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Titre: Comportement asymptotique des solutions de certains problémes non linéaire

Résumé:

En appliquant une méthode asymptotique, ’existence de la solution minimale de certaines inéquations
variationnelles elliptiques, définies sur des domaines bornés ou non bornés est établie. En outre,
le comportement asymptotique des solutions de problemes d’évolution est traité, lorsque le temps
et certaines directions de la variable spatiale tendent vers l'infini simultanément. La convergence
et son taux sont également étudiés en tenant compte du taux de croissance du domaine lorsque
t — oo. L’existence de la solution stationnaire pour les problémes paraboliques non linéaires est déja
étudiée lorsque nous traitons les inéquations variationnelles elliptiques. Comme la convergence ne peut
pas étre prévue sur le domaine entier, des correcteurs sont construits pour décrire le comportement
asymptotique de la solution de ’équation de la chaleur dans les régions éloignées.
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Introduction

This thesis is mainly devoted to study some topics in the theory of nonlinear variational inequalities
and moving boundary problems, where the solution of variational inequalities is the possible steady
state solution of the moving boundary problems. The existence of the minimal solution to some
nonlinear variational elliptic inequalities defined on bounded or unbounded domains will be dealt
with. Also, the asymptotic behaviour of the solution to some linear and nonlinear parabolic problems
defined on noncylindrical domains becoming unbounded in many directions when the time ¢ tends to
infinity will be investigated. Furthermore, the geometry of the noncylindrical domain can be single
out to analyze the rate of convergence. Since the convergence cannot be expected on the whole domain
the corrector results, for the Heat equation in the case of cylindrical symmetries, are given.

There are many different methods that have been used to prove the existence and comparison results
for nonlinear elliptic boundary value problems, among them the regularization method. This method
consists of approximating the posed problem by a family of problems that are constructed according
to a certain regularization criteria. In this context, the main part of this work is concerned with the
existence of the minimal solution to some variational elliptic inequalities when the strict monotonicity
that guarantees the uniqueness of the solution is violated. We will investigate variational inequalities
defined on bounded domains where the existence of solutions is already ensured and we will deal with
the minimal solution. Variational inequalities defined on unbounded domains, for which both the
existence of solutions and the minimal solution have to be dealt with, will be also investigated.

Since the involved operators are assumed to be only monotone or even noncoercive, the comparison
between the solutions of such inequalities is not always possible and the weak maximum principle for
example might fail. However, by using the regularization technique presented in [[,[15-19,21-36, 42,
43], we can now perturb the concerned inequalities to construct an approximating family of elliptic
nonlinear problems defined on large cylindrical domains with new (strictly) monotone operators. When
the size of the cylinders becomes unbounded we get our variational inequalities which also means that
the minimal solution will be obtained as a limit of the solutions to the perturbed problems. Noting
that, this technique is used in [34-B86] to investigate either the existence of solutions of some variational
inequalities with linear operator in unbounded domains, or the asymptotic behaviour of variational
inequalities with nonhomogeneous Dirichlet boundary condition and pointwise constraints, as the
domain becomes unbounded. In the case of unbounded domains we apply the same argument to
deduce the existence of nonnegative solutions and their minimal solution.

To simplify the presentation and explain more clearly the main idea, let us illustrate the procedure of
this approach in the following example. Consider the variational problem

u €K,

/Ba(u')(vu)'d:pZ/Bf(vu)dx Vv € K, (Fec)
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where K is a closed convex subset of HS (o, 8), a is a Caratheodory function satisfying suitable
monotonicity, coercivity and growth conditions and f is a nonnegative function in L? («, 8). It is well
know (see [14,48]) that (P ) admits at least one solution, whereas the uniqueness cannot be expected
in general (see Example @)

The approach used for studying the existence of minimal nonnegative solution to (P,) consists to
introduce (), a family of problems with strictly monotone operators defined on cylinders €, =
(=4,0) x (0, B) becoming unbounded when ¢ — oo, as follows

Uy € /Cg,

/_i /j (Oyuedy (v — ue) + a(Opug) Ox (v — up)) ddy > /

-/

e rp
/ fv—wp)dxdy Yv € Ky, (Fr)

where
Ke={veH)(~£L) x (a,8)) | v(y,.) € K ae. in (=£,0)}

is a closed convex subset of H} ((—¢,¢) x («,3)) . The basic idea of this approach is to apply the weak
maximum principle in order to find the minimal solution of (P,). Since the operator A, = —05 — 0za
is strictly monotone we can show by comparing the problem (P;) with (Ps) that

ug (y,x) <wu(z) for a.e.(z,y) € Q and for any u solution to (Px) .

Formally, if we pass to the limit when ¢ — oo, the function limit us, is a solution to (P ). Moreover,
it follows from above that this limit is also the minimal solution.

The existence of solutions or even extremal solutions of coercive and noncoercive variational in-
equalities have been investigated by many authors. In [2,[10], the sub-supersolution method has been
used to prove the existence of solutions and extremal solutions, confined between their sub and su-
persolutions, for a class of noncoercive variational inequalities involving monotone operators. Various
methods, as topological fixed point approaches, bifurcation techniques, recession arguments and vari-
ational approaches are adapted to deal with the solvability of noncoercive variational inequalities (see
[B,4,55,60,64] and the references therein). In [11,[12] the existence of maximal and minimal solutions
for some quasi-linear elliptic equations with pseudomonotone operators are proved, by using different
methods, under fairly general conditions. Also, comparison results for maximal and minimal solutions
are proved in the same papers. More information and details about this type of variational inequali-
ties can be found in [10] and the references therein. Our approach is totally different from the above
arguments, it presents a new approximation technique for proving the existence of minimal solution of
some variational inequalities. Here we also take into account bounded and unbounded domains and
sometimes the hypotheses are related to the construction.

Over the past few years, parabolic equations in noncylindrical domains have been the subject of
intense research. Overall, these problems are interesting, not only from the point of view of the
general theory of PDE’s but also due to various applications in biology, physics and engineering (cf.
[B7-89,149,62] and the references therein). Many important results about the existence, uniqueness,
regularity, asymptotic behaviour..., for these problems are investigated in many papers (see [?,5,8,13,
37-41,44,47,49,51,54,56-58,61,62,65] and the references therein). The main novelty of the remaining
part of this work is its focus on the study of the asymptotic behaviour of some nonhomogeneous
parabolic initial-boundary value problems defined on noncylindrical domains becoming unbounded in
many directions when ¢ — co. That is to say our noncylindrical domains @ C R™*! are defined by

Q = U0<t<oo {t} X Qt7 (1)
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where ; C R" is a nondecreasing sequence of bounded domains in the inclusion sense that becomes
unbounded in some sense when ¢ — oo. In fact, this problem is not classical in the sense that
some spatial variables are also becoming unbounded when the time ¢ becomes very large. Also, the
stability study is considered for nonhomogeneous parabolic problems for which the convergence of
their solutions towards a steady state solution is certainly held only far away from the boundary layer.
However, one can not expect that this convergence holds on the whole domain €2; since the solution
and its limit do not belong necessarily to the same space. That is to say if u, the solution of the
considered problem, has a limit in VVO1 P () (e VVO1 P(R™ x w) where u is extended by 0 outside
;) then this limit belongs to I/VO1 P(R™ x w). Although (as we will see below), the candidate limit
is a solution of an elliptic problem defined on R™ X w where the homogeneous Dirichlet boundary
conditions are not necessarily preserved. This is not the case for almost of the existing works (see
[13,40,41,51,62]) where the asymptotic behaviour is established for bounded sections €; that converge
in some sense to a bounded domain. However, in [47,58,65] the size of sections €; can also become
unbounded when ¢t — oo but for homogenous or ”approximately homogenous” (i.e. the applied forces
decay in some sense as t — oo) parabolic equation which is, in general, less challenging since the limit
is zero. The convergences in these papers are held on the whole € (i.e. the solution and its limit are
in the same space). In order to recover the convergence on the whole domain €, we need to construct
correctors that will act near the boundary layer. When ¢ — oo, the correctors with the solution of the
limit problem will give a good approximation of u in WP (£;) with a convenient rate of convergence.
In this respect, it is worthwhile to note that the steady state problem in [13,40,11,147,51,58,62,65] is
unique, i.e. there is only one problem that describes the unique limit. While, here we have to consider
the steady state problem for the limit behaviour far away from the boundary layer and we need to
define another different problem to describe the limit on the neighborhood of the boundary layer.

Recently the asymptotic behaviour of the following nonhomogeneous heat equation in noncylindri-
cal domains is investigated in [44]

u —Au=f in Qy,
u=0 on I'y,
u(0,.) =up on Q,

where
Qt — UO<SSt {s} X {(—to — S,to + S) X (0, 1)} with t() > 0,

f € L%(0,1) and ug € L% (). It is clear that the state variable domain is becoming unbounded when
the time goes to infinity. Furthermore, an iteration technique is used in [44] to show that

U — Uso in H' (O) as t — oo, (2)
where O is any bounded domain of R x (0,1) and us is the unique solution to

—02 uso = f in (0,1),
{ Uso =0 on {0,1}. (3)

Since the data assumed in [44] are only depending on the bounded space variable, the limit problem
(a) is well defined and the convergence in () cannot be obtained in H} ((—to —t,to +1t) x (0,1))
whenever f # 0 (i.e. uo ¢ H} (R x (0,1)). Nevertheless, our goal is to study the stability of linear
parabolic problems defined on a large class of noncylindrical domains where the data are depending
on all space variables. Of course here the existence results of the limit problem is not classical as we
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will explain in the sequel. Also we are interested here in the study of some corrector results for the
heat equation in the cylindrical symmetries case.

Now, since the argument used for the linear problem is strictly linear (it can not be extended to the
nonlinear case) the rest of this work is devoted to the study of the asymptotic behavior, for large
values of the time, of solutions to quasilinear parabolic equations with monotone operator.

The main body of this thesis consists of three chapters. In the first chapter, we investigate the
existence of the minimal solution to some variational elliptic inequalities. We start with the coercive
monotone case. Some comparison results between different solutions are established as tools to pass to
the limit in the perturbed problems and show the existence of the minimal solution defined on bounded
domains. The section 1.2 prepares the way to deal with more general problems involving noncoercive
operators in the section 1.3. The section 1.4 is devoted to adapt the tools and the argument used
in the bounded case to show the existence of nonnegative solutions and their minimal solutions for
a more complicated variational inequalities involving unbounded domains. Both cases, coercive and
noncoercive operators, are handled. Comparison results between minimal solutions are also proved
under only a monotonicity assumption in all sections.

In the second chapter we investigate the asymptotic behaviour of the solution of linear parabolic
problems defined on large class of noncylindrical domains. Since here the data are assumed to be
dependent on all space variables, the candidate limit problem is an elliptic problem defined on an
unbounded domain. Then, as the existence results of such problems is not classical, section 2.2
is_devoted to study the existence of the candidate limit solution by using the idea introduced in
[17,23]. In section 2.3, we investigate the asymptotic behaviour of the considered parabolic problem,
when ¢ — oo, taking into account the fact that the size of the domain may also go to infinity in some
directions. Of course the convergence and its rate are depending on the geometry of the noncylindrical
domains. Here also, some model problems for which we can describe the behaviour of u_by simpler
functions are considered. However the immediate extension of the results obtained in [44] are also
given in the last subsection. As already mentioned above, the convergence can not be expected on the
whole domain €2, the section 2.4 is dedicated to the establishment of corrector results in order to get
a complete asymptotic description for the heat equation, in the case of cylindrical symmetries. The
rate of convergence is deeply treated taking into account the behaviour of the boundary layer and the
convergence time interval.

The last chapter is devoted to the study of large time behaviour of solutions to quasilinear parabolic
equations with monotone operator. In section 3.1 we will establish some useful estimate results that
come from the weak maximum principle method. Then, we will use the Minty-Browder technique
to show under some assumptions on the data that the limit problem is elliptic and defined on a
lower dimensional domain. The above argument turn our attention to an interesting result concerning
monotone operator. So, Theorem ensures that the set of solutions of quasilinear elliptic problem
with monotone operator is bounded and attains its infimum. Finally, in the last section, we will
assume a new hypotheses and we close this chapter by determining the convergence rate estimate.

In order to make the thesis as self-contained as possible, let us fix some preliminary notations. We
start by introducing the general ones.

e := is the equal by definition.
e — indicates the weak convergence.
o — designates the strong convergence.

e liminf denotes the infimum limit.
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e limsup is the supremum limit.

e ~ means the classical equivalence between the functions.

o |a| and [«a] are respectively the absolute value and the integer part of a € R.
e V stands for the gradient operator.

o A is the Laplace operator.

e div is the divergence operator.

e x -y denotes the Euclidean scalar product of x,y € R"”.

o (' denotes a generic positive constant, not necessarily the same at each occurrence.

1
e pis a real number strictly bigger than 1 and ¢ is its conjugate, i.e. — + — = 1.
P q

e int stands for the interior of the domain.
«  and 99 denote respectively the closure and the boundary of domain €.
e ¥ CC Q means that the domain ' is strictly included in €, i.e. & C Q.
o mes (A) means the measure of the set A.
o A€ stands for the complement of a set A in R.
o X4 denotes the characteristic function of a set A.
o dist (A, B) is the distance between two sets A and B.
For real functions f and g, we set
o fT:=max(0,£f).
e suppf is the support of f.

f(z) = O(g(z)) when x — zo (2o € R), if there exists a constant C' > 0 such that |f (z)] <
C'|g (z)| for all z in a neighborhood of x.

e f =g, when x — o (z9 € R) means that f (z) = O (g(x)) and g (z) = O (f (v)).
o Thaf(x):=f(x1,...,2i+h,...,2,) for = (z1,...,2,) € R" and h € R.

Now let us conclude this section by the notation of some function spaces and their tools. Let €2 be an
open set in R” and X be a real Banach space. Then we denote by

e ||y the norm of X,
e X' the dual of X,

e < .,.>y the duality product between X and X',
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o C™(Q) the space of infinitely differentiable functions in €2,
o D () the space of C*° (Q2) functions with compact support in €2,

o LP(Q; X) the Banach space of equivalence classes of X-valued Bochner p-integrable functions
f: Q—>Xn0rmedby|f|LpQX (fQ|f|Xd£L')

o |flie (@;x) the Banach space of X-valued measurable, essentially bounded functions with the
norm]f]LooﬂX =inf{C >0||f|y < C ae. on Q},

. loc (©; X)) the space of local p-integrable functions on €,
« LP(Q):=LP (4 R); HLP(Q) = Hp,ﬁa

o WP (Q; X) the X-valued Sobolev space of order one, i.e. the space of Bochner p-integrable
functions with distributional derivatives of first order in L? (€2; X),

. ’f’Wlp(QX = (Jo S5 dz+ [o |V % d:c)P the norm of WP (Q; X),
C WP (X, X') 1= {u € IP (9 X), Vu € (L9 (9 X)),
o« WP (Q):= WP (Q;R); | lwir) = |-

Lp,v
« WP () the local Sobolev space,

loc

. Wol’p (92) the closure of D (Q) in WP (Q),
o Wka (Q) == (W()Lp( )> | |W La(Q) - == 1pQ <o >Wol’p(9)::< o

o HY(Q):=W2(Q); HE(Q) =Wy?(Q); H1(Q) =W 12(Q).



Chapter 1

Minimal solution of some variational
inequalities

In this chapter, we deal with the existence of the minimal solution to some variational elliptic in-
equalities defined on bounded or unbounded domains. The minimal solution is obtained as limit of
solutions to some classical variational inequalities defined on domains becoming unbounded when some
parameter tends to infinity. The considered quasilinear operators are only monotone (not strictly)
and noncoercive. The weak maximum principle is used, under only a monotonicity assumption, to
prove some comparison results between minimal solutions.

1.1 Variational inequalities in bounded domains

Let us start by describing and defining the setting of the problem. Let {2 be a bounded open set of
R™. We denote by K a closed convex subset of VVO1 P (Q) containing 0 and satisfying

max (u,v), min (u,v) € K Yu,v € K. (1.1)

Note that we can also write

_l’_

*and w Av:=min (u,v) =v — (v —u)".

u Vv :=max (u,v) =u+ (v—u)

This type of lattice convex sets usually occur in applications. For example:
- equations; K :Wol’p (Q),
- obstacle problems; K = {u € Wol’p (Q):u(x) > (x), forae z € Qo} , Qo is a subset of Q and ¢
is a given function on g,
- elasto-plastic torsion problem; K = {u € Wol’p (Q) : |Vu(z)| <e forae. x¢€ QO}, ¢ > 0. (See [L,
10,14, 63)).

Now, let a(z,&) = (ai(z,£));<;<,, and ap(z,&) be a family of Carathéodory functions defined
on QxR™ and satisfying suitable coerciveness, monotonicity and growth conditions, i.e. for all
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£E=1(§),.¢ = (52)Z € R™! and for a.e. x in €, there exist nonnegative constants a, /3 such that

> ai(z,6)E > a Yo |G, (1.2)
0<i<n 1<i<n

Z (al(xa‘g) - ai(xaél)) (é.z - 5;) >0, (13)
0<i<n
(z,€) — a;(x, €) is measurable on Q@ x R™™ i =0,...,n, (1.4)
£ — a;(x, €) is continuous on R, i =0,...,n,

|ai(z,80, €15, €R)| <V (2) + BO<Z< &P with 9 € L9(Q). (1.6)

Then for f in L(Q)), we consider u solution of the following nonlinear variational inequality

u €I,
(1.7)
(Au,v —u)yq > | fv—u)dx Yv e K,
Q
where A is a nonlinear operator defined from WO1 P (Q) into its dual by
Au (x) := —diva(z,u, Vu) + ap(z, u, Vu). (1.8)
Here, for simplicity we set |.|; , o := ||, » [-[, o = |-, and note that the above duality is equivalent to

(Au,v)g = /Qa(x,u,Vu) -Vodz + /an(x,u, Vu)vdr Vv € Wol’p Q).

So, the existence of a solution for this problem is a classical result due to [14,18], while the uniqueness
cannot be guaranteed in general, as shown in the following example. Moreover the minimal solution,
which is established in Theorem [L.1|, for the considered example problem is given.

Example 1.1. Forn =1 and p = 2. Consider in ) ap =0 and let a : R — R be a single-valued

function which graph is depicted in the following figure.
Y

2F—————————

[=)

—_ = —--

N -
WhkF—=—===

Figure 1.1: The function a.

Clearly
la(&)| < [¢]
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and
gife<,
al§)-¢=3¢=5 f1<e<e,
(€-De=§ f2<e,
so that a satisfies the above assumptions. Let us choose K = H} (—1,1) and f = 2)((71 1) in )
27

and consider the following Dirichlet boundary value problem in Q = (—1,1)

—(a()) =2x(_1q) nQ
{ u(£1) = 0. i (1.9)

Then, let us find all solutions to ) in the weak sense, i.e. such that
u € H} (Q),
1
/ a(u)vde = / 2udr Vv € H} (Q).
(9] —

1
2

If u be a solution to ), one has
—(a@)) =0 in <_1,_2> L —(a() =2 in <_;,1> .

This implies
a (u’) =c in (-1,—;> y a (u') =—2x+co in <_;’1> ’

where co and c1 are constants. In order to guarantee ) in the distributional sense, a (u') has to
be continuous i.e. 1+ co = c1. We claim that co = 0. Indeed, let us suppose cog # 0 and consider the
three cases below.

i. Suppose first that co < 0. It follows that a (uv') <1 a.e. on (—1,1). Thus we have

a(u’):u’:1+co m <—1,—;), a(u/)zulz—Qx'i‘Co in <—;71)-

Therefore, due to the zero boundary condition at the point —1,
. 1
w(@) = (1+co) (& +1) in (—1,—2),

and for some constant co

1
u(x) = -2 +cor + o in <—2, 1> .

Due to the zero boundary condition at 1 we have ca =1 — ¢y and

1
w(zr)=—a?+cox+1—cy in (—2,1>.

The continuity of u at —% implies that co = % which contradicts the fact that co < 0.
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1. Suppose now that 0 < cg < 3. Then we have

—1_w-l <1, a(u)>1forze (—1,00_1), a(u') <1 forxze (CO_IJ)-

2 2

This implies
a(u’) =u —1=14c¢y in <—1,—2>,

a(u'):u'—1:—2$+co mn <—1 CO_l),

27 2

—1
u = —-2x+cy in <002 ,1>

S
—~

:\
~

I

and thus
(24 co)z+co in (-1,-3),

u(x) =< —22+ (1 +co)z+cs in (—%,602_1),

—22 4 cor+eq in (002_1,1).

