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  وعرفان وتقديرشكر  
ا يشاء النقم ويستجاب به الدعاء ويزيد الله من فضله م وتزول بهحمدا تقوم به النعم  الصالحات،الذي تتم بنعمته لله  الحمد

 روبعد فالشكر الأول والأخيصلى الله عليه وسلم  وحبيبنا ورسولنا محمدعلى سيدنا صلى الله على إتمام هذا العمل و 

*<<- 80الآية  –إبراهيم  سورة >>"  لله عز وجل   " لان شكرتم لأزيدنكم   

قال رسول الله صلى الله عليه وسلم "من لم يشكر الناس لم يشكر الله" رواه الترميذي    

على إخلاصه  عيادي عبد الحميدالقدير والمميز الأستاذ المؤطر  والتقدير لأستاذنا* اتقدم بجزيل الشكر والامتنان 

تقدم بجزيل الشكر إلى أخي وزميلي أموضوع دراستي في جوانبها المختلفة كما  اثراءكذا وتدريسنا  وتفانيه في

.على كل ما قدمه لي من توجيهات ونصائح قيمة رزوق عمادوأستاذي   

.مساعدةعلى روح العطاء وال حفظ الله عبد الحق والأستاذعشاب فاطمة  للأستاذة كذلك جزيل الشكر     

 سعدي محمدجميع أساتذة قسم الرياضيات كل باسمه: الأستاذ  أنسيكما لا  الدين أوصيف الطيب تقيإلى الأستاذ  

.... أحسن سفيان، مراددهيليس  ،الصديقمخلوف   

على يد خيرة  تفخر لي بان تمدرس أفضل،دمتم خير خلف لخير سلف بارك الله فيكم وسدد خطاكم لما هو   

. وعطاءالاساتذة سوف تبقون خالدين في ذاكرتي ممتنة لكل ما قدمتموه لنا من علم ومعرفة   

 

 

 

 

 

 

 



 

II 
 

 

 

 

 

 

 

داءـــــــــالإه  

ورعاها  الله حفظها-قرمية-الغاليةإلى أمي  ثراه،رحمه الله وطيب رابح روح أبي الغالي  * إلى  

أبنائي رودينة تسنيم وحبيبيه إلىسعيدة  سفيان، لخضر، الكريم،عبد  إلى إخوتي:  

إلى زميلي  عيادي عبد الحميدإلى كل أفراد عائلتي إلى أستاذي الغالي  جنى أسيل وسيم،محمد  

الثانوية إلى غاية التخرج نالقدير مإلى روح أستاذي  الى رزوق عمادفي الدراسة وأستاذي   

ي جميع من درسوني طيلة مشواري كما لا انس ديار احمد رحمه الله وطيب ثراهالأستاذ 

.صبرينة أية، فضيلة، أمال، اميمة، رانية، ربيعةإلى كل زميلاتي  الدراسي.   
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Résumé 

Dans ce mémoire, nous allons faire une étude comparative de deux méthodes  :  

A/ La méthode d’unicité de Hilbert introduite par J.L.Lions (15) (HUM) ce qui résoudre le 
problème de contrôlabilité des systèmes dynamiques lorsque le contrôle est appliquée 
sur certain données du système. 

B/ La deuxième méthode est la méthode de contrôle à moindre regret  :  ce qui a 

 L’avantage de résoudre de contrôlabilité des systèmes dynamiques singuliers lorsque le 
contrôle est appliquée sur certain données du système. 

On peut dire que la méthode à moindre –regret généralise dans un sens la méthode de 
HUM si l’ensemble des contraintes sur le contrôle est d’intérieur vide   

Mots clés :contrôle optimale, données incomplètes, contrôle sans regret,contrôle a 
moindre regret, équation des ondes, méthode HUM 

Abstract 

In this thesis, we will make a comparative study of two methods : 

A/ Hilbert's uniqueness method introduced by J.L.Lions (15) (HUM) which solves the problem 

of controllability of dynamic systems when control is applied to certain system data. 

B/ The second method is the Low- regret control method: which has the advantage of solving 

the controllability of singular dynamic systems when the control applied to certain system data. 

We can say that the Low-regret method generalizes in a sense the HUM method if the set of 

constraints on the control has empty interior 

Keywords :optimum control ,incomplet data, no-regret control ,low- regret control, 
wave equation,Hilbert Uniquenesse Method 

 

 الملخص
 

 سوف نقوم بدراسة مقارنة لطريقتين: لمذكرةي هذه اف

والتي تحل مشكلة إمكانية التحكم في ( 51ا. ليونس )ج.أنشأها التي  HUM الوحدانية الهيلبرتيةطريقة أ/ 

 الأنظمة الديناميكية عند تطبيق التحكم على بيانات نظام معينة.

ب / الطريقة الثانية هي طريقة التحكم الأقل ندم: والتي لها ميزة حل إمكانية التحكم في الأنظمة الديناميكية 

 لى بيانات نظام معينة.الفردية عند تطبيق التحكم ع

مجموعة القيود إذا كانت مجموعة  HUMيمكننا القول أن الطريقة الأقل ندمًا تعُمم بطريقة ما طريقة 

 المفروضة على عنصر التحكم تحتوي على مساحات داخلية فارغة

  
 الكلمات المفتاحية: التحكم الأمثل، معطيات غير مكتملة، التحكم دون ندم، التحكم منخفض الندم، معادلة الأمواج

.الهيلبرتيةطريقة الوحدانية                                                         
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Notations

R Set of real numbers.

k:kH A norm in Banach space H:

(:; :)H A scalar product in Hilbert space H:

j:jH A semi-norm in H:

C2 The class of functions with continuous first and second derivative.
@y
@�
= ry:� The conormal derivative.

� =
nP
i=1

@
@xi

The laplacien operator.

r =
�

@
@x1
; :::; @

@xn

�T
The gradient operator.

div Divergence.

A� The adjoint operator of A:
d� Lebesgue measure on boundary �:

�! Characteristic function of the set !:

L (Y ;Z) The space of linear bounded operators from Y to Z.

D (Q) The space of functions in C1 with a compact support in Q:

D0 (Q) The dual space of D (Q) :
L2 (0; T;H) The bounded linear operator space.

a.e. Almost every where.

PDE Partial differential equation.

* Symbol of weak convergence.

iff If and only if.

HUM: Hilbert Uniquenss Method.:
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Introduction

Several domains are modeled by dynamic or stationary systems, the sentinel theory is an impor-

tant tool for the identification of some system data based on control theory

control plays an interesting role in resolving the different systems in the different domains

Bellow we Present the organization of our memory

In the first chapter, we will recall certain mathematical tools for functional analysis, and Sobolev

space Also, we present an introduction to the observability and controlability theory.

In the second chapter, we present a description of the HUM method for solving the problem of

the controllability system

In the third chapter, we present the standard optimal control theory and we consecrated to study

the notion of no-regret control and low-regret of distributed system.

Finally, we conclude by comparison between the HUM method and the low regrets control me-

thod.
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Chapitre 1

Preliminaries

During this chapter, we will recall the concept and definition of fundamental spaces in functional

analysis which contains some essential notion that concerns the spaces LP

Hilbert and Sobolev, then semigroups and controllability of linear system which is necessary to

know to approach the memory suites finally we recall some notions and definition concerning the

optimization domain.

1.0.1 Functional analysis reminders

The banach space and the normed space

Definition 1.1 : Let E a vector space over R. a norm over E is an application from E in R+

x! kxk verifed :

(i) kxk = 0() x = 0;

(ii) k�xk = j�j kxk 8x 2 E8� 2 R;
(iii) kx+ yk � kxk+ kyk 8x; y 2 E (the triangular quality)

The pair (x,k:k) called by anorm vector space

The pair ( x; k:k) from E in R+ verifiying the proprties(ii) and (iii), is called semi-norm on E

We call Banach space a complete normed space:

The Hilbert space Definition : Let H a vector space over R a scalar product is a bilinear from

H �H in R symetric positive definite

The scaler product satisfies the inequality of Cauchy -Schwarz

���(u; v) � (u; u) 12 (v; v) 12 ��� 8u; v 2 H
5



Chapitre 1. Preliminaries

We also have

kuk = (u; u) 12

Definition :A Hilbert space is a vector space H endowed with a scalar product (u,v) and which is

complete for the associated normk:k :

Theorm d ’identification of Hilbert spaces

Theorem 1.1 : (Riesz-Frechet presentation theorem )

Given ' 2 H
0there existe f 2 H unique such that

h'; vi =
Z



fv ;8v 2 H:

Moreover we have

kfkH = k'kH0

Lax-milgram theorem

Definition :The bilinear from a(u; v) : H �H ! R is

(i) continious if

9c > 0 : ja(u; v)j � C kuk kvk 8u; v 2 H

(ii)coerciveif

9a > 0 : ja(u; v)j � � kvk2 8v 2 H

Theorem 1.2 (Lax-milgram) Let a(u; v) a bilinear form,continious and coercive so for all ' 2 H

9!u 2 H such that

a(u; v) = h'; vi 8v 2 H

The LP space.

