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Resumeé
Dans ce mémoire, nous allons faire une étude comparative de deux méthodes:

A/ La méthode d’unicité de Hilbert introduite par J.L.Lions (15) (HUM) ce qui résoudre le
probleme de contrélabilité des systemes dynamiques lorsque le controle est appliquée
sur certain données du systeme.

B/ La deuxiéme méthode est la méthode de contrdle a moindre regret: ce qui a

L’avantage de résoudre de contrélabilité des systemes dynamiques singuliers lorsque le
contrdble est appliquée sur certain données du systeme.

On peut dire que la méthode a moindre —regret généralise dans un sens la méthode de
HUM si I’ensemble des contraintes sur le contréle est d’intérieur vide

Mots clés :contrble optimale, données incompléetes, contrble sans regret,controle a
moindre regret, équation des ondes, méthode HUM

Abstract

In this thesis, we will make a comparative study of two methods :

A/ Hilbert's uniqueness method introduced by J.L.Lions (15) (HUM) which solves the problem
of controllability of dynamic systems when control is applied to certain system data.

B/ The second method is the Low- regret control method: which has the advantage of solving
the controllability of singular dynamic systems when the control applied to certain system data.
We can say that the Low-regret method generalizes in a sense the HUM method if the set of
constraints on the control has empty interior

Keywords :optimum control ,incomplet data, no-regret control ,low- regret control,

wave equation,Hilbert Uniquenesse Method
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’ Introduction \

Several domains are modeled by dynamic or stationary systems, the sentinel theory is an impor-
tant tool for the identification of some system data based on control theory

control plays an interesting role in resolving the different systems in the different domains
Bellow we Present the organization of our memory

In the first chapter, we will recall certain mathematical tools for functional analysis, and Sobolev
space Also, we present an introduction to the observability and controlability theory.

In the second chapter, we present a description of the HUM method for solving the problem of
the controllability system

In the third chapter, we present the standard optimal control theory and we consecrated to study
the notion of no-regret control and low-regret of distributed system.

Finally, we conclude by comparison between the HUM method and the low regrets control me-
thod.




Chapitre 1
Preliminaries

During this chapter, we will recall the concept and definition of fundamental spaces in functional
analysis which contains some essential notion that concerns the spaces L

Hilbert and Sobolev, then semigroups and controllability of linear system which is necessary to
know to approach the memory suites finally we recall some notions and definition concerning the

optimization domain.

1.0.1 Functional analysis reminders

The banach space and the normed space

Definition 1.1 : Let E a vector space over R. a norm over E is an application from E in R*

x — ||z|| verifed :

(@) |zl = 0 <=2 = 0;

(i) |[Az]| = [N [|z|| V= € EVA € R;

(i3) ||z +y|| < ||z|| + ||yl Vz,y € E (the triangular quality)

The pair (z,||.||) called by anorm vector space

The pair ( z, ||.||) from E in R" verifiying the proprties(ii) and (iii), is called semi-norm on F

We call Banach space a complete normed space.

The Hilbert space Definition : Let H a vector space over R a scalar product is a bilinear from
H x Hin R symetric positive definite

The scaler product satisfies the inequality of Cauchy -Schwarz

(u,v) < (u,u)%(v,v)% Yu,v e H
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We also have

1
[ull = (u,u)>
Definition :A Hilbert space is a vector space H endowed with a scalar product (u,v) and which is
complete for the associated norm]||.|| .
Theorm d ’identification of Hilbert spaces
Theorem 1.1 : (Riesz-Frechet presentation theorem )

Given ¢ € H'there existe f € H unique such that

(p,v) :/va Vv e H.

Moreover we have

1Al = llell

Lax-milgram theorem
Definition :The bilinear from a(u,v) : H x H — R is

(¢) continious if

de>0: |a(u,v)| < Clu|l ||v] Vu,v € H
(17)coerciveif
Ja >0 |a(u,v)] < a|v||®* YveH
Theorem 1.2 (Lax-milgram) Let a(u,v) a bilinear form,continious and coercive so for all ¢ € H

3lu € H such that

a(u,v) = (p,v) Yv e H

The L” space.

Definition 1.2 (The Lebesgue spaces) Let p € R with 1< p < oo the application is defined by :




Chapitre 1. Preliminaries

LP(Q):{f:Q—ﬁR\fisrnesurableand /Q|f|p< oo},

We call |||, the norm of L"such that

110 =| [ If(x)l”dxr

Definition : We set L>*(Q)) = f : Q — R, f is mesurable and there is a constant c such that

|f(z)] <c¢ a.e.on €, we note that

| fll. = inf {c,|f(z)| < ca.e.on Q}

we verify that ||.||__ is a norm

Remark 1.1 The space L? provided with a scalar product

(u,v) = / u(z)v(z)dt, Yu,v € L*(),
Q
is a Hilbert space.
The L7(0,T,V) space

Definition 1.3 Let V a Banach space, we denote by LY (0,T,V) the space of mesurable function
u: 0,7 [ — V such that

T
1
P / lu@)[Pdt)s < 0o forl<p < oo

and for p = co we have

lull Lp om0y = sup essu(t) [lu(?)]], < oo
0<t<T

For 1 < p < oo,the space of L7(0,T,V) is a Banach space.
If V is Hilbert for the scalar product (.,.),, L*(0,7, V) is a hilbert space for the scalar product

(1) gy = | (00000,

The reflexive space

Definition 1.4 Let E be a Banach space and let J be the canonical of E into E”.We say that E is
reflexive if J(E) = E”
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Theorem 1.3 L7 is reflexive for any p, 1 < p < oc.

Aubin Lions compactness theorem

We give three Banach space By, B, B,

By C B C By, B; réflexive,i = 0, 1.

linjection By — B is compact
We define

d
W = {v\v € L0, T; By),v' = d—z e L0, T, Bl)}

Where Toverand 1< p; <o ,i=0,1.

with the norm

HU”LPO(O,T,BO) + ||U,HLP1(O,T,B1)

W is a BEanach space.

Also we have the following result

Theorem 1.4 Under the previous assumptions Uinjection of W into L"°(0,T, B)

The sobolev spaces on H™ order

The H'(Q2) space

Definition 1.5 We note H'(Q)) the vector subspace of L?*(2) défined by :

HY(Q) = {u e L), Vu e LAQ)"} = {u € 12(Q), g—“ c
Z;
Remark 1.2 H'(Q) is a Hilbert space.