Since u (£1) = 0 and u is continuous at the point —%, it follows that co = 2 + ¢y, €3 = ¢y + %
1 1

and ¢y =1 —co. We use now the continuity of u at the point 5= to obtain co = — 15, which is
impossible.

iii. Assume finally that co > 3. Then one has a (u') > 1 a.e. on (—1,1) and hence we have since
a()=u -1
u = (2 + ¢p) X(—l,—%) +(—2x+co+1) X(—%J)'
This implies that
u(z)=(2+co) (z+1) X(-1,-1) (—2% + (co + 1) 2 — cp) X(~1.1):

Since u is continuous, it follows that co = —% which is also impossible here.

Thus we have necessarilly co = 0 and

a(u)=1"1n (—1,—2), a(u) = -2z in (—;,1)

Since a(u') <1 a.e. on (—3,1) and u (1) =0 we derive

1 1
u(z) =1 —z° on (-2,1> , v €[1,2] on (—1,—2> )

Thus, the family of solutions to ) s given by

u(z) = (/xw(s)ds> X(-1,-1) + (1—332) X(-11):

-1

where w € L? (71, f%) s such that

1 : 3
we[1,2] aeon (—1,—= ), / w(s)ds = -.
2)" )., 4
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It is here clear that the weak mazimum principle does not hold. Then in particular since v’ € [1,2],
u (—%) = % and u(—1) = 0, we have for z € (-1, —%)
x

x—i—lgu(:v)—/ ' (s)ds <2(x+1), Z—I—ngu(:):)—i—/ u' (s)ds < = + .
1 x

This gives for minimal solution (Fig. 2)

(@) = (o + Dx(y gy + (5 +20) oy

and as maximal solution

Figure 1.2: Solutions of (@)

In fact, thanks to the following lemma uy, is also the minimal solution of the variational inequality
uweK:={ueH}(Q):u>0 forae zecQ},
1
/a(u') (v —u) dz 2/ 2(v—u)dzr YveK.
Q

_1
2

Lemma 1.1. Let Q be an open bounded interval, f € L1(Q2) and a is a monotone continuous function
on R such that for some «ag, 5y > 0,

a(€)€>aplé)?, |a(€)] <By(1+]E]) VEeR.

Assume that the following Dirichlet problem

u € Hi (),

a(u)v'de = / fodz Yv € HL(Q), (1.10)
Q

Q
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has a positive minimal solution u, then u is also a minimal solution of the variational inequality

u €K,

L)ooz [ fo-nar wer (L)
& Q

where K :={u € H} (Q):u>0 forae x€Q}.

Proof. Since u also solution to (), let us show that u< u for any u solution to () Let u be a
solution to () Taking v = 2u, v =0 in () one sees that

/Qa (u') wdr = /qudx

/ a (u') v'dx > / fudx = / a (g’) v'dr Vv € K.
Q Q Q

one derives

and thus u satisfies

Taking v = (u — u)*

/ (a(v) —a(v)) (u—u)dr <0,
{u>u}
that is to say- due to the monotonicity of a

(a (g/) —a (u/)) (u/ —g/) =0on {u>u}.

If v #u’ one has a (u') = a(u') and also of course when u' =u’. Thus it holds a (u') = a(u’) on
{u > u}. It follows that a ((u A u)’) = a(u’) in Q and thus

{ —(a(@Aw))) =~ () =1
uAue H}(Q).

Since u is the minimal solution to () one has

u>uN

=
vV
=

This achieves the proof of Lemma. O
Let £ > 0 be a real number. We denote by €2, the cylinder defined as

Qp = (—£,0) x Q.

The points in R**! are denoted by (y, z) with = (21, ...,z,) € R and the gradient operator defined
over R"*1 is also denoted by

V' = (8,,V) with V = (Oy,,0ny» s O, ) -

We set
K¢ = {v e W () | v(y,.) € K ae. in (—, 6)} .



1.1. VARIATIONAL INEQUALITIES IN BOUNDED DOMAINS 7

This is a closed convex subset of I/VO1 P (Qy) . Then for f € L1(Q), let u; be the solution of the following
variational inequality

Up € ]Cg,

L
/ |0yw|p_2 Oyug0y (v — ug) dady + / (Aug, v — up)ody > f(x) (v —ug)dxdy Yv € K.
Q —¢ Q
(1.12)
It is clear that all the foregoing hypotheses assumed on the monotone operator A can be adapted to
the operator —d, <\8yv]p -2 8yv> + Av in addition to the strict monotonicity. Therefore, there exists

a unique solution uy of ()
Formally, if we pass to the limit when ¢ — oo, the function limit 4 is a solution to (@) In Theorem
, the main result of this section, we will prove that when f is nonnegative this limit is also the
minimal solution to Problem (]L.7).
The following lemmas will be used in the proof of our main result.

Lemma 1.2. Suppose that f € L1(Q2) is nonnegative and the assumptions )—) are satisfied.
Then

(1) (ug)yso is_a_nondecreasing sequence of nonnegative functions bounded above by any solution of
Problem ),

(i7) for all by > 0, there exists a constant C ({y) independent of £ such that

tely ., < C (Fo)

Proof. (i) Taking v = u} € Ky, the nonnegative part of uy, in () we get

L
—/ |Oyuy |” dady — / (A (=), (=, ))ady > f(x)u, dedy > 0,
oy ) oy

where u, = uzr — uy. Using the coerciveness condition (@), we easily obtain

¢
/ layuﬂp dzxdy +/ o ‘uﬂf dy < 0.
Q —¢ P

Hence, we derive that w, is nonnegative. The same result for u follows by testing (@) with u™
and following the same argument as above. Of course this is one of comparison principle that still
takes place when the strict monotonicity is missing, since it only uses the coerciveness condition
(@) Now, we prove that the sequence (ug),., is nondecreasing in ¢ and bounded. Let ¢ < /.
Extending u, by 0 on €, and since uy is nonnegative we take v = uy — (up — up)*t € Ky in () and
v =1up + (ug —up)T € Ky in () written for upy and add the two inequalities, it comes
¢
/ (lﬁyug]p_Z 8yue — ’ayUg/ |p—2 ayu€/> ay (’u,g — ’U,g/)+ d:cdy 4 / (A”U,g — AUg/, (Ug — Ug/)+>Qdy S 0.
Q ¢

Thanks to the monotonicity condition (@) we deduce

/Q (layUg]p_Q Aytug — |Byup [P Byug/> Oy (ue — up) " dady < 0.
4
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This implies -see [18]-
/ (1yuel + 10yue |28y (ug — up) ™| dudy < 0
97
and this leads to
Oy (ug — Ug/)+ =0 in Q.
Applying the Poincaré inequality we get
(ug — Ug/>+ =0 in Qy,

+

which shows that wuy is a nondecreasing sequence in £. On the other hand, taking v = u+(uy (y,.) —u)" €

K as a test function in ([L.7) we derive, for almost all y,

(Au, (ur (y,.) — u) g > / f (g (g, ) — w)* da.
Q

Integrating in y we obtain
/i(Au, (g —u) " ody > A f (ug = u)" dudy.
- 14
One has also uy — (ug — u)" € K, and from () we derive
-, |0y P2 Dyuedy (ue — u)t dady — /Z(Aug, (ug — u) ady > — A f (ug —u)™ dady.
14 - 14

Adding the last two inequalities and using the fact that u is independent of y and (@) we arrive to
/ (|8yuz|p_2 Ay — |9yulP~? 8yu> Oy (up — u) " dzdy < 0.
Q

One concludes as above that (uy — u)Jr = 0, which means that uy < w a.e. on €y and for all u solution

to (@)
(74) Let now £y > 0 and p € D (-2, 2{p) such that

0<p<landp=1on (—4y,/). (1.13)

Then uy — pP (up — u) € Ky and from (), we derive

¥4

g<AW’ —p" (w — u))ody > ; JA=p" (ug — u)} dudy
14

> 0.

/Q |0y P2 Dyugdy {—pP (ug — u)} dady + /
14

Using the growth condition (@) and the fact that u is independent of y it follows that
¢
/ PP |0y uel? dxdy+/£ﬂp<Aueyw>Qdy
Q -
¢
<= [ 100l Oy 0y (e =) ddy + [ Aoy
Q -

¢
< C/ 18,ueP~" pP~Ludzdy + C/epp (Vuélzf; + 1) luly , dy,
Q -



1.1. VARIATIONAL INEQUALITIES IN BOUNDED DOMAINS 9

for some constant C' independent of ¢ (recall u > uy). Applying the Young inequality we easily get
from (@) that

YA l
/Q o 10, uel? dady + o / P ulfdy < ¢ ( /Q o |8y uel? dady + / Pl dy)
¢ - . _

¢
+ C- (/ |ul? da:dy+/ Jd <\u|’f’p + 1> dy) :
Qar, —

Since p =1 on (—¥y, 4p) , choosing e small enough we get

/ luel? + [ V'ue|” dady < C ().

Lo

This achieves the proof of Lemma @ O
Now, using the above lemma we can prove the following:

Lemma 1.3. Under the assumptions of Lemma , the solution uy of ) converges to u, as {
goes to 00, a solution of )

Proof. We start by applying Lemma @, it follows that wu, is converging towards some function .
Next, we show that @ is independent of y. We use the idea introduced, for example, in [32]. Let
h > 0. The functions Tipus (y,z) and (Tipue (y, ) — wpsp (y,a:))+ are supported in the closure of
Q= (=€ F h, L F h) x . For simplicity, we write Tipuy (y, x) instead of Tip yus (y,2). Then from
(13

), we have
) {Fh
/Qih |0y Taenwe|P ™" Oy TanueOy (v — Tipug) drdy + /é h<A7}hw,v — Tanue)dy
VA —£t+
> f(l’) (v — T:thUg) dxdy Vv € /ng:h, (1.14)

- +h
QZ
where

Koan = {Tenv |ve K} = {v € Wol’p <Qéth> |v(y,.) € Kae in (—LFhlF h)} .

Choosing v = Tapue — (Tante — wern) ' € Keap in () and v = ugyp + (Tante — uesn)™ € Keyp in
() written for uyy; and then adding the two inequalities, we obtain

/Qih (\63,7'ihuz|p_2 Oy Tnup — layungh\p_Q Gyungh) Oy (Txnue — ugen) " dady
¥4

{Fh
+/e (ATanue — Augin, (Tanue — upsn) )dy < 0.
—0Fh

Using the monotonicity condition (@) we deduce

/Qih (\8yTihu£|p_2 Oy Tnup — lﬁyungh\p_Q GyUngh) Oy (Tenue — upyn) T dedy < 0.
4
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By the same arguments as in Lemma E, one can show that
ug (y + h, @) < wppp (y, @) -
Passing to the limit as £ — oo, we get
Uy +h,z) <a(y,z),
where h can be now chosen arbitrary. This of course implies that
u(y,z) =u(x).

Finally, we use the Minty-Browder technique to show that the limit @ is a solution to (@) Let
Ly € R, for £ large enough, it follows from Lemma E that |8yw|p*2 Oyuy and {a; (x,ue, Vug) }
are bounded in the Banach space L7 (€, ). Therefore

i=0, n

Uy — ﬂ, VUK —Va in L? (ng) R
(1.15)
|8yu€|p72 aqu —d, a; (:L‘, Uy, VUZ) — d; in L4 (ng) .

The two first convergences hold for the whole sequence since (ug),-  is nondecreasing, which guarantees
the uniqueness of the limit and the last two convergences hold up to subsequence. Once the limit
is uniquely identified, the previous convergences will also take place for the whole sequence. Now
let ¢ be a nonnegative function in D (—£g, {y), then under the above convergences we claim, up to
subsequence

Lo
i [ oluwlady = [ 0 3 ddgidedy,  (0ri =) (1.16)
froo —bo Q50 0<i<n
lim/ ¢ |0yug|P dedy = 0. (1.17)
f—00 Q,

The last limit means that d = 0. Indeed, using the monotonicity condition (E) we get
(Aug,up)q > (Aug, U)o + (A, up — ).

Thus one easily derives

@0 KO
liminf [ ¢(Aug, uody > liminf [ ¢(Auy, i)ady = / ¢ > iy udxdy. (1.18)
- Lo Q

f—00 _ o] _
% o 0<i<n

On the other hand, since uy — ﬁ (ug — @) € Ky (note that @ € K) one has from ()

Lo
/Q \8yw\p_2 OyueOy {¢ (ug — 1)} dedy + d(Aug,up — u)ody < of (up —u) dedy <0

0 —fo Qg

and thus

Zo Z0

¢ |0yuel? dedy + d(Aug, ug)ody < / |6yug|p_2 OOy (U — uy) drdy + O{Aug, u)ody.

QZO —{o ng —{o
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Passing to the limsup as ¢ — oo, we get

Lo
lim sup ¢ |0yuel? dedy + O(Aug, up)ody| < / ) Z d;O0y, udxdy.
oo | Sy —to Ly 0<i<n

Combining this with () we end up with (R.1¢) and ()

Now noting that for ¢» € K and nonnegative function ¢ € D (—%0, %) (¢ #0), uﬂ—ﬁ (Y —up) € Ky
and thus we can take it as a test function in () to get

Lo

, St —uiody > | (b — ) dudy.

L0
2

=]

/Q 10, uel” 2 Dyuedy {6 (6 — ue)} dady +
V4

L0
2

o)

By the monotonicity condition (E), this leads to

b,

0
2

\ayw\p_Q OyupOy {d (Y — ug) } dedy + /jo O(AY, Y — up)ady > /Q fé (b — up) dady.

From () it is clear dyuy — 0 in LP <Qz

2 ) , thus passing to the limit in the above inequality as
2
{ — oo yields

! AP, —u)ady > ‘ — @) dady.
[@¢<ww wa_1@¢wa 2) dedy
This implies
<Aw,w—ﬁ>92/ﬂf(w—a)dx Vi € K.

Choosing ¥ = 4+t (v — u), where 0 < ¢t < 1 and v € K we deduce
(Ala+t(v—a)),v—1a)yq > / fv—u)dz Yve K.
Q
Passing to the limit as ¢ — 0, taking into account the Carathéodory condition (@)—(@), we get
(Au,v —u)q > / fv—1a)de Yve K.
Q

Then the Lemma @ is proved. O

Remark 1.1. Through this Lemma _we are also practically answering the following question. What
about the limit of the solution to ) when its limit problem has more than one solution?

We are now ready to prove the main result of this section.

Theorem 1.1. Suppose that f € L9(2) is nonnegative and the assumptions )—) are satisfied.
Then, there exists a minimal solution of ), i.e.

@ (x) = min{u(x), u solution to(=0)}, u€K

is solution to ) Moreover, if ui and ug are the minimal solutions of ) obtained by replacing
f with f1 and fo respectively, then if f1 < fo we have u; < us.
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Proof. Let u be an arbitrary solution of the problem (@) and uy be the solution to () Then from
Lemma we have
up (y,z) <wu(x) for a.e. (y,z) € Q. (1.19)

Passing to the limit as £ — 0o, we derive from Lemma @ that ug (y,.) converges towards some @ € K
solution to (@) Combining this with (I"T9) yields

u < a.e. in Q.

This means that % is the minimal solution of the problem (ﬁ) Furthermore, let ug 1 and ug2 be the
solutions of () obtained if we replace f by f1 and fs respectively. Taking v = w1 — (ue1 — um)Jr
and v =wugo + (ug1 — “6,2)+ in (@) for f1 and fy respectively, we get

4

P2 3yw,2) Oy (up1 — upo)™t dudy + /z<AW’1 — Auga, (ug1 — upo) ady

/ (|6yué,1|p_2 Oyue,1 — |Oyug2
Q
< / (f1 = f2) (ugg — ue2) " dady < 0.
Q
Using the monotonicity condition (B) we obtain

/ <|8yu€,1’p_2 Oyug,y — |Oyugal’~> 3yué,2> By (ug1 — uga) " dedy < 0.

Qg

This implies
ug1 < ugo in £y

Passing to the limit as £ — oo, using the above argument we get
(5] S u9 in Q.
This completes the proof of Theorem @ O

Remark 1.2. The results of Theorem remain true for a nonnegative distribution f in W14 (Q).

1.2 Noncoercive variational inequalities

Employing the results of the previous section, we aim to extend the study to more general variational
inequalities. We keep here the notation and assumptions of section d and consider the following
extension of the nonlinear problem ([L.7)

u € IC,
(Au,v —u)q > / F (z,u) (v—u)dr Yv e K, (1.20)
Q
where F': 2 x R — R is a nonnegative function satisfying
F (z,-) : R — R is continuous and nondecreasing for a.e. x € €, (1.21)
F (-,7r) : Q= R is measurable Vr € R, '
* 1 1 1
F(z,u) € LI(Q), Yue I’ (Q), — = — —. 1.22
(z,u) (€) (€) >~ p n (1.22)
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The existence of a solution v € K to the problem () requires more assumptions and it is investigated
in different situations (see [L0]). Here we will give a general condition related to our technique of
construction but the existence of the minimal solution remains our main goal.

Let us first define the sequence of functions u,, as follows

u0:0,

Uy, € IC, (1.23)
(Atp, v — up)q > / F(z,up—1) (v —up)dz Yv e K,
Q

where u,, is the minimal solution of the variational inequality in the last line of () Its existence
is guaranteed by Theorem since F' (z,un—1) € L1(Q). It is clear that the sequence of functions
(Un)pen is nonnegative and in particular we have

F (z,up) < F(x,u1) a.e. x €,
since F' is nondecreasing in the second variable. This implies that
u <ug a.e. T €€,

thanks to the comparison principle of the minimal solutions shown in Theorem EI By induction we
can easily show that (uy), .y is nondecreasing sequence, i.e.

Up_1 < U, a.e.x €, VYn>1.

Let us then denote by us, the pointwise nonnegative limit of (uy,),y Which is not necessarily in L ()
and may equal co. We also denote
Fy = lim F(., uy),

n—oo

which may also be infinite on some subset. Assume that
Fo e L1(Q). (1.24)

Note that the above assumption is satisfied, for example, if sup,~o F'(.,7) € L9 (Q) . Then the following
lemma gives a characteristic property about the existence of the solution to ( ) related to the above
scheme.

Lemma 1.4. Let F' be_a nonnegative function satisfying the hypotheses ), ) and suppose
that the assumptions —) are fulfilled. If ) is satisfied then uso, the limit of u,, belongs to
K and is a solution to )

Proof. Let i, € K be the minimal solution of

oo € IC,

(Aliso, v — Uso ) = / Foo (v —lio) dx Vv € K.
Q

(1.25)

The existence of 1 is insured by Theorem @ Then since

Fy > F(,up—1) ae. on Q, VneN-—{0}
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and thanks to the comparison principle of the minimal solutions of Theorem @, we deduce that
Up < oo a.e. on £, Vn € N. (1.26)
We can now affirm that u. is finite almost everywhere and
Uoo < Uooy Foo = F (,us) a.e. on €,

which, in particular, proves that us, € LP (Q2). All this is not enough to pass to the limit in ()
We need the boundedness of the gradient. Then taking v = % in (123), using the coerciveness, the

growth condition () and (@), () with the monotonicity of F' we obtain

(07 |un|€)7p < <Aun7un>Q < AF (.%', Unfl) (un - ﬂoo) dx + <Aun7 aoo>Q

—1 ~
S C (’un’}f,p + 1) ‘uoo‘l,p’
for some constant C' independent of n. Applying the Young inequality we end up with
’un|17p <C,

for some constant C' independent of n. Combining now all the above results, it follows, as n — oo
that
Up — Uoo Iy Up = Uso In LP (), up — U in whr (Q). (1.27)

Since K is a closed convex subset of W, ? (), it is weakly closed and we have in particular us € K.
Now in order to pass to the limit in ( ), we use the Minty-Browder technique and exploit the above
convergences. From the monotonicity condition (E) and (), it follows for w € K that

/ F (z,up—1) (up —w) de + (Aw, w — up)q > (Aw — Ay, w — uy)q > 0.
Q
Passing to the limit as n — oo, we get from () that

(Aw, w — Uno) > / F (z,ux) (W — Uxo) dx.

Q

The continuity and the monotonicity of F' in the second variable, () and () are used to ensure
the strong convergence of F (-, u,) in L7 (). Taking w = uso +t (v — us) With 0 <t < 1 and v € K,
then passing to the limit as ¢t — 0 yields

(AUoo, V — Uso) = / F (z,u00) (v —ueo)dz Vv € K.
Q

This completes the proof of Lemma @ O

We will see in the following theorem that () is more than just a simple condition and u.. is
more than just a simple solution of ()

Theorem 1.2. Under the assumptions )—), ), ), we have the equivalence between

the following assertions
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i) ) has at least one solution,
i) ) has a minimal solution,
i11) the hypothesis ) holds.

Moreover if the hypothesis ) holds then uso, the limit of u,, belongs to K and is the minimal
solution to ), i.e.

