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”Mathematics is the music of reason.”

— James Joseph Sylvester
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General Introduction

Within the vast field of mathematical analysis, continuous fractional calculus boasts a sig-
nificant and storied history. This branch of calculus is nearly as ancient as the well-known
integer-order calculus, with its origins tracing back to the late 17th century. The con-
cept of fractional derivatives was first introduced in 1695 when the Marquis de L’Hôpital
posed a question to Gottfried Wilhelm Leibniz regarding the interpretation of a one-half
derivative [1, 2]. This inquiry marked the inception of fractional calculus. However, it
wasn’t until the 19th century that a rigorous and comprehensive theoretical framework
for fractional calculus was established. Mathematicians such as Joseph Fourier, Niels
Henrik Abel, and others contributed to the foundational principles that underpin this
field today [3, 4].

In the modern era, fractional calculus is being extensively investigated for its theoret-
ical and practical applications [5, 6]. Its theoretical allure lies in its ability to generalize
classical calculus, providing tools to model and analyze processes that exhibit anomalous
behavior, such as those with memory effects and hereditary properties. These character-
istics are particularly relevant in systems where the future state depends not only on the
present state but also on the history of the system. This property of fractional systems
makes fractional calculus a powerful tool for capturing the complexities of real-world
phenomena [7, 8, 9].

The exploration of fractional-order dynamical systems has recently evolved into a
prominent and multidisciplinary research effort. Scholars across diverse fields such as
mechanics, viscoelasticity, electrical circuits, and engineering control have been captivated
by the potential of fractional calculus to provide deeper insights into system dynamics
[10, 11, 12]. These systems are characterized by their unique properties of infinite memory
and hereditary traits, which differentiate them from classical integer-order systems. As a
result, fractional-order models are increasingly being used to describe complex processes
in various scientific and engineering disciplines.

In the topic of engineering control, fractional calculus provides more accurate models
for systems with memory and hereditary properties, leading to the development of more
robust and efficient control strategies [12]. Control systems designed using fractional
calculus can better accommodate the dynamic behaviors of complex systems, resulting in
improved performance and reliability in applications ranging from robotics to aerospace
engineering. In mechanics, for instance, fractional calculus is utilized to model materials
with viscoelastic properties, which exhibit both viscous and elastic behavior over time
[13]. This is crucial for understanding and predicting the behavior of materials under dif-
ferent stress and strain conditions. In the field of electrical engineering, fractional-order
circuits are employed to design filters, oscillators, and other electronic components with
enhanced performance characteristics [14]. These circuits leverage the memory prop-
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erties of fractional derivatives to achieve superior stability and response characteristics
compared to their integer-order counterparts.

Innovative contributions by researchers, notably Yang and others, have played an
important role in refining and extending the theory of fractional calculus. These efforts
have been particularly significant in the topic of local fractional calculus [15, 16, 17].
Local fractional calculus deals with functions that are not differentiable in the traditional
sense, enabling the analysis of fractal structures and other complex geometries. This
branch of fractional calculus has opened up new avenues for research, providing deeper
insights into the behavior of complex systems with non-integer dimensions.

Variable-order calculus offers a fresh approach to mathematical analysis, drawing from
established fractional calculus techniques. It introduces the concept of variable-order
differential and integral operations, which opens up new possibilities in understanding
complex real-world phenomena [18, 19, 20, 21, 22, 23]. By adjusting the order of oper-
ations, variable-order calculus simplifies problem-solving and can reveal hidden patterns
in data. This approach prompts us to reconsider traditional methods and explore non-
linear behavior in systems previously thought to be linear. Ultimately, variable-order
calculus provides a promising avenue for modeling systems with memory effects, offering
new insights and solutions to scientific problems.

Despite the existence of a well-established mathematical theory for continuous frac-
tional calculus, until recently, there had been no significant parallel development in the
topic of discrete fractional calculus [24, 25, 26]. However, over the past five to seven years,
there has been a burgeoning interest in this area, leading to substantial advancements.
This newfound focus on discrete fractional calculus has unveiled a host of unforeseen
challenges and technical difficulties, which researchers are actively addressing.

Exploring further the foundational theories, the domain of discrete fractional calculus
and fractional difference operators has garnered considerable attention among mathe-
maticians [28, 29]. This interest has been driven by the potential to extend the concepts
of continuous fractional calculus to discrete settings, thereby enabling the analysis of sys-
tems that evolve in discrete time steps. The development of discrete fractional operators
has opened up new avenues for modeling and analyzing complex systems that exhibit
fractional-order dynamics [30, 31].

One notable area of exploration is the integration of chaotic maps into discrete frac-
tional calculus. As demonstrated in references [32, 33], this approach has not only ex-
panded our understanding of discrete fractional systems but has also highlighted the
persistence of chaotic characteristics within this framework. For instance, the study of
the synchronization of chaotic dynamics in discrete fractional logistic maps [33] has pro-
vided valuable insights into the behavior of such systems and their potential applications.
Similarly, the investigation of equilibrium properties in discrete non-autonomous systems
[34] has further enriched the field by revealing the complex interactions and stability
considerations in these systems.

In recent years, the exploration of incommensurate discrete fractional-order systems
has emerged as a critical area of investigation [35, 36, 37]. These systems, characterized
by their non-integer-order dynamics in discrete time steps, pose unique challenges and
opportunities for stability and synchronization analysis. Researchers are actively studying
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the stability criteria and synchronization phenomena within these systems [38, 39], aiming
to extend the insights gained from continuous fractional calculus to discrete settings.

Understanding stability in fractional discrete systems involves distinguishing between
commensurate and incommensurate cases. Commensurate systems have orders that can
be expressed as ratios of integers, whereas incommensurate systems have orders that
cannot be expressed as such ratios. The stability analysis of commensurate fractional
discrete systems often relies on traditional methods adapted from integer-order calculus,
albeit with adjustments to account for fractional dynamics [40, 41, 42]. These systems
exhibit stability characteristics that are more predictable and easier to analyze due to
their periodic or quasi-periodic nature.

On the other hand, incommensurate fractional discrete systems present more complex
stability challenges. Their non-integer-order dynamics do not align with simple periodic-
ity, leading to irregular behaviors that require specialized analytical techniques. Stability
criteria for incommensurate systems often involve sophisticated mathematical tools such
as Lyapunov exponents, bifurcation analysis, and numerical simulations [43, 44, 45].
These systems may exhibit chaotic or quasi-chaotic behaviors depending on their specific
fractional orders and initial conditions, necessitating a deeper understanding of their sta-
bility properties. The exploration of stability in both commensurate and incommensurate
fractional discrete systems represents a frontier in mathematical analysis and engineering
applications. Advances in this area not only contribute to the theoretical foundation
of fractional calculus but also pave the way for innovative applications in diverse fields
such as signal processing, control systems, and data science. By elucidating the stability
criteria and dynamics of fractional discrete systems, researchers can harness the unique
properties of fractional calculus to solve real-world problems more effectively.

Moreover, researchers have introduced novel criteria to ensure the asymptotic sta-
bility of nonlinear fractional-order systems in a discrete nabla setting. As evidenced by
the research presented in [46, 47, 48], these criteria are crucial for developing robust and
reliable models of discrete fractional systems. The discrete nabla calculus offers a pow-
erful tool for analyzing the stability and dynamics of such systems. This has significant
implications for various applications, ranging from control theory to signal processing.

In recent years, synchronization phenomena in fractional discrete systems have gar-
nered significant attention due to their implications for various applications in science
and engineering. Synchronization, defined as the phenomenon where multiple systems
achieve a coordinated behavior over time, plays a crucial role in enhancing the robustness
and functionality of networked systems [49, 50, 51][52]-[109]. Unlike their integer-order
counterparts, fractional-order systems exhibit complex dynamics that include memory
effects and non-local interactions, making synchronization analysis non-trivial. Recent
research has focused on understanding synchronization in discrete fractional systems, ex-
ploring how system parameters and initial conditions influence synchronization stability
and dynamics [110, 111][112]-[136].

Neural networks, also known as artificial neural networks, are computational models
inspired by the structure and function of biological neural networks in the human brain.
They consist of interconnected nodes, called neurons or units, organized into layers. These
layers typically include an input layer, one or more hidden layers, and an output layer
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[137, 138, 139].

The neural network operates by receiving input data through the input layer, which
is then processed through the hidden layers using weighted connections and activation
functions. Each neuron in the hidden layers aggregates the input data, applies weights
to them, and passes the result through an activation function to introduce nonlinearity
into the system. The output layer produces the final result or prediction based on the
processed information.

Neural networks are trained using a process called backpropagation, where the net-
work adjusts its internal parameters (weights and biases) iteratively to minimize the
difference between the predicted output and the actual output for a given set of training
data [140, 141]. This training process involves feeding the network with labeled input-
output pairs and updating the weights and biases based on the calculated error.

Neural networks have demonstrated remarkable capabilities in various tasks, includ-
ing pattern recognition, image classification, natural language processing, and regression
analysis [142, 143, 144]. They have found applications in diverse fields such as finance,
healthcare, marketing, robotics, and autonomous vehicles, among others [145, 146, 147].

Stability analysis of neural networks is crucial for assessing their behavior under dif-
ferent conditions and ensuring their robustness and reliability in real-world applications
[148]. It involves examining how small perturbations or changes in the networks parame-
ters affect its performance and stability over time. Understanding the stability properties
of neural networks is essential for designing efficient learning algorithms, optimizing net-
work architectures, and deploying neural networks in safety-critical systems [149].

Research into dynamical system and network stability analysis has made significant
advancements, particularly since the 1990s. Recent decades have seen a surge in research
focusing on the stability analysis of fractional neural networks, which serve as mathemat-
ical models mirroring the behaviors of organic nervous systems across continuous and
discrete-time domains [150, 151, 152, 153]. However, due to the absence of complete
analytical solutions, stability analysis remains one of the most challenging areas of study
today.

The allure of stability, particularly in finite-time scenarios, has attracted scholars from
diverse fields, leading to the formulation of numerous theoretical frameworks [154, 155,
156, 157, 158, 159]. For instance, investigations into finite-time stability in fractional-
order disdcrete neural networks reflect the widespread interest in applying fractional
calculus concepts to real-world problems [160]. Similarly, research on finite-time stabil-
ity has extended to fractional-order complex-valued neural networks, providing valuable
insights into critical aspects of system behavior[161, 162].

In neural networks, synchronization phenomena are crucial for understanding infor-
mation processing, learning, and decision-making processes [163, 164]. Neural networks
with fractional-order dynamics exhibit rich synchronization behaviors that are not ob-
served in integer-order networks. Synchronization in these networks can enhance infor-
mation transfer, improve computational efficiency, and mitigate noise and perturbations
in networked environments [165, 166, 167]. Studies have demonstrated synchronization
in fractional-order neural networks across different architectures, including recurrent,
feedforward, and complex-valued networks [168, 169, 170]. Theoretical frameworks for
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analyzing synchronization stability, such as Lyapunov exponents and phase coherence
measures, have been adapted to fractional-order networks to quantify synchronization
robustness and predict emergent behaviors [171].

The thesis is structured into two main parts, each focusing on different aspects of
discrete fractional calculus and its applications in neural networks:

Part I: Mathematical Considerations

Chapter 1 serves as a foundational introduction, offering a comprehensive overview
of the notation and key concepts of discrete fractional calculus. It also presents
essential theorems that provide numerical formulas for evaluating fractional
discrete maps, laying the groundwork for subsequent analysis.

Chapter 2 delves into the stability analysis of fractional discrete maps, present-
ing fundamental results, methodologies, and stability criteria for assessing the
behavior of these maps. This chapter explores asymptotic stability condi-
tions, particularly focusing on the zero equilibrium of generic fractional dis-
crete maps.

Chapter 3 shifts the focus to fractional-order neural networks and discrete-time
fractional-order neural networks. It provides an overview of these networks,
including their architecture and properties, and discusses key results related
to the stability analysis of discrete-time fractional-order neural networks.

Part II: Applications

Chapter 4 showcases the asymptotic stability analysis of various discrete neural
network models, considering both commensurate and incommensurate frac-
tional and variable orders. It demonstrates how these models behave under
different stability conditions, providing insights into their long-term behavior.

Chapter 5 delves into the finite-time stability analysis of discrete neural network
models, extending the investigation to encompass commensurate and incom-
mensurate fractional and variable orders. This chapter explores the transient
dynamics of these models and their stability within finite time frames.

Chapter 6 introduces and explores two additional stability criteria, namely Ulam-
Hyers stability and uniform stability, within the context of discrete neural
network models with fractional variable orders. It elucidates the conditions
under which these models exhibit stability and provides practical insights into
their applications.

Chapter 7 concludes the thesis by examining the synchronization phenomenon
in discrete neural network models, considering both commensurate and in-
commensurate fractional and variable orders. It explores how synchronization
emerges and evolves within these networks, shedding light on their complex
dynamics and behaviors.



Part I

Mathematical Considerations



Chapter 1

Analytical Aspects of Discrete
Fractional Calculus

1.1 Introduction
Fractional calculus serves as an extension of classical calculus to non-integer orders,
offering a powerful set of tools for modeling and controlling systems characterized by
complexity, self-similarity, scale-free attributes, and inverse power law behavior. Particu-
larly, fractional-order derivatives have emerged as instrumental in capturing memory and
hereditary properties across various materials and processes. This versatile framework
finds applications in diverse fields such as high-energy physics, anomalous diffusion, com-
plex viscoelastic materials, rheology, geophysics, biomedical engineering, and economics
[5, 6, 7]. Consequently, FC establishes a robust theoretical foundation for modeling and
controlling complex systems, progressively becoming a pivotal research instrument in
both natural and social sciences [8, 9].

In recent times, discrete fractional calculus has garnered substantial attention from
researchers. The introduction of fractional sums with the delta operator and fractional
differences with nabla operators in [28] marked the inception of this theoretical domain.
Subsequent extensive developments are documented in [29, 30, 31].Investigations into the
monotonicity properties of delta and nabla fractional operators have been explored in
[181, 182, 183]. Notably, Atici et al. in [184] explored the monotonicity properties of
delta fractional differences, establishing a delta-fractional difference variant of the mean-
value theorem. Recent works [186, 187, 188, 191, 192] have explored fractional operators
with Mittag–Leffler and exponential ”non-singular” kernels, along with their discrete
counterparts, investigating monotonicity within this context

Inspired by this extensive range of studies, this chapter unfolds by presenting fun-
damental concepts of discrete fractional calculus. It encompasses Delta and Nabla type
fractional operators with both singular and non-singular kernels, elucidating different
transformation methods employed for exploring fractional difference equations.

1.2 Fundamental Concepts in Discrete Calculus
The functions we consider are frequently defined on a set of the form

Na = {a, a+ 1, a+ 2, ...},
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where a ∈ R; or a set of the form

Nb
a = {a, a+ 1, a+ 2, ..., b} ,

where a, b ∈ R and b− a is a positive integer.

1.2.1 Delta Calculus
We will go through the fundamentals of delta calculus.

Definition 1.1. [27] Assume x : Nb
a → R If b > a, then we define the forward difference

operator ∆ by
∆x(t) = x(t+ 1)− x(t), t ∈ Nb−1

a . (1.1)

Definition 1.2. [27] We define the forward jump operator σ on Nb−a
a a by

σ(t) = t+ 1. (1.2)

We present some important properties of the forward difference operator in the fol-
lowing theorem.

Theorem 1.1. [27] Assume x, y : Nb
a → R and α, β ∈ R, then for t ∈ Nb−1

a

• ∆α = 0.

• ∆αx(t) = α∆x(t).

• ∆[x+ y](t) = ∆x(t) + ∆y(t).

• ∆αt+β = (α− 1)t+β.

• ∆[xy](t) = x(σ(t))∆y(t) + ∆x(t)y(t).

• ∆

[
x

y

]
(t) =

y(t)∆x(t)− x(t)∆y(t)

y(t)σ(y(t))
, y(t) ̸= 0.

The subsequent function to be introduced is the falling function.

Definition 1.3. [27] For n a positive integer we define the falling function, t(n), read t
to the n falling, by

t(n) := t(t− 1)(t− 2)...(t− n+ 1), (1.3)
and we let t(0) := 1.

The falling function is defined in a manner that adheres to the power rule described
below.

Theorem 1.2. [27] The power rule

∆t(n) = nt(n−1), (1.4)

holds for n = 1, 2, 3, ....

The gamma function, a highly significant mathematical function, is defined as follows:
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Definition 1.4. [27] For complex numbers z with a positive real part, the gamma function
is defined as:

Γ(z) =

∫ ∞

0

e−ttz−1dt, (1.5)

where the function exhibits a fundamental property:

Γ(z + 1) = zΓ(z). (1.6)

Inspired by the definition and the fundamental property of the gamma function, we
broaden the domain of the falling function in the subsequent definition:

Definition 1.5. [27] The generalized falling function is formally expressed as:

t(r) =
Γ(t+ 1)

Γ(t− r + 1)
. (1.7)

For values of t and r such that the right-hand side of this equation is well-defined, we
extend this definition by adopting the convention that t(r) = 0 when t−r+1 is a nonpositive
integer and t+ 1 is not a nonpositive integer.

We proceed to articulate and establish the generalized power rules.

Definition 1.6. [27] The succeeding (extended) power rules:

∆(t+ α)(r) = r(t+ α)(r−1), (1.8)

and
∆(t− α)(r) = −r(α− σ(t))(r−1), (1.9)

apply as long as the expressions in the respective formulas are well-defined.

The generalized binomial coefficient is defined as follows:

Definition 1.7. [27] The expression
(
t
r

)
denotes the generalized binomial coefficient

and is defined as follows: (
t
r

)
=

t(r)

Γ(r + 1)
. (1.10)

For valid combinations of t and r such that the right-hand side is well-defined, we adopt
the convention that if the denominator is undefined but the numerator is defined, then(
t
r

)
= 0.

The properties of the generalized binomial coefficient are presented in the following
theorem.

Theorem 1.3. [27] The following properties hold:

• ∆

(
t
r

)
=

(
t

r − 1

)
.

• ∆

(
r + t
t

)
=

(
r + t
t+ 1

)
.
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• ∆Γ(t) = (t− 1)Γ(t).

Definition 1.8. [27] The expressions eν(κ, t − a) and eν,ν(κ, t − a) represent Mittag–
Leffler functions with one and two parameters, respectively. They are mathematically
defined as follows:

eν(κ, t− a) =
∞∑
k=0

κk
(t− a+ k(ν − 1))(kν)

Γ(kν + 1)
, t ∈ Na, (1.11)

and

eν,ν(κ, t− a) =
∞∑
k=0

κk
(t− a+ k(ν − 1))(kν+ν−1)

Γ(kν + ν)
, |κ| < ν, t ∈ Na+ν−1. (1.12)

Lemme 1.1. [27] For both Mittag–Leffler functions, the following holds:

eν(κ, t− a) > 0, eν,ν(κ, t− a) > 0, −ν < κ < 0, (1.13)

and
lim

t→+∞
eν(κ, t− a) = 0, lim

t→+∞
eν,ν(κ, t− a) = 0, −ν < κ < 0. (1.14)

1.2.2 Nabla Calculus
We introduce notation and present fundamental results related to nabla calculus.

Definition 1.9. [27] We define the nabla operator, also known as the backward difference
operator, denoted by ∇, as follows:

∇x(t) = x(t)− x(t− 1), t ∈ Na+1. (1.15)

Next, we introduce the backward jump operator.

Definition 1.10. [27] The operator representing the backward jump, denoted as ρ, is
defined as follows:

ρ(t) = t− 1. (1.16)

The following theorem outlines several properties of the nabla difference operator.

Theorem 1.4. [27] Under the assumption x, y : Na → R and α, β ∈ R. Then, for
t ∈ Na+1

• ∇α = 0.

• ∇αx(t) = α∇x(t).

• ∇[x(t) + y(t)] = ∇x(t) +∇y(t).

• ∇αt+β =
α− 1

α
αt+β when α ̸= 0.

• ∇[xy](t) = x(ρ(t))∇y(t) +∇x(t)y(t).

• ∇
[
x(t)

y(t)

]
=
y(t)∇x(t)− x(t)∇y(t)

y(t)y(ρ(t))
, when y(t) ̸= 0.
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Now, we proceed to define the rising function.
Definition 1.11. [27] Let n be a positive integer and t ∈ R. We define the rising function,
denoted as tn, by:

tn = t(t+ 1)(t+ 2)...(t+ n− 1). (1.17)
The rising function is defined in such a way that it satisfies the following power rule:

Definition 1.12. [27] For n ∈ N1 and α ∈ R, the Nabla Power Rule is defined as follows:

∇(t+ α)n = n(t+ α)n−1, t ∈ R. (1.18)

In light of the Nabla Power Rule definition and the Gamma function, we proceed to
introduce the generalized rising function in the following manner:
Definition 1.13. [27] The generalized rising function, denoted as tnα, is defined as follows:

tr =
Γ(t+ r)

Γ(t)
. (1.19)

For valid values of t and r, such that the right-hand side is meaningful, the generalized ris-
ing function trα is defined. Additionally, we adopt the convention that if t is a nonpositive
integer while t+ r is not a nonpositive integer, then tr = 0.

We obtain the following generalized power rules:
Theorem 1.5. [27] The formulas

∇(t+ α)r = r(t+ α)r−1, (1.20)

and
∇(t− α)r = −r(α− ρ(t))r−1, (1.21)

are valid under the conditions where t, r, and α are chosen such that the expressions
in the formulas are well-defined. Specifically, the case t0 = 1 holds, and for nonpositive
integers t = −1,−2, . . ..

The importance of nabla discrete Mittag-Leffler functions cannot be overstated, and
we delve deeper into their significance.
Definition 1.14. [27] Formulated with parameters κ belonging to the real numbers and
δ, β, γ, η as complex values, where the real part of δ is greater than zero, the nabla discrete
generalized Mittag-Leffler function is represented by:

Eδ
γ,β

(κ, η) :=
∞∑
n=0

κn
ηnδ+β−1(γ)n
Γ(nδ + β)n!

, |κ| < 1. (1.22)

In this context, (γ)n = γ(γ+1) . . . (γ+n−1) signifies the Pochhammer symbol. Notably,
when γ = 1, the expression transforms into the nabla discrete two-parameter Mittag-
Leffler function:

Eγ,β(κ, η) := E1
γ,β

(κ, η) =
∞∑
n=0

κn
ηnδ+β−1

Γ(nδ + β)
, |κ| < 1. (1.23)

For β = γ = 1, the resulting function corresponds to the nabla discrete one-parameter
Mittag-Leffler function:

Eδ(κ, η) := E1
γ,1(κ, η) =

∞∑
n=0

κn
ηnδ

Γ(nδ + 1)
, |κ| < 1. (1.24)
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Lemme 1.2. [27] For any positive real number δ > 0, parameters β > −1, γ, η ∈ C, and
κ ∈ R satisfying |κ| < 1, the following relationship holds:

∇nEδ
γ,β+n

(κ, η) = Eδ
γ,β

(κ, η), β0. (1.25)

Remarque 1.1. (i) For any κ = − δ
1−δ

, where 0 < δ < 1
2
, η ∈ N, and 0 < γ ≤ 1, the

two-parameter Mittag-Leffler function Eδ
γ,1
(κ, η) exhibits monotonic decrease. The

initial values of Eδ
γ,1
(κ, η) are as follows:

Eδ
γ,1(κ, 0) = 1,

Eδ
γ,1(κ, 1) = (1− δ)γ,

Eδ
γ,1(κ, 2) = (1− δ)γ(1− δ2γ),

Eδ
γ,1(κ, 3) =

1− δ

2
(δ4γ(γ + 1)− δ3γ − 3δ2γ + 2).

(1.26)

(ii) Considering (i) and Definition ??, we observe that:

∇Eδ
γ,1(κ, η) =

∞∑
k=0

κk
kδηkδ−1(γ)k
Γ(kδ + 1)k!

=
∞∑
k=0

κk
ηkδ−1

Γ(kδ)k!
,

= κ
∞∑
k=0

κk
ηkδ+δ−1(γ)k+1

Γ(kδ + δ)(k + 1)!
:= κEγ

δ
(κ, η) < 0.

(1.27)

As a consequence, Eγ

δ
(κ, η) maintains strict positivity for κ < 0.

Definition 1.15. [27] The discrete exponential kernel in the nabla calculus is expressed
as

hêκ(t, ρ(s)) =

(
1

1− κh

)t− ρ

h =

(
1− ν

1− ν + νh

)t− ρ

h
, (1.28)

where κ =
−ν
1− ν

.

Additionally, by utilizing ⊖s = −s
1− hs

, we define

hê⊖s(t, a) = (1− hs)
t−a
h for t ∈ Na,h.

1.2.3 h-Discrete Calculus
For h > 0, we will use the notations

Na,h = {a, a+ h, a+ 2h, . . .},

and
Nb

a,h = {a, a+ h, a+ 2h, . . . b}.

We present various definitions and introduce notation.
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Definition 1.16 ([196]). The backward jump operator on the time scale hZ is given by:

ρh(t) = t− h. (1.29)

The forward jump operator on the time scale hZ is given by:

σh(t) = t+ h. (1.30)

Definition 1.17 ([196]). Let h be strictly positive real number, and consider x : Nh,a → R.
We define the forward h-difference operator as:

∆hx(t) =
x(σh(t))− x(t)

h
. (1.31)

Definition 1.18 ([196]). The backward difference operator over hZ is specified by:

∇hx(t) =
x(t)− x(ρh(t))

h
. (1.32)

Definition 1.19 ([196]). The h-falling factorial function of real order ν is characterized
by:

t
(r)
h = hr

Γ(
t

h
+ 1)

Γ(
t

h
+ 1− r)

, t ∈ R. (1.33)

When h = 1, the h-falling factorial function is identical to the falling factorial function
defined by equation (1.33). It is anticipated that trh converges to tr as h tends to zero.

Proposition 1.1 ([196]). For t ≥ 0 and r ∈ R

lim
h→0

t
(r)
h = tr. (1.34)

Definition 1.20 ([196]). For h > 0 and r ∈ R, the increasing h-polynomial factorial
function is defined as follows:

trh =
hrΓ( t

h
+ r)

Γ( t
h
)

. (1.35)

Considering the division at a pole results in zero. In the case where µ is a positive integer,
then

tµh = t(t+ h)(t+ 2h) · · · (t+ (µ− 1)h). (1.36)

Proposition 1.2 ([196]). When r ̸= 0, the following relations are valid:

∆h(t− a)
(r)
h = r(t− a)(r−1). (1.37)

∇h(t− a)rh = r(t− a)r−1. (1.38)

Definition 1.21 ([196]). For k ∈ R, |k| < 1, and h, , t, q ∈ C with Re(·)h > 0, the nabla
h-discrete Mittag–Leffler functions are defined by:

hE
ρ

θ,β
(κ, t) =

∞∑
k=0

κk
tkθ+β−1
h (ρ)k

Γ(θk + β)k!
. (1.39)

When h = β = ρ = 1, one may consult the definition of the nabla Mittag-Leffler in (1.24).
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1.3 Delta Type Fractional Discrete Operators
1.3.1 Fundamental Results in Fractional Delta Sums
To effectively leverage fractional difference calculus, we introduce the right inverse op-
erator of the fractional difference operator in this section, referred to as the ”fractional
sum.” Consider the Cauchy function,

Definition 1.22 ([203]). Define the fractional sum of f with respect to ν as

∆−νf(t) =
1

Γ(ν)

t−ν∑
s=a

(t− σ(s))(ν−1)f(s). (1.40)

Next, we will present and demonstrate the law of exponents for fractional sums.

Theorem 1.6 ([202]). Consider a real-valued function f and let µ, ν > 0. For all t such
that

∆−ν
a+ν∆

−µ
a f(t) = ∆−(ν+µ)

a f(t) = ∆−µ
a+µ∆

−ν
a f(t). (1.41)

Proof. Using the definition of the fractional sum, we can represent the given expression
as

∆−ν
a+ν∆

−µ
a f(t) =

1

Γ(ν)

t−ν∑
r=0

(t− σ(r))(ν−1)f(r),

=
1

Γ(ν)Γ(µ)

t−µ∑
s=ν

s−ν∑
r=0

(t− σ(s))(µ−1)(s− σ(r))(ν−1)f(r),

=
1

Γ(ν)Γ(µ)

t−(ν+µ)∑
r=0

t−ν∑
s=r+ν

(t− σ(s))(µ−1)(s− σ(r))ν−1f(r),

=
1

Γ(ν)Γ(µ)

t−(µ+ν)∑
r=0

t−σ(r)−µ∑
x=ν−1

(t− σ(r)− σ(x))(µ−1)x(ν−1)

 f(r),

=
1

Γ(ν)

t−(µ+ν)∑
r=0

(∆−µ)(t− σ(r))(ν−1)f(r),

=
1

Γ(ν)

t−(µ+ν)∑
r=0

(
Γ(ν)

Γ(ν + µ)
(t− σ(r))(ν+µ−1)f(r),

= ∆−(ν+µ)
a f(t).

(1.42)

The demonstration is now finished.

Remarque 1.2. Replace ν with ν + 1 in (1.40) and apply Theorem 1.6 to obtain:

∆−ν−1∆f(t) = ∆−νf(t)− (t− a)(ν)

Γ(ν + 1)
f(a). (1.43)

This results in:
∆−νf(t) = ∆−ν−1∆f(t) +

(t− a)(ν)

Γ(ν + 1)
f(a). (1.44)
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Remarque 1.3. Consider p − 1 < ν < p, where p is a positive integer. According to
Theorem 1.6, we can infer that:

∆∆νf(t) = ∆∆p(∆−(p−ν)f(t)),

= ∆p+1(∆−(p−ν)f(t)),

= ∆p(∆∆−(p−ν)f(t)),

= ∆p[∆−(p−ν)∆f(t) +
(t− a)(p− ν − 1)

Γ(p− ν)
f(a)],

= ∆p∆−(p−ν)∆f(t) + ∆p (t− a)(p− ν − 1)

Γ(p− ν)
f(a),

= ∆ν∆f(t) +
(t− a)(−ν − 1)

Γ(−ν)
f(a).

Therefore, we conclude that Theorem 1.6 holds for any real number ν.

Theorem 1.7 ([202]). For a function f defined on Na, the subsequent equality holds for
any real number ν and any positive integer p:

∆−ν∆pf(t) = ∆p∆νf(t)−
k=0∑
p−1

(t− a)ν−p+k

Γ(ν + k − p+ 1)
∆kf(a). (1.45)

Proof. We replace f with ∆f in equation (1.44):

∆−ν∆2f(t) = ∆∆−ν∆f(t)− (t− a)(ν−1)

Γ(ν)
∆f(a),

= ∆

[
∆∆−νf(t)− (t− a)(ν−1)

Γ(ν)
f(a)

]
− (t− a)(ν−1)

Γ(ν)
∆f(a),

= ∆2∆−νf(t)− (t− a)(ν−2)

Γ(ν)
f(a)− (t− a)(ν−1)

Γ(ν)
∆f(a),

= ∆2∆−νf(t)−
1∑

k=0

(t− a)(ν−2+k)

Γ(ν + k − 1)
∆kf(a).

(1.46)

Continuing with subsequent iterations leads to the desired result.

Remarque 1.4. Replace ν with ν+p in equation (1.45) and apply Theorem 1.6 to obtain:

∆−νf(t) = ∆−ν−p∆pf(t) +

(p−1)∑
k=0

(t− a)(ν+k)

Γ(ν + k + 1)
∆kf(a). (1.47)

Next, we derive a power rule

Lemme 1.3 ([202]). Let µ ∈ R{...,−2,−1}

∆−νtµ =
Γ(µ+ 1)

Γ(µ+ ν + 1)
tµ+ν . (1.48)
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1.3.2 Delta Fractional Differences
1. Riemann fractional difference operator

In the realm of fractional calculus, we introduce the Riemann left fractional differ-
ence operator, represented as RL∆ν

a,

Definition 1.23 ([203]). For ν > 0, where f : Na → R, and n− 1 < ν < n, where
n is a positive integer, the operator is defined as follows:

RL∆ν
af(t) = ∆n∆(n−ν)

a f(t) =
1

Γ(n− ν)
∆n

t−(n−ν)∑
s=a

(t− σ(s))(n−ν−1)f(t)

 . (1.49)

We also introduce the Riemann operator of order ν > 0 as

∆ν
af(t) =


1

Γ(−ν)
∑t+ν

k=0(t− σ(k))−ν−1f(s), n− 1 < ν < n,

∆nf(t), ν = n,
(1.50)

where t ∈ Na+n−ν.

Proposition 1.3 ([203]). Asserts that when considering a function f : Na → R,
the Riemann operator of order ν > 0 is specified as:

∆ν
af(t) =

ν+t−a∑
k=0

(−1)k
(
ν
k

)
f(t+ ν − k), (1.51)

where t ∈ Na+n−ν.

Now, let’s explore the fractional difference of the power rule function (t− a)ν .

Lemme 1.4 ([202]). for t ∈ Na+µ+n−ν, the following hold:

∆ν
a+µ(t− a)(µ) =

Γ(µ+ 1)

Γ(µ+ 1 + n− ν)

Γ(µ+ n− ν + 1)

Γ(µ+ 1− ν)
(t− a)µ−ν . (1.52)

Continuing, we delve into the correlation between Riemann left fractional operators
and fractional differences.

Proposition 1.4 ([202]). Examining a function f defined on the natural numbers
starting from a and mapping to real numbers, we assume positive values for both ν
and µ, where n− 1 < ν ≤ n. In this particular situation,

RL∆ν
a+µ∆

−µ
a f(t) = ∆ν−µ

a f(t), (1.53)

for t ∈ Na+µ+n−ν.

Proof. Assuming the definitions of f , ν, n, and µ from the theorem, consider t ∈
Na+µ+n−ν . Subsequently,

∆ν
a+µ∆

−µ
a f(t) = ∆n∆

−(n−ν)
a+µ ∆−µ

a f(t) = ∆n∆−(n−ν+µ)
a f(t). (1.54)
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Utilizing the composition rule from Theorem 1.6, we obtain:

∆n−(n−ν+µ)
a f(t) = ∆ν−µ

a f(t). (1.55)

When ν > 0 and f ∈ Na, the left Riemann difference operator RL∆a+ νν yields
operations that are inverses to the ν-th fractional sum operator ∆−ν given in (1.40),
both from the left and the right. In particular, we observe the following situations.

Now, let’s emphasize the inverse operations of the ν-th fractional sum operator ∆−ν

from both the left and the right:

Proposition 1.5 ([203]). In the scenario where ν > 0 and f is a function defined
within the suitable domain Na, the subsequent relation is valid for t in Na+n, a
subset of Na:

RL∆ν
a+ν∆

−νf(t) = f(t), (1.56)
∆−ν

a+n−ν
RL∆νf(t) = f(t), ν /∈ N. (1.57)

Proposition 1.6 ([202]). For a function f : Na → R and positive values of ν > 0
and µ > 0 with 0 < µ ≤ n, the subsequent relation is valid for t ∈ Na+n−µ+ν:

∆−ν
a+n−µ∆

µ
af(t) = ∆µ−ν

a f(t)−
n−1∑
j=0

∆j−(n−µ)f(a+ n− µ)

Γ(ν − n+ j + 1)
(t−a−n+µ)(ν−n+j). (1.58)

Proof. Let ν, µ > 0 with n− 1 < µ ≤ n. Define

g(t) = ∆(n−µ)
a f(t), and = a+ n− µ, (1.59)

where is the first point of the g function. For t ∈ Na+n−µ+ν , we have,

∆−ν
a+n−µ∆

µ
af(t) = ∆µ

a+n−µg(t),

= ∆n−ν
a+n−µg(t)−

n−1∑
j=0

∆jg()

Γ(ν − n+ j + 1)
(t− )ν−n+j,

= ∆n−ν
a+n−µ∆

−(n−µ)
a f(t)−

n−1∑
j=0

∆j∆−(n−µ)f()

Γ(ν − n+ j + 1)
(t− )ν−n+j,

= ∆µ−ν
a f(t)−

n−1∑
j=0

∆j−n+µ
a f(a+ n− µ)

Γ(ν − n+ j + 1)
(t− a− n+ µ)ν−n+j.

(1.60)
In the concluding step, we employed Proposition 1.4. In the scenario where ν > n,
we applied Theorem 1.6.

Lemme 1.5 ([202]). For any integer p and ν > 0 with n− 1 < ν ≤ n, we obtain

∆p∆ν
a = ∆p+ν

a f(t), t ∈ Na+n−ν . (1.61)

Proposition 1.7 ([202]i). For p− 1 < ν < p and p ∈ N we have

∆ RL∆νf(t) = RL∆ν∆f(t) +
(t− a)(−ν−1)

Γ(−ν)
f(a). (1.62)
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The extensive generalization to the fully fractional scenario, where µ is any positive
real number, is elucidated in Theorem 4.6 [193]:

Theorem 1.8 ([202]). For a given function f : Na → R, assuming ν, µ > 0 with
n−1 < ν ≤ n and m−1 < µ ≤ m, the following relation holds for t ∈ Na+m−µ+n−ν:

∆ν
a+m−µ∆

µ
af(t) = ∆ν+µf(t)−

m−1∑
j=0

∆
j−(n−µ)
a f(a+m− µ)

Γ(−ν −m+ j + 1)
(t− a−m+ µ)(−ν−m+j).

(1.63)

Proof. Let f , ν, and µ be as specified in the theorem. If n − 1 < ν < n, then for
t ∈ Na+m−µ+n−ν ,

∆ν
a+m−µ∆

µ
af(t) = ∆n[∆

−(n−ν)
a+m−µ∆

µ
af(t),

= ∆n
[
∆−n+µ+ν

a f(a+m− ν)
]

−
m−1∑
j=0

∆j−m+µf(a+m− ν)

Γ(n− ν −m+ j + 1)
(t− a−m+ µ)n−ν−m+j,

= ∆ν+µf(t)−
m−1∑
j=0

∆j−m+µf(a+m− ν)

Γ(ν −m+ j + 1)
(t− a−m+ µ)−ν−m+j.

(1.64)
In a similar fashion to Theorem 1.8, we can express in reverse order:

∆µ
a+n−ν∆

ν
af(t) = ∆µ+νf(t)−

n−1∑
j=0

∆
j−(m−ν)
a f(a+m− µ)

Γ(−µ− n+ j + 1)
(t− a− n+ ν)−µ−m+j,

(1.65)
The terms within the summation become zero if µ ∈ N0.

2. Caputo fractional difference operator
The efficacy of the Riemann–Liouville left operator is limited when applied to model
real-world phenomena through fractional difference equations. Consequently, we
will investigate an alternative approach to fractional difference operators. Analo-
gous to standard fractional calculus, we can define the left Caputo fractional differ-
ence of order ν. The initial concept of a discrete fractional operator was introduced
in [30], where the operator emerged from a natural discretization of the traditional
Caputo operator in fractional calculus. Originally introduced by mathematician
Caputo in 1967 [194], the continuous Caputo operator provides a significant advan-
tage: the need to specify the initial condition of the fractional order is eliminated
when solving equations or systems of equations.

Definition 1.24 ([203]). Consider ν > 0 with n− 1 < ν < n, where n = ⌈ν⌉ + 1.
The definition of the ν-th fractional Caputo difference operator is as follows:

C∆ν
af(t) = ∆n−ν

a ∆nf(t) =
1

Γ(n− ν)

t−(n−ν)∑
s=a

(t− σ(s))(n−ν−1)(∆n
sf)(s), ∀t ∈ Na+ν .

(1.66)
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If ν = n ∈ N, then ,C ∆ν
af(t) = ∆nf(t). The formula for ∆nf(t) is provided by:

∆nf(t) =
n∑

r=0

(−1)r+1

(
n
r

)
f(r + k). (1.67)

Lemme 1.6 ([202]). For the power rule function f(t) = (t − a)(µ), the fractional
difference is expressed as:

∆ν
a+µ(t− a)(µ) =

Γ(µ+ 1)

Γ(µ− ν + 1)
(t− a)(µ−ν) for t ∈ Na+µ+n−ν , (1.68)

Here, n = ⌈ν⌉, and µ > n. Equation (1.90) can be derived through a direct
generalization of the ∆n difference of f .

The relationship between the Riemann and Caputo fractional difference operators
is stated as:

Theorem 1.9 ([203]). The following conditions are fulfilled for any ν > 0

C∆ν
af(t) =

RL∆ν
af(t)−

n−1∑
k=0

(t− a)(k − ν)

Γ(k − ν + 1)
∆kf(a). (1.69)

Proof. As stated in Theorem 1.7, for ν > 0 and a positive integer p, we have

∆−ν∆pf(t) = ∆p∆−νf(t)−
p−1∑
k=0

(t− a)ν−p+k

Γ(ν + k − p+ 1)
∆kf(a). (1.70)

If we substitute ν with n−ν and p with n, and set n = [ν]+1, then we can establish

∆−(n−ν)∆nf(t) = ∆n∆−(n−ν)f(t)−
n−1∑
k=0

(t− a)k−ν

Γ(k − ν + 1)
∆kf(a). (1.71)

Hence, from equation (1.71), we obtain

C∆ν
af(t) =

RL∆ν
af(t)−

n−1∑
k=0

(t− a)k−ν

Γ(k − ν + 1)
∆kf(a). (1.72)

Specifically, when 0 < ν < 1, the relation (1.72) takes the following form:

C∆ν
af(t) =

RL∆ν
af(t)−

(t− a)−ν

Γ(1− ν)
f(a). (1.73)

Proposition 1.8 ([202]). For ν > 0 and a function f defined on suitable domains
Na, the expression is as follows:

∆−ν
a+(n−ν)

C∆ν
af(t) = f(t)−

n−1∑
k=0

(t− a)k

k!
∆kf(a). (1.74)

Especially when 0 < ν ≤ 1, the relationship is expressed as:

∆−ν
a+(n−ν)∆

ν
af(t) = f(t)− f(a). (1.75)
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Proof. To prove equation (1.74), we apply the relationship between the Riemann
left operator and sum as stated in Proposition 1.5.

Theorem 1.10 ([202]). For µ > 0, where µ is non-integer, m = [µ], and ν =
m − µ, the ensuing expression is valid for f(t) defined on Na with a ∈ Z+ (where
Z+ := 0, 1, 2, . . .) and t ∈ Na+m:

f(t) =
m−1∑
k=0

(t− a)k

k!
∆kf(a) +

1

Γ(µ)

s=t−µ∑
a+µ

(t− s− 1)(µ−1)∆µf(s). (1.76)

Furthermore, when 0 < ν < 1, the Caputo generalized Taylor’s formula (1.76)
simplifies to:

f(t) = f(0) +
1

Γ(ν)

t−ν∑
s=1−ν

(t− s− 1)(ν−1)∆νf(s). (1.77)

Proof. From the definition of the Caputo-left operator (1.66) and the commutativity
property in Theorem 1.6, for all t ∈ Na+ν+µ we obtain

∆−ν∆µf(t) = ∆−ν∆−(µ−ν)(∆µf(t)) = ∆−(nu+(µ−ν))(∆µf(t)) = ∆−µ(∆µf(t)),
(1.78)

that is
∆−ν∆νf(t) = ∆−µ(∆µf(t)), ∀t ∈ Na+µ. (1.79)

It has been observed that

(t−s−1)(µ−1) =
Γ(t− s)

Γ(t− s−m+ 1)
= (t−s−1)(t−s−2) . . . (t−s−m+1), (1.80)

the falling factorial, where t− s−m+ 1 > 0. Therefore, we obtain

∆−m(∆mf(t)) =
1

(m− 1)!

t−m∑
s=a

(t− s− 1)(m−1)∆mf(s). (1.81)

By employing the discrete Taylor formula previously mentioned in equation [195],
one can derive

f(t) =
n−1∑
k=0

(t− a)(k)

k!
∆kf(a) +

1

(m− 1)!

t−n∑
s=a

(t− s− 1)(m−1)∆mf(s), (1.82)

From the latter expression, we derive the Taylor formula

f(t) =
n−1∑
k=0

(t− a)(k)

k!
∆kf(a) + ∆−ν∆νf(t), (1.83)

where f is defined on Na, for all t ∈ Na+m.

Theorem 1.11 ([202]). Consider µ > p, where p ∈ N, and µ is not an integer. Let
n = ⌈µ⌉ and ν = n− µ. Then

∆pf(t) =
n−1∑
k=p

(t− a)(k−p)

(k − p)!
∆kf(a) +

1

Γ(µ− p)
(t− s− 1)(µ−p−1)∆µ

∗f(s), (1.84)

for every t ∈ Na+n−p, where f is defined on Na.
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Proposition 1.9 ([202]). When p = 0 is inserted into (1.84) with µ > 0, where
µ is a non-integer, n = ⌈µ⌉, ν = n − µ, f defined on Na, and ∆kf(a) = 0 for
k = 0, . . . , n− 1, we obtain

f(t) =
1

Γ(µ)

t−µ∑
s=a+ν

(t− s− 1)(µ−1)∆µ
∗f(s). (1.85)

Proposition 1.10 ([202]). Consider µ > p, where p is a positive integer, µ is
non-integer, n = ⌈µ⌉, and ν = n−µ. Suppose f is defined on Na, and additionally,
assume that ∆kf(a) = 0 for k = p, . . . , n− 1. Then,

∆pf(t) =
1

Γ(µ− p)

t−µ+p∑
s=a+ν

(t− s− 1)(µ−p−1)∆µ
∗f(s). (1.86)

3. Grunwald-Letnikov fractional difference operator
In this part, we introduce the fractional discrete difference operator using the for-
mulation based on the fractional order Grunwald-Letnikov approach.

Definition 1.25 ([204]). The fractional order Grunwald-Letnikov difference oper-
ator GL∆νf(t) is expressed as:

GL∆νf(t) =
1

hν

k∑
j=0

(−1)j
(
ν
j

)
f(k − j), (1.87)

In the above formulations, the fractional order ν ∈ R+, belonging to the set of
strictly positive real numbers. Here, h ∈ R+ represents the sampling time, set to
unity in subsequent discussions, and k ∈ N denotes the discrete time.
The coefficient

(
ν
j

)
is computed using the following relation:

(
ν
j

)
=

1, for j = 0,
ν(ν − 1) . . . (ν − j + 1)

j!
, for j > 0.

(1.88)

1.4 Nabla Type Fractional Operators
1.4.1 Essentiel Results in Fractional Nabla Sums
Definition 1.26 ([24]). The left nabla fractional sum with order ν > 0 (commencing at
a) is explicitly defined as follows

∇−ν
a f(t) =

1

Γ(ν)

t∑
s=a+1

(t− ρ(s))ν−1f(s), t ∈ Na+1. (1.89)

Lemme 1.7 ([26]). For any positive ν, the ensuing equality is satisfied:

∇−ν
a ∇f(t) = ∇∇−ν

a f(t)− (t− a)ν−1 1

Γ(ν)
f(a). (1.90)
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Proof. Leveraging the subsequent identity obtained through integration by parts:

∇s[(t− s)ν−1f(s)] = ∇s(t− s)ν−1f(s) +∇(t− ρ(s))ν−1∇sf(s),

= −(ν − 1)(t− ρ(s))ν−2f(s) + (t− ρ(s))ν−1∇sf(s),
(1.91)

we obtain

∇−ν
a ∇f(t) = 1

Γ(ν)

t∑
s=a+1

(t− ρ(s))ν−1∇sf(s),

=
1

Γ(ν)

[
(t− s)ν−1f(s)|a + (ν − 1)

t∑
s=a+1

(t− ρ(s))ν−1f(s)

]
,

=
(t− a)ν−1

Γ(ν)
f(a) +

1

Γ(ν − 1)

t∑
s=a+1

(t− ρ(s))ν−2f(s).

(1.92)

However, we can express this as

∇∇−ν
a f(t) =

1

Γ(ν)

t∑
s=a+1

(t−ρ(s))ν−1∇sf(s) =
1

Γ(ν − 1)

t∑
s=a+1

(t−ρ(s))ν−2∇sf(s). (1.93)

Hence, we have successfully demonstrated the validity of Lemma 1.7.

Remarque 1.5. Consider the case where ν > 0 and n = ⌊α⌋+1. With the aid of Lemma
1.7, we derive the following result:

∇∇ν
af(t) = ∇∇n

[
∇−(n−ν)

a f(t)
]
= ∇n

[
∇∇−(n−ν)

a f(t)
]
. (1.94)

Alternatively,

∇∇ν
af(t) = ∇n

[
∇−(n−ν)

a ∇f(t)
]
+

(t− a)n−ν−1

Γ(n− ν)
f(a). (1.95)

By employing the identity

∇n (t− a)n−ν−1

Γ(n− ν)
=

(t− a)−ν−1

Γ(n− ν)
. (1.96)

We deduce that (1.95) holds true for all real values of ν.

Leveraging Lemma 1.7 and Remark 1.5, we systematically deduce the subsequent
generalization through induction.

Theorem 1.12 ([26]). For every real number ν and any positive integer p, the ensuing
equality is established:

∇−ν
a ∇pf(t) = ∇p∇−ν

a f(t)−
p−1∑
k=0

(t− a)ν−p+k

Γ(ν + k − p+ 1)
∇kf(a), (1.97)

where the function f is defined over Na and at some points preceding a.
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Theorem 1.13 ([26]). The given equation is satisfied for any real number ν and any
positive integer p :

∇−ν
a+p−1∇pf(t) = ∇p∇−ν

a+p−1f(t)−
p−1∑
k=0

(t− (a+ p− 1))ν−p+k

Γ(ν + k − p+ 1)
∇kf(a+ p− 1), (1.98)

here the function f is defined solely on Na.

Proof. The proof proceeds by iteratively applying Remark 1.5. The subsequent theorem
is established.

Lemme 1.8 ([30]). Suppose 0 ≤ n− 1 < ν ≤ n, and let f(t) be defined over Nν−n. The
following statements are affirmed:

• ∇ν
af(t) = (∆ν

a)f(t− ν) for t ∈ Nn+a.

• ∇ν
af(t) = (∆ν

a)f(t+ ν) for t ∈ Nn.

Proposition 1.11 ([26]). Suppose f is a real-valued function defined over Na, and let
ν, µ > 0. Then,

∇−ν
a ∇−µ

a f(t) = ∇−(ν+µ)
a f(t) = ∇−µ

a ∇−ν
a f(t). (1.99)

Proof. The demonstration proceeds by employing Lemma 1.8 and the aforementioned
Theorem 1.6. Indeed,

∇−ν
a

(
∇−µ

a f(t)
)
= ∇−ν

a

(
∆−µ

a f(t+ µ)
)
,

= ∆−ν
a

(
∆−µ

a f(t+ (µ+ ν)
)
,

= ∆−(ν+µ)
a f (t+ (ν + µ)) ,

= ∆−(ν+µ)
a f (t+ (ν + µ)) ,

= ∇−(ν+µ)
a f(t).

(1.100)

The upcoming power rule governing left fractional differences holds a crucial signifi-
cance.

Proposition 1.12 ([26]). Consider ν > 0 and µ > −1. Then, for t ∈ Na, the following
holds:

∇−ν
a (t− a)µ =

µ+ 1

ν + µ+ 1
(t− a)ν+µ. (1.101)

1.4.2 Nabla Fractional Differences
Definition 1.27. [24] The fractional difference ∇ of order ν (n − 1 < ν < n) of the
Riemann-Liouville type is given by:

RL∇ν
af(t) =

∇n

Γ(n− ν)

t∑
s=a+1

(t− ρ(s))n−ν−1(f(s)) t ∈ Na+n. (1.102)
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Definition 1.28 ([24]). For f belonging to Na+n, the fractional difference ∇ of order ν
(n− 1 < ν < n) in the Liouville-Caputo type is expressed as:

C∇ν
af(t) =

1

Γ(n− ν)

t∑
s=a+1

(t− ρ(s))n−ν−1∇nf(s), t ∈ Na+n. (1.103)

The subsequent proposition establishes connections between the nabla fractional dif-
ferences of both the Riemann-Liouville and Liouville-Caputo types for a higher order
ν.

Proposition 1.13 ([29]). For t within Na+ n− ν, and further, for f ∈ Na, it is affirmed
that:

C∇ν
af(t) =

RL∇ν
af(t)−

n−1∑
ℓ=0

(t− a)−ν+ℓ

Γ(−ν + ℓ+ 1)
∇ℓf(a). (1.104)

1.5 h-Difference Fractional Operators
1.5.1 Left Delta Fractional Sums and Differences on hZ
Definition 1.29 ([197]). Let f be defined on Na,h, and assume k ∈ N. The left h-Caputo
fractional delta sum of order ν > 0 is given by:

( a∆
−ν
h f)(t) =

1

Γ(ν)

∫ σ(t−νh)

a

(t− σ(s))ν−1
h f(s)∆hs

=
1

Γ(ν)

t
h
−ν∑

k= a
h

(t− σ(kh))ν−1
h f(kh)h, t ∈ Na,h.