Definition 1.2 (The Lebesgue spaces) Let p 2 R with 1� p <1 the application is defined by :

6



Chapitre 1. Preliminaries

LP (
) =

�
f : 
! R n f is mesurable and

Z



jf jp < 1
�
;

We call k:kp the norm of LP such that

kfkP =
�Z

jf(x)jp dx
� 1
p

Definition : We set L1(
) = f : 
 ! R; f is mesurable and there is a constant c such that

jf(x)j � c a.e .on 
; we note that

kfk1 = inf fc; jf(x)j � c a.e .on 
g

we verify that k:k1 is a norm

Remark 1.1 The space L2 provided with a scalar product

(u; v) =

Z



u(x)v(x)dt; 8u; v 2 L2(
);

is a Hilbert space.

The LP (0; T; V ) space

Definition 1.3 Let V a Banach space, we denote by LP (0; T; V ) the space of mesurable function

u : ]0; T [! V such that

kukLP (0;T;V ) = (
Z T

0

ku(t)kpv dt)
1
p < 1 for 1 � p < 1

and for p =1 we have

kukLP (0;T;V ) = sup
0�t�T

essu(t) ku(t)kv < 1

For 1 � p � 1,the space of LP (0; T; V ) is a Banach space.

If V is Hilbert for the scalar product (:; :)v, L2(0; T; V ) is a hilbert space for the scalar product

(u; v)
L2(0;T;V )

=

Z T

0

(u(t); v(t))vdt

The reflexive space

Definition 1.4 Let E be a Banach space and let J be the canonical of E into E".We say that E is

reflexive if J(E) = E"

7



Chapitre 1. Preliminaries

Theorem 1.3 LP is reflexive for any p; 1 < p <1:

Aubin Lions compactness theorem

We give three Banach space B0; B;B1

B0 � B � B1; Bi réflexive; i = 0; 1:

L’injection B0 ! B is compact

We define

W =

�
vnv 2 LP0(0; T ;B0); v0 =

dv

dt
2 LP1(0; T; B1)

�
Where T over and 1 < pi <1 ; i = 0; 1:

with the norm

kvkLP0(0;T;B0) + kv
0kLP1(0;T;B1)

W is a B anach space.

Also we have the following result

Theorem 1.4 Under the previous assumptions l’injection of W into LP0(0; T; B)

The sobolev spaces on Hm order

The H1(
) space

Definition 1.5 We note H1(
) the vector subspace of L2(
) défined by :

H1(
) =
�
u 2 L2(
);ru 2 L2(
)n

	
=

�
u 2 L2(
); @u

@xi
2 L2(
);8i = 1; ::::; n

�
Remark 1.2 H1(
) is a Hilbert space.

The H1
0 (
) space

Definition 1.6 The function of H1
0 (
) are the function of H1(
) which vanich on the boundary � =

@
:

H1
0 (
) =

�
u 2 H1(
); u = 0 in �

	
The H�1(
) space

8



Chapitre 1. Preliminaries

Definition 1.7 : we note by H�1(
) the topological dual of H1
0 (
);in other word,

H
�
�1(
) = (H1

0 (
))
0 =

�
T ;T is a continious linear form on H1

0 (
)
	

This space is associated with a dual norm

kTkH�1 (
) = sup
n
jhT; V ij ; v 2 H1

0 (
) and kvkH1(
) � 1
o

The Hk(
) space

Definition 1.8 We denote by Hk(
) the vector subpace of L2(
) defined by :

H
k

(
) =
�
u 2 L2(
); @�u 2 L2(
);8� 2 Nn; j�j � k

	
We provided it with the standar

kuk2Hm =
X
j��mj

kD�uk2L2(
)

The Wm:p space

Let be 
 be an open set for Rn for all 1 � p � 1 and for all m 2 N we can define the space of

sobolev

Wm:p(
) = fu 2 Lp(
); @�u 2 Lp(
);8� 2 Nn; j�j � mg

That one equipped with the norm

kukpWm:p =
X
j��mj

kD�uk� dxif 1 � p <1

kukWm:1 = max
j��mj

kD�uk1

Theorem 1.5 (Green Formulas) Let 
 � Rn a bounded and regular domain, and the normal vector

unit to the outside � = @
:So, for u 2 H1(
) and v 2 H2(
) we have : the first Green’s formulaZ



u�vdx = �
Z



rurvdx+
Z
�

u
@v

@�
d�;

for u; v 2 H2(
) we have the second formula of Green’s :Z



(u�v � v�u)dx =

Z
�

u
@v

@�
� v

@u

@�
d�:

9



Chapitre 1. Preliminaries

Definition 1.9 Let U 2 Rn a convex set and f : U �! R a strictly convex function in U if

f (ty + (1� t) x) < tf (y) + (1� t) f (x) 8x; y 2 U , 8t 2 [0; 1]

Definition 1.10 Let f : E ! R [ f+1g is a proper function, so Legendre transform f � of f is a

function of E ! R [ f+1g defined by

f �(p) = sup
x2E

((p; x)� f(x))

Lemma 1.1 (Gronwall) Let 	, G be continuous in [0; T ], with G nondecreasing and 
 > 0. If

	(t) � G(t) + 


Z t

0

	(s) ds for all t 2 [0; T ];

then

	(t) � G(t) exp(
t); for all t 2 [0; T ]:

Proposition 1.1 (Cauchy inequality)

Let a; b are any real numbers and p, q are real numbers connected by the relationship 1
p
+ 1

q
= 1.

Then we have the Cauchy inequality

ab � 1

2

�
a2 + b2

�
:

Proposition 1.2 (Poincare inequality)

For n = 1 (1diemension );we have :

kuk2L2(I) �
(b� a)2

2
ku0k2L2(I) ;8u 2 H1

0 (I):

For n � 2; we have :

9C > 0 kuk2L2(I) � C kruk2L2(
)n 8u 2 H1
0 (
)

1.1 Controllability of linear system

Overviews of semigroupe theory

We consider cauchy problem : (
dy
dt
= ay, t � 0
y(0) = y0;

(1.1)

1.1. Controllability of linear system 10



Chapitre 1. Preliminaries

with a is constant and y0 2 E (E is a Banach space).

The solution of problem (1.1) given by :

y(t) = y0 exp(at) such that exp(at) =
1X
k=0

(at)k

k!

Let the following problem : (
dy
dt
= Ay, t � 0
y(0) = y0;

(1.2)

If A is a bounded linear operato and the space E is a ifinite dimention n then we fined the

solution of the problem (1.2)

y(t) = y0 exp(At) such that exp(At) =
P1

k=0

(at)k

k!
we not that y(t) = y0S1(t); S1(t) = exp(At), (if

t 2 R), S1(t) satisfied the proprities of group :

The solution of the problem(1.2) is given by formula :

y(t) = y0S2(t); t 2 R

When A is inbounded linear operator [E = L2(Rn)]

where S2(t) verifying some propreties of the exp(At)(
S2(0) = I;

S2(t+ s) = S2(t)S2(s); 8t; s � 0:

Definition 1.11 A familly fS(t)gt�0 8x 2 y of elements S(t) 2 L(y)2 for all t � 0 forms a semigroup

of class C0 in y;if it verifies the following properties :

1.S(0) = I:

2.S(s+ t) = S(s)S(t); 8t; s � 0:
3: lim
t!0+

ks(t)x� xky = 0; 8x 2 y:

Proposition 1.3 Let fS(t)gt�0 be a semigroup of class C0in Y then :

1.t! kS(t)kis bounded in [0; �] ; (� > 0).