Uso () = min {u (), u solution to (")} a.e. on . (1.28)
Proof. From the above lemma we can see that
iii) = 1) < i).
In the following we will show
iii) < i) = ii),
which achieves the equivalence of the above assertions and () simultaneously. Suppose that ()
has a solution @ € K. Let u € IC be the minimal solution of

(Au,v—u)QZ/QF(m,u)(v—u)dx Vv € K.

Here u is considered as a data while u is the unknown solution. The existence of u is insured by
Theorem EI Since @ > 0 a.e. on § (which also implies that F'(.,a) > F (.,0) a.e. on §2) and thanks
to the comparison principle of the minimal solutions of Theorem [L.1, we can show by induction, that

up <u<u ae onf), VnéeN. (1.29)
Then it follows, by the monotonicity of F' in the second variable, that
F(,up) <F(,u) ae on€, VneN,

which shows () Then thanks to the preceding lemma and () we derive that s, the limit of
up, belongs to K and is a solution to (@) and

Uso < U a.e. on ), Vn €N,

Since @ is an arbitrary solution of () we deduce that us is the minimal solution of () and the
proof is achieved. O

Remark 1.3. It is possible to assume that F (z,0) > 0 and F (z,-) is nondecreasing only on R* for
a.e. x €Q, or to assume that F is defined on Q x R™, to keep all the above results.

Let us now give some immediate variant of the above result. Assume that F : @ x RT— R is a
Carathéodory function satisfying the following Lipschitz condition:

‘F(w,r) — F(w,s)‘ <klr—s|, ae x€Q, VrscRT, (1.30)
for some constant k£ > 0, and in addition
F (x,0) € L7(Q) is a nonnegative function. (1.31)

Then, as a consequence of Theorem @ (recall Remark @) we have
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Corollary 1.1. Assume that the assumptions )—), ) and ) are satisfied and for

D> 2;1'32 there exists a solution to

u € K,
(Au,v —u)g > / F(x,u) (v —u)dr Vv e K. (1.32)
Q

Then ) has a minimal solution, i.e.
@ (z) = min {u (z), u solution to )}, e (1.33)
is a solution to )

Proof. We first check that F (z,7) = F (z,7) + kr satisfies almost all the hypotheses assumed on F
above. Since we have from ([1.30)

0< F(z,r)—F(x,s) <2k(r—s) ae z€Q, r>s>0, (1.34)

it is obvious to see that F' (x,.) is continuous and nondecreasing on R* for a.e. z € Q. We also deduce
from the above inequality and () that

F(zx,r)> F(z,0)>0 a.e. z€, Vr>0.
Now if u € LP"(Q) we have () ie.
F (z,u) = F (z,u) — F (z,0) + F (z,0) € LY(Q).

This will follow from (ﬁl) and (M), since u € L9(2). Indeed. By the Sobolev embedding theorem

Whenpz%@%—%Sl—%@p*zq,thisisthecase.

Consider the following variational problem

u € K,

I

Q

ku (v —u)dx > /QF(a:,u) (v—u)dr YveK. (1.35)

In fact this is nothing else then our problem () On the other hand, we _can easily check that the
operator A = A+kId (Id is the identity mapping) satisfies the assumptions (E)—(@) The hypothesis
(@) is assumed to ensure the boundedness of A. A is also bounded thanks to the assumption p > 22

n+1
i.e. for any u,v € Wy (),
(Au,v)q + k/ uvdx < C <\u\17p + 1) Wiy, + K lul,qlvl,0
Q
< C (Julyy + 1) [0l

since WhP (Q) C L4(9). O

Remark 1.4. It is assumed that p > 2::_? to have LP" () C LI(y) which ensures that the arguments

of the previous section can be adapted.
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1.3 Variational inequalities in unbounded domains

This section is devoted to study the existence of nonnegative solutions and their minimal solutions
for some quasilinear variational inequalities in unbounded domains. We first investigate variational
inequalities with coercive operators.

1.3.1 Variational inequalities with coercive operator

Let w be a bounded open subset of R"~! (n > 2) and K, be a lattice closed convex subset of VVO1 P (w)
containing 0 i.e.
0, max (u,v),min (u,v) € K, Yu,v € ICy. (1.36)

For x € Rxw we denote by x; the first coordinate of x and by Xy the n — 1 last ones, i.e.
x = (r1,X2) with Xo = (x2,...,x,) .

Also, we denote by K the closed convex subset of VVli’p (Rxw) defined by

C

loc

K :=Wh (R Ky) == {v € V[/ﬁ)f (Rxw) | v =0 on Rx0w and v(x1,.) € K, for a.e. x1 € R} .

Then for a nonnegative f in L} (R, L9 (w)), we consider the following nonlinear variational inequality

defined on the infinite cylinder 2 = Rxw

u € K,

/ a(x,u, Vu) - V (¢ (v —u))dw—k/ ao(z,u, Vu)p (v —u)dr > fo(v—u)dz,
Rxw

Rxw Rxw

Yo e, Vo e D(R), ¢ >0.

(1.37)
Note that if we have more smoothness on a;(z,u, Vu), i.e. if 9y a1(z,u, Vu) € L, (R,L?(w)) the
above variational inequality can be written as

/ Z a;i(z,u, Vu)Oy, (v —u) (z1,.) dX2 + / {ao(z,u, Vu) — 0y, a1 (z,u, Vu) } (v —u) (z1,.) dX>
“2gign “

z/f(v—u) (x1,.)dXs Yv €K, ae. x; in R.

Since the domain is unbounded and _f is not necessarily in the dual of WO1 P (R x w), the existence of
nonnegative solutions to problem () is not an ordinary issue. Once this is ensured, we can then
look for the minimal nonnegative solution. Here, we will use the same approach as in Section to
prove these existence results. To this end, in addition to the hypotheses ([l.2)-(|L.6]) assume that

ai(:thQavangQv'” 7577,) - ai(X2550707£27'” aén)
= ai(X2,80,89, - ,§,) V§ER, j=0,2,...,n, i=0,..,n.  (1.38)

That is to say if £; = 0 then the coefficients a; for ¢ = 0,...,n are independent of x;. We also assume
that there exists h € L? (w) such that

f(z1,X2) <h(Xy) forae. (x1,X3) €R X w. (1.39)
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For £ > 0, we set
Q= (—40*xw

and for simplicity we also set (., '>e,w instead of ffé (.,.), dz1. We denote by (y,x1,X>2) the points in
Q, and by K, the closed convex subset of WO1 P (Qy) defined by

Ko = {v € Wol’p (Q) | v(y,z1,.) € Ky, ace. in (—E,E)Q}.

Then consider u,, and uy respectively solutions of the following variational inequalities

U, € Ky,
(1.40)
(AU, U — Uy ) = / h(v—uy)dXe Yv € Ky,
and
Uy € /Cg,
l
/ |0y u[P 2 Dyupdy (v — ug) dady + / (Aug, v —ug)y,, dy > / f(z1, X2) (v — uy) dady,
Qy —L Qg
Yo € Ky,
(1.41)
where Ay,u = — > 0,0i(X2,u, Vx,u) + ap(X2,u, Vx,u) and A is the nonlinear operator given

2<i<n
by (@) Under the above assumptions, the problems () and () have respectively a solution
u, € K, and a unique solution uy € ICp. Then, we have

Theorem 1.3. Suppose that the assumptions )—), ), ) and ) are satisfied. Then

(W)£>0 is a monnegative nondecreasing sequence in £ converging towards some u, as £ goes to 0o, a
nonnegative solution of )

Proof. The proof will be broken into several steps.

Step 1. uy is nondecreasing sequence in £ bounded by any solution u,, to ()

Since f is nonnegative, arguing as in Lemma [L.2), it follows easily that u, and u,, are nonnegative and
(ug), is nondecreasing sequence. Now, taking v = u,, + (u¢ (v, z1,.) — u,)tT € K, as a test function in
() then integrating on (—¢, £)? and taking into account the assumption (), we derive

4
/ (A, (g — 1o)™Y, dy > | h(up — uo)* dady.
) ’ Q

At the same time, choosing v = uy — (uy — u,)" € K¢ in () Then, adding the resulting inequality
with the above one yields

4
A |8yug|p_2 Oyupdy (up — ug,) "t dedy + /E <Aug — Aug, (up — uw)+>€7w dy
, _

< /w (f —h) (ug — uw)Jr dxdy.
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Using the monotonicity condition (@) and the assumption (), we get
/ |0y uP 2 Dyuedy (up — uy) ™ dady < 0.
Q
Since u,, is independent of y, this implies that

/ (\6yudp_2 Ay — |Dyuy|P > 8yuw) Ay (ug — uy) " dady < 0.

Qg
One derives easily (ug — uy)" = 0 and thus
Up < Uy
Step 2. i, the pointwise limit of uy, is independent of y. It is now established that
0<u <up <uy VS,
then it follows that uy possesses a pointwise nonnegative limit that we will denote by « i.e.
Uy — U in R? x w.

Following the same arguments as in the proof of Lemma @ we get

ug (y + hyx1, Xo) < upep (y, 71, X2) Vh €R, ace. in Q? =(—l—h,l—h)x (—,0) Xw

Passing to the limit as £ — oo, we easily obtain
U (y, x1, X2) = U (21, X2) .
Step 3. For all ¢y > 0, there exists a constant Cy, independent of ¢ such that
el p.ay, < Clo-

Let o€ D ((—%0, 250)2> such that

0<p<landp=1on (—fy ).

(1.42)

(1.43)

(1.44)

(1.45)

Taking v = up — 0P (up —uy,) € Ky in () then following the same arguments as in the proof of the

second part of Lemma we _end up with ()

Step 4. u is a solution to () The proof of this part is based on the Minty-Browder technique
and follows the proof of the last step of Lemma with some modifications. First, for £, > 0 we have

D

from (1.44) and (L47)
wg — @ in LP (Qg,) and uy — @ in WP () .

Note that since ~
Ky, = {v e WP (Q,) | v(y, z1,.) € Ko, ace. in (—50,50)2}

(1.46)
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is closed and convex, it is also weakly closed and by consequence u € I@O ie. u(x1,.) € Ky ae. in
(—4o,4p) . Then by using the above convergence results, we can prove as in () and () that

lim ¢ {a(z,up, Vuy) - Vug + ap(x, ug, Vug)ue} dedy = / o) Z d; 0y, udzdy, (1.47)
=00 Q40 Q130 0<ign
lim / 10yuelP dady — 0, VpeD ((—eo,eo)ﬂ) ¢ >0, (1.48)
£—00 QZO

where d; is the weak limit of a; (z,us, Vuy) in L9 (€y,) .
2
Now, let ¢ # 0 be a nonnegative function in D <<—220,Z20> > and w € K. Taking v = uy +

=2 (w — ug) € Ky as a test function in () we get

9]0
Lo
2
10 00, (0 0= w)) dady + [ (Aued =g du= [0 () dady,
4 — £y

L0
2

S

Passing to the limit as £ — oo, taking into account ([L.44), () and () we obtain

/Q@ O;H diOy, (¢ (w — 1)) dedy > /Q@ of (w— u) dedy. (1.49)

On the other hand, we claim by using the Minty-Browder technique that

/e (Ait, ¢ (w — 1)) gy, dy > /Q N dids, (¢ (w — @) dzdy. (1.50)

2 %g 0<i<n

2
Indeed. Let t > 0 and ¥ be a nonnegative function in D <<—£20, %0) ), then it follows from the
monotonicity condition (B) that

A Y{a(x,u+tdp(w—1a),V(u+td(w—1u)))—alx,up, Vug)} -V (4 — ug) dedy
P [ a0 (@t 6w — 0), V(@ + 1 (0 — 0))) — ao(@, ug, Vue)} (@ — ) dedy

—i—t/Q vi{a(z,u+tdp(w—a),V(a+to(w—1a)))— alz,u,Vug)} - V(¢ (w— a)) dedy

NS

[ a0 @it b6 (w— ),V (@ + 16 (w — 0)) — aole, ue, Vur)} & (w — ) ddy > 0.
Qy

0
2

Passing to the limit as £ — oo, taking into account (Il 4a) and (14() we get

/Q 6 S (i@, + 1o (w =),V (@ + b6 (w — @) — i) i, (6 (w — @) dady > 0.

% 0<i<n
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Letting t — 0, we easily obtain

/ 6 S (ai (@, VD) — di) Or, (6 (w — ) dady > 0 \wep«_% 50)2> »>0.
Q bl ) 1 €T - ) 272 ] -

% 0<i<n

This is nothing elﬁﬁﬁ).
Now, combining ([L.49) and (M) we end up with

0] 2
/2 <Aﬂ7¢(w—@)>@7wdy2/52 of (w—u)dzedy, Yw € K, ¢€D<<—€20,€20> >, ¢ >0. (1.51)

Taking ¢ (y,z1) = @ (y) ¢ (z1) in () where @ # 0 and ¢ are nonnegative functions in D (—%0, %0),

we derive ,

—
SRS
A}

() (Ao (0 = g,y > [ o) of (w =) dady,

Since 4 is independent of y this implies that

: z/ of (w— @) de, Yw € K, VsoeD(—EO,e")wzo
07 )0 ,8) 2772

272

and since £ is arbitrary this means that

/ a(x,u, Vu) - V (¢ (w —u)) dx+/ ap(z,u, Vu)p (w — u) de > fo(w—u)dz,
Rxw

Rxw Rxw
Yw e K, Vo € D(R), ¢ >0,
which completes the proof of Theorem B O

As we saw above, @ is more than a usual solution and we can state the following result

Theorem 1.4. Suppose that the assumptions —), ), ) and ) are satisfied. Then,

there exists a minimal nonnegative solution to ), i.e. & = min {u solution to ), u>0t ek
is a solution to ) Moreover, let u; and us be the minimum of nonnegative solutions to 13})
obtained by replacing f with fi and fo respectively. Then if f1 < fo we have u; < us.

Proof. Let u be an arbitrary nonnegative solution of () and wuy be the solution of the problem
() Since u > 0 choosing v = u + (ug — u)" € K as a test function in (), taking into account
the fact that supp(us — ) C Qy, then integrating on (—£, £) we get

V4
[ sty dy = [ -0 dedy, (1.52)
¢ ’ Q

we took ¢ in () such that ¢ = 1 on (—¢,¢). At the same time, testing () by v = up—(ug — u)* €
K¢ then summing the produced inequality with () to obtain

0
|0y ue|P~2 Byuedy (up — u) ™ dady + / (Aup — Au, (up — u)+>€w dy <0. (1.53)

Q —¢
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Using the monotonicity condition (@) we get
/ <|8yuz|p72 Oyuy — |8yu|p72 8yu) Ay (we —u)* dady <0,
Qy
since u is independent of y. By consequence, it follows that
up < u a.e. in Q. (1.54)

Passing to the limit as £ — oo, we derive from Theorem @ that

u<wua.e in Rxw.

This means that @ is the minimal nonnegative solution of () For the proof of the maximum
principle, we denote by u} and u? the converging sequences defined above as solutions to () for fi
and fo respectively. Since f; < fa we have u} < u?. Passing to the limit, we deduce that u; < us and

this completes the proof of Theorem [1.4].

O]

Remark 1.5. The maximum principle showed in the above theorem can be extended as follows. Let uq
be the nonnegative minimal_solution to ) for some f = f1 satisfying ) uo be an arbitrary
nonnegative solution to ) for some f = fo that does not necessary satisfy ) If we assume
that f1 < fo, them uy < us. Indeed, taking v = ué — .} — U2)+ € Ky (resp. v =g+ (ué — u2)+ eK)
as a test function in (@) for f = f1 (resp. in /@) for f = fa), choosing in ) ¢ € D(R) such
that ¢ =1 on (—£,¢) and integrating on (—¢, ). Then summing the produced inequalities we derive,

as supp(ué — U2)+ C Qy,

,w

¢
/Q ‘OyU}‘p—Q Ayugdy (uj — UQ)+ dxdy + /4 <Au§ — Auy, (uj — u2)+>£ dy
14 —
< /Q (f1(x) = fa(x)) (up — ug) ™ dady.
14

This implies, as ug s independent of y,

/ <‘3yuﬂp72 dyup — |Oyus|P? 8yu2) Oy (u% - u2)+ dxdy <0,

Qg
we also used the monotonicity condition ) Thus
U] = Eliglou} < us.
Consider now the following nonlinear elliptic problem defined on the infinite cylinder Rxw
u € VVli’f (Rxw), u =0 on Rx0w,
Au = f in Rxw.

The solutions is understood in the following sense

/ a(x,u, Vu) - Vodz —|—/ ao(z,u, Vu)pdr = fodx Yo € D(R X w).
Rxw

Rxw Rxw

(1.55)

(1.56)
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We take K, = WP (w) , then any solution of problem ([1.37) for K, = Wi (w) is a solution of ()
and vice versa. Thus the existence of nonnegative solutions of problem (E) is proved in Theorem
@. Indeed, to see this let u € K be a solution of () By choosing in () v = u + ¢ with
¢ € D(Rxw) and ¢ = 1 on the support of ¢, we end up with the above weak formulation of problem
() The converse is an immediate consequence of (@) Thus, we have the following result as an
immediate consequence of Theorem [1.4.

Corollary 1.2. Under the assumptions of Theorem , there exists a_minimal nonnegative solution

to ), i.e. & = min{u solution to u > 0} is a solution to ) Moreover, if u1 and ug

are the minimal nonnegative solutions to ) obtained by replacing f with fi and fo respectively.
Then if f1 < fo, we have u; < uo.

1.3.2 Noncoercive variational inequalities

We keep the notation and the assumptions of the subsection . Then we consider the following
nonlinear variational inequality defined on the infinite cylinder Rxw

;

u € K,

/Rxw a(z,u, Vu) -V (p (v—u))dx—l-/ ag(z,u, Vu)p (v — u) dr (1.57)

Rxw

>/ F(z,u)p(v—u)de Yve K, Vo e D(R), ¢ >0,
Rxw

where the function F' is defined as in Section E, replacing 2 by R x w. In addition, we assume that

h(Xga,7) := sup F (x1, X2,7),
T1ER

satisfies (), ie.

h(Xo,u) € LY (w), Yue LP (w). (1.58)

Of course, here also, we do not have any proof neither on the existence of nonnegative solutions of
problem () nor on their minimal solution. We claim that we can define sequences (), .y and
(Un),en such that 49 = ug = 0 and for n > 1, 4, € K, u, € K are respectively the minimal
nonnegative solutions to

(Auyiin, v — fin)e > / h(Xa, 1) (v — i) dXa Vo € K., (1.59)

and

/ a(x, Un, Vuy) - V (¢ (v —uy)) dx + / ag(x, Un, Vup)e (v —uy,) dz
Rxw

Rxw

> F(xz,up—1) ¢ (v—up)dx Yve K, Yo € D(R), ¢ >0. (1.60)

B Rxw

The existence of the minimal solution ﬁ,ﬁ Ko (resp. u, € K), to () (resp. to ()) will be
)

ensured by Theorem EI (resp. Theorem . More precisely we have:
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Lemma 1.5. Let F_and h be_nonnegative functions satisfy the above hypotheses. Then under the

assumptions )—) and ), the sequences (in), ey and (un),cy are well defined and nonde-

creasing sequences satisfying
Up, < Uy, F(z,up) <h(Xo,4,) VneN, ae onR X w. (1.61)

Proof. Of course ug, g satisfy clearly () Suppose that wu,_1, t,_1 are defined and satisfy ()
One has, by (@), h (X2, tn—1) € L (w) and u, exists by Theorem [L.1. Moreover by () written

for n — 1 one has

F(z,up—1) < h(Xa,tp-1) € L (w)

and by ( l 3a) the existence of u,, follows. Arguing as in Theorem @ (step 1) one deduces easily that
up < Uy and ([1.61) follows. The monotonicity follows by induction from our previous comparison
principles. O

Now setting hoo = limy, o0 h(+, Un ), Foo = limy, 00 F' (¢, u,) and we assume that
heo € LT (w). (1.62)
Then we have

Theorem 1.5. Let F' be_a nonnegative function satisfy the above hypotheses. Then, under the as-

sumptions )—), (1134) and (|1.621), (Uun)pen 95 @ nondecreasing and converging sequence towards
u € IC, as n goes to oo, a minimal nonnegative solution to )

Proof. Since F is nondecreasing we have F (-, up,—1) < Fo, Vn > 1, a.e. in R x w and it follows easily,
by using the maximum principle showed in Theorem [L.4], that

where Us, € K is the minimal solution to ( with f = F. Note that Fiy < hy a.e. in R x w
and h is independent of x7 which insures () Using Lemma we establish that w,, possesses a
pointwise limit that we will denote by @ € L} (Rxw), i.e. u, — @ on R x w. Then, in order to get

more estimates, we test () by v = uy, — ¢P (uy — Us) and choose ¢ such that ¢ =1 on (—£y, {y),
we get, using the growth conditions (@') and (]L.0)

/ Pa(z, un, Vuy) - Vupdr + / Pag(x, up, Vup ) u,dz
Rxw

Rxw

< / F (z,un—-1) p” (U — Uoo) d:c/ a(x, Up, Vun)V (pPlso) dx + / ao (T, Up, V)P lsodx
Rxw Rxw

Rxw

—-P O, @@p_lal(iv, Uy Vuy ) Updx

Rxw

< C/ @ (|unl” + |t |” + !Vﬁoop+1)d$+0/ |0z, 01" (Jun” + |too|”) da
Rxw

Rxw

+ a/ P |Vuy|P de,
2 Rxw

for some positive constant C' independent of n. Finally, thanks to the coerciveness assumption and

(), we end up with
’un’LPa(—fo,Zo)Xw <C (60) . (165)
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Since £y is arbitrary we deduce as, n — oo, that
u, — i in L2 (RX@), u, — @ in WoP (Rx@), @ € K. (1.66)

Now, by following the same arguments as in the proof of Theorem @ replacing uy by u,, it is easy to
show that @ is a nonnegative solution to () We also claim that @ is the minimal solution. Indeed,
let u be a nonnegative solution to () Here we can not use the maximum principle mentioned in
Theorem [1.4, since for f = F(-,u) the hypothesis () is not surely insured. By consequence, we
are not sure that for f = F(-,u) the problem () has a minimal solution. Here Remark [1.5 will do
the trick. Applying iteratively the maximum principle, showed in Remark @, it follows that u, < u.
Then letting n — 0o, we end up with our minimal solution. This completes the proof of Theorem

O

Remark 1.6. Let Fi, Fy : R x w xR — R be Carathéodory functions and monotone nondecreasing
in the last variable. Assume that Fy is nonnegative and satisfy the assumptions ), ) and Fy
satisfies the following coerciveness and growth conditions: for all r € R and for a.e. x in R X w, there
exists a nonnegative constant ' such that

F2 ((l?, ’I“) r 2 07
\Fy (z,7)| <0 (x) + ' |r|P~" with 9 € L (Rx@).