(1.105)

Lemme 1.9 ([197]). Let ν > 0. For any t ∈ Na,h, the following hold true:

lim
ν→0

( a∆
−ν
h f)(t+ νh) = f(t). (1.106)

Definition 1.30 ([197]). consider f be defined on Na,h. The left h-Caputo fractional
difference of order ν > 0 is expressed as:

( a∆
ν
hf)(t) = (∆h a∆

−(n−ν)
h f)(t), t ∈ Na+(n−ν)h,h. (1.107)

Definition 1.31 ([197]). Let f be defined on Na,h. The left delta Caputo h-fractional
difference of order ν > 0 is defined by

( C
a ∆

ν
hf)(t) = ( a∆

−(n−ν)
h ∆n

hf)(t), t ∈ Na+(n−ν)h,h. (1.108)

Lemme 1.10. [[197]] Given ν > 0, µ > 0, and h > 0,

a+µh∆
−ν
h (t− a)µ−1

h =
Γ(µ)

Γ(µ+ ν)
(t− a)ν+µ−1

h . (1.109)

Theorem 1.14 ([197]). For ν > 0, µ > 0, and h > 0, if f is defined on Na, h, then for
all t ∈ Na+ h(ν + µ), h, we have

( a+νh∆
−µ
h a∆

−ν
h f)(t) = ( a∆

−(ν+µ)
h f)(t) = ( a+νh∆

−ν
h a∆

−µ
h f)(t). (1.110)
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Proof. Now, let’s establish the validity of the left part. We can observe that

( a+νh∆
−µ
h a∆

−ν
h f)(t) =

1

Γ(ν)

∫ σ(t−µh)

a+νh

(t− σ(r))µ−1
h

1

Γ(µ)

∫ σ−r−αh)

a

(r − σ(s))µ−1
h f(s)∆hr,

=
1

Γ(ν)

∫ σ(t−(ν+µ)h)

a

1

Γ(µ)

∫ σ(t−µh)

s+νh

(a+ r − σ(s)− a)ν−1
h (t− σ(r))µ−1

h ∆hrf(s)∆hs,

=
1

Γ(ν)

∫ σ(t−(ν+µ)h)

a

f(s)
1

Γ(µ)

∫ a+t−µh−s

a+(ν−1)h

(u− a)ν−1
h (t+ a− σ(s)− σ(u))µ−1

h ∆hu∆hs,

=
1

Γ(ν)

∫ a

σ(t−(ν+µ)h)
a+(ν−1)h∆

−µ
h (u− a)ν−1

h

∣∣∣∣
u=t+a−σ(s)

f(s)∆hs.

(1.111)
Applying Lemma 1.10, we derive the following:

( a+νh∆
−µ
h a∆

−ν
h f)(t) =

1

Γ(ν + µ)

∫ a

σ(t−(ν+µ)h)

(t− σ(s))ν+µ−1
h f(s)∆hs. (1.112)

This completes the proof, as the right-hand side of (1.112) is ( a+α∆
ν+µ
h f)(t).

Lemme 1.11 ([197]). The following holds for any ν > 0:

( a∆
−ν
h ∆hf)(t) = (∆h a∆

−ν
h f)(t)− (t− a)

(ν−1)
h

Γ(ν)
f(a), (1.113)

here f is defined on Na,h.

Proof. The verification of (1.113) is accomplished by performing ∆h-integration by parts
on the time scale Na,h, taking advantage of the property (νh− h)

(ν−1)
h = Γ(ν).

Theorem 1.15 ([197]). For any real number ν and any positive integer p, the following
equality is valid

( a∆
−ν
h ∆p

hψ)(t) = (∆p
h a∆

−ν
h f)(t)−

p−1∑
k=0

)
(t− a)

(ν−p+k
h

Γ(ν + k − p+ 1)
∆k

hf(a). (1.114)

Applying Theorem 1.15 with p = n and substituting ν with n− ν, we can represent:

Proposition 1.14 ([197]). Assuming f is defined on Na,h, for ν > 0, we have:

( C
a ∆

ν
hψ)(t) = ( a∆

ν
hf)(t)−

n−1∑
k=0

(t− a)h{(k − ν)

Γ(k − ν + 1)
∆k

hf(a), n = [ν] + 1. (1.115)

In particular, when 0 < ν < 1, we get:

( C
a ∆

ν
hf)(t) = ( a∆

ν
hf)(t)−

(t− a)h{(−ν)
Γ(1− ν + 1)

f(a). (1.116)
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Proposition 1.15 ([197]). For ν > 0, h > 0, and f defined on Na,h, consider t ∈
Na+nh,h ⊂ Na,h. Then,

( a−νh∆
ν
h a∆

−ν
h ψ)(t) = f(t), (1.117)

( a+(n−ν)h−h∆
−ν
h a∆

ν
hf)(t) = f(t), ν ∈ N, (1.118)

and

( a∆
−ν
h a∆

ν
hf)(t) = f(t)−

n−1∑
k=0

(t− a)kh
k!

∆k
hhf(a), ν ∈ N, (1.119)

where n = ⌊ν⌋+ 1.

Proof. The proof relies on Theorem 1.15 ((1.114)), Theorem 1.14 ((1.110)), and the
acknowledgment that a∆

−(n−ν)ψ(a+ (n− ν)h− h) = 0. This completes the proof.

Proposition 1.16. Let ν > 0, h > 0, and f be defined on Na,h. Then,

( a+(n−ν)h∆
−ν
h

C
a ∆

ν
hf)(t) = f(t)−

n−1∑
k=0

(t− a)kh
k!

∆k
hf(a). (1.120)

Proof. The derivation of (1.120) follows from the definition, (1.117) in Proposition 1.15,
and Theorem 1.14. This completes the proof.

1.5.2 Left Nabla Fractional Sums and Differences on hZ
Definition 1.32 ( Nabla h-Fractional Sums[196]). : Consider a function f : Na,h → R.
We introduce the nabla left h-fractional sum of order ν > 0 as follows:

a∇−ν
h f(t) =

1

Γ(ν)

∫ t

a

(t− ρh(s))
ν−1
h f(s)∇hs =

1

Γ(ν)

t
h∑

k= a
h
+1

(t− ρh(s))
ν−1
h f(kh)h,

(1.121)
where t ∈ Na,h.

Definition 1.33 (Nabla h-RL Fractional Differences[196]). For a given function f :
Na,h → R, the nabla left h-fractional sum of order ν > 0 is defined as:

a∇ν
hf(t) = (∇h a∇−(1−ν)

h f)(t), (1.122)

this operator is represented by the expression:

a∇ν
hf(t) =

1

Γ(1− ν)
∇h

t
h∑

k= a
h
+1

(t− ρh(kh))
−ν
h f(kh)h, (1.123)

where t ∈ Na+h,h.

Definition 1.34 (Nabla h-Caputo Fractional Differences[196]). Let 0 < ν ≤ 1, 0 < h ≤
1, a ∈ R. If f is defined on Na,h, the h-Caputo fractional difference of order ν starting
at a is given by:

C
a ∇ν

hf(t) = ( a∇−(1−ν)
h ∇hf)(t), t ∈ Na+h,h. (1.124)
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Proposition 1.17 (Relation between Nabla h-RL Fractional Difference and h-Caputo
Fractional Difference[196]).

C
a ∇ν

hf(t) = ∇ν
hf(t)−

1

Γ(1− ν)
(t− a)−ν

h f(a). (1.125)

Proof.
C
a ∇ν

hf(t) = a∇−(1−ν)
h ∇hf(t),

= a∇−(1−ν)
h

(
f(t)− f(t− h)

h

)
,

= a∇−(1−ν)
h

(
f(t)

h

)
− a∇−(1−ν)

h

(
f(t− h)

h

)
,

=
1

Γ(1− ν)

t
h∑

k= a
h
+1

(t− ρh(kh))
−ν
h

f(kh)

h
h− 1

Γ(1− α)

t
h
−1∑

k=a−h
h

+1

(t− h− ρh(kh))
−ν
h

f(kh)

h
h,

=
1

hΓ(1− ν)

t
h∑

k= a
h
+1

(t− ρh(kh))
−ν
h f(kh)h− 1

hΓ(1− ν)

t
h
−1∑

k= a
h

((t− h)− (kh− h))−ν
h f(kh)h,

=
1

hΓ(1− ν)

t
h∑

k= a
h
+1

(t− ρh(kh))
−ν
h f(kh)h− 1

hΓ(1− ν)

t
h
−1∑

k= a
h

(t− h− ρh(kh))
−ν
h f(kh)h,

− 1

hΓ(1− ν)

(
t− h− a

h
(h+ h)

)−ν

h
f
(a
h
h
)
h,

=
1

Γ(1− ν)

∑ t
h

k= a
h
+1 (t− ρh(kh))

−ν
h f(kh)h−

∑ t
h

k= a
h
+1 ((t− h)− ρh(kh))

−ν
h f(kh)h

h
,

− 1

Γ(1− ν)
(t− a)−ν

h f(a),

− 1

Γ(1− ν)
∇h

t
h∑

k= a
h
+1

(t− h− ρh(kh))
−ν
h f(kh)h− 1

Γ(1− ν)
(t− a)−ν

h f(a),

= ( a∇a
hf)(t)−

1

Γ(1− ν)
(t− a)−ν

h f(a).

(1.126)

Lemme 1.12 ([196]). For ν > 0, µ > −1, h > 0, and t ∈ Na,h, the following relation
holds:

a∇−ν
h (t− a)µh =

Γ(µ+ 1)

Γ(µ+ 1 + ν)
(t− a)ν+µ

h . (1.127)

Theorem 1.16 ([196]). Let ν > 0, µ > 0, h > 0. If f is defined on Nh
a, then for all

t ∈ Nh
a+h, we have

a∇−µ
h a∇−ν

h f(t) = a∇−(ν+µ)
h f(t) = a∇−ν

h a∇−µ
h f(t). (1.128)

Proof. The proof follows a similar approach to Theorem 1.14, incorporating the insights
from Lemma 1.12.
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Lemme 1.13 ([196]). For any ν > 0, we have

a∇−ν
h ∇hf(t) = ∇h a∇−ν

h f(t)− (t− a)ν−1
h

Γ(ν)
f(a). (1.129)

Where f is defined on Nh
a.

Proposition 1.18 ([196]). For ν > 0, h > 0, and f defined on Nh
a, we have

• a∇ν
h a∇−ν

h f(t) = f(t).

• a∇−ν
h a∇ν

hf(t) = f(t)−
n−1∑
k=0

(t− a)kh
k!

∇k
hf(a), ν ∈ N.

1.5.3 Nabla h-Discrete Fractional Defferences with Exponential
Kernels

In this part, we thoroughly revisit and enhance the presented results. Specifically, we
choose ν such that 0 < ν < min(1, β), where β is subject to the condition |κhβ| < 1, with
κ =

−β
1− β

. Our exposition incorporates the established time scale notation [199].
Here, we propose the following discrete versions:

Definition 1.35 ([196]). For ν ∈ (0, 1) and f defined on Na,h, let

H(ν, h) = B(ν)
[ν
h
+ (1− ν)

]
.

We introduce:

• The left h-nabla CFC fractional difference is defined by:

( CFC
a ∇ν

hf)(t) = H(ν, h)

(
1− ν + νh

1− ν

) t
h∑

k= a
h
+1

h(∇hf)(kh)

(
1− ν

1− ν + νh

) t−ρ(kh)
h

,

= H(ν, h)

t
h∑

k= a
h
+1

h(∇hf)(kh)

(
1− ν

1− ν + νh

) t−kh
h

,

(1.130)
where t ∈ Na+h,h.

• The h-nabla CFR difference is defined by:

( CFR
a ∇ν

hf)(t) = H(ν, h)

(
1− ν + νh

1− ν

)
∇h

t
h∑

k= a
h
+1

hf(kh)

(
1− ν

1− ν + νh

) t−ρ(kh)
h

,

= H(ν, h)∇h

t
h∑

k= a
h
+1

hf(kh)

(
1− ν

1− ν + νh

) t−kh
h

,

(1.131)
where t ∈ Na+h,h.
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Remarque 1.6. Observing that H(0, h) = 1 and H(1, h) = 1
h
, in the limiting cases as

ν → 0 and ν → 1, we find:

• ( CFC
a ∇ν

hf)(t) → f(t)− f(a) as ν → 0, and ( CFC
a ∇ν

hf)(t) → ∇hf(t) as ν → 1.

• ( CFR
a ∇ν

hf)(t) → f(t) as ν → 0, and ( CFR
a ∇ν

hf)(t) → ∇hf(t) as ν → 1.

Additionally, it’s worth noting that when h = 1, all the definitions proposed in [?] are
recovered.

Definition 1.36 ([196]). We can establish the corresponding left discrete fractional inte-
gral of ( CF

a ∇−ν
h ) as follows:

( CF
a ∇−ν

h f)(t) =
1− ν

H(ν, h)(1− ν + νh
f(t) +

ν

H(ν, h)(1− ν + νh)

t
h∑

s= a
h
+1

hf(hs),

=
(1− ν)

H(ν, h)(1− ν + νh)
u(t) +

ν

H(ν, h)(1− ν + νh)

t
h∑

s= a
h
+1

f(s)∆hs.

(1.132)

Proposition 1.19 ([196]). The relation between Riemann and Caputo type h-fractional
differences with exponential kernels

( CFC
a ∇αν

h f)(t) = ( CFR
a ∇ν

hf)(t)−−H(ν, h)(1− ν + νh)

1− ν
f(a)

(
1− ν

1− ν + νh

)(t− a)

h
.

(1.133)

1.5.4 Nabla h-Fractional Differences Operators with Discrete
Mittag-Leffler Kernels

We provide here a revised and modified discussion building upon the work in [?]. Through-
out our notation, we consistently set κ = − ν

1− ν
and ρ(t) = t− h.

Definition 1.37 ([196]). For a function f defined on Na, h, and for ν ∈ [0, 1] such that
|κhν| < 1, the nabla ABC fractional difference (in the sense of Atangana and Baleanu)
is defined as follows:

( ABC
a ∇ν

hf)(t) = H(ν, h)
1− αν + νh

1− ν

t
h∑

k= a
h
+1

h∇hf(kh) hEν(κ, t− ρ(kh)),

= H(ν, h)
1− ν + νh

1− ν
∇h [f(t) ∗ hEν(κ, t− a)] .

(1.134)

Similarly, in the Riemann sense, the nabla ABC fractional sum is defined as:

( ABR
a ∇ν

hf)(t) = H(ν, h)
1− ν + νh

1− ν
∇h

t
h∑

k= a
h
+1

hf(kh) h, Eν(κ, t− ρ(kh)),

= H(ν, h)
1− ν + νh

1− ν
∇h [f(t) ∗ hEν(κ, t− a)] .

(1.135)



Chapter 1. Analytical Aspects of Discrete Fractional Calculus 40

Definition 1.38 ([196]). The left h-fractional sum associated with ( ABR
a ∇ν

hf(t)) with
order 0 < ν < 1 is defined on Na,h as:

( AB
a ∇−ν

h f)(t) =
(1− ν)

H(α, h)(1− ν + νh)
f(t) +

ν

H(ν, h)(1− ν + νh)
( a∇−ν

h f)(t). (1.136)

It is evident that ν = 0 yields the function f , and ν = 1 results in a∇−1
h f(t) =

t
h∑

i= a
h
+1

f(ih). The case h = 1 reproduces the fractional sum defined in [?].

Conversely, solving ( AB
a ∇−ν

h g)(t) = f(t) reveals that g(t) = (ABRa∇ν
hf)(t).

Theorem 1.17 ([196]). The relation between the Caputo and Riemann fractional differ-
ences with Mittag-Leffler (ML) kernels is given by:

( ABC
a ∇ν

hf)(t) = ( ABR
a ∇ν

hf)(t)− f(a)
H(ν, h)(1− ν + νh)

1− ν
hEν(κ, t− a). (1.137)

1.6 Laplace Transform Applications for Discrete Frac-
tional Calculus

Since the late 18th century, Pierre Laplace’s transform has played a crucial role in solving
elementary differential equations. However, contemporary challenges often demand an
extension of Laplace’s approach to handle more intricate conditions. In this section,
we apply the Laplace transform to address a fractional initial value problem defined on
natural numbers.

1.6.1 Laplace Transforms for the Delta-Difference Operator
This section introduces the Laplace transform derived from the general theory of time
scales, providing a transform suitable for functions defined on arbitrary, closed subsets
of the real numbers (refer to [200, 201]). The concepts and lemmas articulated in this
section are primarily extracted from the influential publications cited in reference [198].
The Laplace transform for a regulated function f : Ta → R on a time scale Ta is defined
as follows:

La{f}(s) :=
∫ ∞

a

eσ⊖s(t, a)f(t)∆t, (1.138)

with a special focus on the isolated time scale. The Laplace transform of function g is
presented, emphasizing the significance of the preceding results:

L{f}(s) =
∞∑
k=0

f(k + t0)

(s+ 1)k+1
. (1.139)

A key consideration when exploring the Laplace transform (1.140) is determining the set
of s ∈ C \ {−1} for which the transform converges. Gaining insights into the properties
of the function f becomes crucial in addressing this fundamental question.
Definition 1.39 ([198]). A function f : Na → R is considered to have exponential order
r > 0 if there exists a positive constant D > 0 such that

|f(t)| ≤ Drt, (1.140)
for t sufficiently large in the set Na.
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We introduce now the Taylor monomial and its Laplace transform. The full-order
Taylor monomials, as explored in [200], offer significant advantages in the application of
the Laplace transform to discrete fractional calculus. This set of monomials is defined
recursively as follows: h0(t, a) = 1;

hn+1(t, a) =
Γ(t− a)n

n!
, n ∈ Na.

(1.141)

Definition 1.40 ([198]). For every µ ∈ R \−N, let’s define the µth Taylor Monomial as
follows:

hµ(t, a) =
Γ(t− a)(µ)

Γ(µ+ 1)
, n ∈ Na. (1.142)

Lemme 1.14 ([198]). Assume µ ∈ R \ −N, and let a, b ∈ R such that b− a = µ. Then,
for s ∈ C \B−1(1), we obtain:

L {hµ(t, a)} (s) =
(s+ 1)µ

sµ+1
. (1.143)

Equation (1.144) for convolution corresponds to the convolution defined in [200] for
general time scales, yet it exhibits a distinct domain compared to the convolution intro-
duced by Atici and Eloe in [?]. Numerous benefits underscore the rationale for embracing
the definition provided in (1.144).

Definition 1.41 ([198]). Consider functions f, g : Na → R. We define the convolution
of f and g as follows:

(f ∗ g)(t) =
t−1∑
r=a

f(r)g(t− 1− r + a) t ∈ Na. (1.144)

Lemme 1.15 ([198]). Suppose f, g : Na → R are functions of exponential order r > 0.
Then,

L {f ∗ g} (s) = L {f} (s)L {g} (s) s ∈ CB−1(r). (1.145)

Consider a function f : Na → R and a positive parameter ν > 0. Choose N ∈ N such
that N − 1 < ν ≤ N . It’s noteworthy that within the realm of Laplace transform theory,
the following outcomes are firmly established: For N ∈ N,

L
{
∆−N

a g
}
(s) =

L {f} (s)
sN

, (1.146)

L
{
∆N

a f
}
(s) = sNL {f} (s)−

N−1∑
j=0

sj∆N−1−jf(a). (1.147)

Expanding upon equations (1.146) and (1.147) we proceed to apply the Laplace transform
to fractional-order sums and differences.
To commence, it is essential to delineate the connection between the exponential order of
f and the exponential orders associated with ∆−ν

a and ∆ν
a. The ensuing lemma furnishes

an exhaustive depiction of this interrelation:
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Lemme 1.16 ([198]). Assume that f : Na → R possesses exponential order r ≥ 1, and
consider a given parameter ν > 0. For any fixed ϵ > 0, both ∆−ν

a f and ∆ν
af exhibit

exponential order r + ϵ.

Lemme 1.17 ([198]). Assume that f : Na → R is of exponential order r ≥ 1, and let
ν > 0 be given such that N − 1 < ν ≤ N . Then both La+ β −N

{
∆−β

a f
}
(s) and

La+β−N {∆ν
af} (s) converge for all s ∈ C \B−1(r).

Now, equipped with Lemma 1.17 to guarantee the correct domain of convergence
for the Laplace transform of any fractional operator, we can formulate expressions for
applying the Laplace transform to fractional operators.

Lemme 1.18 ([198]). Assume that f : Na → R is of exponential order r ≥ 1, and let
ν > 0 be given such that N − 1 < ν ≤ N . Then, for s ∈ C \B−1(r),

La+ν {∆ν
af} (s) =

(s+ 1)ν

sν
La {f} (s), (1.148)

and
La+ν−N

{
∆−ν

a f
}
(s) =

(s+ 1)ν−N

sν
La {f} (s). (1.149)

Proof. Let f , r, ν, and N be given as in the statement of the theorem. Observe that f
being of exponential order r ∈ (0, 1) implies that f is of exponential order 1.
The assumption of r ≥ 1 is not intended to exclude functions f of exponential order
r ∈ (0, 1). Instead, it ensures that Lemma 1.14, applied below, will hold whenever s is in
the domain of convergence for La+ν∆

−ν
a f .

To elucidate the relationship between (1.148) and (1.149), we apply the following shift
formula :

La−m{f}(s) =
1

(s+ 1)m
La{f}(s) +

m−1∑
k=0

f(k + a−m)

(s+ 1)k+1
, f : Na−m → R. (1.150)

Specifically, for each s ∈ C \B−1(r),

La+ν−N{∆−ν
a f}(s) = 1

(s+ 1)N
La+ν{∆−ν

a f}(s) +
N−1∑
k=0

∆−β
a f(k + a+ ν −N)

(s+ 1)k+1
,

=
1

(s+ 1)N
La+ν{∆−ν

a f}(s),
(1.151)
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considering the zeros of ∆−ν
a f . Additionally,

La+ν{∆−ν
a f}(s) =

∞∑
k=0

∆−ν
a f(k + a+ ν)

(s+ 1)k+1
,

=
∞∑
k=0

1

(s+ 1)k+1

(k + a+ ν − σ(r))(ν−1)

Γ(ν)
f(r),

=
∞∑
k=0

1

(s+ 1)k+1
f(r)hν−1((k + 1)− r + a, a− (ν − 1)),

=
∞∑
k=0

(f ∗ hν−1(t, a− (ν − 1)))(k + a+ 1)

(s+ 1)k+1
,

= La+1{f ∗ hν−1(t, a− (ν − 1))}(s),
= (s+ 1)La{f ∗ hν−1(t, a− (ν − 1))}(s),
= (s+ 1)La{f}(s)La{hν−1(t, a− (ν − 1))}(s),
= (s+ 1)νs−νLa{f}(s), applying (7), since r ≥ 1.

(1.152)

Furthermore, by applying the shift formula (1.150), we obtain

La+β−N{∆−β
a f}(s) = 1

(s+ 1)N
La+β{∆−β

a f}(s) = (s+ 1)β−N

s−β
La{f}(s), (1.153)

for s ∈ C \B−1(r), proving (1.149).

Lemme 1.19 ([198]). Assume that f : Na → R is of exponential order r ≥ 1, and let
ν > 0 be given such that N − 1 < ν ≤ N . Then, for s ∈ C \B−1(r),

La+ν−N {∆ν
af} (s) = sν(s+ 1)ν+NLa {f} (s)−

N−1∑
j=0

sj∆ν−1−j
a f(a+N − β), (1.154)

1.6.2 Laplace Transforms for the Nabla-Difference Operator
In this section, we will focus on clarifying various aspects of the Laplace transform to
establish a groundwork for addressing initial-value problems related to fractional nabla
difference equations.

Inspired by the time scale-based definition of the Laplace transform provided in [178],
we introduce the (nabla) Laplace transform operator N in the following manner:

Definition 1.42 ([178]). Consider a function f mapping from Na to R and let s be an
element of R. The Laplace transform of f is defined as:

Na{f}(s) :=
∫ 1

a

eρ⊖s(t; a)f(t) dt. (1.155)

Although this representation will be convenient on certain occasions, it is equally
crucial to contemplate its equivalent expression.

Na{f}(s) =
1

1− s

∞∑
k=1

(1− s)k−1f(a+ k), (1.156)
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This property is easily confirmed. The linearity of this transformation can be deduced
from the aforementioned form. Nevertheless, what may not be immediately apparent is
the existence and uniqueness of this transformation, a matter that we establish in the
subsequent theorem.

Theorem 1.18 ([178]). If we have a function with an exponential order denoted by α,

the Laplace transform of this function exists within the range where
∣∣∣∣ 1− s

1− α

∣∣∣∣ < 1.

We introduce the concept of nabla Taylor monomials and subsequently extend their
definition to non-integer orders. Following this, we will explore and derive their Laplace
transforms.

Definition 1.43 ([178]). The n-th nabla Taylor monomial hn(t, a), for all non-negative
integers n, is defined through the following recursive formulation:{

h0(t, a) := 1,

hn(t, a) :=
∫ t

a
hn−1(τ, a)∇τ dτ, n ≥ 1.

(1.157)

The following theorem provides a formula for the nabla Taylor monomials.

Theorem 1.19 ([178]). For all non-negative integers n, the nabla Taylor monomial
hn(t, a) is defined as follows:

hn(t, a) =
(t− a)n

n!
. (1.158)

Before extending the Taylor monomials to arbitrary values of n, let’s start by finding
the Laplace transform of the integer-order Taylor monomials.

Theorem 1.20 ([178]). egative integer n and |1 − s| < 1, the Laplace transform of the
n-th nabla Taylor monomial hn(t, a) is given by:

Na{hn(·, a)}(s) =
1

sn+1
. (1.159)

Now, let’s introduce the nabla Taylor monomials for fractional orders.

Definition 1.44 ([178]). For any β ∈ R\−1,−2, . . ., the corresponding Taylor monomial
is expressed as:

hβ(t, a) =
(t− a)β

Γ(β + 1)
. (1.160)

Now, let’s find the Laplace transform of the fractional order Taylor monomial.

Theorem 1.21 ([178]). For a non-integer real number β and |1 − s| < 1, the Laplace
transform of the β-th nabla Taylor monomial is given by:

Na{hβ(·, a)}(s) =
1

sβ+1
. (1.161)

The motivation behind the definition of convolution arises from the intention to rep-
resent fractional nabla sums and fractional nabla differences as convolutions involving
arbitrary functions and Taylor monomials. Consequently, the properties that emerge
from this definition align with those of the standard convolution.
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Definition 1.45 ([178]). The convolution of functions f and g : Na → R and t ∈ Na+1,
is defined as:

(f ∗ g)(t) :=
∫ a

t

f(t− ρ(s) + a)g(s)∇s ds. (1.162)

Theorem 1.22 ([178]). For functions f, g : Na → R, consider the following:

Na{f ∗ g}(s) = Na{f}(s).Na{g}(s). (1.163)

Now, we aim is to establish various properties of the Laplace transform.

Theorem 1.23 ([178]). For a function f : Na → R, the following holds:

Na+1{∇f}(s) = sNa+1{f}(s)− f(a+ 1). (1.164)

We can extend this result to an arbitrary number of nabla differences.

Theorem 1.24 ([178]). For f : Na → R, we obtain

Na+n{∇nf}(s) = snNa+n{f}(s)−
n∑

k=1

sn−k∇k−1f(a+ n). (1.165)

Before delving into the Laplace transform of a νth order difference where 0 < ν < 1,
we need to establish a useful lemma.

Lemme 1.20 ([178]). For a function f : Na → R, the Shifting formula is expressed as:

Na+1{f}(s) =
1

1− s
Na{f}(s)−

1

1− s
f(a+ 1). (1.166)

Theorem 1.25 ([178]). For a function f : Na → R and ν ∈ R+, the Laplace transform
of the ν-th order difference is given by:

Na{∇−ν
a f}(s) = 1

sβ
Na{f}(s). (1.167)

Proof.
Na{∆−ν

a f}(s) = N{hν−1(·; a) ∗ f}(s),
= N{hν−1(·; a)}(s)Na{f}(s),

=
1

sν
Na{f}(s).

(1.168)

Having reached this point, we are prepared to present the comprehensive expression
for the Laplace transform of a fractional-order difference of order ν, where 0 < ν < 1.

Theorem 1.26 ([178]). For a function f : Na → R and 0 < ν < 1, the Laplace transform
of a νth order fractional nabla difference is given by

Na+1{∇νf}(s) = sνNa+1{f}(s)−
1− sν

(1− s)ν
f(a+ 1). (1.169)
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Proof. We consider the following expression:

Na+1{∇ν
af}(s) = Na+1{∇∇1−ν

a f}(s) = sNa+1{∇−(1−ν)}(s)−∇−(1−ν)
a f(a+ 1). (1.170)

The previous step is a consequence of Theorem 1.23. Additionally, we note that

∇−(1−ν)
a f(a+ 1) = f(a+ 1), (1.171)

and, applying Lemma 25, we get

Na+1{∇ν
af}(s) = s

(
1

1− s
Na{∇−(1−ν)

a f}(s)− 1

1− s
f(a+ 1)

)
− f(a+ 1). (1.172)

After additional simplification, the desired result is obtained.

Theorem 1.27 ([178]). Assuming |p| < 1, α > 0, β ∈ R, |1− s| < 1, and |sα| > |p|, the
Laplace transform of the Mittag-Leffler Function is given by:

Na{Ep,α,β(·, a)}(s) =
sα−β−1

sα − p
. (1.173)

1.6.3 Laplace Transforms for the h-Difference Operator
We define the discrete Laplace transform on Na,h as follows:

Definition 1.46 ([196]). Let f(t) be a function defined on Na,h. The h-discrete Laplace
transform of f is denoted by Na,h{f(t)}(s) and given by:

Na,h{f(t)}(s)
∫ ∞

a
he

ρ
⊖s(t, a)f(t)∇ht,

=

∫ ∞

a

he
ρ
⊖s(t, a)

1− hs
f(t)∇ht,

=

∫ ∞

a

(1− hs)

t− a− h

h f(t)∇ht,

= h
∞∑

t= a
h
+1

(1− hs)t−
a
h
−1f(ht).

(1.174)

In the case where a = 0, we express

N0,h{f(t)}(s) = Nh{f(t)}(s) = h
∞∑
t=1

(1− hs)t−1f(ht). (1.175)

Definition 1.47 ([196]). Let s ∈ R, 0 < α < 1, and consider functions f, g : Na,h → R.
The nabla h-discrete convolution of f and g is formally defined as

(f ∗ g)(t) =
t
h∑

k= a
h
+1

g(t− ρ(kh) + a)f(kh). (1.176)

Given the definition of nabla h-discrete convolution, we derive the following convolu-
tion theorem:
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Theorem 1.28 ([196]). Considering any α ∈ R excluding {...,−2,−1, 0}, s ∈ R, and
functions f, g defined on Na,h, we obtain the following convolution theorem:

Na,h{(f ∗ g)(t)}(s) = Na,h{f(t)}(s) ·Na,h{g(t)}(s). (1.177)

Lemme 1.21 ([196]). Assuming f is defined on Na,h, we have:

Na,h{∇hf(t)}(s) = sNa,h{f(t)}(s)− f(a). (1.178)

Lemme 1.22 ([196]). Consider any ν ∈ R \ {...,−2,−1, 0}, and assume |1 − hs| < 1.
Then,

Nh{tν−1
h }(s) = Γ(ν)

sν
. (1.179)

Indeed,
Na,h{(t− a)β−1

h }(s) = Γ(β)

sβ
. (1.180)

Lemme 1.23 ([196]). Considering complex numbers α, β, κ with Re(β) > 0, and s in the
complex plane with Re(s) > 0 and |κs− α| < 1, the following expression holds

Nh{ hEα,β(κ, t)}(s) = s−β[1− κs−α]−1. (1.181)

Certainly,
Na,h{ hEα,β(κ, t− a)}(s) = s−β[1− κs−α]−1. (1.182)

Proof. By utilizing the h-Laplace transform and applying Lemma 1.22, we observe that

Nh{ hEα,β(κ, t)}(s) = s−β

∞∑
k=0

( κ
sα

)k
, (1.183)

and thus, the proof is concluded.

Lemme 1.24 ([196]). For any positive ν, we get

Na,h{( a∆
−ν
h f)(t)}(s) = s−νNa,h{f(t)}(s). (1.184)

Proof. With the assistance of Lemma 1.22, we obtain

Na,h{( a∆
−ν
h f)(t)}(s) = Na,h

{
1

Γ(ν)
f(t) ∗ (t− a)ν−1

h

}
(s),

=
1

Γ(ν)
Na,h{f(t)}(s)

Γ(ν)

sν
= s−νNa,h{f(t)}(s).

(1.185)

Lemme 1.25 ([196]). For the function f(t) defined on Na,h with n − 1 < ν ≤ n, the
expression is given by

Na,h{ C
a ∇ν

hf(t)}(s) = sνNa,h{f(t)}(s)−
n−1∑
k=0

s(ν−1)−k∇k
h{f(a)}. (1.186)

For the positive integer n, the expression becomes

Na,h{ a∇n
hf(t)}(s) = snNa,h{f(t)}(s)−

n−1∑
k=0

sn−1−k∇k
h{f(a)}. (1.187)
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1.7 Z-Transform Method
In this section, we aim to explore the Z-transform of the presented fractional h-difference
summation and operators. The subsequent definition outlines the Z-transform of a dis-
crete sequence drawn from the comprehensive studies found in reference [207].

Definition 1.48 ([207]). The Z-transform of a sequence x(n), where x(n) is zero for
negative integers (i.e., x(n) = 0 for n = −1,−2, . . .), is given by:

Z(x(n)) =
∞∑
j=0

x(n)z−n, z ∈ Z. (1.188)

Assuming that
R = lim

j→∞

∣∣∣∣x(j + 1)

x(j)

∣∣∣∣ . (1.189)

The infinite series (1.188) converges when

lim
j→∞

∣∣∣∣x(j + 1)z−j−1

x(j)z−j

∣∣∣∣ < 1, (1.190)

and diverges when

lim
j→∞

∣∣∣∣x(j + 1)z−j−1

x(j)z−j

∣∣∣∣ > 1. (1.191)

Therefore, the series (1.188) converges for |z| > R and diverges for |z| < R.

1. The Z-Transform for the Fractional Summation
Now, let’s compute the Z-transform of the fractional difference summation. We
consider binomial functions defined on Z and parameterized by ν ∈ R. These
binomial functions, denoted as ϕν(n), are given by

(
n+ ν − 1

n

)
for n ∈ N0 and

ϕν(n) = 0 for n < 0. We can employ these functions to calculate:

ϕν(n) = (−1)n
(
−ν
n

)
, (1.192)

and express the fractional difference operator as the convolution of ϕν and x(a+th),
yielding:

a∆
ν
hx(t) = hν(ϕν ∗ x(a+ th))(n), (1.193)

where we have,

(ϕν ∗ x(a+ nh))(n) =
n∑

s=0

(
n− s+ ν − 1

n− s

)
x(s). (1.194)

Based on this, we proceed to derive a general formula for the fractional sum, as
documented in reference [207].

Proposition 1.20 ([207]). Consider t = a + νh + nh ∈ (hZ)a+νh. Let y(n) =

a∆
ν
hx(t) and x(n) = x(a+ nh). Then,

Z[y](z) =

(
hz

z − 1

)ν

Z[x](z). (1.195)
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2. The Z-Transform for the Fractional Riemann Difference
We also devise a set of functions essential for solving systems involving the Riemann-
Liouville-type operator. Let’s define the function family ϕk,ν : Z → R, where k ∈ N0

and ν ∈ (0, 1]. These functions are characterized by the following values:

ϕk,ν =


(
n− k + kν + ν − 1

n− k

)
for n ∈ Nk,

0 for n < k.

(1.196)

Proposition 1.21 ([207]). Consider ϕk,ν as the function defined by (1.196). Then,

Z[ϕk,ν ](z) =
1

zk

(
z

z −−1

)kν+ν

, for |z| > 1. (1.197)

Proposition 1.22 ([207]). Let a be a real number and ν lie in the interval (0, 1].
Define y(n) =,RL

a ∆ν
hx(t), where t belongs to (hN)a+(1−ν)h and is expressed as t =

a+ (1− ν)h+ nh.

Z[y](z) = z

(
hz

z − 1

)−ν

Z[x(a+ nh)](z)− zh−νx(a), (1.198)

3. The Z-Transform for the Fractional Caputo Difference
Initially, let’s examine the Caputo-type h-difference operator C

a ∆
ν
h as presented in

(1.124). By utilizing the binomial function ϕ defined in (1.192), we express the
Caputo-type difference as follows:

C
a ∆

ν
hx(t) = h−ν(ϕ1−ν ∗∆x(a+ nh))(n), (1.199)

where t = a+ (1− ν)h+ nh.

Proposition 1.23 ([207]). Consider a in R and ν in (0, 1]. Define y(n) = C
a ∆

ν
hx(t),

where t ∈ (hN)a+(1−ν)h and is given by t = a+ (1− ν)h+ nh. Then,

Z[y](z) = h−ν

(
hz

z − 1

)1−ν

((z − 1)Z[x(a+ nh)](z)− zx(a)), (1.200)

4. Z-Transform Analysis for the Fractional Grünwald-Letnikov Difference
Now, we turn our attention to the Grunwald-Letnikov-type fractional h-difference
operator.

Proposition 1.24 ([207]). Consider a in R and ν in (0, 1]. Define y(n) = ∆ν
h(t),

where t ∈ (hN)a and is given by t = a+ nh, n ∈ N0. Then,

Z[y](z) = z

(
hz

z − 1

)−ν

Z[x(a+ nh)](z), (1.201)
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1.8 Discrete Variable-Order Calculus
In 1993, Samko and Ross made significant strides by exploring integrals and deriva-
tives where the order varies, laying the groundwork for variable-order fractional calculus
[208, 209, 210]. Subsequently, a multitude of scholarly and have contributed to advancing
the theory of variable-order fractional calculus, spanning various mathematical and ap-
plied domains [211, 212, 213, 214, 215, 216]. In this section, we embark on an exploration
of novel fractional operators characterized by variable order, particularly focusing on iso-
lated time scales. These operators exhibit a unique blend of singular and Mittag–Leffler
kernels, offering rich insights into dynamic systems with nuanced temporal dependencies
[217].
To commence, let’s elucidate the concept of nabla fractional sums characterized by vari-
able orders.

Definition 1.49. Let f : Na → R be a function where 0 < ν(t) ≤ 1 for all t ∈ Na. We
define the left nabla fractional sum of order ν(t) as:

∇−ν(t)
a f(t) =

1

Γ(ν(t))

t∑
s=a+1

(t− ρ(s))ν(t)−1f(s), t ∈ Na+1, (1.202)

In accordance with the reference [218], we proceed to introduce a discrete adaptation
of the left generalized nabla fractional variable-order difference operators.

Definition 1.50 ([217]).

C∇ν(t)
a f(t) =

1

Γ(1− ν(t))

t∑
s=a+1

(t− ρ(s))−ν(t)∇f(s), t ∈ Na+1. (1.203)

Definition 1.51 ([218]). For any function ϕ : Na → R, where 0 < ν(t) < 1
2

for all
t ∈ Na, the discrete left generalized fractional integral operator is defined as follows:

E
ν(t),1,

−ν(t)
1−ν(t)

ϕ(t) =
B(ν(t))

1− ν(t)

t∑
s=a+1

Eν(t)

(
−ν(t)
1− ν(t)

, t− ρ(s)

)
ϕ(s), t ∈ Na+1. (1.204)

Now, let’s introduce the fractional sum and difference of variable order based on
the framework proposed by Atangana–Baleanu [219], commonly referred to as the AB
operators.

Definition 1.52 ([219]). Consider 0 < ν(t) ≤ 1 for all t ∈ Na. Now, let’s define the left
AB nabla fractional sum of order ν(t) for a function f : Na → R as follows:

AB
a ∇−ν(t)f(t) =

1− ν(t)

B(ν(t))
f(t) +

ν(t)

B(ν(t))Γ(ν(t))

t∑
s=a+1

(t− ρ(s))ν(t)−1f(s),

=
1− ν(t)

B(ν(t))
f(t) +

ν(t)

B(ν(t))
∇−ν(t)f(t), t ∈ Na+1.

(1.205)

Remarque 1.7. It’s important to note that in Definitions 7 and 8, if ν(t) = 0, we retrieve
the initial function. Conversely, when ν(t) = 1, the result corresponds to the standard
summation.
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Definition 1.53 ([219]). For any t ∈ Na, where 0 < ν(t) < 1
2
, and a function f : Na → R,

the left Riemann–Liouville AB nabla fractional difference of order ν(t) is given by:

ABR
a ∇ν(t)f(t) = ∇E

ν(t),1,
−ν(t)
1−ν(t)

f(t), t ∈ Na+1. (1.206)

Definition 1.54 ([219]). For every t ∈ Na, where 0 < ν(t) < 1
2
, and for a function

f : Na → R, the left Caputo AB nabla fractional difference with order ν(t) is given by:

ABC
a ∇ν(t)f(t) = E

ν(t),1,
−ν(t)
1−ν(t)

∇f(t), t ∈ Na+1. (1.207)

1.9 Conclusion
This chapter has highlighted the significant advancements and applications of discrete
fractional calculus, emphasizing its critical role in modeling and controlling complex sys-
tems characterized by memory and hereditary properties. The discussion has showcased
the broad utility of fractional-order differences and sums across various scientific disci-
plines through the implementation of delta and nabla operators.

The comprehensive review of monotonicity properties associated with these discrete
fractional operators and their implications in various contexts underscores the depth and
breadth of this research area. The exploration of monotonicity within the framework of
discrete fractional operators has revealed relationships that enhance our understanding
of dynamic behaviors in complex systems. Notably, the chapter has axplored the delta-
fractional difference variant of the mean-value theorem.

Furthermore, this chapter has provided an in-depth examination of the discrete gen-
eralized Gronwall inequality, which serves as a fundamental tool for stability analysis in
discrete fractional-order systems. The analysis of positivity and Mittag–Leffler stabilities
has enriched our repertoire of methodologies, allowing for a more nuanced and compre-
hensive approach to stability assessment. These advancements push the boundaries of
research, offering robust tools for tackling the inherent complexities of fractional-order
systems.

By introducing fundamental concepts and transformation methods pertinent to dis-
crete fractional calculus, this chapter lays a solid foundation for further investigations
into fractional difference equations. The detailed exposition of both singular and non-
singular kernels, and their respective transformation methods, equips researchers with
the necessary tools to explore a wide range of applications and phenomena in various
fields.

The chapter also serves as a comprehensive introduction to the evolving field of dis-
crete fractional calculus, offering valuable insights and methodologies that propel the
state-of-the-art in this critical area of research. Researchers and practitioners are encour-
aged to build upon this foundation, exploring new frontiers and applications of fractional
calculus in diverse scientific and engineering disciplines.



Chapter 2

Stability of Discrete
Fractional-Order Systems

2.1 Introduction
The pursuit of system stability is a fundamental cornerstone in the complex domain
of dynamic system analysis and strategic design. In recent times, there has been a
growing emphasis on discrete fractional-order systems, leading to the development of a
sophisticated set of tools designed specifically for the comprehensive assessment of their
stability. This toolkit includes fundamental methodologies such as the discrete generalized
Gronwall inequality [220, 221, 222]. Moreover, explorations into the positivity of discrete
fractional-order systems [223, 224, 225] and investigations on Mittag–Leffler stabilities
[226, 227, 229] have collectively enriched the repertoire of tools available for stability
analysis, pushing the boundaries of research in this dynamic domain.

An important advancement in this area has been the identification of positive definite
quadratic forms as ideal candidates for Lyapunov functions in discrete fractional-order
systems [230, 231, 232]. This revelation has sparked the widespread adoption of the second
Lyapunov method, particularly in the context of commensurate discrete fractional-order
systems. Yet, it’s important to highlight the inherent constraints of this approach when
dealing with the complex obstacles presented by incommensurate discrete fractional-order
systems [233, 234, 235].

In the following chapters, we begin a comprehensive investigation into stability, with
a deliberate focus on a specific class of discrete fractional-order systems that traverse
both commensurate and incommensurate scenarios. The dynamical equations governing
these systems exhibit a dual nature, featuring a combination of a linear component and a
nonlinear term. This deliberate choice not only ensures that our analysis is methodolog-
ically robust but also broadly applicable, providing a nuanced understanding of stability
in discrete fractional-order systems across diverse and real-world scenarios.

This chapter stands as a significant overview to the evolving landscape of stability
analysis. By offering valuable insights and methodologies, our aim is to propel the state-
of-the-art in this critical field, providing a solid foundation for further advancements in
the dynamic study of system stability.
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2.2 Notion of Stability
Let’s examine the set of vector difference equations:{

x(t+ 1) = g(t, x(t)),

x(a) = xa.
(2.1)

where x(t) ∈ Rn, g : Z+ × Rn → Rn. We assume that g(t, x) is continuous.

Definition 2.1 ([206]). A point x∗ in Rn is referred to as an equilibrium point of (2.1)
if g(t, x∗) = x∗ for all t ≥ a.

Remarque 2.1. Frequently, x∗ is conventionally set to the origin 0 and denoted as
the zero solution. This choice is substantiated by considering z(t) = x(t) − x∗, which
transforms (2.1) into:

z(t+ 1) = g(t, z(t) + x∗)− x∗ = g(t, z(t)). (2.2)

Consider the scenario where z = 0 aligns with x = x∗. We often find it more pragmatic
to avoid this change of coordinates, and thus, we do not make the assumption that x∗ = 0
unless it offers a more favorable approach.

Now, let’s explore the various stability notions linked to the equilibrium point x∗ of
the system given by (2.1).

Definition 2.2 ([206]). The equilibrium point x∗ for the system described by (2.1) is
characterized as:

• The equilibrium point x∗ in (2.1) is classified as stable if, given any ϵ > 0 and
a ≥ 0, there exists δ = δ(ϵ, a) such that ||x0−x∗|| < δ implies ||x(t, a, xa)−x∗|| < ϵ
for all t ≥ a. If δ can be chosen without dependence on a, it is termed uniformly
stable; otherwise, the equilibrium point is categorized as unstable.

• The equilibrium point x∗ in (2.1) is designated as asymptotically stable if it
is both stable and attracting. If these properties are uniform across different time
instances, it is termed uniformly asymptotically stable.

• The equilibrium point x∗ in (2.1) is considered exponentially stable if there exist
constants δ > 0, M > 0, and µ ∈ (0, 1) such that, for any initial condition xa
satisfying ||xa − x∗|| < δ, the system follows the inequality ||x(t, a, xa) − x∗|| ≤
M ||xa − x∗||µt−a.

2.3 Stability of Integer-Order Difference System
2.3.1 Stability of Linear Difference System
We explore the discrete system defined by integer-order differences:{

∆x(t) = Ax(t), t ∈ N,
x(0) = x0, x0 ∈ Rn,

(2.3)
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where x(t) = (x1(t), x2(t), · · · , xn(t))T ∈ Rn and A is an n× n constant matrix.
The equilibrium point of (5.47) is located at the origin (x = 0). The solution of the linear
system (5.47), initiated from x0, can be expressed as follows:

x(t) = (A+ In)
nx0, ∀t ∈ N, (2.4)

in the context of (5.47), where In denotes the identity matrix, we can ascertain the
stability of the linear system using the following outcome.

Theorem 2.1 ([206]). Should all the eigenvalues µi of A adhere to the condition |µi + 1| <
1, for 1 ≤ i ≤ n, the trivial solution of (5.47) attains global asymptotic stability over N
Moreover, in the presence of an eigenvalue µ belonging to A with |µ+ 1| > 1, the trivial
solution of (5.47) exhibits instability over N.

Example 2.1. Let’s examine the linear difference system with integer order presented
below:

∆x(t) = Ax(t), t ∈ N, (2.5)
where

A =

(
0 −5
1
4

−2

)
. (2.6)

The matrix A possesses eigenvalues µ1 = −1 +
i

2
and µ2 = −1− i

2
. Since

|µ1 + 1| = |µ2 + 1| = 1

2
< 1. (2.7)

Consequently, based on Theorem 2.1, the solution of the system achieves global asymptotic
stability on N.

2.3.2 Stability of Nonlinear Difference System
Examining the following non-linear system:{

∆x(t) = g(x(t)), t ∈ N,
x(0) = x0, y0 ∈ Rn,

(2.8)

where g : Rn → Rn is a continuously differentiable function with g(0) = 0. This implies
that x = 0 serves as an equilibrium point for the system outlined by (2.8).

1. Linearisation method
A fundamental technique for analyzing nonlinear discrete dynamical systems in-
volves linearizing the system around a trivial solution. The linearization of the
system described by (2.8) is achieved through the Jacobian matrix of the function
g, as demonstrated in the following theorem.

Theorem 2.2 ([206]). Let J represent the Jacobian matrix of g at 0. If all eigen-
values µi, where 1 ≤ i ≤ n, of J satisfy |µi + 1| < 1, then the trivial solution of
(2.8) is asymptotically stable on N. Additionally, if there exists an eigenvalue µ of
J with |µ+ 1| > 1, then the trivial solution of (2.8) is unstable on N.
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Example 2.2. Let’s examine the given non-linear difference system:{
∆x1(t) = g1(x(t)),
∆x2(t) = g2(x(t)).

(2.9)

Let 
g1(x(t)) =

2x2(t)

(1 + x21(t))
− x1(t),

g2(x(t)) =
x1(t)

(1 + x22(t))
− x2(t).

(2.10)

The Jacobian matrix is expressed as follows:

J =

 ∂g1(0)

∂x1

∂g1(0)

∂x2
∂g2(0)

∂x1

∂g2(0)

∂x2

 =

(
0 2
1 0

)
. (2.11)

Thus, we find that the eigenvalues of J are µ1 = −
√
2 and µ2 =

√
2, and |µ1+1| =

1−
√
2 < 1.

As a result of Theorem 2.2, the solution to (2.9) exhibits instability over the set N.

2. Lyapunov direct method
The Lyapunov direct method stands as a potent tool in stability theory, providing
a means to investigate the stability of solutions without the need to explicitly de-
termine these solutions. This method plays a crucial role in analyzing the behavior
and stability of dynamic systems, offering valuable insights into the overall system
dynamics. By leveraging Lyapunov functions, researchers and engineers can assess
the stability properties of various systems, contributing to a deeper understanding
of their behavior and aiding in the design of stable and reliable systems. We now
follow [206] and illustrate the method with Theorem 2.3:

Theorem 2.3 ([206]). If there exists a function V : Rn → R+, this function is
continuous and satisfies the following properties:

V (0) = 0 and V (x(t)) > 0, ∀x(t) ̸= 0,
∆V (x(t)) ≤ 0, ∀t ∈ N. (2.12)

Then, the trivial solution of (2.8) is stable. Additionally if

∆V (x(t)) =< 0, ∀t ∈ N. (2.13)

Additionally, the trivial solution of (2.8) exhibits asymptotic stability.
Example 2.3. We examine the nonlinear discrete-time system:

∆x1(t) = g1(x(t))
2x2(t)

(1 + x21(t))
− x1(t),

∆x2(t) = g2(x(t))
x1(t)

(1 + x22(t))
− x2(t).

(2.14)

where g(x(t)) = (g1(x(t)), g2(x(t)))
T =

(
x2(t)

1 + x21(t)
− x1(t),

x1(t)

1 + x21(t)
− x2(t)

)T

.

Defining the Lyapunov function as:

V (x(t)) = x21(t) + x22(t). (2.15)
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Certainly, we observe that

∆V (x(t)) = V (x(t))

(
1

(1 + x21(t))
2
− 1

)
< 0. (2.16)

Thus, according to Theorem 2.3, the trivial solution of (2.14) is asymptotically
stable.

2.4 Stability of Caputo Fractional-Order Difference
Systems

This section aims to investigate the stability of linear fractional-order discrete systems us-
ing the Caputo difference operator. Both commensurate and incommensurate fractional-
orders will be considered in the analysis.
The foundational definitions and lemmas in this section are all adapted from the author-
itative sources listed in [228], [229] and [233, 234], reflecting the critical insights from
these key works.

2.4.1 Stability of Linear Caputo Fractional-Order Discrete Sys-
tems

1. Commensurate Caputo linear fractional discrete system
Let’s examine the general form of a linear fractional difference problem using the
Caputo operator. {

C∆α
ax(t) = Ax(t+ α− 1),

x(0) = x0.
(2.17)

In this context, let matrix A ∈ Rn.n and C∆α
a represent the Caputo fractional-order

difference operator of order α, where 0 < α < 1. Subsequently, the following result
can be established:

Theorem 2.4 ([229]). Consider α ∈ (0, 1] and matrix A ∈ Rn.n. The system
described by (2.17) is asymptotically stable if and only if the isolated zeros on the
non-negative real axis satisfy:

det(1− w−1(1− w−1)−αA), (2.18)

reside within the unit circle.

Proof. First, let’s derive the discrete solution of the system (2.17). Utilizing the
Taylor series expansion, we obtain:

x(t) =
m−1∑
p=0

(t− a− α +m)p

p!
a+

1

γ(α)

t−α∑
s=a

(t− s− 1)α−1Ax(s+ α−m)). (2.19)

For t = a+N + 1, where N = 0, 1, 2, . . . , we can simplify equation (2.19) to:

xN = x−1 +
N∑
s=0

B(N − s)xs−1, (2.20)
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here the kernel function B(N − s) is expressed as:

B(N) =
A

(N)!

N∏
j=1

(α+ j − 1) and xN = x(a+N + α), k = −1, 0, 1, .... (2.21)

Observe that (2.20) takes the form of a non-homogeneous Volterra difference equa-
tion with convolution. This equation will be instrumental in our subsequent anal-
ysis. Focusing on the scalar case where A = µ, we make the assumption, without
loss of generality, that x−1 = 1.

• If µ = 0, then xN = y−1 for N = 1, 2, .... and analyze the sign of µ.
• If µ > 0. Since xN > 1 for N ≤ 0,

xN > 1 + µ
N∑
s=0

1

(N − s)!

