Let F : [0,1] x X x E — 2% be a set-valued map with nonempty

closed values satisfying

(i) For each (x,y,z) € X x X X X, t — F(t,z,y, z) is measurable and integrably
bounded;

(ii) There exists a function m(-) € L'([0,1],R") such that for all t € [0,1] and

for all vy, x9,y,2 € X

H(F(t,21,y,2), F(t,x2,y,2)) <m(t)||z1 — 22

Then, if fol(l +m(s))ds < 1/, for all r;s € X, Problem (7.3) has at least one

solution on [0, 1].

Proof. The proof of this theorem is similar to [3, Theorem 2.6] with a slight change.

Let 7, s be in X. We introduce first the function p : [0, 1] — X defined by
L o
p(t) = (r+ s)t — 57"15 . Vtelo,1],
and the multifunction H : [0, 1] x C([0, 1], X) — 2% defined by

Ht,y(-) = o(t) = Ft,y(t) + pt),y'(t) + 0'(), 4" (t) + p"(1),  (7.6)
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for all (t,y(-)) € [0,1] x C(]0, 1], X). Consider the problem:

ST 0) ¢ o) € HE(), ae on 0.1
(7.7)

y(0) =y'(1) =y"(0) = 0.
We should note that the function y(-) is a solution of (7.7), if and only if the
function x(t) = y(t) + p(t) is a solution of (7.3), for all t € [0, 1].

Next, by Lemma 7.3, for y(-) € C([0,1],X), F(-,y(-),y'(:),¥"(-))) is closed and
measurable, then it has a measurable selection which, by hypothesis (i), belongs

to L'([0,1], X). Thus the set

Sk = { FeLM[0,1, X) : f(t) € F(t,y(t),y'(t), 4" () for ace. t € [0, 1]}

is nonempty. Let us transform problem (7.7) into a fixed point problem. Consider

the multi-valued map,

T ¢([0,1], X) — 260015

defined as follows, for y(-) € C([0, 1], X),

T(y(-)) = {Z() € C([0,1], X) : 2(t) = /0 G(t,s)h(s)ds,Vt € [0,1],h € SH,y(-)}7

SHy() = {h € L'([0,1], X) : h(t) € H(t,y(-)) for a.e. t € [0, 1]}

We shall show that T satisfies the assumptions of Lemma 7.2. The proof will be

given in two steps:
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Step 1: T has non-empty closed-values.  Indeed, let (y,(-))p,>0 € T(y(+))
such that (y,(-))p>0 converges to y(-) in C([0, 1], X). Then y(-) € C(]0, 1], X) and
for each ¢ € [0, 1],

uplt) € / Gt 5)H s, y())ds,

where fol G(t,s)H(s,y(:))ds is the Aumann’s integral of G(t,.)H(.,y), which is
defined as

/01 G(t,5)H(s,y(-))ds = { /0 G(t, $)h(s)ds, h € Sy |-

Using the fact that the set-valued map F is closed and from (7.6), we conclude

that the set
1
/ G(t,s)H(s,y())ds
0
is closed for all ¢ € [0, 1]. Then
1
1) € [ Glo)H(s.())ds.
0
So, there exists h € Sp () such that
1
(L) = / G(t, 5)h(s)ds.
0

Hence gy(-) € T'(y(+)). So T'(y(-)) is closed for each y(-) € C([0, 1], X).

Step 2: T is a contraction. Indeed, let y;(-), y2(-) € C([0, 1], X) and consider

21(-) € T(y1(-)). Then there exists hy € Sy, () such that

2 (t) = /01 G(t,s)hi(s)ds, Vte|[0,1].



Chapter 7. Existence of Solutions for FDI in Banach Spaces 73

Using (7.6), there exists f; € Spy,() such that
hi(t) = yi(t) = fi(t), vie[0,1].

