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Abstract

The theory of nonlinear KDV, whose discoverers are usually considered to be Korteweg and de
Vries, is still a young science, although research in this direction was carried out even in the
19th century, mainly in connection with the problems of gas and hydrodynamics. For example,
the work of T. Oh [40], who observed local well-posedness for problem of coupled KdV-type
systems in the periodic/non-periodic cases. Dates back to 1895, the Korteweg-de Vries equation
representing the basis of the mathematical description of dynamics of solutions was obtained by
[37]. This type of equations describes the propagation of waves on water with small dispersion
and small nonlinearity. It serves as a model equation for any physical system with an approximate
dispersion. Equations of the KAV or Burgers type play an extremely important role in the theory
of nonlinear waves in the study of weakly nonlinear long-wave processes in media with dispersion
and (or) dissipation. Below in our thesis, the study of the well-posedness for some non linear
(Kdv) type problems in the Gevrey spaces and Bourgain spaces is considered. We first proposed
and treated the solution of (Kdv) type equation in Bourgain spaces. Then a coupled periodic
(Kdv) system is considered. The last one is for coupled system of(mKdv) type equations on
the line. These systems of the KdV equations can be considered with specific physical examples
related to plasma physics, gas and hydrodynamics, and radio physics.
Keywords
Local and global solutions approximate conservation law, Banach fixed point Theorem, Well-

posedness, Gevrey spaces, Bourgain spaces, Time regularity.



Résumé

La théorie du KDV non linéaire, dont les découvreurs sont généralement considérés comme Ko-
rteweg et de Vries, est encore une science jeune, bien que des recherches dans ce sens aient
été menées meme au XIXe siecle, principalement en relation avec les problemes de gaz et
d’hydrodynamique. Par exemple, le travail de T. Oh [40)], qui a observé I'existence local pour le
probleme des systemes couplés de type KAV dans les cas périodiques/non périodiques. Datant
de 1895, I'équation de Korteweg-de Vries représentant la base de la description mathématique
de la dynamique des solutions a été obtenue par [37]. Ce type d’équations décrit la propagation
des ondes sur I’eau avec une faible dispersion et une faible non linéarité. Il sert d’équation mod-
ele pour tout systeme physique avec une dispersion approximative. Les équations de type KdV
ou Burgers jouent un role extremement important dans la théorie des ondes non linéaires dans
I’étude des processus a ondes longues faiblement non linéaires dans les milieux a dispersion et
(ou) dissipation. Ci-dessous dans notre these, I’étude du bien-posé pour certains problemes de
type non linéaire (Kdv) dans les espaces de Gevrey et les espaces de Bourgain est considérée.
Nous avons d’abord proposé et traité la solution de I’équation de type (Kdv) dans les espaces de
Bourgain. Ensuite, un systeme périodique couplé (Kdv) est considéré. La derniere concerne les
équations de type systeme couplé (mKdv) sur la droite. Ces systemes d’équations KdV peuvent
etre considérés avec des exemples physiques spécifiques liés a la physique des plasmas, aux gaz
et a I’hydrodynamique, et a la radiophysique.
Mots clés
Solutions locales et globales, loi de conservation approximative, théoreme de point fixe de Banach,

Bien posé, espaces de Gevrey, espaces de Bourgain, régularité temporelle.
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Symbols and Acronyms

1.

10.

11.

12.

13.

14.

15.

16.

17.

(2: is an oben subset of R™.

. C(Q :,R™): the space of continuous fonction from 2 to R™.

C(€2) the space of continuous functions from €2 to R.

Cy (ﬁ) the space of all continuous and bounded functions on €.

_ Ou (x)

Diu(z) = u; (x) oz,

the partial derivative of u with respect to z; (1 <i <n).
Cee () or © (Q), is the space of the infinitely differentiable functions.

C* (Q) is the space of functions u which are k times derivable and whose derivation of order

k is continuous on f2.

Gr6.5(Ty) = Gy is the analytic Gevrey spaces with v > 1.

. X 0_’8 6787,)('1[‘7 xR) =X f 5.spthe analytic Gevrey-Bourgain spaces.

G (T) class of Gevrey function of order o.
L' (Q2) the space of integrable functions on € with values in R.
LP () is the set{f : Q — R, f measurable and [ |f (z)" dx < —|—oo} .
Q
L> () is theset {f : 2 — R, f measurable, 3¢ > 0, so that |f (z)| <c¢ a.e. on Q}.
X7, 4, denotes the restriction of Xj,, onto finite time interval [T, T], T > 0.
W7 (Q) = {u € L? (Q); such that du € LP (Q),1 <i<n}.
Wmr () ={u € L? (), such that 0% € LP (Q), Va,|a| < m}.