The H}(Q) space
Definition 1.6 The function of H}(S2) are the function of H'(Q2) which vanich on the boundary T' =

o9N.
Hy(Q) ={ue H'(Q),u=0inT}

The H~1(Q) space
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Definition 1.7 : we note by H'(Q) the topological dual of H}(),in other word,

H-1(Q) = (H}(Q))' = {T;T is a continious linear form on Hg(Q)}

This space is associated with a dual norm

T+ = sup {|(T.V) 10 € HY() and. o] uq) < 1}
The H*(2) space

Definition 1.8 We denote by H*()) the vector subpace of L*(Q) defined by :
H'(Q) = {u e L}(Q),8%u € L*(Q),Ya € N", |a| < k}

We provided it with the standar

2 a, 112
lullfm = Y 1D ullZ2q

la<m|

The W™P space
Let be 2 be an open set for R" for all 1 < p < oo and for all m € N we can define the space of

sobolev

WmnP(Q) = {u € LP(Q2),0% € LP(2),Va € N", |a| < m}

That one equipped with the norm

”quVm-p = Z ||Dau||adl'lf1 <p<o

la<m]|

[ellyym e = max|[D%l|
la<m|

Theorem 1.5 (Green Formulas) Let 2 C R™ a bounded and regular domain, and the normal vector
unit to the outside ' = 99.So, for u € H'(Q) and v € H?(Q) we have : the first Green’s formula

/uAvdx = —/Vqudw + /ug—vdl",
v

Q Q T
for u,v € H?(Q) we have the second formula of Green’s :
/(uAv — vAu)dxr = /u@ - U%df.

ov ov
Q r
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Definition 1.9 Let U € R" a convex set and f : U — R a strictly convex function in U if

fy+ (1 —t) z)<tf(y)+ (1 —1t)f(x) Yo,y € U, Vt € [0,1]

Definition 1.10 Let f : E — R U {+o0} is a proper function, so Legendre transform f* of f is a
function of E — R U {+oc} defined by

[ (p) = sup ((p,z) — f(z))

zelR

Lemma 1.1 (Gronwall) Let U, G be continuous in [0, 7], with G nondecreasing and v > 0. If
t
U(t) < G(t) +7/ U (s)ds forallt € [0,T],
0

then
U(t) < G(t)exp(qt), forallt € [0,T].

Proposition 1.1 (Cauchy inequality)

Let a, b are any real numbers and p, ¢ are real numbers connected by the relationship | + ; = 1.

Then we have the Cauchy inequality
ab < 1 (a2+62).
-2

Proposition 1.2 (Poincare inequality)

For n = 1 (1diemension ),we have :

(b—a)? 2
HUHim) < [0/ 21y » Yo € Hy (1)

For n > 2, we have :
3C > 0 |ull72(y < C |Vl 72 Yu € Hy(R)
1.1 Controllability of linear system

Overviews of semigroupe theory

We consider cauchy problem :

% =ay, t>0 1.1)
y(0) = yo, '

1.1. Controllability of linear system
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with a is constant and y, € £ (E is a Banach space).
The solution of problem (1.1) given by :

y(t) = yo exp(at) such that exp(at) =
k=0

kl

Let the following problem :

W= Ay, t>0
{ $ot= (1.2)

y(0) = yo,
If A is a bounded linear operato and the space E is a ifinite dimention n then we fined the
solution of the problem (1.2)

y(t) = yoexp(At) such that exp(At) = Y @r
k=0

(1) = yoS1(t), S1(t) = exp(At), Gf

t € R), Si(t) satisfied the proprities of group .
The solution of the problem(1.2) is given by formula :

y(t) = yoSa(t), t€ R

When A is inbounded linear operator [E = L*(R")]
where 55(t) verifying some propreties of the exp(At)

S2(0) =
Sg(t + S) = Sg(t)SQ(S); Vt, S 2 0.

Definition 1.11 A familly {S(t)},., Vx € y of elements S(t) € L(y)? for all t > 0 forms a semigroup
of class CVin y,if it verifies the following properties :

1.5(0) =

2.5(s+1t)=95(s)S(t); Vt,s >0.

3£Li(r)r+1 [s(t)x — |, =0, Vz € y.

Proposition 1.3 Let {S(t)},., be a semigroup of class C%in ) then :

1.t — ||S(¢)|lis bounded in [0, a] ; (o > 0).
2 the fonction ¢ — S(t)z is continious in R ,Vx € Y
3.V W ,M € Rsuch that ||S(t)|| < Me"! t € RT

Definition 1.12 (type of semigroup) We call type of semigroup S(t) the number Wydefied by :

1.1. Controllability of linear system
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Wo = inf {W € R;3M > 1Such that ||S(t)|| < Me"", vt >0}
1 1
Wo = lim log [[S(®)[| fogIIS( )|l

t—0t t t

The important semigroup
1/if vt > 0;||S(t)|| < M = S(t) is bounded,
2/ifVt > 0; [|S(t)|| < 1= S(t) is contraction,

Definition 1.13 (infinitisimal generatot) Let S(t) be a semigroup in E the infinitesimal generator
of S(t) is an inbounded operator A defined by

A:DA)CE—E

D(A) = {:c € E such that Pr%s(t)t_ !, exist} :

where

Az = lim
t—0

S(t)t_l,vx e D(A)

Proposition 1.4 .D(A) is a subspace of v :

2.if z € D(A) so S(t)x € D(A) then S(t)Ax = AS(t)x ,Vt >0

" S(8)xds = S(t)x,Yr € Eand t > 0

3.{S(t)},5, a semigrop of C* = hmh .

4.(D(A) = y) implique that the set D(A) is dense in y .
5. Ais a closed operator and D(A) = E.

Theorem 1.6 (Hille-Yosida Theorem) A linear operator A :D(A) C y — vy is the infinitisimal
generator of a semigroup {S(t)},5, € SG(M,w) if and only if :

1. A is a closed densely defined operator in ; (D(A) = y).

2V w > 0and M > 1 such that 4, = {A e C: ||A]| <|\} C p(A) and for any A € A,
|(AM+A)™] < %,Vn e N*.
. (=) Its clear.

(«=) For each A\ > w : let Ay = \*(\[ — A)~* — A\l = A, € L(E); we can then construct the semi

group :

S/\—eAt )\2 At AT—A)" 1ot

1.1. Controllability of linear system
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Nt o (V)"
Sp=eN=e Z " (A — A

n=0

We will show that the limite of semi-group S}exixts then A — 0.and that of semi-groupe to find.

note that ()\2 ) \
_ )"
st < O A
Awt
= Mexp(/\ w)

It is easy to see that : AxA, = Ap A,.
Let x € D(A) we have :

t
Sir — St = / i(s#_s — SMxds
o ds

t
= [ (st =S = Aas

= ||Spx — Stz|| < M? exp(u'uwt

— eX Iu)w28 S
s = Al [ e~ ARy

Selected : A\ > p

|57z — Sta|| <M2exp(uu ).q.||Ax — A, x|
—0
(Since Axz — Ax because A,y — 00)
So S}z converges strongly towards a limit denoted by :S,x.
It remains that S; is a semi-group C° in the infinitisimal generator A.t
*Siist = lim Stﬁrsx = lim S)Srx = Sy Ssx Vo € E;Vt, s >0
Som—)\h_)rgoSa\m—Ix—ijO—I

*Strong continuity is a direct consequence of uniform continuity on the compact.
Let x € D(A)

t

t
S(t)r —x = lim (eMz — ) = lim [ e Ayds = / S(s)Axds
0

A—00 A—00 0

Let B be the generator of S(¢) and let z € D(A)

o t
= SWz-z = lim1 S(s)Axds

t t—0¢ 0

1.1. Controllability of linear system
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=z € D(B);Bx = Ax

= B2OA
If A > w we first have \ € p(A) and A € p(B) according to the necessary condition of Hille-Yosida
soA=20D
Thus the theorem is proved =

1.1.1 Optimization

1.1.2 Global and local maximum or minimum

Let the set of constrainte C' such that
C={reR";9(x) <0,h(x) =0}.
We suppose that C' is non-empty ; an element x of C will be sed realizable.