(
N−s∏
j=1

(α + j − 1)

)
= 1 + µ

N∑
s=0

1

s!

(
s∏

j=1

(α + j − 1)

)
.

(2.22)
But since

s∏
j=1

(α + j − 1)

s!
1

(α + s)

= α

s∏
j=1

(α + j)

s!
> α, (2.23)

Hence, we can deduce

yN > 1 + µ
N∑
s=0

α

(α + s)
, (2.24)

Thus, through a straightforward comparison, we observe that the solution xN
of (2.14) diverges to infinity.

• If µ < 0,
Let x̃(z) = Z(xN) represent the unilateral Z-transform of the sequence xN .
Then,

x̃(z) = (1− z−1)−1 + µ(1− z−1)−α(1 + z−1x̃(z)), |z| > R ≥ 1. (2.25)

Expressing x̃ in terms of z produces:

x̃(z) =
(1− z−1)−1 + µ(1− z−1)−α

1− µz−1(1− z−1)−α
=

z

z − 1
+ µ

(
z

z − 1

)α

1− µ
1

z

(
z

z − 1

)α . (2.26)

This implies
xN =

1

2πi

∫
A

zN−1x̃(z)dz,

In the context of complex analysis, A denotes any positively-oriented simple-
closed contour within the analyticity region of x̃ that encloses all singular
points of x̃(z). To elaborate, we examine the specific contour Aρ, where the
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inner circles have a radius of ρ, chosen sufficiently small to ensure that all
isolated singularities of x̃ lie within Aρ.
As ρ tends to zero, the line integrals of zN−1x̃(z) over the inner circles approach
zero. ∫

A

zN−1x̃(z)dz = lim
ρ→0

∫
Aρ

zN−1x̃(z)dz. (2.27)

However, invoking the Residue Theorem,

x̃N =
1

2πi

∫
Aρ

zN−1x̃(z)dz =
∑
i

Res(zN−1x̃(z), zi) =
∑
i

zN−1
i Res(x̃(z), zi),

(2.28)
The zi’s represent the isolated singularities of x̃(z), precisely simple poles
corresponding to the zeros of

Q(z) = 1− µ
1

z

(
z

z − 1

)α

. (2.29)

To illustrate this, consider zi as a root of Q(z). The presence of the factor
(z − zi) in Q(z) signifies that the function x̃(z) possesses a simple pole at
z = zi, and conversely.n

µ

(
zi

zi − 1

)α

= zi, (2.30)

hence
Q′(zi) =

1− α− zi
zi(1− zi)

̸= 0, (2.31)

as Q(1 − α) ̸= 0 for 0 < α < 1. Additionally, in conjunction with P (z) =
z

(z − 1)
+ µ(

z

(z − a)
)α, and P (zi) =

zi
zi − 1

+ zi ̸= 0.

The “function”
(

z

z − 1

)α

=
zα

(z − 1)α
is multi-valued. In light of the branch

cut shown in Figure 2.1, consider the branch of function fα(z) with a branch
cut along the interval (−∞, 0]. By traversing a small counterclockwise loop
around the origin, the function acquires a phase factor of e2πiα. This behavior
is consistent with the fractional power zα on the branch cut, and it ensures
the continuity of the function in the complex plane. The branch cut allows us
to define a consistent behavior for the fractional power function, ensuring its
analyticity and usefulness in the context of the Laplace transform.
With this branch cut, we ensure the continuous and well-defined behavior
of
(

z

z − 1

)α

across the complex plane, and it aligns with the conventions
used in the theory of fractional calculus. This consideration is crucial for the
analytical treatment and manipulation of fractional-order systems.
Now, let’s explore the properties of this branch cut and how it affects the
behavior of the function.

z = |z| eiθ and z − 1 = |z − 1| eiϕ, (2.32)

here
|z| , |z − 1| > 0 and − π ≤ θ, ϕ < π. (2.33)
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Figure 2.1: The contour Aρ.

Which means,

Q(z) = 0 ⇔ µ
|z|α−1

|z − 1|α
e−i[(1−α)θ+αϕ] = 1 ⇔ (1− α)θ + αϕ = −π

and µ
|z|α−1

|z − 1|α
= −1.

(2.34)
Moreover, as −π ≤ θ ≤ ϕ < π, it follows that θ = ϕ = −π. Consequently,
|z − 1| = |z|+ 1.
Revisiting the previous argument, there exist a finite number of poles inside
Aρ, and the residue of each is finite. Consequently, this leads to the desired
result.

An alternative interpretation of Theorem 2.4 can be articulated as follows:

Theorem 2.5 ([229]). The zero equilibrium point of the linear fractional-order
discrete system (2.17) exhibits asymptotic stability if

µi ∈
{
w ∈ C : |w| <

(
cos |arg(w)− π|

2− α

)
and |arg(w)| > απ

2

}
, (2.35)

where µi represents the eigenvalues of the matrix A.

Example 2.4. Consider the linear commensurate fractional discrete system given
by: 

C∆α
0x1(t) = −1

2
x1(t+ α− 1) + x2(t+ α− 1),

C∆α
0x2(t) = −1

2
x2(t+ α− 1).

(2.36)

where t ∈ Na+1−α and the matrix A is defined as:

A =

−1

2
1

0 − 1

2

 . (2.37)
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The matrix A has eigenvalues µ1 = µ2 = −1

2
.

Thus, in accordance with Theorem 2.5, the zero equilibrium of the system (2.36)
is asymptotically stable. The time evolution of the system states for the initial
condition x0 = (1,−1)T is depicted in Figure 2.2.
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Figure 2.2: Asymptotic stability of states x1 and x2 for α = 0.6.

2. Incommensurate Caputo linear fractional discrete system
Explore the unconventional fractional-order discrete system with a distinctive non-
linear character.

C∆α1
0 x1(t) = c11x1(t+ α− 1) + c12x2(t+ α− 1) + ...+ c1nxn(t+ α− 1),

C∆α2
0 x2(t) = c21x1(t+ α− 1) + c22x2(t+ α− 1) + ...+ c2nxn(t+ α− 1),

...
C∆αn

0 xn(t) = cn1x1(t+ α− 1) + cn2x2(t+ α− 1) + ...+ cnnxn(t+ α− 1).

(2.38)
Suppose x(t) = (x1(t), . . . , xn(t)

T ∈ Rn. In light of this, the subsequent obser-
vation pertains to the stability assessment of linear fractional-order systems with
incommensurate properties.

Theorem 2.6 ([233]). If all the roots of the characteristic equation (2.39)

det
(

diag
(
w

(
1− 1

w

)α1

, w

(
1− 1

w

)α2

, . . . , w

(
1− 1

w

)αn
)
− A

)
= 0, (2.39)

reside within the unit circle, then the trivial solution of the system (2.38) associated
with the initial condition x(0) = x0 ∈ Rn is locally asymptotically stable, where J
denotes the Jacobian matrix of g evaluated at 0.
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Proof. When we substitute s = t+αi−1 into system (2.38), it can be reformulated
as follows:

( C∆αi
0 xi)(s+ 1− α) =

s∑
k=0

(−1)s−k+1

(
αi

s− k + 1

)
x(k)− (−1)s+1

(
αi − 1

s+ 1

)
x(0)

+x(s+ 1) ∀i = 1, 2, · · · , n.
(2.40)

Consequently,

xi(s+1) =
s∑

k=0

(−1)s−k

(
αi

s− k + 1

)
xi(k)+(−1)s+1

(
αi − 1

s+ 1

)
xi(0)+

n∑
j=1

cijxj(s), k = 0, 1, · · · .

(2.41)
Taking the Z-transform of (2.41) results in the following expression:

zx̃i(z)−zxi(0) =
(
z − z

(
1− 1

z

)αi
)
x̃1(z)+

(
z

(
1− 1

z

)αi−1

− z

)
xi(0)+

n∑
j=1

cijx̃j(z),

(2.42)
Here, x̃i(z) represents the Z-transform of xi(s). Hence, we can express system
(2.41) in the following manner:

M(z).


x̃1(z)
x̃2(z)

...
x̃n(z)

 =



z

(
1− 1

z

)α1−1

x1(0)

z

(
1− 1

z

)α2−1

x2(0)

...

z

(
1− 1

z

)αn−1

xn(0)


, (2.43)

in this context,

M(z) =



z

(
1− 1

z

)α1

− c11 −c12 · · · −c1n

−c21 z

(
1− 1

z

)α2

− c22 · · · −c2n
... ... . . . ...

−cn1 −cn2 · · · z

(
1− 1

z

)αn

− cnn


.

(2.44)
Employing the operation of multiplying both sides of (2.43) by (z − 1) yields:

M(z).


(z − 1)x̃1(z)
(z − 1)x̃2(z)

...
(z − 1)x̃n(z)

 =



z2
(
1− 1

z

)α1

x1(0)

z2
(
1− 1

z

)α2

x2(0)

...

z2
(
1− 1

z

)αn

xn(0)


. (2.45)
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It’s worth noting that if all the roots of detM(z) = 0 are confined within the unit
disk, then system (3.7) is defined for z satisfying |z| ≥ R, where R ≤ 1 (where
R represents the radius of convergence of x̃(z)). Essentially, within this bounded
region, system (2.45) possesses a unique solution given by

((z − 1)x̃1(z), (z − 1)x̃2(z), · · · , (z − 1)x̃n(z)) .

Thus, we deduce:
lim
z→1

(z − 1)x̃i(z) = 0, i = 1, 2, · · · , n. (2.46)

Given the assumption outlined in the initial part of this theorem, and also relying
on the Final-Value Theorem linked with the Z-transform, we derive:

lim
k→∞

xi(k) = lim
z→1

(z − 1)x̃i(z) = 0, i = 1, 2, · · · , n. (2.47)

Alternatively, reflecting on the second part of this theorem suggests that the con-
vergence radius R of the series:

∞∑
k=0

x(k)z−k = x̃(z), (2.48)

exceeds 1 (i.e., R > 1). Consequently, there exists an index i0, where 1 ≤ i0 ≤ n,
such that the convergence radius Ri0 of the series:

∞∑
k=0

xi0(k)z
−k = x̃i0(z), (2.49)

is also greater than 1 (i.e., Ri0 > 1). Consequently, through the utilization of the
Cauchy-Hadamard Theorem, we deduce:

Ri0 = lim
k→∞

sup k
√
|xi0(k)| > 1. (2.50)

As a result, lim
k→∞

sup |xi0(k)| = ∞. This inference suggests that x will never be
bounded, indicating that (2.45) is not stable.

The subsequent theorem is a direct consequence of Theorem 2.6.

Theorem 2.7 ([233]). Suppose 0 < αi ≤ 1, for i = 1, ..., n, and let M be the least
common multiple of the denominators ui of αi’s, where αi =

vi
ui

with (ui, vi) = 1,
and vi, ui ∈ Z+ for i = 1, 2, ..., n. If every root of the subsequent equation

det(diag(µMα1 , ..., µMαn)− (1− µM)− A) = 0, (2.51)

are contained within a set C/Kσ, then the trivial solution of system (2.38) with
x(0) = x0 is asymptotically stable, where A = (cij); 1 ≤ i, j ≤ n ∈ Mn(R), σ =

1

M
,

and

Kσ =

{
w ∈ C : |w| ≤

(
2 cos |arg(w)|

σ

)σ

and |arg(w)| ≤ σπ

2

}
. (2.52)



Chapter 2. Stability of Discrete Fractional-Order Systems 63

Example 2.5. Explore the ensuing linear fractional discrete system with incom-
mensurate characteristics:

C∆
1
3
0 x1(t) = −x1(t+

1

3
− 1),

C∆
2
3
0 x2(t) = 2.2x1(t+

2

3
− 1)− x2(t+

2

3
− 1),

C∆
1
3
0 xn(t) = −x3(t+

1

3
− 1).

(2.53)

Observe that M = 3. Subsequently,

det

 µ 0 0
0 µ2 0
0 0 µ

− (1− µ3)

 −1 0 0
2.2 − 1 0
0 0 − 1

 = 0. (2.54)

For this purpose, we have:

−µ9 + µ8 + 2µ7 + µ6 − 3µ5 − 3µ4 − 3µ2 + µ+ 1 = 0. (2.55)

Equation (2.55) yields the following solutions:

µ1 = 1.6527 + 0.3232i,

µ2 = 1.6527− 0.3232i,

µ3 = −0.8150 + 1.0140i,

µ4 = −0.8150− 1.0140i,

µ5 = −1.1413 + 0.0000i,

µ6 = 0.1422 + 0.8386i,

µ7 = 0.1422− 0.8386i,

µ8 = 0.6012 + 0.0000i,

µ9 = −0.4197 + 0.0000i.

(2.56)

Hence, in accordance with Theorem 2.6, the zero equilibrium point of the incom-
mensurate system (2.53) achieves asymptotic stability. The numerical solution of
system (2.53) with the initial condition (0.1,−0.5, 0.3)T is illustrated in Figure 2.3.
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Figure 2.3: Assessing the Stability of the Zero Solution in System (2.53) with Varied
Orders: α1 =

1
3
, α2 =

2
3
, and α3 =

1
3
.

2.4.2 Stability of Nonlinear Caputo Fractional-Order Difference
Systems

1. Caputo commensurate nonlinear fractional discrete system
Introducing the following nonlinear commensurate fractional discrete system:{

C∆α
ax(t) = g(t+ α− 1, x(t+ α− 1), t ∈ Na+1−α,

x(a) = xa.
(2.57)

Definition 2.3 ([229]). A function ϕ(r) falls into the category of K if it meets
the conditions: ϕ ∈ C[(0, ρ),R+], ϕ(0) = 0, and ϕ(r) strictly increases with r. If
ϕ : R+ → R+, ϕ ∈ K, and limr→∞ ϕ(r) = ∞, then ϕ is classified under KR.

Definition 2.4 ([229]). A function V (t, x), where t ∈ Nα and x ∈ Sρ with Sρ =
x ∈ Rn : ∥x∥ ≤ ρ, is termed positive definite if V (t, 0) = 0 for all t ∈ Nα, and
if there exists a function ϕ(r) ∈ K satisfying ϕ(r) ≤ V (t, x) for ∥x∥ = r and
(t, x) ∈ Na × Sρ.

Definition 2.5 ([229]). A real-valued function V (t, x), where t ∈ Nα and x ∈ Sρ
with Sρ = x ∈ Rn : |x| ≤ ρ, is termed decrescent if V (t, 0) = 0 for all t ∈ Nα,
and if there exists a function ϕ(r) ∈ K such that V (t, x) ≤ ϕ(r) for |x| = r and
(t, x) ∈ Nα× Sρ.

Now, we are ready to outline the theorems concerning the stability properties of
solutions to system (2.57).

Theorem 2.8 ([229]). Should a positive definite, decreasing scalar function V (t, x) ∈
C[Na × Sρ,R+) be present, with , C∆α

aV (t, x(t)) ≤ 0 for all a ∈ Na and (t, x) ∈
N0 × Sρ, then the trivial solution of (2.57) achieves uniform stability.

Proof. Let x(t) → x(t, a, xa) denote a solution trajectory of system (2.57). Assum-
ing the positivity and monotonic decrease of V (t, x), we can identify functions ϕ
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and ψ from K such that ϕ(|x|) ≤ V (t, x) ≤ ψ(|x|) for all (t, x) ∈ Na×Sρ. Take any
ϵ > 0, where 0 < ϵ < ρ, and select δ = δ(ϵ) such that ψ(δ) < ϕ(ϵ). For any solu-
tion x(t) of (2.57), it holds that ϕ(|x(t)|) ≤ V (t, x(t)) ≤ ϕ(ϵ) provided |x0| < δ(ϵ).
Given ,C ∆α

aV (t, x(t)) ≤ 0, we infer V (t, x(t)) ≤ V (a, xa) for all t ∈ Na. As a result,

ϕ(∥x(t)∥) ≤ V (t, x(t)) ≤ V (a, xa) ≤ ψ(∥xa∥) < ψ(δ) < ϕ(ϵ), (2.58)

and thus ∥x(t)∥ < ϵ for all t ∈ Na.

Theorem 2.9 ([229]). Suppose there exists a positive definite and decreasing scalar
function V (t, x) ∈ C[Na × Sρ,R+) such that

C∆α
aV (t, x(t)) ≤ −ψ(∥x(t+ α− 1)∥), (2.59)

given that ψ ∈ K and for all t ∈ Na along with (t, x) ∈ Na × Sρ, the zero solution
of (2.57) attains uniform asymptotic stability.

Proof. Given that all conditions of Theorem 3.24 are met, the zero solution of
system (2.57) is uniformly stable. Let 0 < ϵ < ρ and δ = δ(ϵ) be associated with
uniform stability.
Choose a fixed ϵ0 ≤ ρ and δ0 → δ(ϵ0) > 0.
Now, for ∥xa∥ < δ0 and T (ϵ) large enough so that

(T + a)α ≥ ϕ(δ0)

ψ(δϵ0)
Γ(α + 1). (2.60)

Such a large T can be selected given that

lim
T→∞

Γ(T + α)

Γ(T )
= ∞. (2.61)

Here, we assert that ∥xt,a,xa | < δ(ϵ) for all t ∈ [a, a+ T ] ∩ N.
If this assumption doesn’t hold, according to (2.59), we obtain

V (t, xt,a,xa) ≤ V (a, xa)−
1

Γ(α)

t−α∑
s=a+1−α

(t− σ(s))(α−1) ψ(∥x(s+ α− 1)∥,

≤ ϕ(∥xa∥)−
ψ(δ)

Γ(α)

t−α∑
s=n0

(t− σ(s))(α−1) ,

≤ ϕ(δ0)−
ψ(δ)

Γ(α + 1)
(t− n0)

(α).

(2.62)

Upon substituting t ∈ [a, a+ T ] ∩ N, we acquire

0 < ϕ(δ(ϵ)) ≤ V (a+ T, x(a+ T, a, xa)) ≤ ϕ(δ0)−
π(δ)

Γ(α + 1)
(T − n0)

(α) ≤ 0, (2.63)

This leads to a contradiction. Consequently, there exists a t ∈ [a, a + T ] ∩ N such
that |x(t, a, xa)| < δ(ϵ). Given the uniform stability of the zero solution and the
arbitrary nature of t, it follows that |x(t, a, xa)| < ϵ for all t ≥ a + T whenever
|xa| < δ0.
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Theorem 2.10 ([229]). Suppose a function V (t, x) ∈ C([Na) × Rn,R+) exists,
satisfying

ϕ(∥x(t)∥) ≤ V (t, x) ≤ ψ(∥x(t)∥), ∀(t, x) ∈ Na × Rn,
C∆α

aV (t, x(t)) ≤ −ψ(∥x(t+ a− 1)∥), ∀a ∈ Na, (t, x) ∈ N0 × Rn.
(2.64)

If ϕ and ψ are elements of K, valid for all (t, x) ∈ Na × Rn, then the zero solution
of (2.57) achieves a state of global uniform asymptotic stability.

Proof. Having satisfied the conditions of Theorem 3.27, the trivial solution of (2.57)
attains uniform asymptotic stability. The task now is to demonstrate that the
domain of attraction for x → 0 spans the entirety of Rn. Since limr→∞ ϕ(r) → ∞,
the value of δ0 in the proof of Theorem 3.27 may be arbitrarily large, and ϵ can be
chosen such that ψ(δ0) < ϕ(ϵ). Hence, the globally uniform asymptotic stability of
x→ 0 is confirmed.

2. Incommensurate Caputo nonlinear fractional discrete system
In this section, we present novel findings pertaining to the stability analysis of the
nonlinear incommensurate Fractional-order Discrete Systems, characterized by the
following expression:

C∆α1
0 x1(t) = g1(t+ α1 − 1, x1(t+ α1 − 1)),

C∆α2
0 x2(t) = g2(t+ α2 − 1, x2(t+ α2 − 1)),

...
C∆αn

0 xn(t) = gn(t+ αn − 1, xn(t+ αn − 1)),

(2.65)

here, x(t) = (x1(t); x2(t); ...; xn(t))
T ∈ Rn, C∆αi

0 denotes the Caputo operator of
order αi where 0 < αi ≤ 1 for i = 1, 2, ..., n.
Additionally, g(t, x(t)) = (g1(t, x1(t)), g2(t, x2(t)), ..., gn(t,Xn(t)) : Rn → Rn rep-
resents a continuous differentiable function. In this context, we assume g(0) = 0
corresponds to the zero equilibrium point.

Theorem 2.11 ([234]). Should all roots of the characteristic equation (2.66)

det

(
diag

(
w

(
1− 1

w

)α1

, w

(
1− 1

w

)α2

, ..., w

(
1− 1

w

)αn
)
− J

)
= 0, (2.66)

are situated inside the unit disk, then the trivial solution of system (2.65) associated
with the initial condition x(0) = x0 ∈ Rn achieves local asymptotic stability, where
J represents the Jacobian matrix of g evaluated at 0.

To facilitate the computations, we present Theorem 2.12 below.

Theorem 2.12 ([234]). Let’s assume that 0 < αi < 1 for i = 1, 2, ..., n, and
M represents the Lowest Common Multiple of the denominators µi of αi’s, where
αi =

vi
µi

with (vi, µi) = 1, vi, µi ∈ Z+ for i = 1, 2, ..., n. Let σ =
1

M
. If at least one

root of the subsequent equation

det
(
diag

(
µMσ1 , µMσ2 , ..., µMσn

)
− (1− µM)J

)
= 0, (2.67)
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ies within the set C/Kσ, then the trivial solution of system (2.65) with the initial
condition x(0) = x0 achieves local asymptotic stability.

(2.68)

Example 2.6. Consider the subsequent nonlinear incommensurate fractional-order
discrete system: 

C∆
1
2
0 x1(t) = −x2(t)e−x1(t) − x1(t)e

−x2(t),

C∆
1
4
0 x2(t) =

1

2
x2(t)e

−x1(t) − 9

16
x1(t)e

− 1
2
x2(t).

(2.69)

The Jacobian matrix J is expressed as follows:

J =

(
−1 1

− 9

16

1

2

)
, (2.70)

with M = 4, we have the characteristic equation (2.71)

1

16
µ8 +

1

2
µ6 − µ5 − 1

8
µ4 + µ3 − 1

2
µ2 + µ+

1

16
= 0, (2.71)

its solutions are as follows:

µ =



−1.1634
−6.0451X10−2

−0.78732 + 3.1894i
−0.78732− 3.1894i
1.3269− 0.4875i
1.3269 + 0.4875i

7.2415X10−2 − 0.80874i
7.2415X10−2 + 0.80874i


. (2.72)

Since µi ∈ C/K 1
4 , the solution of system (2.69) exhibits local asymptotic stability.

Figure 2.4 illustrates the stability situation considering the initial condition x0 =
(0.1, 0.1)T .
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Figure 2.4: Temporal Dynamics of System States (2.69) with Initial Condition x0 =
(0.1, 0.1)T and Order α = (1

2
, 1
4
)T .

2.5 Stability of Nabla Discrete Fractiona-Order Sys-
tems

Lyapunov stability is employed to guarantee the stability of equilibrium points, while
class K functions are utilized for analyzing the fractional Lyapunov direct approach.
The essential definitions and lemmas presented in this section are based on key insights
from the prominent reference [230]. In this section, we extend the Lyapunov function
approach to investigate the stability of solutions to nabla Caputo commensurate fractional
difference systems: {

C∇α
ax(t) = g(t, x(t)),

x(a) = x0, t ∈ Na+1,
(2.73)

where g : Na.Rn → Rn is continuous and 0 < α < 1, it’s essential to note that a Lyapunov
function V for system (2.73) must be contingent on both t and x. For every t ∈ Na, we
permit g(t, 0) = 0, ensuring that system (2.73) possesses the trivial solution. Below, we
present the theorems addressing the stability of solutions for (2.73).

Lemme 2.1 ([230]). Consider x : Na+1 → R and x(t) satisfying the following inequality:

C
a ∇αx2(t) ≤ 2x(t) C

a ∇αx(t). (2.74)

Theorem 2.13 ([230]). Suppose a positive definite and decreasing scalar function V (t, x(t)) ∈
C(Na.S

v,R+) exists such that:

C∇α
aV (t, x(t)) ≤ 0, (2.75)

for all a ∈ Na and (t, x) ∈ Na.Sv, then the zero solution of (2.73) exhibits uniform
stability.

Theorem 2.14 ([230]). Considering the Caputo discrete fractional-order system (2.73),
the origin serves as an equilibrium point. Assuming the existence of a positive definite
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and monotonically decreasing Lyapunov function V (t, x(t)) satisfying

γ1(∥x(t)∥) ≤ V (t, x(t)) ≤ γ2(∥x(t)∥),
C∇α

aV (t, x(t)) ≤ −γ3(∥x(t)∥),
(2.76)

where α ∈ (0, 1) and γ1, γ2, γ3 belong to the class of discrete κ functions. Consequently,
system (2.73) exhibits asymptotic stability.

Definition 2.6 ([230]). The equilibrium point xe of system (2.73) is said to be Mittag–
Leffler stable if there exist parameters κ, σ ∈ (0, 1), ν ∈ [σ, σ + 1), b > 0 and a weighting
function w : D → R0 satisfying

∥x(t)∥ ≤ (w(x(a))Eσ,ν(κ, t, a)) , (2.77)

where w(x(t)) exhibits Lipschitz continuity with respect to x(t), w(0) = 0, t ∈ Na+1,
a ∈ R, D ⊂ Rn, R0 = {w ∈ R : w ≥ 0}

Theorem 2.15 ([230]). For system (2.73), assuming the presence of parameters α ∈
(0, 1), b, c, q1, q2, q3 > 0, and a Lyapunov function V (t, x(t)) : Na+1×D → R0 satisfying:

q1∥x(t)∥b ≤ V (t, x(t)) ≤ q2∥x(t)∥bc,
C∇α

aV (t, x(t)) ≤ −q3∥x(t)∥bc,
(2.78)

given x(t) ∈ D, t ∈ Na+1, a ∈ R, and V (t, x(t)) is Lipschitz continuous with respect to
x(t), then system (2.73) is Mittag–Leffler stable at xe = 0.

Remarque 2.2. The convergence behavior of Mittag–Leffler functions indicates that
Mittag–Leffler stability is a particular case of asymptotic stability.

In the presence of inevitable uncertainties or disturbances, fulfilling condition (2.78)
becomes a formidable task. Consequently, a novel stability criterion is formulated herein.

Theorem 2.16 ([230]). In the context of system (2.73), provided that parameters α ∈
(0, 1), b, c, q1, q2, q3, q4 > 0 are present, along with a Lyapunov function V (t, x(t)) :
Na+1 ×D → R that satisfies:

q1∥x(t)∥b ≤ V (t, x(t)) ≤ q2∥x(t)∥bc, (2.79)
C∇α

aV (t, x(t)) ≤ −q3∥x(t)∥bc + q4, (2.80)

in situations where x(t) ∈ D, t ∈ Na+1, a ∈ R, V (t, x(t)) exhibits Lipschitz continuity
concerning x(t), system (2.73) attains uniform ultimate boundedness at xe = 0. Further-
more, for anyε > 0, there exists T ∈ Na+1 such that:

∥x(t)∥ ≤
(
q2q4
q1q3

+
ϵ

q1

) 1
b

, t ≥ T, k ∋ Na+1. (2.81)

Proof. By merging (2.79) and (2.80), we derive:

C∇α
aV (t, x(t)) ≤ −q3q−1

2 V (t, x(t)) + q4. (2.82)
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To satisfy inequality (2.82), it is imperative for there to be a nonnegative compensation
sequence c(t), such that:

C∇α
aV (t, x(t)) + c(t) = −q3q−1

2 V (t, x(t)) + q4. (2.83)

Defining z(t) := V (t, x(t))− q2q3
4

, t ∈ Na results in:

C∇αz(t) + c(t) = −q3q−1
2 z(t). (2.84)

Upon applying the nabla Laplace transform to (2.84), we obtain:

sαX(s)− sα−1z(a) + A(s) = −q3q−1
2 X(s), (2.85)

where X(s) := Na{z(t)}, and A(s) := Na{c(t)}. From this, X(s) can be reformulated as:

X(s) =
z(a)sα−1 − A(s)

sα + q3q
−1
2

. (2.86)

By introducing κ := −q3q−1
2 and accounting for the existence and uniqueness of the nabla

Laplace transform, the sole solution of (2.84) can be represented as:

z(t) = z(a)Eα,1(κ, t, a)− c(t) ∗ Eα,α(κ, t, a). (2.87)
Given the non-negativity of Eα,α(κ, t, a) and c(t) (refer to [15]), it follows that:

z(t) ≤ z(a)Eα,1(κ, t, a). (2.88)
Utilizing limt→+∞ Eα,1(κ, t, a) = 0, for any ε > 0, there exists T ∈ Na+1 such that

z(t) = V (t, x(t))− q2q4
q3

≤ ε, (2.89)

for all t ≥ T, t ∈ Na+1.
Employing (2.79) and (2.89), we deduce:

∥x(t)∥ ≤
(
q2q4
q1q3

+
ε

q1

) 1
b

, for all t ≥ T, t ∈ Na+1. (2.90)

This affirms the sought-after outcome as stated in Theorem 3.9.

To enhance the versatility of the Lyapunov method, m(t) is introduced in place of q4
in Theorem 3.9, thereby reinforcing boundedness to enhance attractiveness.

Theorem 2.17 ([230]). For system (2.73), assuming the presence of parameters α, γ ∈
(0, 1), and b, c, q1, q2, q3, σ > 0, also a Lyapunov function V (t, x(t)) : Na+1×D → R0 that
fulfills:

q1∥x(t)∥b ≤ V (t, x(t)) ≤ q2∥x(t)∥bc, (2.91)
C∇αV (t, x(t)) ≤ −q3∥x(t)∥bc +m(t), (2.92)

∞∑
j=a+1

∣∣ G∇γ
jm(j)

∣∣ = σ < +∞, (2.93)
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lim
t→+∞

m(t) = 0, (2.94)

where x(t) ∈ D, t ∈ Na+1, a ∈ R, V (t, x(t))displays Lipschitz continuity concerning x(t),
ystem (4.11) exhibits uniform attractiveness at xe = 0, In other words, for any x(a) ∈ D,
the following holds:

lim
t→+∞

x(t) = 0. (2.95)

Proof. Through the amalgamation of (2.91) and (2.92), we derive:

C∇α
aV (t, x(t)) ≤ −q3q−1

2 V (t, x(t)) +m(t). (2.96)
Consequently, there must exist a nonnegative compensation sequence c(t) such that

C∇α
aV (t, x(t)) + c(t) = −q3q−1

2 V (t, x(t)) +m(t). (2.97)
In accordance with (2.94), the nabla Laplace transform of h(t) exists. Performing the
nabla Laplace transform on (2.97) results in:

sαVf (s)− sα−1V (a, x(a)) + A(s) = −q3q−1
2 Vf (s) +M(s), (2.98)

where Vf (s) := Na{V (t, x(t))}, A(s) := Na{c(t)}, M(s) := Na{h(t)}. Thus Vf (s) can be
represented as:

Vf (s) =
V (a, x(a))sα−1 − A(s) +M(s)

sα + q3q
−1
2

. (2.99)

By defining κ := −q3q−1
2 and considering once more the existence and uniqueness of the

nabla Laplace transform, the exclusive solution of (2.97) can be represented as:

V (t, x(t)) = V (a, x(a))Eα,1(κ, t, a) + [m(t)− c(t)] ∗ Eα,α(κ, t, a). (2.100)
Given the non-negativity of c(t) and Eα,α(κ, t, a), it follows that:

V (t, x(t)) ≤ V (a, x(a))Eα,1(κ, t, a) +m(t) ∗ Eα,α(κ, t, a). (2.101)
The initial term on the right side of (2.101) fulfills:

lim
t→+∞

V (a, x(a))Eα,1(κ, t, a) = 0, (2.102)

Consequently, it is essential to establish:

lim
t→+∞

m(t)× Eα,α(κ, t, a) = 0. (2.103)

By employing the elementary property of the nabla convolution operation, we obtain:

m(t) ∗ Eα,α(κ, t, a) = m(t) ∗
(
(t− a)−γ−1 ∗ (t− a)γ−1 ∗ Eα,α(κ, t, a)

)
,

= G∇γm(t) ∗ G∇−γEα,α(κ, t, a),

= G∇γm(t) ∗ Eα,α+γ(κ, t, a).

(2.104)

By defining g(t) := G∇γm(t), ϕ(t) := Eα,α+γ(κ, t, a), verifying limt→+∞ ϕ(t) = 0 is
straightforward. Consequently, for everyh 2ϵσ > 0, there exists T1 ∈ Na+1, such that
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0 ≤ ϕ(t) <
ϵ

2σ
, (2.105)

is satisfied for t ≥ T1, t ∈ Na+1. Employing (2.93), one have

|g(t)×ϕ(t)| =

∣∣∣∣∣
t∑

j=a+1

g(t− j + a+ 1)ϕ(j)

∣∣∣∣∣ =
T1−1∑
j=a+1

|g(t−j+a+1)|ϕ(j)+
+∞∑
j=T1

|g(t−j+a+1)|ϕ(j).

(2.106)
Given

T1−1∑
j=a+1

|g(t− j + a+ 1)|ϕ(j) + ϵ

2σ

t∑
j=T1

|g(t− j + a+ 1)|

, once more

|g(t)× ϕ(t)| =
T1−1∑
j=a+1

|g(t− j + a+ 1)|ϕ(j) + ϵ

2σ

t−T1+a+1∑
a+1

|g(j)|,

≤
T1−1∑
j=a+1

|g(t− j + a+ 1)|ϕ(j) + ϵ

2
.

(2.107)

Drawing from (2.94), limt→+∞ g(t) = 0 follows immediately.
Consequently, for every ϵ

2
∑T1−1

j=a+1 ϕ(j)
> 0, there exists T2 ∈ Na+1 in a manner that

|h(t)| < ϵ

2
∑T1−1

j=a+1 ϕ(j)
, (2.108)

holds for t ≥ T2, t ∈ Na+1.
By replacing (2.107) into (2.108), we obtain:

|g(t) ∗ ϕ(t)| < ϵ

2P
T−1∑

j=a+1

ϕ(j)

T1 − 1
∑

j=a+1

ϕ(j) +
ϵ

2
= ϵ, (2.109)

for t ≥ max{T1, T1 + T2 − a− 2}, establishing (31).
In accordance with (2.91) and (2.101)-(2.103), we obtain:

lim
t→+∞

q1∥x(t)∥b ≤ lim
t→+∞

V (t, x(t)) = 0. (2.110)

This concludes the proof.

Example 2.7. Consider the following system{
C∇α

ax1(t) = −x31(t)− 2x1(t)x
2
2(t),

C∇α
ax2(t) = −2x2(t).

(2.111)

where 0 < α < 1, t ∈ Na+1, a ∈ R.
Choosing Lyapunov function as V (t, x(t)) = x21(t) + x22(t) and according to Theorem 2.13
one can have

C∇α
aV (t, x(t)) ≤ 2x1(t)

C∇α
ax1(t) + 2x2(t)

C∇α
ax2(t),

≤ −2x41(t)− 4x22(t)− 4x21(t)x
2
2(t) < 0.

(2.112)
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Consequently, system (2.111) is asymptoticly stable. Setting α = 0.8, x1(0) = 0.1,
x2(0) = 0.2, the evolution of x(t) is shown as Figure 2.5.
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Figure 2.5: The stability of the trivial solution of system (2.111) with x1(0) = 0.1,
x2(0) = 0.2 and α = 0.8.
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2.6 Stability of h-Discrete Fractional-order systems
All theoretical constructs, such as definitions and lemmas, presented in this section are
directly taken from the significant sources referenced in [231] and [235].

2.6.1 Stability of Delta h-Discrete Fractional-Order Systems
Next, we will explore the stability of Caputo fractional-order h-difference systems using
the discrete fractional Lyapunov direct method. Let’s examine the following nonlinear
commensurate fractional-order h-difference equations.{

C
h∆

α
ax(t) = g(t+ αh, x(t+ αh)), 0 < α ≤ 1,

x(a) = xa,
(2.113)

here, g is continuous with respect to x.
Now, we introduce Theorem 2.18 employing a discrete fractional Lyapunov direct method
for system (2.113):

Theorem 2.18 ([231]). Suppose x = 0 serves as an equilibrium point for system (2.113).
If there exists a positive definite and decrescent scalar function V (t, x(t)), as well as
discrete class-K functions γ1, γ2, γ3, such that:

γ1(∥x(t)∥) ≤ V (t, x(t)) ≤ γ2(∥x(t)∥), t ∈ (hN)a, (2.114)
C
h∆

α
aV (t, x(t)) ≤ −γ3(∥x(t+ αh∥), t ∈ Na+1−α. (2.115)

Then, system (2.113) demonstrates asymptotic stability.

To utilize Theorem 2.18, we introduce the following crucial Lemmas:

Lemme 2.2 ([231]). For α ∈ (0, 1], if

C
h∆

α
ay(t) ≥ C

h∆
α
ax(t), t ∈ Na+1−α, (2.116)

and x(a) = y(a). Then
y(t+ αh) ≥ x(t+ αh). (2.117)

Lemme 2.3 ([231]). For any discrete time instant t ∈ Na+1−α, the following inequality
is valid:

C
h∆

α
ax

2(t) ≤ 2x(t+ αh) C
h∆

α
ax(t), 0 < α ≤ 1. (2.118)

Remarque 2.3. For x = (x1(t), ..., xn(t))
T , with t ∈ Na+1−α, Lemma 2.3 remains appli-

cable. For instance, it could be formulated as:

C
h∆

α
a (x

T (t)x(t)) ≤ 2xT (t+ αh) C
h∆

α
ax(t), 0 < α ≤ 1. (2.119)

Example 2.8. Let’s examine the following nonlinear commensurate fractional difference
system: {

C
h∆

α
0x1(t) = x1(t+ αh) + x32(t+ αh),

C
h∆

α
0x2(t) = x1(t+ αh)− x2(t+ αh).

(2.120)
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given the initial conditions x1(0) = 0.4 and x2(0) = 0.8. We utilize the Lyapunov function

V (t, x(t)) =
1

2
x21(t) +

1

2
x42(t). (2.121)

As per Lemma 2.2, we find that
C
h∆

α
0V (t, x(t)) ≤x1(t+ αh) C

h∆
α
0x1(t+ αh) +

1

2
x22(t+ αh) C

h∆
α
0x

2
2(t+ αh),

≤ x1(t+ αh) C
h∆

α
0x1(t+ αh) + x32(t+ αh) C

h∆
α
0x2(t+ αh),

≤ x21(t+ αh)− x42(t+ αh) < 0.

(2.122)

Consequently, by virtue of Theorem 2.18, the system achieves asymptotic stability. We
can construct a numerical formulation of a fractional nonlinear system utilizing the h-
fractional sum operator detailed in Chapter 1. Figure 2.6 illustrates the outcomes, cor-
roborating the theoretical results for h = 0.1 and α = 0.7.
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Figure 2.6: The progression of the solution x of system 2.8 with α = 0.7 and h = 0.1 is
depicted.

2.6.2 Stability of Nabla h-Discrete Fractional-Order Systems
1. Commensurate nonlinear Nabla h-discrete systems

Let’s examine the following fractional difference equation:
C
a ∇α

hx(t) = f(t, x(t)), x(a) = xa, α ∈ (0, 1], t ∈ Na,h, (2.123)
where f belongs to the set Na,h and x(t) is a positive definite and decreasing func-
tion. It is straightforward to establish that this equation has a unique solution.
Theorem 2.19 ([231]). Suppose x = 0 serves as an equilibrium point of equation
(2.123). If there exists a positive definite and decreasing scalar function V (t, x),
along with class-K functions γ1, γ2, and γ3, satisfying:

γ1(∥x(t)∥) ≤ V (t, x(t)) ≤ γ2(∥x(t)∥), t ∈ Na,h, (2.124)
and

C
a ∇α

hV (t, x(t)) ≤ −γ3(∥x(t)∥), t ∈ Na,h. (2.125)
Then, equation (2.123) exhibits asymptotic stability.
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Proof. From inequalities (2.124) and (2.125), we obtain:

( C
a ∇α

hV )(t, x(t)) ≤ −γ3(γ−1
2 (V (t, x(t)))), t ∈ Na,h. (2.126)

Let’s consider the fractional difference equation:

( C
a ∇α

hU)(t, x(t)) = −γ3(γ−1
2 (U(t, x(t)))), t ∈ Na,h. (2.127)

When V (a, x(a)) ≤ U(a, x(a)), we have

V (t, x(t)) ≤ U(t, x(t)), t ∈ Na,h. (2.128)

Consequently, U(t, x(t)) ≤ U(a, x(a)) for t ∈ Na, h. Utilizing (2.124), we obtain

∥x(t)∥ ≤ γ−1
1 (V (t, x(t))). (2.129)

Which leads us to,
∥x(t)∥ ≤ γ−1

1 (U(a, x(a))). (2.130)
It then follows from the definition of stability that equation (2.123) is stable.
Moreover, we have lim

t→∞
V (t, x(t)) = 0. Since γ1 ∈ K and

γ1(∥x(t)∥) ≤ V (t, x(t)), (2.131)

we conclude that lim
t→∞

x(t) = 0. Hence, equation (2.123) is asymptotically stable.
This concludes the proof.

Lemme 2.4 ([231]). Assume α ∈ (0, 1], x(t) ≥ 0, t ∈ Na,h. Then the following
inequality holds

( C
a ∇α

hx
2)(t) ≤ 2x(t)( C

a ∇α
hx)(t), t ∈ Na,h. (2.132)

Example 2.9. Let’s examine the following nabla h-fractional difference equation:

( C
a ∇α

hx)(t) = −x3(t), (2.133)

in the context of the nabla h-fractional difference equation, with parameters α = 0.9,
a = 0, h = 1, and x ∈ R, where t ∈ Na,h, the equation yields the trivial solution
x(t) = 0. It can be observed that:

x(α−1)(t)( C
a ∇α

hx)(t) = x(α−1)(t)(−x3(t)) = −x12/5(t) ≤ 0, (2.134)

for α = 2
5
. Hence, according to Theorem 3.12, equation (2.133) exhibits stability,

as evidenced by Figure 3.13.

2. Incommensurate nonlinear Nabla h-discrete systems
Taking into account the foolowing incommensurate h-Nabla fractional-order context
difference system 

C
h∇α1

a x1(t) = g1(t, x1(t)),
C
h∇α2

a x2(t) = g2(t, y2(t)),

...
C
h∇αn

a xn(t) = gn(t, xn(t)),

(2.135)

In this framework, we have x(t) = (x1(t), x2(t), ..., xn(t))
T ∈ Rn, with 0 < αi < 1

for i = 1, 2, ..., n. The function g = (g1, g2, ..., gn)
T : Rn → Rn is continuously

differentiable. For simplicity, we set a = 0.
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Figure 2.7: The Dynamics of Solution x of 2.133 with α = 0.4, h = 1, xa = 0.1, and
xa = 0.4.

Theorem 2.20 ([234]). Suppose 0 stands as an equilibrium point for system (2.135).
If all roots of the characteristic equation:

det

(
diag

((
1− 1

w

)α1

,

(
1− 1

w

)α2

, ..., (

(
1− 1

w

)αn
)
−HJ

)
= 0, (2.136)

lie within the unit disk, then system (2.135) possesses a unique solution for all
initial vectors sufficiently close to 0. Furthermore, 0 is asymptotically stable, where
J denotes the Jacobian matrix of g at 0 and H = diag(hα1 , hα2 , ..., hαn).

Theorem 2.21 ([234]). Consider rational numbers αi between 0 and 1, for i =
1, 2, ..., n. Let M be the lowest common multiple of ui and vi, such that αi =

vi
ui

,
where gcd(ui, vi) = 1 and ui, vi ∈ Z+, for i = 1, 2, ..., n. Set σ = 1

M
. Then, the

zero solution of system (2.135) with initial value x0 = x(0) is locally asymptotically
stable if any zero solution of the polynomial equation:

det
(
diag

(
µMα1 , µMα2 , ..., µMαn

)
−HJ

)
= 0, (2.137)

are contained within the region C/Kσ, where Kσ represents the set of complex
numbers w satisfying

|w| ≤
(
2 cos

(
arg(w)
σ

)σ)
, and, |arg(w)| ≤ σπ

2
, (2.138)

and J denotes the Jacobian matrix of g evaluated at 0, then the zero solution of
system (2.135) with initial value x0 = x(0) is locally asymptotically stable.

Example 2.10. In relation to system (2.135), the following system can be expressed:{
C
1 ∇

1
2
0 = −1.01 sin(x1(t)) + 0.98 sin(x2(t)),

C
1 ∇

1
4
0 = 0.48x2(t) cos(x1(t))− 0.56x1(t) cos(x2(t)).

(2.139)

The origin serves as an equilibrium point for the system under consideration. Fur-
thermore, the Jacobian matrix J of this system can be derived as follows:

J =

(
−1.01 0.98
−0.56 0.48

)
. (2.140)
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Given that M = 4, equation (2.141) is obtained:

µ3 − 0.48µ2 + 1.01µ+ 0.064 = 0. (2.141)

The solutions to this equation are as follows:

µ =

 −6.1349X10−2

0.27067− 0.98486i
0.27067 + 0.98486i

 . (2.142)

We can conclude from Theorem 2.21 that the zero solution of system (2.139) is
locally asymptotically stable, as C/K. To verify the accuracy of this result, Figure
2.8 demonstrates that the states of the solution of system (2.139) indeed converge
to the origin.
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2.7 Conclusion
This chapter has explored the critical importance of system stability within the domain of
dynamic system analysis and strategic design, particularly highlighting the advancements
in discrete fractional-order systems. The development of methodologies, such as the dis-
crete generalized Gronwall inequality, and the exploration of positivity and Mittag–Leffler
stabilities, have collectively expanded the toolkit available for assessing the stability of
these complex systems.

An important advancement in this area has been the identification of positive definite
quadratic forms as optimal candidates for Lyapunov functions in discrete fractional-order
systems. This breakthrough has facilitated the widespread use of the second Lyapunov
method, especially in commensurate systems, although challenges remain in its applica-
tion to incommensurate systems.

This chapter focused on a specific class of discrete fractional-order systems that en-
compass both commensurate and incommensurate scenarios. These systems are charac-
terized by a combination of linear and nonlinear components, ensuring a comprehensive
and methodologically sound investigation. This dual approach allows for a nuanced un-
derstanding of stability across diverse and real-world applications.

Moreover, this chapter serves as a significant overview of the evolving topic of stability
analysis in discrete fractional-order systems. By providing valuable insights and robust
methodologies, it aims to advance the state-of-the-art in this critical field.



Chapter 3

An Overview on Fractional-Order
Neural Networks

 

3.1 Introduction
The intricate topic of fractional-order neural networks sits at the intersection of biology
and computational science, marking a significant area of study over the past two decades.
This fusion of fractional calculus with neural networks has led to efficiency gains and
substantial advancements. Unlike traditional integer-order neural networks, fractional-
order neural networks excel in capturing subtle memory and hereditary traits inherent in
various neuroscience processes.

Moreover, they possess fundamental capabilities for information processing, stimulus
anticipation, and facilitating frequency-independent phase shifts in oscillatory neuronal
firing. These characteristics make fractional-order neural networks versatile tools with
vast potential applications in neural networks, promising advancements in understanding
and modeling complex biological systems.

To comprehensively explore this topic, we start with a foundational introduction
to neural networks. Neurons, the fundamental units of the nervous system, have been
studied for millennia as part of the quest to understand the human brain. The concept
of artificial neural networks began to take shape in 1943 with Warren McCulloch and
Walter Pitts proposing a theoretical model of neuron function.

Despite initial skepticism, pioneering researchers like Teuvo Kohonen, Stephen Gross-
berg, James Anderson, and Kunihiko Fukushima persevered in their work, laying the
groundwork for the renewed interest in neural network research. The introduction of the
Hopfield neural network in the early 1980s by John Hopfield marked a significant turning
point, offering a revolutionary approach to associative memory.

Neural networks have since gained widespread attention across various fields, includ-
ing image processing, optimization, pattern recognition, and more. Achieving stable
equilibria, especially in optimization tasks, has become a key focus, highlighting the im-
portance of neural networks in modern research.

This chapter emphasizes the critical role of fractional-order neural networks, exploring
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their diverse applications and contributions to neural network research. As exploration
continues, the integration of fractional calculus with neural networks holds promise for
further insights and advancements, shaping the future of computational neuroscience and
problem-solving methodologies. The intersection of these disciplines offers opportunities
to unravel the complexities of biological systems and inspire innovative computational
approaches.

3.2 Biological Neural Networks

Figure 3.1: Illustration: Two biological neurons showing dendrites receiving inputs, axons
transmitting action potentials, and synapses facilitating neuronal interactions.

Understanding the intricacies of the human brain is both a daunting and captivating
scientific challenge. Scientists are particularly interested in biological neural networks,
which are crucial for advancing pattern recognition and information processing systems,
including the development of artificial network models. Here, we provide a condensed
overview of biological neural networks for a holistic understanding.

The human brain consists of approximately 100 billion electrically active cells called
neurons. These neurons vary in shape and size, but they share common features. Neurons
receive signals through dendritic branching and transmit them via axons. Communication
between neurons occurs at synapses, the junctions between them. Remarkably, a single
neuron can form connections with thousands of others, resulting in over 100 trillion
synapses in the brain. Despite each neuron operating on a relatively slow timescale
(around 1 millisecond), the parallel processing of information across numerous synapses
grants the brain effective processing power surpassing even current supercomputers. This
parallelism also confers a high level of fault tolerance, as the loss of neurons minimally
affects performance.

Neurons exhibit an all-or-nothing response, emitting an electrical impulse when they
”fire.” This impulse travels along the axon and triggers the release of chemical neuro-
transmitters upon reaching a synapse. These neurotransmitters influence the subsequent
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neuron, either increasing (excitatory synapse) or decreasing (inhibitory synapse) the like-
lihood of firing. Each synapse possesses an associated strength (or weight), dictating
the impact of the impulse on the post-synaptic neuron. Neurons perform computations
by weighing the inputs they receive, and if the cumulative stimulation exceeds a certain
threshold, the neuron fires. Networks of such neurons demonstrate versatile information
processing capabilities.

The study of biological neural networks provides valuable insights into the functioning
of the human brain. By understanding these networks, scientists aim to develop artificial
neural networks that mimic their behavior, leading to advancements in various fields such
as artificial intelligence and neuroscience.

3.3 Artificial Neural Networks
3.3.1 The Neuron Models

Figure 3.2: Representation of a Single Neuron in the McCulloch-Pitts Model: Weighted
Sum and Non-linear Activation .

In a groundbreaking paper by McCulloch and Pitts in 1943, they introduced a funda-
mental mathematical model of a single neuron, as depicted in Figure 3.2. This model acts
as a non-linear transformation, converting a set of input variables (where i = 1, ..., d) into
an output variable z. From now on, we’ll call this artificial neuron model a ”processing
unit” or simply a ”unit” to differentiate it from its biological counterpart.

The McCulloch-Pitts model describes a process where the signal xi at input i is
multiplied by a parameter wi (similar to synaptic strength in a biological network). This
product is then added to all other weighted input signals, resulting in a total input to
the unit represented by the equation:

a =
d∑

i=1

wixi + w0. (3.1)

Here, the offset parameter w0 is the bias (similar to the firing threshold in a biological
neuron). Formally, the bias can be seen as a special case of a weight, treating an extra
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th!

Figure 3.3: An Alternative Nonlinear Representation of a Neuron.

input with a permanently set value x0 = 1. Consequently, the equation can be expressed
as:

a =
d∑

i=0

wixi. (3.2)

It’s important to note that weights (and the bias) can be positive or negative, representing
excitatory or inhibitory synapses. The unit’s output z, loosely analogous to a neuron’s
average firing rate, is determined by applying a non-linear activation function g(), such
that:

z = g(a). (3.3)
There are various forms of the activation function g(), which we’ll elaborate on in the
upcoming sections.

This simple neuron model serves as the foundational mathematical component in
numerous artificial neural network models. Connecting multiple such processing elements
allows the construction of a versatile class of non-linear mappings applicable to a broad
spectrum of practical problems. Weight values can be adjusted through an appropriate
training algorithm, enabling networks to learn from external data.

 

3.3.2 Activation Function
Activation functions, represented by g(s), play a pivotal role in the functionality of neural
networks. Their primary purpose is to introduce non-linearity into the network, enabling
the model to learn intricate patterns and relationships within the data. The choice of
activation function significantly influences the network’s capacity to capture complex
features and make accurate predictions.
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• Sigmoid Activation Function
The sigmoid function, often denoted by σ(x), is a fundamental component in ma-
chine learning algorithms, particularly in logistic regression models. It serves a
critical role in transforming input values into a bounded range between 0 and 1.
This mathematical operation is particularly advantageous in scenarios necessitating
binary classification, where the objective is to categorize inputs into two distinct
classes.
Mathematically, the sigmoid function is expressed as follows:

σ(x) =
1

1 + e−x
. (3.4)

he sigmoid function finds widespread application in logistic regression, a statistical
technique extensively employed in machine learning tasks. In logistic regression
models, the sigmoid function is employed to map the linear combination of input
features to a probability score. This probability score indicates the likelihood of a
specific input belonging to a particular class.