2 the fonction t! S(t)x is continious in R+ ;8x 2 Y
3. 8 W ,M 2 Rsuch that kS(t)k �MeWt; t 2 R+

Definition 1.12 (type of semigroup) We call type of semigroup S(t) the number W0defied by :

1.1. Controllability of linear system 11



Chapitre 1. Preliminaries

W0 = inf
�
W 2 R;9M � 1Such that kS(t)k �MeWt;8t � 0

	
W0 = lim

t!0+
log kS(t)k

t
= inf

log kS(t)k
t

The important semigroup

1/ if 8t � 0 ;kS(t)k �M ) S(t) is bounded,

2/ if 8t � 0 ; kS(t)k � 1) S(t) is contraction,

Definition 1.13 (infinitisimal generatot) Let S(t) be a semigroup in E the infinitesimal generator

of S(t) is an inbounded operator A defined by

A : D(A) � E ! E

D(A) =

�
x 2 E such that lim

t!0

S(t)� I

t
x exist

�
:

where

Ax = lim
t!0

S(t)� I

t
;8x 2 D(A)

Proposition 1.4 .D(A) is a subspace of y :

2. if x 2 D(A) so S(t)x 2 D(A) then S(t)Ax = AS(t)x ; 8t � 0
3.fS(t)gt�0 a semigrop of C0 ) lim

h!0
1
h

R t+h
t

S(�)xd� = S(t)x; 8x 2 E and t � 0
4.(D(A) = y) implique that the set D(A) is dense in y :

5. A is a closed operator and D(A) = E:

Theorem 1.6 (Hille-Yosida Theorem) A linear operator A :D(A) � y ! y is the infinitisimal

generator of a semigroup fS(t)gt�0 2 SG(M;w) if and only if :

1. A is a closed densely defined operator in Y ; (D(A) = y):

2.8 w � 0 and M � 1 such that Aw = f� 2 C : kAk < j�jg � p(A) and for any � 2 Aw :

k(�I + A)�nk � M
(��w) ;8n 2 N

�:

. ()) Its clear.

(() For each � > w : let A� = �2(�I � A)�1 � �I ) A� 2 L(E); we can then construct the semi

group :

S�t = eA�t = e�
2::t:(�I�A)�1��t

1.1. Controllability of linear system 12
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S�t = eA�t = e��t
1X
n=0

(�2t)n

n
(�I � A)�1

We will show that the limite of semi-group S�t exixts then �! 0.and that of semi-groupe to find:

note that 

S�t 

 � e��t
X
n=0

(�2t)n

n!

M

(�� w)n

=M exp(
�wt

�� w
)

It is easy to see that : A�A� = A� A�:

Let x 2 D(A) we have :

S�t x� S�t x =

Z t

0

d

ds
(S�t�s � S�s )xds

=

Z t

0

(S�t�s � S�s )(A� � A�)xds

)


S�t x� S�t x



 �M2 exp(
�wt

�� w
) k(A� � A�)xk :

Z t

0

exp(� (�� �)w2s

(�� w)(�� w)
ds

Selected :� > �



S�t x� S�t x


 �M2 exp(

�wt

�� w
).q:kA� � A�)xk| {z }

!0

(Since A�x! Ax because �; �!1)
So S�t x converges strongly towards a limit denoted by :Stx:

It remains that St is a semi-group C0 in the infinitisimal generator A:t

*St+sx = lim
�!1

S�t+sx = lim
�!1

S�t S
�
s x = StSsx ;8x 2 E;8t; s � 0

*S0x = lim
�!1

S�0x = Ix = x) S0 = I

*Strong continuity is a direct consequence of uniform continuity on the compact.

Let x 2 D(A)

S(t)x� x = lim
�!1

(eA�tx� x) = lim
�!1

Z t

0

esA�A�ds =

Z t

0

S(s)Axds

Let B be the generator of S(t) and let x 2 D(A)

) S(t)x� x

t
= lim

t!0

1

t

Z t

0

S(s)Axds

1.1. Controllability of linear system 13
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) x 2 D(B);Bx = Ax

) B � A

If � > w we first have � 2 p(A) and � 2 p(B) according to the necessary condition of Hille-Yosida

so A = B

Thus the theorem is proved

1.1.1 Optimization

1.1.2 Global and local maximum or minimum

Let the set of constrainte C such that

C = fx 2 Rn ;g(x) � 0 ,h(x) = 0g :

We suppose that C is non-empty ; an element x of C will be sed realizable.

Definition 1.14 C is non-empty set of a real Hilbert space H and f is a function C in R We say that

x� 2 C satisfies a local munimum of f if

8x 2 B(x�; r) \ C; f(x�) � f(x);

such as

B(x�; r) = fx 2 H ; kx� x�k � rg :

Definition 1.15 We say that x� 2 C achieves a global minimum of f if

8x 2 C ; f(x�) � f(x);

or a global maximum if

8x 2 C ; f(x�) � f(x);

Proposition 1.5 If x�satisfies a (global or local) munimum ;x�satisfies a (global or local) maxi-

mum ; i.e

max ff(x); x 2 Cg = �min f�f(x); x 2 Cg :

1.1. Controllability of linear system 14



Chapitre 1. Preliminaries

The Controllability-Observability duality

Controllability of localized systems

We consider the following linear system(
y0(t) = Ay(t) +Bv(t) 8t 2 (0; t]

y(0) = y0 2 D(A) t = 0
(1.3)

where A : Rn ! Rn; B : Rm ! Rm are bounded linear with m,n2 N�and m � n; v 2 L2(0; T; U)

,whereas (U = Rm); y(:) 2 Y ; y(0) is the initial state.

The systhem has unique continious weak solution on [0; T ] ,If A auto adjoint with compact re-

solvent given by "Duhamel " formula :

y(t) = S(t� s)Bv(s)ds 8t 2 [0; T ] ;

Definition 1.16 the system (1:3) is controlable,if for any two state y0 and yd:if there exists a control

u 2 L2(0; t; Rm) that returns the syetem (1:3) from y0 to yd in infinite time t 2 (0; t]

i.e y(T ) = yd in other words we have

S(t)y0 +

Z T

0

S(t� s)Bv(s)ds = yd:

Definition 1.17 The dual system

8>><>>:
y0(t) = Ay(t) +Bv(t);

y(0) = y0

z(t) = Cy(t)

is called by "the adjoint system".The

Different notion of controllability

1.1.3 Exact controllability

Definition 1.18 We say that system (1.3) is exactly controllable over the time [0:T ] if

8yd 2 H; 9v 2 L2(0; T; U) such that yv(T ) = yd:

1.1. Controllability of linear system 15
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1.1.4 Null controlability

We say that system (1:3) is null controllable over the time [0:T ] if :

8yd 2 H;9v 2 L2(0; T; U) such that yv(T ) = 0

Remark 1.3 In general the,exact controlability implies null controllability, but the converse is not

true.

1.1.5 approximate controllability

We say that system(1:3) is approximate controllable over the time [0:T ] if

8yd 2 H;9v 2 L2(0; T; U)such that ky(T )� ydkH � � ,8 �i0:

1.1. Controllability of linear system 16
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The Hilbert Uniqueness Method

2.0.6 Description of the HUM method

The construction of the Hilbertian spaces adapted to the building of the system according to

the criteria of the specific uniqueness of the homogeneous system associated with it ,and the

method adopted for that is HUM, the following algorithm describes the basics of applying the

HUM method to solving the problem of exact system controllability.

2.0.7 Position of problem

The basic idea is the following :

Assuming that the system is exactly controllable characterize the control that minimizes the asso-

ciated cost function among the set of admissible controls by an optimality system

2.0.8 Exacte controllability and penalization

2-1 Orientation

Let be 
 a bounded domaine of Rn, n � 1 , at the border � of class C2.

we consider the wave equation

y"��y = 0 in Q = 
� [0; T ] (2.1)

With T > 0 fixed

we assume that we can act on the system throuh the intermidiary of the control v = (x; t) on the

edge � = �� [0; T ] , so that

y = v on � (2.2)

17
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let the initial data be

y(x; 0) = y0(x); y0(x; 0) = y1(x) on 
 (2.3)

let x0 2 Rn , m(x) = x� x0 and R(x0) = max jm(x)j
x 2 


consider the usual partition of the boundary(
�(x0) = x 2 �=m(x):v(x) � 0

� � (x0) = �8�(x0)
(2.4)

and (
�(x0) = �(x0)� [0; T ]

� � (x0) = �=�(x0)
(2.5)

let be the exacte controlability of the following equation

if T > T (x0) = 2R(x0) for each pair of initial data

(y0; y1) 2 L2(
)�H�1(
)

there is a control

v 2 L2(�(x0))

such as the solution y = y(v) in (2:1) (2:2) (2:3) checked y(T; v) = y
0
(T; v) = 0

the facte that the control v is definided �(x0) must be interepted as meaning(
y = v in �(x0)

y = 0 in � � (x0)

����� (2.7)

For each pair of initial data we have

fy0; y1g 2 L2(
)�H�1(
)

the set of admissibles controls

Uad =
n
v 2 L2(�(x0)=y(T; v) = y

0
(T; v) = 0 in 


o
(2.8)

contaivse an infinity of element.