Definition 1.14 C is non-empty set of a real Hilbert space H and f is a function C in R We say that

x* € C satisfies a local munimum of f if
Vo € B(a',r) N C; f(2") < f(x),

such as

B(z*,r)={re H;|z—z"|| <r}.

Definition 1.15 We say that x* € C achieves a global minimum of f if

Vee C; f(z") < f(x),

or a global maximum if
VeeC; f(a") = fla),

Proposition 1.5 If x*satisfies a (global or local) munimum ;x*satisfies a (global or local) maxi-
mum; i.e

max {f(z),z € C} = —min{—f(x),z € C}.

1.1. Controllability of linear system
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The Controllability-Observability duality
Controllability of localized systems

We consider the following linear system

{ y'(t) = Ay(t) + Bu(t) Vvt € (0,1] 1.3)

y(0) =yo € D(A) t=0
where A: R" — R", B : R™ — R™ are bounded linear with m,ne N*and m < n,v € L*(0,T,U)
,whereas (U = R™),y(.) € V,y(0) is the initial state.
The systhem has unique continious weak solution on [0,7] ,If A auto adjoint with compact re-

solvent given by "Duhamel " formula :

y(t) = S(t — s)Bu(s)ds VYt e€[0,T7],

Definition 1.16 the system (1.3) is controlable,if for any two state yo and y,if there exists a control
u € L*(0,t, R™) that returns the syetem (1.3) from y, to y, in infinite time t € (0, t]

i.e y(T') = y; in other words we have
T
S(t)yo + / S(t — s)Bv(s)ds = yq.
0
Definition 1.17 The dual system
y'(t) = Ay(t) + Bu(t),
y(0) = yo
2(t) = Cy(t)

is called by "the adjoint system".The

Different notion of controllability

1.1.3 Exact controllability

Definition 1.18 We say that system (1.3) is exactly controllable over the time [0.7T] if

Vyqs € H,3v € L*(0,T,U) such that y,(T) = ya.

1.1. Controllability of linear system
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1.1.4 Null controlability

We say that system (1.3) is null controllable over the time [0.7] if :

Yyq € H,3v € L*(0,T,U) such that ,(T) =0

Remark 1.3 In general the,exact controlability implies null controllability, but the converse is not

true.

1.1.5 approximate controllability

We say that system(1.3) is approximate controllable over the time [0.7] if

Vya € H,3v € L*(0,T,U)such that |y(T) — yall ; < €,V €)0.

1.1. Controllability of linear system
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The Hilbert Uniqueness Method

2.0.6 Description of the HU M method

The construction of the Hilbertian spaces adapted to the building of the system according to
the criteria of the specific uniqueness of the homogeneous system associated with it ,and the
method adopted for that is HUM, the following algorithm describes the basics of applying the
HUM method to solving the problem of exact system controllability.

2.0.7 Position of problem

The basic idea is the following :
Assuming that the system is exactly controllable characterize the control that minimizes the asso-

ciated cost function among the set of admissible controls by an optimality system

2.0.8 Exacte controllability and penalization

2-1 Orientation
Let be 2 a bounded domaine of R, n > 1, at the border I" of class C?.

we consider the wave equation

Y —Ay=0 in Q=Qx][0,T] 2.1

With 7" > 0 fixed
we assume that we can act on the system throuh the intermidiary of the control v = (x,t) on the
edge ¥ =1 x [0,7], so that

Y= on % (2.2)

17
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let the initial data be

y(x,0) =y’ (@);y/(z.0) =y'(x)  on Q
let z° € R, m(x) = x — 2% and R(z°) = max |m(z)|
reQ

consider the usual partition of the boundary

[z =z el/m(z)v(x) =0
[ x (2°) = I'\['(2)

and
Y(2%) =T(z%) x [0,T]
{ Yok (2°%) = 3 /3(2?)
let be the exacte controlability of the following equation
if 7> T(2%) = 2R(z°) for each pair of initial data
(y%,y") € L*(Q) x H7H(Q)

there is a control

ve L*(%(a"))

such as the solution y = y(v) in (2.1) (2.2) (2.3) checked y(T,v) =4 (T,v) =0

(
the facte that the control v is definided (z°) must be interepted as meaning

y=uv in X(z°)
{ y=01in X x (20) ‘
For each pair of initial data we have
{y°y'} € L2(Q) x HH(Q)
the set of admissibles controls

Upy = {v € LA(S(2°) /y(T,v) =y (T,v) = 0 in Q}

contaivse an infinity of element.

(2.3)

2.4)

(2.5)

2.7)

(2.8)

we will now show that control given by HUM is that realizes the munimum of the cost fonction

1
J(v):—/ lv|* d%
2 E($O)

(2.9)

on all admissible controls U,,; we wll next characterize the control v using the optimality system
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2.0.9 Characterization of control
Theorem 2.1 for each pair of initial data
{y%y'} € L* () x H'(Q)

Theorem 2.2 the control v € L*(%(z°)) given by HUM is the one that minimizes the blow function

J(v) on all admissible controls U,

First step

Theorem 2.3 we consider the minimization problem

inf J(v) (2.10)

v€EUyq

Theorem 2.4 the (2-10) problem is an optimal control problem with constraint on the state .

by a pealization method we define the function
1 2 1 ” 2
Je(v,2) = = v|"dE + — [ (z — Az)*dxdt (2.11)
2 »(29) 2¢e Q

with e > 0,v € L*(%(2°)) et z = z(x, t) a fonction such as
2 — Az e LA(Q)

2(0) = 4°2'(0) = ¢! in Q

(0
oo V=) (2.12)
0 in X x* (%)
2(T)=72(T)=0inQ
recess for each v € U,, the function y = y(v) of (2.1)(2.3) verifies these condition
the term o [,,(2" — Az)*dadt is a penality term
we consider the optimal control problem
infJ.(v,z) (2.13)
for each ¢ > 0 there existe a unique solution {u.,z.} of this problem, ie
Je(ue,ze ) =1infJ.(v,2) (2.19)
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Second step
note that the sequence (u.)qo is bounded in L*(3(z?))
Let v € U, any and y = y(v) the solution of the problem (2.1) (2.2) (2.3) associated .the couple

{v,y(v)} is admissible for the minimization problem (2.13) for every ¢ > 0

and so
J (ue, 20) < Je(y,y(v)) (2.15)
But as y(z) verifies
y —Ay=0 inQ (2.16)
We see that
Je(v,y(v)) = J(v) Ve >0 (2.17)
SO
Je(ueze) < J(v),Ve >0 (2.18)

and this for eachv € U,; , so we have

Je(ueze) < ienf J(v),Ve >0 (2.19)
VCUqd
Espicially
J(u) < ienf J(v),¥Ye >0 (2.20)
VCUGd
And, if we put
fo= Lo az 2.21)
= 2 Ze .
We have
(f.) bounded in L*(Q) (2.22)
Third step

Quite to extract subsequences we will have

Ue o0 in L*(2(2°)) weak (2.23)

we moreover
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z:—AzeH ) < Cve, Ye >0

L2(Q
We fined

(2.) bounded in,L>°(0, T, L*(Q)) N W*(0, T, H '(Q))

on particular

HZGHL2 (Q)<C, ¥Ye>0

and even it means extracting yet another sub-suite

z. — yin L*(Q) weak

e—0

according to (1.12)(2.24) we have

so we have v € U,y

Je(te,ze) > J(ue)

and after the week loxer semcontinuity of ./ we have

J(0) < liminf J(u.) < liminf J(u,, 2.)

of (2.19)(2.30) we concloude

J(%) = inf J(v)

v€EU,q

We have also demonstrated that

2.4)

(2.5)

(2.6)

(2.27)

(2.28)

(2.29)

(2.30)

(2.31)
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lim.J (u) = J(7)

e—0

which,combined with(2.23) gives

U o0 in L*(X(2")) (strong)

Fourth step

consider the sequel

]. ”
P.=—(2., —Az ),Ve>0

€

obviously

1
P€:Efe,v€>0

wesay that (f.)qo i bounded in L?(Q)) but we do not yet have of estimate on (P.), > o.