On the other hand, let € > 0 and consider the valued map U : [0,1] — 2%, given
by

U(t) = {z € X : | A(t) — 2l <m(®)l|y1(t) — 52(t)]| + €}

We claim that U.(t) is nonempty, for each t € [0, 1]. Indeed, let t € [0, 1], we have

H(F(tyu(6), ' (6),y"1(8)), F(t,y2(1), y'5(1), y"2(1))) < m()]lya(t) — ya(0)]].

Hence, there exists x € F(t,y2(t),y'5(t),y"5(t)), such that

11(8) = 2l < m@) [y (1) = y2(D)] + &

The multifunction
Vit = U(t)NF(ty2(t),y5(t),y"5(t)) is measurable. (7.8)

Then there exists a measurable selection for V' denoted fy such that, for all ¢t €
[0,1],

fQ(t) € F(t>yQ(t)7y/2(t)7y”2(t))

and

1/1(8) = O] < m@)]ya(t) = (D] + &

Now, for all ¢ € [0,1], set ha(t) = ya(t) — f2(t) and

ZQ(t):/O G(t, s)ha(s)ds.
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We have

Wﬁ%ﬂﬁMSAHG@ﬂWM$—M@MS
SA/nmw—m@mw+y/WMQ—ﬁwws
<A/nm m)MHﬂ/ﬂ%HM) ya(s)lds + Ae

SWMM—MNMAO+W®MH%8

So, we conclude that

121() = 22()llee < Allyn(+) — yz(')Hoo/O (14+m(s))ds + Ae.

By an analogous relation, obtained by interchanging the roles of y; () and ys(+), it

follows that
H@@m»T@o»sw%m—mnulh+m@mﬁda
By letting £ — 0, we obtain
HU@N»T@m»swwm—mw@Ah+m@u&

Consequently, if fol(l +m(s))ds < 5, T is a contraction. By Lemma 7.2, T has a

fixed point which is a solution of (7.7). The proof is complete.



Conclusion and Direction for Further

Research

Conclusion

The major objective of this thesis was to develop efficient methods and support-
ing analysis for solving abstract fractional differential equations of fractional order.
Since the classical semigroup operator solutions are not adequate to handel the
fractional case, which naturally leads to the necessity of deriving new techniques
for fractional derivatives. A series of four published papers and three manuscript
in preparation has been presented on the controllability for systems governed by
semilinear fractional differential inclusion, solutions of fractional quasilinear mixed
integrodifferential equations with nonlocal condition, controllability of fractional
integrodifferential systems via almost operators, existence and controllability re-
sult for an evolution fractional integrodifferential systems, controllability for sys-
tems governed by nonlocal quasilinear differential inclusion, existence of solutions
for fractional differential inclusions with boundary conditions in a Banach Spaces.
these papers comprise the bulk of Chapters 3 to 7 and form the backbone of the

theory associated with solution operators methods.
Direction for Further Research

There are a number of extensions and applications to the methods presented in
this thesis that could be pursue in the future. In Particular, the following areas

could lead to fruitful research

e Existence and controllability for Riemann-Liouville fractional integrodiffer-

ential equations.

e (lassical and global solutions to fractional quasilinear differential equations

with infinite delay in Banach spaces.
o Mittag-Leffler stability of fractional quasilinear differential equations.

e Time-Optimal control of systems displaying fractional dynamics in the sense

of the Riemann-Liouville and Caputo.

1)



Appendix A

Special Functions of the

Fractional Calculus

In this Appendix we shall consider the Mittag—Leffler function and some of the

related functions which are relevant for their connection with fractional calculus.

A.1 FEuler’s Gamma Function

We recall the definition

['(z)= /000 t* e tdt, (A.1)

for x > 0. Elementary considerations from the theory of improper integrals reveal

that the integral exists.

Now we have the all important relation between the Gamma function and the

factorial:

Theorem A.1. If x>0 then I'(x + 1) = oI (z).