we will now show that control given by HUM is that realizes the munimum of the cost fonction

J(v) =
1

2

Z
�(x0)

jvj2 d� (2.9)

on all admissible controls Uad we wll next characterize the control v using the optimality system

18
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2.0.9 Characterization of control

Theorem 2.1 for each pair of initial data�
y0; y1

	
2 L2 (
)�H�1(
)

Theorem 2.2 the control v 2 L2(�(x0)) given by HUM is the one that minimizes the blow function

J(v) on all admissible controls Uad:

First step

Theorem 2.3 we consider the minimization problem

inf
v2Uad

J(v) (2.10)

Theorem 2.4 the (2-10) problem is an optimal control problem with constraint on the state .

by a pealization method we define the function

J�(v; z) =
1

2

Z
�(x0)

jvj2 d� + 1

2"

Z
Q

(z" ��z)2dxdt (2.11)

with " > 0;v 2 L2(�(x0)) et z = z(x; t) a fonction such as

z" ��z 2 L2(Q)

z(0) = y0z
0
(0) = y1 in 
(

z =
v in �(x0)

0 in � � (x0)
(2.12)

z(T ) = z0(T ) = 0 in 


recess for each v 2 Uad the function y = y(v) of (2:1)(2:3) verifies these condition

the term 1
2"

R
Q
(z" ��z)2dxdt is a penality term

we consider the optimal control problem

inf
v;z
J"(v; z) (2.13)

for each " > 0 there existe a unique solution fu"; z"g of this problem, ie

J"(u"; z" ) = inf
v;z
J"(v; z) (2.14)
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Second step

note that the sequence (u�)�i0 is bounded in L2(�(x0))

Let v 2 Uad any and y = y(v) the solution of the problem (2:1) (2:2) (2:3) associated .the couple

fv; y(v)g is admissible for the minimization problem (2:13) for every � > 0

and so

J�(u�; z�) � J�(y; y(v)) (2.15)

But as y(x) verifies

y" �4y = 0 in Q (2.16)

We see that

J�(v; y(v)) = J(v) ,8� > 0 (2.17)

so

J�(u�;z�) � J(v);8� > 0 (2.18)

and this for each v 2 Uad , so we have

J�(u�;z�) � inf
v2uad

J(v);8� > 0 (2.19)

Espicially

J(u") � inf
v2uad

J(v);8� > 0 (2.20)

And, if we put

f� =
1p
�
(z00� �4z�) (2.21)

We have

(f�) bounded in L2(Q) (2.22)

Third step

Quite to extract subsequences we will have

u� !0 bv in L2(�(x0)) weak (2.23)

we moreover
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z"� �4z�

L2(Q) � C
p
�; 8� > 0 (2.4)

We fined

(z�) bounded in,L1(0; T; L2(
)) \W 1:1(0; T;H�1(
)) (2.5)

on particular

kz�kL2 (Q) � C; 8� > 0 (2.6)

and even it means extracting yet another sub-suite

z�
�!0

! by in L2(Q) weak (2.27)

according to (1:12)(2:24) we have by"� M by = 0
( by = bv in �(x0)by = 0 in � � (x0)

(2.28)

by(T ) = by0(T ) = 0 in 


by(0) = y0; by0(0) = y1 in 


so we have bv 2 Uad
J�(u�; z�) � J(u�) (2.29)

and after the week loxer semcontinuity of J we have

J(bv) � lim inf J(u�) � lim inf J�(u�; z�) (2.30)

of (2:19)(2:30) we concloude

J(bv) = inf J(v)
v2Uad

(2.31)

We have also demonstrated that

21
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lim
�!0

J(u�) = J(bv) (3.32)

which,combined with(2:23) gives

u�!0 bv in L2(�(x0)) (strong) (2.33)

Fourth step

consider the sequel

P� =
1

�
(z"� ��z� ) ;8� > 0 (2.34)

:

obviously

P� =
1

�
f�;8� > 0 (2.35)

wesay that (f�)�i0 i bounded in L2(Q) but we do not yet have of estimate on (P�)� > 0:

by writing the equation of Euler associated whith the problem of minimization (2:13). we haveZ
�(x0)

u�vd ��
Z
Q

p�(�"���") dxdt = 0 (2.36)

for all solution of

� ��� 2 L2(Q)

�(0) = �
0
(0) = �(T ) = �

0
(T ) = 0

(
� = v in �(x0)

� = 0 in � � (x0)

with v 2 L2(�x0)):
by meanes of the formula f Green we thus obtain8>><>>:

p"� ��p� = 0 in Q:

p� = 0 on �
@p�
@v
= u� on �(x0)

(2.37)

22



Chapitre 2. The Hilbert Uniqueness Method

in effect Z
Q

p"(�"�4�) dxdt =
Z
Q

(p""� M p")�dxdt�
Z
�

p"
@�

@v
d� +

Z
�

@p"
@v

�d� (2.38)

=

Z
Q

(p""� M p")�dxdt�
Z
�

p"
@�

@v
d� +

Z
�(x0)

@p"
@v

vd�

and so, after (2:36)Z
Q

(p""� M p")�dxdt�
Z
�

p"
@�

@v
d� +

Z
�(x0)

@p"
@v

vd� =

Z
�(x0)

u"v d� (2.39)

which is equivalent

Fiveth step

According to the inverse inequality we obtain

(T � 2R(x0))
2

n
jrp"(0)j2 + jp0"(0)j

2
o
� R(x0)

2

Z
�(x0)

����@p"@v
����2 d� = R(x0)

2

Z
�(x0)

ju"j2 d� (2.40)

the sequence (u")">0 being bounded in L2(�(x0)) we see that

jrp"(0)j+ jp0"(0)j � 0 8"i0 (2.41)

and according to the law of conservation of energy ,we have

(p" ! p in L1((0; T;H1
0 (
)) \W 1:1(0; T; L2(
) (2.42)

p" ! p on L1((0; T;H1
0 (
)) weak (2.43)

p
0

" ! p
0

on L1((0; T; L2(
)) weak (2.44)

n
p�(0) , p

0

"(0)
o
!
n
p(0); p

0
(0)
o

on H1
0 (
)� L2(
) weak (2.45)

so the function p = p(x; t) solution of8>><>>:
p" �4p = 0 in Q

p = 0 on �
@p
@v
= �!v on �(x0)

(2.46)
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p(0) = p ; p
0
(0) = p1 in 


sixth step

we pose � = p ; �0 = p0; �1 = p1 and  = by
Acording to (2:28) and (2:46) we have8>><>>:

�"� M � = 0 in Q

� = 0 on �

�(0) = �0 ,�0
(0) = �1 in 


(2.47)

 " �� = 0 in Q (2.48)

 =
@ 

@v
on �(x0)

 = 0 on ��(x
0)

on the other hand as

 (0) = y0 ; 
0
(0) = y1

we have

�
�
�0; �1

	
=
�
y1 ,� y0

	
: (2.49)

d ou � is the isomorphism between the spaces H1
0 (
)�L2(
) and H�1(
)�L2(
) introduced

in the application of HUM.

We thus see that the control �!v which by construction minimizes J 0(v) on Uad , is the control

given by HUM since

bv = @p

@v
=
@�

@v
:
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Standard optimal control of distributed

system

In this chapter, we will study the optimal control of linear PDE’s ,( the dimension of space of

solution is infinit) We start by the presentationof the

classical theory of the optimal control when we prove the existence,uniquness and characteriza-

tion of the optimum and we give some examples Then we study the optimal control for a linear

system with incomplet data by present the notion of no-regret control introduced by J.Lions

(1992), and associated with low-regret control which converges to the no-regret control, then we

characterize them and we give example

3.1 Position of problem

Let Y ; U and Z be infinite dimensional Hilbert spaces of states, controls and observation resp.

Uad� U is a subset of admissible controls supposed non empty, closed and convex.

f is a source function in y . Consider the fwell-posed abstract linear partial differential equation

:

Ay = f + Bv: (3.1)

Where A 2 L (Y) is a linear partial differential operator stationary or evolutionary (elliptic,

parabolic and hyperbolic ) makes an isomorphism on Y 0 identified toY , B 2 L (U ;Y) is the

control operator.

Our optimal control problem consists in looking for a control function u 2 Uad which minimizes

the following cost function
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J (v) = kCy(v)� ydk2Z +N kvk2U 8v 2 Uad; (3.2)

J : is convex function from Uad � U to R [ f+1g ; C 2 L (Y ;Z) : the observation operator and

N is a symetric definite positive operatore bounded in U

yd is the fixed observation in Z:
we search u solution of �

find u 2 Uad such that J (u) = inf
v2Uad

J (v) ; (3.3)

Theorem 3.1 (Existence and uniqueness of optimal control)

Let Uad � U closed and nonempty, J is lower semicontinuous, bounded from below and coercive

on Uad. Then there exists a minimizer for J on Uad. Moreover, if J is strictly convex the minimizer

is unique.