For instance, in the domain of spam email detection, logistic regression models
leverage the sigmoid function to estimate the probability that an email is spam.
The sigmoid-transformed output assigns values ranging from 0 to 1, where a value
closer to 1 suggests high confidence that the email is spam, while a value nearer to
0 indicates a lower likelihood of it being spam.

• Hyperbolic Tangent (tanh) Activation Function
The hyperbolic tangent function, denoted as tanh(x), is similar to the sigmoid
function but expands its output range to include values between -1 and 1. This
function is particularly useful when dealing with inputs that have both negative
and positive values, providing a centered output range.

Mathematically, the hyperbolic tangent function is given by:

tanh(x) = ex − e−x

ex + e−x
. (3.5)

The tanh(x) function finds frequent application in machine learning, especially in
recurrent neural networks. recurrent neural networks are specialized for modeling
sequential dependencies in data, making them ideal for tasks involving time-series
data or any data with inherent temporal relationships.

The advantage of using the hyperbolic tangent function lies in its ability to map
input values to a range spanning from -1 to 1. This centered range proves advanta-
geous in scenarios where input data exhibits both positive and negative patterns.
For example, in natural language processing tasks employing recurrent neural net-
works, the tanh(x) function assists in capturing and processing sequences of words,
ensuring that both positive and negative sentiments are adequately represented.

• Rectified Linear Unit (ReLU) Activation Function
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The Rectified Linear Unit (ReLU) activation function holds a pivotal role in neural
networks, prized for its simplicity and effectiveness in training deep models.
Mathematically, the ReLU function is represented by the equation:

f(x) = max(0, x). (3.6)

What sets ReLU apart is its straightforward behavior: it replaces all negative
input values with zero while leaving positive values unchanged. This inherent non-
linearity introduces a beneficial sparsity property, allowing the network to focus on
relevant features and efficiently learn intricate patterns.

ReLU has garnered widespread adoption, particularly in tasks like image classifi-
cation and within convolutional neural networks. Its effectiveness in image-related
applications stems from its capability to capture and emphasize significant features
while disregarding less relevant information. This renders ReLU especially well-
suited for scenarios where extracting meaningful features from images is critical,
such as in the initial layers of convolutional neural networks.

• Leaky ReLU Activation Function
The Leaky Rectified Linear Unit (Leaky ReLU) activation function serves as a
solution to the ”dying ReLU” problem, where neurons can become inactive during
training. It introduces a small, non-zero gradient for negative inputs, preventing
neurons from completely shutting down.

The functional form of Leaky ReLU is expressed by the equation:

f(x) = max(αx, x). (3.7)

Unlike standard ReLU, which sets negative values to zero, Leaky ReLU allows
a fraction α of the negative input to pass through, adding a mild slope to the
negative side. This controlled leakage of information addresses the issue of neurons
becoming ”dead” or inactive during training, a problem encountered when ReLU
sets all negative values to zero.

Leaky ReLU is beneficial in various scenarios, especially in architectures like gen-
erative adversarial networks (GANs), where the risk of dead neurons can hinder
learning. By incorporating this controlled leakiness, Leaky ReLU ensures contin-
uous flow of information through neurons, facilitating more effective training and
preventing premature saturation.

• Swish Activation Function
The Swish activation function emerges as a self-gated alternative that has shown
effectiveness across various tasks.
The mathematical representation of the Swish function is given by:

f(x) = x · 1

1 + e−βx
. (3.8)

Swish exhibits a self-gating property, where the input x is modulated by the sigmoid
of βx. This self-gating mechanism adds smoothness to the function, enabling it to
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capture complex data relationships. The choice of the β parameter allows control
over the shape and characteristics of the Swish function.

Swish has found notable application in natural language processing and image clas-
sification tasks. Its success in these areas is attributed to its ability to capture subtle
patterns and relationships in data, making it well-suited for tasks that demand a
deeper understanding of input features. ∵

Figure 3.4: A variety of standard activation functions.

3.3.3 General Properties of The Neural Networks
Neural Networks, characterized by their intricate architecture and adaptive learning ca-
pabilities, have proven to be indispensable tools across a diverse spectrum of applications.
The multifaceted advantages that Neural Networks bring to various domains are multi-
farious and can be expounded upon as follows:

1. Non-linear Systems Mastery:
Neural networks, renowned for their formidable capacity to unravel the intricacies
embedded in non-linear systems [236][237], emerge as pivotal instruments in the ex-
ploration and understanding of complex relationships within dynamic frameworks.
These sophisticated networks play a crucial role in deciphering and modeling pat-
terns, making them indispensable across a diverse array of applications. Their
ability to adapt and learn dynamically positions neural networks as powerful tools
in the quest for insights into complex, real-world phenomena.
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2. Adaptive Flexibility:
Neural networks stand out with their remarkable capacity for adaptation, endow-
ing them with the ability to dynamically fine-tune network parameters in the face
of ever-changing environments. This unique adaptability not only sets neural net-
works apart but also equips them to expertly handle challenges associated with
imprecision, fuzziness, noise, and probabilistic information [237]. It is this versatil-
ity that makes neural networks invaluable across a wide spectrum of applications,
where their ability to navigate and make sense of complex, non-linear systems is a
key asset [236].

3. Computational Empowerment:
Neural networks harness their computational prowess through a massively parallel
distributed structure and a capacity for learning and generalization. Empirical
evidence supports the assertion that neural networks can adeptly approximate any
complex function—whether large-scale, linear, or non-linear—when provided with
suitable training data [236]-[238]. This characteristic positions Neural Networks as
versatile tools capable of tackling a wide spectrum of tasks, from pattern recognition
to complex decision-making processes.

4. Rich Properties and Capabilities:
Going beyond their computational might, Neural Networks exhibit a suite of advan-
tageous properties, encompassing nonlinearity, adept input–output mapping, adap-
tivity, and proficiency in function approximation and generalization [236]. These
characteristics endow neural networks with the versatility and resilience to tackle
complex tasks across various domains. Their ability to capture patterns, adapt to
dynamic environments, and generalize from training data makes neural networks
invaluable in applications ranging from image recognition and natural language
processing to control systems and decision support.

5. Universality Spectrum:
Neural networks manifest a universality spectrum [239], showcasing their proficiency
in approximating smooth batch data that includes input, output, and potentially
gradient information of a function [240]. Moreover, neural networks demonstrate
adeptness in approximating derivatives of a function [241]. This broad range of
capabilities positions neural networks as versatile tools capable of handling diverse
types of data and functions, making them applicable across a myriad of domains
and problem-solving scenarios.

6. Integral Role in Dynamic Systems and Fault Detection: Neural networks
play a pivotal role not only in identifying dynamic systems but also in the realm of
fault detection. Going beyond mere fault detection, neural networks contribute to
providing a post-fault model for robotic manipulators. This model proves invalu-
able for effectively isolating and identifying faults and, where feasible, accommodat-
ing failures [242]. The adaptability and learning capabilities of Neural Networks
empower them to navigate the intricacies of dynamic systems, offering practical
solutions for fault detection and post-fault modeling in robotic applications.
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3.4 Fractional-Order Neural Networks
In the past twenty years, the fusion of fractional calculus with neural networks has given
rise to a significant field called fractional-order neural networks. This integration has been
pivotal in both biology and computational science. Fractional-order neural networks
show improved efficiency and notable advancements compared to traditional integer-
order neural networks. They are particularly adept at capturing memory and hereditary
characteristics present in various neuroscience processes.

Furthermore, fractional-order neural networks possess versatile computational capa-
bilities. They efficiently process information, anticipate stimuli, and facilitate frequency-
independent phase shifts in oscillatory neuronal firing. As a result, these networks hold.

3.4.1 Dynamic Analysis of Fractional Order Neural Networks
Due to the broad applications of fractional-order neural networks, significant efforts have
been dedicated to advancing their theoretical foundations. In particular, there’s been
notable attention on the dynamic analysis of continuous fractional-order neural networks.
A substantial body of literature has emerged, categorizing the dynamics of these networks
into chaos, limit cycles, bifurcation, and stability aspects.

Numerous scholarly works have explored the dynamic properties of fractional-order
neural networks, providing insights into various dynamical outcomes. This section offers
a concise survey, summarizing the findings from different papers. The focus is on chaos,
limit cycles, bifurcation phenomena, and the stability of fractional-order neural networks,
contributing to a comprehensive understanding of their complex dynamics.

Chaos of Fractional Order Neural Networks

Chaos, characterized by its nonlinear and seemingly random behavior, plays a significant
role in various fields such as biology, physiology, mathematics, physics, electronics, infor-
mation sciences, and economics. The emergence of fractional-order neural networks has
unveiled the occurrence of chaos within this framework, particularly evident in fractional-
order cellular neural networks as demonstrated in [244]. This discovery has sparked schol-
arly interest, leading to extensive research on chaotic fractional-order neural networks
[245, 246]. In these studies, researchers have adopted a common analytical approach,

manipulating the fractional order and observing resulting dynamics through numerical
simulations. This method enables the identification of specific fractional order intervals,
allowing differentiation of diverse dynamics within the studied systems. Such endeavors
contribute to a nuanced understanding of chaotic phenomena within fractional-order neu-
ral networks, providing insights into their intricate behaviors under various parameter
conditions.

To illustrate this methodology, consider a concrete example from a seminal work [245],
where the dynamics of a ring neural network with 3 neurons were meticulously analyzed
as follows: 

C
0D

α
t x1(t) = −ax1(t) + T0 sinx1(t) + T1 sinx2(t) + T2 sinx3(t),

C
0D

α
t x2(t) = −ax2(t) + T2 sinx1(t) + T0 sinx2(t) + T1 sinx3(t),

C
0D

α
t x3(t) = −ax3(t) + T1 sinx1(t) + T2 sinx2(t) + T0 sinx3(t).

(3.9)



Chapter 3. An Overview on Fractional-Order Neural Networks 89

To explore the connection between the dynamics of the system described by equation
(3.9) and its fractional order α, we utilize the parameters provided in [247], specifically
α = 1, Θ0 = 2, Θ1 = 1, and Θ2 = −9. By incrementing α from 0.65 to 1, system
(3.9) exhibits diverse dynamics around the initial point (0, 0, 0)T , including asymptotic
stability, limit cycles, and chaos.

For α ∈ [0.65, 2
3
), the null solution of system (3.9) demonstrates asymptotic stability.

In Fig. 3.6, the trajectory of system (3.9) with α = 0.65 converges asymptotically to
the zero solution. As α increases to 2

3
≈ 0.667, a Hopf bifurcation occurs, resulting in

the emergence of an asymptotically stable limit cycle in a neighborhood of the origin
for α ∈ (2

3
, 0.78]. Within the interval (0.78, 0.8), two symmetrical asymptotically stable

limit cycles are observed. Eventually, the system transitions into a chaotic regime for
α ∈ [0.8, 1).

Figure 3.5: Dynamic Behavior of System (3.9) with α = 0.9 (Chaotic).

Limit Cycle and Hopf Bifurcation of Fractional Order Neural Networks

A limit cycle, representing a distinct periodic solution within dynamic systems, holds
significant implications in neuroscience and biology [248] due to its accurate depiction of
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stable periodic variations. With the acknowledgment of fractional calculus in various sys-
tems such as biological, economic, social, and neural systems, discussions concerning the
limit cycle of fractional-order neural networks have become common, often supported by
numerical evidence [245, 249].This investigation is exemplified by visual representations
in Figs. 3.7 and 7.10 in the previous subsection.

In 2009, H.A. El-Saka and colleagues proposed a condition for Hopf bifurcation in a
fractional-order system [250]. This condition is particularly relevant when dealing with
an n-dimensional fractional-order system:

C
0D

α
t = f(x; a). (3.10)

The Hopf bifurcation criterion is met when a attains the critical value a = a∗
arg[κ(a∗)] =

απ

2
,

|κ(a∗)| = 1,
dκ(a∗)

da
̸= 0.

(3.11)

Expanding on the aforementioned criterion, researchers have delved into Hopf bifurca-
tion analysis for fractional neural networks in [?, 251].This approach has been a standard
method for discussing Hopf bifurcation in fractional neural networks, both in theoreti-
cal exploration and simulation, until a groundbreaking reference [252] emerged in 2012,
challenging and revising the established findings.

In the seminal work by E. Kaslik and S. Sivasundaram [252], it was emphasized that
fractional-order autonomous dynamical systems lack periodic solutions. This critical ob-
servation suggests that fractional-order neural networks, conceptualized as such systems,
theoretically cannot possess a limit cycle and Hopf bifurcation. Consequently, previous
simulation results indicating the presence of a limit cycle in fractional-order neural net-
works may not hold validity. As a result, research focus has shifted, with fewer efforts
directed towards exploring limit cycles and Hopf bifurcations. Instead, more scholars
have shifted their attention towards understanding the stability or chaotic behavior of
fractional-order neural networks.

Stability of Fractional Order Neural Networks

In the absence of comprehensive theoretical findings, there has been a surge in works re-
lated to fractional-order neural networks aiming to explore chaos and limit cycles through
numerical simulations. However, with the assertion of the non-existence of a limit cy-
cle in fractional-order neural networks as established in [252], the research landscape
has undergone a shift. More recent investigations are now steering back towards theo-
retical innovations, particularly focusing on advancing the understanding of stability in
fractional-order neural networks [253, 254, 255].

To enhance comprehension in the exploration of the stability of fractional-order neural
networks, let’s consider the model characterized by:

C
0D

α
t xi(t) = −cixi(t) +

n∑
j=1

aijfj(xj(t)) + Ii, (3.12)
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Figure 3.6: Asymptotically Stability of system (3.9) for α = 0.65.

Figure 3.7: Asymptotically stable limit cycle of neural networks (3.9) for α = 0.67.

here, i = 1, 2, . . . , n, where n signifies the number of units within the neural network.
The state of the i-th unit at time t is denoted by xi(t), and fj represents the activation
function of the j-th neuron. The parameter ci > 0 determines the rate at which the
i-th neuron resets its potential to the resting state when disconnected from the network.
Additionally, aij stands for the constant connection weight of the j-th neuron on the i-th
neuron, and Ii corresponds to the constant external inputs.

Subsequently, we can represent the system described by equation (3.12) in a vectorized
form as follows:

C
0D

α
t x(t) = −Ax(t) +Df(x(t)) + I, (3.13)

where A = diag{c1, c2, . . . , cn}, D = (aij)n×n, f(x) = (f1(x1), f2(x2), . . . , fn(xn))
T , I =

(I1, I2, . . . , In)
T . Examining the stability of fractional-order neural networks typically

entails linearizing system (3.13) and deducing its local stability conditions. However, it’s



Chapter 3. An Overview on Fractional-Order Neural Networks 92

Figure 3.8: The Evolution of System (3.9) with α = 0.79 (Featuring Two Asymptotically
Stable Limit Cycles).

crucial to recognize that the linearized stability method primarily offers insights into local
stability. In the quest for global stability conditions, the Mittag-Leffler stability method,
also referred to as the Lyapunov direct method, has garnered prominence and provided
more extensive stability outcomes. Furthermore, recent years have seen the emergence of
alternative methods. To elaborate, a detailed enumeration of these methods is presented
below.

• Linearized stability method Let us commence by presenting the widely ac-
knowledged necessary and sufficient condition for the stability of linear fractional-
order systems. Consider an n-dimensional linear fractional-order system:

C
0D

q
tx = Dx, (3.14)

here, 0 < q < 2 denotes the fractional order, and D ∈ Rn×n is a constant matrix.
The linear autonomous fractional-order system described above achieves asymptotic
stability if and only if:

| arg(κ)| > qπ

2
, ∀κ ∈ σ(D), (3.15)

here, σ(D) represents the set of all eigenvalues of the matrix D. For the case when
0 < q < 1, an equivalent necessary and sufficient condition for the aforementioned
inequality is:

|ℑ(κ)| > ℜ(κ) tan
(qπ
2

)
, ∀κ ∈ σ(D). (3.16)

In the context of fractional-order neural networks described by (3.13), the
linearized stability method can be articulated as follows:

1. Determine the steady states x̄s of fractional-order neural networks described
by (3.13), which are solutions to:

−Ax̄+Df(x̄) + I = 0. (3.17)
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2. For a given x̄, compute its Jacobian matrix using the expression:

J(x̄) = −A+DDf(x̄), (3.18)

where Df(x̄) = diag{f ′
1(x̄1), f

′
2(x̄2), . . . , f

′
n(x̄n)}.

3. If all eigenvalues κs of the Jacobian matrix J(x̄) adhere to:

| arg(κs)| >
qπ

2
, ∀κs ∈ σ(J(x̄)), (3.19)

the steady state x̄ achieves local asymptotic stability.

While the linearized stability method proves straightforward and effective for as-
sessing local stability at a steady state, it falls short of providing insights into
global stability due to the inherent nonlinearity of fractional-order neural networks
described by (3.13).

• Mittag-Leffler stability method To establish the global stability of fractional-
order neural networks described by (3.13), one of the commonly employed methods
is the Mittag-Leffler stability method, also known as the Lyapunov direct method.
When dealing with a nonlinear fractional-order system:

C
0D

α
t x(t) = f(t, x(t)). (3.20)

If a steady state x̄ = 0 is present in the solution of the nonlinear fractional-order
system, it is deemed Mittag-Leffler stable if:

∥x(t)∥ ≤ [m(x0)Ea(−κ(t)α)]b, (3.21)

here, κ > 0, b > 0, ∥·∥ denotes an arbitrary norm, andm(x) ≥ 0 (m(0) = 0) adheres
to the locally Lipschitz condition on x ∈ Rn with Lipschitz constant m0, Ea(·) is
a Mittag-Leffler function. Mittag-Leffler stability implies asymptotic stability for
fractional-order systems, i.e., lim

t→+∞
∥x(t)∥ = 0. To establish Mittag-Leffler stability,

Y. Li, Y.Q. Chen, and I. Podlubny proposed a significant sufficient condition known
as the Lyapunov direct method, outlined as follows:

• (Fractional-order) Lyapunov direct approach [256]: The equilibrium x̄ = 0
for the previously mentioned nonlinear fractional-order system achieves Mittag-
Leffler stability under the presence of positive constants α1, α2, α3, a, b and a con-
tinuously differentiable function V (t; x(t)) that complies with the following condi-
tions:

α1∥x∥a ≤ V (t; x(t)) ≤ α2∥x∥ab,
C
0D

q
tV (t; x(t)) ≤ −α3∥x∥ab,

(3.22)

Here, t ≥ 0, q ∈ (0, 1), V (t; x(t)) : [0,+∞) × D → R adheres to the locally
Lipschitz condition on x, where D ⊂ Rn is a domain containing the origin. IIf
these assumptions are valid universally across Rn, the equilibrium x̄ = 0 achieves
global Mittag-Leffler stability.

In 2014, a pair of inequalities were introduced, offering a potent tool for select-
ing suitable Lyapunov functions. The two inequalities [257, 258]are formulated as
follows:

0D
q
t |x(t+)| ≤ sgn(x(t)) 0D

q
t |x(t)|, ∀q ∈ (0, 1),

1

2
0D

q
tx

2(t) ≤ x(t) 0D
q
tx(t), ∀q ∈ (0, 1),

(3.23)
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Here, x(t) ∈ R represents a continuous and differentiable function. Utilizing these

two inequalities, ∥x∥1 (or
n∑

i=1

βi|xi|, βi > 0) and ∥x∥22 (or xTPx, P is positive

definite) emerge as effective Lyapunov functions for scrutinizing the global stability
of fractional-order neural networks (3.13). The corresponding stability outcomes
are delineated in [257, 259]. These studies consistently provided conditions ensuring
the existence and uniqueness of steady states in fractional-order neural networks
(3.13) through the contraction mapping theorem. Subsequently, they derived global
stability conditions using the Lyapunov direct method.

Figure 3.9: Diverse Stability Analysis Methods Employed in Fractional-Order Neural
Networks.

3.4.2 Application of Fractional Neural Networks
Neural networks integrated with fractional calculus have been extensively employed in
various domains such as function approximation, chaos characterization, estimation,
global dissipativity, periodicity, and heat transfer modeling. Researchs have extended
across diverse fields including medicine, image processing, encryption, robotics, and be-
yond. This section the primary applications of fractional neural networks are explored,
comprising two main areas where fractional calculus plays a pivotal role.

Digital Image Processing

In the topic of digital imagery, which manifests in two-dimensional form, an array of
digital picture elements constitutes the visual landscape. To refine and manipulate this
visual data for a multitude of applications, digital image processing emerges as a requisite.
Figure 3.10 delineates the sequential procedures integral to image processing [260]. The
integration of fractional calculus with supplementary parameters introduces an additional
layer of flexibility to optimization processes. Consequently, fractional calculus assumes
a principle role across various stages of digital image manipulation. Within scholarly
literature, Fractional Neural Networks have emerged as formidable tools for an array of
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Figure 3.10: Image processing steps Gonzalez and Woods (2009).

image processing tasks, including but not limited to noise mitigation, image encryption,
and image refinement facilitated by diverse fractional derivatives.

Biomedical Engineering

In the study [261], a novel approach employing a deep-convolution long-short term mem-
ory network was developed to mitigate artifacts in EEG signals. To optimize weight
selection and updating processes, the researchers utilized a hybrid algorithm called Opti-
mum Cat Swarm Fractional Calculus Optimization, which integrates fractional calculus
with cat swarm optimization. This innovative algorithm harnesses the strengths of both
fractional calculus and cat swarm optimization to enhance the efficacy of artifact removal
in EEG signals.

Finance

In [262], a novel approach involving Neural Networks was introduced to model financial
systems. Leveraging the distinctive characteristics and adaptability of fractional order
differences, this method accommodated the inherent complexities of financial data. To
address the influence of noise disturbances on financial assets, a stochastic term was
incorporated into the model. Additionally, impulsive perturbations and a time delay
parameter were introduced to regulate the dynamic behavior of the model, with stability
analysis conducted using the fractional Lyapunov method.

Conventional forecasting methods often fall short in accurately predicting stock mar-
ket prices. However, in [263], a groundbreaking solution emerged. They proposed an
innovative approach that combines a Long Short-Term Memory network with fractional
calculus to forecast fluctuations in financial markets effectively. By integrating the Auto-
regressive Fractional Integrated Moving Average model with Long Short-Term Memory,
they developed a robust recurrent network capable of mitigating volatility and prevent-
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ing overfitting. Performance evaluation metrics such as mean absolute error, root mean
squared error, and mean absolute percentage error were utilized to assess the model’s
accuracy, revealing an impressive 80 percent improvement over traditional methods.

[264] introduced a synchronization scheme aimed at achieving design and antiphase
synchronization between two fractional order Cellular Neural Networks and the financial
system. Meanwhile, [265] proposed an innovative hybrid model that combines Princi-
pal Component Analysis with Artificial Neural Network techniques. By incorporating
fractional calculus, this model demonstrated remarkable efficacy in predicting stock mar-
ket indexes and foreign exchange rates. Furthermore, the utilization of ANN expedited
predictions, while the application of the wavelet transform ensured consistent frequency
tracking.

Controller

A controller plays a crucial role in ensuring stability and synchronization within Fractional-
order Artificial Neural Networks. Managing nonlinear systems also demands effective
controllers, and designing one for fractional-order systems presents a significant chal-
lenge. In the literature, various types of controllers have been proposed, among which
Sliding Mode Controller holds prominence.

Sliding Mode Controller stands out as a widely used controller for nonlinear systems
due to its ability to address two critical challenges: stability and robustness. It has found
applications in diverse fields such as robotic manipulators, process control, defense, and
power electronics. The structure and implementation of Sliding Mode Controller can be
tailored to the system dynamics, rendering it less sensitive to disturbances. Numerous
designs integrating neural networks with sliding mode controllers have been proposed
by researchers, leveraging the benefits of fractional calculus to enhance controller design
freedom and accuracy compared to integer-order systems.

Fractional-order Sliding Mode Controller, coupled with adaptation laws, has been
proposed to synchronize Fractional-order Neural Networks utilizing the Lyapunov theo-
rem. Fractional-order adaptation laws facilitate online system parameter estimation for
unknown parameters. Stable Fractional-order Neural Networks of the Hopfield type have
been developed using optimal discontinuous control techniques, leveraging properties and
theorems such as the Mittag-Leffler function for system stability. In various studies, Slid-
ing Mode Controlle have been effectively employed to achieve projective synchronization
of Fractional-order Neural Networks.

Furthermore, in the pursuit of Global Projective synchronization of two non-identical
Fractional-order Neural Networks within finite time, researchers have adopted a sliding
mode controller with fractional calculus. These studies demonstrate the properties of
global asymptotic stability over finite time and calculate the synchronization time re-
quired for achieving this objective.

System Identification

In [266] and [267], the fusion of Fractional Calculus and Neural Networks has been ex-
plored as a powerful tool for system identification. [266] introduced an algorithm com-
bining Least Mean Square with a newly developed variant to enhance the accuracy of
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nonlinear system identification, exemplified by the Van der Pol-Dung oscillator. They em-
ployed a Functional Link Artificial Neural Network filter to generate input samples with
varying time shifts and investigated the computational timing of different algorithms.

[267] proposed an Neural Networks learning algorithm based on G-L as a fractional
operator for system identification. They modified the Gradient Descent algorithm to
identify three distinct systems and compared the model’s performance in terms of Root
Mean Square Error and goodness of fit against other system identification models. Their
model requires fewer parameters and achieves higher accuracy.

[268] introduced a hybrid model of Radial Basis Function Neural Network and fractional-
order system for nonlinear dynamic system identification. The identification process
involves two stages: the first stage identifies the structural parameters of FOS in the
frequency domain, while the second stage computes the Radial Basis Function Neural
Network weights and fractional-order system parameters. Lyapunov stability theory is
employed to ensure system stability.

In [269], a novel Neural Network methodology for system identification is proposed,
utilizing optimal parameters to mitigate uncertainties between the real system and the
proposed model. A three-layered neuronal compensation scheme is employed to uncover
the relationship between derivative fractality and the Caputo fractional derivative.

3.4.3 Recent Advances in Different Fractional Neural Network
Models

In recent years, significant strides have been made in the development and exploration
of various fractional neural network models. These advancements have ushered in a new
era of research, pushing the boundaries of traditional neural network architectures. From
novel formulations to innovative applications, researchers have been actively engaged in
enhancing our understanding and leveraging the capabilities of fractional neural networks.

In [270], researchers delve into discrete fractional-order neural networks using a Fuzzy
Lyapunov synthesis approach, specifically applied to model heat transfer dynamics. Mov-
ing on to [271], a unique class of fractional-order neural networks is investigated, focusing
on α-exponential stability and introducing a novel fractional-order method for analyzing
network stability, including chaotic synchronization.

Moreover, [272] tackles fractional-order neural networks with delays, establishing con-
ditions for their uniform stability, while [273] explores finite-time stability using Caputo
fractional derivatives, Gronwall theorem, Laplace transforms, and Mittag-Leffler approx-
imation approaches.

In parallel, [274] scrutinizes fractional-order neural networks with delayed systems,
with a particular focus on finite-time stability and novel delay-dependent conditions.
Transitioning to [275], researchers analyze fractional-order neural networks based on
Riemann-Liouville with discrete and distributed delays, rigorously examining asymptotic
stability.

Expanding the scope, [276] contributes to stability analysis of fractional-order neu-
ral networks with and without delay using fractional approaches such as Lyapunov and
Razumikhin. Conversely, [277] zooms in on fractional-order neural networks with double
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leakage delays, conducting a thorough analysis of their stability and bifurcation, including
Hopf bifurcation.

Moving to [278], the paper tackles parameter synchronization and identification in
fractional-order neural networks with time delays, employing analytical techniques and
adaptive control methods. Furthermore, [279] investigates global projective synchroniza-
tion of fractional-order neural networks, utilizing a combination of open-loop and adaptive
control strategies.

In contrast, [280] focuses on non-identical fractional-order neural networks, employing
sliding mode control for global projective synchronization and considering uncertainty pa-
rameters for memristor-based neural networks with fractional-order multiple time-delays.

Delving into adaptive projective synchronization, [281] analyzes time-delayed fractional-
order neural networks, utilizing efficient hybrid control strategies. Transitioning, [282]
studies the synchronization dynamics of uncertain fractional-order neural networks with
disturbed parameters, introducing an adaptive synchronization controller based on the
fractional-order extension of the Lyapunov stability criterion.

In [283], Global Mittag-Leffler’s synchronization is investigated in fractional-order
neural networks with discontinuous activation functions, providing insights into studying
such networks and establishing requirements for asymptotic stability.

Continuing exploration, [284] delves into a class of neural networks with fractional-
order derivatives, introducing conditions based on Krasnoselskii’s fixed point theorem and
inequality techniques. In [285], researchers present LMI stability conditions for linear and
non-linear fractional-order systems, conducting a global stability analysis of fractional-
order neural networks.

Lastly, [286] focuses on the parameter estimation problem of fractional-order neural
networks, employing identification based on the synchronization method, introducing
parameter update laws, and adaptive control for simultaneous parameter identification
and synchronization.

Fractional-Order Hopfield Neural Networks

Depicted in Fig. 3.11, the design of the Hopfield network model integrates both linear and
nonlinear components, forming a network with a size denoted by N. In this architecture,
’Block A’ replicates the synaptic and nonlinear traits observed in biological neurons, while
’Block B’ specifically mimics the time-delay aspects intrinsic to biological neurons. The
equations governing the model, as outlined in [287], are expressed as follows:

Ai
dPi

dt
=

N∑
j=1

(
1

Rij

)
Vj − Pi

(
1

Ri0

+
N∑
j=1

1

Rij

)
+ Ii,

Pi =

(
1

κ

)
ϕ−1
i Vi,

(3.24)

here, Pi  represents the input of the operational amplifier at the i−th neuron, Vi signifies
the output of the operational amplifier at the i−th neuron, and κ denotes the learning
rate.
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The governing equations for the fractional-order manifestation of the Hopfield network
model, derived from Eqs. (3.24), are expressed as:

AiD
α =

N∑
j=1

(
1

Rij

)
Vj − Pi

(
1

Ri0

+
N∑
j=1

1

Rij

)
+ Ii,

Pi =

(
1

κ

)
ϕ−1
i Vi,

(3.25)

here, dαdtα represents the fractional-order derivative of order α ∈ (0, 1)
The exploration of Hopf bifurcation in Fractional-Order Neural Networks (FONNs)

began in 2011 [288]. Researchers introduced a new type of neural network model, called
the Fractional-Order Hopfield Neural Network, by modifying the standard capacitor in
Hopfield neural networks. They aimed to understand how changing the fractional order
affects the network’s behavior. In 2012, another study focused on stability in these
networks, looking at specific parameters that influence their behavior [289]. This research
revealed that as the fractional order increases, the dynamics of the networks become more
complex, sometimes leading to chaotic behavior.

Another study in 2012 proposed using a mathematical function called the Mittag-
Leffler function to synchronize certain types of chaotic neural networks, including the
Fractional-Order Hopfield Neural Network [290]. Around the same time, researchers
were exploring different dynamical behaviors in these networks, finding a wide range of
interesting phenomena. In 2014, researchers looked specifically at stability in Fractional-
Order Hopfield Neural Networks with time delays [291]. They introduced two new types
of network structures and derived conditions for when these networks remain stable.

In 2015, researchers investigated the existence of solutions and stability conditions
using a mathematical framework called Filippov solutions [292]. They found that under
certain conditions, the equilibrium points of the networks may not be unique. Then, in
2016, researchers developed a new method using linear matrix inequalities to analyze the
stability of these networks [293]. This method provided a comprehensive understanding of
how different factors influence the stability of Fractional-Order Hopfield Neural Networks.
Overall, these studies highlight the complex dynamics and stability of these networks,
shedding light on their behavior under different conditions.

Figure 3.11: Design of the Hopfield Network Model.
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Fractional-Order Cellular Neural Network

In Cellular Neural Networks, the cell serves as the fundamental building block, as depicted
in Fig. 3.12. It’s essential to note that each cell in a Cellular Neural Networks only
connects with its neighboring cells. The equations governing the dynamics of the circuit,
including input, state, and output equations, are detailed as follows [294]:

uij(t) = Eij,

C
dxij(t)

dt
= − 1

Rx
xij(t) +

∑
A(k,l)∈Nr(i,j)

D(i, j; k, )yk(t)

+
∑

A(k,)∈Nr(i,j)

B(i, j; k, )uk(t) + A(i, j; k, )xk(t) + I,

yij(t) =
1

2
(|xij(t) + 1| − |xij(t)− 1|),

(3.26)

here, A(i, j) denotes the cell at the i−th row and j−th column. The variables uij, xij,
and yij represent the input, state, and output voltages, respectively, of each neighboring
cell A(k, ). The voltage-controlled current sources are defined as:

Ixy(i, j; k, ) = D(i, j; k, )yk, (3.27)
Ixu(i, j; k, ) = B(i, j; k, )uk, (3.28)
Ixx(i, j; k, ) = A(i, j; k, )xk, (3.29)

In equations (3.27), (3.28), and (3.29), D, B, and A serve as coefficients, known as cloning
templates. The neighborhood Nr(i, j) of cell A(i, j) is defined as:

Nr(i, j) = {A(k, ) : max(|k − i| − | − j|) ≤ r}, (3.30)

From the depicted circuit in Fig. 2, the governing equations for the fractional-order form
of CNN are given by:

uij(t) = Eij,

CDαxij(t) = − 1

Rx
xij(t) +

∑
A(k,)∈Nr(i,j)

D(i, j; k, )yk(t),

+
∑

A(k,)∈Nr(i,j)

B(i, j; k, )uk(t) + A(i, j; k, )xk(t) + I

yij(t) =
1

2
(|xij(t) + 1| − |xij(t)− 1|),

(3.31)

here, Dα represents the fractional-order derivative of order α ∈ (0, 1).
In recent years, fractional-order cellular neural networks have seen notable advance-

ments, offering practical solutions through innovative techniques and learning algorithms.
For instance, in 2012, researchers introduced a fractional-order four-cell cellular neural
networks architecture aimed at enhancing the security of chaotic communication sys-
tems [295]. Building on this, subsequent studies in 2014 utilized the fractional Lyapunov
method and Mittag-Leffler functions to extend fractional-order cellular neural networks
to accommodate time-varying delays [296].

In 2018, fractional-order adaptive laws were applied to address multiple-time delays
and fractional-order linear delayed systems, paving the way for a deeper understanding
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of stability theory in controlling fractional-order cellular neural networks, regardless of
sector nonlinearities [297]. Advancements continued in 2020, where researchers explored
a fractional-order differential inequality with time delays, leveraging feedback control
to analyze the complex structure and robust synchronization of fractional-order cellular
neural networks under linear coupling delays [298].

Moving forward, in 2021, the contraction mapping principle was employed alongside
fractional-order cellular neural networks to investigate asymptotically w-periodic oscil-
lations in these networks [299]. By partitioning the system and exploring synchroniza-
tion and stability issues, researchers uncovered novel insights using simplified inequalities
with quadratic terms [300]. This approach, coupled with the development of Lyapunov-
Krasovskii functionals, promises to further enhance our understanding of fractional-order
cellular neural networks dynamics.

Figure 3.12: Structure of the Cellular Network Model.

Fractional-Order Memristor-Based Neural Networks

Memristors, remarkable electronic devices mimicking resistors while retaining charge
memory, have transformed intricate neuromorphic setups like cellular neural networks.
As nano solid-state switches, memristors mitigate memory and communication hurdles
associated with traditional CMOS technology.

Their non-volatile nature spurred the advent of memristor crossbar arrays, offering
dense, parallel computing useful in MVM, search tasks, and bitwise operations. Particu-
larly in cellular neural networks, memristors expedite neural network layers, mitigating
concerns regarding memory constraints and communication inefficiencies [301, 302].

In 2014, stability conditions were devised for memristor-based fractional-order neural
networks, probing dynamic behaviors, equilibrium uniqueness, and network synchroniza-
tion [303]. Progress in synchronization and stability criteria, along with global bounded-
ness, employed techniques like Gronwall inequality and Laplace transforms.

Advancements extended to attractivity, global boundedness, synchronization condi-
tions, and parameter uncertainty in memristor-based fractional-order neural networks.
Innovations in 2020 tackled synchronization challenges, introducing methods to counter
fixed-time synchronization, manage reaction-diffusion and time delay, and ensure Mittag-
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Leffler synchronization [311].

Furthermore, new theorems enhanced comprehension of fractional-order stability in
quaternion-valued systems. Utilizing techniques such as Filippov solutions, Laplace trans-
forms, Mittag-Leffler functions, and Generalized Gronwall inequality, insights into dy-
namic behaviors, stability, and passivity of memristor-based systems were gained, foster-
ing adaptability and reducing conservatism [312, 313].,

Fractional-Order Complex Valued Neural Networks

Exploring stability in fractional-order complex-valued neural networks has garnered at-
tention in recent years. In 2014, a groundbreaking study introduced a novel fractional-
order complex-valued neural network, leveraging fractional-order differential equations
to assess stability. This approach integrated memristor-based neural networks, offering
insights into network stability [314].

In parallel, another research initiative [315] delved into complex-valued recurrent neu-
ral networks, unveiling a model that identified appropriate activation functions for diverse
complex processes. This model, featuring continuous fractional-order complex-valued
neural networks with a time-delay algorithm, enriched the understanding of network
dynamics.

Moreover, a study in [316] investigated the dissipativity of neural networks incorporat-
ing time delays, employing a fractional-order complex-valued neural network framework.
This analysis utilized Lyapunov functions and fractional Halanay inequality, alongside
Caputo fractional-order differential equations. Such a holistic approach facilitated sta-
bility exploration in both linear and non-linear systems, extending its applicability to
economic systems.

3.5 Discrete Fractional-Order Neural Networks
In recent years, the study of Discrete Fractional Neural Networks has gained significant
traction due to their potential to model and understand complex real-world phenomena.
The motivation behind delving into Discrete Fractional Neural Networks lies in their
ability to capture the intricate dynamics and non-linear behaviors exhibited by various
systems in fields such as biology, physics, economics, and engineering.

At their core, Discrete Fractional Neural Networks are characterized by their discrete-
time nature, where system dynamics evolve in distinct time steps. This discrete formula-
tion enables the modeling of systems with inherent time lags and discrete events, making
Discrete Fractional Neural Networks particularly well-suited for capturing real-world phe-
nomena exhibiting temporal dependencies.

The mathematical representation of Discrete Fractional Neural Networks involves
formulating discrete-time dynamical equations that describe the evolution of the network
states over time. These equations often incorporate fractional-order operators such as:
Delta fractional-order operator, Nabla fractional-order operator and h-discrete fractional
operators, allowing for the modeling of memory and long-range dependencies inherent in
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many real-world systems.

One of the primary motivations for studying Discrete Fractional Neural Networks
is their capability to provide a more accurate representation of dynamic systems with
memory and long-range dependencies. Traditional neural networks often struggle to
capture such phenomena adequately, especially in systems where past states significantly
influence current behavior. Discrete Fractional Neural Networks , with their ability to
incorporate fractional-order dynamics, offer a promising avenue to address this limitation
by enabling the modeling of memory effects and complex temporal dependencies more
effectively.

Moreover, Discrete Fractional Neural Networks hold relevance in modeling real-world
phenomena due to their ability to simulate systems exhibiting chaotic behavior. Chaotic
systems are prevalent in nature and can be found in weather patterns, population dy-
namics, and financial markets, among others. Understanding and predicting the behavior
of chaotic systems is crucial for various applications, ranging from weather forecasting to
stock market analysis. Discrete Fractional Neural Networks provide a powerful tool for
modeling and analyzing chaotic systems, offering insights into their underlying dynamics
and aiding in prediction and control tasks.

Furthermore, Discrete Fractional Neural Networks offer practical applications in syn-
chronization phenomena observed in coupled systems. Synchronization plays a vital role
in various natural and artificial systems, including neuronal networks, power grids, and
communication networks. By studying Discrete Fractional Neural Networks, researchers
can gain insights into the mechanisms underlying synchronization phenomena and develop
techniques for controlling and optimizing synchronized behavior in complex systems.

3.5.1 Stability in Discrete Fractional-Order Neural Networks
In the topic of discrete fractional neural networks, issues like oscillation, divergence,
or instability often arise due to time lags. Moreover, dynamic systems grapple with
stability challenges. Examining the existence, uniqueness, and global asymptotic stability
of equilibrium points stands as a focal point in nonlinear circuit theory. A discrete
fractional neural networks with global asymptotic stability ensures the computation of the
global optimal solution, regardless of initial conditions, mitigating the risk of erroneous
suboptimal responses. However, the presence of multiple stable equilibrium points poses
a drawback, potentially leading to inaccurate suboptimal outcomes. To mitigate such
risks and ensure convergence towards the global optimum solution, a singular globally
asymptotically stable equilibrium point is imperative.

Extensive literature explores stability analysis for discrete fractional neural networks,
particularly considering time lags and fractional-order-based neural networks. This sec-
tion presents research on stability in discrete fractional neural networks. Various stabil-
ity methodologies, including the discrete fractional Lyapunov method, Razumikhin-type
theorem, Barbalat lemma, Matrix measure approach, extended impulsive difference in-
equality, Cauchy–Schiwartz inequality, and others, are employed to achieve stability in
discrete fractional neural networks.

These stability methodologies are applied across different types of neural networks,
employing various fractional order differences. Most analyses utilize Caputo, R-L, and G-
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L differences in fractional orders. The stability achieved in these diverse types of discrete
fractional neural networks may be robust, globally robust, asymptotic, uniform, expo-
nential, finite-time, or Mittag-Leffler. The methodologies employed to attain stability in
discrete fractional neural networks are elucidated as follows:

Stability via Mittag–Leffler Functions

Upon reviewing the literature, it becomes apparent that the combination of Mittag–
Leffler functions (either one or two-sided) and various inequality theorems or properties,
such as the discrete fractional Lyapunov method, can effectively ensure stability. As
demonstrated in [317], Mittag–Leffler stability exhibits faster convergence compared to
exponential stability, particularly near the origin.

Uniform Stability

The concept of uniform stability for discrete fractional-order complex valued neural net-
works has been proposed in [318]. This study explores two distinct forms of activation
functions and leverages the Banach fixed point theorem to establish stability for neural
networks.

Asymptotic Stability

Asymptotic stability indicates that solutions starting sufficiently close to the equilibrium
not only remain proximate but also eventually converge to the equilibrium, as outlined
in [319].

Stability within Finite Time

[320] introduce finite-time stability, characterized by faster convergence, enhanced ro-
bustness, and effective disturbance rejection properties.

Exponential Stability

[321] propose a novel fractional-order difference inequality, enabling the attainment of
exponential stability. The convergence rate of the network is determined by the order of
the differential equation.

3.5.2 Chaos in Discrete Fractional-Order Neural Networks
Chaos in discrete fractional neural networks often manifests as complex, irregular behav-
ior in the network dynamics, challenging conventional methods of analysis. Numerical
methods play a pivotal role in detecting and understanding chaos in discrete fractional
neural networks, offering insights into the underlying dynamics and system behavior.

Lyapunov exponents, a fundamental tool in chaos theory, provide a quantitative mea-
sure of the divergence of nearby trajectories in the network phase space. By calculating
the Lyapunov exponents of discrete fractional neural networks, researchers can assess the
system’s sensitivity to initial conditions and identify regions of chaotic behavior.

Bifurcation diagrams offer another powerful technique for characterizing chaos in
discrete fractional neural networks. These diagrams visualize changes in the network
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dynamics as system parameters are varied, revealing the emergence of complex behavior
such as periodic orbits, bifurcations, and chaotic attractors. By systematically analyzing
bifurcation diagrams, researchers can elucidate the underlying mechanisms driving chaos
in discrete fractional neural networks and gain insights into the system’s behavior across
different parameter regimes.

Combining these numerical methods enables a comprehensive understanding of chaos
in discrete fractional neural networks. Lyapunov exponents provide quantitative measures
of chaos, while bifurcation diagrams offer qualitative insights into the system’s behavior.
Together, these tools facilitate the identification and characterization of chaos in discrete
fractional neural networks, paving the way for further exploration and application in
various domains.

3.5.3 Synchronization in Discrete Fractional-Order Neural Net-
works

Synchronization in neural networks refers to the phenomenon where individual neurons
or groups of neurons exhibit coordinated behavior over time. It signifies the emergence of
ordered patterns of activity, characterized by the alignment of phase or frequency among
network components. Synchronization is of paramount importance in neural systems as it
underlies essential cognitive functions such as information processing, memory formation,
and sensory perception. Moreover, synchronization facilitates communication and signal
propagation within the brain, enabling efficient coordination of neuronal activity across
different brain regions.

Achieving synchronization in discrete fractional neural networks involves employing
various techniques to ensure coordinated behavior among network elements. Adaptive
control techniques offer a dynamic approach to synchronization by continuously adjust-
ing network parameters in response to changing conditions. These techniques leverage
feedback mechanisms to regulate the network’s dynamics and promote synchronization
among interconnected neurons. By adapting to external stimuli and internal states,
adaptive control techniques enable discrete fractional neural networks to maintain stable
synchronization in the presence of disturbances or uncertainties.

Feedback techniques, on the other hand, utilize the information from network states
to modulate the strength of connections or adjust the network’s structure to promote
synchronization. By providing feedback signals based on the deviation from desired
synchronization patterns, these techniques enable discrete fractional neural networks to
self-organize and achieve desired coordination among neurons. Feedback mechanisms
play a crucial role in regulating network dynamics and ensuring robust synchronization
in discrete fractional neural networks under varying conditions.

These synchronization techniques have been applied across various types of discrete
fractional-order neural networks. Notably, the majority of research endeavors have fo-
cused on discrete Caputo and R-L-based fractional defference neural networks. Syn-
chronization achievements in these discrete fractional neural networks encompass quasi,
asymptotic, Mittag-Leffler, finite-time, exponential, and projective synchronization. Sev-
eral methods for achieving synchronization of discrete fractional neural networks are
delineated as follows:
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Projective Synchronization

Projective synchronization facilitates rapid communication and possesses a proportional
characteristic, making it a favored method over others ([322]).

Global Mittag-Leffler Synchronization

Utilizing the global Mittag-Leffler function contributes to achieving synchronization in
discrete fractional neural networks ([323][324]).

Adaptive Synchronization

discrete fractional neural networks adaptive synchronization is achieved through adaptive
and feedback control mechanisms ([325]).

Exponential Synchronization

[326] achieve exponential synchronization of discrete fractional-order memristive neural
networks incorporating time delay. An exponential function is employed to study the
fractional-order difference system, considering various cases post-impulsive effects imple-
mentation.

Global Synchronization

[327] implement two types of output feedback controllers to achieve Global synchroniza-
tion of discrete fractional-order neural networks.

Chaos Synchronization

When a chaotic system generates a signal, that signal cannot be synchronized with an-
other system. [328] determine the chaos synchronization of discrete fractional-order neural
networks.

3.6 Conclusion
This chapter offers a comprehensive overview of modeling systems integrating fractional
neural networks, exploring their challenges, issues, and applications across diverse do-
mains. It outlines various equations utilized for computing fractional derivatives and dif-
ferences within different types of fractional-order neural networks and discrete fractional-
order neural networks. Fractional derivatives and differences emerge as potent tools for
capturing the memory and hereditary characteristics of processes, enhancing the accuracy
of systems employing fractional-order neural networks compared to their integer-order
counterparts.

In the quest for stability criteria for fractional-order neural networks and discrete
fractional-order neural networks, the chapter conducts a thorough examination of various
methodologies, encompassing the fixed-point theorem, fractional-order differential equa-
tions theory, the Lyapunov direct method, and the linear matrix inequality approach. Ad-
ditionally, it synthesizes several synchronization criteria, such as the fractional Lyapunov
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method, Mittag-Leffler function, matrix eigenvalue theory. Furthermore, it explores the
utilization of controllers like sliding mode control, among others.

The chapter further delves into reviews on the hardware implementations of fractional-
order neural networks and their diverse application areas. Overall, the chapter under-
scores the community’s dedication to advancing the field of fractional calculus and discrete
fractional calculus theory within neural networks, fostering the development of efficient
and accurate systems leveraging optimal resources.



Part II

Applications



Chapter 4

Asymptotic Behavior in Discrete
Fractional and Variable-Order
Neural Networks

4.1 Introduction
Fractional calculus, a powerful extension of traditional calculus, enables the modeling
and control of systems with complex dynamics, self-similarity, and inverse power law
behavior, transcending various domains from physics to economics [329, 330, 331, 332,
333]. While fractional-order continuous systems have been extensively studied, their
discrete counterparts have received less attention despite their increasing significance in
recent years [334, 335]. Notably, discrete fractional calculus introduces challenges and
opportunities distinct from its continuous counterpart [336, 337, 340]. Stability analyses
for discrete fractional systems, including neural networks, have been explored, albeit with
a focus primarily on commensurate systems [341, 342, 344, 345]. However, the stability of
systems with incommensurate orders remains relatively uncharted territory, highlighting
a gap in existing literature [346, 347, 348].

The stability assessment of discrete fractional neural networks, crucial for their prac-
tical applicability, has predominantly revolved around commensurate systems [348, 349,
350]. In contrast, incommensurate systems, where the orders of neurons vary, offer a
more realistic representation of neural dynamics but pose unique challenges in stability
analysis. Despite advancements in stability analysis methodologies for commensurate
systems, such as Lyapunov methods and Mittag-Leffler stability, these approaches are
not directly applicable to incommensurate systems [351, 352, 353]. Consequently, there
is a pressing need for tailored stability analysis techniques for incommensurate discrete
fractional neural networks, addressing the complexities arising from variable orders and
non-commensurability.

This chapter addresses this gap by introducing novel stability criteria and compar-
ison theorems tailored for incommensurate discrete fractional systems. Specifically, we
propose a fractional difference comparison theorem employing the Caputo nabla def-
inition with incommensurate fractional orders, establishing stability criteria for non-
commensurate Caputo nabla fractional-order systems. Furthermore, we present a sta-
bility criterion for incommensurate systems with variable orders, extending our analysis
to discrete incommensurate fractional-order neural networks. The contributions of this
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paper include: Introduction of a novel fractional difference comparison theorem employ-
ing the Caputo nabla definition with incommensurate fractional orders. Establishment of
stability criteria for commensurate and non-commensurate Caputo nabla fractional-order
systems and incommensurate systems with variable order. Application of these stability
results to discrete incommensurate fractional-order neural networks.

4.2 Asymptotic Stability of Commensurate Discrete
Fractional-Order Neural Networks

In this part we investigate the stability conditions unique to commensurate discrete
fractional-order neural networks, employing specialized techniques to assess their asymp-
totic stability.
We commence this section by presenting essential results derived from our investigation
into key inequalities related to discrete fractional calculus. These foundational results are
crucial for understanding the theoretical framework that underpins our stability analysis.

Theorem 4.1. Let −1 < κ < 0, then hEα(κ, t) is monotinically decreasing and 0 <

hEα(κ, t) ≤ 1 for t ∈ N0,h.

Proof. As per the definition of the discrete Mittag-Leffler function with nabla-h, when
t = 0

hEα(κ, 0) = 1 +
∞∑
k=1

κk
tkαh

Γ(αk + 1)
= 1 > 0.

When t = 1, we aim to demonstrate that for h > 0 and −1 < κ < 0, hEα(κ, 1) >
0. Assuming the opposite, let’s suppose that when t = 1, h > 0, and −1 < κ < 0,
hEα(κ, 1) ≤ 0. For h = 1:

hEα(κ, 1) =
∞∑
k=0

κk =
1

1− κ
> 0

For −1 < κ < 0, when t ∈ N2,h, leveraging the relationship between the Beta function

and the Gamma function B(p, q) =
Γ(p)Γ(q)

Γ(p+ q)
, we can obtain:

hEα(κ, t) =
∞∑
k=0

κk
tkαh

Γ (αk + 1)
=

∞∑
k=0

κkhkα
Γ

(
t

h
+ kα

)
Γ

(
t

h

)
Γ (αk + 1)

,

=
∞∑
k=0

κkhkα
Γ

(
t

h
− 1 + kα + 1

)
(
t

h
− 1

)
Γ

(
t

h
− 1

)
Γ (αk + 1)

,

=
∞∑
k=0

κkhkα(
t

h
− 1

)
B

(
t

h
− 1, αk + 1

) .
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The Stirling’s formula asserts that for a fixed value of q and sufficiently large p, the
asymptotic relationship B(p, q) − Γ(q)p−q holds true. This formula is invaluable in ap-
proximating the behavior of the Beta function for large values of its parameters, aiding
in various mathematical analyses and computations. Hence,

∞∑
k=0

κkhkα(
t

h
− 1

)
B

(
t

h
− 1, αk + 1

) ∼
∞∑
k=0

[
κhα

(
t

h
− 1

)α]k
Γ(αk + 1)

, t− 1 → +∞.