Then Theorem @ remains true for F' = F| — Fy, since the problem ) is equivalent to

u €,

/ a(z,u,Vu) -V (¢ (v—u))dm—i—/ (ap(z,u, Vu) + Fo (z,u)) ¢ (v —u) dx
Rxw

Rxw

2/ Fi(z,u)p(v—u)dx YveK, Yo e D(R), ¢ >0.
Rxw



Chapter 2

Long time behaviour of parabolic
equations in time-dependent growing
domains

In this chapter, we study the large time behaviour of the solution to parabolic problems defined on
noncylindrical domains becoming unbounded in many directions when ¢ tends to infinity. That is to
say, the state variable domains are also becoming unbounded when ¢ — oo. Since the steady state
problem is elliptic and defined on unbounded domains, we need to define in which sense the solution
is understood and to deal with its existence. The convergence and its rate are also investigated with
respect to the growth rate of the domain when t — oco. As the convergence cannot be expected on
the whole domain, correctors are built to describe the asymptotic behaviour in the distant regions.

2.1 Setting the problem

Let Q be an unbounded open subset of R4 xR™ and w be an open bounded subset of R*™"* 1 < m < n.
Consider @ the domain of R**! given by

Q=Qxuw,

whose boundary is denoted by I'. A generic point (s, ) in @ is denoted by (s, X1, X2) with

s>0, X1=(x1,...,2m), Xo= (Tms1,-..,Tn).
For t > 0, we set

Q={(sX)eQls<th, Q={(s)eQ|s<t},
QG={XieR"|(t,X)€Q}, %=Qn{s=1},
O = z‘nt{X1 ER™[(0,X1) €Q), Q=int(Qn{s=0}),
Iy = (IN\0) NQ,.

Note that when it is needed we can also set € = O x w, i.e. we omit the component ¢t. We assume
that the boundary I' is smooth enough and the sequence of nonempty sets €); is non-decreasing and

26
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becoming unbounded when ¢ — oo in the following sense
0 £ Qo cC Qtl CcC Qt2 for 0 < t1 < t9 and limy_,o dist (QO, aQt) = 0. (2.1)

We are interested here in the study of the asymptotic behaviour of the following nonhomogeneous
parabolic initial-boundary value problem

v —div(AVu) = f in Q,
u=0 on I', (2.2)
u (0,-) = ug in o,

where f € L (R™; L? (w)), uo € L* (Q0) and A = (aj;)

e isan xn—matriz in L>® (R™ x w)
satisfying

ij=1,..n

BrICP <AC-¢C < Byl¢]? YCER, ae. z € R™ xw, (2.3)

for some positive constants 5; and 5. The solution of such problem is unique (see [64]) and it is
understood in the following weak sense: find a solution u € F (Q;) such that

t t
<u' v >y, +/ / AVu - Vodzds = / / fvdxds Yv € F(Qy), (2.4)
0 Ja, 0 JQ,

where the corresponding evolution space is defined as
F(Qy) = {u eV u e Vt’} with V; = {v e L2 (Q)) |v(s,.) € H&(Qs), Vs < t} ,

V/ is the dual of V;, i.e. v € V/ iff v(s,.) € H71(€y), Vs <t and |v (s, Mo120, € L?(0,t). In what
follows, we write < .,. > instead of < .,. >y;.

2.2 Limit problem

Since here there are no cylindrical symmetries assumptions as in [44] the natural limit candidate may
also depends on X;. When we consider ¢ and X; go to co we aim to check that u behaves as uqo
solution to the following elliptic problem defined on the strip R™ x w by

{ —div(AVux) = f in R™ X w, (2.5)

Uso = 0 on R™ x Ow.

The domain, on which Problem (@) is defined, is not bounded and there is no summability of the
data, i.e. the source term f does not necessary belong to L? (R™ x w). This prevents to apply, for
example, a classical tool as the Lax-Milgram theorem that ensures the existence and the uniqueness of
the solution. In fact, we have to state clearly in which sense the solution is intended according to the
data of the main problem (@) For example, problems as (@) may have more than one solution (see
[17]). Let us first take care of the problem (%) Consider the following family of elliptic problems
defined on bounded domains ,. So, for ¢ > 0 we consider u’ € H} (€¢) the unique solution to

/ AV - Vudr = fodx Vv € Hg (). (2.6)
Q, 0"

This family consists in parametrized problems defined on cylindrical domains becoming unbounded.
This theory is extensively investigated by Chipot and his collaborators, in particular when some
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cylindrical symmetries are assumed (see [7,[15,[18,22,27,85,42,43,146] and the references therein). In
[17,23], the same issue is handled for the Stokes and some quasilinear model problems and the same
argument is workable here with a slight difference. In the following we show that, under suitable
assumptions, u’ converges to a unique solution to (2.5) in some sense that will be defined below and
we give a brief sketch about the argument used in [17,23].

Theorem 2.1. Let B be an arbitrary bounded set in R™ and define for t large enough
= dist (B, aQt) .
We assume that (@) and (@) are satisfied and that
oo
feLd, (R™L? (W) with Y e % [fl,0 < oo, (2.7)
k=0

for some v > 0 small enough. Then u! converges, in H' (B x w), towards us solution to

Uso €V,
{ —div(AVus) = f in R™ X w, (2:8)

where

loc loc

V:{ueL2 (Rm;Lz(w))|Vu€L2 (Rm;Lz(w)), U =0 onR™ X dw} .

Remark 2.1. The hypothesis (@) is independent of the choice of B. Indeed, let By, By be two
bounded sets in R™ and set, for t large enough,

d = dist (Bl, aQt) . 2 = dist (BQ, aQt) .
We can easily show that

d? — dist (By, By) < d! < d* + dist (B, Ba),
where

dist (B1,B2) = sup dist (B, X1).
X1€B>

This implies that the two series involved in the hypothesis (@ ) and written for dt1 and df are equivalent.

Remark 2.2. The hypothesis @ ) is ensured if we assume that

o
/ e 1| f], Q. At < 0.
1 b

Proof. We denote by
BL = {Xl e O, | dist (X1,B) < k} keN.

Let k be a positive integer with k < [d;] —1 ([.] denotes the integer part) and p; : R™ — R be a family
of smooth cut-off functions such that

pr=1on B, p,=0 on R™Bj,, 0<p, <land [Vxp <C,
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where C' is a constant independent of ¢, k and X;. We can show that (u')s~¢ is a Cauchy sequence in
H' (B x w) by taking v = p? (u't® — u") as a test function in (@) written for ¢ and ¢ + o with o > 0
and then arguing as in [[17,23] using an iteration technique (for & < 1 and then for « arbitrary). That
is to say, for some positive constants C' and 4 independent of ¢ and «, we get for a <1

V(@ =)y, < O W,

and for a arbitrary, we have

[a] o)

t t —4d —7d
‘V (u - )’2,B><w = CZG T |f’2:Qt+k+1 <C Z e T |f|279k+2 ’
k=0 k=[t]

Choosing v < 7, it follows that (ut) >0 IS a Cauchy sequence and converges to some function uq, in

H' (B x w). In fact, us is independent of B since it is arbitrary in R™. Taking, for ¢ large enough,
v € H} (B xw) in (@) and passing to the limit we infer that ue, is a solution of (R.§). O

Remark 2.3. If f € L?  (R™; L* (w)) such that

loc
[flap, =0 (d?) (or more general |flyq, ,, = O (e@d") ), (2.9)
for some €1 >0 and 0 < {5 < 7, then (ut)

Uoo € ‘/7
{ —div (AVse) = f in R™ x w, [Vtisclyq, = O (d1) (o7 O (e2") ).

1> Converges towards the unique solution to

(2.10)

Moreover, it holds
IV (0~ sy o, < Ce™0,

for some positive constants C' and 6. (See [17] for the uniqueness).

Remark 2.4. In fact, it would have been easier if we had assumed that €y was the ball centred in
the origin with radius t and dy =t — ¢ where ¢ is some positive constant. This, of course, weakens the
hypothesis ). Nevertheless, the above study investigates the_asymptotic behaviour of the sequence
(ut)¢=0 defined on arbitrary domains Qi and the constraint in ) is more general.

Remark 2.5. It is also possible to assume that f belongs to the following space
V={veD R™xw)|veH'(Q) Vt>0}.

In this case the existence of uso € V' solution to ) is strongly related to hypotheses of type (@),
replacing the L? (Q42) norm by the norm of H= (Qu12). It is clear from the above theorem that these
type of assumptions are sufficient conditions for existence (replacing the L*-data by the H™! ones).
Now if uso s a solution to ), we have for v € H} ()

(fiv)g, = / AVus - Vodx
Q

t
< B9 [Vucsly g, [VVla ,
d
< C'df1 |Vv|279t (or Clet2d |Vv\279t ).

This implies that ’f‘—172,Qt =0 (dfl) (or O (e‘e?dt)).
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In the rest of the paper we need the weak maximum principle for Problem (@) which is an
immediate consequence of the above limit.

Lemma 2.1. If the function f € L}, (]Rm; L? (w)) s nonnegative and satisfies @), the solution U
of ) is also nonnegative. Moreover, if we choose two functions f1, fo € leoc (]Rm;L2 (w)) such
that

1< fo ae onR™ xw

and we also assume that the difference u 2 satisfies the constraint in ) where ul_ ,u? €V

o T U o0 Yoo
are solutions to (@) replacing f by f1, fo respectively, then

ul <wu?,  ae. on R™ x w. (2.11)

Proof. The first point is immediate since us, is a limit of the positive sequence (u');~o solution to
(R.6) defined on a bounded domain where we can apply the weak maximum principle (see for instance
[16]). The proof of () is based on the previous point and the fact that u2, — ul, is a solution to

( for f = f2 — fl- OJ
Remark 2.6. The hypothesis @), for lo_arbitrary, does not ensure neither the uniqueness nor the
weak mazximum principle for the problem ). Indeed, the solution us = €*™ sin (21x2) € V of the

following problem, introduced in [17],

—Aus =0 inRx(0,1),
Uso =0 on R x {0,1},

is not unique since Qus, is also a solution for all @ € R and it changes the sign on R x (0,1). Note
that the above solution satisfies the constraint in ) but not for {o <5 = 1. In order to distinguish

it from the other solutions, the limit of (ut)t>0 will be called the limit solution of (@)

2.3 Interior asymptotic behaviour

This section is devoted to the study of the asymptotic behaviour of the solution u to (@) when ¢t — oco.
This allows to take into account the limit of the solution when X; also goes to oo simultaneously with
t — 00, since the domains 25 become unbounded.

2.3.1 Limit behaviour

Here we will focus the study on the convergence far away from the boundary layer O x w. As it will
be clarified later, we need local estimates to avoid the unimportant regions located near the boundary
layer, since the required convergences are not affected by these far away regions. In fact, the measure
of these regions may become very large when ¢ — oo and hence we lose the convenient estimates. For
example if O = (—t, e”t) we have to avoid estimates on intervals as (ct, e”) where ¢, > 0 and r is
large enough. In general to do this, we apply the weak maximum principle to the equation obtained by
comparing (2.2) and (R.§). Here we may not run the above idea since we cannot ensure that us, — ug
keep the same sign in €y even if us, ug do. However, a closely useful approach may serve the purpose
as what we will see in the next lemma.
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Lemma 2.2. Under the assumptions (@), (@) and (@ If we suppose that ug and f are non-
negative (resp. nonpositive), then u, the weak solution of ), is nonnegative (resp. monpositive).
However, if we suppose that f and ug do not necessary keep the same sign and set

M~ ={u>uw_}°, M'={u<uw.}, M:=M*nQ,.
Then we have for every t >0

+
’u (t, -)‘27]\/[3: < ’Uoo,:l:|27Mti + ‘(UO - uoo,:l:) ‘2790 ’ (2-12)
t t 1 5
2 2 +
/0 \Vu|27M;: ds < 2/0 |Vuoo,i|27M3[ ds + N |(to — too,+) ‘2,90 , (2.13)

where Uso 4 (T€SP. Uoo,— ) is the limit solution of (@), obtained by replacing f by f* (resp. by —f~ ).
In addition, for an arbitrary domain O C R™ x w, there exists a positive constant C' independent of
t such that

0t Maong, < € (1+ fuselyo) -

Proof. Suppose firstly that f and ug are nonnegative (resp. nonpositive) almost everywhere. Then the
positivity (resp. the negativity) of u is obtained by testin @) with v~ (resp. ™) and showing that
it vanishes. Now, let 4o+ and ueo — be the solutions of (R.5) replacing f by f™ and —f~ respectively,

i.e.
—_di — + m
div(AVue +) = £fF in R” x w, (2.14)
Uoo,+ =0 on R™ X Jw.
Multiplying () by v € F (@) and integrating on @y, we get
/ / AV + - Vodzds = / / :l:fi vdzds.
Comparing this with (@ we deduce
< (u—uooi v>—i—/ / AV (U — Uso +) Vvdxds—/ / :I:fi )vdwds Yo e F(Qy).
(2.15)

Since f* > 0 it follows from Lemma @ that us + > 0 and uee,— < 0. Hence we can test () with
(1 — Uoox)™ € F(Q1) to get

t
+12
0= te) (0 3+ 281 19 (0= ) () 5 < [0 = 0,5 * .-
This leads to () and () Now for an arbitrary domain O C R™ x w, we have

[l o, = | (X100 + X - <ugum a0 + Xarsno ) u b,

< ’u (tv ')’2,Mt*m(9 + ‘u <t7 ')‘2,{uw7_§u§uw7+}ﬁor\ﬂt + ’u (tv ')’2,Mt+m(9
< ’u (t, ) - uoo,—|27Mt*m(9 + ‘u (t7 ) - uOO,-‘r‘Q,Mt*mO + ‘Uoo,—lz,M;m(')

~ Uoo,— ‘2,{uw,,§u§uw,+}ﬂ(’)ﬁﬁt

< ‘(UO - Uoo7—)7‘27go + ‘(UO - uoo,+)+‘27go +2 |Uoo|2,(’)
<’ (1 + |uoo|27o) ,

for some positive constant C’ independent of ¢ and @. This concludes the proof. O
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Now, in order to study the asymptotic behaviour of the solution u to (@) we define a family of
cut-off functions, consistent with the stability of evolution problems (we take into account the time as
a coordinate not as a parameter as in Section R.2), that we will use to apply some iteration technique.
Let us start by defining the following subsets that play an essential role to run the iterative argument.
Let 2 be a bounded domain in R™ that may depend on ¢ and such that its size is not necessary
bounded when t — oco. Of course, as we are interested in the local limit behaviour when ¢t — co we
can always assume, when the time is large, that

¥ =1 :zdist(f‘t,{t}xﬂ> — 00 as t — 0o,

where Ty = 8Qt\f2t. Note that we have ¥ < t, since either dist (QO, {t} x Q) = t, or a segment

between each point in  and its projection on the axis t = 0 crosses the boundary I';. If it is needed
we can also assume that ¥ < dist (ft, {t} x Q) but it has to go to infinity when ¢ — co. Then, we set

S=5h= {(s,xl) € Qy | dist ((s,Xl) At} x Q) < 19}
and for 1 < p < [¢] we define
S, =S = {(3, X1) € S,y | dist ((S,Xl) ,asu_l\fzt) > 1} .

The required cut-off function g, is nonnegative, smooth and defined on (0,t) x R™ as

0 < Q'u < 17 QM =1lon S,LL+17 Qp, = 0 outside S;Lv 8tpu 7|VX1PH‘ < €o,

for some positive constant ¢y independent of p and ¢ (see, e.g., Figure 2.1).
1

Figure 2.1: An example of the domain @ and the corresponding S.

Now we are able to state the following main result.
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Theorem 2.2. Under the assumptions (@), @) and @), for t large enough, there exist positive
constants C' and A independent of t such that

(= 1000) (D13 s+ 19 (= )3 s S €O (14 [t 3 a1y )

where Ny is_the O—neighborhood of Q in R™, u is the weak solution of (@) and U, 18 the limit
solution of (2.9).

Proof. Tt is clear from the definition of the cut-off functions that pi(u—uoo) € F (Q¢) can be considered
as a test function in () since p, = 0 on I'y. Thus, it follows

(pu(u—uoo)) pu U — U >+// pQAV (U —Uso) - V (U — Uso) dzds

:/ / Otpup,, (U — Uso) da:ds—Q/ / Pp (U —Uso) AV (U — uso) - Vi, dads. (2.16)
0 JQs

Using the integration by parts formula, (@), the Cauchy-Schwarz and Young’s inequalities we obtain

1 t
2 |, (1 — uoo) (t)‘;,ﬂt + <51 — B;) /o /Q P21V (u— o) 2 dads
t
S/O /Qs (‘@Pu‘l)ﬂ + Bae }VX1PM|2> (U—uoo)2 dads,

for some positive constant € > B2 Note that we took into account the values of the cut-off functions
on the initial boundary of @, i. e. p,, = 0 on . Since p,, is constant inside Sj4+1 and is vanishing
outside S, we derive

2 2 2
(4 — Uso) (t)|27/\/19_M TV (u—us)lyg,  xw < ca/ (u — uxo)” dxds, (2.17)
(Su\Su+1)Xw
with ¢, = m. On the other hand, applying the Poincaré inequality we deduce in particular
min( 3,(8;—2
that

2 2 2
|V (u— uw)‘2,5u+1><w < el |V (U = Uso)[5 g, oy — el |V (u = uoo)b’swlxw , (2.18)
which implies
2 2
IV (4 = uoo) |3 Sprxw = Ke IV (u = uoo) |3 S Xw

where K, = lfr“écfc < 1. Tterating the above inequality for u =1, ..., [J] — 2, we obtain

2 2
|V (U_uoo)|27s[0]71><w S K€|v (U_UOO)|27S[19],2><w
<..