. 1.Existence

Since v ! J(v) is continious and J is lower semi-continious convex function on Uad and even

stricly convex ,coercive because (Nv; v)u � � kvk2u ; � > 0 for every v 2 Uad, then there existe

u solution to(3:1)� (3:3):Therefore ,we consider minimizing sequence (vn)

J (u) � lim
n!+1

inf
v2Uad

J (vn) = inf
v2Uad

J (v) = m;

then u is aminimizer if J on Uad
2.Uniqueness

Suppose that the problem (3:3) admits two distinct solutions u1; u2 2 uad: since Uad convex .We

set u = u1+u2
2

; due to strict convexity of J we get

J (u) <
1

2
J (u1) +

1

2
J (u2) = m;

This is a condradiction of being that u1, u2 are two solutions of (3:3) : Thus (3:3) admits a unique

solution.

3.2 Optimal systems (Optimal control characterization)

We have by a first order optimality condition :

J 0 (u) (v � u) � 0 8v 2 Uad;

3.2. Optimal systems (Optimal control characterization) 26
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J is Gateaux-differentiable function

J 0 (u) (v � u) = lim
t!0

J (u+ t (v � u))� J (u)

t
for every v 2 Uad;

with a calculatation we fined

J (u+ t (v � u)) = J (u) + t2 kCy (v � u)k2z + 2t(Cy (u)� yd; Cy(v � u))Z + t2N kv � uk2
U

+2tN(u; v � u)U ;

which gives

J (u+ t (v � u))� J (u)

t
= t kCy (v � u)k2

Z
+2(Cy (u)�yd; Cy(v�u))z+tN kv � uk2

U
+2N(u; v�u)U ;

when t! 0 we find

J 0 (u) (v � u) = 2(C�(Cy (u)� yd); y(v � u))Y + 2N(u; v � u)U � 0 8v 2 Uad: (3.4)

Remark 1.1 A condition of the (3:3) from J 0 (u) (v � u) is called the variationel inequality

C� 2 L (Z;Y) is the adjoint of C,A� is the adjoint operator of A and introduce the adjoint state

p = p(u) given by

A�p(u) = C�(Cy (u)� yd); (3.5)

then

(C�(Cy (u)� yd); �y(v � u))Y = (A�p(u); �y(v � u))Y = (p(u);A�y(v � u))y

= (p(u);B(v � u))Y = (B�p(u); (v � u))U ;

Hence,

J 0 (u) (v � u) = (B�p(u) +Nu; v � u)U � 0 8v 2 Uad: (3.6)

The optimal control problem (3.1) - (3.3) has a unique solution u characterized by the

following optimality system 8>><>>:
Ay(u) = f + Bu;

A�p(u) = C�(Cy(u)� yd);

(B�p+Nu; v � u)U � 0 8v 2 Uad:
(3.7)

3.2. Optimal systems (Optimal control characterization) 27
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The equation(1) ,(2)from(3.) must be associated to some appropriate boundary and initial condi-

tion.

We called the pair (u; p(u)) by the optimal pair.

Remark 3.1 we have no constraintes on control , by space structure of U ( if Uad = U) we deduce

that we also have

J 0 (u) (v � u) � 0 8v 2 Uad;

and with the previous condition we get

J 0 (u) (v � u) = 0 8v 2 U ;

therefore the optimality system become as following

8>><>>:
Ay(u) = f + Bu;

A�p(u) = C�(Cy(u)� yd);

(B�p(u) +Nu; v � u)U = 0 8v 2 U :

3.2.1 Examples

1- Optimal control of an hyperbolic equation :

Let 
, �,T i0,Q, � as in the last subsection let U = L2 (Q) be the space of controls, Uad is the set

admissible controls non- empty closed and convex, B is bounded operator

from to y = L2(0 ,T;H1
0 (
)):consider the following optimal control problem

inf
v2 Uad

J(v) (3.8)

with

J (v) = kCy(v)� Zdk2z + (Nv; v)u forevery v 2 Uad; (3.9)

with the following second order hyperbolic PDE8>><>>:
�2y
@t2
+ A(x)y = f + Bv
y(x; t) = 0

y(x; 0) = y0(x);
@y
@t
(x; 0) = y1(x)

in Q;

on �

in 
;

(3.10)

where f 2 L2(Q); y0 2 H1
0 (
); y1 2 L2(
) ,Zd 2 L2(Q ) ; N is the positive operator on U and

A(x; t) is a seconde order elliptic operator.

First case : C is the canonical injection from L2(0; T;H1
0 (
))! L2(L2(Q);then Z = L2(Q) .
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Then , the optimal pair (u; y(u)) for ?? .......is characterized by (Lions,1971)8>>>>>>>>>><>>>>>>>>>>:

@2y(u)
@t

A(x)y(u) = f +Bu;
@2p
@t2
+ A�(x)p = y(u)� zd in Q;

y(x; t) = 0; p(x; t) = 0; on
P
;

y(u)(x; 0) = y0(x);
@y
@t
(x; 0) = y1(x)

p(x; T ) = 0; @p
@t
(x; T ) = 0 in 
;R T

0

R


(B�P +Nu)(v � u)dxdt � 0 for every v 2 Uad:

Second case : A final observation operator i,e C : L2(0; T;H1
0 (
)) ! L2( 
) with Cy(x; t) =

y(x; T ); so Z = L2(
):then the optimal pair (u; y(u)) for(1:8)� (1:10)
is caracterized by (Lions 1971)8>>>>>>>>>><>>>>>>>>>>:

@2y(u)
@t

A(x)y(u) = f +Bu;
@2p
@t2
+ A�(x)p = 0 in Q;

y(x; t) = 0; p(x; t) = 0; on
P
;

y(u)(x; 0) = y0(x);
@y
@t
(x; 0) = y1(x)

p(x; T ) = 0; @p
@t
(x; T ) = 0 in 
;R T

0

R


(B�P +Nu)(v � u)dxdt � 0 for every v 2 Uad:

2-Optimal control of a parabolic distributed system :

Let 
 a bounded domain of Rn with boundary � of class C2; T > 0; Consider time space cylinder

Q = 
� [0; T ] ; � = �� [0; T ] and the Heat equation with Dirichlet boundary condition8>><>>:
@y
@t
��y = f + �!v

y = 0

y(x; 0) = y0(x)

in Q;

on �;

in 
;

(3.11)

where f 2 L2 (Q) ; v 2 L2(0; T; L2(w)); �! is the characteristic function of ! a bounded open of 


and y0 2 L2(
):
Our optimal control problem consists in looking for a control function u 2 L2(0; T; L2(!)) which

minimizes the following cost function

J(v) = ky(v)� ydk2L2(Q) +N kvk2L2(0;T;L2(!)) ;

with y(v)is the solution of (1.5), yd 2 L2 (Q) ; N > 0: So, we want to characterize the solution of

the following optimal control

inf
�
J(v; y) : (v; y) 2 Uad � L2(0; T;H1

0 (
)) verifies (1.11)
	
:
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In this case

the state space Y = L2(0; T;H1
0 (
)); the observation space Z = L2(
) and the control space

U = L2(0; T; L2(!)):

the observation operator is canonical injection

C : L2(0; T;H1
0 (
)) �! L2(
)

y �! y ;

An optimality condition gives us

J 0(u)(v � u) = 2(y(u)� yd; y(v � u))L2(Q) + 2N(u; v � u)L2(0;T;L2(!)) � 0 8v 2 Uad:

by introducing the adjoint state p = p(u)8>><>>:
�@p
@t
��p = y(u)� yd

p = 0

p(x; T ) = 0

in Q,

on�;

in 
:

and using second Green formula we get

(y(u)� yd; y(v � u))
L2(Q)

= (�@p
@t
��p; y(v � u))L2(Q)

=

Z T

0

Z



�@p
@t
y(v � u)dxdt�

Z T

0

Z



�py(v � u)dxdt

=

Z T

0

Z



p

�
@y

@t
(v � u)��y(v � u)

�
dxdt�

Z



[py(v � u)]T0

+

Z T

0

Z
�

p(
@y

@�
(v � u)� y(v � u)

@p

@�
)d�dt

=

Z T

0

Z



p�!(v � u)dxdt�
Z



p(T )y(v � u) (T ) dx

+

Z T

0

Z
�

p
@y

@�
(v � u)d�dt

=

Z T

0

Z
!

p(v � u)dxdt;

Hence,

J 0(u)(v � u) = 2

Z T

0

Z
!