(3.32)

(2.33)

(2.34)

(2.35)

by writing the equation of Euler associated whith the problem of minimization (2.13). we have

/ uevd X —/ (7 — A(”) dxdt =0
%(x0) Q

for all solution of

C=v in X(z°
{ (=0 in X x* (29
with v e L*(Z2?)).
by meanes of the formula f Green we thus obtain

p.—Ap.=0 inQ.
pe =0 on X

e — qy, on X(x0)

(2.36)

(2.37)
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in effect

8 Ope
” A — »oo_ — . Z
/st( ¢) dxdt /Q(p .— A pe)Cdxdt Zpgavd + Swn

I/(p;i— A po)Cdadt — pﬁdg+/ op:
@ X dv $(z0) v

and so, after (2.36)

/(pZ— A pe)(dzdt — pE%d2+/ ap%dzz/ uev dY
Q P v P (x0)

(xo) 82}

which is equivalent
Fiveth step
According to the inverse inequality we obtain

D oo+ o) < B2 [

being bounded in L?(%(z°)) we see that

Ope
ov

2

the sequence (u.)

e>0

[Vpe(0)] + [pL(0)] <0 V¥e)0

and according to the law of conservation of energy ,we have

(p. — p in L=((0,T, Hy(2)) N WH>(0, T, L*()

pe — p on L>((0,T, Hy(Q)) weak

!

p. —p on L®((0,T, L*(Q)) weak

{pe(()) ,p;<0)} - {p(O),p’(O)} on HA(Q) x L3(Q)  weak

so the function p = p(z,t) solution of

p —Ap=0 in Q
p=0 on X

=% on ¥(2°)

2 0
dy = M/ |ue|? dS
3(z9)

(2.38)

(2.39)

(2.40)

(2.41)

(2.42)

(2.43)

(2.44)

(2.45)

(2.46)
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p(0) =p;p(0)=p' in Q
sixth step

wepose P =p; & =p’ &' =p' and V=7
Acording to (2.28) and (2.46) we have

- nAD=0 m Q
=0 on X (2.47)
®(0) =% ,0'(0)=d' inQ

v —AY =0 in Q (2.48)
_ o 0
Y o= 5 on ¥(x")
v = 0 on N E
on the other hand as
$(0) = ¢° '(0) =y
we have
A{D% B} = [yt , —y°). (2.49)

d ou A is the isomorphism between the spaces Hj () x L*(Q2) and H'(Q) x L*(Q2) introduced
in the application of HUM.
We thus see that the control v which by construction minimizes J'(v) on U, is the control

given by HUM since

o _ oo
v Ov

U=




Chapitre 3

Standard optimal control of distributed

system

In this chapter, we will study the optimal control of linear PDE’s ,( the dimension of space of
solution is infinit) We start by the presentationof the

classical theory of the optimal control when we prove the existence,uniquness and characteriza-
tion of the optimum and we give some examples Then we study the optimal control for a linear
system with incomplet data by present the notion of no-regret control introduced by J.Lions
(1992), and associated with low-regret control which converges to the no-regret control, then we

characterize them and we give example

3.1 Position of problem

Let Y, U and Z be infinite dimensional Hilbert spaces of states, controls and observation resp.
U.qC U is a subset of admissible controls supposed non empty, closed and convex.

f is a source function in y . Consider the fwell-posed abstract linear partial differential equation

Ay = f + Bo. (3.1

Where A € L£()) is a linear partial differential operator stationary or evolutionary (elliptic,
parabolic and hyperbolic ) makes an isomorphism on )’ identified to) , B € L (U,)) is the
control operator.

Our optimal control problem consists in looking for a control function u € U,; which minimizes

the following cost function

25



Chapitre 3. Standard optimal control of distributed system

J (v) = [ICy(v) — yall% + N |vll;; Vv € Una, (3.2)

J : is convex function from U,; C U to RU {+o0},C € L (), Z) : the observation operator and
N is a symetric definite positive operatore bounded in U
14 is the fixed observation in Z.

we search u solution of

{ﬁnd u € Uyq such that J (u) = inf J(v), (3.3)

VEUL
Theorem 3.1 (Existence and uniqueness of optimal control)

Let U,y C U closed and nonempty, J is lower semicontinuous, bounded from below and coercive
on U,y. Then there exists a minimizer for J on U,,. Moreover, if J is strictly convex the minimizer
is unique.

. 1.Existence

Since v — J(v) is continious and J is lower semi-continious convex function on U,,; and even
stricly convex ,coercive because (Nv,v), > a|jv||>,a > 0 for every v € U,4, then there existe

u solution to(3.1) — (3.3).Therefore ,we consider minimizing sequence (v,,)

J(u) < lim inf J(v,) = inf J(v) =m,

n——+0ovEU, 4 vEUGd
then v is aminimizer if J on U,
2.Uniqueness
Suppose that the problem (3.3) admits two distinct solutions uy, us € u,g. since U,4 convex .We

set u = WT“?, due to strict convexity of J we get

J (u) < %J(ul) + %J(UQ) =m,

This is a condradiction of being that u;, us are two solutions of (3.3) . Thus (3.3) admits a unique

solution. m

3.2 Optimal systems (Optimal control characterization)

We have by a first order optimality condition :

J(u)(v—u) >0 Yv €& Uy,

3.2.  Optimal systems (Optimal control characterization)
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J is Gateaux-differentiable function

J’(u)(v—u):limJ(u+t(U_u))_J(u)

for every v € U,
£50 + ry ady

with a calculatation we fined

J(utt(w—u) = J(u)+e|Cy(v—u)ll2 +2(Cy (u) - ya, Cy(v — ), + >N |jv —u]
+2tN(u, v — u),,,

2
u
which gives

J(u+t(v—u))—J(u)
t

= t]Cy (v — w2 +2(Cy (u) —ya, Cy(v—w))-+LN [[v — ul|}; +2N (u, v—1u),,,

when ¢ — 0 we find

J (u) (v—u) =2(C"(Cy (u) — ya),y(v —u)), + 2N (u,v —u), >0 Vv € Uyq. (3.4
Remark 1.1 A condition of the (3.3) from J’ (u) (v — u) is called the variationel inequality
C* € L(Z,)) is the adjoint of C,A* is the adjoint operator of .4 and introduce the adjoint state
p = p(u) given by

A*p(u) = C*(Cy (u) — ya), (3.5)
then
(C*(Cy (u) —ya),0y(v —u)), = (A'p(u),dy(v—u)), = (p(u), Ady(v — u)),
= (p(w), B(v —u))y = (B'p(u), (v — u))u,
Hence,

J (u) (v—u) = (B*p(u) + Nu,v —u), >0 Yv € Uyg. (3.6)

The optimal control problem (3.1) - (3.3) has a unique solution u characterized by the

following optimality system

Ay(u) = f + Bu,
A*p(u) = C*(Cy(u) — ya), (3.7)
(B*p+ Nu,v —u)y >0 Vv € Uyg.