< (Ks)w]_Z |v (u - Uoo)@,sl Xw
9—3 2
< (K)" 7V (1 — uoo) 5,6, xw -
Setting A, = —In K. > 0 and using again (), the above estimate can be rewritten as follows

2 2 Ce  —Ae¥
|(u_uoo) (t)|27()7‘V(U_UOO”Q,SW],IXL«) < :

2
lu — u00|27(S\Sl)><w‘
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The last estimate explains what we meant above by local estimates ignoring the distant regions of (),
i.e. we need just to consider v—neighborhoods of the domain € (v < ) on which we dealt with the
convergence and its rate. Now we apply Lemma

2 2
(= t0) (D)2 19 (= e By

2¢ “At 2 2
< (Ke)ge (’U 2,(5\S1)xw T ’uw’2,(5\51)xw)
€

2c: .9 </t 2 / /t 2 )
e e 71 ds + Uoo|” dsdx
(K€)3 9 | |2,(Qsﬂ{s}xNg)Xw Ny xew Ji—o ’ ’

2 (1 +2 (C’)2> e .
< 3 e Y <19 —l—/ / |uoo|2dsdx> .
(KE) Ny xw Jt—19

This implies that

IN

2 2 —Act 2
(1= o) ()3 5 IV (1 = ) B 5w < Coe ™7 (1 3 7y )

2(14+2(C")?)ce . .
where C, = (—227)3))6 Then Theorem m is proved for each choice of ¢ > % O
Remark 2.7. i. Since \: depends on e continuously, the above theorem remains true for all
A< A= sup€>%2 Ae. BRven if it is possible to deduce that the above sup is a maximum, we
1

cannot confirm that this value is the optimal \ since this depends on the used techniques. For
example if we write ) without the first norm we can only take c. = CO(IL(}SB?E).

B1—2
ii. It is clear that if [ucc|y pr, «., grows polynomially or even exponentially with [uss|y vy, ., = O (e‘w)
for é < Sup__ s, Ae, Theorem shows that u tends to us exponentially as 9 — oo.
B1

iii. It is possible to show firstly that u (t) is a Cauchy sequence in L? ((t —1,t);HL  (R™ x (I))) and
by consequence its limit exists, but we cannot use it to get a sharp estimate as above. In fact
we will be limited to L? (Q;) estimate of f where the measure of non-suitable regions will be

considered and we cannot benefit from the mazximum principle results.

w. We can apply the same techniques of Theorem @ to get the same estimate on larger time
intervals, i.e. we may estimate the norm |V (u — us)|, (t—n.t)x Qs JOT sOME constant 1 > 0.

2.3.2 Some Applications

We have seen that the solutions u to (@) and_uy, to (@) behave similarly when ¢ — co. However,
it has also been shown that the limit problem (R.5), which is also the steady-state problem of (2.2), is
depending on the structure of the data (see [15,[17,27,81]). We will consider here two particular cases
for which we can describe the behaviour of the solution u at the limit by a simpler form of Problem
(@) We will investigate the case of periodic structure and the case of cylindrical symmetries. This
allows also to have more clear vision about the solution of Problem (R.5).
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Periodic structures

In this part we will investigate the case of periodic data and we will show that the periodicity of the

data forces u to be periodic at the limit when ¢, X; — oco. We assume that (aij)z‘j:1 _, and f are
periodic in X; with period P, i.e.
aij (X1 + Peg, X2) = aij (X1,X2), f(X1+ Peg, Xo) = f (X1, X5), (2.19)

ae. = (X1,Xo) eR" xw, k=1,...,m.
((er) denotes the canonical basis of R™). We denote by C the period cell
C=(0,P)".

Note that for a periodic function f € L2 . (Rm; L? (w)) we have in particular f € L? (C x w).
Let us consider u, solution to

Uoo € Hj per (C X w,0w),
AV - Vodr = / fodx Vv e H&per (C X w,0w),

Cxw

(2.20)

Cxw

where Hj ., (C X w, dw) is defined by
H&per(Cxw,aw): {ve H (Cxw)|[v=00nCxdw, v(x+ Pe)=0v(z),
Vee dC xwNn{xp =0}, k=1,...,m}.

It is clear that, under the assumptions (@) and (), the problem () has a unique solution
Uso € H&per (C X w,0w). We suppose from now on that u. is extended by periodicity P on the whole
strip R™ x w. This extended function is nothing else than the limit solution of (R.5) as it is shown in
the following.

Lemma 2.3. The extended function us 1s the unique limit solution to (@) satisfying the constraint
Vitooly 5, = O (tm/Q) : (2.21)
where By = (—tP,tP)™ x w. In particular, we have
/ AVues - Vodr = / fvdr Yv e D(R™ x w). (2.22)
R™ Xw R™ X w

Proof. The integral identity () is shown in [B1, Lemma 2.4] and () is coming from the period-
icity of Ueo. O

Using now Theorem @ and taking into account Lemma @ we get

2 -9 2
IV (1= o) 351 1w € OO (14 ool ) (2.23)
where C, A\ are positive constants independent of ¢t. Assume that the minimal covering (@) kel of
Q(t) C Q, consisting of the translation of C, satisfies
Oc U Cr, CtNC; =0 for k # j, card(I) =0 (ew> as t — oo, (2.24)

kel
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for some small enough v > 0. Then there exists a covering (@) of Ny such that

keJ
card(J) =0 (19"%719) as t — 00.

It follows from the above inequalities that

IV (u— uw)g,S[g]_l xw = Cye™ (1 + / ugodw>
UkEJCka

< Ce™ (1 + Z/ ugodx>
ke /Crxw

< C’ﬁe_wcard((])/ u? dx

0
Cxw

< C’ﬂm—H e—()\—'y)ﬂ )

We choose v small enough such that A > ~. Then we can state the following result.

Corollary 2.1. For t large enough and under the hypotheses (@), @), ) and ), there

exist positive constants C and [ independent of t such that
—Bv
0 110) (Dl [V (0~ )y i < O 9220,

where 1 is a positive constant, u and u~ are respectively the solutions of @) and )

Let us now consider some examples. Set Q; = (=P (t + to) , P (t + to))™ with some constant ¢y > 0.
Then we have card(I) < (2 [t + to] +2)™. Thus we can choose 9 such that t = O (¢”) for some small
enough v > 0, and the result of Corollary follows. For a more general example, the largest
Q= (—PL(t),PL(t))™ (L (t) is a function of ¢) that ensures the results of Corollary .1 is controlled
by the condition L (t) = O (67’9) , for some small enough ~ > 0.

Cylindrical symmetries

We now consider the case where the data are independent of X7 to establish the immediate extension
of the results obtained in [44]. Setting

A= < A An > ; Aj1 is a m X m-matrix, Ago isa (n —m) x (n — m)-matrix,
Ao Ago
and we suppose in addition to the assumption (@) that Ajg = A2 (X2), A2 = Az (X2) and
f € L? (w) are only depending on X». By the Lax-Milgram theorem there exists a unique s, solution
to
Uso€ Hi (W), / A2V x,Uoo - Vx,vdXo = / fodXs Yo € H} (w). (2.25)

w w

Since us, and Ajo are independent of ¢ and X1, it follows easily from () that

/ AV - Vodr = / fvdx Yv e D (R™ xw),
R™ xw

R™ xw
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where uso (X1, X2) = uoo (X2) is extended as a function on R x w satisfying
|vu00|2,3t = (2t)m/2 |VX2U‘OO‘27OJ =0 (tm/2) s

for By = (=t,t)™ X w. Thus the extended function u, is the unique limit solution to (@) Using now
Theorem @, we end up with

2 -9 2
1V (1= o) B 51, < CO (14 oo B ng )
where C, \ are positive constants independent of t. As u. is independent of ¢ and X7, we have
V (u— uso)l3 < C¥e M mes (N,
|V (u u°°)|2,5[19]7lxw < C¥e "mes (Ny) .

Finally, we can state the following Corollary.

Corollary 2.2. Fort large enough and under the above hypotheses, there exist positive constants C
and A independent of t such that

2 2 -0
= 1) (D2 g+ 19 (= ws0)2 e < O mes (M),
where 1 is a positive constant, w and us, are the solutions of @) and ) respectively.

Remark 2.8. If Qs a star-shaped domain, the above estimates can be written as

(1= 100} (O s 1V (0= )} (s < CO ™ mes (Q).

2.4 Corrector results

In order to get a complete description, we here deal with the asymptotic behaviour of the solution of
the heat equation near the parts of the boundary becoming very far away when t — oo, for which no
information is given about the behaviour of the solution in the above study. This, of course, leads to
define correctors depending on time. We have succeeded in establishing that these correctors do not
necessary keep the same nature as the solution u, i.e. even if they depend on the time ¢, they are not
necessarily solutions to parabolic problems.

2.4.1 Construction of correctors

Let us then adapt the framework in order to construct the correctors. Let a € C* [0, 00) be a positive
and strictly nondecreasing function such that

a(0) > 0, limy_yoo a () = 00, limy_y00 @ (t) =6, (2.26)
for some nonnegative constant §. We set
= (—a(t),a).

Also, we assume that f € L? (w) which means that

flag, = O ((@(s)?). (2.27)
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As we saw above, for ug € L? (), there exist a unique solution u to

t t
(u',v) —l—/ Vu - Vodrds = / fvdzds Vv e F(Q:),
0 Ja, 0 Ja, (2.28)
u(0,.) =ug, ué€F(Q),

and a unique limit solution us, to
Uoo € H& (W) )
2.2
{ —Ax,Uso = f inw. (2.29)

It is also shown that
u(t) = U in H' (O) as t — oo,

where O is a bounded domain of R x w. However, as it is explained in the introduction, one cannot
expect in general that
[u(t) — uooly 9.q, — 0 ast — oco. (2.30)

To recover the convergence on the whole €2, let us construct a simple function w (¢) as a corrector of
U — Uso Which describes the behaviour of u near the end sections {—a (), a (t)} X w, i.e. it satisfies

(U — Uoo — w) (t) — 0 in L% () and |(u — oo — w) (8)120, = 0in L? (t',t) ast — oo,

where ¢’ is depending on ¢ and tends to infinity when ¢ — co.
We denote by Z7 the half cylinders

TS5 = (s,00) x w, I, = (—00,—8) X w.

Besides, we consider w4+ the solution of the following linear elliptic problems

{ —Awy + 00y, we =0 in I, (2.31)

Wi = —Uso o0 {0} X w, wx = 0 on AZF\{0} x w,

where the limit § is given in () The solution of the above problem exists and is unique. In fact, it
can be written as wi = G+ — 0 (71) U € H? (Iéc) where g is a compact supported smooth function
with 9(0) = 1 and 4y € H} (Igt) is the unique solution of the following homogeneous Dirichlet
boundary value problem

/i Vig - Vo £ 00, urvdr = /i V(0 (1) uso) - VU £ 04, (0(x1) Uso) vdx Vv € F (Ioi) .
IU IO

Then, we introduce as a corrector the function w € H' (Q;) defined by
w (t7 Iy, X2) =p (.ﬁUl) Wy (ta x1, XQ) +p (—331) w— (t’ I, XZ) )

where
Wy (t, 21, Xo) = wy (a(t) — 21, X2), w- (8,21, X2) = w- (—a(t) — 21, X2)

and p is the function whose graph is depicted in the following figure.
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0 1 x

Figure 2.1: The function p.

Moreover let us set
Q;t ={t} x (0,ka(t)) x w, Q,;t ={t} x (—ka(t),0) xw, ke N\{0}.

For simplicity of notation, we set
0 =7,

and we keep the same notation for k£ > 1. Besides we set
U ={ve " (QF) | v=0o0n 90" \{0} x w}
and for v € Z/lt+ (resp. v € U, ), we also denote by ¢ and ¥ the functions defined as

~ . ’U($1,X2) if T 2 0, ~ . ’U(.Z‘l,XQ) if I S O,
v(xl’XQ) o { v (—xl,Xg) if r1 < O, v (x17X2) N v (—:El,XQ) if x1 > 0.

Then, we have the following useful lemmas that are proved in [19] for § = 0. Here we need to repeat
the proof because of the new term which requires more details.

Lemma 2.4. For allt > 0, we have the following
(4)

Vg - Vudx — 5/+ Oz, Wyvdr = — Vg - Vodr + 0 Oy Wy ddr Vv € U,
Q3

Qf Q; Q;

(i)

Vw_ - Vvdz + 5/ Op, W_vdr = — Vw_ - Viodx — (5/ Op,w_vdx Yv el .
Q Q 2

of

Proof. (i) Let us consider v € U . Tt is clear that o (a(s) — 1, X2) € H} (Q;s) . Thus, it follows

from () that

. Vwy - Vo (a(s) —x1, Xo) dz + 5/+ Oy w40 (a(8) — 21, Xo) da
Qg Q4

S /+ N Vwy - Vo (a(s) —x1, Xo)dz — 6 O, w40 (a(s) — x1, Xo) dz. (2.32)
af \o

of \af
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Making the change of variable ) = «a/(s) — x1, we get
. Vw, - Vo(a(s) — z1, Xa) dz + 5/+ Op w1 0(a(s) — z1, Xo) do
O Q

= - Vw+‘Vvda:—5/Q+8xlw+vdx

and

Vw, - Vo(a(s) — z1, Xo2) dz + 6 Oy wid(as) — z1, Xo) dz
Qf \ad QF \of

= Vg - Vide — 5/ O, W40 dx.
Qs Qs

The proof of (i) follows then from ()
(73) We will use the same technique used for point (z). Then for v € U, we have ¥ (—a (s) — 21, X2) €

H} (QQ_ S) and from () we obtain

Vw_ - Vi(—a(s) — 21, X2) dz — 5/ O w_t(—a(s) — z1, X2) dz
Qs

Q5
= —/ Vw_ - V@(—a(s) — 1, X2) dr+90 8m1w_6(—a(s) — 1, X2) dx.
Q;’S\Q; Q;_S\Q;
Making this time the change of variable 2j = — (a/(s) + 1), we end up with the second identity in
the above lemma which also finishes the proof. O

Lemma 2.5. There exist positive constants C1 and A independent of t such that

/Ii Vwy|? de < Cpe—rel) /Ii \Vwz|? d.

a(t)—1 0

Proof. Let p be the function depicted in the figure (@) For t large enough we may assume that
a(t) > 2 and for 0 <i < «(t) — 2 we denote by

pii(@1) =p(£(z1Fi)) Vo eR

Since py ;w+ € Hj (Ioi) it follows from () that
/ Vws -V (pywe) do £ 5/ Py 0z, wrwidr =0,
¥ ’ ¥
0 0

which implies

/Zi P+.i

0

0
Vwi|2 dr = — /Ii Oz, Py iOry wrwrdy & 3 /Ii O\ P (wi)2 dz.
0 0
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In fact, this can be proved using the Green formula and the fact that py; = 0 or wy = 0 on the
boundary of ZSE. Now from the definition of p we derive

0
/Ii ’Vwi\zdwﬁ/zi\ ) ’8$1w:|:’|w:t’dx+2/z - (w+)? dw

i+1 (3 Ii+l \ i+1

1
< 5/ 10w |2 da + = <5+ )/ (we)? du,
2 Jzh\zt TA\TE

for some constant € > 0. Applying the Poincaré inequality in w to the last integral, we get for some
positive constant c,,

/ |Vwi]2dx§€/ 100, w | d:n+<6+ )/ Vs | da
i 2 Jros, vk,

i+1
1 1 1 1
§|:E+Cw (6—1—)]/ ]Vwi|2dx—[€+cw (54—)]/ |Vwz |? de.
2 € Iii 2 e Zz‘i

+1
/ Vwy|? de < rs/ \Vw|? d,
7t I*

i+1

’L+1

Consequently,

e24c,,0e+c,,

(oo i) 1oy lterating the above inequality for k=0, ..., [a(t)] — 2 we end up with

/ Vw|? de < rga(t)]_l/ Vwy|? de
I* s

a(t)—1 0

where r. =

< Cge—:\ga(t)

)
where C. and ). are positive constants given by

S

0

- 2
|Vws|*dz and \. = —Inr, = In (1 + mM) . (2.33)

Taking A\ = max.o e, this achieves the proof of Lemma @ O

Let now p and ¢ be positive real valued functions such that
q(t) = oo, t—(p(t)+q(t)) = oo ast — oo. (2.34)

Note that p (¢) may also tend to oo when t — co. Let us first state the following theorem establishing
the main estimate error in its general form.

Theorem 2.3. Suppose that ) and ) are fulfilled, that f € L? (w) and that ug € L* ().
Then there exist positive constants Co, Cs and o independent of t such that

(U — toe — w) (t,.)|* dz, / / IV (4 — too — w)|* dzds
Qt t pt
oot

<Co(1+a(t—([pt)]+]q
la(®)]—2 ) B
+ C3 Z ([ ( )] +k+ 1) [maxse(t ([p(H)]+k+1),t) ‘O/ — 5‘ + eiAa(ti([p(t)]JrkJrl)) , (235)
k=1

where X\ is the constant whose existence is proved in Lemma @
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Proof. For t,k > 0 with £ + 1 < t, we denote by p;, the time dependent continuous function defined
on R* as

pr=0o0n (0,t —k—1), p islinearon (t—k—1,t —k), pp=1on (t—k,o0).

It is clear that
P2 (U — oo — w) € F(Q;) and that 0 < (p,)' < 1.

Thus, from (2.23), () and since uq is independent of ¢ and z1, we drive

t
< (U = too) ", P (U = tioe — w) >+/ / V (u—tso) - V (7 (U — o — w)) dads = 0.
This can also be written as follows

< (P (U= Uos — W), g (U — Uos — W) >+/ |ka(u—uoo—w)|2dxds

Qs
/ / OtPrPr (U — Uso — W dmds—/ / Peoyw (U — Uoe — w) dads

// kaw V (u — U — w) dzds
t
:/ / OtDiPr (u—uoo—w)deds—l—/ /+alf)zp(x1)8xlw+ (U — Uoo — p (1) Wy) dxds
0o Ja, o Jai

¢ t
— / / & pip (—x1) Opy W (U — Uoo — p (—x1) W_) drds — / / VW -V (U — Uso — w) dads.
0 JOay 0 JQ,

Applying the integration by parts formula and taking into account the definitions of p and p;, we
deduce

t
1|(u—uoo—w)(t,.)2 +/ / 17V (U — e — w)|? dads
2 ’ t—k—1.J0,
t—Fk t
—/ / i (1 — oo — w)? dxds—i—/ / (o = 8) pirp (1) Opy 04 (U — Uso — p (71) Wy ) dds
t—k—1JQ t—k—1JQF
t
— / / (o = 8) prp (—21) Oy W— (U — U — p (—1) W_) duds
t—k—1J05
t
[ () 000 (0w = par) 04) = VT (s p ) ) ) ds
t—k—1 of
t
- / ,5%/ p(—x1) (603, 0— (U — Uso — p (—x1) W_) + VW_ - V (U — Use — p(—21) w-)) dzds
t—k—1 Q
t
L (v p ) ) deds
t
/ i / Op, (U — Uoo — p(—x1) W) dzds, (2.36)
t—k— 1 ( 10)><w

where the positive constant § is the limit of o/, as ¢ — co. Then we apply Lemma @ to deal with
the terms of the fourth and the fifth lines in the above identity. We derive
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/ 72 /+ (=Vy - V(u — too — p(21)W04) 4 605, 04 (U — U — p(a1)w4)) dz ds
t—k— 7F g

= / pz( Vg - V(u — s — p(z1)wy) do
t—k—1 Q5

—

-9 Oz, 04 (U — Uo — p(21)Wy) da:) ds
Qs

* /tk1 i /(Oyl)xw(p(wl) 1) (=Viy - V(1 — oo — pla1)ivy )

+ 00, W4 (U — uso — p(z1)w4)) dz ds

and

—/ Z)z/_p(—xl)(Vw-V(u—uoo—p( z1)w-)
t—k—1 ;
+ 005, W— (U — Use — p(—x1)W_)) dz: ds

t
= / pi( Vi_ - V(u— s — p(—z1)w-) dz
t—k—1
+ 5/ Oy ( — p(—z1)w-) da:) ds
+/ ﬁ%/ (1= p(—21)) V- - V(u -t — p(—z1)0_) dz ds
t—k—1  J(~1,0)xw

t
+ / ﬁi/ §(1 = p(=21)) 0y, W (u — Uoo — p(—x1)w_) da ds.
t—k—1  J(=1,0)xw

Going back to (), using the above identities and the inequalities of Cauchy-Shwartz, Poincaré and
Young, it follows from the definition of p that

1 ¢ s
5 (s —w) (t, )30, + / 51V (= oo — w)|* dads
t—k—1J Qg

t—k
§/ / P (U — Uso — w)? dads
t—k—1 JQ;

t
+ gmaxse(t,k,l’t) o/ (s) — 5|2/ / Vo | de + / \Va_ | deds
t—k—1JQf Qs

14+46) [
Le+d) / / Vo [2do + / Vo [* do + / (V- + @4 ?) da
2 t—k—1 \JOg of (0,1)xw

s

/
+ / <\Vu‘1_]2+]u7_\2) dx ds—|—3+0(1+26/ / 1PeV (1 — s — w)|* dads,
(—1,0)xw 2e t—k—1
(2.37)

3+, (1+26)
2

/ |V@]2dm:/ IVo|* da and/ |V5|2dac:/ Vo> dz Vv e H} ().
07 of of Q5

S

where € > and ¢, is the Poincaré constant. Note that
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Making the change of variables | = a/(s) — 21 and 2} = —a/(s) — 1, we obtain

t
/ / |Vw+]2dm+/ \Vio_|*deds < (1+ k) (/ |Vw+|2d:n~|—/ |Vw|2dx>. (2.38)
t—k—1JQf Qs i Iy

0

On the other hand, using the Poincaré inequality and Lemma @, it follows that

t
/ / |Vw+|2d:c+/ ]Vw_|2dac—i—/ (\Vw+|2+|w+]2)d:cds
t—k—1JQ5 Qf (0,1) xw

t b
+ / / (|vw,|2 + |- *) dads
t—k—1J(—1,0)xw
t

< (2+c;;) / |Vw+]2d:r—|—/ Vw_|? dzds
t—k—1JIF

a(s)—1 Ia(s)fl

t .
/ IV, |* dz + / Vw_[*dz | x (/ e_’\o‘(s)ds>
5 Iy t—k—1

0

/I+ |V, | de + /I Vuw_ 2 dm) (14 k) e~ ralt=k=1) (2.39)

0 0

Combining (2.37), (£:38) and (2:39) we get

t
/ / IV (4 — oo — w)|* dds
t—k J Qs

t—k -
<C: (/ / (U — tog — w)|? dads + (1 + k) (maxse(t,k,u) o — 6‘2 + e)‘a(tkl)>)
t—k—1.JQ,

t—k -
<C: <CZJ/ - /Q IV (4 — toe — w)|* dazds + (1 + k) (maxse(t_k_u) o/ — 5‘2 + e_’\o‘(t_k_l))> ,
t—k— s

(2.40)

where

2e 52 2 2
_ d _2d
Ce max(25—3—c;(1+25)’25—3—c{d(1+25) (/1+wa+| ”H/I-'vw | ”””)

0 0

€20y (14 0) (2 + c;;) , ,
2 —3—c (1+20) /IaL |Vw, | dm+/z_ \Vw_|"dx | | .