As a consequence of these considerations, we find another important identity in-

volving the Gamma function:

Theorem A.2. Letn ¢ 7 and k € Ny. Then,
(~)"™' T (n—k)T(k+1—n)=T(-n)T (n+1)

76



Appendix A. Special Functions of the Fractional Calculus 7

Another useful identity in this context is the Reflection Formula

Theorem A.3. Let 0 < x < 1. Then,

™

P)l(l-2)= sin Tx

It is also possible to find an alternative representation, due to Gauss, for the

Gamma function.

Theorem A.4. Let x € R and —x € Ny Then,

T

. nn
F(x):JLTox(x+1)($+2)"'(x+n)

The asymptotic behaviour of T' () as z — oo is sometimes important; it can be

described by the Stirlings Formula

Theorem A.5. For x — oo. Then,

D(z+1) = <§>x\/%(1+0(1))

e

One last result that we shall mention explicitly is the following integral identity

Theorem A.6. Let a, 5 € Ry. Then,

la—l A1 _F(Q)F(ﬂ)
/Ot (1 t) dt_—l—‘(a—{—ﬁ)’

and hence . I'(a)T(B)
a-1(1 _ pnB-1 1 _ arp—1l (@)L (D)
/0 (=) dt = T(a+p)

The incomplete Gamma function is a closely related function defined as

I (v,t) =

D) t”/o e ' tdr, R()>0. (A.2)

A.2 Beta Function

Like the Gamma function, the Beta function (also known as Euler’s integral of the
first kind) is defined by a definite integral. Its definition is given by the integral
in the first equation of Theorem A.6
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B(a, ) = /0 1 (1 —t)"at (A.3)

A.3 The Error Function

The definition of the Error function is given by

Erf(z) = % /Oz e Pdt, zeR (A.4)

The complementary Error function (Erfc) is a closely related function that can

be written in terms of the Error function as

Erfc(x)=1— Erf(z) (A.5)

A.4 Mittag-LefHler’s Function

The exponential function e*, plays a very important role in the theory of integer-
order differential equations. Its one-parameter generalization, the function which
is now denoted by E was introduced by G. M. Mittag-Leffler

The two—parameter function of the Mittag-Leffler type, which plays a very im-
portant role in the fractional calculus was in fact introduced by Agarwal. This
function could have been called the Agarwal function. However, Humbert and
Agarwal generously left the same notation as for the one—parameter Mittag-leffler
function and that is the reason that now the two-parameter function is called the
Mittag-Leffler function.

A two—parameter function of the Mittag-Leffler type is defined by the series ex-

pansion
Eop(z) = ;0 T (ak+5)’ R(a) >0, R(B) > 0. (A.6)

For g = 1, we obtain the Mittag—Leffler function in one parameter:

Eap(2)=3 m =F, () (A7)
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As a result of the definition A.6, the following relations hold:

1
Ea7ﬂ (Z) = m + ZEO(,OH-ﬁ (Z) s (A8)
d
Eop(2) = BEapr1(2) + O‘ZEEaﬁ+1 (2), (A.9)

and

(%)m [ZﬁflEaﬂ (Za)] = Zﬁimfleol7 -m (Za) ’ %(5 — m) > 0, m = 0’ 17
(A.10)

For some specific values of a and [, the Mittag—Leffler function reduces to some

e’—1
T )

familiar functions. For example E); (z) = €*, Ey13(z) = ez;%_z, Ei5(x) =

E271 (ZQ) — COSh (2)7 E272 (22) — Sinh(z).

z

The following generalized Gronwall’s inequality is essential to prove continuous

dependence of mild solutions of equations (3.1)—(3.2) in chapter three.

Lemma A.7 ([46]). Suppose b > 0, B > 0 and a(t) is a nonnegative function
locally integrable on 0 < t < T (some T < 00), and suppose u(t) is nonnegative

and locally integrable on 0 <t <T" with
t
u(t) < a(t) + b/ (t —s)tu(s)ds, 0<t<T.
0
Then
t ©° r j )
u(t) < a(t) + / Z M(t — 8y a(s)ds, 0<t<T. (A.11)

— I'(j8)

If a(t) = a, constant on 0 <t < T, then the inequality (A.11) is reduced to
u(t) < aBs(bL(B)7),

where Eg is the Mittag—Leffler function of order 3.
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A.5 Wright—type Function

The definition of the Wright-type Function is given by

U,(z) = Z n!F(—é;Lz—?—nl > = Z (fl__z)ln)!F(na) sin(nma), ze€C, (A.12)

n=0 n=1

with 0 < a < 1. For —1 < r < 0o, A > 0, the following results hold.