(p+Nu)(v � u)dxdt � 0 8v 2 Uad:

So, the solution of () is characterized by the following optimality system
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8>>>>>>>>>>>><>>>>>>>>>>>>:

@y
@t
��y = f + �!u in Q;

y = 0 on �;

y(x; 0) = y0(x) in 
;

�@p
@t
��p = y(u)� yd in Q;

p = 0 on�;

p(x; T ) = 0 in 
;R T
0

R
!
(p+Nu)(v � u)dxdt � 0 8v 2 Uad:

3- Optimal control of an elliptic distributed system

Let 
 a bounded domain of Rn with boundary � of class C2; consider the following Laplace

equation with Newman boundary condition(
��y + y = f

@y
@�
= v

in 
;

on �;
(3.12)

f 2 L2 (
) is a source function , v 2 L2 (�) is a control function. Associate to () the following cost

function

J(v) = ky(v)� ydk2L2(
) +N kvk2L2(�) ;

y(v) is the solution of (1:4), yd 2 L2 (
) is a fixed observation and N > 0.

Our optimal control consists a determine u 2 Uad that minimizing J (v) : inf fJ(v; y) : (v; y) 2 Uad �H1 (
) verifies (1:4)g :

the state space Y = H1 (
) ; the observation space Z = L2(
) and the control space U = L2 (�) :

the observation operator is canonical injection

C : H1 (
) �! L2 (�)

y �! y ;

An optimality condition gives us

J 0(u)(v � u) � 08v 2 Uad () 2(y(u)� yd; y(v � u))L2(
) + 2N(u; v � u)L2(�) � 08v 2 Uad:

Now, we introduce an adjoint state p = p(u)(
��p+ p = y(u)� yd

@p
@�
= 0

in 
;

on �:

and using the second Green formula (see appendix Theorem (1:5) we get
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(y(u)� yd; y(v � u))L2(
) = (��p+ p; y(v � u))L2(
)

= (p;��y(v � u) + y(v � u))L2(
)

+

Z
�

(p
@y

@�
(v � u)� y(v � u)

@p

@�
)d�

=

Z
�

p(v � u)d�:

Finally, the solution of (1.4) is characterized by the following optimality system :8>>>>>>><>>>>>>>:

��y(u) + y(u) = f in
;
@y
@�
(u) = u on �;

��p+ p = y(u)� yd in 
;
@p
@�
= 0 on �;R

�
(p+Nu)(v � u)d� � 0 8v 2 Uad:

3.3 No-regret control and low-regret control to solve distribu-

ted system with missing data

In this chapter, we make an initiation to the theory of the optimal control of problems with

incomplt data, where we introduce this leads to difine the notion of no- regret control, low regret

control introduced the first time by J.Lions(1992). Mereover, we give existance, uniqueness ,

and prouve that it converges to the no-regret control,then we characterize them via optimality

systems and we give exemple..

3.3.1 Position of problem

We keep the same theorical framework as mentioned in the last paragraphe, the difference here

is the presence of missing data. For this reason, we define a new operator � 2 L (F;Y) where

F is a Hilbert space of uncertainties (missing data), G is a non -empty closed subspce of F;

For f 2 Y the abstract equation related to the control v 2 Uad and the uncertainty g 2 G is given

by

Ay(v; g) = f + Bv + �g: (3.13)

The equation (3:13) is well posed in Y and has a unique solution y (v; g) ; which associate to her

the following cost function :
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J(v; g) =k Cy(v; g)� yd k2Z +N k v k2
U

8v 2 Uad;8g 2 G; (3.14)

as usual, we are concerned with the optimal control of (3:13) and (3:14) is to search u solution

of :

inf
v2Uad

J(v; g) 8g 2 G;

whenG is an infinite dimensional space the problem (3:13) has no sens,this problem is solved

by J.Lions they using many notion like no-regtet control (Lions,1992) and pareto control (Lions

1986)

there equivalents is proved in (Nacoulima,Omrane &Velin ,2003).Lions thought to take

inf
v2Uad

�
sup
g2G

J(v; g)

�
; (3.15)

but G is an infinite dimensional space we can get sup
g2G

J(v; g) = +1 and by the way the problem

has no sense, to avoid this difficulty J.Lions introduce the concept of "No-regret control".

Remark 3.2 2.1 If G = f0g then J(v; g) = J(v; 0): Therefore, the problem (3:15) becomes a standar

optimal control problem

8<: find u 2 Uad such that

J (u) = inf
v2Uad

J (v) :

To avoid difficulties arise when we get sup
g2G

J(v; g) = +1; J.Lions thought to take only controls

such that 8v 2 Uad

J(v; g) � J(0; g) ; 8g 2 G (3.16)

J(v; g)� J(0; g) � 0;8g 2 G

Thus, we can say that sup
g2G

(J(v; g)� J(0; g)) exists.

3.4 The no-regret control

Definition 3.1 [15]We say that u 2 Uad is a no-regret control for (3:13) and (3:14) if u solves
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inf
v2Uad

�
sup
g2G

(J (v; g)� J(0; g))

�
: (3.17)

Remark :of course , the next problem is defied only for controls such that

sup
g2G

(J (v; g)� J(0; g)) <1� (3.18)

Lemma 3.1 (Na col ima;Ormane&Velin 2003) For every u 2 Uad and g 2 G we have :

J(v; g)� J(0; g) = J(v:0)� J(0; 0) + 2 (S(v); g)G0;G (3.19)

where S(v) = ���(v) and �(v) defined for v 2 Uad by

A��(v) = C�C(y(v; 0)� y(0; 0)):

. A is a linear operator in Y ; so :(
y(v:g) = y(v; 0) + y(0; g)� y(0; 0)

y(0; g) = y(0; 0) + y(0; g)� y(0; 0)

with y(v; 0) and y(0; g) are a solution of (3:13) when g = 0 and v = 0 resp:

By the definition of J(v; g) one obtain

J(v; g) = kC(y(v; 0) + y(0; g)� y(0; 0))� ydk2Z +N kvk2U
= J(v; 0) + kC(y(0; g)� y(0; 0)k2Z + 2(Cy(v; 0)� yd; C(y(0; g)� y(0; 0)))Z ;

and

J(0; g) = kC(y(0; 0) + y(0; g)� y(0; 0))� ydk2Z
= J(0; 0) + kC(y(0; g)� y(0; 0))k2Z + 2(C(y(0; 0)� yd; C(y(0; g)� y(0; 0)))Z ;

then

J(v; g)� J(0; g) = J(v; 0)� J(0; 0) + 2(C�C(y(v; 0)� y(0; 0)); y(0; g)� y(0; 0))Y : (3.20)

Introduce an adjoint state �(v) given by A��(v) = C�C(y(v; 0)� y(0; 0)) to write

J(v; g)� J(0; g) = J(v; 0)� J(0; 0) + 2(A��(v); y(0; g)� y(0; 0))Y

= J(v; 0)� J(0; 0) + 2(�(v);A(y(0; g)� y(0; 0)))Y

= J(v; 0)� J(0; 0) + 2(�(v); �g)Y = J(v; 0)� J(0; 0) + 2(���(v); g)G

= J(v; 0)� J(0; 0) + 2(S(v); g)G0;G where S(v) = ���(v):
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the last equation leads to (3:19)

Remark

1.By(3:19) you can see that condition (3:18) holds iff v 2 k;where

K = fv 2 Uad; (S(v); g) = 0 8g 2 Gg :

is a closed subspace of U ., Then ,u is a no-regret control iff u 2 k:
2.The notion of no-regret control could be generalized to no-regret control related to any a fixed

control u0 2 Uad; i.e , we want controls v s.t

J(v; g) � J(u0;g) 8 g 2 G

Definition 3.2 we say that u 2 Uad is a no-regret control related to u 2 Uad for (3:13) (3:14) if u

solve .

inf sup(J(v; g)� J(u0;g) (3.21)

Unfortunately , the main difficulty with no-regret control arises when we want to characterize the set

k;for this reason we shall approximate the no-regret control by

a sequence of controls called low regret controls

3.5 The low-regret control

One throught to relax (3:17) by making some quadratic perturbation on J(0; g) (Lions 1992), in

other words, we search controls v such that

J(v; g) � J(0; g) + 
 kgk2G ; 
 > 0; g 2 G

Definition 3.3 (Lions, 1992) We say that u
 2 Uad is a low -regret control for (3:13) (3:14) if u

solves

inf
v2Uad

sup
g2G
(J(v; g)� J(0; g)� 
 kgk2G); 
 > 0 (3.22)

Take () into account to get the equivalence between () and

0
inf
v2U
(J(v; 0)� J(0; 0) + sup

g2G
(2(S(v); g)G � 
 kgk2G));

e Legendre transform (Aubin, 1984 : p49)for
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sup
g2G
(2(S(v); g)G � 
 kgk2G) =

1



kS(v)k2G :

then

inf
v2Uad

J
(v) (3.23)

where

J
(v) = J(v; 0)� J(0; 0) +
1



kS(v)k2G : (3.24)

Now, we can define the low-regret by

Definition 3.4 [15]We say that u
 2 Uad is a low-regret control for (3:13) and (3:14) if u solves

inf
v2Uad

sup
g2G
(J(v; g)� J(0; g)� 
 kgk2G ; 
 > 0):

Theorem 3.2 :(Low-regret control : existence and uniqueness)

The problem (3:13) and (3:18) with (3:19) has a unique solution u
:

. 1.Existence

We have that :

J
 (v) = J (v; 0)� J (0; 0) +
1



kS(v)k2G 8v 2 Uad;

J
 (v) � �J (0; 0) = constant;

i.e, inf
v2Uad

J
 (v) exists.