0

This implies, in particular, that

t
/ / IV (4 — too — w)|* dads
t—k J Qs

t .
< 7“2/ o /Q IV (u — too — w)\2 drds +rl (1 + k) [maxse(t_k_u) !0/ — (5‘2 + e re(t—k—1) ,
t—k— S

1 /
with 7l = Ce max (1, ¢,) . Iterating k from [p(¢)] + 1 to [p(¢)] + [¢(¢)] — 1 in the above formula, we
3

E]_—r C:max (1,c,)
can use (2.40) to obtain
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t t
/ / V(u—uoo—w)|2d$d5§ré/ / IV (4 — oo — w)|* dds
t=(lp(®)]+1) JQs t=(lp(M)]+2) J Qs

+ T:: (p(t)] +2) [maxse(t—([p(t)]+2),t) ‘O/ — (5}2 + e—S\a(t—([p(t)}+2)):|

t
< (r;)Q/ / IV (u — oo — w)|* dads
t=([p()]+3) /s

2 9 et
() (O] +3) [maxseu—(wm),t) o/ — 8] et <[p<t>1+3>>]
2 _Aali—
7L ([p(8)] + 2) [maxe- g [o =3[+ EOH2D)]
<.
t
< ()" 3/ / IV (1 = too — )| dads
(Ip(®)]+[a()]-2)
la@®)]- 3
+ +k‘+ ) [maxse( —([p(t)]+k+1),t) |04 — (5‘ —|—e_’\o‘(t_([p(t)]+k+1))]
k=1
t—([p(t)]+[g(t)
< C. ()1 / / (U — too — w)|? dads
-1)
la(®)]-2 i 2 ]
+(Co+1) Y (D) (M) +k+1) [maxse( ke | = 0] +6—Aa<t—<[p(t>1+k+1)>].
k=1

Applying Lemma @ to the last integral in the above formula and using (), we get

t=(lp(®)]+1a(®)]-2) )
/ / (4 — U — w)|” dzds
t ®)]-1) Qs
[p(H)]+[a(t)
/ (/ u|® dz + oo |? dm—{—/ [k dﬂ:—l—/ lw_|? dm) ds
Qs Qs

—(p(®+la(®)-2) ) , )
gco(1+2 () ) / / oo dmds—i—l—l—/ | da:—i—/ lw_|? dz
—(pO)+a0]-1) Ja. It I

0 0

200 (t—([p(t)]+[q(t)]—2))/ |uoo|2dX2+1+/I+ |w+!2da;+/ !w—\Qda:],

0

<G (1+2(c")?)

where Cp is a positive constant independent of ¢. Using the change of variable 2} = « (s) — z1 and
) = —(a(s) +x1), we end up with

/t_ ) IV (u — too — w)|2 dzds < C’é (1+at—([p@®)] + [q®)] —2)) o—oealt)

la(®)]-2

+H(Co+1) 3 (W] +k+1) e maxoe o (poern o — 0]+ €7M(t*([p(t)]+k“))] ;
k=1
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where

Co (1 2 (C/)Q) Ce 2 2 2
oc=—Inrl and C. = max 2/]%0] ng,l—i—/+ |w | dac—l—/ |lw_|"dzx | .
w 1, 5

4
(Tz/-:) 0 Iy

Note that we can always improve o. when € varies along the interval (w, oo). This ends the

proof.

2.4.2 Sharper analysis

A deeper analysis shows more clearly what the above theorem hides as a convergence rate. The
simplest convergence result can be state as follows.

Corollary 2.3. In addition to the assumptions of Theorem @, suppose that
a(t—([p®)] +[a®)] —2) e 0 ast — oo, (2.41)
2 p(t)e_xa(t_(p(th(t)_l)) —0 ast— oo. (2.42)

(1) MaX e (1 (p(t)+q(t)-1).0) [0 — 0

Then it results that

t
(4 — uso — w) (t,.) da, / |t — oo — w|%72795 ds -0 ast— oo. (2.43)
Qt t_p(t)

Proof. Since o' (t) — § and « (t) — oo when t — oo, it follows from () that

L (p(t) + 1) e U= +HO-1) 0 ast o0, (2.44)

(p(t) + 1) maxse (1 (p(r)+9(t)
In fact ( is more workable than () when we deal with the rate of convergence. Now going

back to (R.35) we derive
la(®)]—2
()] +k+1)e”" (maXse( ki | =0+ @*)‘O‘(t*([p(t)PrkJrl)))
k=1
la(t)]—2
= (maxse( —(p(t)+q(t)-1),t) ‘Of —5’ + e~ ralt=(pB)+a(®) ) Z 1)+ k+2)e ok
k=1
<C(p(t)+1) (maxse( () +a(t)— ’a _5} +e —Xa(t—(p(t)+q(t)— 1))> 0 ast— oo,

where C' is a positive constant independent of ¢t. Thus, the corollary is an immediate consequence of

Theorem @, () and () O

Remark 2.9. For any choice of a, we can ensure some convergence results, of course with respect

to a convenient time interval length. This is the case for p(t) = cst and q(t) = £. This last choice
allows to treat the rate of convergence of the term / [(u — toe — w) (t,.)|* dz since it is independent

of the choice of p, i.e. we have for some constant k >t 0
. kot 2
|(u — uso — w) (¢, )‘gﬂt =0 (mln <e ”a(2),maxs€(%yt) o/ — §| )) . (2.45)

Of course, this also means that the above norm always tends to 0.
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Since the rate of convergence in Theorem @ depends on the rate of convergence of o’ towards 4,
the following lemma gives more information about the last one.

Lemma 2.6. If § =0, we never have o’ (t) = O (t%), for 6 > 1 and t large.

Proof. Suppose by contradiction that o' (t) = O (t%

C such that, for ¢ much bigger than 0,

) with 6 > 1, then there exists a positive constant

o (t) < %

Integrating over some interval [s,t], we derive

a(t) <al(s)+ 1?0 (t(,l_l - 891_1>-

Passing to the limit when ¢ — oo, we get lim;_, « () < oo which is a contradiction and hence the
lemma holds. O

Remark 2.10. If 6 # 0, it is possible to find « such that |o/ — 5| = O (e“%) with 6 > 0 (for instance
a(t) =0t —e %),

Thanks to the above remark, we will look for the possible exponential rate of convergence that
can be ensured by Theorem P.3. The largest convergence time interval will be also dealt with in the
following Corollary.

Corollary 2.4. If § # 0, suppose that the assumptions of Theorem @ are satisfied and that

t—p(t)
Inp (1)

oo, p(t) maxse<#’t) o — 5‘2 —0 ast— oo. (2.46)

Then we have

t
/ |u — U — w|§72’QS ds -0 ast— oo. (2.47)
t=p(t)

Moreover if o/ converges to 6 exponentially, i.e.
o/ (t) = 8| < Ce Pt for some C, 8 > 0, (2.48)

we have

t 3 ~
(U= Uoo —w) (£, )]0, » / |u—uoo—w|§29 ds < Ce ™t for some C,3 > 0. (2.49)
b t < S
3

that there exists ¢ satisfying ). Since § # 0, it follows that « (t) ~ ¢t when t — oo. Therefore, we
have

Proof. According to Theorem R.3, it is enough to check that the limits (), () hold and to ensure
(

a(t—([p®)] +[a®)] —2) e =0 ((t = p(t) —q(t)) e“’q“’) ; (2.50)
(p(t) + 1) e~ lt=(®+aO-1) _ o ((p(t) 1) e%(t—(p(tm(t)))) 7 (2.51)
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for some positive constant 6, whenever ¢ — p(t) — q(t) — oo when ¢t — oco. Taking ¢ (t) =t — p(t) —
wlnp(t), for p large enough, we derive

a (t = (O] + la(t)] = 2) =1 = O (np (1) eot-rOwbr) ),

(p(t) + 1) e~ relt=EO+a®-1) — o (e—e' 1np(t>> :

where 0’ is a positive constant independent of ¢. Using (R.46) we end up with (2.41)), () and thus we
have () Now, for the exponential rate of convergence (R.49) we consider (R.4§) and take p(t) = %,

q(t) = % in (M) and (M) Then the corollary follows from (I‘Z?ﬁ), (|24]J) and (b44l) O
Remark 2.11. i. In fact it was supposed_that p (t) — oo when t — oo in Corollary to consider
the largest interval of convergence in ).

ii. Note that if p(t) =t —alnt, for a small enough, Theorem @ does not give any information
about the convergence ) since the last term in ) tends to oo.

111. Instead of the assumption i;g((:)) — 00, in Corollary , it is enough to assume that t — p (t) +

plnp (t) — oo for a constant p large enough.

Now we will investigate the case § = 0. Of course here the rate of convergence is at most polynomial
with power less or equal than 1. However since we cannot go beyond % in the rate of convergence of
o/ (t) (see Lemma @), we assume that

In®t ()
th

o (t) ~

For the convergence time interval, the convenient choice for the present study can be given as

with 0 <; <1 and 6; € R. (2.52)

p(t) ~ t21n% (t) with Iy < 1 and J; € R. (2.53)

Of course, to ensure that p (t) < ¢t and o’ (t) — 0 when ¢t — oo we have to assume that d2 € (—00,0)
if [ =1 and 0; € (—00,0) if I; = 0. However, we can easily check that

t —p(t) =t when t — co.

Then we have the following result.

Corollary 2.5. In addition to the assumptions of Theorem @, we assume that ) and ) are
satisfied. Then we have (@) with the rates of convergence summarized in the tables below, according
to the values of the parameters.

— IfO <h<l1
Parameters Rate of convergence
lo 09
(—00,0) / 10291 (¢)
0 EXUEE (")
lo =201, It 75 0 (*00, *261) (62+201)
=10 =0 020 ¢ (m (t))
(0,2l1) / 0 <1n(52+251>(t)>
l2=0, L £0 | (0,00) )
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—Ifli=1and 6; > —

Cases Parameters Rate of conw.
- _ 1

. P (e

A2 l2 < O} 51 E(_]" 0) O <t>\Tlr1151 (t)

As orlo=0anddy <0 |6 =0 O <t"““ o)

Ay 81 >0 0 (1“2‘”“ )

As Iy = \r 63 <0, 61 =0 O (In’ (¢
Iy € (0,1] N (0, M), n

Ag 2 € (0,1] ( 7’) 5, =0 0 (tml 22)(:) 12)
orly =0 and 63 >0

A7 lo=0 0<(52</~\7“,51=— O<1 t>
Iy € (0, 1] R In(92+201) (¢

As orly =0 and 65 >0 01>0 O( 20 )

Ay | 1=0 6, >0, 51 €(-1,0) |0 (0.

The constant r is coming from the assumptions (-) and (-)
Keeping the same assumptions, except ) (which is not needed), then if l; = 1 and 617 > —1 the

rate of convergence of |(u — Uso — w) (¢ ")|2,Qt — 0 is as in the above cases Ay, Aa, As, A4 and if

0 <!y <1 we have
In®t (t)

Proof. Firstly, assume that 0 < Iy < 1. Then if §; < 0 (resp. d; > 0), there exist positive constants
c1, co such that, for ¢ large enough,

C]_ / 02 C]. ! 62

Integrating over the interval (0,¢) we derive
l
clt%(l_ll) <a(t) < cot! ™l (resp. at'™h < a (t) < cgtl_?l) .

Using this and taking ¢(t) = % we get, in both cases, for some Bl, Bz >0

a(t = (Ip)] + lg®)] =) 71O = 0 (eFrt),
(p(t) +1) e—ra(t—(p()+a(t)-1)) — O <(p(t) +1) 6—5\61t%(1_l1)> —-0 <€—B2t%<1—11)> '

Note that if lo < 0, or [y = 0 and d2 < 0, p(t) is bounded. Then, from () we deduce

(2.54)

2 In201 (¢
(p(t) + 1) maXye (t—(p(t)+q(t)+1).0) | @] = O (75211()> - (2.55)
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Next, if Io > 0, or I = 0 and d2 > 0, we get from () and ()

2 1n(261+62) (t)
(p(t) + 1) maxye (1—(p(t) +q()+1).0) || = O —ehh (2.56)

To deal with the global rate of convergence we will only take into account the estimates ), (R.56)
and we distinguish six cases. If [ < 0, or [y = 0 and d2 < 0 the rate of convergence is as in (R.55). Then,

if lo =20y, 11 # 0 and 09 < —2; we obtain () with O (ln(52+251) (t)) as a rate of convergence.

The same rate of convergence still takes place for the forth case ls =1y = 0 and 0 < —26;. For
p.47)

the fifth and the last cases 0 < ly < 21, or ls =0, [; # 0 and J2 > 0, we also have ( and the rate
of convergence is O (%)
Now for I} = 1, to guarantee that « (t) — oo when t — oo we need to assume that §; > —1. That is
to say

a(t) = I+ () for 6; > —1,
a(t

)~In(lnt) ford; =—1. (2.57)

This implies, by choosing ¢(t) = tig(t), that the first estimate in (), () and (R.50) still hold
(with Iy = 1). Here the second term in () requires a deeper analysis since we lose the exponential
rate of convergence. We will take into account the above two first cases with the last two ones and
we omit the third and the fourth ones.

- For the first two cases ls < 0, or Iy = 0 and 02 < 0 (i.e. p(t) is bounded) there exists a constant
r > 0 (coming from ()) such that

1
O (m) for 61 > —].,

(p(t) + 1) e~ relt=@O+a®)-1) =

1 —
lns‘r(t)> for 61 = —1.

Combining the above estimates with (), we end up with the following rates of convergence

1 1
O = for 51 = —1, O <~6> for —1< 51 < 0,
ln)\r (t) AT In®1 (1)
In?t (t)

1
O <trn1n(2,5\7")> for 51 = 0, O < t2 ) for 51 > 0,

which shows Aq,..., Ay4.
- Now we pass to the fifth and the last cases 0 < ly <1, or ls = 0 and d2 > 0 (i.e. p(¢) is unbounded).
Using (R.53) and (E?l), it is obvious that

O (%) for 6, > —1,

A 712+5\7' %1 (t)
p(t) +1 e ra(t=(p(t)+q(t)-1)) _ A
(p(t) +1) O(W) for 6; = —1.

It is clear that, when §; < 0 and I # 0 we can not deduce any information about the convergence.
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However, by using () and the above estimate, the rate of convergence in () is given by

O (in (1)) for 1> = Jr, 6> < 0 amd &, =0,
In% (t) -
1o (WW) for (0 <ly<Aror (=005 > 0)) and 6, = 0,

- B (62+201)
O <1n(52—M) (t)) for Iy =0,0 < dy < Arand 6, = —1, O <lnt2b(’f) for 6; > 0,

In’2 (¢
0(M> forly = 0,0, >0and —1 <8, <0,

which shows the remaining cases As — Ag.

Next, in order to specify the rate of convergence (), we only need to take care of the case when p
is bounded, i.e. when ls < 0, or I3 = 0 and do < 0. This means that we only need to compare between

26 < Tao
the rate of convergence of tml l(t) and e t2" ™ Ghen 0 < 1) < 1. When Iy = 1 we compare between
26
™ ©) t; ®) and
O (m) for 61 > —1,
lnilT(t)) for 61 = —1.
This completes the proof of the corollary @ O

Remark 2.12. Note that the omission of the case lo =1 and do = 0 from ) is not justified except
if the equivalence t — p (t) ~ t is violated. We can guarantee this equivalence for example for p (t) = %
and by consequence we have the corresponding rates of convergence.

Remark 2.13. If the parabolic equation is homogeneous (i.e. f =10), then uo = w = 0. This means
that there is no boundary layer and in the above convergences we only need to replace v — U — w by
u. In fact, this is true since u and its limit are in the same space Hi (R x w).



Chapter 3

Asymptotic behaviour of quasilinear
parabolic equations in moving
boundary domains

This chapter is devoted to study the stability of some quasilinear parabolic equations in a noncylin-
drical domain ) that expands as t increases. Here the Minty-Browder technique, based on some
special estimates, will be used to prove the convergence theorems. Also, some sufficient conditions are
formulated in order to improve the rate of convergence.

3.1 Setting the problem

We keep the notation of the chapter 2. We denote by @ the noncylindrical domain of R™ x R™ defined
by
Q:{(m,t) |z € QU X wy, t>0},

where €, and w; are nondecreasing sequences of open sets of R” and R"™™ respectively, 1 < m < n,
such that € (resp. w;) is becoming unbounded (resp. bounded) when ¢t — oo, i.e.

@%Qo)(&)oCCQtlxwtl CCQtQth2 \V/0<t1<t2,

lim dist (Qo,aﬂt) = oo and lim dist (wg, dw;) < 0.

t—o0 t—o0
We set

VE>0, Qr={(s5,7) €Q|s<th, Q=0 xw, Tt =(0Q\20) NQ,
w=Up e
and for x € ; we denote by X the m first coordinates of z and by X5 the n — m last ones, i.e.
xr = (Xl,X2> with X1 = (.’L’l, e ,.I‘m) 5 X2 = (l‘m+1, e ,:Bn) .

Also we use the notation

Vxu= (0pt,...,00,u), Vxou= (0ppi1U-..,0u).

52
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Now for ug € L? (Q9) and f € L7 (w), we consider the following quasilinear parabolic boundary value

problem
W+ Au=u — > 0Opai(r,u,Vu)= f(X2) in Q,

1<i<n
u=20 on I'y,
u(0,.) = ugp on ,

(3.1)

where a(z,€) = (a; (%,€)),<;<, is a family of Carathéodory functions defined on R" x R™"*! and
satisfy suitable coerciveness, monotonicity and growth conditions, i.e. for all £ = (;),, & = (52) €
K3

R k=1,...,n and for a.e. x in R™, there exist positive constants a; and ag such that
>ooai(z, )& > Y 161, (3.2)
1<i<n 1<i<n
Z (az(m,f) - ai((L‘,f/)) (gz - g;) > 07 (33)
1<i<n

(x,&) — ag(x, &) is measurable on R" x R

& — ay(z,€) is continuous on R™*! for a.e. z in R”,

0<i<n

’ak('xaé.O:gl’ s 7§n)| S Qg (g (XQ) + E ’gi‘p_1> with g € L;Ioc(Rn_m)' (36)

In addition to the above assumptions, we assume that for 1 < i < n, the coefficient a; satisfies

ai(w7§()7 07 [ 707§m+17 e 7€n) = ai(X27§07 07 e 707§m+1a e 7§n) = ai(X27€O7§m+1? e 7§n) (37)

Then we set
Awuoo = — Zm+l§i§n 8xiai(X27 Uoo, VXQUOO) (38)

Formally, if we pass to the limit in (@), when t — oo, the candidate limit is a solution to an elliptic
problem defined on a lower dimensional domain w as follows

{ Autios = f(X2) Inw,

Uso = 0 on Ow. (3.9)

Of course, the existence of u a weak solution to (@) is unique and the limit problem (@) has
at least one solution, which is also unique if A, is strictly monotone (for the existence results see
[9,50,52,b4,57,59]). The solution of each problem is understood in the following weak sense: find a
solution u € F (Q1) (resp. uoo € Wy (w)) such that

t t
<u',v> +/ (Au,v) ds = / f(Xo)vdzds Vv € F (Qy),
0 ° 0 Ja, (3.10)
u (O) ) = Uuo,
and
(Avu,v), = / Z a;i (X2, Uoo, V Xy Uoo )0z, v dXo = / f(Xo)v dXs Vv e Wol’p (w), (3.11)
Y m+1<i<n w
where

F(Q)={uecVy o €V} withV; = {v € L2(Qy) | v (s,.) € WEP(Q), Vs < t} :

V/ is its dual.
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3.2 Estimate results

We start with some useful estimates of the solution u of (@) that will play an essential role in the
proof of our main results. Let uj,u3 € L? (Q) and f1, f2 € LY (R™ x w). Then we have

Proposition 3.1 (The Weak Maximum Principal). Under the assumptions )—), let uy (resp.
ug) be the weak solution of ), when we replace (ug, f) by (u(l),fl) (resp. (ug,fg)). If we suppose
that ul < w3 a.e. on Qo and f1 < fo a.e. on R™ x w, then for every t > 0 it holds that

uy <ug a.e. on Q. (3.12)

We obtain the same result for the problem (@), if we substitute the monotonicity of A, by its strict
monotonicity and of course fi, fo € L1 (w).