H? is the Sobolev space.
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Introduction

The subject of studying the well-posedness and regularity of some partial differential equations
by proving the existence of unique solutions in analytic Gevrey spaces and Bourgain type spaces,
is an important problem in applications of science and engineering. Nonlinear wave phenomena
have been studied by many scientists such as: Poisson, Stokes, Airy, Rayleigh, Boussinesq, and
Riemann. However, as a modern science, great progress was known in the late 1960s and early
1970s, which became the years of rapid development due to the development of computer tech-
nology, which made it possible to approach the direct numerical solution of the partial differential
equations that described the propagation of waves in various media.

Burgers types spaces are an essential part in nonlinear wave theory for studying weakly nonlinear
long-wave processes in mediums with dispersion and (or) dissipation. The coupled system of the
KdV equations is discussed using specific physical examples from plasma physics, gas, hydrody-
namics, and radio physics. Generally speaking, this equation is an evolution type equation, it
was developed in several studies, one of which is the Korteweg-de Vries-Kuramoto Sivashinsky
equation, which arises as a model for long waves in a viscous fluid falling down an inclined plane,
see [7, 8, [33], B8, 15, [39]. Tt is considered as a particular case of the Benney-Lin equation.

See also [41], 39] when = 0.

Another example related to the Korteweg-de Vries-Burgers equation considered in [31], the au-
thors demonstrated that for given data in H*, s > 1, the problem is locally well-posed. For other
problems close results were found in the generalized Ostrovsky-Stepanyams-Tsimring equation,
please check [41], [44] [46].

In [44] for 1D Dirac-Klein-Gordon equations, an effective method for analyzing lower bounds on
the radius of analyticity, including these problems, was developed, it was applied in [43] to the
modified Kawahara equation and in [34] to the non-periodic KdV equation. (For more details,
please see [13, [14]).

Korteweg and de Vries proposed long surface waves of water in a narrow, shallow channel. And in
[5], J.Biello, and A. Majda treat a system that is a simplified approximate model of the behavior

of particular atmospheric Rossby waves, the system in chapter 2 is inspired by them.

10
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The present work extends previous studies and introduces a new class of problems with
conditions other than local boundaries. It also expands on the results obtained so far. This work
presents new findings on analytic Gevrey spaces, where there have been limited results for this
type of system until now.

It is well known that it is not new to study the KdV equations in the classical Sobolev spaces
H?| there are many discussed results according to different value of the exponent s.(See [I1], [18],
311, [32], [35], [36])

It is very important to study KdV equation on these spaces, because Gevrey functions on
the circle belong to every Sobolev spaces, especially when it comes from a system of coupled
equations with nonlinearity.

To motivate our work, we review some related results. In [23], G. Hannah, H. Himonas, and A.

Petronilho, proposed:
Up + Uggy +1Fuy, =0, 2 €T, tER

u(z,0) = o(x),
with k£ = 1,2, 3 and they proved existence and regularity results in Gevrey spaces, if ¢(z) belongs
to G?(T). However, in [21], a periodic Cauchy problem for a KdV equation with dispersion of
order m = 25 + 1, 7 > 0 is proposed

O+ 0%y +ud,u=0, x €T, teR
u(z,0) = o(x).

11
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An extension to previous works, [31], [27], [30], the aurthors showed that the local in time
well-posedness holds when ¢(x) € G?. Moreover, they showed that the solution is not necessarily
G? in t and belongs to G™?(R) near zero for any x in the circle.

In [28], for £ = 1,2,3,... an initial-value problem for the generalized Burgers equation is con-

sidered
Up + Ugy +1Fuy, =0, 2 €T, teR

u(z,0) = uo(z),

and its well-posedness in G”%* and the regularity properties of the solution in G in z and in
G?? in t is studied in the case when ug(x) belongs to a class of analytic Gevrey spaces.
Very recently, the same research team issued a series of articles of related results with regard to
existence and uniqueness and different regularity’s properties in analytic Gevrey spaces (See [7],
8)).

We mention in particular the article [A.Boukarou, K. Guerbati, Kh.Zennir, S.Alodhaibi, ;S.
Alkhalaf, Well-posedness and time regularity for a system of modified Korteweg-de Vries-type
equations in analytic Gevrey spaces, Mathematics, 2020, 8, 809)].