Let be d
 = inf
v2Uad

J
 (v) .Let a minimizing sequence (v
n) verifying

lim
n!1

J
 (v
n) = inf
v2Uad

J
 (v) = d
;

we have that :

�J (0; 0) � J
 (v
n) = J (v
n; 0)� J (0; 0) +
1



k��� (v
n)k

2
G � d
 + 1;

which implies that

kCy (v
n; 0)� ydk2Z +N kv
nk
2
U +

1



k��� (v
n)k

2
G � d
 + J (0; 0) + 1 = C
:

we deduce that

kv
nkU � C
; (2.8.a)

kCy (v
n; 0)� ydkZ � C
; implies kCy (v
n; 0)kZ � C
; (2.8.b)

k��� (v
n)kG � C

p

; (2.8.c)
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C
 is a constant independent of n:

(v
n) is bounded in compact space Uad then we can extracting a subsequence still denoting by (v
n)

converges weakly to u
 in Uad; due to isomorphism of A we deduce that y (v
n; 0) converge weakly

to y (u
; 0) in Y :
The cost function J
 (v) is a lower semi continuous

J
 (u
) � lim
n!1

inf
v2Uad

J
 (v
n) = inf
v2Uad

J
 (v) = d
;

J
 (u
) = inf
v2Uad

J
 (v) :

2.Uniqueness

Suppose that the problem (3:18) admits two distinct solutions u1


; u2
: We set u
 =

u1
+u
2



2
; due to

strict convexity of J we get

J

�
u

�
<
1

2
J

�
u1



�
+
1

2
J

�
u2

�
= d
;

we obtain a contradiction with the assumption that u1


; u2
 are two solutions of (3:18) : Thus (3:18)

admits a unique solution.

Theorem 3.3 The unique low-regret control u
is converge weakly when 
 ! 0 to the unique no-

regret control u in Uad:

. Let u
 be a low-regret control in Uad then for all v 2 Uad

J
 (u
) � J
 (v) ;

J (u
; 0)� J (0; 0) +
1



k��� (u
)k2G � J (v; 0)� J (0; 0) +

1



k��� (v)k2G 8v 2 Uad;

by implies

J (u
; 0) +
1



k��� (u
)k2G � J (v; 0) +

1



k��� (v)k2G 8v 2 Uad;

we choose v = 0 to find :

J (u
; 0) +
1



k��� (u
)k2G = kCy (u
 ; 0)� ydk2Z +N ku
k2U +

1



k��� (u
)k2G � J (0; 0) = constant;

then

ku
kU � C; (3.25)

kCy (u
 ; 0)kZ � C; (3.26)

k��� (u
)kG � p

C; (3.27)
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where C is a constant independent of 
:

(u
) is bounded in Uad then we can extract a subsequence still be denoting (u
) converges weakly

to u 2 Uad:
It’s clear that for every v 2 Uad

J (v; g)� J (0; g)� 
 kgk2G � J (v; g)� J (0; g) 8g 2 G;

i.e,

J (v; g)� J (0; g)� 
 kgk2G � sup
g2G

(J (v; g)� J (0; g))8g 2 G;

from another side we have

J (u
; g)� J (0; g)� 
 kgk2G � J (v; g)� J (0; g)� 
 kgk2G ;

so

J (u
; g)� J (0; g)� 
 kgk2G � sup
g2G

(J (v; g)� J (0; g)) 8g 2 G;

when 
 tend to 0 we obtain :

J (u; g)� J (0; g) � sup
g2G

(J (v; g)� J (0; g)) 8g 2 G;

which means that

sup
g2G

(J (u; g)� J (0; g)) = inf
v2Uad

�
sup
g2G

(J (v; g)� J (0; g))

�
:

In conclusion, u is a no-regret control.

Characterization of the low-regret control

By a first order optimality conditionon we have

J
0(u
)(v � u
) � 0 8v 2 Uad;

where

J
0(u
)(v � u
) = lim
h!0

J (u
 + h (v � u
))� J (u
)

h
8v 2 Uad;

we have

J (u
 + t (v � u
))� J
(u
)

h
= h kCy(v � u
; 0)k2Z + hN kv � u
k2U +

h



kS (v � u
)k2G

+2(Cy(u
; 0)� yd; Cy(v � u
; 0))Z + 2N(u
; v � u
)U

+
2



(S(u
); S (v � u
))G;
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when h! 0 we find

J
0(u
)(v � u
) = 2(Cy(u
; 0)� yd; Cy(v � u
; 0))Z + 2N(u
; v � u
)U +
2



(S(u
); S (v � u
))G:

By linearityof the operator C in Z we ge

J
0(u
)(v � u
) = 2(Cy(u
; 0)� yd; Cy(v; 0)� Cy (u
; 0))Z + 2N(u
; v � u
)U +
2



(S(u
); S (v � u
))G

= 2(C� (Cy(u
; 0)� yd) ; y(v; 0)� y (u
; 0))Y + 2N(u
; v � u
)U +
2



(S(u
); S (v � u
))G;

y(v; 0)� y(u
; 0) = y (v � u
; 0)� y (0; 0) ;

then

J
0(u
)(v � u
) = 2(C� (Cy(u
; 0)� yd) ; y(v � u
; 0)� y (0; 0))Y

+2N(u
; v � u
)U +
2



(S(u
); S (v � u
))G:

The adjoint state A��(u
) = C�C(y(u
; 0)� y(0; 0)); then

(S(u
); S (v � u
))G = (�
��(u
); �

��(v � u
))G = (��
��(u
); �(v � u
))Y :

Introduce the state �
 = �(u
) by

A�
 =
1



����(u
);

this leads to the following equality

(A�
; �(v � u
))Y = (�
;A��(v � u
))Y = (�
; C�C(y(v � u
; 0)� y(0; 0)))Y

= (C�C�
; y(v � u
; 0)� y(0; 0))Y ;

introducing the new adjoint state p
 = p(u
) by

A�p
 = C�(Cy
 � yd) + C�C�
;

to find

3.5. The low-regret control 39



Chapitre 3. Standard optimal control of distributed system

(A�p
; y (v � u
; 0)� y(0; 0))Y = (p
;A(y (v � u
; 0)� y(0; 0)))Y

= (p
;B (v � u
))Y

= (B�p
; v � u
)U ;

Hence, the optimality condition is given by

J

0
(u
)(v � u
) = (B�p
 +Nu
; v � u
)U � 0 8v 2 Uad;

Finally, the low-regret control is characterized by the following optimality system :8>>>>>>><>>>>>>>:

Ay
 = f +Bu
;

A��
 = C�C(y
 � y(0; 0));

A�
 = 1


����
;

A�p
 = C�(Cy
 � yd) + C�C�
;
(B�p
 +Nu
; v � u
)U � 0 8v 2 Uad:

(3.28)

where y (u
; 0) = y
; �(u
) = �


:

3.5.1 Characterization of the no-regret control

To get the optimality system of no-regret control we pass to limit when 
 ! 0 in the system (3:10)8>>>>>>><>>>>>>>:

Ay = f +Bu;

A�� = C�Cy (u; 0)� yd;

A� = ��; � 2 G;
A�p = C� (Cy (u; 0)� yd) + C�C�;
(B�p+Nu; v � u)U � 0 8v 2 Uad:

(3.29)

where y (u; 0) = y; �(u) = �:

3.6 Example

1-optimal control of an elliptic distributed system with missing Newmann boundary condi-

tion :

Let 
 be an open bounded set of Rn with smooth boundary �. Consider the following elliptic

equation :
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(
��y + y = f + v

@y
@�
= g

in 
;

on �;
(3.30)

where v 2 L2 (
), g 2 G = L2 (�) ; f 2 L2 (
) and y (v; g) 2 H
3
2 (
) � L2 (
) is the unique

solution of this system depend on v and g. Associate to (3:30) the following cost function :

J (v; g) = jy (v; g)� ydj2L2(�) +N kvk2L2(
) 8g 2 G; (3.31)

where yd 2 L2 (�) ; N > 0 and j:jL2(�) denote the semi norm in L2 (�).