3.2.  Optimal systems (Optimal control characterization)
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The equation(1) ,(2)from(3.) must be associated to some appropriate boundary and initial condi-
tion.

We called the pair (u, p(u)) by the optimal pair.

Remark 3.1 we have no constraintes on control , by space structure of U ( if U,q = U) we deduce
that we also have
J (u) (v—u) <0 Yv € Uy,

and with the previous condition we get
J (u)(v—u)=0 Yo elU,

therefore the optimality system become as following

Ay(u) = f + Bu,
Ap(u) = C*(Cy(u) — ya),
(B*p(u) + Nu,v —u)y =0  Yv € U.

3.2.1 Examples

1- Optimal control of an hyperbolic equation :
Let Q, I',T )0,Q, ¥ as in the last subsection let U = L? (Q) be the space of controls, U, is the set
admissible controls non- empty closed and convex, B is bounded operator

from to y = L*(0,T, H}(2)).consider the following optimal control problem

inf J(v) (3.8)
VE Uyg
with
J (v) = ||Cy(v) — Zde + (Nv,v), forevery v € Uy, (3.9

with the following second order hyperbolic PDE

%4 4 Alz)y = f + Bv in Q,
y(z,t) =0 onyY (3.10)
y(r,0) = yo(z), %(37, 0) =yi(zr) ing,
where f € L?(Q),yo € HY(Q),y1 € L*(Q) ,Zd € L*(Q ) , N is the positive operator on U and
A(z,t) is a seconde order elliptic operator.
First case : (' is the canonical injection from L?(0,7T, H}(Q2)) — L*(L*(Q),then Z = L*(Q) .

3.2.  Optimal systems (Optimal control characterization)
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Then , the optimal pair (u,y(u)) for 2?2 ....... is characterized by (Lions,1971)
( 2.0(w
5 Ala)y(u) = f + Bu,
I2+ A*(x)p = (u) ~z;  inQ,
y(x,t) =0,p(x,t) = on)
y(u)(x,0) = yo(x )8—?( )—yl(ﬂf)
pa.T) =02 T)=0 nQ,

\ [ [(B*P + Nu)(v — u)dazdt >0 for every v € Uy,

Second case : A final observation operator i,e C' : L*(0,T, H3(Q)) — L*( Q) with Cy(z,t) =
y(z,T), so Z = L*(Q2).then the optimal pair (u,y(u)) for(1.8) — (1.10)
is caracterized by (Lions 1971)

(

awmm>mm:f+3m
r L A(x)p=0  inQ,
y(z,t) = 0,p(z,t) =0, ony_,
y(u)(z,0) = yo(z), % (x,0) = y1(x)
p(z,T) =0, gf(x T)=0 inQ,
\ I [ (B*P + Nu)(v — u)dzdt >0 for every v € Upg

2-Optimal control of a parabolic distributed system :
Let Q a bounded domain of R” with boundary I" of class C?, T' > 0, Consider time space cylinder
Q=0x10,T],Y =T x[0,7] and the Heat equation with Dirichlet boundary condition

W _Ay=f+x,0 inQ,
y=0 on X, (3.11)
y(z,0) =yo(x)  in,
where f € L?(Q),v € L*(0,T, L*(w)), x,, is the characteristic function of w a bounded open of
and yo € L*(Q).
Our optimal control problem consists in looking for a control function v € L*(0, T, L*(w)) which

minimizes the following cost function

J(v) = [ly(v) — deL2 +NHUHLz (0.T,12(w)) *

with y(v)is the solution of (1.5), ys € L? (Q), N > 0. So, we want to characterize the solution of

the following optimal control

inf {J(v,y) : (v,y) € Usa x L*(0,T, Hy(Q2)) verifies (1.11) } .

3.2.  Optimal systems (Optimal control characterization)
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In this case

the state space Y = L?(0,T, H}(f2)), the observation space Z = L?*(2) and the control space

U = L*0,T, L*(w)).

the observation operator is canonical injection

C: 0.7, HY() — 1)
Yy — Y,

An optimality condition gives us

J'(u)(v —u) = 2(y(u) — ya, y(v — u)) 2@y + 2N (u, v — u) 201, 2w) =0 YU € Ung.

by introducing the adjoint state p = p(u)

~% —Ap=y(u)—ys inQ,

p=20 ony;,
p(z,T) =0 in Q.
and using second Green formula we get
8p
W) =ya,y(v =), = (=5 = Ap,y(v —u))r2q)

://——yv—udzdt—/ /Apyv—udmlt

_ / /p (a(v — ) — Ay(v — u)) dudt — /Q (v — )"

/ [pGhw =0 -0 - wS)ara
_ / / P (0 — w)dedt — / p(T)y(v — ) (T) da
+/0T/Fp%(v—u)dl“dt
_ /0 ' /w p(v — u)dad,

Hence,

J'(u)(v—u):2/0T/(p+Nu)(v—u)d:cdt20 Vo € Uyg.

So, the solution of () is characterized by the following optimality system

3.2.  Optimal systems (Optimal control characterization)
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( %—Ay:f—i-xwu in Q,
y=20 ony,
y(z,0) = yo(w) in €,
— % — Ap = y(u) — ya in Q,
p=0 ony,
p('xa T) =0 in Q,
| fOT L, (p+ Nu)(v —u)dedt >0 Vv € Uyq.

3- Optimal control of an elliptic distributed system
Let 2 a bounded domain of R" with boundary I' of class C?, consider the following Laplace

equation with Newman boundary condition

{ —Ay+y=f inQ, (3.12)

oy _
5 = U onl’,

f € L?(Q) is a source function , v € L? (T') is a control function. Associate to () the following cost
function

J(0) = ly(v) = yallz2i0) + N0l z2r) »
y(v) is the solution of (1.4), yq € L? () is a fixed observation and N > 0.
Our optimal control consists a determine u € U,4 that minimizing J (v) . inf {J(v,y) : (v,y) € Uaq X H" (2
the state space Y = H' (2), the observation space Z = L?(2) and the control space U = L*(T).

the observation operator is canonical injection
C: H'(Q) — L*(I)
y — Y,
An optimality condition gives us

J'(u)(v—u) >0V € Upa <= 2(y(u) — ya, y(v — u)) 20 + 2N (u, v — )2y > OV € Uyg.