It’s evident that the approximation results align with the continuous-time findings of the
Mittag-Leffler function. Specifically, when 0 < α < 1 , we have the following expression:

hEα(t) =
∞∑
k=0

(−tα)k

Γ (αk + 1)
∼ t−α

Γ(1− α)
,

for 0 < α < 1, 0 < κ < 1 and as t− h→ +∞ we obtain

hEα(κ, t) ∼ − (t− h)−α

κΓ(1− α)
,

so hEα(κ, t) > 0 for t ∈ N2,h.
Drawing from the aforementioned analysis, we can conclude that:hEα(κ, t) > 0 for
t ∈ N0,h, 0 < κ ≤ 1, 0 < α ≤ 1 and h > 0. Expanding upon the aforementioned
analysis, it becomes evident that: hEα,α(κ, t) > 0.
To establish the monotonicity of hEα(κ, t) as a decreasing function, it suffices to demon-
strate that ∇h,hEα(κ, t) ≤ 0. Referring to (1.32), we derive the following:

∇h hEα(κ, t) =
hEα(κ, t)− hEα(κ, t− h)

h
,

=

∑∞
k=0 κ

k tkαh
Γ(αk + 1)

−
∑∞

k=0 κ
k (t− h)kαh
Γ(αk + 1)

h
,

=
∞∑
k=0

κk

Γ(αk + 1)
∇ht

kα
h ,

=
∞∑
k=0

κk

Γ(αk + 1)
kαtkα−1

h ,

=
∞∑
k=1

κk

Γ(αk)
tα−1
h ,

=
∞∑
k=0

κ(k+1)

Γ(α(k + 1))
t
(k+1)α−1
h ,

= κ hEα,α(κ, t) < 0.

Hence, we conclude that 0 < hEα(κ, t) ≤ hEα(κ, 0) = 1 for t ∈ N0,h and 0 < κ ≤ 1.
This completes the proof.
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Consider the nonhomogeneous equation represented by:{
C
a ∇α

hx(t) = wx(t) + βf(t, x(t)),

x(a) = xa,
(4.1)

where w, c are constants,|w| < α, 0 < α ≤ 1, t ∈ Na,h and g a continous function on
C(Na,h,R).
In the following, we’ll assume a = 0.
Lemme 4.1. The exact solution for problem (4.1) is given by

x(t) = hEα(w, t− a)xa + hβ

t
h∑

k= a
h
+1

h;Eα,α(w, t− ρ(kh))f(x(kh)). (4.2)

Proof. By applying the Laplace transform to both sides of equation (4.1), we get:

Na,h[
C
a ∇α

hx(t)](s) = wNa,h[x(t)](s) + βNa,h[f(t, x(t))](s),

it is clear that

sαNa,h[x(t)](s)− sα−1xa = wNa,h[x(t)](s) + βNa,h[f(t, x(t))](s),

then, we have

Na,h[x(t)](s) =
sα−1

sα − w
xa +

β

sα − w
Na,h[f(t, x(t))](s). (4.3)

By performing the Laplace inverse transform on both sides, and referencing equations
(1.176), (1.177), and (1.182), we obtain the following results:

x(t) = hEα(w, t− a)xa + hβ

t
h∑

k= a
h
+1

hEα,α(w, t− ρ(kh))f(x(kh)), (4.4)

that is the expression for the Caputo nonhomogeneous difference equation (4.1). In fact,
applying the Laplace transform to both sides of (4.4) yields the following result:

Na,h[x(t)](s) = Na,h[ hEα(w, t− a)xa](s) +Na,h[hβ

t
h∑

k= a
h
+1

hEα,α(w, t− ρ(kh))f(x(kh))](s),

=
sα−1

sα − w
xa +

β

sα − w
Na,h[f(t, x(t))](s).

Through this process, we consequently arrive at the right-hand side of equation (4.3).
Lemme 4.2. Let x : Na,h → R denote a function defined on the discrete set Na,h and
x(t) be the solution that satisfies the following inequality:

x(t) ≤ hEα(w, t− a)xa + hβ

t
h∑

k= a
h
+1

hEα,α(w, t− ρ(kh))x(kh).

then
x(t) ≤ xa hEα(w + β, t− a), (4.5)

where |w| < v and |w + c| < v.
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Proof. Suppose K : Na,h → R+ is a function defined on the discrete set Na,h, where R+

denotes the set of positive real numbers. Let us further consider

x(t) = hEα(w, t− a)xa + hβ

t
h∑

k= a
h
+1

hEα,α(w, t− ρ(kh))x(kh)−K(t).

Upon applying the Laplace transform to both sides of the equation and subsequently
utilizing convolution, we obtain

Na,h[x(t)](s) =
sα−1

sα − w
xa +

β

sα − w
Na,h[x(t)](s)−Na,h[K(t)](s),

Na,h[x(t)](s) =
sα−1

sα − w − β
xa −Na,h[K(t)](s)− β

sα − w − β
Na,h[g(t)](s).

Now, by employing the inverse Laplace transform, it follows that

x(t) = xa hEα(w + β, t− a)− hβ

t
h∑

k= a
h
+1

hEα,α(w + β, t− ρ(kh))K(kh)− g(t).

Given that g(t) and hEα,α(w+ β, t− a) are both positive functions, we can establish the
following inequality:

−hc
t
h∑

k= a
h
+1

hEα,α(w + β, t− ρ(kh))K(kh)−K(t) ≤ 0,

hence,
x(t) ≤ xa hEα(w + β, t− a).

This inequality completes the proof.

4.2.1 Mittag-Leffler Stability Analysis of Discrete Fractional
Neural Networks

Now, we delve into the Mittag-Leffler stability analysis of fractional discrete neural net-
works. By examining the stability properties of these networks using the Mittag-Leffler
function, we aim to provide a comprehensive understanding of their dynamic behavior.
We propose a novel class of neural networks designed for fractional discrete-time systems.

C
a ∇α

hx(t) = −Bx(t) +Dg(t, x(t)). (4.6)

In the context of our proposed fractional discrete-time neural networks, the state vector
x(t) = (x1(t), x2(t), ..., xn(t))

T ∈ Rn comprises the individual components of the system’s
state. The matrix B = diag(b1, b2, ..., bn) ∈ Rn×n denotes the self-feedback connection
weight matrix, with bi > 0 for each i. Additionally, D = (dij)n×n ∈ Rn×n represents
the connection weight matrix governing interactions between different components of the
state vector.
The activation function g(x(t)) = (g1(x(t)), g2(x(t)), ..., gn(x(t)))

T : C(Na,h → Rn) maps
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the state vector to its corresponding output vector. Here, C(Na,h → Rn) denotes the
space of continuous functions mapping the discrete set Na,h to Rn.
Next, we present the exact solution of the system described by Equation (4.6). By solving
this system analytically, we gain deeper insights into the behavior and properties of the
fractional discrete neural networks under consideration.
Theorem 4.2. Equation (4.6) is equivalent to the fractional sum equation

x(t) = hEα(−B, t− a)xa + h

t
h∑

k= a
h
+1

hEα,α(−B, t− ρ(kh))Dg(x(kh)), t ∈ Na,h, (4.7)

where

hEα(−B, t− a) =

 hEα(−b1, t− a) ... 0

0 ... hEα(−bn, t− a)

 ,
and 0 < bi < α, i = {1, ..., n}
Proof. The system described by Equation (4.6) is equivalent to

C
a ∇α

hx1(t) = −b1x1(t) +
n∑

j=1

d1jgj(t, xj(t)),

C
a ∇α

hx2(t) = −b2x2(t) +
n∑

j=1

d2jgj(t, xj(t)),

...

C
a ∇α

hxn(t) = −bnxn(t) +
n∑

j=1

dnjgj(t, xj(t)).

Utilizing Equation (4.5) and for t ∈ Na,h, we can demonstrate that this system is equiv-
alent to

x1(t) = hEα(−b1, t− a)x1(a) + h

t
h∑

k= a
h
+1

hEα,α(−b1, t− ρ(kh))
n∑

j=1

d1jgj(kh, xj(kh)),

x2(t) = hEα(−b1, t− a)x2(a) + h

t
h∑

k= a
h
+1

hEα,α(−b2, t− ρ(kh))
n∑

j=1

d2jgj(kh, xj(kh)),

...

xn(t) = hEα(−bn, t− a)x1(a) + h

t
h∑

k= a
h
+1

hEα,α(−bn, t− ρ(kh))
n∑

j=1

dnjgj(kh, xj(kh)).

This equivalence can be expressed as

x(t) =


hEα(−b1, t− a) ... 0

0 ... hEα(−bn, t− a)

 x(a)

+h

t
h∑

k= a
h
+1


hEα,α(−b1, t− ρ(kh)) ... 0

0 ... hEα,α(−bn, t− ρ(kh))

Dg(x(kh)).
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This step concludes the proof.

Now, we proceed by introducing the following assumptions:

(H1) For every t belonging to Na,h, g(t, x) denotes a continuous function with respect to
x, and there exists a positive constant from R+ such that the following inequality
holds:

∥g(t, x)− g(t, y)∥ ≤ ∥x− y∥

for all x, y in C(Na,h,Rn).

(H2) For every t in Na,h, there exists a positive constant γ less than 1, satisfying the
condition:

h

t
h∑

k= a
h
+1

hEα,α(−B, t− ρ(kh))∥D∥ < γ.

Theorem 4.3. Under the assumptions (H1) and (H2), it can be concluded that system
(4.6) possesses a unique solution.

Proof. Define the space

Cm = {x, x ∈ C(Na,h,Rn), lim
t→+∞

x(t) = 0}, ∥x(t)∥ ≤ m}

We assume that ∥xa∥ ≤ δ, γ = max
i=1,...,n

n∑
j=1

|dij|

we define the operator Q : Cm → Cm

Qx(t) = hEα(−B, t− a)xa + h

t
h∑

k= a
h
+1

hEα,α(−B, t− ρ(kh))Dg(x(kh)).

It is evident that Q is well-defined on Cm. Indeed,
if δ

1− γ
< m and ∥x(t)∥ ≤ m, then it follows that ∥Qx(t)∥ ≤ m.

∥Qx(t)∥ ≤ hEα(−B, t− a)∥xa∥+ ∥h
t
h∑

k= a
h
+1

hEα,α(−B, t− ρ(kh))Dg((x(kh))∥,

≤ hEα(−B, t− a)∥xa∥+ h∥D∥
t
h∑

k= a
h
+1

hEα,α(−B, t− ρ(kh))∥(x(t)∥,

≤ δ + γm ≤ m.

Furthermore, by utilizing Lemma 4.2 and the properties of the h-discrete Mittag-Leffler
function, we can deduce that lim

t→+∞
Qx(t) = 0 as both hEα(−B, t−a) and hEα,α(−B, t−a)

are positive, non-increasing functions.
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Finally, considering two arbitrary solutions x(t) and y(t) of (4.6), we obtain

∥Qx(t)−Qy(t)∥ = ∥h
t
h∑

k= a
h
+1

hEα,α(−B, t− ρ(kh))D[g(x(kh))− g(y(kh))]∥,

≤ h

t
h∑

k= a
h
+1

hEα,α(−B, t− ρ(kh))∥D∥∥x(t)− y(t)∥,

< γ∥x(t)− y(t)∥,
< ∥x(t)− y(t)∥.

Q is a contraction mapping. By the Banach fixed-point theorem, Q possesses a unique
fixed point x(t) in Cm, which also serves as the unique solution of (4.6). Furthermore,
lim

t→+∞
x(t) = 0 implies that the zero solution is attractive.

Theorem 4.4. If assumptions (H1) and (H2) hold, and if −α < v+ lγ < 0, then system
(4.6) exhibits Mittag-Leffler stability, where v = max

i=1,...,n
{−bi}.

Proof. From the summation equation, we derive:

|xi(t)| = | hEα(−bi, t− a)xi(a) + h

t
h∑

k= a
h
+1

hEα,α(−bi, t− ρ(kh))
n∑

j=1

dijhi(xj(kh))|,

≤ |xi(a)| hEα(−bi, t− a) + h
n∑

j=1

|dij|
t
h∑

k= a
h
+1

hEα,α(−bi, t− ρ(kh))|xj(kh)|,

≤ |xi(a)| hEα(v, t− a) + hγ

t
h∑

k= a
h
+1

hEα,α(v, t− ρ(kh))|xj(kh)|.

By utilizing (4.5) and applying the norm operator to both sides of the inequality, we
obtain:

∥x(t)∥ ≤ ∥xa∥ hEα(v, t− a) + hγ

t
h∑

k= a
h
+1

hEα,α(v, t− ρ(kh))∥x(t)∥,

≤ ∥xa∥ hEα(v + γ, t− a).

Given that −α < v+lγ < 0 the neural network described by (4.6) exhibits Mittag-Leffler
stability.

4.2.2 Stability Analysis of Multiple-Order Discrete Fractional
Neural Networks

We conduct a comprehensive examination of the multiple-order discrete-time fractional
neural networks, detailing their structure, behavior, and underlying mathematical for-
mulations. These networks are defined by the following equations:

C
tk
∇αk

h x(t) = −Bx(t) +Dg(t, x(t)), t ∈ {tkl + h, ..., t(k+1)l}, (4.8)
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where 0 < αk ≤ 1, k = 0, ...,m− 1, m is the number of the intervals.
This expression can be simplified as:

C
t0
∇α0

h x(t) = −Bx(t) +Dg(t, x(t)), t ∈ {t0 + h, ..., tl},
C
tl
∇α1

h x(t) = −Bx(t) +Dg(t, x(t)), t ∈ {tl + h, ..., t2l},
...
C
t(m−1)l

∇α(m−1)

h x(t) = −Bx(t) +Dg(t, x(t)), t ∈ {t(m−1)l + h, ..., tml}.

Theorem 4.5. Under asumptions (H1), (H2), if α < v + lγ < 0 then system (4.8) is
asymptoticly stable, where α = min

k=0,...,m−1
{αk}

Proof. Equation (4.8) can be represented as:

x(t) = hEα0(−B, t− t0)xt0 + h

t
h∑

k=
t0
h
+1

hEα0,α0(−B, t− ρ(kh))Dg(x(kh)), t ∈ {t0 + h, ..., tl},

x(t) = hEα1(−B, t− tl)xtl + h

t
h∑

k=
tl
h
+1

hEα1,α1(−B, t− ρ(kh))Dg(x(kh)), t ∈ {tl + h, ..., t2l},

...

x(t) = hEαm−1(−B, t− t(m−1)l)xt(m−1)l
+ h

t
h∑

k=
t(m−1)l

h
+1

hEαm−1,αm−1(−B, t− ρ(kh))Dg(x(kh)),

t ∈ {t(m−1)l + h, ..., tml}.

Utilizing (4.5), it ensues:



∥x(t)∥ ≤ ∥xt0∥ hEα0(v + lγ, t− t0), with − α0 < v + lγ < 0 and t ∈ {t0 + h, ..., tl},
∥x(t)∥ ≤ ∥xtl∥ hEα1(v + lγ, t− tl), with − α1 < v + lγ < 0 and t ∈ {tl + h, ..., t2l},
...

∥x(t)∥ ≤ ∥xt(m−1)l
∥ hEαm−1(v + lγ, t− t(m−1)l), with − αm−1 < v + lγ < 0

and t ∈ {t(m−1)l + h, ..., tml}.

x(t) achieves asymptotic stability over the interval t0 + h, ..., tml if and only if α < v+lγ <
0, where α is chosen as the minimum among αk

m−1
k=0 . In this scenario, we have:

∥x(tl)∥ ≤ ∥xt0∥ hEα0(v + lγ, tl − t0),

∥x(t2l)∥ ≤ ∥xtl∥ hEα1(v + lγ, t2l − tl),

...

∥x(t)∥ ≤ ∥xt(m−1)l
∥ hEαm−1(v + lγ, t− t(m−1)l).

Therefore, we obtain:

∥x(t)∥ ≤ m(x(t0)) hEαm−1(v + lγ, t− t(m−1)l),

where

m(x(t0)) = ∥xt0∥
m−2∏
k=0

hEαk
(v + lγ, t(k+1)l − tkl)

where m(x(t0)) > 0, m(0) = 0, and given that the Mittag-Leffler function is positive.
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4.2.3 Numerical Examples
We demonstrate the practical application of stability theory in the context of fractional
discrete-time neural networks through the detailed examination of the following illustra-
tive examples.

Example 4.1. Let’s examine the following neural networks operating in the domain of
fractional discrete time.

C
a ∇α

hx1(t) = −b1x1(t) + d11 sin(x1(t)) + d12 sin(x2(t)) + d13 sin(x3(t)),
C
a ∇α

hx2(t) = −b2x2(t) + d21 sin(x1(t)) + d22 sin(x2(t)) + d23 sin(x3(t)),
C
a ∇α

hx3(t) = −b3x3(t) + d31 sin(x1(t)) + d32 sin(x2(t)) + d33 sin(x3(t)).
(4.9)

Below, we present the numerical formula for the solution of equation (4.9):

x(i) = x0 +
hα

Γ(α)

i∑
j=a+1

Γ(i− j + α)

Γ(i− j + 1)
(−Bx(j) +D sin(x(j))) .

We employ the parameters outlined below:

B =

0.8 0 0
0 0.8 0
0 0 0.8

 , D =

0.1 − 0.3 0.15
−0.2 0.5 − 0.1
0.25 0.15 0.3

 , x(0) =

11
1

 , α = 0.7, h = 0.9.

We can verify that these parameters satisfy assumptions (H1) and (H2), as well as the
conditions outlined in Theorem 4.3 and Theorem 4.7. Figure 6.5 provides a visual repre-
sentation of the behavior of x1(t) and x2(t) over time. It can be observed that both tend
to zero as t approaches positive infinity, indicating asymptotic stability of the solution.
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Figure 4.1: Numerical solution of neural networks (4.9).

Example 4.2. We suggest the following variable-order fractional discrete-time neural
networks: {

C
tkl
∇αk

h x1(t) = −b1x(t) + d11 tanh(x1(t)) + d12 tanh(x2(t)),
C
tkl
∇αk

h x2(t) = −b2x(t) + d21 tanh(x1(t)) + d22 tanh(x2(t)).
(4.10)
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Let’s define the parameters as follows:b1 = 0.95, b2 = 0.95, d11 = 0.2, d12 = 0.4, d21 =
−0.1, d22 = 0.5, m = 6, k = {0, 1, 2, 3, 4, 5} and x1(0) = 1, x2(0) = −1.
case 1. we consider

(α0, α1, α2, α3, α4, α5) = (0.7, 0.65, 0.6, 0.55, 0.5, 0.45), h = 1.5 and t ∈ [0, 150]
case 2. we have

(α0, α1, α2, α3, α4, α5) = (0.56, 0.51, 0.46, 0.41, 0.36, 0.31), h = 0.8 and t ∈ [0, 60].

The numerical solution to equation (4.10) can be expressed as:



x1(i) = x0 +
hα0

Γ(α0)

i∑
j=1

Γ(i− j + α0)

Γ(i− j + 1)
(−b1x(j) + d11 tanh(x1(j)) + d12 tanh(x2(j))) ,

x2(i) = x0 +
hα0

Γ(α0)

i∑
j=1

Γ(i− j + α0)

Γ(i− j + 1)
(−b2x(j) + d21 tanh(x1(j)) + d22 tanh(x2(j))) ,

i = {0, 1, ..., l},

x1(i) = x(l) +
hα1

Γ(α1)

i∑
j=l+1

Γ(i− j + α1)

Γ(i− j + 1)
(−b1x(j) + d11 tanh(x1(j)) + d12 tanh(x2(j))) ,

x2(i) = x(l) +
hα1

Γ(α1)

i∑
j=l+1

Γ(i− j + α1)

Γ(i− j + 1)
(−b2x(j) + d21 tanh(x1(j)) + d22 tanh(x2(j))) ,

i = {l + 1, l + 2, ..., 2l},
...

x1(i) = x((m− 1)l) +
hαm−1

Γ(αm−1)

i∑
j=(m−1)l+1

Γ(i− j + αm−1)

Γ(i− j + 1)
(−b1x(j) + d11 tanh(x1(j)),

+d12 tanh(x2(j)),

x2(i) = x((m− 1)l) +
hαm−1

Γ(αm−1)

i∑
j=(m−1)l+1

Γ(i− j + αm−1)

Γ(i− j + 1)
(−b2x(j) + d21 tanh(x1(j)),

+d22 tanh(x2(j)) i = {(m− 1)l + 1, (m− 1)l + 2, ...,ml}.

The stability of system (4.10) is ensured as the parameters satisfy the required as-
sumptions and conditions. The asymptotic stability of the variable-order neural network
is demonstrated in Figure 4.2 and Figure 4.3.
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Figure 4.2: Numerical solution of variable-order Neural network (4.10) case 1.

0 10 20 30 40 50 60

t

-1

-0.5

0

0.5

1

x 1
(t

)

0 10 20 30 40 50 60

t

-1

-0.5

0

0.5

1

x 2
(t

)

α
0
=0.56 α

1
=0.51 α

2
=0.46 α

3
=0.41 α

4
=0.36 α

5
=0.51

Figure 4.3: Numerical solution of variable-order Neural network (4.10) case 2.

4.3 Asymptotic Stability of Incommensurate Discrete
Fractional-order Neural Networks

In this subsection, we investigate the stability criteria pertinent to incommensurate dis-
crete fractional-order neural networks, utilizing techniques to evaluate their asymptotic
stability. Our investigation begins with the exposition of crucial stability results for a
general nonlinear incommensurate discrete fractional-order system. These foundational
results will subsequently be applied to the neural network model under consideration,
providing a robust framework for analyzing its stability.

4.3.1 General Discrete Fractional Model
Let’s take a closer look at the initial value problem involving incommensurate order:

C∇αx(t) = f(t, x(t)), x(0) = x0, (4.11)
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where x(t) = (x1(t), x2(t), . . . , xn(t))
T ∈ Rn, C∇αx(t) = ( C∇α1x1(t),

C∇α2x2(t), . . . ,
C∇αnxn(t))

T ,
the non-commensurate orders αi ∈ (0, 1], and f(t, x(t)) is a continuously differentiable
function.

To delve into the stability analysis of these systems, we introduce a tailored compari-
son principle specifically designed for fractional-order difference systems characterized by
incommensurate orders. Subsequently, we apply this principle to fractional-order neural
networks featuring incommensurate orders.

Under the assumption of f(.) being continuous and satisfying the Lipschitz condi-
tion, we establish that the system described by equation (4.11) possesses an equilib-
rium point residing within the space C([0, T ], Cd) irrespective of the initial condition
x0 = (x01, x02, . . . , x0n).

Now, let’s thoroughly examine the subsequent fractional-order discrete inequality:

C
a ∇αV (t, x(t)) ≤ g(t, V1(t, x1(t)), V2(t, x2(t)), . . . , Vn(t, xn(t))), (4.12)

where
C
a ∇αV (t, x(t)) = ( C

a ∇α1V1(t, x1(t)),
C
a ∇α2V2(t, x2(t)), . . . ,

C
a ∇αnVn(t, xn(t)).

Furthermore,
C
a ∇αW1(t, x(t)) = g(t,W1(t, x1(t)),W2(t, x2(t)), . . . ,Wn(t, xn(t))), (4.13)

where C
a ∇αW (t, x(t)) = ( C

a ∇α1W1(t, x1(t)),
C
a ∇α2W2(t, x2(t)), . . . ,

C
a ∇αnWn(t, xn(t)) and

Wi(t, xi(t)) . Equations (4.12) and (4.13) represent the compared and comparison sys-
tems, respectively. By analyzing the asymptotic behavior of W (t, x(t)), we can subse-
quently employ the comparison principle to scrutinize the asymptotic stability of V (t, x(t)).

Lemme 4.3. Let’s scrutinize the subsequent fractional-order difference inequalities along
with their accompanying initial conditions: 0 ≤ Vi(0, xi(0)) ≤ Wi(0, yi(0)), i = 1, 2, . . . ,

C
a ∇α1V1(t, x1(t)) ≤ C

a ∇α1W1(t, y1(t)),
C
a ∇α2V2(t, x2(t)) ≤ C

a ∇α2W2(t, y2(t)),

...
C
a ∇αnVn(t, xn(t)) ≤ C

a ∇αnWn(t, yn(t)).

The following inequalities are valid:

Vi(t, xi(t)) ≤ Wi(t, yi(t)), ∀t > 0, i = 1, 2, . . . , n, (4.14)
where Vi(t, xi(t)) and Wi(t, xi(t)) : [0,∞)× Na → [0,∞).

Proof. For every i = 1, 2, . . ., in the scenario where C
a ∇αiWi(t, xi(t)) ≤ C

a ∇αiWi(t, yi(t)),
there exists a non-negative function mi(t) satisfying :

C
a ∇αiVi(t, xi(t)) +mi(t) =

C
a ∇αiWi(t, yi(t)). (4.15)

Upon applying the Laplace transformation to equation (4.15), we obtain:

sαiL(Vi)(s)− sαi−1Vi(0, xi(0)) + L(mi)(s) = sαiL(Wi)(s)− sαi−1Wi(0, yi(0)). (4.16)
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We can represent equation (4.16) as:

sαi(N(Vi)(s)−N(Wi)(s)) = sαi−1(Vi(0, xi(0))−Wi(0, yi(0)))− L(mi)(s). (4.17)

Put differently,

N(Vi)(s)−N(Wi)(s) = s−1(Vi(0, xi(0))−Wi(0, yi(0)))− s−αiN(mi)(s). (4.18)

When expressed in the time domain, we obtain

Vi(t, xi(t))−Wi(t, yi(t)) = Vi(0, xi(0))−Wi(0, yi(0))−
t∑

k=a+1

(t−ρ(k)+a)αi−1mi(τ). (4.19)

Furthermore, given Vi(0, xi(0)) ≤ Wi(0, yi(0)) and mi(t) ≥ 0 we have:

Vi(t, xi(t)) ≤ Wi(t, yi(t)). (4.20)
Consequently,

V (t, x(t)) ≤ W (t, y(t)), ∀t > 0. (4.21)

4.3.2 Stability of Incommensurate Discsrete Fractional Neural
Networks

The evolution of a discrete fractional-order neural network is governed by the subsequent
fractional-order difference equation, which delineates the interplay of network components
over discrete time intervals.

C
a ∇αixi(t) = −cixi(t) +

n∑
j=1

dijgj(t, xj(t)) + Ii. (4.22)

To put it succinctly:
C
a ∇αx(t) = −Ax(t) +Dg(t, x(t)) + I. (4.23)

In the subsequent formulation, where i is an element of the set of natural numbers, t is a
non-negative real number, and α = [α1, α2, ..., αn], wherein n denotes the total count of
units within the neural network.

Following this, we put forth the subsequent assumptions:

(A1) The activation functions gj within the neural network demonstrate Lipschitz conti-
nuity, ensuring the existence of positive constants Lj, where j = 1, 2, . . . , n. These
constants are characterized such that |gj(u)− gj(v)| < Lj|u− v|, ∀u, v ∈ R.

(A2) The parameters ci, dij, and gj are subject to the condition that all roots of

det
(

diag
((

1− 1

s

)α1

,

(
1− 1

s

)α2

, . . . ,

(
1− 1

s

)αn
)
− Aα

)
= 0, (4.24)
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possess negative real components, with Aα being defined as:
Aα =
∑n

j=1 |d1j|Lj + |d11|L1 − 2c1 |d12|L2 . . . |d1n|Ln,

|d21|L1

∑n
j=1 |d2j|Lj + |d22|L2 − 2c2 . . . |d2n|Ln,

... ... . . . ...,
|dn1|L1 |dn2|L2 . . .

∑n
j=1 |dnj|Lj + |dnn|Ln − 2cn.


Theorem 4.6. AGiven the fulfillment of conditions (A1) and (A2), the discrete fractional-
order neural network delineated by (4.78), featuring incommensurate order, demonstrates
global asymptotic stability.
Proof. Let x∗ = (x∗1, x

∗
2, ..., x

∗
n)

T denote an equilibrium point of (4.23), and let x(t) rep-
resent any solution of (4.23). Introduce yi(t) = xi(t)− x∗i , which yields:

C
a ∇αiyi(t) = −ciyi(t) +

n∑
j=1

(dijgj(t, xj(t))− dijgj(x
∗
j)), i = 1, 2, . . . , n. (4.25)

Alternatively, expressed compactly:
C
a ∇αy(t) = −Ay(t) +D(g(x(t))− g(x∗)). (4.26)

Let’s construct the function V (t) as follows:

V (t) =
n∑

i=1

Vi(t) =
n∑

i=1

y2i (t). (4.27)

Determining the αi-th order defferences of Vi(t) as the solution trajectory of equation
(4.79) progresses results in:

C
a ∇αiVi(t) ≤ 2yi(t)

C
a ∇αiyi(t) = 2yi(t)

(
−ciyi(t) +

n∑
j=1

(dijgj(xj(t))− dijgj(x
∗
j))

)
.

(4.28)
Upon further simplification of (4.28), we obtain:

C
a ∇αiVi(t) ≤ −2ciy

2
i (t) +

n∑
j=1

2|yi(t)||dij|Lj|yj(t)|

≤

(
n∑

j=1

|dij|Lj + |dii|Li − 2ci

)
Vi(t) +

n∑
j=1,i ̸=j

|dij|LjVj(t).

(4.29)

Representing (4.29) as a set of inequalities for each i yields:

C
a ∇α1V1(t) ≤

(
n∑

j=1

|d1j|Lj + |d11|L1 − 2c1

)
V1(t) +

n∑
j=2

|d1j|LjVj(t),

C
a ∇α2V2(t) ≤

(
n∑

j=1

|d2j|Lj + |d22|L2 − 2c2

)
V2(t) +

n∑
j=1,j ̸=2

|d2j|LjVj(t),

...

C
a ∇αnVn(t) ≤

(
n∑

j=1

|dnj|Lj + |dnn|Ln − 2cn

)
Vn(t) +

n−1∑
j=1

|dnj|LjVj(t). (4.30)
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Utilizing the system (4.30), we can formulate the non-commensurate fractional-order
linear comparison system as follows:

C
a ∇α1W1(t) =

(
n∑

j=1

|d1j|Lj + |d11|L1 − 2c1

)
W1(t) +

n∑
j=2

|d1j|LjWj(t),

C
a ∇α2W2(t) =

(
n∑

j=1

|d2j|Lj + |d22|L2 − 2c2

)
W2(t) +

n∑
j=1,j ̸=2

|d2j|LjWj(t),

...

C
a ∇αnWn(t) =

(
n∑

j=1

|dnj|Lj + |dnn|Ln − 2cn

)
Wn(t) +

n−1∑
j=1

|dnj|LjWj(t).

(4.31)

In an alternative representation, we can express it in vector-matrix form as:
C
a ∇α1W1(t)
C
a ∇α2W2(t)

...
C
a ∇αnWn(t)

 =


∑n

j=1 |d1j|Lj + |d11|L1 − 2c1 |d12|L2 . . . |d1n|Ln

|d21|L1

∑n
j=1 |d2j|Lj + |d22|L2 − 2c2 . . . |d2n|Ln

... ... . . . ...
|dn1|L1 |dn2|L2 . . .

∑n
j=1 |dnj|Lj + |dnn|Ln − 2cn



×


W1(t)
W2(t)

...
Wn(t)

 .
(4.32)

By leveraging the insights provided by Lemma 4.3, we establish a relationship where Vi(t)
is bounded by Wi(t), t ≥ 0 and i = 1, 2, . . . , n. This relationship, guided by Assumption
2, leads to the global asymptotic stability of the zero solution in the incommensurate
fractional-order linear comparison system (4.32). Essentially, it indicates that as t con-
verges to zero. Building upon the foundation laid by Lemma 4.3 and the expression (2.39),
we deduce that Vi(t) also converges to zero, subsequently implying the convergence of
yi(t) to zero as t tends to infinity. Consequently, we establish the global asymptotic
stability of the incommensurate fractional-order neural networks (4.23). This concludes
the proof.

4.3.3 Examples and Simulations
To underscore the practicality and precision of the proposed formulation, we present two
comprehensive numerical demonstrations. These demonstrations serve to validate the
effectiveness and applicability of our approach in real-world scenarios, offering insights
into its performance and robustness across various settings and conditions.
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Example 4.3. Let’s consider the incommensurate discrete fractional-order Network model
: {

C
a ∇α1x1(t) = −0.3x1(t) + 0.01 sin(x1(t))− 0.02 sin(x2(t)),
C
a ∇α2x2(t) = −0.1x2(t)− 0.03 sin(x1(t)) + 0.04 sin(x2(t)),

(4.33)

where α1 =
1

3
and α2 =

1

4
. Notably, Li = 1. Through straightforward calculations, we

determine that the unique equilibrium value x∗ for (4.33) are found to be (0, 0), and the
matrix Aˆ is given by:

A =

[
0.01 −0.02
−0.03 0.04

]
. (4.34)

As a result, the characteristic equation det(sαI − A) = 0 simplifies to s9/5 − 4s3/5 −
2s7/10 − 4 = 0. Introducing new variables s1 = s1/2 and s2 = s1/5, we obtain the bivariate
polynomial:

a(s1, s2) = s42 − 2s1s2 − 4s32 − 4 = 0. (4.35)
Using elementary operations, we compute the companion matrix as follows:

A =

[
0.34 0.02
0.03 0.14

]
. (4.36)

Leveraging Matlab’s Linear Matrix Inequality (LMI) control toolbox, we verify the prac-
tical applicability of the LMI outlined in Theorem 4.6. This validation corroborates the
conclusion, as asserted by Theorem 4.6, that the equilibrium point x∗ is characterized
by asymptotic stability. Figure 4.4 visually illustrates the convergence of the solution
trajectory for system (4.33) towards the asymptotically stable equilibrium point x∗.
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Figure 4.4: Solution Convergence to Equilibrium Point x∗ in System (4.33).

4.4 Asymptotic Stability of Commensurate Discrete
Variable-Order Neural Networks

This part acces the development of stability criteria uniquely suited to commensurate
networks, aiming to elucidate their asymptotic stability properties. By exploring the
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stability nuances of commensurate discrete variable-order neural networks, this subsection
contributes valuable insights to enhance our understanding of their dynamic behavior,
thereby facilitating their application across various domains.

4.4.1 Stability of Variable-Order Systems with Discrete Nabla
Operator

We commence by presenting fundamental stability results regarding to general discrete
variable-order system. These results are crucial for establishing the asymptotic stability
of the specific neural network model under investigation. By applying these theoretical
insights, we aim to rigorously determine the stability properties of the neural networks
in question.

Lemme 4.4. Consider x : Na+1 → R and x(t) satisfying the following inequality:

C
a ∇α(t)x2(t) ≤ 2x(t) C

a ∇α(t)x(t). (4.37)

Proof. It is necessary to demonstrate equivalently.

C
a ∇α(t)x2(t)− 2x(t) C

a ∇α(t)x(t) ≤ 0. (4.38)

Alternatively, we have:

C
a ∇α(t)x2(t)− 2x(t) C

a ∇α(t)x(t) =
1

Γ(1− α(t))

t∑
s=a+1

(t− ρ(s))−α(t)[(x(s)− x(s− 1))

− 2(x(t)x(s)− x(t)x(s− 1))],

=
1

Γ(1− α(t))

t∑
s=a+1

(t− ρ(s))−α(t)[(x2(s)− x2(s− 1))

− 2(x(t)x(s)− x(t)x(s− 1))],

=
1

Γ(1− α(t))

t∑
s=a+1

(t− ρ(s))−α(t)[(x(t)− x(s))2

− (x(t)− x(s− 1))2],

=
1

Γ(1− α(t))

t∑
s=a+1

(t− ρ(s))−α(t)∇s(x(t)− x(s))2.

Employing summation by parts as described in equation (5.80), let g(s − 1) = (t −
ρ(s))−α(t) and f(s) = (x(s)− x(t))2.
Since

∇s(t− ρ(s))−α(t) = −α(t)(t− ρ(s))−α(t)−1. (4.39)
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The resulting expression is:

C
a ∇α(t)x2(t)− 2x(t) C

a ∇α(t)x(t) =
−1

Γ(1− α(t))

t∑
s=a+1

∇s(t− ρ(s))−α(t)(x(s)− x(t))2

+ (t− ρ(s))−α(t)(x(s)− x(t))2|ta,

=
−α(t)

Γ(1− α(t))

t∑
s=a+1

(t− ρ(s) + 1)−α(t)−1(x(s)− x(t))2

− (t− ρ(a))−α(t)(x(a)− x(t))2 ≤ 0.

With that, the proof is concluded.

In our comprehensive exploration, we delve into the dynamics of a discrete variable
fractional-order system, described by the following formulation:{

C
a ∇α(t)x(t) = f(t, x(t)), t ∈ Na+1,

x(a) = x0,
(4.40)

where 0 < α1 ≤ α(t) ≤ α2 < 1.
The ensuing theorem extends the Lyapunov direct method into a variable-order frame-

work, laying the groundwork for the asymptotic stability analysis of discrete variable-
order systems.

Theorem 4.7. Let’s assume that there exists a positive definite and monotonically de-
creasing Lyapunov functionV (t, x(t)) satisfying:

γ1(∥x(t)∥) ≤ V (t, x(t)) ≤ γ2(∥x(k)∥), (4.41)
C
a ∇α(t)V (t, x(t)) ≤ −γ3(∥x(k)∥), (4.42)

here, α(t) ∈ (0, 1) and γ1, γ2, γ3 are discrete class–κfunctions. Consequently, system
(4.40) is asymptotically stable.

Proof. for T ∈ Na+1 we have

T−α(t) =
Γ(T − α(t))

Γ(T )
≤

{
T−α1 , 0 ≤ T ≤ 1,

T−α2 , T > 1.
(4.43)

Let’s examine T = t − a, and Y = max{T−α1 , T−α2}. Utilizing the property of Γ(t) on
(0, 1), we establish Γ(1 − α1) ≤ Γ(1 − α(t)) ≤ Γ(1 − α2), This, in conjunction with the
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definitions outlined in (1.203), yields:

C
a ∇α(t)V (t, x(t)) =

1

Γ(1− α(t))

t∑
s=a+1

(t− ρ(s))−α(t)∇sV (s, x(s)),

≥ 1

Γ(1− α2)

t∑
s=a+1

(t− ρ(s))−α(t)∇sV (s, x(s)),

≥ Y

Γ(1− α2)

t∑
s=a+1

(
t− ρ(s)

T
)−α(t)∇sV (s, x(s)),

≥ Y

Γ(1− α2)

t∑
s=a+1

(
t− ρ(s)

T
)−α1∇sV (s, x(s)),

≥ 1

κ
C
a ∇α1V (t, x(t)),

where κ =
Γ(1− α1)

Γ(1− α2)T α1Y
> 0.

Therefore,
C
a ∇α1V (t, x(t)) ≤ κ C

a ∇α(t)V (t, x(t)). (4.44)
As a result, we deduce that:

C
a ∇α1V (t, x(t)) ≤ −κγ3(γ−1

2 (V (t, x(t))). (4.45)

Given that V (t, x(t)) is positive definite and monotonically decreasing, we can infer that
V (a, x(a)) ≥ 0. Thus, naturally:

V (t, x(t)) ≤ V (a, x(a)), (4.46)

this leads to
∥x(t)∥ ≤ −κγ3(γ−1

2 (∥x(a)∥)). (4.47)
Considering the relationship between the nature of V (t, x(t)) and the class κ of functions
, and referring to Theorem 2.15, we conclude that system (4.40) is asymptotically stable.

Theorem 4.8. Suppose that x = 0 serves as an equilibrium point of system (4.40).
If there exists a positive continuous function V (t, x(t)) such that, for arbitrary positive
constants q1, q2q3, a, b the following inequality holds true:

q1∥x(t)∥b ≤ V (t, x(t)) ≤ q2∥x(k)∥bc, (4.48)
C
a ∇α(t)V (t, x(t)) ≤ −q3∥x(k)∥bc. (4.49)

Then, the equilibrium point of (4.40) is asymptoticly stable.

Proof. From (4.44) and (4.48), we have:
C
a ∇α1V (t, x(t)) ≤ −κq3q−1

2 (V (t, x(t)). (4.50)

Then, there exists a nonnegative function m(t) exists such that

_aC∇α1V (t, x(t)) = −κq3q−1
2 V (t, x(t))−m(t). (4.51)
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Taking the Laplace transform of equation (4.51) and considering the initial condition
V (0) = V (0, x(0)), we obtain

sα1Vf (s)− sα1−1V (a, x(a)) = −κq3q−1
2 Vf (s)−M(s). (4.52)

Consequently, the Laplace transform denoted as Vf (s) can be formulated as:

Vf (s) =
V (a, x(a))sα1−1 −M(s)

sα1 + κq3q
−1
2

, (4.53)

where M(s) = N [m(t)](s) and Vf (s) = N [V (t, x(t)](s).
Defining κ = κq3q

−1
2 and considering the properties of existence and uniqueness of the

nabla Laplace transform, the unique solution of (4.52) is given by:

V (t, x(t)) = V (a, x(a))Eα1,1(κ, t− a)−m(t) ∗ Eα1,α1(κ, t, a), (4.54)

from the nonnegativity ofm(t) and Eα1,α1(κ, t−a)one can deduce the following inequality:

V (t, x(t)) ≤ V (a, x(a))Eα1,1(κ, t− a), (4.55)

which leads to the conclusion that

lim
t→+∞

V (a, x(a))Eα1,1(κ, t− a) = 0. (4.56)

Plugging in equation (2.78) into equation (2.76) yields

∥x(t)∥ ≤ [
∥x(a)∥
q1

Eα1,1(κ, t− a)]
1
b . (4.57)

Suppose m = V (a, x(a)) and q1 ≥ 0. It follows that m = 0 if and only if x(a) = 0. Since
V (t, x(t)) is positive definite and monotonically decreasing, m(0) = 0 and m is Lipschitz.
Therefore, system (4.40) is Mittag-Leffler stable, concluding the proof.

4.4.2 Stablity of Discrete Variable-Order Neural Networks
We introduce the subsequent variable fractional discrete-time neural network model:

C
a ∇α(t)x(t) = −Ax(t) +Dg(t, x(t)) + I, (4.58)

We introduce first the following assumptions

Assumption 1 (A1) At every time point t ∈ Na+1, g(t, x) signifies a continuous function
concerning x, and there exists a set of positive constants Gi ∈ R+

∗ , i = 1, ..., n
satisfying

|gi(t, x)− gi(t, y)| ≤ Gi|x− y|, (4.59)
for every x, y ∈ R.

Assumption 2 (A2) There exist a constant k ∈ R such that

k = maxi=1,...,n{−ci+
∑n

j=1

|dij|Gj + |dji|Gi

2

<0.(4.60)
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Theorem 4.9. If conditions (A1), (A2) are satisfied, then system (4.58) is asymptotically
stable.
Proof. Suppose the equilibrium point of (6.9) is denoted by x(t) = x∗. By introducing
the change of variable ei(t) = xi(t) − x∗, we can express the equilibrium point as the
origin, yielding:

C
a ∇

α(t)
t ei(t) = −ciei(t) +

n∑
j=1

dij[gj(t, xj(t))− gj(t, x
∗
j)]. (4.61)

Let’s select the Lyapunov function as:

V (t, x(t)) =
1

2

n∑
i=1

e2i (t). (4.62)

Taking the discrete nabla variable-order derivative with order α(t) of the Lyapunov func-
tion with respect to time, and considering (A1) and (A2), we derive the following:

C
a ∇α(t)V (t, e(t)) =

1

2

n∑
i=1

C
a ∇α(t)e2i (t),

≤
n∑

i=1

ei(t)
C
a ∇α(t)ei(t),

=
n∑

i=1

ei(t)(−ciei(t) +
n∑

j=1

dij[gj(t, xj(t))− gj(t, x
∗
j)]),

≤
n∑

i=1

ei(t)[−ciei(t) +
n∑

j=1

|dij|Gj|ej(t)|],

≤
n∑

i=1

−cie2i (t) +
n∑

j=1

|dij|Gjej(t)ei(t)],

≤
∑
i=1

n − cie
2
i (t) +

n∑
j=1

|dij|Gj

e2j(t) + e2i (t)

2
,

≤
n∑

i=1

−cie2i (t) + e2i (t)
n∑

j=1

|dij|Gj + |dji|Gi

2
,

≤
n∑

i=1

e2i (t)[−ci +
n∑

j=1

|dij|Gj + |dji|Gi

2
] ≤ k∥e∥,

where k = max
i=1,...,n

{
−ci +

n∑
j=1

|dij|Gj + |dji|Gi

2

}
< 0.

This implies ,Ca ∇α(t)V (t, x(t)) ≤ 0. Therefore, according to Theorems 4.7 and 4.8, system
(4.58) is asymptotically stable.

4.4.3 Numerical Simulations
We will now present several examples accompanied by simulations to substantiate the the-
oretical results previously discussed. These examples will serve to illustrate the practical
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application and effectiveness of the proposed methodologies, providing concrete evidence
of their validity through detailed numerical experiments.

Example 4.4. Let’s examine the given system:{
C
a ∇α(t)x1(t) = −0.3x1(t) + x32(t),
C
a ∇α(t)x2(t) = −0.3x1(t)− x2(t).

(4.63)

We can choose the Lyapunov candidate function as follows:

V (t, x(t)) =
1

2
x21(t) +

1

4
x42(t). (4.64)

Utilizing (4.37), we derive:

C
a ∇α(t)V (t, x(t)) = C

a ∇α(t)(
1

2
x21(t) +

1

4
x42(t)),

≤ x1(t)
C
a ∇α(t)x1(t) + x32(t)

C
a ∇α(t)x2(t)),

= x1(t)[−0.3x1(t) + x32(t)] + x32(t)[−0.3x1(t)− x2(t)],

= −x21(t)− x42(t) ≤ 0.

The Lyapunov function’s variable fractional difference is negative definite. Utilizing
Theorem 4.3, we conclude that system (4.63) is asymptotically stable, with the origin
being the equilibrium point.

Figure 4.5 illustrates the evolution of system (4.63). The plot clearly demonstrates
the asymptotic stability of the solution for the initial condition x(0) = (−1, 1) and the

variable-order function α(t) =
| ln 1

t+ 1
|

6
with t ∈ {0, ..., 80}.

The numerical solution of system (4.63) is as follows:

x1(i) = x1(0) +
1

Γ

(
| ln 1

i+1
|

6

) i∑
j=1

Γ

(
i− j +

| ln 1
i+1

|
6

)
Γ(i− j + 1)

(
−0.3x1(j) + x32(j)

)
,

x2(i) = x2(0) +
1

Γ

(
| ln 1

i+1
|

6

) i∑
j=1

Γ

(
i− j +

| ln 1
i+1

|
6

)
Γ(i− j + 1)

(−0.3x1(j)− x2(j)) .

(4.65)

Example 4.5. Consider the following discrete-time neural networks of variable fractional-
order {

C
a ∇α(t)x1(t) = −c1x1(t) + d11 sin(x1(t)) + d12 sin(x2(t)) + I1,
C
a ∇α(t)x2(t) = −c2x2(t) + d21 sin(x1(t)) + d22 sin(x2(t)) + I2.

(4.66)

Consider the following parameters:c1 = 1.7, c2 = 2, d11 = 0.1, d12 = −0.8, d21 =
0.5, d22 = −0.4, I1 = 0.1, I2 = −0.1 α(t) = |1

6
− e−

t
4 | and the initial condition x1(0) =

0.4, x2(0) = 0.3 with t ∈ {0, ..., 80}
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Figure 4.5: Numerical solution of system (4.63).

The numerical solution of (4.66) is provided as follows:

x1(i) = x1(0) +
1

Γ
(
|1
6
− e−

i
4 |
) i∑

j=1

Γ
(
i− j + |1

6
− e−

i
4 |
)

Γ(i− j + 1)
(−a1x(j) + b11 sin(x1(j))

+b12 sin(x2(j)) + I1),

x2(i) = x2(0) +
1

Γ
(
|1
6
− e−

i
4 |
) i∑

j=1

Γ
(
i− j + |1

6
− e−

i
4 |
)

Γ(i− j + 1)
(−a2x(j) + b21 sin(x1(j))

+b22 sin(x2(j)) + I2),

(4.67)
We can verify that these parameters satisfy assumptions (A1), (A2), and the condition

in Theorem 4.9. Figure 4.6 depicts the behavior of x1(t) and x2(t), respectively. Both
tend to zero as t→ +∞, indicating asymptotic stability of the solution.
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Figure 4.6: Numerical solution of neural networks (4.66).

4.5 Asymptotic Stability of Incommensurate Discrete
Variable-Order Neural Networks

This section is dedicated to unraveling the stability characteristics unique to incommen-
surate discrete variable-order networks, which exhibit diverse fractional variable-orders
across neurons. By delving into the of these networks, we aim to uncover the stability cri-
teria and behaviors that distinguish them from commensurate systems. The analysis will
focus on the Mittag-Leffler stability of these neural networks, providing a comprehensive
understanding of their dynamic properties and stability conditions.

4.5.1 General Result
In this part, we delve into an investigation of the stability properties of variable-order
fractional systems distinguished by incommensurate orders. Our methodology involves
employing the robust Lyapunov method to analyze the system dynamics. Let’s shift
our attention to the examination of the following nonlinear discrete system with variable
orders:

C∇α(t)x(t) = f(t, x(t)), x(0) = x0, (4.68)
where x(t) = (x1(t), x2(t), . . . , xn(t))

T ∈ Rn,
C∇α(t)x(t) = ( C∇α1(t)x1(t),

C∇α2(t)x2(t), . . . ,
C∇αn(t)xn(t))

T , the incommensurate-orders
αi(t) ∈ (0, 1], and f(t, x(t)) is a continuously differentiable function.

Theorem 4.10. If we contemplate system (4.68) following the Caputo definition, the
conditions for asymptotic stability can be identified through the existence of class K
functions γ1, γ2, γ3, parameters β ∈ (0,min{αi(t)}, pi > 0, and Lyapunov functions
Vi(t, xi(t)) : Na ×D → R for each i = 1, 2, . . . , n, satisfying:
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γ1(||x(t)||) ≤
n∑

i=1

pi
C∇αi(t)−βVi(t, xi(t)) ≤ γ2(∥x(t)∥) (4.69)

n∑
i=1

pi
∂Vi(t, xi(t))

∂xi(t)
fi(t, x(t)) ≤ −γ3(∥x(t)∥) (4.70)

In the scenario where x(t) ∈ D, t ∈ Na+1, a ∈ R, and Vi(t, xi(t)) is a differentiable
and convex function regarding xi(t), the system (4.68) is considered to be uniformly
asymptotically stable at xe = 0.

Proof. For the global Lyapunov function, let’s select

V (t, x(t)) :=
n∑

i=1

pi
C∇αi(t)−βVi(t, xi(t)). (4.71)

Equivalently, equation (4.69) can be expressed as:

γ1(∥x(t)∥) ≤ V (t, x(t)) ≤ γ2(∥x(t)∥). (4.72)

By utilizing Lemma 2.3 and equation (4.70), we obtain:

C∇β

n∑
i=1

pi
C∇αi(t)−βVi(t, xi(t)) =

n∑
i=1

pi
C∇β C∇αi(t)−β∇Vi(t, xi(t)), (4.73)

=
n∑

i=1

pi
C∇αi(t)Vi(t, xi(t)), (4.74)

≤
n∑

i=1

pi
∂Vi(t, x(t))

∂xi(t)
C∇αi(t)xi(t), (4.75)

=
n∑

i=1

pi
∂Vi(t, x(t))

∂xi(t)
fi(t, x(t)) ≤ −γ3(∥x(t)∥). (4.76)

Utilizing Equations (4.73) through (4.76) along with Lemma 2.1, we find:
C∇αi(t)V (t, x(t)) ≤ −γ3(∥x(t)∥).

Thus, the proof is concluded.

4.5.2 Application to Incommensurate Discrete Variable-Order
Neural Networks

We investigate the discrete fractional variable-order neural network outlined as follows:

C
a ∇αi(t)xi(t) = −cixi(t) +

n∑
j=1

dijgj(t, xj(t)) + Ii. (4.77)

In short:
C
a ∇α(t)x(t) = −Ax(t) +Dg(t, x(t)) + I. (4.78)

We rely on the following assumptions to guide our exploration into the asymptotic sta-
bility of the incommensurate discrete-time variable-order neural networks (4.78):
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(A3) The following condition is satisfied:

max
i=1,...,n

(
−ci +

∑n
j=1 |dij|Gj + |dji|Li

2

)
< 0.

Theorem 4.11. When conditions (A1) and (A3) are fulfilled, the incommensurate variable-
order neural network specified by equation (4.78) achieves asymptotic stability.

Proof. We’ll proceed with a comparable approach as previously outlined. Introduce
yi(t) = xi(t)− x∗i , yielding

C
a ∇αi(t)yi(t) = −ciyi(t) +

n∑
j=1

(dijgj(t, xj(t))− dijgj(x
∗
j)), i = 1, 2, . . . , n. (4.79)

Now, let’s construct the auxiliary function V (t) as follows:

V (t) =
1

2

n∑
i=1

C
a ∇αi(t)−βy2i (t), (4.80)

where β ∈ (0,minαi(t)). Calculating the αi(t)-order differences of V (t) along the trajec-
tory of (4.79) yields

C
a ∇βV (t) =

1

2

n∑
i=1

C
a ∇αi(t)y2i (t),

≤
n∑

i=1

yi(t)
C
a ∇αi(t)yi(t),

= yi(t)

(
−ciyi(t) +

n∑
j=1

(dijgj(xj(t))− dijgj(x
∗
j))

)
.

(4.81)

Further simplification of (4.81) leads to

C
a ∇αiVi(t) ≤

n∑
i=1

yi(t)

[
−ciyi(t) +

n∑
j=1

|dij|Lj|yj(t)|

]
,

≤
n∑

i=1

−ciy2i (t) +
n∑

j=1

|dij|Ljyj(t)yi(t),

≤
n∑

i=1

−ciy2i (t) +
n∑

j=1

|dij|Lj

y2j (t) + y2i (t)

2
,

≤
n∑

i=1

−ciy2i (t) + y2i (t)
n∑

j=1

|dij|Lj + |dji|Li

2
,

≤
n∑

i=1

y2i (t)

[
−ci +

∑n
j=1 |dij|Lj + |dji|Li

2

]
,

≤ k∥e∥.