Proof. By the comparison of the two identities obtained from (), replacing (ug, f) by (u(l), fl) and
(u%, f2) , we deduce

t t
< (up —up) ,v > —i—/ (Aut — Aug, v)q_ds = / / (f1 — f2) vdzds, (3.13)
0 0 Qs

for all v € F(Q). Since v = (u1 —uz)" € F(Qy), we can take it as a test function in () Then,
from the inequality fi < fo we have

t
< (ug —u2)", (ug — U2)+ > —I—/ / Z (ai(z,u1, Vur) — a;(z, ug, Vug))0y, (u; — ug)jL dxds < 0.
0 JQq1<i<n
The monotonicity condition (@) allows to write
< (U1 — UQ), R (u1 — U2)+ >< 0.

Using the integration by parts formula (see [53]) and the assumption u} < u3 we obtain

ro < |- =0

+
‘(Ul - u2) (t’ ) 2,0 — 2,00

this shows that (u; —ug)" (¢,.) = 0 and by consequence () The proof of the second part of the
proposition is similar. ]

Now we use this proposition to prove the following Lemmas. First, we suppose that
ug € L™ (Qp) with M = |u0‘oo,§20 (3.14)

and we set
1 1 1

Po n—m 2

Then, we have

Lemma 3.1. Under the assumptions (@)—(@) and ), we have the following assertions.
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(i) Assume that f and ug are nonnegative (or nonpositive for an analogous statement), then uso
and u are also nonnegative (or nonpositive). Moreover, for p > po, it holds that

U< Uso + M (01 use — M < u).

(17) Let uoo 4 (TESP. Uso,—) be the weak solution of ), obtained if we replace f by [+ (resp. —f~),
then for p > pg we have
Uso— — M < u < Uso 4 + M.
Proof. (i) Taking v = ug, € Wy (w) in () we get
<Awuoo,u;o>w = / f(X2)udXs > 0.
w
Using the coerciveness condition (@), we obtain

al/ }VXQU;O‘deQ <0,

then from the Poincaré inequality we have

/ lus [P dX2 < 0.
w

Hence, we derive that u. is nonnegative. For the positivity of u, we test () by u~, we derive by
using the integration by parts formula and following the same argument as above that u > 0.
Now taking v € F (@) as a test function in (), integrating in Xy and ¢ directions then comparing

with (), we get
t
(', v) +/ / Z [ai(x,u, Vu) — ai(T, Uso, VUso)] Oz, vdxds
0 JQ

s 1<i<n
t
- _/ / Z ai(x’uooavuoo>8xivdl'd$.
0 JQ

s 1<i<m

As Vx, us = 0 it follows from (@) that

t
<u',v> +/ / Z [ai(x,u, Vu) — a;(x, Uoo, Vlsg)] Oy, vdads = — Z a; (T, Uoo, Voo )vVidx
0 JQ

s 1<i<n Tt 1<i<m

= 0. (3.15)

In addition, since p > pg and us > 0, we also have (u — uso — M) € F(Q4). Therefore we can take
it as a test function in ((@) to get

<(u—uoo—M)',(u—uoo—M)+>

t
—l—/ / Z [ai(z,u, Vi) — a; (2, Uoo, Viteo)] Oz, (U — too — M) T dxds = 0.
0 JQ

s 1<i<n
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This implies

<((u—uOo —]\J)Jr)/,(u—uOO —M)+>

+/ Z (ai(z,u, Vu) — a; (2, Uoo, Vo)) Oz, (U — Us) dxds = 0.

—Uoo >M 1<i<n
Using the integration by parts formula and the monotonicity condition (@), we deduce

[(u— e = M) (8,2, < (w0 — use — M) |2 =0,

whence
(U — uoo — M)T = 0.

This shows that u < us,+ M. For the second case where ug, f < 0, we use the same approach choosing
the positive or negative parts of the above test functions.

(7i) Let uq (resp. u_) be the weak solution of (@), obtained when we replace (uq, f) by (uf, fT)
(resp. (—ua, —f‘)). Noting that

—ug <wup <ug and — f7 < f < fF
then from Proposition @, it holds that
U_ <u < ugp

and thanks to (i), we get
Uso,— — M < u_, uy < gy + M.

This completes the proof of the lemma. O
Remark 3.1. Set F = —>7" 1 9y,0;(X2,0,0) € W4 (w). Using Proposition we deduce that
Uso 18 nonnegative whenever f > F in the distributional sense. In addition if ug is nonnegative,
u is also nonnegative. Further, if F is a function in L9 (w), we can replace f (resp. f~) by

F 4 (f — F)"(resp. (F— f)T — F) in the proofs whenever f* (resp. f~) is used and by consequence
we can cover Lemma |3.1.

Remark 3.2. (i) For a more general class of operators, as

Au = Au+ ap(z,u, Vu) = — > Ogai(z,u, Vu) + ap(z, u, Vu),
1<i<n
-Awuoo — AWUOOTLCLO(X%UOO,VXQUOO) = - Z a:tiai(X%uovaguoo) +a0(X27uOOavX2uOO)7
m+1<i<n

(3.16)

the foregoing hypotheses assumed on the operator A can be adapted to the above operators (see [66]),

although the argument used to show the above estimate is not workable for ug € L (Qg). In order to

run the same argument and get an equivalent result we use the sub-supersolution to control the initial
condition. Assume that

o < U0 < Tine, (3.17)

where i € WP (w) ds any weak positive supersolution_and us, € WP (w) is any weak negative sub-
solution of problem ), then the solution of Problem ) stays between the same sub-supersolution.
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In fact, the sets of positive supersolutions and negative subsolutions are not empty, since there exists
at least one solution of Problem ), replacing f by f for the first set and for the second one_we
just replace f by —f~ to find a subsolution. Next, let uy (resp. u—_) be the weak solution of @),
obtained if we replace ug by o, (TESP. Uso) taking into account the operators defined in ) Then,
comparing the equations satisfied by uy and s (Tesp. u— and u~,) yields

<(u+ — Uso) v / /Q Z ai(z, uy, Vuy) — a; (X2, oo, Vx,lco)] Oz, vdxds < 0, (3.18)

s 0<i<n

respectively,

(oo — // Z a; (X2, oo, Vx,Us) — ai(x,u_, Vu_)| Oy,vdxds < 0, (3.19)

Qs 0<i<n

for all v € F(Q¢) and v > 0. Since p > po, U > 0 and_ux ollows that (uy —ﬂoo)+,
(oo —u_)" € F(Qy), we can take them as test functions in (-) and ) respectively. Using the
integration by parts and the monotonicity condition ) we deduce

2 2

|(u+ *ﬂoo)+ (t") 7‘(9’00 *u*)+ (t") <0,
which implies that
o S U—y, Ut < Ugo.
Consequently, we derive easily from Proposition @ that
Uso S U< Uso. (3.20)

(ii) The forthcoming results of this section can be easily extended to the operators ) but for
simplicity reasons, we keep the initial choice A, while ) will be used again.

For 1 < p < py. the solutions of problem (@) do not necessary belong to L? (w), and hence the
results of Lemma @ and Remark cannot be proved by the same argument. To secure these results,
we assume that the operator A is strictly monotone, i.e.

> (ai(az,f) — ai(:c,ﬁl)) (fl — f;) > 0. (3.21)

1<i<n

Then, we have

Lemma 3.2. For 1 < p < pg. Suppose that Assumptions (@), (@)—@) and ) hold. Then we

have the following assertions.

(1) Under the assumption ), let o, Uner € Wy (w) be respectively solutions of problem
) replacing f by —f~ and f*. Then we have

Uso,— — M <u < s + + M. (3.22)
(11) For us < up < oo, we have
o S U S Uso

where lioq € WP (W) (resp. uso € Wl’p( )) is any weak supersolution (resp. subsolution) of
problemo?@) replacmg f oy f+ (resp. —f).
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Proof. (i) Using Lemma @, we obtain
Uoo,—, U— < 0, Uso 4, U+ > 0 and u_ <u < ug.

Now, we follow the same argument as in the proof of Lemma @, we end up with () In fact, since
Uso,— € Wol’p (w), there exists a negative sequence (¢;), C D (w) such that

P = Uso—, as k — 00, in WP (w).
Taking v = (u— — ¢, + M)~ € F(Q:) in the following identity
t
(u’_,v) +/ / Z [ai(x,u_, Vu_) — a;j(Z, Uoo,—, Vlso,—)] Op,vdzds = 0,
0 J9s 1<i<n
we get, from the integration by parts formula
t
/ / Z (ai(x,u—, Vu_) — ai(x, too,—, Vlioo,—)) Og; (u— — ¢, + M)~ dxds > 0.
0 YO 1<i<n

Passing to the limit as k£ — oo, we eventually obtain

/ Z (ai(z,u_, Vu_) — a;(z, Uoo,—, Voo, )) O, (U— — Uso,—) dxds < 0.

— oo~ <=M <<y
Since the operator A is strictly monotone, it follows that
U > Uoo,— — M.
For the second inequality, we use the same above approach we derive that
Ut < Uoo 4 + M.

(ii) The proof of this point is in principle the same as the proof of Remark @, apart from a few
exceptions. So, let @y (resp. 4_) be the weak solution of (él) obtained if we choose 0 < uy < U
(resp. 0 > uy >us) and replace f by f* (resp.—f7). Since i > 0 (resp. us < 0), there exists a
positive (resp. negative) sequence (¢ ), (resp. (1);) such that

(0r)k s (Wp)p € C™ (w) and ¢, — tioo (resp. ¥y, — Uy) in WP (w), as k — oo.

Taking v = (iiy — )", (Vs — 4_)" € F(Q4), respectively as test function in the following inequali-
ties

t
<(ﬂ+)/,v> + [ai(x, Uy, Viy) — a;( X2, oo, VX, lUco)] Oz, vdxds < 0,
0 Jo

s 0<i<n

t
(=) o) +/ / S [0(Xas e, Viy ) — ai(@, i, Vi )] 0y, vdads < 0 Wo € F(Q1), v > 0.
0 JQ

s 0<i<n
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Then, using the integration by parts formula, we get from the fact @4 > 0 and @_ < 0 that
t
/ / D ai(a, iy, Viig) — ai(Xa, oo, Vixylico)] O, (g — )" dads
0 J&s p<i<n

1
< 2/ ug (uo — ¢p,) " do
Qo

and

t
[ LY e Vi) - e o, Vi) 0, (9 - a)* deds
0 Q

s 0<i<n

1
< —2/ uo (Y, — ug) T d.
Qo

Passing to the limit as & — oo, taking into account u., < ug (resp. ug < o) we derive
¢
/ / Z [ai(z, @y, Viig) — a;(Xa, o, VX, loo)] Oz, (g — i) dads <0,
0 /% g<i<n
respectively
t
/ / Z [ai (X2, Uso, ViXoUoo) — iz, iy V)] Oy, (Uoo — )" dxds < 0.
0 J&s g<i<n
Finally, since the operator A is strictly monotone we have
Uy < - and U4 < Ueo
This achieves the proof. O

Since the argument used in this work requires to pass by some monotonicity properties of the
solution, the following lemma plays an essential role in this way. Let us write for simplicity, Ty ;u :=
Tyu. Then we have

Lemma 3.3. Suppose that the hypotheses )—) hold and there exists a strictly decreasing se-
quence of positive numbers t; with positive limit t. If

u(ti,z) > u (f, x) Vie N fora.e. x €l
then for non-negative data f and ug, the solution u (.,x) is non-decreasing beyond t for almost all x,
i.e.

U (t/,x) <wu(t,z) Vt,t' >0, t <t' <t and for a.e. x € Q.

Proof. Let t, t' and X be positive numbers such that ¢ > ¢’ > ). Since W&’p (Qs) C W&’p (Qer(tft’)) ,
Vs < t, it follows from (@) that

< (ﬁt_t/)u — u)/ ,U>q, + Z (ai(x, Tit—yu VT—pyu) — ai(z, u, Vu)) Oy, vdx = 0,

Qs 1<i<n
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for all v € VVO1 P(Qs). As f and ug are non-negative, it follows from Lemma @ that « > 0. Thus we
can take v = (Tp_pyu—u) (s) € Wol’p (Qs) as a test function in the above identity to get
< (To-ryu =)' (Temryu —u) " >a,
+ /Q Z [ai(z, Ty, VTp—pyu) — ai(z, u, Vu)| 0y, (’ﬁt_t/)u —u) dz=0.

s 1<i<n

Integrating over (¢’ — A\, '), using the integration by parts formula and the monotonicity condition
(B.3), we derive

J

In fact this results that u (., z) is increasing for a.e. x € Q. Indeed, suppose by contradiction that
u (., ) is not increasing in t. Then there exist ¢t > ¢ > ¢ such that

J

Since the function r — ‘(u (r,.) —u(t, ))7‘ o is continuous, we can choose v > 0 with t —~ > ¢/
2,0,

‘ 2

@@,%ﬂdﬁj)rdxg/‘ (=2~ =2 )) [ e (3.23)

Qs

!

(u(t,.)—u(t, .))7‘261.7} > 0.

!

such that

’(u(r,.)—u(t',.))_lzgl >0Vre(t—,t+7).

By choosing t; such that t; — £ < v, there exists k € N such that t' + k (ti — ﬂ € (t—~,t+7). Thus

(ke (t=D),) —u ()| >0

2,0,
Combining this with (B.2d) it follows that
0<(uw+kurﬁy)—u@h»’gw

<l(u(+k(ti—1),.) —u(t -))7‘2595

|k @=0) —u -1 (E-9.) |,

+.o+ ‘(u (tis.) —u (t:-))i‘mg

gk“wm)—u@)YL%ZO
This is & contradiction and Lemma B.3 is proved. -

Let 1y be a positive subsolution of an elliptic problem defined on €2y as follows
g € Wol’p (o), / Z a;(x, to, Vi) g, vdr < fvdr Vv e Wol’p (Q0), v>0. (3.24)
Q0 1<i<n o

Then we have the following result as an immediate consequence of this Lemma. In fact, it services as
a model example of Lemma 3.3.
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Corollary 3.1. Forp > pg. Assume that uy = g and the hypotheses of Lemma @ hold. Then u (., x)
is increasing for almost all x.

Proof. Tt is enough to prove that w (¢t,x) > 1, V¢t > 0 and for a.e. x € Q. Then the corollary
obviously follows from Lemma B.3. Let v € VVO1 P (Qp) . Tt is clear that the 0—extension ¥ of v is an
element of F (@), thus we can take it as a test function in () to get

<u v>—|—// ZazxuVua vd:cds-//fngdxds

Qs 1<i<n

Comparing this with () we derive
/ < (tig — ) ,v >q, ds +/ / Z a;(x,ag, Vag) — ai(z,u, Vu)) Oy, vdrds < 0. (3.25)
0 Q0 1<i<n

Since @y € W, (Q) , testin 3.25) with (@i — u)™ € W, ? (Qp), using the integration by parts and
the monotonicity condition (B.3) we deduce

‘(ﬂ’o _u(t")) < 07

o0
of course, f > 0 and @y > 0 which follows from Lemma @ are used. Hence, we derive that

o () <u(t,z) ae. x € Q.
This completes the proof. O

Let us conclude this subsection by dealing with the energy estimates. As a boundary layer occurs
on a neighborhood of the boundary 9€); x w, we will first take into account the energy of the problem
on subdomains located far from this boundary. Of course since the main tool (Lemma B.1|) is ready,
let us develop this more prec1sely For a fixed t > 0, let A be a positive constant with A <¢—1, O be
an open bounded domain of €;_, such that its 1-neighborhood O is also in €,_ (\+1) and let g be a
smooth cut-off function defined on (0,t) x R™ such that

p=1lon (t—X\t)xO, p=0on (0,t) x R™\ (t — X\ —1,t) x Oq,
0<p<1, |6tp| ) ’vX1p| <cg,

where ¢ is a positive constant. Taking v = ugP € F (Q;) in () we obtain

(g2u> g2u>+// Z oPai(x,u, Vu)0y uda;ds—// o fudxds

Qs 1<i<n
t
—i—p/ atggp_IUQda:ds—p/ P! Z a;(x, u, Vu)0y, oudzds.
2Jo Ja, 0 Jao, i

Applying the integration by parts formula, taking into account the fact that ¢(0) = 0 on Qy and using
the coerciveness and the growth conditions (B.2) and (B.6), we get

5| (e5u) ) +a1// S P [Ouul? dads <// & fudzds + ¥ // Dro0”ududs

Qs 1<i<n

¢
—}-pOQ/ Pt Z ( (Xa2) + |ul’™ Ly Z ‘8x]u|p_>|u] |0, 0| dxds.
0 JQg

1<i<m
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Using the Young inequality and according to the definition of o we get

t

t
WMot [ [ Vuldsds <0 [ [ (Tl ul?) dods. (326
t—\ JOXwy O1 Xw

t—A—1

for some positive constant C' independent of t. By virtue of Lemma @, we have
lul < max (Juco,+ + M|, [tioo,— — M]).
Combining this with () yields
2
’u (t> ')|2,0><wt + |U|I[7,p(t_)\7t;wl,p(0><wt)) < ¢ ()‘ + 1) mes (01) : (3'27)
This implies that
|u (2, ')|§,O><w + |“|I£p(t_>\,t;wl,p(o><w)) S CA+1)mes(0,). (3.28)

Using now (@) we have for any v € Wy (O x w)

‘(Au,v)OXw‘ =

/ > (ai(z,u, Vu)dy,vdx
o)

Xw 1<i<n

§a2/ (Z |6xju‘p—1+g(X2)> > |0z de.
OxXw 1<

0<j<n <isn

Applying the Holder inequality (¢ (p — 1) = p) we obtain

1
q

1
(/ 5 |aw|1’dx> .
Oxw 1<i<n

[AulL )00 = O </O 22 10nul” dx + /OX lg(Xz)lqdw) :

Xw 0<i<n

‘<-Auvv>0><w‘ < C (/ Z |awzu|p dx —|—/ |g (X2)|qd$>
O OXxw

Xw 0<i<n

Consequently

Integrating over (¢t — A, t) and using () we derive
\Au\qu(t_A’t;W,m(OXw)) <C(A+1)mes(0q). (3.29)

On the other hand it follows easily from (@) and () that
t
/ / |(ai(z, u, Vu)|?dxds < C (A4 1) mes (O1). (3.30)
t—A JOXw
Now due to () we can easily see that

|u/‘(1§Q(t—,\,t;W*1’q(OXw)) < C(A+1)mes(0y). (3.31)

Finally, we can state the following lemma.
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Lemma 3.4. Under the assumptions of Lemma . Let A be a positive constant and O be any bounded
domain of R™, then for t sufficiently large, there exists a constant C depending only on w such that

‘u‘]zl’(t—k,t;wlap(Oxw)) < C(A+1)mes(0y),
la; (z,u, Vu)|%q(t_/\7t;m(0xw)) < C(A+1)mes(0q),
\Au|qu(t7)\’t;W,1’q(OXw)) < C(A+1)mes(0y),

’ulliq(t—A,t;W—lvq(Oxw)) < C(A+1)mes(0q),

where Oy C Qy_y is the 1-neighbourhood of O.