Here, we have that : Y = L2 (
) is the state space, U = L2 (
) is the control space, Z = L2 (�) is

the observation space, G = L2 (�) is the uncertainties space, the observation operator C :

C : L2 (
) �! L2 (�)

y �! y j�
� : is the uncertainties operator

� : L2 (�) �! L2 (
)

g �! y (0; g)

where y (0; g) is solution of (3:30) when v = 0:

Definition 3.5 We say that u is a no-regret control for (3:30) and (3:31) iff u is solution of :

inf
v2L2(
)

 
sup

g2L2(�)
J (v; g)� J (0; g)

!
:

We need the characterization of a no-regret control. Therefore, for all v 2 L2 (
) and g 2 L2 (�) ;
we have :

J (v; g) = J(v; 0) + jy (0; g)� y (0; 0)j2L2(�) + 2(y (v; 0)� yd; y (0; g)� y (0; 0))L2(�);

and

J (0; g) = J (0; 0) + jy (0; g)� y (0; 0)j2L2(�) + 2(y (0; 0)� yd; y (0; g)� y (0; 0))L2(�);

so :

J (v; g)� J (0; g) = J(v; 0)� J (0; 0) + 2(y (v; 0)� y (0; 0) ; y (0; g)� y (0; 0))L2(�):

Let’s introduce the adjoint state � = �(u)
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(
��� + � = 0

@�
@�
= y (u; 0)� y (0; 0)

in 
;

on �;

using the second Green formula(see appendix Theorem 4.3), we obtained :

(��� + �; y (0; g)� y (0; 0))L2(
) =

Z



(��� + �) (y (0; g)� y (0; 0)) dx

=

Z
�

�gd�:

So :

J (v; g)� J (0; g) = J(v; 0)� J (0; 0) + 2(�; g)L2(�):

Let’s define the low-regret control

Definition 3.6 We say that u
 is a low-regret control for (3:30) and (3:31) iff u
 is solution of :

inf
v2L2(
)

 
sup

g2L2(�)
J (v; g)� J (0; g)� 
 kgk2L2(�)

!
:

We have

sup
g2L2(�)

�
J (v; g)� J (0; g)� 
 kgk2L2(�)

�
= J (v; 0)� J (0; 0) + sup

v2L2(�)

�
2(�; g)L2(�) � 
 kgk2L2(�)

�
= J (v; 0)� J (0; 0) +

1



k� (v)k2L2(�) :

Hence, we define the new following cost function related to the problem of low regret given by

J
 (v) = J (v; 0)� J (0; 0) +
1



k� (v)k2L2(�) : (3.32)

Then our problem optimal becomes8<: find u
 2 U such that

J
 (u
) = inf
v2U

J
 (v) :
(3.33)

Theorem 3.4 (The existence and uniqueness of a low-regret control)

The problem (3:30) and (3:32) with(3:33) has a unique solution u
:

. The cost function J
 (v) is coercive and strictly convex in L2 (
) which implies the existence and

uniqueness of u
:
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3.6.1 Characterization of the low-regret control :

We have by a first order optimality conditionon

J

0
(u
)

�
v � u


�
= 0 8v 2 L2 (
) ;

i.e,

J

0
(u
)

�
v � u


�
= 2(y (u
; 0)� yd; y (v � u
; 0)� y (0; 0))L2(�) + 2N(u
 ; v � u
)L2(
)

+
2



(�
�
u

�
; �
�
v � u


�
)
L2(�)

= 0 8v 2 L2 (
) ;

Introduce the state �
 = �(u
) by (
���
 + �
 = 0
@�

@�
= 1



� (u
)

in 
;

on �;

multiply the first equation of the last one by � (v � u
) and apply second Green formula (see

appendix Theorem 4.3) to get :

�
���
 + �
; � (v � u
)

�
L2(
)

=

Z



�
���
 + �


�
� (v � u
) dx

=

Z
�

�
�
 (y (v; 0)� y (0; 0))� �(v � u
)

@�

@�

�
d�;

Hence,

J

0
(u
)

�
v � u


�
= (�
 + y (u
; 0)� yd; y (v � u
; 0)� y (0; 0))L2(�) +N(u
 ; v � u
)L2(
)

= 0 8v 2 U :

We introduce another adjoint state p
 = p(u
) given by:(
��p
 + p
 = 0

@p

@�
= �
 + y (u
; 0)� yd

in 
;

on �:

Again, we have
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� = (��p
 + p
; y (v � u
; 0)� y (0; 0))L2(
)

=

Z



(��p
 + p
) (y (v � u
; 0)� y (0; 0)) dx

=

Z



p
((��+ I) (y (v � u
; 0)� y (0; 0)))dx

+

Z
�

(p

@ (y (v � u
; 0)� y (0; 0))

@�

� (y (v � u
; 0)� y (0; 0))
@p

@�
)d�;

Then

J

0
(u
)

�
v � u


�
= (p
 +Nu
 ; v � u
)L2(
) = 0; 8v 2 L2 (
) :

we can say

p
 +Nu
 = 0 in L2 (
) ;

p
 +Nu
 = 0 a.e in 
:

Then the low-regret control is characterized by the following optimality system :8>>>>>>>>>>>>>>>>><>>>>>>>>>>>>>>>>>:

��y (u
; 0) + y (u
; 0) = f + u
 in 
;
@y(u
 ;0)

@�
= 0 on �;

��� (u
) + � (u
) = 0 in 
;
@�

@�
= y (u
; 0)� y (0; 0) on �;

���
 (u
) + �
 (u
) = 0 in 
;
@�

@�
= 1



� (u
) on �;

��p
 (u
) + p
 (u
) = 0 in 
;
@p

@�
= �
 + y (u
; 0)� yd on �;

p
 +Nu
 = 0 a.e in 
:

To get a no-regret control characterization we pass to limit when 
 ! 0 in the last system we

3.6. Example 44



Chapitre 3. Standard optimal control of distributed system

obtain : 8>>>>>>>>>>>>>>>>><>>>>>>>>>>>>>>>>>:

��y (u; 0) + y (u; 0) = f + u in 
;
@y(u;0)
@�

= 0 on �;

��� (u) + � (u) = 0 in 
;
@�
@�
= y (u; 0)� y (0; 0) on �;

��� (u) + � (u) = 0 in 
;
@�
@�
= � on �;

��p (u) + p (u) = 0 in 
;
@p
@�
= �+ y (u; 0)� yd on �;

p+Nu = 0 a.e in 
:

with the following limits

lim

!0

u
 = u; lim

!0

y (u
; 0) = y (u; 0) ; lim

!0

�
 = �;

lim

!0

� (u
) = � (u) ; lim

!0

1



� (u
) = � 2 G; lim


!0
p (u
) = p (u) :

3.6.2 The comparison between the controls calculated through HUM and

the low regrets method

After the comprehensive and in- depth study of the two method, we can draw the following

compariso

The no-regrete control

Avantages The inconviniences

If Uad d’interior empty you can use this methode not constractive
The no-regret control is used for the singulars systems

The HUH methode

Avantages The inconviniences

1/The methode is constructive if Uad = H 1/ If Uad d’interior empty you cannot use this methode

2/ If Uad d’interior non- empty (slater) theon-

methode is not constructive
In another way

The advantages of the HUM method :

If Uad = H the corole is identifiable with the conjoint state of systems for systems satisfying the

MISOHATA hypotheses

The inconviniences :

3.6. Example 45



Chapitre 3. Standard optimal control of distributed system

if Uad empty this method does not work

if Uad is not empty (slatar) the method gives a duality between the control and the conjoint state

of systems

The advantages of the low- regret method :

The advantage of the least regret method ensures control existence even in the empty Uad case

and it gives characterization equations for singular systems

The inconviniences :

Is not constrictive

Conclusion

Generaly,we conclude that the HUM méthode is used for the regularts systemes,and the no-regret

methode is used for the singulars sysrems

When Uad = H or d’intérior non-empty(slater) we can use the HUM méthode
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