(4.82)
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Since max
i=1,...,n

−ci +

n∑
j=1

|dij|Lj + |dji|Li

2

 < 0, then, C
a ∇βV (t, x(t)) ≤ 0. Hence, in ac-

cordance with Theorems 4.10, the system represented by equation (4.78) attains asymp-
totic stability.

4.5.3 Numerical Applications
To demonstrate the practicality and accuracy of the proposed formulation, we will pro-
vide two numerical simulations. In these simulations, we will apply the variable fractional
discrete-time neural network model to solve specific problems. By examining these ex-
amples, we aim to showcase not only the theoretical soundness of the model but also its
effectiveness in practical scenarios.

Example 4.6. Let’s explore the system governed by the following incommensurate variable-
order difference equations:

C
a ∇α1(t)x1(t) = −0.3x1(t) + 0.01 tanh(x1(t))− 0.02 tanh(x2(t)) + tanh(x3(t)),
C
a ∇α2(t)x2(t) = −0.3x1(t) + 0.01 tanh(x1(t))− 0.02 tanh(x2(t)) + tanh(x3(t)),
C
a ∇α3(t)x3(t) = −0.3x1(t) + 0.01 tanh(x1(t))− 0.02 tanh(x2(t)) + tanh(x3(t)),

(4.83)

where 
α1(t) =

∣∣∣∣12 − e−4(t+1)

∣∣∣∣,
α2(t) =

1

5
| log(t+ 3)|,

α3(t) =
1

2
− e

−10
t+1

t+ 1
,

(4.84)

heren, 0 < α1(t), α2(t), α3(t) < 1, t ∈ Na+1, and a ∈ R. Let’s define the Lyapunov
function as:

V (t, x(t)) :=
3∑

i=1

C
a ∇αi(t)−βx2i (t), (4.85)

for β ∈ (0,min{α1(t), α2(t), α3(t))}), the derivative of V concerning ∇β is expressed as:

C
a ∇βV (t, x(t)) ≤

3∑
i=1

C
a ∇β C

a ∇αi(t)−βx2i (t) =
3∑

i=1

C
a ∇αi(t)x2i (t). (4.86)

Ensuring the non-negativity of V (t, x(t)), the system (4.83) according to the Caputo
definition exhibits asymptotic stability around the equilibrium point xe = 0, This behavior
is visually depicted in Figure 4.7.



Chapter 4. Asymptotic Behavior in Discrete Fractional and Variable-Order Neural
Networks 137

0 10 20 30 40 50

t

-0.4

-0.2

0

0.2

0.4

0.6

0.8

x
1
(t)

x
2
(t)

x
3
(t)

Figure 4.7: Convergence of the Solution Trajectory for System (4.83) Towards the Equi-
librium Point x∗.

4.6 Conclusion
In summary, this chapter makes a significant contribution to the field by addressing a
noticeable gap in the current literature concerning the stability analysis of incommen-
surate discrete fractional systems, with a particular emphasis on their application to
neural networks. While commensurate systems have been extensively studied, the stabil-
ity characteristics of incommensurate systems with variable orders have largely remained
uncharted territory. Through the development of novel stability criteria and comparison
theorems specifically tailored for incommensurate systems, this paper not only sheds light
on their asymptotic stability properties but also opens up avenues for further exploration
and application in diverse domains.

The key contributions of this chapter extend beyond mere theoretical advancements;
they encompass the practical implications of these stability analysis techniques, espe-
cially in the realm of discrete fractional-order neural networks. By introducing a frac-
tional difference comparison theorem and establishing stability criteria applicable to non-
commensurate systems, this research lays the groundwork for a more nuanced under-
standing of stability in complex systems characterized by variable orders. Moreover, the
application of these findings to discrete incommensurate fractional-order neural networks
offers promising insights into their behavior and potential applications in real-world sce-
narios.

Furthermore, this chapter not only identifies the challenges posed by incommensurate
systems but also provides innovative solutions to address them. Through meticulous the-
oretical developments and rigorous analysis, the authors present a comprehensive frame-
work for studying the stability of incommensurate discrete fractional systems, thereby
advancing the state-of-the-art in this burgeoning field. This multidimensional approach,
integrating theoretical rigor with practical relevance, underscores the significance of this
research in shaping future investigations and applications in the realm of discrete frac-
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tional calculus and neural network dynamics.



Chapter 5

Finite-Time Dynamics in Discrete
Fractional and Variable-Order
Neural Networks

5.1 Introduction
In recent years, the concept of finite-time stability has emerged as a critical aspect of
system analysis, particularly in the topic of fractional calculus. Unlike traditional Lya-
punov stability, finite-time stability provides insights into system convergence within a
defined timeframe, offering practical relevance across various domains [354, 355]. Despite
its significance, finite-time stability in fractional systems, especially discrete fractional
systems, remains relatively underexplored.

Finite-time stability considerations have led to the investigation of discrete fractional
calculus, offering a pathway to integrate memory effects into time discretization models.
Notable efforts have been made to develop fractional backward or nabla difference oper-
ators [356, 357, 358], such as the discrete left Caputo type with Mittag-Leffler kernels.
However, there’s a notable gap in understanding the h-fractional nabla discrete ABC
type difference and its applications in the context of finite-time stability.

Recent studies have explored finite-time stability in various fractional systems, includ-
ing Caputo delta fractional difference equations and nonlinear fractional delay systems
[361, 362, 363, 364]. However, there’s a scarcity of research focusing on finite-time stabil-
ity in discrete fractional neural networks, where stability analysis is crucial for practical
applicability.

This chapter aims to address this gap by delving deeper into the finite-time stability
analysis of discrete fractional systems, particularly focusing on neural networks. We
introduce novel stability criteria and comparison theorems tailored for finite-time stability
analysis, providing valuable insights into the convergence behavior of these systems within
finite timeframes.
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5.2 Finite-Time Stability of Commensurate Discrete
ABC type h-Fractional-Order Neural Networks

This subsection investigates the finite-time stability analysis of commensurate discrete
ABC type h-fractional-order neural networks. Adopting a straightforward methodology,
we aim to elucidate the stability properties of these networks over finite time intervals.
By focusing on commensurate systems and employing accessible techniques, we endeavor
to provide practical insights into the finite-time behavior of ABC type h-fractional-order
neural networks.
We start by providing an important inequality, known as a discrete generalized Gronwall
inequality. This inequality is crucial for establishing the stability and boundedness of so-
lutions to discrete fractional-order systems. By leveraging this fundamental tool, we can
derive essential stability results that will be applied to the analysis of fractional-order
discrete-time fractional neural networks. The discrete generalized Gronwall inequality
plays a pivotal role in the subsequent stability proofs and is a cornerstone of our theo-
retical framework.

5.2.1 Generalized Discrete Fractional ABC Gronwal Inequality
Lemme 5.1 ([365]). Let ϕ(t) and ψ(t) be non-negative, non-decreasing discrete functions,
and suppose the condition 0 < ψ(t) ≤M < 1 holds for all t ∈ Na. Additionally, x(t) is a
non-negative function that satisfies the following inequality:

x(t) ≤ ϕ(t) + ψ(t) a∇−α
h x(t), (5.1)

then
x(t) ≤ ϕ(t) rhEα(ψ(t), t− a). (5.2)

Theorem 5.1. Assume that 0 < α < 1
2
, and consider the function

H(α, h)(1− α + αh)

H(α, h)(1− α + αh)− (1− α)v(t)
u(t),

which is nonnegative and nondecreasing. Additionally,

αv(t)

H(α, h)(1− α + αh)− (1− α)v(t)
,

is nondecreasing and satisfies

0 <
αv(t)

H(α, h)(1− α + αh)− (1− α)v(t)
≤ 1.

For any t ∈ Na,h, where x(t) is nonnegative, the following inequality holds:

x(t) ≤ u(t) + v(t) AB
a ∇−α

h x(t), (5.3)

then,

x(t) ≤ H(α, h)(1− α + αh)

H(α, h)(1− α + αh)− (1− α)v(t)
u(t) h

× Eα

(
αv(t)

H(α, h)(1− α + αh)− (1− α)v(t)
, t− a

)
.
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Proof. We have
x(t) ≤ u(t) + v(t)AB

a ∇−α
h x(t). (5.4)

This results in

x(t) ≤u(t) + v(t)(
1− α

H(α, h)(1− α + αh)
x(t) +

α

H(α, h)(1− α + αh)
a∇−α

h x(t)).

Consequently, the subsequent inequality holds:

x(t) ≤
(
1− (1− α)v(t)

H(α, h)(1− α + αh)

)−1

(u(t) +
αv(t)

H(α, h)(1− α + αh)
a∇−α

h x(t)),

=
H(α, h)(1− α + αh)

H(α, h)(1− α + αh)− (1− α)v(t)
u(t) +

αv(t)

H(α, h)(1− α + αh)− (1− α)v(t)
a∇−α

h x(t).

Presently, consider the following scenario:

ϕ(t) =
H(α, h)(1− α + αh)

H(α, h)(1− α + αh)− (1− α)v(t)
u(t),

ψ(t) =
αv(t)

H(α, h)(1− α + αh)− (1− α)v(t)
.

By applying Lemma 5.1, we reach the following conclusion:

x(t) ≤ H(α, h)(1− α + αh)

H(α, h)(1− α + αh)− (1− α)v(t)
u(t) hEα

(
αv(t)

H(α, h)(1− α + αh)− (1− α)v(t)
, t− a

)
.

The proof is now complete.

5.2.2 Applications to ABC Type h-Fractional Discrete Neural
Networks

This section is concerned with the finite time stability of h̄-fractional nabla ABC neural
networks. First, we introduce the following fractional-order discrete-time neural network.

ABC
a ∇α

hxi(t) = −cixi(t) +
n∑

j=1

dijgj(t, xj(t)) + Ii. (5.5)

Let x(t) = (x1(t), x2(t), ..., xn(t))
T ∈ Rn be the state vector, A = diag(c1, A2, ..., An) ∈

Rnn is the self-feedback connection weight with ci > 0, D = (dij)nn ∈ Rn∗n is the
connection weight matrix, g(t, x(t)) = (g1(t, x1(t)), g2(t, x(t)), ..., gn(t, x(t)))

T : C(Na,h →
Rn) is the activation function, and I = (I1, ..., In)

T is the vector of external inputs. Before
delving into the investigation, let’s establish a few assumptions.
(A1) Let’s denote g(t, x(t)) as a continuous function that meets the Lipschitz criterion

concerning κ, meaning that

|gi(t, xi(t))− gi(t, zi(t))| ≤ li|xi(t)− zi(t)|, t ∈ Na,h. (5.6)

(A2) Suppose there exists a positive constant γ such that the following condition holds:

0 <
αγ

H(α, h)(1− α + αh)− (1− α)γ
≤ 1, (5.7)

where γ = max
i=1,...,n

{
ci +

j=1∑
n

|dij|lj

}
and σ = max

i=1,...,n
Ii.
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Definition 5.1. [365] For positive numbers δ, ϵ, and p, we define system (6.9) as finite-
time stable with respect to δ, ϵ, T if and only if the following condition holds:

∥ϕ∥ ≤ δ and ∥I∥ ≤ p, (5.8)

then,
∥x(t)∥ ≤ ϵ, t ∈ Na,h. (5.9)

Let’s now delve into examining the uniqueness of the solution to system (6.9) utilizing
the h-fractional generalized Gronwall inequality.

Theorem 5.2. Supposing that (A1) and (A2) hold, the solution of (6.9) is guaranteed to
be unique.

Proof. Consider two solutions of (6.9), denoted by x and z. Let o be defined as o(t) =
x(t) − z(t) for t ∈ Na, h. Given that x(a) = z(a), we aim to show that o(t) = 0 for
t ∈ Na, h. We have

ABC
a ∇α

hoi(t) =− cioi(t) +
n∑

j=1

dij(gj(t, xj(t))− gj(t, zj(t))).

This is equivalent to the expression:

|oi(t)| = | AB
a ∇−α

h

(
−cioi(t) +

n∑
j=1

dij(gj(t, xj(t))− gj(t, zj(t)))

)
|,

≤ AB
a ∇−α

h

(
ci|oi(t)|+

n∑
j=1

|dij|lj|xj(t)− zj(t)|

)
,

≤ AB
a ∇−α

h

(
(ci +

n∑
j=1

|dij|lj)|oi(t)|

)
.

Hence, it is possible that

∥o(t)∥ ≤ γ aAB∇−α
h (∥o(t)∥) .

It’s evident from Theorem 5.1 that

∥o(t)∥ ≤ H(α, h)(1− α + αh)

H(α, h)(1− α + αh)− (1− α)α
0 hEα

(
αγ

H(α, h)(1− α + αh)− (1− α)α
, t− a

)
.

This implies that |o(t)| = 0, hence o(t) = 0. By strong induction, we conclude that the
solution to (6.9) is unique. Thus, the proof is completed.

Continuing our exploration of the finite-time stability of system (6.9), we arrive at
the following theorem.

Theorem 5.3. Assuming that conditions (A1) and (A2) are satisfied, system (6.9) exhibits
finite-time stability if and only if |Φ| < δ and if

H(α, h)(1− α + αh)

H(α, h)(1− α + αh)− (1− α)γ
κ× hEα

(
αγ

H(α, h)(1− α + αh)− (1− α)γ
, t− a

)
≤ δ

ϵ
.

where
κ = ∥Φ∥+ σ(1− α)

H(α, h)(1− α + αh)
+

σα(t− a)αh
H(α, h)(1− α + αh)Γ(α + 1))

,
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Proof. Suppose that x(a) = Φ. It is evident that equation (6.9) can be reformulated as
a fractional-order integral equation.

xi(t) = xi(a) +
AB
a ∇−α

h

(
−cixi(t) +

n∑
j=1

dijgj(t, xj(t)) + Ii

)
. (5.10)

which brings us to

|xi(t)| ≤ |xi(a)|+ AB
a ∇−α

h

(
ci|xi(t)|+

n∑
j=1

|dij|lj|xj(t)|+ |Ii|

)
,

≤ |xi(a)|+ (ci +
n∑

j=1

|dij|lj|) AB
a ∇−α

h |xj(t)|+ ABC
a ∇α

hσ.

Hence, as a result of Theorem 5.1, we obtain

∥κ(t)∥ ≤ ∥Φ∥+ σ(1− ς)

H(ς, h̄)(1− ς + ςh̄)
+

σς(t− a)ςh̄
H(ς, h̄)(1− ς + ςh̄)Γ(ς + 1))

+ γ AB
a ∇−ς

h̄ ∥κ(t)∥.

Next, by utilizing Lemma ??, we derive

∥x(t)∥ ≤ H(α, h)(1− α + αh)

H(α, h)(1− α + αh)− (1− α)v(t)
u(t) hEα

(
αv(t)

H(α, h)(1− α + αh)− (1− α)v(t)
, t− a

)
,

where

u(t) = ∥Φ∥+ σ(1− α)

H(α, h)(1− α + αh)
+

σα(t− a)αh
H(α, h)(1− α + αh)Γ(α + 1))

,

and
v(t) = γ,

with
0 <

αγ

H(α, h)(1− α + αh)− (1− α)v(t)
≤ 1.

Given Definition 5.2, we can infer that system (6.9) is stable within a finite time, thus
concluding the proof.

5.2.3 Numerical Examples
We now present examples to illustrate the theoretical findings. These examples will serve
to demonstrate the practical applicability and effectiveness of the proposed methodolo-
gies. By conducting detailed numerical simulations, we aim to provide a clear understand-
ing of how the theoretical results can be applied to real-world scenarios. Each example
will highlight different aspects of the theory, showcasing the robustness and versatility
of the proposed finite-time stability criteria for discrete fractional-order fractional neural
networks.
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Example 5.1. We examine the following three-dimensional discrete-time h̄-fractional
neural network:

x(t) = −Ax(t) +D sin(x(t)) + I, (5.11)
where sin(x(t)) = (sin(x1(t), sin(x2(t), sin(x3(t))T for t ∈ N0,h.
We present the numerical solution of the system under consideration (5.11) as follows:
xi(ℓ) = xi(0) +

1− α

H(α, h)(1− α + αh)
[−cixi(ℓ) + di1 sin(x1(ℓ)) + di2 sin(x2(ℓ)) + di3 sin(x2(ℓ)) + Ii]

+
αhα

H(α, h)(1− α + αh)Γ(α)

ℓ∑
j=1

Γ(ℓ− j + α)

Γ(ℓ− j + 1)
(−cixi(j) + di1 sin(x1(j)) + di2 sin(x2(j))

+di3 sin(x2(ℓ)) + Ii), i = 1, ..., 3.

(5.12)

Case.1 We examine the parameters

A =

0.3 0 0
0 0.5 0
0 0 0.1

 , D =

 −0.4 0.5 0.1
0.3 − 0.4 − 0.3
0.2 0.6 − 0.3

 , I =

0
0
0

 . (5.13)

Moreover, we set α = 0.2 and h = 0.5, and the following parameters are computable:

γ = 1.5, σ = 0.

For δ = 3, the primary obstacle lies in determining the finite time T . We compute
the value of

αγ

H(α, h)(1− α + αh)− (1− α)γ
= 0.974100401595700 ≤ 1

. Under certain conditions, finite-time behavior is observable. In Fig. 5.1, it is
evident that at the finite time T = 50, which aligns with the theoretical predictions.

Case.2 For the parameters provided c11 = 0.1, c22 = 0.1, c33 = 0.1, d11 = 0.3, d12 =
−0.2, d13 = 0.2, d21 = 0.4, d22 = −0.1,
d23 = 0.2, d31 = 0, d32 = 0.1, d33 = 0.5, I1 = 0.01, I2 = 0, and I3 = 0.01,
Moreover, with α = 0.5 and h = 0.6, we obtain σ = 0.01 and γ = 1. The primary
challenge lies in computing the finite time T . For δ = 0.5, evaluating

αγ

H(α, h)(1− α + αh)− (1− α)γ
= 0.949489737259976 ≤ 1

, we observe finite-time behavior for T = 40. The system with the specified param-
eters is evidently finite-time stable, as depicted in Fig. 5.2.
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Figure 5.1: Numerical solution of discrete neural network (5.11) for the initial condition
(1, 2, 3)T .
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Figure 5.2: Numerical solution of discrete neural network (5.11) for the initial condition
(−0.5, 0.3,−0.1)T .

5.3 Finite-Time Stability of Incommensurate Discrete
Fractional-Order Neural Networks

This part is devoted to examining the existence and stability over finite time periods of
incommensurate discrete fractional neural networks.

To initiate, let’s introduce a neural network model characterized by dynamics op-
erating within a framework of fractional, incommensurate discrete time. This model
represents a system where neural network dynamics evolve over time intervals that are
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fractionally related and lack a common measure.

C
a ∇αixi(t) = −cixi(t) +

n∑
j=1

dijgj(t, xj(t)) + Ii. (5.14)

Where In this section, we delineate several assumptions to establish the foundation for
our analysis of the system’s dynamics.

(A1) Let’s assume that g(t, x(t)) is a continuous function that satisfies the Lipschitz
condition with respect to x. This condition implies:

|gi(t, xi(t))− gi(t, zi(t))| ≤ li|xi(t)− zi(t)|, t ∈ Na. (5.15)

(A2) Let’s assume the existence of a positive constant γ that satisfies the following con-
dition:

0 < γ ≤ 1, and γ = max
i=1,...,n

{
ci +

j=1∑
n

dijj + djii
2

}
. (5.16)

5.3.1 Finite-Time Stability Analysis
Next, we will delve into the solvability of the system (5.14).

Theorem 5.4. If conditions (A1) and (A2) hold, the solution of (5.14) is guaranteed to
be unique.

Proof. Consider x and y as solutions of (5.14) with identical initial conditions. Let’s
denote their difference by o(t) = x(t)− y(t).

To start, we construct a simple Lyapunov function as follows:

V (t) =
n∑

i=1

vi(t), and vi(t) =
1

2
o2i (t). (5.17)

Then, we have:

C∇αi
a vi(t) =

1

2
C∇αi

a o
2
i (t),

≤ oi(t)
C∇αi

a oi(t),

= oi(t)

(
−cioi(t) +

n∑
j=1

dij (gj(t, xj(t))− gj(t, yj(t)))

)
,

≤ −cio2i (t) +
n∑

j=1

|dij|joi(t)oj(t),

≤ −cio2i (t) +
n∑

j=1

|dij|j
o2j(t) + o2i (t)

2
,

≤ −cio2i (t) + o2i (t)
n∑

j=1

| |dij|j + |dji|i
2

,

≤ γvi(t),

(5.18)



Chapter 5. Finite-Time Dynamics in Discrete Fractional and Variable-Order Neural
Networks 147

where

γ = max
i=1,...,n

(
−ci +

n∑
j=1

| |bij|j + |bji|i
2

)
.

This leads to the following:
C∇αi

a vi(t) = γvi(t)− fi(t), (5.19)

here, f(t) = (f1(t), f2(t), . . . , fn(t)) represents a function with positive values. Next, we
employ the Nabla discrete Laplace transform to derive the following:

Na

[
C∇αi

a vi(t)
]
(s) = γNa [vi(t)∥] (s)−Na [fi(t)] (s), (5.20)

thereby indicating
Na [vi(t)] (s) = − 1

sαi − γ
Na [fi(t)] (s). (5.21)

Continuing with the inverse Laplace transform, we obtain

v1(t) = −
t∑

k=a+1

Eα1,α1(γ, t− ρ(k))f1(k),

v2(t) = −
t∑

k=a+1

Eα2,α2(γ, t− ρ(k))f2(k),

...

vn(t) = −
t∑

k=a+1

Eαn,αn(γ, t− ρ(k))fn(k).

(5.22)

This suggests that
vi(t) ≤ 0, i = 1, ..., n. (5.23)

Following that, we obtain

∥o(t)∥ = V (t) =
n∑

i=1

vi(t) ≤ 0. (5.24)

Therefore, utilizing strong induction and confirming that |x(t)− y(t)| = 0 implies x(t)−
y(t) = 0, we can assert the uniqueness of the solution to equation (5.14). This completes
the proof.

Moving forward, we turn our attention to examining the finite-time stability of nabla
neural networks with incommensurate fractional orders. To begin, let’s introduce the
following definition concerning finite-time stability.

Definition 5.2. [365] A system (5.14) is considered finite-time stable with respect to the
parameters δ, ϵ, T , where δ < ϵ, if and only if, for positive values of α and any system
solution, there exists a finite time T such that, for all t ≥ T , the following condition
holds.

∥ϕ∥ ≤ δ and ∥I∥ ≤ α, (5.25)
then,

∥x(t)∥ ≤ ϵ, t ∈ Na. (5.26)
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Theorem 5.5. If conditions (A1) and (A2) are satisfied, then the system (5.14) exhibits
finite-time stability if and only if |Φ| < δ and:

n∑
i=1

Eαi
(γ, t− a) ≤ ϵ

δ
.

Proof. Assume x∗ ∈ Rn is the unique fixed point of system (5.14), then,

−cix∗i +
n∑

j=1

dijgj(x
∗
i ) + Ii = 0, i = 1, . . . , n. (5.27)

In the following analysis, we will establish the finite-time stability of x∗. Assuming x(t)
as an arbitrary solution of system (5.14), we have:

C∇α1
a (x1(t)− x∗1) = −c1(x1(t)− x∗1) +

n∑
j=1

d1j
(
gj(t, xj(t))− gj(t, x

∗
j(t))

)
,

C∇α2
a (x2(t)− x∗2) = −c2(x2(t)− x∗2) +

n∑
j=1

d2j
(
gj(t, xj(t))− gj(t, x

∗
j(t))

)
,

...

C∇αn
a (xn(t)− x∗n) = −cn(xn(t)− x∗n) +

n∑
j=1

dnj
(
gj(t, xj(t))− gj(t, x

∗
j(t))

)
.

(5.28)

For the Lyapunov function defined as follows:

V (t) =
n∑

i=1

vi(t), and vi(t) =
1

2
(xi(t)− x∗i )

2(t). (5.29)

Then, we have:

C∇αi
a vi(t) =

1

2
C∇αi

a (xi(t)− x∗i )
2(t),

≤ (xi(t)− x∗i )
C∇αi

a (xi(t)− x∗i ),

= (xi(t)− x∗i )

(
−ci(xi(t)− x∗i ) +

n∑
j=1

dij
(
gj(t, xj(t))− gj(x

∗
j(t))

))
,

≤ −ci(xi(t)− x∗i )
2 +

n∑
j=1

|dij|j(xi(t)− x∗i )(xj(t)− x∗j),

≤ −cio(xi(t)− x∗i )
2 +

n∑
j=1

|dij|j
(xj(t)− x∗j)

2 + (xi(t)− x∗i )
2

2
,

≤ −ci(xi(t)− x∗i )
2 + (xi(t)− x∗i )

2

n∑
j=1

| |dij|j + |dji|i
2

,

≤ γvi(t).

(5.30)

Using the same approach as before, we derive:
C∇αi

a vi(t) = γvi(t)− fi(t), (5.31)
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and
Na [vi(t)] (s) =

sαi−1

sαi − γ
(xai − x∗i )−

1

sαi − γ
Na [fi(t)] (s), (5.32)

yielding the following system:

v1(t) = (xa1 − x∗1)Eα1(γ, t− a)−
t∑

k=a+1

Eα1,α1(γ, t− ρ(k))f1(k),

v2(t) = (xa2 − x∗1)Eα2(γ, t− a)−
t∑

k=a+1

Eα2,α2(γ, t− ρ(k))f2(k),

...

vn(t) = (xan − x∗n)Eαn(γ, t− a)−
t∑

k=a+1

Eαn,αn(γ, t− ρ(k))fn(k),

(5.33)

this implies that
vi(t) ≤ ∥xa − x∗∥Eαi

(γ, t− a), i = 1, ..., n. (5.34)
Thus, we have

∥(x(t)− x∗)∥ = V (t) =
n∑

i=1

vi(t) ≤ ∥xa − x∗∥
n∑

i=1

Eαi
(γ, t− a). (5.35)

Therefore, for
n∑

i=1

Eαi
(γ, t− a) ≤ ϵ

δ
. (5.36)

Consequently, we have

∥(x(t)− x∗)∥ ≤ ϵ. (5.37)

5.3.2 Numerical Examples and Computer Simulations
In this section, we present two numerical examples encompassing various scenarios and
simulations to showcase the practicality and effectiveness of our theoretical findings.

Example 5.2. We examine a three-dimensional discrete-time incommensurate fractional
neural network, described as follows:

C
a ∇αx(t) = −Ax(t) +D sin(x(t)) + I. (5.38)

Below are the numerical results for system (5.38):
xi(ℓ) = xi(0)

+
1

Γ(αi)

i∑
k=1

Γ(i− k + αi)

Γ(i− k + 1)
(−cixi(j) + di1 sin(x1(j)) + di2 sin(x2(j)) + di3 sin(x2(ℓ)) + Ii) ,

i = 1, ..., 3.

(5.39)
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Case.1 Now, let’s analyze the parameters:

A =

0.2 0 0
0 0.2 0
0 0 0.2

 , D =

 0.04 0 0.02
0.03 0.04 0.01
0.04 0.01 0.02

 , I =

0
0
0

 , (5.40)

Additionally, considering α = (1
4
, 1
7
, 1
3
), we can compute the subsequent parameters:

γ = 1.5, σ = 0 When δ = 0.2, the primary challenge in determining the finite-
time T arises from assessing the value of γ = 0.974100401595700, which is less than
1. Under specific prerequisites, finite-time dynamics can be observed. As portrayed
in Figure 5.3, it is conspicuous that at T = 8, providing numerical confirmation of
the theoretical predictions.

Case.2 Regarding the specified parameters: c11 = 0.4, c22 = 0.3, c33 = 0.3, d11 =
−0.04, d12 = 0, d13 = −0.2, d21 = 0.1, d22 = −0.04,
d23 = 0.01, d31 = −0.04, d32 = 0.01, d33 = −0.2, I1 = 0, I2 = 0, and I3 = 0,
In addition, for α1 =, α2 =, α3 =, we have σ = 0.01 and γ = 1.
The main challenge is determining the finite-time value T . With δ = 2, calculating
the value γ = 0.949489737259976, where γ ≤ 1, we observe finite-time behavior for
T = 10. It is evident from Figure 5.4 that the system, with the specified parameters,
exhibits finite-time stability.
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Figure 5.3: Evolution of system (5.38) with x(0) = (0.1, 0.2,−0.1)T .
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Figure 5.4: Evolution of system (5.38) with withx(0) = (1, 1.5, 2)T .

5.4 Finite-Time Stability of Nabla Variable-Order Neu-
ral Networks

In this subsection, we present a straightforward exploration of the finite-time stability
of nabla variable-order neural networks. Our approach prioritizes simplicity and clar-
ity, aiming to provide accessible insights into how these networks behave within finite
timeframes. By employing practical methodologies, we seek to uncover the stability prop-
erties of nabla variable-order neural networks, offering valuable understandings for their
real-world applications.

5.4.1 A Gronwall Inequality
In a recent study, [365] introduced a Gronwall inequality associated with the Nabla frac-
tional operator for fractional difference equations. Additionally, [366] derived a discrete
Gronwall inequality for the discrete Atangana Baleanu fractional operator. Motivated by
these works, in this section, we outline and demonstrate a novel variable-order discrete
version of the generalized Gronwall’s inequality.

Theorem 5.6. Let u(t) and v(t) be discrete nonnegative, non-decreasing functions, with
0 ≤ v(t) ≤ L < 1. For each t ∈ Na+1, x(t) is nonnegative and satisfies the following:

x(t) ≤ u(t) + v(t)∇−α(t)
t x(t), (5.41)

then,
x(t) ≤ u(t)Eα1(Kv(t), t− a), (5.42)

where

α1 ≤ α(t) ≤ α2, S = max{(t− a)α1−1, (t− a)α2−1} and K =
SΓ(α1)

(t− a)α1−1Γ(α2)
.
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Proof. Referring to [367], it can be observed that for T ∈ Na+1 we have

T α(t)−1 =
Γ(Tα(t)− 1)

Γ(T )
≤

{
T α1−1, 0 ≤ T ≤ 1,

T α2−1, T > 1.
(5.43)

With T = t − a and S = max{T α1−1, T δ2−1}, employing the properties of Γ(t) on (0, 1),
we deduce Γ(α2) ≤ Γ(α(t)) ≤ Γ(α1), which, combined with definitions 1.50, yields:

x(t) ≤ u(t) + v(t)
1

Γ(α(t))

t∑
s=a+1

(t− ρ(s))α(t)−1x(s),

≤ u(t) + v(t)
S

Γ(α2)

t∑
s=a+1

(t− ρ(s))

T α(t)−1

α(t)−1

x(s),

≤ u(t) + v(t)
S

Γ(α2)

t∑
s=a+1

(
(t− ρ(s))

T

)α1−1

x(s),

≤ u(t) +Kv(t) a∇−α1
t x(t),

where K =
SΓ(α1)

T α1−1Γ(α2)
.

Consider the operator ψx(t) = Kv(t), a∇−α1
t x(t), then,

x(t) ≤ u(t) + ψx(t). (5.44)

Since the operator ψ is monotonic, we obtain

ψx(t) ≤ ψu(t) + ψ2x(t). (5.45)

Continuing with the above process yields

x(t) ≤
n−1∑
p=0

ψpu(t) + ψnx(t). (5.46)

Next, we will demonstrate that

ψnx(t) ≤ vn(t) a∇−nα1
t x(t), (5.47)

lim
n→∞

ψn = 0. (5.48)

Certainly, inequality (5.47) evidently holds true for n = 1. Employing mathematical
induction, for n = p, we obtain

ψpx(t) ≤ vp(t) a∇−pα1
t x(t). (5.49)

Since v(t) is a discrete non-decreasing function on Na+1, we obtain

ψp+1x(t) = ψ(ψpx(t)),

= Kv(t) a∇−α1
t ψpx(t)),

≤ Kv(t) a∇−α1
t

(
vp(s) a∇−pα1

s x(s)
)
,

= v(t)
K

Γ(α1)

t∑
s=a+1

(t− ρ(s))α1−1

(
vp(s)

1

Γ(pα1)

s∑
s′=a+1

(s− ρ(s′))pα1−1x(s′)

)
,

≤ Kvp+1(t) a∇−(p+1)α1

t x(t),
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where the method for composing two fractional sums was utilized. Consequently, we may
deduce that the inequality (5.47) holds for any n ∈ Na+1. Given v(t) ≤ L, we can infer
from inequality (5.47) that

ψnx(t) ≤ Ln K

Γ(nα1)

t∑
s=a+1

(t− ρ(s))nα1−1x(s),

≤ KLnX
1

Γ(nα1)

t∑
s=a+1

(t− ρ(s))nα1−1,

= KXLn (t− a)nα1

Γ(nα + 1)
, (5.50)

where X = max
t∈Na+1

{x(t)}. As a result, relation (5.50) is derived. Furthermore, one can
deduce that

ψnx(t) ≤ KLnX
(t− a)nα1

Γ(nα1 + 1)
→ 0 as n→ +∞, t ∈ Na+1,, (5.51)

and we have lim
n→∞

ψnx(t) = 0. Therefore:

x(t) ≤
n−1∑
p=0

ψpu(t) = u(t) +
n−1∑
p=1

ψpu(t) ≤ u(t) +
+∞∑
p=1

ψpu(t) ≤ u(t) +
+∞∑
p=1

Kpvp(t) a∇−pα1
t u(t).

(5.52)

From (5.47) and the hypothesis that u(t) is a non-decreasing function for t ∈ NT
a+1, we

can deduce that

x(t) ≤ u(t) +
+∞∑
p=1

Kpvp(t) a∇−pα1
t u(t),

≤ u(t) +
+∞∑
p=1

Kpvp(t)
1

Γ(pα1)

t∑
s=a+1

(t− ρ(s))pα1−1u(s),

≤ u(t) +
+∞∑
p=1

Kpvp(t)u(t)
1

Γ(pα1)

t∑
s=a+1

(t− ρ(s))pα1−1,

≤ u(t) +
+∞∑
p=1

Kpvp(t)u(t)
(t− a)pα1

Γ(pα1 + 1)
,

= u(t)
+∞∑
p=0

(Kv(t))p
(t− a)pα1

Γ(pα1 + 1)

= u(t)Eα1(Kv(t), t− a).

Like the conventional Gronwall inequality, the significance of (5.42) lies in its establish-
ment of a bound for x(t) in terms of u(t), v(t), and α(t). This concludes the proof.
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5.4.2 Finite–Time Stability of Nabla Variable-Order Neural Net-
works

To demonstrate the application of the essential results, we prove the uniqueness and
limited time stability of nabla variable-order neural networks using the results from the
prior section.
We investigate a discrete variable-ordre neural network:

C
a ∇δ(t)x(t) = −Aκ(t) +Dg(t, x(t)) + I. (5.53)

To begin, we make several assumptions before proceeding with the investigation of this
study.

(H1) Assume that h(t,κ(t)) is a continuous function that satisfies the Lipschitz condition
with respect to κ. That is,

|gi(t, xi(t))− gi(t, yi(t))| ≤ li|xi(t)− yi(t)|, t ∈ Na+1. (5.54)

(H2) For ci, dij, and lj, the following conditions hold:

0 < − min
i=1,...,n

ci +
n∑

i=1

max
j=1,...,n

|dij|lj ≤ 1. (5.55)

(H3) For γ and ϵ as defined in Definition ??, the following holds:

Eα1

(
− min

i=1,...,n
ci +

n∑
i=1

max
j=1,...,n

|dij|lj, t− a

)
<
ϵ

γ
. (5.56)

Theorem 5.7. Assuming that condition (H1) is satisfied, if x(t) and y(t) are different
solutions of system (5.53), then x(t) equals y(t).

Proof. If x and y are distinct solutions to (5.53), both starting from the same initial
conditions, we denote their difference as o, defined as o(t) = x(t) − y(t). Then, for
t ∈ Na+1, we have:

oi(t) =
1

Γ(α(t))

t∑
s=a+1

(t− ρ(s))α(t)−1

(
−cioi(s) +

n∑
j=1

dij(gj(s, xj(s))− gj(s, yj(s)))

)
, i = 1, ..., n.

(5.57)

Consequently,

|oi(t)| ≤
1

Γ(α(t))

t∑
s=a+1

(t− ρ(s))α(t)−1

(
ci|oi(s)|+

n∑
j=1

|dij||gj(s, xj(s))− gj(s, yj(s))|

)
,

(5.58)

≤ 1

Γ(α(t))

t∑
s=a+1

(t− ρ(s))α(t)−1

(
ci|oi(s)|+

n∑
j=1

|dij|lj|oj(s)|

)
. (5.59)

(5.60)
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This results in

∥o(t)∥ =
n∑

i=1

|oi(t)|,

≤ 1

Γ(α(t))

t∑
s=a+1

(t− ρ(s))α(t)−1

(
p

n∑
i=1

|oi(s)|+
n∑

i=1

n∑
j=1

|dij|lj|oj(s)|

)
,

≤ 1

Γ(α(t))

t∑
s=a+1

(t− ρ(s))α(t)−1

(
p∥o(s)∥+ β

n∑
i=1

|oi(s)|

)
,

≤ (p+ β)
1

Γ(α(t))

t∑
s=a+1

(t− ρ(s))α(t)−1∥o(t)∥,

= (p+ β) a∇−α(t)∥o(t)∥,

where p = max
i=1,...,n

{ci} and β = max
i=1,...,n

n∑
j=1

|dji|li. Given that α + β and |o(t)| are positive,

employing the result of Theorem 5.6, we obtain:

∥o(t)∥ ≤ 0× Eα1(p! + β, t− a). (5.61)

Consequently, |x(t) − y(t)| = 0, thus, x(t) = y(t) for t ∈ NT
a+1. This concludes the

proof.

Theorem 5.8. Given that (H1) − (H3) hold, the unique fixed point of system (5.53) is
finite-time stable with respect to t ∈ NT

a+1.

Proof. Let x∗ ∈ Rn be the unique fixed point of system (5.53), then

−cix∗i +
n∑

j=1

dijgj(t, x
∗
j) + Ii = 0, i = 1, ..., n. (5.62)

In the following, we will prove that x∗ is finite-time stable. Let x(t) be any solution of
system (5.53), then:

C
a ∇α(t)(xi(t)− x∗i ) = −ci(xi(t)− x∗i ) +

n∑
j=1

dij(gj(t, xj(t))− gj(t, x
∗
j)). (5.63)

However, based on Definition 1.49, we have:

C
a ∇α(t)|xi(t)− x∗i | =

1

Γ(α(t))

t∑
s=a+1

(t− ρ(s))α(t)−1|xi(s)− x∗i )| (5.64)

=


C
a ∇α(t)(xi(t)− x∗i ), if xi(t)− x∗i > 0,

0, if xi(t)− x∗i = 0,

− C
a ∇α(t)(xi(t)− x∗i ), if xi(t)− x∗i < 0,

(5.65)

= sgn(xi(t)− x∗i )
C
a ∇α(t)(xi(t)− x∗i ). (5.66)
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Thus,

C
a ∇α(t)|xi(t)− x∗i | = sgn(xi(t)− x∗i )

C
a ∇α(t)(xi(t)− x∗i ),

= sgn(xi(t)− x∗i )(−ci(xi(t)− x∗i ) +
n∑

j=1

dij(gj(t, xj(t))− gj(t, x
∗
j))),

= −ci|xi(t)− x∗i |+ sgn(xi(t)− x∗i )
n∑

j=1

cij(gj(t, xj(t))− gj(t, x
∗
j)),

≤ −ci|xi(t)− x∗i |+
n∑

j=1

|dij|lj|xj(t)− x∗j |.

Utilizing the fractional variable-order sum, we can conclude that

|κi(t)− κ∗
i | ≤ −di a∇−δ(t)|κi(t)− κ∗

i |+
n∑

j=1

|cij|lj a∇−δ(t)|κj(t)− κ∗
j |+ |κi(a)− κ∗

i |.

(5.67)

We can directly obtain

∥x(t)− x∗∥ =
n∑

i=1

|xi(t)− x∗i |,

≤ −ci
n∑

i=1

a∇−α(t)|xi(t)− xi ∗ |+
n∑

i=1

n∑
j=1

|dij|lj a∇−α(t)|xj(t)− x∗j |+
n∑

i=1

|xi(a)− x∗i |,

≤ − min
i=1,...,n

ci a∇−α(t)∥x(t)− x∗∥+
n∑

i=1

max
j=1,...,n

|dij|lj a∇−α(t)

n∑
j=1

|xj(t)− x∗j |

+ ∥ϕ− x ∗ ∥,

= ∥ϕ− x ∗ ∥+

(
− min

i=1,...,n
ci +

n∑
i=1

max
j=1,...,n

|dij|lj

)
a∇−α(t)∥x(t)− x∗∥.

Since |ϕ−x∗|, − min
i=1,...,n

ci+
n∑

i=1

max
j=1,...,n

|dij|lj, and |x(t)−x∗| are all positive, we can deduce

from Theorem 5.6 and (H3) that (5.68) holds.

∥x(t)− x∗∥ ≤ ∥ϕ− x∗∥Fδ1

(
− min

i=1,...,n
ci +

n∑
i=1

max
j=1,...,n

|dij|lj, t− a

)
<
ϵ

γ
. (5.68)

In accordance with Definition 1.49, this immediately demonstrates that the fixed point
x∗ of system (5.53) is finite-time stable with respect to t ∈ NT

a+1. This concludes the
proof.

5.4.3 Numerical Simulations
Now, let’s apply the theoretical stability conclusions to two numerical examples related
to variable-order discrete neural networks. As demonstrated below, we’ve established
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explicit numerical formulations for the nabla variable-order neural networks.

x1(i) = x1(a) +
1

Γ (α(i))

i∑
j=1

Γ (i− j + α(i))

Γ(i− j + 1)

(
−c1x1(i) +

n∑
j=1

d1jgj(i, xj(j)) + I1

)
,

...

xn(i) = xn(a) +
1

Γ (α(i))

i∑
j=1

Γ (i− j + α(i))

Γ(i− j + 1)

(
−cnxn(i) +

n∑
j=1

dnjgj(i, xj(i)) + In

)
.

(5.69)

Example 5.3. We investigate the following variable-order discrete neural networks:{
C
0 ∇α(t)x1(t) = −c1x1(t) + d11 sin(x1(t)) + d12 sin(x2(t)) + I1,
C
0 ∇α(t)x2(t) = −c2x2(t) + d21 sin(x1(t)) + d22 sin(x2(t)) + I2.

(5.70)

Consider the following parameters:

A =

(
1.1 0
0 0.9

)
, D =

(
0.7 0.5

0.5 − 0.6

)
, I =

(
0
0

)
, (5.71)

and the variable-order function

α(t) =

| ln
(

1

t+ 1

)
+ 1|

10
, α1 = 0.1, α2 = 0.2433987. (5.72)

Finite-time dynamics are evident within the specified parameters. Specifically, for

− min
j=1,...,n

cj +
n∑

i=1

max
j=1,...,n

lj|dij| = 0.4, (5.73)

Eα1

(
− min

i=1,...,n
ci +

n∑
i=1

max
j=1,...,n

|dij|lj, 30

)
≤ 1.172509622300451. (5.74)

Opting for γ = 0.4 and ϵ = 0.469003848920180 with x(0) = (0.4,−0.4)T , we observe in
Figure 5.5 that the solution is finite-time stable, corroborating the findings of Theorem
5.8.

Example 5.4. Consider the discrete neural networks:
C
0 ∇α(t)x1(t) = −1.1x1(t) + 0.6 tanh(x1(t)) + 0.5 tanh(x2(t))− 0.3 tanh(x3(t)),
C
0 ∇α(t)x2(t) = −1.2x2(t) + 0.2 tanh(x1(t))− 0.6 tanh(x2(t)) + 0.5 tanh(x3(t)),
C
0 ∇α(t)x3(t) = −1.1x3(t) + 0.275 tanh(x1(t)) + 0.8 tanh(x2(t))− 0.11 tanh(x3(t)),

(5.75)
with the variable-order function given by

α(t) = |1
6
− e−

t
4 |, α1 = 0.05646 and α2 = 0.83333. (5.76)

It’s evident that lj = 1 for j = 1, 2, 3, and the activation functions satisfy (H1). Addi-
tionally, (H2)− (H3) are satisfied for −minj=1,...,n cj +

∑n
i=1 maxj=1,...,n lj|dij| = 0.9,

Eα1

(
− min

i=1,...,n
ci +

n∑
i=1

max
j=1,...,n

|dij|lj, 30

)
≤ 1.142428052757200. (5.77)
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Figure 5.5: Numerical solution of neural networks (5.70).

Thus, according to Theorem 5.8, system (5.75) possesses a unique equilibrium point that
is finite-time stable when γ = 0.8 and ϵ = 0.469003848920180. We examine the next three
numerical simulation scenarios:

Case 1: Let x(0) = (0.8, 0.8, 0.8)T ,

Case 2: Let x(0) = (0.1, 0.5, 0.2)T ,

Case 3: Let x(0) = (1,−2, 5)T .

Figure 5.6, Figure 5.7, and Figure 5.8 depict the temporal responses of the neural network
variables x1, x2, and x3.
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Figure 5.6: Numerical solution of neural networks (5.75).
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Figure 5.7: Numerical solution of neural networks (5.75).
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Figure 5.8: Numerical solution of neural networks (5.75).

5.5 Finite-Time Stability of Discrete ABC type Variable-
Order Neural Networks

In this subsection, we embark on a straightforward examination of the finite-time stability
of ABC type variable-order neural networks. Our approach emphasizes simplicity and
directness, aiming to unravel the stability characteristics of these networks within finite
time intervals. Through practical methodologies, we endeavor to elucidate the finite-time
behavior of ABC type variable-order neural networks, offering practical insights for their
application in diverse domains.

Lemme 5.2. Let’s consider a function x defined on the domain Na+1, such that x(t)
satisfies the following inequality:

ABC
a ∇αx2(t) ≤ 2x(t) ABC

a ∇αx(t). (5.78)
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Proof. We need to prove the equivalence of the following expression:

ABC
a ∇αx2(t)− 2x(t) ABC

a ∇αx(t) ≤ 0. (5.79)

Initially, we have

ABC
a ∇αx2(t)− 2x(t) ABC

a ∇αx(t) =
B(α)

1− α

t∑
s=a+1

[(x(s)− x(s− 1))− 2(x(t)x(s)− x(t)x(s− 1))]

× Eα

(
−α
1− α

, t− ρ(s)

)
,

=
B(α)

1− α

t∑
s=a+1

[(x2(s)− x2(s− 1))− 2(x(t)x(s)− x(t)x(s− 1))]

× Eα

(
−α
1− α

, t− ρ(s)

)
,

=
B(α)

1− α

t∑
s=a+1

[(x(t)− x(s))2 − (x(t)− x(s− 1))2]Eα

(
−α
1− α

, t− ρ(s)

)
,

=
B(α)

1− α

t∑
s=a+1

∇s(x(t)− x(s))2Eα

(
−α
1− α

, t− ρ(s)

)
.

By employing summation by parts as stated in equation (5.80),

b−1∑
ȷ=a

g(ȷ+ 1)∇f(ȷ) = g(ȷ)f(ȷ)|ba−
b−1∑
ȷ=a

f(ȷ)∇g(ȷ), (5.80)

for g(s− 1) = Eα(κ, t− (s− 1)) and f(s) = (x(s)− x(t))2.
We can infer that:

ABC
a ∇αx2(t)− 2x(t) ABC

a ∇αx(t) = −B(α)

1− α

t∑
s=a+1

(x(t)− x(s))2∇sEα

(
−α
1− α

, t− s

)
+ (x(t)− x(s))2Eα

(
−α
1− α

, t− s

)
|ta.

Conversely, we obtain:

∇sEα(κ, t− s) = Eα(κ, t− s)− Eα(κ, t− (s− 1)),

=
∞∑
k=0

κk
(t− s)kα

Γ(αk + 1)
−

∞∑
k=0

κk
(t− (s− 1))kα

Γ(αk + 1)
,

=
∞∑
k=0

κk

Γ(αk + 1)
∇s(t− s)kα.

Because

∇s(t− ρ(s))α = α(t− ρ(s))α−1, (5.81)
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this implies that:

∇sEα(κ, t− s) =
∞∑
k=0

κk

Γ(αk + 1)
kα(t− s)kα−1,

=
∞∑
k=0

κk

Γ(αk)
(t− s)α−1

h ,

= Eα,0(κ, t− s),

thus, we get:

ABC
a ∇αx2(t)− 2x(t) ABC

a ∇αx(t) = −B(α)

1− α

t∑
s=a+1

(x(t)− x(s))2Eα,0

(
−α
1− α

, t− s

)
− (x(t)− x(a))2Eα

(
−α
1− α

, t− a

)
.

Since κ ≤ 0, , we have

ABC
a ∇αx2(t)− 2x(t) ABC

a ∇αx(t) ≤ 0,

this concludes the proof.

5.5.1 Generalized Discrete Variable-Order ABC Gronwal In-
equality

In this section, we introduce a novel variable-order discrete ABC-type Gronwall inequality,
representing a pioneering contribution to the literature by extending existing inequalities
of this kind.

Theorem 5.9. Suppose 0 < α < 1
2

and the functions B(α)
B(α)−(1−α)v(t)

u(t) and αv(t)
B(α)−(1−α)v(t)

are both non-negative and non-decreasing for all t ∈ Na. Additionally, x(t) is non-
negative, and the following inequality is satisfied:

x(t) ≤ u(t) + v(t) AB
a ∇−αx(t), (5.82)

then,

x(t) ≤ B(α)

B(α)− (1− α)v(t)
u(t)Eα

(
αv(t)

B(α)− (1− α)v(t)
, t− a

)
.

Proof. First, let’s establish the following:

x(t) ≤ u(t) + v(t)AB
a ∇−αx(t), (5.83)

leading to:

x(t) ≤u(t) + v(t)

(
1− α

B(α)
x(t) +

α

B(α)
a∇−αx(t)

)
.
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Thus, we can deduce that the following inequality is established:

x(t) ≤
(
1− (1− α)v(t)

B(α)

)−1

(u(t) +
αv(t)

B(α)
a∇−αx(t))

=
B(α)

B(α)− (1− α)v(t)
u(t) +

αv(t)

B(α)− (1− α)v(t)
a∇−αx(t).

Now, let’s consider the following:

ϕ(t) =
B(α)

B(α)− (1− v)v(t)
u(t),

ψ(t) =
αv(t)

B(α)− (1− α)v(t)
.

Utilizing Lemma 5.1, we can infer the following:

x(t) ≤ B(α)

B(α)− (1− α)v(t)
u(t)Eα

(
αv(t)

B(α)− (1− α)v(t)
, t− a

)
.

This completes the proof.

Remarque 5.1. The uniqueness of the Gronwall inequality presented here sets it apart
from existing literature. For instance, in [368], a generalized discrete fractional variable-
order Gronwall inequality was introduced to analyze the finite-time stability of nonlinear
Nabla fractional variable-order discrete neural networks. In [369], the Atangana-Baleanu
h-fractional difference sum operator was utilized to explore a generalized h-Gronwall in-
equality, addressing the uniqueness theorem and finite-time stability criterion of nonlinear
h-fractional neural networks. Notably, the Gronwall inequality proposed in this study rep-
resents a broader concept than those previously found, as evidenced by its application
to the investigation of stability and synchronization within a specific class of discrete
variable-order neural networks.

5.5.2 Solvability Conditions
In this section, we delve into the exploration of a variable-order discrete ABC-type neural
network. We accomplish this by utilizing the discrete generalized ABC-type Gronwall
inequality.
To begin, we introduce the following neural network with dynamics operating in fractional
variable-order discrete time.

ABC
a ∇αxi(t) = −cixi(t) +

n∑
j=1

dijgj(t, xj(t)) + Ii. (5.84)

Now, we introduce several assumptions to establish the groundwork for our analysis of
the system’s dynamics.

(A1) Suppose g(t, x(t)) is a continuous function satisfying the Lipschitz condition with
respect to κ. This condition implies:

|gi(t, xi(t))− gi(t, zi(t))| ≤ li|xi(t)− zi(t)|, t ∈ Na. (5.85)
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(A2) Suppose there exists a positive constant γ satisfying the following condition:

0 <
αγ

B(α)− (1− α)γ
≤ 1, (5.86)

where γ = max
i=1,...,n

{
ci +

j=1∑
n

|dij|lj

}
and σ = max

i=1,...,n
Ii

(A3) Let’s assume the existence of a positive constant ν such that:

0 <
αν

B(α)− (1− α)ν
≤ 1, (5.87)

here ν = max
i=1,...,n

{
ci +

j=1∑
n

dijj + djii
2

}
.

Subsequently, we will investigate the solvability of equation (5.84) using the variable-
order generalized ABC Gronwall inequality.

Theorem 5.10. If conditions (A1) and (A2) are satisfied, the solution to equation (5.84)
is guaranteed to be unique.

Proof. Let x and z both be solutions to equation (5.84). We define o as o(t) = x(t)− z(t)
for t ∈ Na. Given x(a) = z(a), we aim to demonstrate o(t) = 0 for t ∈ Na. This results
in the following conclusion:

ABC
a ∇αoi(t) =− cioi(t) +

n∑
j=1

dij(gj(t, xj(t))− gj(t, zj(t))).