Now, we introduce an adjoint state p = p(u)

{ —Ap+p=y(u) —ys infQ,

g—p:O onl
14

and using the second Green formula (see appendix Theorem (1.5) we get

3.2.  Optimal systems (Optimal control characterization)
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(y(u) —ya,y(v —u) ) = (Ap+p,y(v —u)) 2o

Finally, the solution of (1.4) is characterized by the following optimality system :

Ayl 4y = f  in0,
g—g(u) =u onTl,
—Ap+p = y(u) = ya in Q,
g—ﬁ = onl,

\ Jolp+ Nu)(v —u)dl' >0 Vv € Uy

3.3 No-regret control and low-regret control to solve distribu-

ted system with missing data

In this chapter, we make an initiation to the theory of the optimal control of problems with
incomplt data, where we introduce this leads to difine the notion of no- regret control, low regret
control introduced the first time by J.Lions(1992). Mereover, we give existance, uniqueness ,
and prouve that it converges to the no-regret control,then we characterize them via optimality

systems and we give exemple..

3.3.1 Position of problem

We keep the same theorical framework as mentioned in the last paragraphe, the difference here
is the presence of missing data. For this reason, we define a new operator 5 € L (F,)) where
F is a Hilbert space of uncertainties (missing data), G is a non -empty closed subspce of F,
For f € ) the abstract equation related to the control v € U,; and the uncertainty g € G is given
by

Ay(v,g) = f + Bv + Bg. (3.13)

The equation (3.13) is well posed in ) and has a unique solution y (v, g) , which associate to her

the following cost function :

3.3. No-regret control and low-regret control to solve distributed system with missing data
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J(v,9) =||Cy(v,9) —ya || +N v |? Vv €Uaa, Vg € G, (3.14)

as usual, we are concerned with the optimal control of (3.13) and (3.14) is to search u solution
of :

inf J(v,g) Vge€@a,

VEUL
whenG is an infinite dimensional space the problem (3.13) has no sens,this problem is solved
by J.Lions they using many notion like no-regtet control (Lions,1992) and pareto control (Lions
1986)

there equivalents is proved in (Nacoulima,Omrane &Velin ,2003).Lions thought to take

inf (supJ(v,g)) , (3.15)

vEUad geG

but G is an infinite dimensional space we can get sup.J(v, g) = +oo and by the way the problem
geG

has no sense, to avoid this difficulty J.Lions introduce the concept of "No-regret control".

Remark 3.2 2.1 If G = {0} then J(v,g) = J(v,0). Therefore, the problem (3.15) becomes a standar

optimal control problem

find v € U,4 such that
J(u) = vle%lidj (v).

To avoid difficulties arise when we get supJ(v,g) = 400, J.Lions thought to take only controls
geG

such that Vv € U4

J(v, g) J(0,9) ; Vged (3.16)
J(v,9) = J(0,9) < 0,VgeG

IN

Thus, we can say that sup (J(v,g) — J(0,g)) exists.
geG

3.4 The no-regret control

Definition 3.1 [15]We say that u € U,q is a no-regret control for (3.13) and (3.14) if u solves

3.4. The no-regret control
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nf (sup (7 (029) = 0,90 ).

VEUL geG

Remark :of course , the next problem is defied only for controls such that

jgg(J(v,g) — J(0,9)) < oo

Lemma 3.1 (Nacolima; Ormane&Velin 2003) For every u € U,q and g € G we have :
J(v,g9) = J(0,9) = J(v.0) = J(0,0) +2(5(v), 9) ¢

where S(v) = §*¢(v) and £(v) defined for v € U,4 by

A*E(v) = C*C(y(v,0) — y(0,0)).
. A is a linear operator in )/, so :
{ y(v.9) = y(v,0) +y(0,9) —y(0,0)
y(0,9) = y(0,0) +y(0,9) — y(0,0)

with y(v,0) and y(0, g) are a solution of (3.13) when g = 0 and v = 0 resp.
By the definition of J(v, g) one obtain

J(v,9) = [C(y(v,0) +y(0,9) = y(0,0)) = yalz + N [|vll;

= J(v,0)+ IC(y(0,9) — y(0,0)[|% + 2(Cy(v,0) — 4, C(y(0, g) — y(0,0)))z,

and

J(0,9) = [C(y(0,0) +y(0,9) — y(0,0)) — yall%

then

J(v,g) = J(0,9) = J(v,0) = J(0,0) + 2(C*C(y(v,0) — y(0,0)),y(0,g) — y(0,0))y.

Introduce an adjoint state {(v) given by A*¢(v) = C*C(y(v,0) — y(0,0)) to write

J(0,0) + [IC(y(0, 9) — y(0,0)]|% + 2(C(y(0,0) — y4,C(y(0, g) — y(0,0)))z,

(3.17)

(3.18)

(3.19)

(3.20)

J(v,9) = J(0,9) = J(v,0) = J(0,0) + 2(A"¢(v), y(0,9) — 4(0,0))y
= J(v,0) = J(0,0) + 2(£(v), A(y(0, 9) — 5(0,0)))y
= J(v,0) = J(0,0) + 2(£(v), Bg)y = J(v,0) = J(0,0) + 2(5°¢(v), 9)c
= J(v,0) = J(0,0) +2(S(v), g)¢'.c where S(v) = 3*¢(v).

3.4. The no-regret control
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the last equation leads to (3.19)
Remark
1.By(3.19) you can see that condition (3.18) holds iff v € k,where

K ={v € Uua, (S(v),9) =0Vg € G}.

is a closed subspace of U/., Then ,u is a no-regret control iff u € k.
2.The notion of no-regret control could be generalized to no-regret control related to any a fixed

control ug € U,q, i.e , we want controls v s.t
J(v,9) < J(uog) V g€G

Definition 3.2 we say that u € U, is a no-regret control related to u € Uy for (3.13) (3.14) if u
solve .
inf sup(J(v,g) — J(uo.g) (3.21)

Unfortunately , the main difficulty with no-regret control arises when we want to characterize the set
k for this reason we shall approximate the no-regret control by

a sequence of controls called low regret controls

3.5 The low-regret control

One throught to relax (3.17) by making some quadratic perturbation on J(0, g) (Lions 1992), in
other words, we search controls v such that

J(v,9) < J(0,9) +7lgll%, 7> 0,g€G

Definition 3.3 (Lions, 1992) We say that u, € U,q is a low -regret control for (3.13) (3.14) if u

solves
inf sup(.J (v, 9) — J(0,9) — 7 llgllg), v >0 (3.22)

Ueuadgec
Take () into account to get the equivalence between () and
!

inf (J(v,0) — J(0,0) + sup(2(S(v), 9)c — 7 l9l12:)),

e Legendre transform (Aubin, 1984 : p49)for

3.5. The low-regret control
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sup(2(S(), 9)e — 7 19l12) = = |S@)II3
geG 7

then
inf J7(v) (3.23)

VEUq

where

1
J(v) = J(v,0) — J(0,0) + N 1S (©)]|2 . (3.24)
Now, we can define the low-regret by

Definition 3.4 [15]We say that u., € U,q is a low-regret control for (3.13) and (3.14) if u solves

inf sup(J(v,g) — J(0,9) — v |lgll%, v > 0).