Remark 3.3. For 1 < p < pg, the results of Corollary (resp. Lemma ) remasin the same if the
operator A is strictly monotone and the hypotheses of Lemma @ are satisfied (resp. the solution u of
(@ ) is increasing positive (or decreasing negative) function with respect t and also the assumptions
of Lemma @ are fulfilled).

3.3 Asymptotic behaviour

In the following we will deal with the limit behaviour of w as ¢t — oo, taking into account that X;
may also go to oo. First we take ug = 0, or ug = g (solution to (@)) and we prove that the
equation in the steady state problem is elliptic defined on R™ X w, then by showing that the limit is
independent of X7 we end up with (@) as a steady state problem and identify the limit. The last
step is devoted to extend the above results to problems with more general initial condition satisfying
some new assumptions.

As it is mentioned above, we start with proving that the limit of u exists and satisfies an elliptic
equation defined on R™ x w. Of course, in this step we investigate the case ug = 0.

Lemma 3.5. Under the assumptions of Lemma @ (or Lemma @), suppose that f is positive and

ug = 0. Then, the solution u of (13.1) converges to s, as t goes to oo, solution to
- Z awzal(xaﬂOO7vaoo) = f in R™ x w,
== (3.32)
oo = 0 on R™ x Ow.

The smoothness and the boundary conditions of the above solution can be expressed as
lioe € WP (O X w, 0w), (3.33)
for any bounded domain O in R™ and
Wy (0 x w,dw) = {v € W (O xw); v=00n0 x duw}.

Proof. First, we apply Lemmas @ and @ (or @ and @), it follows that u (., x) is positive increasing
function for almost all x € R™ x w and bounded above by u~ a solution of (@;, consequently it

converges towards some function 7%.,. Next, we use the Minty-Browder technique to show that the
limit % is a solution to () Let O be a bounded domain of R™, for ¢ large enough, it follows
from Lemma that T;—1u, A(Ti—1u) and a; (z, T;—1u, VT;—1u) are bounded in the Banach spaces
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Whpa (0, L, W,P (O x w,dw), W14 (0 x w)), L9(0,1; W1 (0 x w)) and L7((0,1) x O X w) re-
spectively. Without loss of generality we considered the time interval (0,1), but according to the
estimates of Lemma B.4, we can take any interval («, ), where a, 8 are positive constants. Therefore

Ti—1u = U in LP((0,1) X O X w),
Ticiu — oo in LP (0, 1; Wol’p (O x w,é)w)) ,

('Hflu)/ —0 in L9 (O, L, W14 (0 x w)) , (3.34)
A (Ti—qu) = x in L9 (0, LWL (0 x w)) ,

a; (z, Ti—1u, VTi—ju) = h; in L7((0,1) x O x w).

The strong convergence holds for the whole sequence since u is increasing, while the weak convergence
hold up to a subsequence. Once the limit are uniquely identified, the previous convergences will take
place for the whole sequence. Now consider v € D (O X w), taking its 0—extension ¢ as a test function
in (B.1)), integrating over (¢ — 1,¢) and making the change of variable s = s — (t — 1), we obtain

1 1
<(7Z_1u)’7v>D +/ / Z ai(x, Ti—1u, V (Ti—1u)) 0y, vdzds :/ f(X2)vdxds.  (3.35)
0 JOxw 1<i<n 0 JOxw

Then we can pass to the limit ¢ — oo in () to get from () and the fact that @, and v are
independent of ¢

x=f inD (R" xw). (3.36)
At the same time, we have
X== Y Onhi inD'((0,1) x R™ x w). (3.37)
1<i<n

In fact, for ¢ € D((0,1) x O x w) we have

t
7 \1<i<n

(X, ®)p = — lim < > Onai(z, t_lu,V(ﬁ_lu)),d)>
D

1
= lim/ / Z ai(x, Ti—1u, V (Ti—1u)) 0y, pdxds
0 JOXw 1<i<n

oo

1
= / / Z hiOy, pdds
0 O

XW1<i<n

1<i<n .

Thus, the lemma is achieved, if it is shown that

Aligg == Y 0x,hi. (3.38)

1<i<n
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Let ¢ be a positive function in D (O x w) such that ¢ = 1 on O x & where O x & is any subdomain in
O x w with O x © CC O x w. Since oo € WP (O x w), there exists a sequence (¢;), C C® (O x w)

such that
b — T, I WHP (O x w), as k — oo.

Choosing v = ¢P (Ti—1u — ¢;,) as a test function in () we derive

1 1
/ {((Ti—1u)", <pp7§,1U>OXw ds + / /O Z ai(x, Te—1u, V (Ti—1u))0x, (WP Ti—1u) dzds
0 0

XW1<i<n

1 1
:/0 <(7;_1u)/,<pp¢k>Odes+/0 /O Z ai(x, Ti—1u, V (Ti—1u)) 0, (©Pd},) dzds

XW 1 Zi<n,
1
[ ] o) (T g dss
0 Xw

Passing to the limsup as t,k — oo, using () and taking into consideration that w is increasing
positive function with respect t, we get

1
lim Sup/ / Z ai(x, Te—1u, V (Ti—1u)) 0z, (PP Ti—1u) dzds
0 JOXxw 1<i<n

t—o00
1
g/ / Z hiOz; (PPliso) dxds.
0 JOXw 1<i<n

Thanks to the strong convergence of T;_ju in LP ((0,1) x O x w), this also implies that

1 1
lim s.up/O /O oP Z ai(x, Te—1u, V (Ti—1u)) 0, (T—1u) dmdsg/o /O P Z hiOy, Usodxds.
Xw Xw

t500 2. 1<i<n
(3.39)

On the other hand, it follows from the monotonicity condition (@) and () that

1
lim inf/ / P Z a;(x, Te—1u, V (Ti—1u))0x, (Ti—1u) dxds
0 JOxw

t—o00
1<i<n

1
> lim inf// P hiOy, lisodxds
t=0 Jo JOxw Z

1<i<n
1
S K : D ) ~
_hmtggo/o /0wa Z ai(x, Te—1u, V (Ti—1u)) Oy, Usodrds
1<i<n
1
+ lim in / / P Z a; (T, Uoo, Voo )0z, (Ti—1U — Tieo) dxds.
7o Joxw 4152,

Combining this with (), we obtain

1 1
lim/ / o Z a;(x, Te—1u, V (T—1u)) 0, (Te—1u) d:cds:/ / P Z hiOz, tiscdxds.
0 JOxw 0 JOxw

t—o00
1<i<n 1<i<n
(3.40)
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Finally, we_pass to the limit in the following inequality, which is coming from the monotonicity
condition (@)

/ / Z (ai(x, Ti—1u, V (Ti=1u)) — ai(z,v, Vv)) O, (Tt—1u — v) dzds > 0,
OX‘*’ 1<i<n
for all v € WP (O x w), we derive

/ / Z hi — a;i(z,v,Vv)) 0y, (oo — v) dxds > 0. (3.41)
O><w

1<i<n

Taking v = i — 7w, where 7 > 0 and w € D <O X @), we get

/ /on Z (oo — TW) , V (lioe — Tw))) Oy, wdzds > 0.

1<i<n

Passing to the limit as 7 — 0 taking into account that ¢ =1 on O x & it follows that

/ / — 0;(%, oo, Voo )| Op,wdzds > 0, Yw € D (O X d)) .
Oxd l<7,<n
This implies that
Aliog = = > O, i
1<i<n

Combining this with (w) and (E?)() we derive the equation in () The Lemma is proved. O

Remark 3.4. Assume that
Tic1t — Gise in L? ((0,1) x O X w), (3.42)

for any bounded domain O of R™. Then the Lemma @ remain valid even if we lost the monotonicity
of u ((i.e. for a non-vanishing initial condition). Indeed. It is enough to proof that the identity )
holds without using the fact that u is monotone. So, let ¢ be a positive function in D ((0,1) x O X w)
such that ¢ =1 on (2, ) x O x & where O X & is any subdomain in O X w with O X & CC O X w.
Since oo € L? ((0,1) x O x W), we take v = ¢P (T{_1u — Uiso) as a test function in ) we derive

1
/ / Z ai(x, Ti—1u, V (Ti—1u)) 0y, (P Ti—1u) dxds
OXw 1<i<n

= —/01 <(so‘5 (Tiu — aoo>)',so% (Troqu— aoo>> ds

OxXw

/ / Ap?H (Tic1u — fico) d$d8+/ F(X2)@P (Ti—1u — o) dxds
OxXw Oxw

/ / (x, Te—1u, V (Ti—1u))0x, (¢ lso) dxds.
[0

XW1<i<n
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Applying the integration by parts formula in the first integral of the right hand side, taking into account
that p (0) = 0, then passing to the limit when t — oo, using ) and (@), we get

1
lim/ / P Z ai(x, Ti—1u, V (T—1u))0x, (Te—1u) dzds
0 JOxw

t—o00
1<i<n

1
:/ / o Z hiOy, Usodxds. (3.43)
0 Oxw

1<i<n

Hence, the rest of the proof of Lemma follows the standard argument taking v = leo — TG (t) W in
(@), where 7> 0, ¢ € D (3$,1) andweD(Ox&;).

Now we pass to the next step to show that the limit s, is independent of X7 and it is a solution
to (@) Let h € R™, we denote by Q" the translated of {2, by the vector h, i.e.

Qb ={(X1 — h, X2) | 2 = (X1, X3) € U}
By choosing 7 large enough such that Q" ¢ Q,, and v € I/VOl P (QF), we can rewrite (@) as
< (Tru)", v >qn +/ Z a;(x, Tru, VTru)0gp,vdx = fudz.
) QU 1<i<n oy

Again rewriting (@) by making the change of variable X; = X; — h, then comparing the resulting
identities, we deduce

< (u(s, X1+ h,X2) — Tru(s,z)) v >qp

+/ Z [ai(Xl—i—h,Xg,U(S,Xl+h,X2),VU(8,X1+h,X2)
Qh

s 1<i<n

—ai(z, Tru (s, x),VTru(s,x) 0y,v]de =0 Vv € Wol’p (Q];) . (3.44)
We need here to assume that the operator A is monotone in the following sense

Z (ai(X17X27§) - ai(X{)X27§I)) (51 - g;) > 0 v(§7§/) € (Rn+1)27 a.e. (X17X17X2) € R2m X w.

1<i<n
(3.45)
Lemma @ ensures that u > 0 which allows to take v = (u(s. X1 + h, X3) — Tru (s,z))t € W&’p (o)
as a test function in () Thanks to the monotonicity () we obtain

< (u (Sa X1+ h¢X2) — Tru (8, 113‘)), ) (u (S7X1 + haXQ) —T-u (S,l‘))+ >Q§L§ 0.

Integrating over (0,t), applying the integration by parts formula and taking into consideration that
ug = 0 and u > 0, we derive

/ |(u(t,X1 + h, X2) —u(t+7,x))+|2d$ <0.
ap

This of course means that

w(t, X1 +h,Xo) <u(t+7,2), forae xe€Qp.
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Passing to the limit as t — oo, we eventually obtain
oo (X1 + D, X2) <l (X1, X2), VheR™.

This lets us to say that ., is independent of X;. Hence () means exactly o, € I/VO1 P (w) which
gives a sense to the boundary conditions in (B.9). To summarize, we can state

Lemma 3.6. Under the assumptions of Lemma @, suppose that (@) is fulfilled. Then
u(t,.) = Uoo, ast — 00, a.e. in R™ X w,
~ 1,p . .
where oo € Wy (w) is a solution to )

Before to conclude this subsection by dealing with more general initial conditions, let us mention
some remarks and useful consequences.

Remark 3.5. All the above results still take place if we consider instead of ug = 0, an initial condition
equals to any subsolution of the elliptic problem ) defined on Qo (up = ug, solution to ))

Remark 3.6. Some independence property is included in the monotonicity type condition (@) that
can be expressed as

S ai(X1, X, )&, is independent of X1, V&€ € R (3.46)

1<i<n
Indeed, it is enough to take £ = (1 +¢)€ in @), for positive constant €, then we derive

+ Z (ai(Xl,XQ,f) — ai(Xi,Xg, (1 :i:{;‘)f)) fl >0, VeEe Rn+1, (Xl,Xi,Xg) eR™ x R™ x w.

1<i<n
Passing to the limit e — 0, we derive (@)

Since when an operator as A, is not strictly monotone, the corresponding problem may have more
than one solution. The above argument turns our attention to an interesting result concerning the
monotone operators.

Theorem 3.2. Let €) be a bounded open set in R™, n > 1, B be a quasilinear monotone and coercive
operator defined as A, and satisfies the Carathéodory and the growth conditions and u € Wol’p (Q),p>

po, be a solution to
Bu=f onf,
{ u=0 on O, (3.47)

where f € L1(Q) is a positive function. Then the above problem has a minimal solution, i.e.
@ = min {u; u is solution to (@)}
is also a solution to (@)

Proof. Let u be an arbitrary solution of () and w be the solution of the following parabolic problem
defined on the noncylindrical domain as

w' — 0y (|6yw|7"—2 ﬁyw) +Bw=f in Qy,

w=20 on Ft, (348)
w(0,.) =0 on Qp,
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where @); here has an accurate form that is to say

Qt:{(g,y,x)e]R2xQ|—to—s§y§t0+s, 0<s<t} withto > 0.

The coordinate y will play the role of Xj. It is clear that the problem (B.4§) satisfies all hypotheses
(B. —(@) and (E) under which the above results are fulfilled. Then, it follows from (@) and
(B.20) that

w(t,.)<u a.e. onfd. (3.49)

Passing to the limit, we derive from Lemma @ that w (¢,.) converges towards some @ € WO1 P(Q) a
solution of () Combining this with () we get

o <u a.e. onfd.

This completes the Proof of Theorem @ O

In the following i, denotes the minimal solution of Problem (@) Finally, we conclude this section
by the following general convergence results.

Theorem 3.3. Suppose that Assumptions (@), —@) and ) hold. Then for p > po,
0 < ug < Uy and monnegative f, the solution u of ) converges towards lso, as t goes to 0o, the
minimal solution to ), i.e.

u(t,.) = oo a.e. in R™ X w,
Ti—1u — oo in LP ((0,1) xO X w),
Ti—1u — fise in LP (0,1; W (O x w)),

where O 1is any bounded set in R™. (The above convergence hold for the whole sequence). Moreover if
A satisfies the ST property, i.e. for an operator A: B — B’ (B is a real reflexive Banach space) we
have
u; = uw in B, lim sup (Au; — Au,u; — u) <0 implies u; — u, in B,
1—00
then,
Ti—1u — Usy  in LP (0, LW (0 x w)) )

Proof. Let @ be the weak solution of (@) obtained when we choose ug = 0. Since 0 < ug < g, it
follows thanks to Proposition @ that
U< U< Ugo-

Passing to the limit taking into account Lemma @, we derive

u(t,.) = oo a.e. in R™ X w,

Tr1t = G in L2((0,1) xO X w) (3.50)

for any bounded set O C R™. On the other hand using the estimates of Lemma @, we get

Ti—1u — e in LP (0, 1; WP (O x w)) . (3.51)
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This of course holds for the whole sequence since the limit is unique (the minimal solution). Even
here, we lost the monotonicity of u, the convergence ( still takes place thanks to () and also
Lemma remain valid. Consequently, it follows from () that

1
lim/ / W 3 (@ Tiaw, V (Ti1u)) — (2, Goo, Viioo)) O, (Tr 1t — fing) dads = 0,
0 OxXw

t—o0
1<i<n

where O x 0 is any subdomain in O X w. This implies that

t—o00

1
lim / / > (i, Tioaw, V (Ti-1u) = a5, fise, Viieo)) O, (Ti-11 — fing) dards = 0.
7 JOX01<i<n
Now if we take into account the property S+, we derive
1 .
Ti—1u — oo, in LP (2, L, wte (O X JJ)) )

As it is mentioned above we can take any interval («, 3) thanks to the translation. Thus the theorem
is proved. ]

Remark 3.7. As a model example of the operator A satisfies the properties of the above theorem we
consider the p—laplace. In fact we have just to check the ST property. If p > 2 the p—laplace operator
is uniformly monotone and by consequence the ST property is fulfilled (see [66]). Now, if 1 < p < 2,
let u; be a sequence in LP (0, 1L, whe (Q)) , 0 is any bounded set of R™, such that

u; — w in LP (0,1; WP () and lim sup (Apu; — Apu, u; —u) < 0. (3.52)
1—»00
The last limit leads to
lim (Apu; — Apu,uy —u) = 0. (3.53)
1—00
Since the p—Laplace is monotone. We denote by x the weak limit of Ayu in L1 (O, 1, W—ba (Q)) that
exists by (13.54). From ) we derive that

lim <Apuiyui> = <Xa U>D’ .
21— 00

Hence, the Minty-Browder technique allows to show that
’ui‘l,p,ﬂ - ‘u|1,p,§l in LP (07 L; Wl’p (Q)) :
Now since the LP space is uniformly convez, the weak limit ) 1s strong.

In what follows we will establish the convergence rate estimate for the solution u of (@) To this
end, we assume that the operator A is uniformly monotone, i.e.

B>0: Y (ai(x,€) —aiz,£)) (& &) > 51<Z< & =€, ae (2,6,¢) e RPx (R, (3.54)

1<i<n

Also, we substitute the assumption (@), by

|ai(z,€0, &1, -+ n)| < c >l (3.55)

<i<m
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for ¢ = 1,...,m and keeping it for ¢ = m + 1, ...,n. Next, we introduce the following subsets that play
an essential role in the proof of theorem below. For ¢ > r > 0, we denote by B, the r—neighborhood
of Qp and we set

dy = dist <OQO,BQt) , Y :=min (¢, dy) .

Also, we define
St={(s,X1) | t—r<s<t, X1 €ByrgyNB}.

Then we are in a position to state the following

Theorem 3.4. Under Assumptions (@), (@)—(@), ), M) and M}—(M} For2 <p<

2+ %, there exists a constant C' > 0 independent of t, such that

/ Z 102, (u — uoo)|P dzds < ¢
S (9

)A
o XWt 1<i<n t

(3.56)

where u and us are the solutions of @) and (@) respectively and \ = %2 —m.

Proof. Let r be a positive constant with r > 2 and g be a nonnegative smooth function of (0,¢) x R™
such that

0<o0<1, o=10n8y,, o=0outside Sy, [dp|, [Vx,p| < 192,
2 t

where ¢ is some positive constant independent of ¢. It is clear that
0" (u —uso) (s,.) € WyP(), for a.e. s € (0,1).

Hence, from () we derive
r / T
<(Q2 (u— uoo)> ,02 (U — U > / / Z (ai(z,u, Vu) — a; (2, Uoo, Vo)) O, (U — Uso )dxds

1<i<n

// 0100”1 (1 — uso) d:(:ds—r// Y — uso) Z a;i(x, u, Vu)dy, pdxds.

1<i<m

Applying the integration by parts formula taking into account the fact that ¢ (0) = 0, we deduce

1) =
3 0% (U — uxo) (t,.) 00, // Z a;(x,u, Vu) — a; (2, Uso, Vo)) Oz, (U — U )dxds
1<i<n
t
:2/ Or00" 1(u—uoo d:vds—r// u—uoo) Z ai(z,u, Vu)dy, odxds.
0 Ja, .

1<i<m

Since r > 255, it follows from the uniform monotonicity and the growth conditions () and ()
that

Q%(u—uoo)(t,.)‘ 46 &> 100, (u — uc) P dads

2,8 SoXw  1<i<n

/ Q% (U — oo )? da:ds+/ S [0y, ulP? |0, (ufuoo)|g27f |uuood:cds> .
Sy

 Xw 1<i<m
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Noticing that % + % + ”].%2 = 1, using the Holder and Poincaré inequalities we derive

p=2
(m+1)(p—2) g
/ 0" Z |0z, (u — uoo)|P dds < ¢ (9¢) TR (/ |Vul? d:cds)
So,Xwt  1<i<n U Sy, xw
p
X / o Z |0z, (u — uoo)|P dxds
SoXw  1<i<n
Recalling (), we deduce
2
P

/ QT Z ’aaci(u_uoo”pdxds < Ck / Qr Z |aﬂf1 (U_uoo)|pdxds ’
Sthwt ('l?t) Sthw

1<i<n 1<i<n
where k = 2™ _ - Therefore, using the definition of ¢ we arrive at (B.56). This completes the
proof of Theorem @ O

Remark 3.8. Note that the Theorem |34 still holds for the case where A = div (A(|Vu|) Vu),

A :[0,00) = [0,00) is a continuous function satisfying the following conditions:

0<A() <MEP2, VEE(0,00),
(A(|h1]) b1 = A(Jhal) h2) (h1 — ha) > Mg |hy — hal? Vhi, hy € R",

with some constants \i, Ay > 0.
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