This equivalence can be expressed as:

|oi(t)| =| AB
a ∇−α

(
−cioi(t) +

n∑
j=1

dij(gj(t, xj(t))− gj(t, zj(t)))

)
|,

≤ AB
a ∇−α

(
ci|oi(t)|+

n∑
j=1

|dij|lj|xj(t)− zj(t)|

)
,

≤ AB
a ∇−α

(
(ci +

n∑
j=1

|dij|lj)|oi(t)|

)
.

Thus, we can conclude that

∥o(t)∥ ≤ γ aAB∇−α (∥o(t)∥) .

As indicated in Theorem 5.9, it is apparent that

∥o(t)∥ ≤ B(α)

B(α)− (1− α)α
0× Eα

(
αγ

B(α)(1− α + α)− (1− α)α
, t− a

)
.

By utilizing strong induction and verifying that |o(t)| = 0 implies o(t) = 0, we affirm the
uniqueness of the solution to equation (5.84). This concludes the proof.
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5.5.3 Finite-Time Stability Results
In this section, we delve into the investigation of finite-time stability in nabla ABC neural
networks with variable order. To begin, we introduce the following definition related to
finite-time stability.

Theorem 5.11. If conditions (A1) and (A2) hold, then system (5.84) demonstrates finite-
time stability if and only if |Φ| < δ and:

B(α)

B(α)− (1− α)γ
κEα

(
αγ

B(α)− (1− α)γ
, t− a

)
≤ δ

ϵ
,

here
κ = ∥Φ∥+ σ(1− alpha)

B(α)
+

σα(t− a)α

B(α)Γ(α + 1))
.

Proof. Given that x(a) = Φ, it’s clear that equation (5.84) can be restated as a summation
equation with variable order.

xi(t) = xi(a) +
AB
a ∇−α

(
−cixi(t) +

n∑
j=1

dijgj(t, xj(t)) + Ii

)
. (5.88)

This restatement leads us to the subsequent outcome.

|xi(t)| ≤ |xi(a)|+ AB
a ∇−α

(
ci|xi(t)|+

n∑
j=1

|dij|lj|xj(t)|+ |Ii|

)
,

≤ |xi(a)|+ (ci +
n∑

j=1

|dij|lj|) AB
a ∇−α|xj(t)|+ ABC

a ∇ασ.

Therefore, we can infer that

∥x(t)∥ ≤ ∥Φ∥+ σ(1− α)

B(α)
+

σα(t− a)α

B(α)Γ(α + 1))
+ γ AB

a ∇−α∥x(t)∥.

Now, by utilizing Theorem 5.9, we derive.

∥x(t)∥ ≤ Bα)

B(α)− (1− α)v(t)
u(t)Eα

(
αv(t)

B(α)− (1− α)v(t)
, t− a

)
,

here
u(t) = ∥Φ∥+ σ(1− α)

B(α)
+

σα(t− a)α

B(α)Γ(α + 1))
,

and
v(t) = γ,

while
0 <

αγ

B(α)− (1− α)v(t)
≤ 1.

According to the conditions outlined in Definition 5.1, it can be deduced that system
(5.84) exhibits finite-time stability. This completes the proof.
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5.5.4 Computer Simulation
In this section, to demonstrate the practicality and effectiveness of our theoretical find-
ings, we present two numerical examples that cover a range of scenarios and simulations.
Example 5.5. We analyze a discrete-time fractional neural network in a three-dimensional
context, as follows:

ABC
a ∇αx(t) = −Ax(t) +D sin(x(t)) + I. (5.89)

The numerical results for system (5.89) are as follows:
xi(ℓ) = xi(0) +

1− α(i)

B(α(i))
[−cixi(ℓ) + di1 sin(x1(ℓ)) + di2 sin(x2(ℓ)) + di3 sin(x2(ℓ)) + Ii]

+
α(i)

B(α(i)))

i∑
k=1

Γ(i− k + α(i))

Γ(i− k + 1)
(−cixi(j) + di1 sin(x1(j)) + di2 sin(x2(j))

+di3 sin(x2(ℓ)) + I
i), i=1,...,3.

(5.90)
Case.1 Let’s examine the parameters:

A =

0.2 0 0
0 0.2 0
0 0 0.2

 , D =

 0.04 0 0.02
0.03 0.04 0.01
0.04 0.01 0.02

 , I =

0
0
0

 ; (5.91)

Additionally, given α =
| ln
(

1
t+1

)
|

t+ 20
we can determine the parameters as follows:

γ = 1.5, σ = 0.

With δ = 0.2, the main difficulty in identifying the finite-time T lies in calculating
αγ

B(α)− (1− α)γ
= 0.974100401595700

, which is less than or equal to 1.
Given certain conditions, finite-time behavior can be observed. Figure 5.9 illustrates
that at finite-time T = 10, the numerical results validate the theoretical predictions,
confirming our findings.

Case.2 Regarding the parameters provided:
c11 = 0.4, c22 = 0.3, c33 = 0.3, d11 = 0.3, d11 = −0.04, d12 = 0, d13 = −0.2, d21 =
0.1, d22 = −0.04,
d23 = 0.01, d31 = −0.04, d32 = 0.01, d33 = −0.2, I1 = 0, I2 = 0, and I3 = 0.

Moreover, with the selection α =
1

2
−

exp
( −1
t+1

)
t+ 1

, we obtain σ = 0.01 and γ = 1.

The main challenge lies in establishing the finite-time value T . When δ = 2,
evaluating the expression

αγ

B(α)− (1− α)γ
= 0.949489737259976

, which is less than or equal to 1, indicates finite-time behavior for T = 15. The
system with the given parameters is evidently stable in finite-time, as shown in
Figure 5.10.
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Figure 5.9: Evolution of system (5.89) with x(0) = (0.1, 0.2,−0.1)T .
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Figure 5.10: Evolution of system (5.89) with with x(0) = (1, 1.5, 2)T .

5.6 Conclusion
In conclusion, this chapter has contributed to advancing the understanding of finite-time
stability in discrete fractional systems, particularly within the domain of neural networks.
By addressing the notable gap in research concerning finite-time stability analysis, we
have introduced novel methodologies tailored for analyzing the convergence behavior of
discrete fractional neural networks within finite timeframes.

Our exploration has shed light on the complexities involved in ensuring stability over
finite time periods, highlighting the need for specialized techniques in the analysis of
discrete fractional systems. Through the introduction of novel stability criteria and com-
parison theorems, we have provided valuable insights into the behavior of these systems
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under finite-time dynamics.

The findings presented in this paper offer practical implications for the design and
implementation of discrete fractional neural networks, particularly in applications where
stability within finite timeframes is paramount. By bridging the gap between theoretical
analysis and practical application, our work contributes to the broader understanding of
fractional systems and their role in real-world scenarios.

Moving forward, further research is warranted to explore additional aspects of finite-
time stability in discrete fractional systems, including more complex network architectures
and diverse applications. Additionally, efforts to validate the proposed methodologies
through extensive numerical simulations and experimental validations will be crucial in
enhancing the reliability and robustness of finite-time stability analysis techniques.

Overall, the insights provided in this chapter pave the way for future advancements in
the field of discrete fractional systems, offering new avenues for exploring the dynamics
and stability properties of these systems within finite timeframes.



Chapter 6

Other Stability Type for Discrete
Fractional-Order Neural Networks

6.1 Introduction
Ulam-Hyers stability, a relatively underexplored aspect, holds significant implications for
the robustness and predictability of discrete systems. Although the literature on this
topic is sparse [370, 371, 372], recent efforts have illuminated its importance, particu-
larly within the context of discrete-time fractional variable-order neural networks [373].
These networks, characterized by their discrete nature and variable orders, present unique
challenges in stability analysis.

Similarly, uniform stability has garnered attention due to its relevance in ensuring
system behavior consistency across various scenarios [374, 375, 376]. The pursuit of
adequate criteria for studying uniform stability in discrete-time fractional variable-order
neural networks remains an active area of research [377], driven by the need for reliable
and efficient models in engineering and scientific applications.

This chapter contributes to this evolving landscape by presenting novel criteria for
Ulam-Hyers stability and uniform stability in discrete-time neural networks with variable
orders. The proposed model, grounded in the Caputo h-difference operator, offers insights
into the dynamics and stability of such networks, thereby advancing our understanding
of their behavior.

The chapter is structured as follows: The first part Introduces the equations govern-
ing the proposed variable-order fractional discrete neural network, laying the groundwork
for the subsequent stability analysis. This section also presents two novel theorems that
address the existence of solutions and establish Ulam-Hyers stability, providing rigorous
criteria for evaluating the stability of the system. Furthermore, it demonstrates the prac-
tical implications of the theoretical findings through numerical simulations, highlighting
the importance of Ulam-Hyers and uniform stability in real-world applications. The sec-
ond part Discusses several results on both the existence and uniqueness of the solutions
of the considered discrete-time neural networks, utilizing the Banach fixed point tech-
nique. This section also presents our major conclusions, focusing on constraints related
to the uniform stability of the addressed neural networks. Finally, the significance of the
key findings is demonstrated using two numerical examples, which illustrate the practical
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relevance and application of the theoretical results.

6.2 Ulam Hyers Stability for Discrete Fractional Multivariable-
Order Neural Networks

This section adresses the stability of discrete fractional-order neural networks, focusing
on Ulam Hyers stability. It’s a key concept that helps us understand how these networks
respond to slight changes. By exploring this, we aim to shed light on how stable these
networks are under different conditions.

The variable-order fractional discrete neural network that we propose can be mathe-
matically described by the following formulation:

C
h ∆αk

tkl
x(t) = −Ax(t+ αkh) +Dg(x(t+ αkh)). (6.1)

This equation can be simplified to a more manageable form, facilitating a deeper under-
standing and analysis of the system’s dynamics and stability

C
h ∆α0

t0 x(t) = −Ax(t+ α0h) +Dg(x(t+ α0h)), t ∈ {t0 + (1− α0)h, ..., tl − α0h},
C
h ∆α1

tl
x(t) = −Ax(t+ α1h) +Dg(x(t+ α1h)), t ∈ {tl + (1− α1)h, ..., t2l − α1h},

...
C
h ∆αk

tkl
x(t) = −Ax(t+ αkh) +Dg(x(t+ αkh)), t ∈ {tkl + (1− αk)h, ..., t(k+1)l − αkh}.

(6.2)
t ∈ (hNtkl+(1−αk)h, 0 < αk ≤ 1, k = 0, ...,m− 1, m is the number of the intervals.

Here, x(t) = (x1(t), ..., xn(t))
T ∈ Rn represents the state of the unit at time t, where n

signifies the dimensionality. The matrix A = diag(−a1, ...,−ap), with ci > 0, serves the
purpose of resetting the neurons’ potential to the resting state upon disconnection from
the network. Meanwhile, D ∈ Rn ∗ n corresponds to the connection weights within the
neural network. Finally, g(t, x(t)) ∈ C(hN)tkl + (1− αk)h,Rn) denotes the activation
function, ensuring the continuity of g within the specified domain.

Lemme 6.1. A function x(t) is termed the solution of (6.1) if it adheres to the following
conditions:

x(t) =



x(t0) +
h

Γ(α0)

t
h
−α0∑

s=
t0
h
+1−α0

(t− σ(sh))α0−1
h [−Ax(sh) +Dg(x(sh))], t ∈ {t0 + h, ..., tl},

x(t0) +
m−1∑
n=1

h

Γ(αn−1)

t
h
−αn−1∑

s=
t(n−1)l

h
+1−αn−1

(t − σ(sh))
αn−1−1
h [−Ax(sh) +Dg(x(sh))],

+
h

Γ(αm−1)

t
h
−αm−1∑

s=
t(m−1)l

h
+1−αm−1

(t− σ(sh))
αm−1−1
h [−Ax(sh) +Df(x(sh))],

t ∈ {t(m−1)l + h, ..., tml}.
(6.3)
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Proof. Equation (6.2) can be stated as equivalent to
x(t) = x(t0) + h∆

−α0

t0+(1−α0)h
[−Ax(t) +Dg(x(t))], t ∈ {t0 + h, ..., tl},

x(t) = x(tl) + h∆
−α1

tl+(1−α1)h
[−Ax(t) +Dg(x(t))], t ∈ {tl + h, ..., t2l},

...

x(t) = x(t(m−1)l) + h∆
−α(m−1)

t(m−1)l+(1−αm−1)h
[−Ax(t) +Dg(x(t))], t ∈ {t(m−1)l + h, ..., tml}.

As for k = 0, t in the range {t0 + (1 − α0)h, ..., tl − v0h}, the solution of (6.1) can be
formulated as:

x(t) = x(t0) + h∆
−α0

t0+(1−α0)h
[−Ax(t) +Dg(x(t))].

Further analysis yields:

x(t) = x(t0) +
h

Γ(α0)

t
h
−α0∑

s=
t0
h
+1−α0

(t− σ(sh))α0−1
h [−Ax(sh) +Dg(x(sh))].

We can express x(tl) = x(t0)+
h

Γ(α0)

tl
h
−α0∑

s=
t0
h
+1−α0

(tl−σ(sh))α0−1
h [−Ax(sh)+Dg(x(sh))]

as an initial condition for:
C
h ∆α1

tl
x(t) = −Ax(t+ α1h) + Ag(x(t+ α1h)), t ∈ {tl + (1− α1)h, ..., t2l − α1h}.

By employing a similar methodology, we can derive the expression of x(t) for any t in the
range {tl + (1− α1)h, ..., t2l − α1h}.

x(t) = x(tl) +
h

Γ(α1)

t
h
−α1∑

s=
t0
h
+1−α1

(t− σ(sh))α1−1
h [−Ax(sh) +Dg(x(sh))],

= x(t0) +
h

Γ(α0)

tl
h
−α0∑

s=
t0
h
+1−α0

(tl − σ(sh))α0−1
h [−Ax(sh) +Dg(x(sh))]

+
h

Γ(α1)

t
h
−α1∑

s=
tl
h
+1−α1

(t− σ(sh))α1−1
h [−Ax(sh) +Dg(x(sh))],

for any t in the range t ∈ {tkl + (1 − αk)h, ..., t(k+1)l−αkh}, k = 2, 3, ...,m − 1 we can
similarly derive x(t) as follows

x(t) =



x(t0) +
h

Γ(α0)

t
h
−α0∑

s=
t0
h
+1−α0

(t− σ(sh))α0−1
h [−Ax(sh) +Dg(x(sh))], t ∈ {t0 + h, ..., tl},

x(t0) +
m−1∑
n=1

h

Γ(αn−1)

t
h
−αn−1∑

s=
t(n−1)l

h
+1−αn−1

(t − σ(sh))
αn−1−1
h [−Ax(sh) +Dg(x(sh))]

+
h

Γ(αm−1)

∑ t
h
−αm−1

s=
t(m−1)l

h
+1−αm−1

(t− σ(sh))
αm−1−1
h [−Ax(sh) +Df(x(sh))],

t ∈ {t(m−1)l + h, ..., tml},

and with that, the proof is completed.
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6.2.1 Existence of The Solution
The operator presented here is now defined:

Px(t) = x(t0) +
m−1∑
n=1

h

Γ(αn−1)

t
h
−αn−1∑

s=
t(n−1)l

h
+1−αn−1

(t − σ(sh))
αn−1−1
h [−Ax(sh) +Dg(x(sh))]

+
h

Γ(αm−1)

t
h
−αm−1∑

s=
t(m−1)l

h
+1−αm−1

(t− σ(sh))
αm−1−1
h [−Ax(sh) +Dg(x(sh))], t ∈ (hN)t0+h.

We can readily conclude that x is a solution of (6.1) if and only if x is a fixed point
of the operator P . To establish existence results, we employ Kransnoselkii’s fixed point
theorem [378].

For any t ∈ (hN)t0+h, we define the operators

Tx(t) =
m−1∑
n=1

h

Γ(αn−1)

t
h
−αn−1∑

s=
t(n−1)l

h
+1−αn−1

(t − σ(sh))
αn−1−1
h [−Ax(sh) +Dg(x(sh))],

and

Sx(t) = x(t0) +
h

Γ(αm−1)

t
h
−αm−1∑

s=
t(m−1)l

h
+1−αm−1

(t− σ(sh))
αm−1−1
h [−Ax(sh) +Dg(x(sh))].

Next, we introduce the following assumptions.

(A1) for all t ∈ (hNt(m−1)l+(1−αm−1)h, g(t, x) represents a continuous function with respect
to x, and there exists a constant L ∈ R+ such that

∥g(t, x)− g(t, y)∥ ≤ L∥x− y∥

(A2) There exists a constant M ∈ R+ such that

M < 1

Where

M = [MA + LMD]×(
m−1∑
n=1

(t + (αn−1 − 1)h+ t(n−1)l)
(αn−1)
h

Γ(1 + αn−1)
+ sup

t∈{t(m−1)l+h,...,tml}

(t+ (αm−1 − 1)h+ t(m−1)l)
(αm−1)
h

Γ(1 + αm−1)

)
,

MA = ∥A∥∞, MD = ∥D∥∞.

Now, a novel Theorem is illustrated, which proves the existence of the solution of the
variable-order fractional discrete neural network (6.1).

Theorem 6.1. Under Assumptions (A1) and (A2), for any x ∈ Rn, there exists positive
σ such that ∥x(t0)∥ ≤ σ. Then, system (6.1) has at least one bounded solution in Ω =
{x ∈ Rn : ∥x∥ ≤ r} if the following condition hold

r >
σ

1−M
.
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Proof. It’s clear that Ω constitutes a nonvoid, shut, delimited, and convex region within

Step 1. We demonstrate that S transforms Ω into itself. For any x belonging to Ω, we
have:

∥Sx(t)∥ ≤ ∥x(t0)∥+
h

Γ(αm−1)

t
h
−αm−1∑

s=
t(m−1)l

h
+1−αm−1

(t− σ(sh))
αm−1−1
h ∥ − Ax(sh) +Dg(x(sh))∥,

≤ σ + [MA + LMD] sup
t∈{t(m−1)l+h,...,tml}

(t+ (αm−1 − 1)h+ t(m−1)l)
(αm−1)
h

Γ(1 + αm−1)
∥x∥,

≤ σ + [MA + LMD] sup
t∈{t(m−1)l+h,...,tml}

(t+ (αm−1 − 1)h+ t(m−1)l)
(αm−1)
h

Γ(1 + αm−1)
r ≤ r.

This implies that SΩ is a subset of Ω.

Step 2. We need to demonstrate the continuity of S. Consider a sequence xn in Ω such
that xn converges to x as n tends to infinity. Then, we can derive the following:

∥Sxn(t)− Sx(t)∥ ≤ ∥xn(t0)− x(t0)∥

+ ∥ h

Γ(αm−1)

t
h
−αm−1∑

s=
t(m−1)l

h
+1−αm−1

(t− σ(sh))
αm−1−1
h [−A(xn(sh)− x(sh))

+D(g(xn(sh))− g(x(sh)))]∥,
≤ ∥xn(t0)− x(t0)∥

+ [MA + LMD] sup
t∈{t(m−1)l+h,...,tml}

(t+ (αm−1 − 1)h+ t(m−1)l)
(αm−1)
h

Γ(1 + αm−1)
∥xn(t)− x(t)∥.

Thus, we can conclude that |Sxn(t) − Sx(t)| → 0 as n → +∞, indicating the
continuity of S.

Step 3. We demonstrate that S is relatively compact. Selecting t1, t2 ∈ {tkl+h, ..., t(k+1)l}, k =
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1, 2, ...m− 1 and t1 < t2 we have

∥Sx(t1)− Sx(t2)∥ ≤ h

Γ(αm−1)
∥

t1
h
−αm−1∑

s=
t(m−1)l

h
+1−αm−1

(t1 − σ(sh))
αm−1−1
h [−Ax(sh) +Dg(x(sh))]

−

t2
h
−αm−1∑

s=
t(m−1)l

h
+1−αm−1

(t2 − σ(sh))
αm−1−1
h [−Ax(sh) +Dg(x(sh))]∥,

≤ h

Γ(αm−1)
∥

t1
h
−αm−1∑

s=
t(m−1)l

h
+1−αm−1

(t1 − σ(sh))
αm−1−1
h [−Ax(sh) +Dg(x(sh))]

−

t1
h
−αm−1∑

s=
t(m−1)l

h
+1−αm−1

(t2 − σ(sh))
αm−1−1
h [−Ax(sh) +Dg(x(sh))]

−

t2
h
−αm−1∑

s=
t1
h
+1−αm−1

(t2 − σ(sh))
αm−1−1
h [−Ax(sh) +Dg(x(sh))]∥,

≤ h

Γ(αm−1)
∥

t1
h
−αm−1∑

s=
t(m−1)l

h
+1−αm−1

(
(t1 − σ(sh))

αm−1−1
h − (t2 − σ(sh))αk−1

h

)
[−Ax(sh) +Dg(x(sh))]

−

t2
h
−αm−1∑

s=
t1
h
+1−αm−1

(t2 − σ(sh))
αm−1−1
h [−Ax(sh) +Dg(x(sh))]∥,

≤ h

Γ(αm−1)
[MA + LMD](

t1
h
−αm−1∑

s=
t(m−1)l

h
+1−αm−1

|(t1 − σ(sh))
αm−1−1
h − (t2 − σ(sh))αk−1

h |

+

t2
h
−αm−1∑

s=
t1
h
+1−αm−1

(t2 − σ(sh))
αm−1−1
h )r → 0, as t1 → t2.

This implies that {Sx : x ∈ Ω} s a bounded and uniformly Cauchy subset E.
Utilizing Azela-Ascoli’s Theorem [378], we conclude that SΩ is relatively compact.
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Step 4. Selecting a fixed y ∈ Ω, x = Tx+ Sy for all k = 0, 1, 2, ...,m− 1 and we have

∥x∥ ≤ ∥Tx∥+ ∥Sy∥,

≤
m−1∑
n=1

h

Γ(αn−1)

t
h
−αn−1∑

s=
t(n−1)l

h
+1−αn−1

(t − σ(sh))
αn−1−1
h ∥ − Ax(sh) +Dg(x(sh))∥

+ ∥y(t0)∥+
h

Γ(αm−1)

t
h
−αm−1∑

s=
t(m−1)l

h
+1−αm−1

(t− σ(sh))
αm−1−1
h ∥ − Ay(sh) +Dg(y(sh))∥,

≤ [MA + LMD]r
m−1∑
n=1

h

Γ(αn−1)

t
h
−αn−1∑

s=
t(n−1)l

h
+1−αn−1

(t − σ(sh))
αn−1−1
h

+ σ + [MA + LMD]r
h

Γ(αm−1)
sup

t∈{t(m−1)l+h,...,tml}

(t+ (αm−1 − 1)h+ t(m−1)l)
(αm−1)
h

Γ(1 + αm−1)
,

≤ σ + [MA + LMD](
m−1∑
n=1

(t + (αn−1 − 1)h+ t(n−1)l)
(αn−1)
h

Γ(1 + αn−1)

+ sup
t∈{t(m−1)l+h,...,tml}

(t+ (αm−1 − 1)h+ t(m−1)l)
(αm−1)
h

Γ(1 + αm−1)
)r ≤ r.

Therefor, x ∈ Ω.

Ultimately, we establish that the operator T is a contraction mapping. Considering
x(t), y(t) ∈ Ω, the norm of Tx(t)− Ty(t), is computed as follows:

∥Tx(t)− Ty(t)∥ = ∥
m−1∑
n=1

h

Γ(αn−1)

t
h
−αn−1∑

s=
t(n−1)l

h
+1−αk−n−1

(t − σ(sh))
αn−1−1
h [−A(x(sh)− y(sh))

+D(g(x(sh))− g(yg(sh)))]∥

≤ [MA + LMD]∥x− y∥
m−1∑
n=1

(t + (αn−1 − 1)h+ t(n−1)l)
(αn−1)
h

Γ(1 + αn−1)
< ∥x− y∥.

Based on condition (A2), it follows that the operator T behaves as a contraction
mapping. By Krasnoselskii fixed-point Theorem [378], the composite operator P =
T + S possesses a fixed point within Ω, which constitutes a solution to (6.1).

6.2.2 Ulam-Hyers Stability of Discrete Fractional Multiple-Order
Neural Network

Definition 6.1 (Ulam-Hyers stability [379]). We define (6.1) to be Ulam-Hyers stable if
there exists c > 0 such that for any ϵ > 0, whenever y ∈ R satisfies

∥Ch ∆αk
tkl
x(t) + Ax(t+ αkh)−Dg(x(t+ αkh)∥ ≤ ϵ, (6.4)
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for t ∈ (hN)tkl+(1−αk)h, 0 < αk ≤ 1, k = 0, ...,m− 1.
In this case, there exists a solution y of (6.1) such that:

∥x(t)− y(t)∥ ≤ cϵ.

Initially, we establish the following lemma.

Lemme 6.2. Ifx solves Equation (6.4), then it satisfies the following.

∥x(t)−x(t0) +
m−1∑
n=1

h

Γ(αn−1)

t
h
−αn−1∑

s=
t(n−1)l

h
+1−αn−1

(t − σ(sh))
αn−1−1
h [Ax(sh)−Dg(x(sh))]

+
h

Γ(αm−1)

t
h
−αm−1∑

s=
t(m−1)l

h
+1−αm−1

(t− σ(sh))
αm−1−1
h [Ax(sh)−Dg(x(sh))]∥ ≤ dϵ,

where

d =

(
m−1∑
n=1

(t + (αn−1 − 1)h+ t(n−1)l)
(αn−1)
h

Γ(1 + αn−1)
+ sup

t∈{t(m−1)l+h,...,tml}

(t+ (αm−1 − 1)h+ t(m−1)l)
(αm−1)
h

Γ(1 + αm−1)

)
.

Proof. Suppose x(t) satisfies Equation (6.4). Then, there exists a function f(t) such that
and

C
h ∆αk

tkl
x(t)+Ax(t+αkh)−Dg(x(t+αkh) = f(t), t ∈ {tkl+h, ..., t(k+1)l}, k = 0, 1, 2, ...,m−1.

This implies that
C
h ∆α0

t0 x(t) + Ax(t+ α0h)−Dg(x(t+ α0h) = f(t), t ∈ {t0 + h, ..., tl},
C
h ∆α1

tl
x(t) + Ax(t+ α1h)−Dg(x(t+ α1h) = f(t), t ∈ {tl + h, ..., t2l},

...
C
h ∆

αm−1

t(m−1)l
x(t) + Ax(t+ αm−1h)−Dg(x(t+ αm−1h) = f(t), t ∈ {t(m−1)l + h, ..., tml}.
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This is equivalent to stating that:

x(t)− x(t0) +
h

Γ(α0)

t
h
−α0∑

s=
t0
h
+1−α0

(t− σ(sh))α0−1
h [Ax(sh)−Dg(x(sh))]

=
h

Γ(α0)

t
h
−α0∑

s=
t0
h
+1−α0

(t− σ(sh))α0−1
h f(sh),

x(t)− x(tl) +
h

Γ(α1)

t
h
−α1∑

s=
tl
h
+1−α1

(t− σ(sh))α1−1
h [Ax(sh)−Dg(x(sh))]

=
h

Γ(α1)

t
h
−α1∑

s=
t1
h
+1−α1

(t− σ(sh))α1−1
h f(sh),

...

x(t)− x(t(m−1)l +
h

Γ(αm−1)

t
h
−αm−1∑

s=
t(m−1)l

h
+1−αm−1

(t− σ(sh))
αm−1−1
h [Ax(sh)−Dg(x(sh))]

=
h

Γ(αm−1)

t
h
−αm−1∑

s=
t(m−1)l

h
+1−αm−1

(t− σ(sh))
αm−1−1
h f(sh).

Henceforth, we obtain:

x(tl) = x(t0) +
h

Γ(α0)

tl
h
−α0∑

s=
t0
h
+1−α0

(tl − σ(sh))α0−1
h [−Ax(sh) +Dg(x(sh))]

+
h

Γ(α0)

tl
h
−α0∑

s=
t0
h
+1−α0

(tl − σ(sh))α0−1
h f(sh),

x(t2l) = x(tl) +
h

Γ(α1)

t2l
h

−α1∑
s=

tl
h
+1−α1

(t2l − σ(s))α1−1
h [Ax(sh)−Dg(x(sh))]

+
h

Γ(α1)

t2l
h

−α1∑
s=

t1
h
+1−α1

(t2l − σ(sh))α1−1
h f(sh),

...

x(t)− x(t(m−1)l +
h

Γ(αm−1)

t
h
−αm−1∑

s=
t(m−1)l

h
+1−αm−1

(t− σ(sh))
αm−1−1
h [Ax(sh)−Dg(x(sh))]

=
h

Γ(αm−1)

t
h
−αm−1∑

s=
t(m−1)l

h
+1−αm−1

(t− σ(sh))
αm−1−1
h f(sh).

This subsequently results in the subsequent equality:
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x(t)−x(t0) +
m−1∑
n=1

h

Γ(αn−1)

t
h
−αn−1∑

s=
t(n−1)l

h
+1−αn−1

(t − σ(sh))
αn−1−1
h [Ax(sh)−Dg(x(sh))]

+
h

Γ(αm−1)

t
h
−αm−1∑

s=
t(m−1)l

h
+1−αm−1

(t− σ(sh))
αm−1−1
h [Ax(sh)−Dg(x(sh))],

=
m−1∑
n=1

h

Γ(αn−1)

t
h
−αn−1∑

s=
t(n−1)l

h
+1−αn−1

(t − σ(sh))
αn−1−1
h f(sh)

+
h

Γ(αm−1)

t
h
−αm−1∑

s=
t(m−1)l

h
+1−αm−1

(t− σ(sh))
αm−1−1
h f(sh).

Now, by computing the norm of both sides, we obtain:

∥x(t)− x(t0) +
m−1∑
n=1

h

Γ(αn−1)

t
h
−αn−1∑

s=
t(n−1)l

h
+1−αn−1

(t − σ(sh))
αn−1−1
h [Ax(sh)−Dg(x(sh))]

+
h

Γ(αm−1)

t
h
−αm−1∑

s=
t(m−1)l

h
+1−αm−1

(t− σ(sh))
αm−1−1
h [Ax(sh)−Dg(x(sh))]∥,

= ∥
m−1∑
n=1

h

Γ(αn−1)

t
h
−αn−1∑

s=
t(n−1)l

h
+1−αn−1

(t − σ(sh))
αn−1−1
h f(sh)

+
h

Γ(αm−1)

t
h
−v=αm−1∑

s=
t(m−1)l

h
+1−αm−1

(t− σ(sh))
αm−1−1
h f(sh)∥,

≤

(
m−1∑
n=1

(t + (αn−1 − 1)h+ t(n−1)l)
(αn−1)
h

Γ(1 + αn−1)
+ sup

t∈{t(m−1)l+h,...,tml}

(t+ (αm−1 − 1)h+ t(m−1)l)
(αm−1)
h

Γ(1 + αm−1)

)
∥f∥,

≤

(
m−1∑
n=1

(t + (αn−1 − 1)h+ t(n−1)l)
(αn−1)
h

Γ(1 + αn−1)
+ sup

t∈{t(m−1)l+h,...,tml}

(t+ (αm−1 − 1)h+ t(m−1)l)
(αm−1)
h

Γ(1 + αm−1)

)
ϵ.

This concludes the proof.

A novel theorem is presented, demonstrating the Ulam-Hyers stability of the variable-
order fractional discrete neural network (6.1).

Theorem 6.2. Under the assumptions (A1) and (A2), it is established that system (6.1)
exhibits Ulam-Hyers stability.
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Proof. It’s evident that the solution y to (6.1) fulfills

y(t) =x(t0) +
m−1∑
n=1

h

Γ(αn−1)

t
h
−αn−1∑

s=
t(n−1)l

h
+1−αn−1

(t − σ(sh))
αn−1−1
h [Ay(sh)−Dg(y(sh))]

+
h

Γ(αm−1)

t
h
−αm−1∑

s=
t(m−1)l

h
+1−αm−1

(t− σ(sh))
αm−1−1
h [Ay(sh)−Dg(y(sh))].

Therefore,

∥x(t)− y(t)∥ = ∥x(t)− x(t0)−
m−1∑
n=1

h

Γ(αn−1)

t
h
−αn−1∑

s=
t(n−1)l

h
+1−αn−1

(t − σ(sh))
αn−1−1
h [−Ay(sh) +Dg(y(sh))]

− h

Γ(αm−1)

t
h
−αm−1∑

s=
t(m−1)l

h
+1−αm−1

(t− σ(sh))
αm−1−1
h [−Ay(sh) +Dg(y(sh))]∥,

= ∥x(t)− x(t0)−
m−1∑
n=1

h

Γ(αn−1)

t
h
−αn−1∑

s=
t(n−1)l

h
+1−αn−1

(t − σ(sh))
αn−1−1
h [−Ay(sh) +Dg(y(sh))]

− h

Γ(αm−1)

t
h
−αm−1∑

s=
t(m−1)l

h
+1−αm−1

(t− σ(sh))
αm−1−1
h [−Ay(sh) +Dg(y(sh))]

−
m−1∑
n=1

h

Γ(αn−1)

t
h
−αn−1∑

s=
t(n−1)l

h
+1−αn−1

(t − σ(sh))
αn−1−1
h [−Ax(sh) +Dg(x(sh))]

− h

Γ(αm−1)

t
h
−αm−1∑

s=
t(m−1)l

h
+1−αm−1

(t− σ(sh))
αm−1−1
h [−Ax(sh) +Dg(x(sh))]

+
m−1∑
n=1

h

Γ(αn−1)

t
h
−αn−1∑

s=
t(n−1)l

h
+1−αn−1

(t − σ(sh))
αn−1−1
h [−Ax(sh) +Dg(x(sh))]

+
h

Γ(αm−1)

t
h
−αm−1∑

s=
t(m−1)l

h
+1−αm−1

(t− σ(sh))
αm−1−1
h [−Ax(sh) +Dg(x(sh))]∥,

≤ ∥x(t)− x(t0)−
m−1∑
n=1

h

Γ(αn−1)

t
h
−αn−1∑

s=
t(n−1)l

h
+1−αn−1

(t − σ(sh))
αn−1−1
h [−Ax(sh) +Dg(x(sh))]
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− h

Γ(αm−1)

t
h
−αm−1∑

s=
t(m−1)l

h
+1−αm−1

(t− σ(sh))
αm−1−1
h [−Ax(sh) +Dg(x(sh))]∥

+ ∥
m−1∑
n=1

h

Γ(αn−1)

t
h
−αn−1∑

s=
t(n−1)l

h
+1−αn−1

(t − σ(sh))
αn−1−1
h [−A(x(sh)− y(sh))

+D(g(x(sh))− g(y(sh)))]∥

+ ∥ h

Γ(αm−1)

t
h
−αm−1∑

s=
t(m−1)l

h
+1−αm−1

(t− σ(sh))
αm−1−1
h [−A(x(sh)− y(sh))

+D(g(x(sh))− g(y(sh)))]∥,

≤

(
m−1∑
n=1

(t + (αn−1 − 1)h+ t(n−1)l)
(αn−1)
h

Γ(1 + αn−1)
+ sup

t∈{t(m−1)l+h,...,tml}

(t+ (αm−1 − 1)h+ t(m−1)l)
(αm−1)
h

Γ(1 + αm−1)

)
ϵ

+ [MA + LMD]{
m−1∑
n=1

(t + (αn−1 − 1)h+ t(n−1)l)
(αn−1)
h

Γ(1 + αn−1)

+ sup
t∈{t(m−1)l+h,...,tml}

(t+ (αm−1 − 1)h+ t(m−1)l)
(αm−1)
h

Γ(1 + vm−1)
}∥x(t)− y(t)∥,

≤ d

1−M
ϵ ≤ cϵ,

where
c =

d

1−M
.

This concludes the Ulam-Hyers stability of (6.1).

6.2.3 Numerical Simulations
Example 6.1. let’s delve into the dynamics of the fractional variable-order neural network
described by:


C
h ∆α0

t0 x(t) = −Ax(t+ α0h) +D tanh(x(t+ α0h)), t ∈ {t0 + (1− α0)h, ..., tl − α0h},
C
h ∆α1

tl
x(t) = −Ax(t+ α1h) +D tanh(x(t+ α1h)), t ∈ {tl + (1− αl)h, ..., t2l − α1h},

C
h ∆α2

t2l
x(t) = −Ax(t+ α2h) +D tanh(x(t+ α2h)), t ∈ {t2l + (1− α2)h, ..., t3l − α2h}.

(6.5)
where h = 0.5, k = 0, 1, 2, t ∈ (hN)tkl−(1−αk)h and (α0, α1, α2) = (0.05, 0.1, 0.15).
tanh(x(t)) = (tanhx1(t), tanh(x2(t))T ,

A =

0.2 0 0
0 0.2 0
0 0 0.2

 , D =

 0.002 − 0.004 0.0015
−0.002 0.001 − 0.002
−0.0025 0.0015 − 0.003

 , x(0) =

0.90.6
0.3

.

Acknowledging that the conditions (A1) and (A2) are met with M = 0.9866 < 1, we
employ the subsequent numerical schemes to obtain the solution depicted in Figure 6.1.
The initial condition x(0) = (0.9, 0.6, 0.3)T exemplifies the stability of the neural network
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under consideration.

x(t) = x(t0) +
hα0

Γ(α0)

t∑
t0+1

Γ(t− j + α0)

Γ(t− j + 1)
(−Ax(j) +D tanh(x(j))) ,

x(t) = x(tl) +
hα1

Γ(α1)

t∑
tl+1

Γ(t− j + α0)

Γ(t− j + 1)
(−Ax(j) +D tanh(x(j))) ,

x(t) = x(t2l) +
hα2

Γ(α2)

t∑
t2l+1

Γ(t− j + α0)

Γ(t− j + 1)
(−Ax(j) +D tanh(x(j))) .
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Figure 6.1: Numerical solution of the varibla-order neural network (6.5).

Example 6.2. Let’s explore a two-dimensional fractional discrete-time neural network
given by:
C
h ∆αk

tkl
x(t) = −Ax(t+αkh)+D sin(x(t+αkh)), 0 < αk ≤ 1 t ∈ (hN)kl+(1−αk)h k = 0, 1, 2, 3.

(6.6)
where sin(x(t)) = (sin(x1(t)), sin(x2(t)))

T

suppose x(0) = (1,−1)T , (α0, α1, α2, α3) = (0.5, 0.4, 0.3, 0.2), h = 1.3 and m = 4

A =

[
0.046 0
0 0.046

]
, D =

[
0.0003 0

−0.0004 0.0002

]
.

We can delve into the stability analysis across various time domains, ensuring that the
parameters meet all conditions outlined in Theorems (6.1) and (6.2). With M = 0.9858 <
1, which satisfies the required conditions, we can examine the system’s stability, as depicted
in Figure 6.2.

Example 6.3. Consider the following neural network{
C
h ∆αk

tkl
x1(t) = −c1x1(t+ αkh) + d11 sin(x1(t+ αkh)) + d12 sin(x2(t+ αkh)),

C
h ∆αk

tkl
x2(t) = −c2x2(t+ α1h) + d21 sin(x1(t+ αkh)) + d22 sin(x2(t+ αkh)),

(6.7)
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Figure 6.2: The numerical solution of neural network (6.6).

where t ∈ (hN)tkl+(1−αk)h, m = 4 and 0 < αk ≤ 1.
In this example, we assess two distinct scenarios.

case 1 t ∈ [0, 173], h = 1.9, (α0, α1, α2, α3) = (0.8, 0.6, 0.3, 0.4).

and A =

[
0.015 0
0 0.015

]
, BD =

[
−0.0003 0

−0.0004 0.0002

]
, x(0) =

[
−0.001
0.0009

]
cases 2 t ∈ [0, 120], h = 1.25, (α0, α1, α2, α3) = (0.05, 0.05, 0.05, 0.05).

and A =

[
0.1 0
0 0.1

]
, D =

[
−0.03 0.02
−0.01 0.06

]
, x(0) =

[
−0.1
0.1

]
The conditions stipulated in theorems (6.1) and (6.2) are satisfied for ;M = 0.9212 < 1;,
affirming stability. This assertion is supported by the numerical results depicted in Figure
6.3 and Figure 6.4, obtained using the prescribed computational algorithms.
x1(t) = x1(tkl) +

hαk

Γ(αk)

i∑
tk+1

Γ(t− j + αk)

Γ(t− j + 1)
(−c1x1(j) + d11 sin(x1(j)) + d12 sin(x2(j))) ,

x2(t) = x2(tkl) +
hαk

Γ(αk)

i∑
tk+1

Γ(t− j + vk)

Γ(t− j + 1)
(−c2x2(j) + d21 sin(x1(j)) + d22 sin(x2(j)) .
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Figure 6.3: Numerical solution of neural network (6.7) case 1.
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Figure 6.4: Neural network (6.7) case 2.

6.3 Uniform Stability for Discrete Variable-Order Neu-
ral Networks

In this section, we delve into the concept of uniform stability for discrete variable-order
neural networks. Understanding uniform stability is crucial for assessing how these net-
works behave consistently across various scenarios. Through this exploration, we aim to
provide insights into the robustness and reliability of such networks.

Lemme 6.3. Let be t ∈ Na+1 the following hold

t∑
k=a+1

(t− ρ(k))α(t)−1 =
(t− a)α(t)

α(t)
. (6.8)
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Proof. To start with, we have the following:

t∑
k=a+1

(t− ρ(k))α(t)−1 =
t−1∑

k=a+1

(t− ρ(k))α(t)−1 + 1α(t)−1 =
t−1∑

k=a+1

Γ(t− k + α(t))

Γ(t− k + 1)
+ Γ(α(t)).

Since
Γ(k + 1)

Γ(k − ι+ 1)
=

1

ι+ 1

{
k + 2

k − ι+ 1
− k + 1

k − ι

}
,

we set k = t− k + α(t)− 1, ι = α(t)− 1, and we obtain

Γ(t− k + α(t))

Γ(t− k + 1)
=

1

α(t)

{
Γ(t− k + α(t) + 1)

Γ(t− k + 1)
− Γ(t− k + α(t))

Γ(t− k)

}
.

For all k ∈ {a+ 1, ..., t− 1} we get
t−1∑

k=a+1

Γ(t− k + α(t))

Γ(t− k + 1)
=

1

k(t)
{
(
Γ(t− a+ α(t))

Γ(t− a)
− Γ(t− a+ α(t)− 1)

Γ(t− a− 1)

)
+

(
Γ(t− a+ α(t)− 1)

Γ(t− a− 1)
− Γ(t− a+ α(t)− 2)

Γ(t− a− 2)

)
+

(
Γ(t− a+ α(t)− 2)

Γ(t− a− 2)
− Γ(t− a+ α(t)− 3)

Γ(t− a− 3)

)
...

+

(
Γ(α(t) + 2)

Γ(2)
− Γ(α(t) + 1)

Γ(1)

)
},

Hence, we obtain:
t∑

k=a+1

(t− ρ(k))α(t)−1 =
1

α(t)

(
Γ(t− a+ α(t))

Γ(t− a)
− Γ(α(t) + 1)

)
+ Γ(α(t))

=
1

α(t)

Γ(t− a+ α(t))

Γ(t− a)
,

=
(t− a)α(t)

α(t)
.

Thus, we conclude the proof.

6.3.1 Existence and Uniqueness
The presented neural network operates in discrete time and incorporates variable-order
fractional dynamics.

ABC
a ∇α(t)

t x(t) = −Ax(t) +Dg(t, x(t)) + I. (6.9)

The system comprises several key components: x(t) = (x1(t), x2(t), ..., xn(t))
T ∈ Rn

denotes the state vector of the system. A = diag(c1, c2, ..., cn) ∈ Rn×n stands for the
self-feedback connection weight matrix, with ci > 0. D = (dij)n×n ∈ Rn×n represents the
connection weight matrix. g(x(t)) = (g1(x(t)), g2(x(t)), ..., gn(x(t)))

T ∈ C(Na+1,Rn) is
the activation function. I = (I1, ..., In)

T symbolizes the vector of external inputs.



Chapter 6. Other Stability Type for Discrete Fractional-Order Neural Networks 184

(A1) for all t ∈ Na+1, gi(t, u) is a lipschitz continuous function with respect to u, ie

∃li ∈ R∗
+ : |gi(t, u)− gi(t, v)| ≤ li|u− v|; ∀u, v ∈ R, (6.10)

where l = maxi=1,...,n{li}.

(A2) for all t ∈ NT
a+1 = {a + 1, a + 2, ..., T}, there exists Q ∈ R∗

+ and Q < 1 satisfying
the condition:

Q =
Γ(γ)(γ1 + lγ2)

Γ(γ)(1− β) + γ

{
(1− γ) +

(T − a)β

Γ(β)

}
, (6.11)

where
γ1 = ∥A∥∞, γ2 = ∥D∥∞, γ ≤ α(t) ≤ β.

Theorem 6.3. If conditions (A1) and (A2) are satisfied, the uniqueness of the solution
to (6.9) is ensured.

Proof. Per the properties of fractional discrete variable-order calculus, a solution to (6.9)
can be expressed as:

x(t) = x0+
1− α(t)

B(α(t))
[−Ax(t)+Dg(t, x(t))+I]+ α(t)

B(α(t))
a∇−α(t)

t [−Cx(t)+Dg(t, x(t))+I].

(6.12)
By utilizing the following norm:

∥x∥ = sup
t∈NT

a+1

∥x(t)∥ and ∥x(t)∥ = max
{i=1,...,n}

|xi(t)|.

Problem (6.12) can be reformulated as a fixed-point problem. Let’s define the following
mapping:

Φx(t) =x0 +
1− α(t)

B(α(t))
[−Ax(t) +Dg(t, x(t)) + I] (6.13)

+
α(t)

B(α(t))Γ(α(t))

t∑
k=a+1

(t− ρ(k))α(t)−1[−Ax(k) +Dg(k, x(k)) + I], (6.14)

where Φx = (Φ1x1,Φ2x2, ...,Φnxn) and Φixi is described by:

Φixi(t) =xi0 +
1− α(t)

B(α(t))
[−cixi(t) +

n∑
j=1

dijgj(t, xj(t)) + Ii]

+
α(t)

B(α(t))Γ(α(t))

t∑
k=a+1

(t− ρ(k))α(t)−1[−cixi(k) +
n∑

j=1

dijgj(k, xj(k)) + Ii].

For any two different functions x, µ ∈ Rn we have
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|Φixi(t)− Φiµi(t)| = |1− α(t)

B(α(t))
[−ci(xi(t)− µi(t)) +

n∑
j=1

dij(gj(t, xj(t))− gj(t, µj(t)))]

+
α(t)

B(α(t))Γ(α(t))

t∑
k=a+1

(t− ρ(k))α(t)−1[−ci(xi(k)− µi(k))

+
n∑

j=1

dij(gj(k, xj(k))− gj(k, µj(k)))]|,

≤ 1− α(t)

B(α(t))
[ci|xi(t)− µi(t)|+

n∑
j=1

|dij|lj|xj(t))− µj(t)|]

+
α(t)

B(α(t))Γ(α(t))

t∑
k=a+1

(t− ρ(k))α(t)−1[ci|xi(k)− µi(k))|+
n∑

j=1

|dij|lj|xj(k))− µj(k)|],

≤ 1− α(t)

B(α(t))Γ(α(t))
[ci|xi(t)− µi(t)|+

n∑
j=1

|dij|lj|xj(t))− µj(t)|]

+
α(t)

B(α(t))Γ(α(t))

t∑
k=a+1

(t− ρ(k))α(t)−1[ci|xi(k)− µi(k))|+
n∑

j=1

|dij|ljvxj(k))− µj(k)|].

This leads us to:

max
{i=1,...,n}

|Φixi(t)− Φiµi(t)| ≤
1− α(t)

B(α(t))
[γ1 max

{i=1,...,n}
|xi(t)− µi(t)|

+ γ2l max
{i=1,...,n}

|xi(t))− µi(t)|]

+
α(t)

B(α(t))Γ(α(t))

t∑
k=sa+1

(t− ρ(k))α(t)−1[γ1 max
{i=1,...,n}

|xi(k)− µi(k))|

+ γ2l max
{i=1,...,n}

|xj(k))− µj(k)|].

Applying Lemma 6.3, we can conclude that

∥Φx−Φµ∥ = sup
t∈NT

a+1

{
max

{i=1,...,n}
|Φixi(t)− Φiµi(t)|

}
,

≤

{
(1− γ)Γ(γ)

Γ(γ)(1− β) + γ
+

βΓ(γ)

Γ(β)(Γ(γ + 1)(1− β) + γ)
sup

t∈NT
a+1

t∑
k=a+1

(t− ρ(k))α(t)−1

}
[γ1 + lγ2]∥x− µ∥,

≤ {(1− γ) +
1

Γ(β)
sup

t∈NT
a+1

(t− a)α(t)
Γ(γ)[γ1 + lγ2]

Γ(γ)(1− β) + γ
∥x− µ∥,

≤

{
(1− γ) +

(T − a)β

Γ(β)

}
Γ(γ)[γ1 + lγ2]

Γ(γ)(1− β) + γ
∥x− µ∥ = Q∥x− µ∥.

As per condition (A2), we establish that Q < 1. Consequently, the mapping Φ acts as
a contraction on C(NT

a+1,Rn). This implies that problem (6.13) possesses a unique fixed
point by virtue of the Banach fixed point theorem, thus affirming the uniqueness of the
solution to (6.9). This completes our demonstration.
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6.3.2 Stability Analysis
Definition 6.2. [380] The discrete variable-order neural network system (6.9) with dis-
crete Mittag-Leffler kernels, initialized at a, is considered uniformly stable if, for any
ϵ > 0, there exist two constants δϵ and T , where 0 < δϵ < ϵ and T > 0. These constants
are chosen such that for s ∈ NT

a+1 = a+ 1, a+ 2, ..., T , and for any two solutions x(t, a, ϕ)
and µ(t, a, ψ) with initial conditions x0 = ϕ and y0 = ψ, where |ϕ − ψ| < δϵ, it follows
that |x− µ| < ϵ.
Theorem 6.4. Given the validity of (A1) and (A2), and if

1

1−Q
<
ϵ

δ
, (6.15)

then, (6.9) exhibits uniform stability.
Proof. Consider two distinct solutions x(t) and µ(t) of system (6.9), each with unique
initial conditions x0 and µ0. Let ϕ = x0 and Φ = µ0, which results in:

ABC
a ∇α(t)

t (x(t)− µ(t)) = ϕ− ψ − A(x(t)− µ(t)) +D(g(t, x(t)− g(t, µ(t))). (6.16)
This leads us to:

x(t)− µ(t) = ϕ− ψ +
1− α(t)

B(α(t))
[−A(x(t)− µ(t)) +D(g(t, x(t)− g(t, µ(t)))]

+
α(t)

B(α(t))Γ(α(t))

t∑
k=a+1

(−ρ(k)α(t)−1)[−A(x(k)− µ(k))

+D(g(k, x(k)− g(k, µ(k)))].

Subsequently, applying (A1) yields the following:

|xi(t)− µi(t)| = |ϕi − ψi +
1− α(t)

B(α(t))
[−ci(xi(t)− µi(t)) +

n∑
j=1

dij(gj(t, xj(t)− gj(t, µj(t)))]

+
α(t)

B(α(t))Γ(α(t))

t∑
k=a+1

(t− ρ(k)α(t)−1)[−ci(xi(k)− µi(k))

+
n∑

j=1

dij(gj(k, xj(k)− gj(k, µj(k)))]|,

+
α(t)

B(α(t))Γ(α(t))

t∑
k=a+1

(t− ρ(k))α(t)−1)| − ci(xi(k)− µi(k))

+
n∑

j=1

dij(gj(k, xj(k)− gj(k, µj(k)))]|,

≤ |ϕi − ψi|+
1− α(t)

B(α(t))
[ci|xi(t)− µi(t)|+

n∑
j=1

lj|dij||xi(t)− µi(t)|]

+
α(t)

B(α(t))Γ(α(t))

t∑
k=a+1

(t− ρ(k)α(t)−1)[ci|(xi(k)− µi(k)|

+
n∑

j=1

lj|dij||xi(k)− µi(k)|].
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Hence, utilizing (A2), we arrive at:

∥x− µ∥ ≤ ∥ϕ− ψ∥+ sup
t∈NT

a+1

{
1− α(t)

B(α(t))

}
[γ1 + lγ2]∥x− µ∥

+ sup
t∈NT

a+1

{
k(t)

B(α(t))Γ(α(t))

t∑
k=a+1

(t− ρ(k)α(t)−1)

}
[γ1 + lγ2]∥x− µ∥,

≤ ∥ϕ− ψ∥+ { (1− γ)Γ(γ)

Γ(γ)(1− β + γ
[γ1 + lγ2]

+
Γ(γ)

Γ(β)(Γ(γ + 1)(1− β) + γ)
[γ1 + lγ2] sup

t∈NT
a+1

(t− a)Λ(t)∥x− µ∥,

= ∥ϕ− ψ∥+ Γ(γ)(γ1 + lγ2)

Γ(γ)(1− β) + γ

{
(1− γ) +

(T − a)β

Γ(β)

}
∥x− µ∥,

<
1

1− Γ(γ)(γ1 + lγ2)

Γ(γ)(1− β) + γ

{
(1− γ) +

(T − a)β

Γ(β)

}∥ϕ− ψ∥.