V(1) >0, > 0; (A.13)
<« 1
Yy (Mg — o A.14
| e e = (A14)
= p o L(d47)
/0 V(1 = s (A.15)
/ U, (t)e #dt = E,(—z), zeC. (A.16)
0

A.6 Mellin-Ross Function

The Mellin-Ross function E;(v,a) arises when finding the fractional integral of an
exponential e*. The function is closely related to both the incomplete Gamma

and Mittag-Lefller functions. Its definition is given by

E; (v,a) = t7e"T* (v,t). (A.17)
We can also write,
B, (v,a) = t¥ i ) g (at) (A.18)
t ) - F(k‘—{—y—l—l)_ 1,v+1 . .
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A.7 Robotov’s Function

The definition of the Robotov’s function is given by

00 Bktk a+1) 5 " A1
E =t"Foiia t . .
(a+1)(k+1)) +ras (B77) ( )




Appendix B

Fixed Point Theorems

In this Appendix we collect some very basic point fixed theorems.

The proofs of various existence and uniqueness theorems throughout this text have
been based on classical theorems asserting existence or uniqueness of fixed points

of certain operators.

The first of these theorems is the following generalization of Banach’s fixed point

theorem that we take from.

Theorem B.1 (Weissinger’s Fixed Point Theorem). LetY be a Banach space

and oy, a sequence of positive numbers such that »_ oy converges. Let FF C'Y be
k=0
closed and A : F — F be an operator such that

HAkgp—Aka <aplle—=v|, VkeN and Vo, € F. (B.1)

Then A possesses a unique fized point. Furthermore the fized point can be obtained
as the limit of the sequence defined by 1y = ® € F, and 1 = Ay.

An immediate consequence is

Theorem B.2 (Banach’s Fixed Point Theorem). Assume Y be a Banach
space and 0 < o < 1. Let FF C Y be closed and A : F — F be an operator such
that

[Ap =AYl < alle =4, Ve, ¢eF. (B.2)
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Then, A has a uniquely determined fixed point 1*. Furthermore, for any g = ® €
F, the sequence defined by 11 = Ay, converges to this fized point 1*.

Moreover we also used a slightly different result that asserts only the existence but
not the uniqueness of a fixed point. Here we may work with weaker assumptions

on the operator in question.

Theorem B.3 (Schauder’s Fixed Point Theorem). Let Y be a Banach space,
let F' be a closed convex subset of Y, and let A : F' — F be a mapping such that
the set {Ap : ¢ € F} is relatively compact in Y. Then A has at least one fized

point.
As a key tool for developing the controllability in the chapter five, the Leray—
Schauder fixed point theorem will be introduced as follows.

Theorem B.4 ([43, 44]). Let E be a Banach space, C' a closed convex subset of
E, V an open subset of C and 0 € V. Suppose that F : V — C is a continuous,

compact (that is, F(V) is a relatively compact subset of C') map. Then either

(i) F has a fized point in V., or

(i1) there is a x € OV (the boundary of V in C) and X € (0,1) with x = A\F(z).
The Krasnoselskii fixed-point theorem is a well-known principle that generalizes
the Schauder fixed-point theorem and the Banach contraction principle as follows.

Theorem B.5 (Krasnoselskii’s Fixed Point Theorem). Let M be a nonempty
closed convexr subset of a Banach space Y, S : F =Y andT : FF — Y. Suppose
that

(a) S is compact and continuous;

(b) T is a k-contraction;

(¢) St +Tx € F for every x,y € F.

Then there exists x* € F such that Sx* 4+ Tx* = z*.
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