’Ueuad geG

Theorem 3.2 :(Low-regret control : existence and uniqueness)

The problem (3.13) and (3.18) with (3.19) has a unique solution u,,.
. 1.Existence
We have that :
T (0) = J (u,0) — J (0,0) + % ISOIE Yo € U,

J7 (v) > —J(0,0) = constant,
i.e, inf J7(v) exists.
VEUL

Letbe d, = i%f J7 (v) .Let a minimizing sequence (v)) verifying
veEUyq

3 Y 7Y — 3 Y —
Jim J7 (vg) = inf J7(v) = dy,
we have that :
1
=7(0,0) < J7 () = J (1,0) = J (0,0) + ~ I8¢ (lle < dy +1,
which implies that

Lo
1€y (2.0) = wlly + N 021+~ 18°CODIE < dy+J 0.0)+1= €,

we deduce that

loally < 5, (2.8.2)
|ICy (v],0) —v4ll; < C,, implies ||Cy (v),0)|; < C,, (2.8.b)
187 ¢ (il < Cyvs (2.8.0)

3.5. The low-regret control
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C, is a constant independent of n.

(v)) is bounded in compact space U, then we can extracting a subsequence still denoting by (v])
converges weakly to u, in U4, due to isomorphism of .4 we deduce that y (v],0) converge weakly
to y (u,,0) in Y.

The cost function J7 (v) is a lower semi continuous

J" (u,) < lim inf J7 (v)) = inf J? (v) =d,,

n—00 VEUL4 vEULq

v — inf J7 )
J7 (uy) = inf J7 (v)
2.Uniqueness
u,ly—l—u?Y

Suppose that the problem (3.18) admits two distinct solutions ui, u?. We set u, = —5—, due to

strict convexity of J we get

J7(u) < %J” () + %JV () = d,,

we obtain a contradiction with the assumption that v, u? are two solutions of (3.18) . Thus (3.18)

admits a unique solution. m

Theorem 3.3 The unique low-regret control w.is converge weakly when v — 0 to the unique no-

regret control u in Uy,,.

. Let u, be a low-regret control in U, then for all v € U4

S (uy) < 7 (v),

(1,0 = 0,00+ = I ()l < T (0,0) = T .00+ Z[FC @G Vo€ Uua

by implies . .
7 (12,0) - 5°C )5 T (0,0) F I8 C WG Yo € Uaa

we choose v = 0 to find :

1, . 1.

J (uy,0) + 5 18%¢ (w1 = [ICy (u,,0) — yall3 + N |Ju, |7, + S 187¢ (u)||%, < J(0,0) = constant,
then

luyll,, < C, (3.25)

ICy (u,,0)]; < C, (3.26)

18°C (uy)|l < VO, (3.27)

3.5. The low-regret control



Chapitre 3. Standard optimal control of distributed system

where C'is a constant independent of ~.

(u,) is bounded in U, then we can extract a subsequence still be denoting (u.) converges weakly
tou & Z/{ad.

It’s clear that for every v € U,y

J(v,9) = J(0,9) =7 lgll& < T (v,9) = J(0,9)  Vge€G,
i.e,
J(v,9) = J(0,9) — 7 ||gll% < sup (J (v, 9) = J (0,9)) Vg € G,
g€
from another side we have
J(uy, 9) = J(0,9) =y llglle; < T (v.9) = T (0,9) = lgll&

SO
J (uy,9) = J(0,9) = |lgll% < sup ( (v,9) = J (0,9)) Vg €G,
ge

when 7 tend to 0 we obtain :

J(u,g)—J(O,g) SSUp(J(U,g)—J(O,g)) vg€G7

geG

which means that

sup (J (u,9) — 7 (0,g)) = inf {supu(v,g) - J(O,g»}.

geG vEUad | geG

In conclusion, u is a no-regret control. m

Characterization of the low-regret control

By a first order optimality conditionon we have
J" (uy) (v = uy) >0 Yo € Uyg,

where

Jyl(u7>(v . uw) _ hm‘](UW + h (’U — UW)) — J(u”/)

pm h Yo € Z/lad,

we have

S (uy +1 (0 —uy)) — J7(uy)
h

h
= ACy(v —uy, 0|5 + AN |lv — u |, + . IS (v = w)l;

+2(Cy(u,0) — ¥4, Cy(v — uy, 0)) z + 2N (U, v — Uy )y

+%<s<u7>,s<v —u))e,

3.5. The low-regret control



Chapitre 3. Standard optimal control of distributed system

when h — 0 we find

I (uy) (v = uy) = 2(Cy(uy, 0) = Ya, Cy(v — 1y, 0)) z + 2N (ty, v — uy Ju + %(S(UV), S0 —uy)e.

By linearityof the operator C' in Z we ge

" (uy) (v —uy) = 2(Cy(uy,0) — ya, Cy(v,0) — Cy (uy,0))z + 2N (y, v — s s + %(S(uw), S(v—uy))a

= 2(C" (Cy(uy, 0) = ya) , y(v,0) = y (uy, 0))y + 2N (uy, v — Uy s + %(S(uv), S (v =uy))a

y(v,0) — y(u,,0) =y (v —uy,0) —y(0,0),

then

V() (0 =) = 2(C* (Cy(uy, 0) = ya) , y(v = uy,0) =y (0,0))y
+2N (U, v — Uy )y + %(S(uy), S (v —1uy))e

The adjoint state A*¢(u.,) = C*C(y(u.,0) — y(0,0)), then

(S(uy), S (v = uy))a = (87€(uy), B7E(v = uy))a = (B7E(uy), £(0 — uy))y.

Introduce the state p, = p(u,) by

L, .
Ap, = —BBE(m),
this leads to the following equality

(Ap, (v —uy))y = (py AE(v = uy))y = (p,, C*Cy(v — 1y, 0) — y(0,0)))y
= (C"Cp,,y(v — uy,0) — y(0,0))y,

introducing the new adjoint state p., = p(u,) by
A'py = C*(Cyy —ya) +C*Cp,,

to find

3.5. The low-regret control
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(AP, y (v =1y, 0) =9(0,0))y = (py, Aly (v = 1y, 0) = 4(0,0)))y
= (P, B(v—u,))y
= (B'py, v — uy)u,

Hence, the optimality condition is given by
IV (1) (v = uy) = (B*py + Ny, v — iy )y > 0 Vv € Uyg,

Finally, the low-regret control is characterized by the following optimality system :

(

Ay, = f + Bu,,
A€, = CC(y, — y(0,0)),
Ap, = 38B°¢,, (3.28)

A*py = C*(Cyy — ya) +C*Cp,,,
(B*py + Ny, v — tuy)yy > 0 YU € Upg.

where y (u,0) = y,, E(uy) =& .

~

3.5.1 Characterization of the no-regret control

To get the optimality system of no-regret control we pass to limit when v — 0 in the system (3.10)

¢

Ay = f + Bu,
A*¢ = C*Cy (u,0) — ya,
Ap =\ € G, (3.29)
A*p =C* (Cy (u,0) — ya) + C*Cp,
| (B'p+ Nu,v—u)yy >0 Vv € Uy

where y (u,0) = y, £(u) = &,

3.6 Example

1-optimal control of an elliptic distributed system with missing Newmann boundary condi-
tion :

Let 2 be an open bounded set of R™ with smooth boundary I'. Consider the following elliptic
equation :

3.6. Example
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—A = in
{ y+y=f+v inQ, (3.30)

dy _
5 = onl,

where v € L2(Q), g € G = L*(I), f € L*(Q) and y (v,g) € H2 (Q) C L*(Q) is the unique

solution of this system depend on v and g. Associate to (3.30) the following cost function :

J(v,9) =y (v,g) — yd’iQ(r) +N HUHiQ(Q) Vg € G, (3.31)

where y; € L*(T'), N > 0 and |.| ;) denote the semi norm in L? (T").
Here, we have that : Y = L? (Q) is the state space, i = L? () is the control space, Z = L? (T) is

the observation space, G = L? (T) is the uncertainties space, the observation operator C :

C: I?(Q) — L*(I)
y — ¥Ylr

[ : is the uncertainties operator

p: L*(T) — L*(Q)
g — y(0,9)
where y (0, g) is solution of (3.30) when v = 0.