Thus, we establish that
∥x− µ∥ ≤ 1

1−Q
∥ϕ− ψ∥.

Consequently, for any ϵ > 0, there exists δϵ = (1 − Q)ϵ, such that if |ϕ − ψ| < δ, then
|x− µ| < ϵ. In accordance with definition 6.2, (6.9) is uniformly stable, and the proof is
complete.

6.3.3 Numerical Simulations
Example 6.4. Consider the two-dimensional neural network with discrete fractional
variable order described by the following equations:

{
ABC
a ∇α(t)

t x1(t) = −c1x1(t) + d11 sin(x1(t)) + d12 sin(x2(d)) + I1,
ABC
a ∇α(t)

t x2(t) = −c2x2(t) + b21 sin(x1(t)) + d22 sin(x2(t)) + I2.
(6.17)

Consider the following parameters: d11 = 0.2, d12 = −0.3, d21 = 0.4, d22 = −0.1, c1 =

0.2, c2 = 0.2, I1 = 0.1, I2 = 0.1, α(t) =
| ln( 3

t+5
)|

3(t+ 1)
, t ∈ [0, 50] and the initial condition

x1(0) = −10, x2(0) = −7.
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The numerical solution to (6.17) is provided as follows:

x1(i) = x1(0) +
1− α(i)

B(α(i))
[−c1x1(i) + d11 sin(x1(i)) + d12 sin(x2(i)) + I1]

+
α(i)

B(α(i)))

i∑
k=1

Γ(i− k + Λ(i))

Γ(i− k + 1)
(−c1x1(k) + d11 sin(x1(k)) + d12 sin(x2(k)) + I1) ,

x2(i) = x2(0) +
1− α(i)

B(α(i))
[−c2x2(i) + d21 sin(x1(i)) + d22 sin(x2(i)) + I2]

+
α(i)

B(α(i)))

i∑
k=1

Γ(i− k + α(i))

Γ(i− k + 1)
(−c2x2(k) + d21 sin(x1(k)) + d22 sin(x2(k)) + I2) ,

B(α(i)) = 1− α(i) +
α(i)

Γ(α(i))
, i ≥ 1.

We can verify that these parameters satisfy assumptions (A1) and (A2), along with the
condition in the theorem. The behavior of the solutions x1(t) and x2(t) is depicted in
Figure 6.5. It’s evident that each solution tends to zero as t approaches infinity, indicating
the uniform stability of the solution.
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Figure 6.5: Numerical solution of neural networks (6.17).

Example 6.5. Consider the discrete fractional variable-order neural network presented
below:


ABC
a ∇α(t)

t x1(t) = −c1x1(t) + d11 tanh(x1(t)) + d12 tanh(x2(t)) + d13 tanh(x3(t)) + I1,
ABC
a ∇α(t)

t x2(t) = −c2x2(t) + d21 tanh(x1(t)) + d22 tanh(x2(t)) + d23 tanh(x3(t)) + I2,
ABC
a ∇α(t)

t x3(t) = −c3x3(t) + d31 tanh(x1(t)) + d32 tanh(x2(t)) + d33 tanh(x3(t)) + I3,

(6.18)
where

A =

0.1 0 0
0 0.1 0
0 0 0.1

 , D =

−0.4 − 0.1 − 0.2
0.1 − 0.4 0.1
0.4 0.1 0.2

 , I =

00
0

 .
Given that assumptions (A1) and (A2) hold true, we can employ formulas (6.19) to
obtain the numerical solution depicted in Figure 6.6, considering the initial condition
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x(0) = (0.1, 0.1, 0.1)T . This illustration confirms the uniform stability of the analyzed
neural network.



x(i) = x(0) +
1− α(i)

B(α(i))
[−Ax(i) +D tanh(x(i))]

+
α(i)

B(α(i)))

i∑
k=1

Γ(i− k + α(i))

Γ(i− k + 1)
(−Ax(k) +D tanh(x(k))) ,

B(α(i)) = 1− α(i) +
α(i)

Γ(α(i))
, i ≥ 1.

(6.19)
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Figure 6.6: Numerical solution of discrete time variable-order neural networks (6.18).

6.4 Conclusion
In summary, the exploration of stability in discrete systems with non-integer orders,
particularly Ulam–Hyers stability and uniform stability, represents a significant frontier
within the topic of fractional calculus. While these areas have received less attention com-
pared to their continuous counterparts, recent efforts have highlighted their significance,
especially in the context of discrete-time fractional variable-order neural networks.

Ulam–Hyers stability offers insights into the reliability and predictability of discrete
systems, particularly neural networks with variable orders. The ongoing pursuit of suit-
able criteria for studying uniform stability reflects the crucial need for dependable models
in engineering and scientific applications.

This chapter contributes to this evolving field by presenting novel criteria for Ulam–
Hyers stability and uniform stability in discrete-time neural networks with variable orders.
Our proposed model, grounded in the Caputo h-difference operator, provides valuable
insights into the dynamics and stability of such networks, advancing our understanding
of their behavior.

Moving forward, more investigation is needed to explore stability in discrete systems
with non-integer order more thoroughly. By continuing to explore Ulam–Hyers stability
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and uniform stability, we can enhance the robustness and reliability of discrete-time
fractional variable-order neural networks, paving the way for their broader applications
in engineering and beyond.



Chapter 7

Synchronization in Discrete
Fractional-Order Neural Networks

7.1 Introduction
Synchronization, a critical phenomenon in chaotic systems, has garnered significant at-
tention within discrete fractional neural networks. Various synchronization paradigms,
such as complete synchronization, projective synchronization, and lag synchronization,
have deepened our understanding of complex system dynamics and opened avenues for
innovative applications across diverse domains[381, 382, 383].

Complete synchronization stands as a fundamental concept, ensuring the convergence
of all state variables in coupled systems to identical trajectories. This phenomenon has
been extensively studied and applied in various contexts, ranging from secure communi-
cation systems to biomedical applications. Projective synchronization, on the other hand,
allows for the coordination of specific state variables while preserving the independence
of others. This flexibility has enabled tailored synchronization schemes to suit specific
system requirements in engineering and control applications.

Recent research efforts have expanded beyond commensurate systems to explore syn-
chronization in non-commensurate discrete fractional neural networks [384, 385, 386, 387].
These endeavors have underscored the importance of finite-time synchronization, offer-
ing improved robustness and interference suppression capabilities in practical engineering
applications. Finite-time synchronization ensures that chaotic neural networks achieve
synchronization within a defined time frame, enhancing the predictability and stability
of interconnected systems [388, 389].

Motivated by these advancements, this chapter presents novel discrete incommensu-
rate network models based on the Nabla Caputo difference operator. These models offer
effective strategies to synchronize their dynamic behaviors, paving the way for innovative
applications across diverse domains.

Structured as follows, The subsequent sections of this chapter unveil criteria and
methodologies for achieving synchronization in discrete fractional neural networks, fol-
lowed by numerical simulations to validate the proposed approaches. Finally, concluding
remarks offer insights and reflections on the implications of the findings presented in this
comprehensive investigation.



Chapter 7. Synchronization in Discrete Fractional-Order Neural Networks 192

7.2 Synchronization in Commensurate Discrete Fractional-
order neural networks

In the forthcoming analysis, we delve deeply into the synchronization phenomena of
distinct discrete fractional-order neural networks. These networks are distinguished by :

C∇α
ax(t) = −Ax(t) +Dg(t, x(t)) + I; (7.1)

In the equation provided, t ≥ 0 represents the temporal parameter. The state vector at
time t is denoted by x(t) = (x1(t), . . . , xn(t))

T ∈ Rn, where each xi(t) corresponds to the
state of the i-th neuron at time t. The activation function of the neurons is represented
by g(x(t)) = (g1(x1(t)), . . . , gn(xn(t)))

T , capturing the non-linear response of each neuron
to its input.

The matrix A = diag(c1, . . . , cn) illustrates the constant rate at which each i-th unit
returns to its resting state when isolated from the network and external inputs, signifying
the decay or damping factor specific to each neuron. The connection weights between
the j-th and i-th neurons at time t are denoted by D = (dij) ∈ Rn×n, where dij specifies
the influence of the j-th neuron on the i-th neuron.

Additionally, I = (I1, I2, . . . , In)
T serves as an external bias vector, providing a con-

stant input to each neuron that can model external stimuli or baseline activity levels.
Before advancing, we posit the following hypothesis:

(H1): The activation functions gj display Lipschitz continuity, ensuring the presence of
positive constants κj, indexed by j = 1, 2, . . . , n. These constants are defined as
follows:

|gj(x)− gj(y)| < j|x− y|, ∀x, y ∈ R

.

The system represented by equation (7.1) functions as the driving system, which
provides the primary dynamics and influences the behavior of the secondary system. In
contrast, the secondary system, known as the slave system, is defined as follows:

C∇α
ay(t) = −Ay(t) +Dg(t, y(t)) + I + u(t). (7.2)

In this context, y(t) ∈ Rn represents the state vector of the slave system, encapsulating
the system’s state variables at time t. Meanwhile, u(t) denotes the controller, a control
input that is yet to be determined and is designed to influence the behavior of the slave
system to achieve a desired objective.

The synchronization error, which quantifies the discrepancy between the states of the
master and slave systems, is defined as follows:

e(t) = y(t)− x(t). (7.3)
The error dynamics, derived from Equations (7.1) to (7.2), can be expressed as follows:

C∇α
ae(t) = −Ae(t) + B(g(t, y(t))− f(t, x(t))) + u(t). (7.4)
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7.2.1 Synchronization Scheme
Our overarching goal is to devise a feedback control strategy that can effectively regulate
the behavior of the system towards desired outcomes. This involves designing control
mechanisms that leverage information about the system’s states and dynamics to contin-
uously adjust and optimize control inputs. By carefully crafting such a control approach,
we aim to steer the system towards desired states, achieve precise performance objectives,
and enhance robustness against disturbances or uncertainties.

u(t) = Ke(t), (7.5)

here, K = diag(k1, k2, . . . , kn) is a diagonal matrix, this matrix serves a pivotal role in
shaping the subsequent error system, enabling it to take the following form:

C∇α
ae(t) = −(A−K)e(t) +D(g(t, y(t))− g(t, x(t))). (7.6)

Alternatively,

C∇α
aei(t) = −(ci − ki)ei(t) +

n∑
j=1

dij(gj(t, yj(t))− gj(t, xj(t))), i = 1, 2, . . . , n. (7.7)

Asymptotic stability suggests that the trajectory of the slave system, governed by equa-
tion (7.2) and initiated at y(α), has the capability to steadily approach and eventually
converge towards the behavior of the drive system delineated by equation (7.1), which
commences at x(α).

lim
t→∞

∥e(t)∥ = lim
t→∞

∥y(t)− x(t)∥ = 0. (7.8)

Theorem 7.1. If condition (H1) is satisfied, synchronization between the master-slave
systems described by equations (7.1) and (7.2) is attained under the following condition:

−1 < v + w < 0. (7.9)

where
v = max

i=1,...,n
−(ci − ki) and w = max

i=1,...,n

n∑
j=1

|dij|j.

Proof. To establish this outcome, it’s imperative to acknowledge that the system de-
scribed by equation (7.7) can be equivalently represented as:



C
a ∇αe1(t) = −(c1 − k1)e1(t) +

n∑
j=1

d1j(gj(t, yj(t))− gj(t, xj(t))),

C
a ∇αe2(t) = −(c2 − k2)e2(t) +

n∑
j=1

d2j(gj(t, yj(t))− gj(t, xj(t))),

...
C
a ∇αen(t) = −(cn − kn)en(t) +

n∑
j=1

dnj(gj(t, yj(t))− gj(t, xj(t))).

(7.10)
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By utilizing Lemma 4.1, the system can be transformed into:

e1(t) = Eα(−(c1 − k1), t− a)e01

+
t∑

k=a+1

Eα,α(−(c1 − k1), t− ρ(k))
n∑

j=1

d1j(gj(k, yj(k))− gj(k, xj(k))),

e2(t) = Eα(−(c2 − k2), t− a)e02

+
t∑

k=a+1

Eα,α(−(c2 − k2), t− ρ(k))
n∑

j=1

d2j(gj(k, yj(k))− gj(k, xj(k))),

...
en(t) = Eα(−(cn − kn), t− a)e0n

+
t∑

k=a+1

Eα,α(−(cn − kn), t− ρ(k))
n∑

j=1

dnj(gj(k, yj(k))− gj(k, xj(k))).

(7.11)

This transformation leads us to

e1(t) ≤ Eα(−(c1 − k1), t− a)e01 +
t∑

k=a+1

Eα,α(−(c1 − k1), t− ρ(k))
n∑

j=1

|d1j|j|ej(t)|,

e2(t) ≤ Eα(−(c2 − k2), t− a)e02 +
t∑

k=a+1

Eα,α(−(c2 − k2), t− ρ(k))
n∑

j=1

|d2j|j|ej(t)|,

...

en(t) ≤ Eα(−(cn − kn), t− a)e0n +
t∑

k=a+1

Eα,α(−(cn − kn), t− ρ(k))
n∑

j=1

|dnj|j|ej(t)|.

(7.12)
By applying Lemma 4.2 and taking the norm of both sides of the aforementioned inequal-
ity, we derive:

∥e(t)∥ ≤ Eα(w, t− a)∥e0∥+ v
t∑

k=a+1

Eα,α(w, t− ρ(k))∥e(t)∥, (7.13)

∥e(t)∥ ≤ ∥e0∥Eα(w + v, t− a).

Given that −1 < w + v < 0 holds true, as per Theorem 4.1, |e(t)| → 0 as t→ +∞. This
indicates that the master-slave systems achieve synchronization.

7.2.2 Applications
In this section, we leverage numerical simulations conducted in Matlab to comprehen-
sively validate the theoretical findings elucidated in the preceding theorem. These sim-
ulations are instrumental in offering robust validation of the synchronization patterns
anticipated by our theoretical framework. Through meticulous numerical experiments,
our objective is to furnish deeper insights and comprehension into the synchronization
dynamics expounded by our theoretical analysis.
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Example 7.1. The master system comprises a discrete fractional neural network con-
sisting of two neurons:

C∇α
ax(t) = −Ax(t) +D sin(x(t)) + I. (7.14)

The slave system is specified as:

C∇α
ay(t) = −Ay(t) +D sin(y(t)) +K(t) + I, . (7.15)

Furthermore, let’s

A =

(
0.45 0
0 0.5

)
, D =

(
0.1 −0.2
0.3 0.05

)
, e(0) =

(
1
0.3

)
, I =

(
0
0

)
α =

1

3

Having verified the fulfillment of assumptions (H1) and the condition in Theorem 7.1,
the synchronization of the master-slave systems (7.14)-(7.15) is established, with the
designated control matrix:

K =

(
0.04 0
0 0.01.

)
(7.16)

To reinforce the aforementioned theoretical insights, we provide numerical demonstrations.
Figure 7.1 illustrates the dynamic behavior of the master-slave systems, while Figure 7.2
exhibits the asymptotic behavior of the error system, converging to zero as t→ ∞. These
visualizations corroborate the synchronization of the analyzed systems.

0 20 40 60 80 100

t

-2

-1

0

1

2

x
1
(t)

y
1
(t)

0 20 40 60 80 100

t

-2

-1

0

1

2

x
2
(t)

y
2
(t)

Figure 7.1: Trajectory of states in the master-slave system (7.14)-(7.15).
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Figure 7.2: Temporal evolution of the error system.

7.3 Synchronization of Incommensurate Discrete Frac-
tional Neural Networks with Variable Orders

In the forthcoming analysis, we delve into a thorough examination of the synchroniza-
tion dynamics exhibited by incommensurate discrete fractional-order neural networks.
These networks are distinguished by their fractional-order dynamics, which introduce
non-integer degrees of differentiation into the system equations, adding complexity and
richness to their behavior. By scrutinizing the synchronization behavior of such networks,
we aim to unravel the interplay of their fractional-order dynamics and their impact on
achieving coordinated behavior across disparate systems.

C∇α
ax(t) = −Ax(t) +Dg(t, x(t)). (7.17)

Before proceeding further, we introduce the following hypothesis:

(H1): The activation functions gj within the neural network demonstrate Lipschitz con-
tinuity, guaranteeing the existence of positive constants j, with j ranging from 1 to
n. These constants are characterized by:

|gj(x)− gj(y)| < j|x− y|, ∀x, y ∈ R

.

The system represented by equation (7.17) acts as the driving force, whereas the slave
system is defined as:

C∇α
ay(t) = −Ay(t) +Dg(t, y(t)),+u(t). (7.18)

In this context, y(t) ∈ Rn signifies the state vector of the slave system, while u(t) denotes
the yet-to-be-determined controller.
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The difference in states between the master and slave systems defines the synchronization
error, expressed as:

e(t) = y(t)− x(t). (7.19)
The error dynamics, derived from Equations (7.17) to (7.18), can be formulated as follows:

C∇α
ae(t) = −Ae(t) +D(g(t, y(t))− g(t, x(t))) + u(t). (7.20)

Our goal is to develop a suitable feedback control approach.

u(t) = Ke(t). (7.21)

In this scenario,K = diag(k1, k2, . . . , kn) represents a diagonal matrix, where κ1, κ2, . . . , kn,
are individual coefficients. This matrix shapes the subsequent error system, resulting in
the following form:

C∇α
ae(t) = −(A−K)e(t) +D(g(t, y(t))− g(t, x(t))). (7.22)

Alternatively, we can express this as:

C∇αi
a ei(t) = −(ci − ki)ei(t) +

n∑
j=1

dij(gj(t, yj(t))− gj(t, xj(t))), i = 1, 2, . . . , n. (7.23)

Asymptotic stability indicates that the path followed by the slave system, as governed by
equation (7.18) and initiated at y(a), possesses the ability to gradually converge towards
the trajectory of the drive system described by equation (7.17), which commences at x(a).

lim
t→∞

∥e(t)∥ = lim
t→∞

∥y(t)− x(t)∥ = 0. (7.24)

7.3.1 Synchronization Control
Theorem 7.2. If assumption (H1) holds true, and the following condition is satisfied:

ki > ci −
n∑

j=1

|dij|j + |dji|i
2

, (7.25)

then, the master-slave systems described by equations (7.17) to (7.18) achieve synchro-
nization.

Proof. Select the auxiliary function:

V (t) =
n∑

i=1

Vi(t) =
1

2

n∑
i=1

e2i (t). (7.26)
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Utilizing Lemma 2.1 and computing the difference of order αi on Vi, we obtain
C∇αi

a Vi(t) ≤ ei(t)
C∇αi

a ei(t),

= ei(t)

(
−(ci − ki)ei(t) +

n∑
j=1

dij(gj(t, yj(t))− gj(t, xj(t)))

)

≤ −(ci − k1)e
2
i (t) +

n∑
j=1

|dij|jei(t)ej(t),

≤ −(ci − ki)e
2
i (t) +

n∑
j=1

|dij|j
e2i (t) + e2j(t)

2
,

≤ −(ci − ki)e
2
i (t) + e2i (t)

n∑
j=1

|dij|j + |dji|i
2

,

≤ −

(
ci − ki −

n∑
j=1

|dij|j + |dji|1
2

)
e2i (t),

= −

(
ci − ki −

n∑
j=1

|dij|j + |dji|i
2

)
Vi(t),

(7.27)

Using equation (7.27), we can formulate the corresponding comparative system as:
C∇α1

a W1(t)
C∇α2

a W2(t)
...

C∇αn
a Wn(t)

 =


ϵ11 0 · · · 0
0 ϵ22 · · · 0
... ... . . . ...
0 0 · · · ϵnn



W1(t)
W2(t)

...
Wn(t)

 , (7.28)

where

ϵii = −

(
ci − ki −

n∑
j=1

|dij|j + |dji|i
2

)
, (7.29)

System denoted by (7.28) can be rephrased as:
C∇α

aW (t) = DW (t). (7.30)

Let W (t) = (W1(t),W2(t), . . . ,Wn(t))
T and D = diag(eii)n×n. According to Lemma 1.15,

the controlled system (7.30) is asymptotically stable under certain conditions, specifically

when W (t) → 0 as ki > ci −
n∑

j=1

|dij|j + |dji|i
2

. Utilizing the comparison principle from

Lemma 1.12, we infer that V (t) ≤ W (t) and V (t) → 0. Since V (t) =
n∑

i=1

Vi(t) =
n∑

i=1

e2i (t),

it follows that ei(t) → 0. Consequently, the synchronization error system (7.20) is also
stable, thus completing the proof.

7.3.2 Numerical Examples
In this section, we utilize numerical simulations executed in Matlab to thoroughly validate
the theoretical results outlined in the previous theorem. These simulations serve to pro-
vide an extensive validation of the synchronization behavior predicted by our theoretical
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framework. By conducting detailed numerical experiments, we aim to offer deeper in-
sights and understanding into the synchronization dynamics elucidated by our theoretical
analysis.

Example 7.2. The master system consists of an incommensurate discrete fractional
neural network comprising two neurons:{

C∇α1
a x1(t) = −0.25x1(t) + 0.1 sin(x1(t))− 0.2 sin(x2(t)),

C∇α2
a x2(t) = −0.3x2(t) + 0.3 sin(x1(t)) + 0.4 sin(x2(t)).

(7.31)

The slave system is defined as:{
C∇α1

a y1(t) = −1y1(t) + 0.1 sin(y1(t))− 0.2 sin(y2(t)) + k1(t),
C∇α2

a y2(t) = −1.5y2(t) + 0.3 sin(y1(t)) + 0.4 sin(y2(t)) + k2(t).
(7.32)

The synchronization state-feedback gain is calculated as follows:

K =

[
0.2 0
0 0.1

]
. (7.33)

This leads to the formation of the matrix A, characterized as:

A =

[
0.1 0
0 0.2

]
. (7.34)

Certainly, the matrix A satisfies the conditions outlined in both Theorem 1 and Theorem
2, indicating the asymptotic stability of the error system. This suggests the achievement
of synchronization between the driving and responding systems. In our computational
experiments, we initiate the driving and responding systems with x(0) = (3, 1, 2)T and
y(0) = (4, 2, 3)T , respectively. Figure 7.3 visually illustrates the evolution of state syn-
chronization between these systems, while Figure 7.4 displays the synchronization error.
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Figure 7.3: State trajectory of master-slave system (7.31)-(7.32).
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Figure 7.4: Time evolution of the error system.

7.4 Synchronization in Commensurate Nabla Discrete
Variable-Order Neural Networks

Let’s explore the complex dynamics of synchronization within a discrete-variable order
neural network, characterized by Equation (7.35). Our focus will be on scrutinizing the
dynamics of this network, treating it as the primary system for our examination.

C∇α(t)
a x(t) = −Ax(t) +Dg(t, x(t)) + I. (7.35)

Conversely, we label the controlled discrete incommensurate variable-order neural net-
work, delineated by Equation (7.36), as the slave system. Within this framework, n
synchronization controllers, denoted as L1, L2, . . . , Ln, are assigned the responsibility of
regulating distinct aspects of the system’s behavior.

C∇α(t)
a y(t) = −Ay(t) +Dg(t, y(t)) + L(t). (7.36)

In pursuit of achieving full synchronization, we define the synchronization error as follows:

ei(t) = xi(t)− yi(t), i = 1, ..., n. (7.37)

The synchronization scheme is considered successful when the following condition is sat-
isfied:

lim
t→+∞

|ei(t)| = 0, for i = 1, ..., n. (7.38)

To highlight the significant results of the proposed synchronization strategy, the following
theorem is introduced to ensure synchronization between the master and slave neural
networks.
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7.4.1 Synchronization in Nabla Discrete Variable-Order Model
Theorem 7.3. The master-slave systems described by equations (7.35) and (7.36) achieve
synchronization when the controlled variables Li, i = 1, ..., n are selected as follows:

Li(t) = −

(
n∑

j=1

|dij|j + |dji|i
2

)
ei(t), i = 1, ..., n. (7.39)

Proof.

To expedite the convergence of the synchronization errors detailed in equation (7.37),
we commence by employing the nabla Caputo-type variable-order differences to equation
(7.37), resulting in:

C∇α(t)
a ei(t) = −ciei(t) +

n∑
j=1

dij(gj(t, yj(t))− gj(t, xj(t))) + Li(t). (7.40)

Incorporating the proposed control law (7.39) for Li, i = 1, ..., n, into system (7.40) yields
the following modified fractional discrete system:

C∇α(t)
a ei(t) = −ciei(t) +

n∑
j=1

dij(gj(t, yj(t))− gj(t, xj(t)))−

(
n∑

j=1

|dij|j + |dji|i
2

)
ei(t).

(7.41)
Now, let’s scrutinize the Lyapunov function, which encapsulates the overall error state.

V (t) =
1

2

n∑
i=1

e2i (t). (7.42)

Moreover, utilizing Lemma 4.10, we can derive the following inequality:

C∇β
aV (t) ≤

n∑
i=1

ei(t)
C∇α(t)

a ei(t),

=
n∑

i=1

ei(t)

(
−ciei(t) +

n∑
j=1

dij(gj(t, yj(t))− gj(t, xj(t)))−

(
n∑

j=1

|dij|j + |dji|i
2

)
ei(t)

)
,

≤
n∑

i=1

−cie2i (t) +
n∑

j=1

|dij|ei(t)ej(t)−

(
n∑

j=1

|dij|j + |dji|i
2

)
e2i (t),

≤
n∑

i=1

−cie2i (t) +
n∑

j=1

|dij|
e2i (t) + e2j(t)

2
−

(
n∑

j=1

|dij|j + |dji|i
2

)
e2i (t),

≤ −
n∑

i=1

cie
2
i (t) ≤ −γ

n∑
i=1

e2i (t) = −γ∥e(t)∥ < 0.

(7.43)
Furthermore, as per Theorem 4.10, the investigation of the error system (7.37) dynam-
ics in discrete variable-order networks confirms that they eventually converge to zero,
signifying stability. This convergence illustrates the effective synchronization between
systems (7.35) - (7.36) of the discrete variable-order neural network. The synchroniza-
tion is achieved through the application of linear control laws (7.39), which ensure the
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alignment of network trajectories. Consequently, the established stability and synchro-
nization validate the efficiency of the proposed control strategy. Therefore, with the
error dynamics converging and synchronization being achieved, the proof confirms the
robustness and dependability of the proposed approach.

7.4.2 Applications
In this section, we employ numerical simulations conducted in Matlab to rigorously verify
the theoretical results presented in the preceding theorem. These simulations provide
comprehensive validation of the synchronization behavior predicted by our theoretical
framework. Through detailed numerical experiments, we aim to gain deeper insights and
a better understanding of the synchronization dynamics as predicted by our theoretical
analysis.

Example 7.3. Consider the three-dimensional discrete variable-order neural network
defined by equations (7.44) and (7.45) as the master-slave systems for our study.

C∇α(t)
a x(t) = −Ax(t) +D tanh(x(t)) + I, (7.44)

while,
C∇α(t)

a y(t) = −Ay(t) + tanh(y(t)) + L(t) + I. (7.45)
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Figure 7.5: Trajectory of states in the master-slave system (7.44)-(7.45).

The initial conditions, represented by e1(0), e2(0), and e3(0), serve as the starting
points. To model the states of the variable-order error system and the synchronized
systems described by equations (7.44) and (7.45), we apply the predictor-corrector method.



Chapter 7. Synchronization in Discrete Fractional-Order Neural Networks 203

0 10 20 30 40 50 60 70 80

t

-2

-1.5

-1

-0.5

0

0.5

1

1.5

2

2.5

e
1
(t)

e
2
(t)

e
3
(t)

Figure 7.6: Temporal evolution of the error system.

The initial states are set to x(0) = (1.5, 2, 1.8)T and y(0) = (0.5, 0.8, 1)T Furthermore, the

variable-order parameter is defined as: α(t) =
∣∣∣∣12 − e−4(t+1)

∣∣∣∣, along with the parameters:

A =

1.4 0 0
0 1.3 0
0 0 1.5

 , D =

−0.5 − 0.7 − 0.5
−0.5 − 1 0.1
−0.6 0.5 − 0.3

 , I =

0
0
0

 . (7.46)

In Figure 7.5, we illustrate the numerical states of the discrete systems (7.44) and
(7.45). Meanwhile, Figure 7.6 showcases the temporal evolution of the error system.
These visual representations clearly demonstrate the synchronized dynamics achieved by
the two chaotic fractional neural networks, affirming the effectiveness and simplicity of
the linear control laws (7.39) in achieving synchronization.

7.5 Synchronization in Commensurate ABC type Dis-
crete Variable-Order Neural Networks

In this part of the study, the primary system is described by the discrete neural network
(7.47),

ABC
a ∇αxi(t) = −cixi(t) +

n∑
j=1

dijgj(t, xj(t)) + Ii. (7.47)

whereas the secondary system is specified as follows:

ABC
a ∇αy(t) = −Ay(t) +Dg(t, y(t)) + I − U(t). (7.48)
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Given the primary system described by (7.47) and the secondary system by (7.48), we
introduce the variable ei(t) = yi(t) − xi(t) for i = 1, . . . , n. This leads to the following
formulation for the error system:

ABC
a ∇αe(t) = −Ae(t) +D(g(t, y(t))− g(t, x(t)))− U(t). (7.49)

We define the initial conditions for the error system as follows:

ϕ = e(a) = y(a)− x(a). (7.50)

To achieve synchronization between system (7.47) and system (7.48), we utilize the state
feedback control method. The controller employed in this context is defined as follows:

Ui(t) = kiei(t), i = 1, ..., n, (7.51)

while k = (ki)i=1,...,n ∈ Rn represents the control gains. Thus, we derive the following.

ABC
a ∇αe(t) = −(A+ k)e(t) +D(g(t, y(t))− g(t, x(t))). (7.52)

To begin, let’s introduce a condition that ensures master synchronization within a finite
time frame.

7.5.1 Synchronization in Discrete ABC Type Variable-Order
Neural Networks

Definition 7.1 ([390]). System (7.47) accomplishes finite-time synchronization with sys-
tem (7.48) employing the controller (7.51). If there exists ϵδT with ϵ, T > 0 and 0 < δ < ϵ
such that

∥ϕ∥ < δ, (7.53)
which gives

∥e(t)∥ < ϵ. (7.54)

Theorem 7.4. Let’s suppose that conditions (A1) and (A3) are met. Assuming that
|ϕ| ≤ δ, then system (7.47) and system (7.48) achieve finite-time synchronization under
controller (7.51) if the following inequality holds:

B(α)

B(α)− (1− α)ν
V (a)Eα

(
ςν

B(α)− (1− α)ν
, t− a

)
≤ ϵ

δ
.

Proof. Let’s define the Lyapunov function as follows:

V (t) =
1

2

n∑
i=1

e2i (t), (7.55)
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Utilizing Lemma 1, we obtain the following result.

ABC
a ∇αV (t) =

1

2

n∑
i=1

ABC
a ∇αe2i (t),

≤
n∑

i=1

ei(t)
ABC
a ∇αei(t),

=
n∑

i=1

ei(t)

(
−(ci + ki)ei(t) +

n∑
j=1

dij(gi(t, yj(t))− gj(t, xj(t)))

)
,

≤
n∑

i=1

−(ci + ki)e
2
i (t) +

n∑
j=1

dijjei(t)ej(t),

≤
n∑

i=1

−(ci + ki)e
2
i (t) +

n∑
j=1

dijj
e2i (t)

e2j(t)
,

≤
n∑

i=1

−(ci + ki)e
2
i (t) + e2i (t)

n∑
j=1

dijj + djii
2

,

≤

(
max

i=1,...,n

(
−(ci + ki) +

n∑
j=1

dijj + djii
2

))
∥ei(t)∥2.

This implies that

V (t) ≤ V (a) +

(
max

i=1,...,n

(
−(ci + ki) +

dijj + djii
2

))
AB
a ∇−xV (t).

According to Theorem 5.1, this indicates

V (t) ≤ B(α)

B(α)− (1− α)ν
V (a)Eα

(
αν

B(α)− (1− α)ν
, t− a

)
.

where ν =

(
max

i=1,...,n

(
−(ci + ki) +

dijj + djii
2

))
,

Consequently, we can infer that ∥ei(t)∥ ≤ ϵ

where ϵ =
B(α)

B(α)− (1− α)ν
V (a)Eα

(
αν

B(α)− (1− α)ν
, t− a

)
. This concludes the

proof.

7.5.2 Computer Simulations
In this section, we present two numerical demonstrations to illustrate the practicality and
effectiveness of our theoretical findings. These simulations encompass various scenarios
and settings.

Example 7.4. Consider the drive system illustrated in Figure 7.7, which can be expressed
as: {

ABC
a ∇αx1(t) = −c1x(t) + d11 tanh(x1(t)) + d12 tanh(x2(t)) + I1,
ABC
a ∇αx2(t) = −c2x(t) + d21 tanh(x1(t)) + d22 tanh(x2(t)) + I2.

(7.56)
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The slave system is defined as follows:{
ABC
a ∇αy1(t) = −c1y(t) + d11 sin(y1(t)) + d12 sin(y2(t)) + I1 + U1(t),
ABC
a ∇αy2(t) = −c2y(t) + d21 sin(y1(t)) + d22 sin(y2(t)) + I2 + U2(t).

(7.57)

Additionally, the parameters are chosen as follows:

A =

(
0.6 0
0 0.65

)
, D =

(
−0.02 0.01
0.01 − 0.03

)
, I =

(
0.1
0.1

)
. (7.58)

In order to achieve finite-time synchronization for systems (7.56) and (7.57), we introduce
a feedback controller (7.59).

k =

(
0.2 0
0 0.3

)
. (7.59)

Computations reveal that αν

B(α)− (1− α)ν
≤ 1, which is greater than 0, when α =

1 −

√
5

t+1

t+ 5
. This indicates that the conditions of Theorem 4 are satisfied. According to

Theorem 4, the settling time is determined to be T = 10.
In Figure 7.8, the evolution of the slave system (7.57) is depicted, while Figure 7.9 displays
the synchronization error e(t). The figures clearly demonstrate that systems (7.56) and
(7.57) indeed achieve synchronization in finite time. These simulations underscore the
practicality and effectiveness of the theoretical findings presented in this study.
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Figure 7.7: Numerical solution of the master system (7.56) for the initial condition
(0.4, 1)T .
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Figure 7.8: Numerical solution of slave system (7.57) for the initial condition (0.45, 1.5)T .
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Figure 7.9: Numerical evolution of error system (7.52).

7.6 Synchronization in Incommensurate Discrete Variable-
Order Neural Networks

Let’s delve into the synchronization dynamics of a discrete incommensurate variable-
order neural network, represented by Equation (7.60). We introduce a novel theorem
aimed at ensuring synchronized dynamics between two chaotic neural networks using
straightforward linear control laws. Consider the discrete incommensurate variable-order
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neural network described by Equation (7.60) as the primary system.

C∇α1(t)
a x1(t) = −c1x1(t) +

n∑
j=1

dijgj(t, xj(t)),

C∇α2(t)
a x2(t) = −c2x2(t) +

n∑
j=1

d2jgj(t, xj(t)),

...,

C∇αn(t)
a xn(t) = −cnxn(t) +

n∑
j=1

dnjgj(t, xj(t)).

(7.60)

Conversely, we regard the controlled discrete incommensurate variable-order neural net-
work, depicted by Equation (1.45), as the slave system. Here, n synchronization con-
trollers are denoted as L1, L2, ..., Ln, respectively.

C∇α1(t)
a y1(t) = −c1y1(t) +

n∑
j=1

dijgj(t, yj(t)) + L1(t),

C∇α2(t)
a y2(t) = −c2y2(t) +

n∑
j=1

d2jgj(t, yj(t)) + L2(t),

...,

C∇αn(t)
a yn(t) = −cnyn(t) +

n∑
j=1

dnjgj(t, yj(t)) + Ln(t).

(7.61)

In order to achieve full synchronization, the synchronization error is defined as follows:

ei(t) = yi(t)− xi(t), i = 1, ..., n. (7.62)

The synchronization scheme is considered successful when the following condition is met:

lim
s→+∞

|ei(t)| = 0, for i = 1, ..., n. (7.63)

To underscore the significant results of the proposed synchronization strategy, the follow-
ing theorem is introduced to ensure synchronization between the master and slave neural
networks.

7.6.1 Incommensurate Discrete Variable-Order Model and its
Synchronization

Theorem 7.5. The master-slave systems described by equations (7.60) and (7.61) achieve
synchronization when the controlled variables Li, i = 1, . . . , n, are selected as follows:

Li(t) = −

(
n∑

j=1

|dij|j + |dji|i
2

)
ei(t), i = 1, ..., n. (7.64)

Proof. To guarantee the convergence of the synchronization errors defined in equation
(7.62), we start by applying the nabla Caputo-type variable-order differences to equation
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(7.62), yielding:

C∇α1(t)
a e1(t) = −c1e1(t) +

n∑
j=1

d1j(gj(t, xj(t))− gj(t, yj(t))) + L1(t),

C∇α2(t)
a e2(t) = −c2e2(t) +

n∑
j=1

d2j(gj(t, xj(t))− gj(t, yj(t))) + L2(t),

...,

C∇αn(t)
a en(t) = −cnen(t) +

n∑
j=1

dnj(gj(t, xj(t))− gj(t, yj(t))) + Ln(t).

(7.65)

Replacing the suggested control law (7.64) for Li, i = 1, . . . , n, in system (7.65) results
in the following revised fractional discrete system:

C∇α1(t)
a e1(t) = −c1e1(t) +

n∑
j=1

bnj(fj(t, yj(t))− gj(t, xj(t)))−

(
n∑

j=1

|d1j|j + |dj1|1
2

)
e1(t),

C∇α2(t)
a e2(t) = −c2e2(t) +

n∑
j=1

dnj(gj(t, yj(t))− gj(t, xj(t)))−

(
n∑

j=1

|d2j|j + |dj2|2
2

)
e2(t),

...,

C∇αn(t)
a en(t) = −cnen(t) +

n∑
j=1

dnj(gj(t, yj(t))− gj(t, xj(t)))−

(
n∑

j=1

|gnj|j + |gjn|n
2

)
en(t).

(7.66)
Next, we proceed to analyze the Lyapunov function, which encompasses the overall error
state.

V (t) =
1

2

n∑
i=1

C∇αi(t)−β
a ei2(t). (7.67)

This yields:
C∇β

aV (t) =
1

2

n∑
i=1

C∇αi(t)
a e2i (t).

Furthermore, employing Lemma (4.10), we obtain the following inequality:

C∇β
aV (t) ≤

n∑
i=1

ei(t)
C∇αi(t)

a ei(t),

=
n∑

i=1

ei(t)

(
−ciei(t) +

n∑
j=1

dij(gj(t, yj(t))− gj(t, xj(t)))−

(
n∑

j=1

|dij|j + |dji|i
2

)
ei(t)

)
,

≤
n∑

i=1

−cie2i (t) +
n∑

j=1

|dij|ei(t)ej(t)−

(
n∑

j=1

|dij|j + |dji|i
2

)
e2i (t),

≤
n∑

i=1

−cie2i (t) +
n∑

j=1

|dij|
e2i (t) + e2j(t)

2
−

(
n∑

j=1

|dij|j + |dji|i
2

)
e2i (t),

≤ −
n∑

i=1

cie
2
i (t) ≤ −γ

n∑
i=1

e2i (t) = −γ∥e(t)∥ < 0.

(7.68)
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Moreover, according to Theorem 4.10, it can be asserted that the dynamics of the error
system (7.62) for discrete incommensurate variable-order networks converge towards zero,
indicating stability. Consequently, synchronization between the master system (7.60) and
the slave system (7.61) of the discrete incommensurate variable-order neural network is
successfully achieved through the utilization of linear control laws (7.64). Thus, the proof
is hereby concluded.

7.6.2 Numerical Examples
In this section, we employ numerical simulations conducted in We utilize Matlab to
comprehensively validate the theoretical findings presented in the preceding theorem.
Through detailed numerical experiments, our goal is to offer a deeper understanding and
insight into the synchronization behavior predicted by our theoretical framework.

Example 7.5. Consider the three-dimensional discrete incommensurate variable-order
neural network described by equations (7.69) and (7.70) as the master-slave systems for
our investigation.


C∇α1(t)

a x1(t) = −x1(t)− 0.5 tanh(x1(t))− 0.7 tanh(x2(t))− 0.5 tanh(x3(t)),
C∇α2(t)

a x2(t) = −x2(t)− 0.6 tanh(x1(t))− tanh(x2(t)) + 0.1 tanh(x3(t)),
C∇α3(t)

a x3(t) = −1.3x3(t)− 0.6 tanh(x1(t)) + 0.5 tanh(x2(t))− 0.3 tanh(x3(t)),
(7.69)

while,
C∇α1(t)

a y1(t) = −y1(t)− 0.5 tanh(y1(t))− 0.7 tanh(y2(t))− 0.5 tanh(y3(t)) + L1(t),
C∇α2(t)

a y2(t) = −y2(t)− 0.6 tanh(y1(t))− tanh(y2(t)) + 0.1 tanh(y3(t)) + L2(t),
C∇α3(t)

a y3(t) = −1.3y3(t)− 0.6 tanh(y1(t)) + 0.5 tanh(y2(t))− 0.3 tanh(y3(t)) + L3(t).

(7.70)

The initial states, denoted by e1(0), e2(0), and e3(0), serve as the starting values.
To simulate the states of the variable-order error system and the synchronized systems
(7.69) and (7.70), we employ the predictor-corrector method. The initial values are set to
x(0) = (0.5, 0.3, 0.8)T and y(0) = (0.1, 0.3, 1)T , along with:

α1(t) =

∣∣∣∣12 − e−4(t+1)

∣∣∣∣,
α2(t) =

1

5
| log(t+ 3)|,

α3(t) =
1

2
− e

−10
t+1

t+ 1
.

(7.71)

In Figure 7.10, we depict the numerical states of the discrete incommensurate systems
(7.69)-(7.70). Meanwhile, Figure 7.11 illustrates the time evolution of the error system.
These visualizations clearly demonstrate the synchronized dynamics achieved by the two
chaotic fractional neural networks, confirming the effectiveness and simplicity of the linear
control laws (7.64) in achieving synchronization.
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Figure 7.10: Trajectory of states in the master-slave system (7.69)-(7.70).
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Figure 7.11: Temporal evolution of the error system.

7.7 Conclusion
In summary, this chapter adresses the critical phenomenon of synchronization within
chaotic systems, specifically focusing on discrete fractional neural networks. We have
explored various synchronization paradigms, including complete synchronization, projec-
tive synchronization, each contributing to a deeper understanding of complex system
dynamics and opening new avenues for applications across diverse fields.

Complete synchronization, which ensures the convergence of all state variables in
coupled systems to identical trajectories, has found extensive applications ranging from
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secure communication systems to biomedical fields. Projective synchronization, with its
ability to coordinate specific state variables while preserving the independence of others,
offers tailored synchronization schemes for engineering and control applications.

Recent research has extended beyond commensurate systems to investigate synchro-
nization in non-commensurate discrete fractional neural networks. These studies have
highlighted the significance of finite-time synchronization, which enhances the robustness
and stability of chaotic neural networks by ensuring synchronization within a defined
time frame. This capability is particularly beneficial for practical engineering applica-
tions where predictability and interference suppression are crucial.

Motivated by these advancements, we have introduced novel discrete incommensurate
network models based on the Nabla Caputo difference operator. These models provide
effective strategies for synchronizing dynamic behaviors, paving the way for innovative
applications in various domains.

The chapter is structured to present criteria and methodologies for achieving syn-
chronization in discrete fractional neural networks, supported by numerical simulations
to validate the proposed approaches. Finally, concluding remarks offer insights into the
implications of our findings, underscoring the potential impact of this comprehensive in-
vestigation on future research and applications in the field of chaotic systems and neural
networks.



General Conclusion and Future
Perspectives

In conclusion, fractional calculus, which traces its origins to the 17th-century inquiries
into fractional derivatives, has evolved into a cornerstone of mathematical analysis. This
advanced field extends the capabilities of classical calculus by offering sophisticated tools
to model systems with memory effects and hereditary properties, which are crucial for
understanding and predicting the behavior of complex phenomena across a multitude of
disciplines. Recent advancements in fractional-order dynamical systems underscore their
significant role in mechanics, electrical engineering, and control theory, providing deeper
insights and more precise models compared to traditional integer-order approaches.

The emergence of discrete fractional calculus has further broadened the scope of this
field, presenting new frontiers in comprehending systems that evolve in discrete time
steps. This burgeoning area not only extrapolates concepts from continuous fractional
calculus but also uncovers new complexities and behaviors, such as the persistence and
manifestation of chaotic dynamics. Integrating chaotic maps within the framework of
discrete fractional calculus has enhanced our understanding, revealing robust chaotic
behaviors and offering new perspectives on the dynamics of discrete systems.

Moreover, the study of fractional discrete neural networks represents a pivotal and
innovative area of investigation within this context. These networks, inspired by the
intricacies of biological neural systems, utilize fractional calculus to model and analyze
complex behaviors and dynamics in discrete time domains. Research into their stability,
synchronization, and finite-time behaviors provides profound insights into their poten-
tial applications, spanning across various fields such as artificial intelligence, cognitive
sciences, and computational neuroscience.

Looking ahead, future research efforts will focus on refining theoretical frameworks
and enhancing the practical applications of discrete fractional calculus. One promising
direction is the physical implementation of variable-order systems and fractional discrete
neural networks. These implementations are expected to validate theoretical insights and
explore novel applications in a diverse array of fields, including robotics, finance, medical
diagnostics, and advanced manufacturing processes. These advancements will not only
deepen our understanding of complex systems but also inspire innovative solutions to
real-world challenges, thereby solidifying fractional calculus as an indispensable tool in
contemporary mathematical analysis and applied sciences.

The ongoing advancements in fractional calculus, particularly in its discrete forms,
represent a significant leap forward in the ability to model, analyze, and control com-
plex systems. By bridging theoretical developments with practical applications, this field
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promises to unlock new possibilities and drive innovation across a wide spectrum of scien-
tific and engineering disciplines. As such, fractional calculus is poised to remain a crucial
and transformative tool in contemporary mathematical analysis, offering profound con-
tributions to the understanding and management of complex phenomena in the modern
world.
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Abstract

Thesis: On Nonlinear Fractional-Order Neural Networks

Option: Mathematics
Specialty: Applied Mathematics
Post graduate student: Amel Hioual
Supervisor: Taki Eddine Oussaeif

This thesis aims to investigate the existence, uniqueness, and stability of solutions for
nonlinear fractional order neural networks. Additionally, it focuses on the numerical res-
olution of this problem and the dynamic simulation of solutions. Our study encompasses
various cases, including fractional nonlinear partial differential neural networks, discrete-
time fractional partial differential neural networks, and incommensurate fractional-order
variable-order differential and discrete-time neural networks.

The study addresses several analytical and dynamic problems in nonlinear neural net-
works described by fractional order differential and difference equations. Utilizing robust
analytical approaches, we present new results on the existence and uniqueness of solu-
tions for fractional order neural networks. These findings are crucial for understanding
the underlying behavior and characteristics of such complex systems.

Furthermore, significant attention is given to the stability analysis of these neural
networks. We achieve notable results concerning the asymptotic stability, finite time
stability, uniform stability, Ulam-Hyers stability, and synchronization of fractional order
neural network models. These stability properties are essential for ensuring the reliability
and predictability of the network’s performance over time.

To substantiate our theoretical findings, we conduct extensive numerical simulations.
These simulations are designed to illustrate the dynamic behavior of the solutions and to
validate the theoretical predictions. The numerical results provide a visual and practical
confirmation of the analytical outcomes, thereby bridging the gap between theory and
practice. Keywords: Fractional-order neural networks ; Fractional-order differential

equations ; Fractional-order difference equation; Stability; Asymptotical stability.
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Thèse : Sur les réseaux de neurones non linéaires d’ordre fractionnaire

Option : Mathématiques
Spécialité : Mathématiques Appliquées
Étudiant de troisième cycle : Amel Hioual
Encadrant : Taki Eddine Oussaeif

Cette thèse vise à étudier l’existence, l’unicité et la stabilité des solutions pour les
réseaux de neurones non linéaires d’ordre fractionnaire. De plus, elle se concentre sur
la résolution numérique de ce problème et la simulation dynamique des solutions. Notre
étude englobe divers cas, notamment les réseaux de neurones non linéaires à dérivées
partielles d’ordre fractionnaire, les réseaux de neurones à dérivées partielles d’ordre frac-
tionnaire en temps discret, et les réseaux de neurones à ordre différentiel variable et à
ordre fractionnaire incommensurable en temps discret.

L’étude aborde plusieurs problèmes analytiques et dynamiques dans les réseaux de
neurones non linéaires décrits par des équations différentielles et des équations aux dif-
férences d’ordre fractionnaire. En utilisant des approches analytiques robustes, nous pré-
sentons de nouveaux résultats sur l’existence et l’unicité des solutions pour les réseaux
de neurones d’ordre fractionnaire. Ces résultats sont essentiels pour comprendre le com-
portement et les caractéristiques sous-jacentes de ces systèmes complexes.

De plus, une attention particulière est accordée à l’analyse de la stabilité de ces réseaux
de neurones. Nous obtenons des résultats notables concernant la stabilité asymptotique,
la stabilité en temps fini, la stabilité uniforme, la stabilité d’Ulam-Hyers et la synchronisa-
tion des modèles de réseaux de neurones d’ordre fractionnaire. Ces propriétés de stabilité
sont cruciales pour garantir la fiabilité et la prévisibilité des performances du réseau au
fil du temps.

Pour étayer nos résultats théoriques, nous effectuons des simulations numériques ap-
profondies. Ces simulations sont conçues pour illustrer le comportement dynamique des
solutions et valider les prédictions théoriques. Les résultats numériques fournissent une
confirmation visuelle et pratique des résultats analytiques, comblant ainsi le fossé entre
la théorie et la pratique. Keywords : Réseaux de neurones d’ordre fractionnaire ; Équa-

tions différentielles d’ordre fractionnaire ; Équations aux différences d’ordre fractionnaire ;
Stabilité ; Stabilité asymptotique



 خص مل
   ةري من الرتبة الكس  ةالخطي ر غي عصبيةت البكاشول الح :الاطروحة 

        تضيايار    : نداميال 

   قية بي طت ت ضيايار : التخصص 

 وال  مال حي ا  الدكتوراه:بة طال 

    ني تقي الدف اوصي  المؤطر:  

العصبية غير الخطية من الرتبة الكسرية. بالإضافة    تهدف هذه الأطروحة إلى دراسة وجود وحيدة واستقرار الحلول لشبكات

للحلول. تتضمن دراستنا عدة حالات، بما في ذلك   الديناميكية  العددي لهذه المشكلة والمحاكاة  إلى ذلك، تركز على الحل 

من الرتبة    شبكات العصبية غير الخطية ذات المشتقات الجزئية من الرتبة الكسرية، شبكات العصبية ذات المشتقات الجزئية

                                                                                                                                             الكسرية في الزمن المتقطع، وشبكات العصبية ذات الرتبة التفاضلية المتغيرة والمتفاوتة الكسرية في الزمن المتقطع.

الشبكات العصبية غير الخطية الموصوفة بالمعادلات التفاضلية  تتناول الدراسة العديد من المشاكل التحليلية والديناميكية في  

ومعادلات الفروق من الرتبة الكسرية. باستخدام مناهج تحليلية قوية، نقدم نتائج جديدة حول وجود وحيدة الحلول لشبكات  

                                                                                                                                              المعقدة.العصبية من الرتبة الكسرية. هذه النتائج ضرورية لفهم السلوك والخصائص الأساسية لهذه الأنظمة 

بالإضافة إلى ذلك، يتم التركيز بشكل خاص على تحليل استقرار هذه الشبكات العصبية. نحصل على نتائج بارزة فيما يتعلق  

هايرز والتزامن في نماذج الشبكات -بالاستقرار المتزامن، الاستقرار في الوقت المحدود، الاستقرار المنتظم، استقرار يولام

لخصائص الاستقرارية ضرورية لضمان موثوقية وقابلية التنبؤ بأداء الشبكة مع مرور العصبية من الرتبة الكسرية. هذه ا

                                                                                                                       الوقت.

لتدعيم نتائجنا النظرية، نجري محاكاة عددية شاملة. هذه المحاكاة مصممة لتوضيح السلوك الديناميكي للحلول والتحقق من 

                                                                                                                               صحة التنبؤات النظرية. تقدم النتائج العددية تأكيدًا بصريًا وعمليًا للنتائج التحليلية، مما يجسر الفجوة بين النظرية والتطبيق.

تقدم هذه الدراسة الشاملة رؤى قيمة حول سلوك شبكات العصبية من الرتبة الكسرية. تساهم نتائجنا في فهم أفضل للديناميكيات 

لهذه الشبكات، مما يبرز إمكاناتها في التطبيقات المختلفة، بما في ذلك أنظمة التحكم، معالجة الإشارات والذكاء الاصطناعي.  

حليلات النظرية الدقيقة والمحاكاة العددية المفصلة، نؤسس أساسًا قويًا للأبحاث المستقبلية في من خلال تقديم مزيج من الت

                                                                                                                                  مجال شبكات العصبية من الرتبة الكسرية.

   

 : المفتاحيةت امالكل

  الفروق ذات الترتيب  ; معادلاتالمعادلات التفاضلية ذات الترتيب الكسري ;الشبكات العصبية ذات الترتيب الكسري 

                                                                                                           ;الاستقرار التماثلي رالكسري; الاستقرا

 

 