Definition 3.5 We say that u is a no-regret control for (3.30) and (3.31) iff u is solution of :

veL?(Q) geL2(T)

inf ( sup J(v,g9) — J(O,g)) :

We need the characterization of a no-regret control. Therefore, for all v € L? (Q) and g € L? (T),

we have :

T (v,9) = J(v,0) + 1y (0, 9) =y (0,0) |72y + 2(y (v,0) = ya, 5 (0, 9) =y (0,0)) 121,
and
J(0,9) = J(0,0) + |y (0,9) =y (0,0)[ 2y + 2y (0,0) = ya, y (0, 9) =y (0,0)) 2r),

SO

J(v,9) = J(0,9) = J(v,0) = J(0,0) +2(y (v,0) =y (0,0),,4(0,9) — ¥ (0,0))2().

Let’s introduce the adjoint state £ = &(u)

3.6. Example



Chapitre 3. Standard optimal control of distributed system

—AC+(¢=0 in Q,
% =y (u,0)—y(0,0) onT,

using the second Green formula(see appendix Theorem 4.3), we obtained :

(¢ +Cu(0.0) =y 0.0, = [ (-ACHOW(0.9)~ y(0.0)) ds

So:

‘]<U’g) - ‘]<O’g> = J(U,O) - J(O’O) + 2(C79)L2(F)’

Let’s define the low-regret control

Definition 3.6 We say that u, is a low-regret control for (3.30) and (3.31) iff u, is solution of :

inf ( sup J (v,g9) —J(0,9) — v HgHiQ(F)> :

vEL2(Q) geL2(T)

We have

swp (T (0,9) = T (0,9) =1 llgltaw) = T(0.0)=T(0,00+ sup (2 )z — Vgl
geL2(I) veL2(T)

1
= J(v,0)=J(0,0) + 5 IS (U)H2L2(r) :
Hence, we define the new following cost function related to the problem of low regret given by
1
JWW=J@ﬂ%wNQ®+;M@W§m- (3.32)

Then our problem optimal becomes

find u, € U such that

. (3.33)
JY (uy) = 11)161Lf{J7 (v).

Theorem 3.4 (The existence and uniqueness of a low-regret control)

The problem (3.30) and (3.32) with(3.33) has a unique solution w.,.
. The cost function J7 (v) is coercive and strictly convex in L? (Q2) which implies the existence and

uniqueness of u.. m

3.6. Example
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3.6.1 Characterization of the low-regret control :

We have by a first order optimality conditionon

I (uy) (v —u,) =0 Yo e L* (),

i.e,

JV (uy) (v — uv) = 2(y (uy,0) = ya,y (v —uy,0) =y (0,0)) r2r) + 2N (u,, v — uy) 2(0)

+%(§ (u,),¢(v— uv))LQ(F) =0 WYoelL*(Q)),

Introduce the state p., = p(u,) by

{ —Ap,+p,=0 in{,

P
T = %C (u,) onT,

multiply the first equation of the last one by ¢ (v — u,) and apply second Green formula (see

appendix Theorem 4.3) to get :

(=80, + 0, CW =) oy = [ (20, +p,) C(v—uy)da

S— O

Hence,

JV (u’7> (U - uv) = (p'y +ty (uw 0) —Ya, Y (U = Uy, 0) -y (07 0>)L2(F) + N(UW,U - U’Y)LQ(Q)

= 0VYvel.

We introduce another adjoint state p, = p(u,) given by:

Oy _

{ —Ap, +p, =0 in Q,
5 = P, Ty (uy,0) —yg onT.

Again, we have

3.6. Example
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© = (_Ap7+p77y(v_u770)_y(oao))LQ(Q)

= [0, +5) 0= 10,0~ y (0.0)) ds

Py(=A+ 1) (y (v = uy,0) =y (0,0)))dzx

I
D ®

+

/%5 (y (v — ugg) —y(0,0))

~ (0= u,0) — y (0,0)) P2y,

Then
J7 (uy) (v—u,)=(p, + Nu,v—u,)r2q =0, Vv e L*(Q).

we can say

p,+Nu, = 0inL*(Q),
p,+Nu, = 0Oaein.

Then the low-regret control is characterized by the following optimality system :

([ —Ay(u,,0) +y(u,,0) = f+u, inQ,
—By(gj D=0 onT,
—A¢ (uy) + ¢ (uy) =0 in €,
5 =y (uy,0) —y(0,0) onT,
_Ap’y (UW) + pfy (u"/) =0 in Q,
P
% = %C (u'y) onl,
—Ap, (uy) +py (uy) =0 in Q,
%:pfy—i—y(uwao)_yd OHF,
\ pv—i_Nuw:O a.e in ().

To get a no-regret control characterization we pass to limit when 7 — 0 in the last system we

3.6. Example
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obtain :

([ —Ay(u,0) 4y (u,0)=f+u inQ,

ayg;())_o onT,

—AC(u) +¢(u) =0 in (2,

% =y (u,0)—y(0,0) onl,

—Ap(u)+p(u) =0 in €2,

%:)\ onlI,

—Ap(u) +p(u) =0 in €2,

P =p+y(u,0)—yg onT,

L p+Nu=0 a.e in ().

with the following limits

hrr(l]u7 = u, limy (uy,0) =y (u,0), limf = ¢,

= y—

limp (u,) = p(u), lim— C(uv) =\ed, hmp (uy) =p(u).
v—0 ’74)07

3.6.2 The comparison between the controls calculated through HUM and
the low regrets method
After the comprehensive and in- depth study of the two method, we can draw the following

compariso

The no-regrete control

Avantages The inconviniences

If U,4 d’interior empty you can use this methode | not constractive
The no-regret control is used for the singulars systems

The HUH methode

Avantages The inconviniences

1/The methode is constructive if U,; = H | 1/ If U,; d’interior empty you cannot use this methode

2/ 1If U,4 d’interior non- empty (slater) theon-

methode is not constructive

In another way

The advantages of the HUM method :

If U,q = H the corole is identifiable with the conjoint state of systems for systems satisfying the
MISOHATA hypotheses

The inconviniences :

3.6. Example
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if U,4 empty this method does not work

if U,4 is not empty (slatar) the method gives a duality between the control and the conjoint state
of systems

The advantages of the low- regret method :

The advantage of the least regret method ensures control existence even in the empty U,, case
and it gives characterization equations for singular systems

The inconviniences :

Is not constrictive

Conclusion

Generaly,we conclude that the HUM méthode is used for the regularts systemes,and the no-regret
methode is used for the singulars sysrems
When U,; = H or d’'intérior non-empty(slater) we can use the HUM méthode

3.6. Example
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