12



CONTENTS

Our thesis is structured as follows:

Chapter 1: In this chapter we introduced necessary initial concepts, and reminders of basic
function spaces, such as Sobolev,Gevrey and Bourgain spaces.
Also, we recorded some preliminary estimates that are essential to prove the well-posedness result
and devlop our results .

Chapter 2: Our purpose in this chapter is to study the well-posedness and regularity for
the coupled Kotewege-de Varie (KdV) system

Ut + Ugzr + WwW, =0
Wy + Py + (vw), =0, ze€T,teR, 0<p <1
(u, w) |4=0= (1o, wp).
where T, = [0, 27y) for some v > 1.
In the first part of this chapter, we prove some essential preliminary estimates.
Next, we demonstrate that the previous Cauchy problem has a unique solution in an analytic

Gevrey space.
(u, w) eC ([—T, T]7 90,5,8) x O ([_T7 T], ga,&,s) :

In the last part, Gevrey regularity G3° of the solution in time variable ¢ is provided and the
failure of G regularity in ¢ is shown.

Chapter 3: In this chapter we study the will-posedness of the nonlinear Cauchy problem
with the KdV type equations ,

ow + Pw + n(t)Lw + O, (w)* =0, (x,t) e R?, k=24
w(z,0) = wy(x),
where 7(t) = n sgn(t) and 7 is a positive constant, w(z,t) are real-valued.
We start by define the function spaces, linear estimates and multi-linear estimates. Then, we

prove using contraction mapping principle that the solution of this problem is in ng,b )

Finally, we use the existence of approximate conservation law to prove that

wedl <[_T/7 T/], G(S(T/)’S> with 5(T’) = min {507 ClT/(l/ak—O'O)} ’

13
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Chapter 4: In the last chapter of this thesis, we consider the following coupled system of

mKdV-type equations on the line,

( oy + O3u + 9, (uv?) = 0,

O + BO3v + 0, (u*v) =0, (x,t) eR? 0<pB<1
u(z,0) = ug(x),

| o(,0) = (o),

Also in this chapter we prove using the linear estimates, trilinear estimates and contraction

mapping principle, that the previous problem has a unique solution

(u,v) € C ([0,T],G**) x C ([0, T],G*)
we prove also the existence of approximate conservation law to prove that the solution
(u,v) € C ([O,T’], G‘S(T'LS) x C ([O,T’], G‘S(T')’s) :

with
§(T") = min {6, CLT'~*+7)} |

14



Chapter 1

Preliminary

1- Continuous function spaces
2- [P Spaces
3- Sobolev Spaces

4- Analytic Gevrey spaces and Bourgain spaces

15



1.1. CONTINUOUS FUNCTION SPACES

1.1 Continuous function spaces

Let © = (x1, 9, ...,x,) denotes the generic point of an open set 2 of R™. Let u be a function

defined from €2 to R".

Definition 1. Let: C(2) denote the space of continuous functions from 2 to R, C'(Q,R™) the
space of continuous functions from  to R™ and C, (ﬁ) the space of all continuous and bounded
functions on ), the space Cy (ﬁ) is equipped with the norm |.| ;
[ull o = sup [u (z)]
zeQ
For k > 1 integer, C* (Q) is the space of functions u which are k times derivable and whose
derivation of order k is continuous on ). C* () is the set of functions of C* () whose support
1s compact and contained in €.
We also define C* (ﬁ) as the set of restrictions to Q of elements from C* (R™) or as being the
set of functions of C* (Q), such that for all 0 < j < k, and for all xy € 09, the limit xli_gcloDju (x)
exists and depends only on xy.
Cs(Q) or © (), is the space of the infinitely differentiable functions, with compact supports
called test function space.
The Hélder space C*< (), where Q is an open subset of R™ and k > 0 an integer, 0 < a < 1,
consists of those real or complex-valued k-times continuously differentiable functions f on €
verifying
17 (@) = 7 (y) | < Cllw —ylI*

where C' >0, || < k.

1.2 LP Spaces

Definition 2. Let: €2 be an open set of R", equipped with the Lebesque measure dz. We denote
by L' () the space of integrable functions on Q with values in R, it is provided with the norm:

[[ull 2 :S{!u(x)\dx

16



1.2.  LP SPACES

Let p € R with 1 < p < 400, we define the space LP () by
Lr (Q)) = {f : Q= R, f measurable and [ |f (x)|" dx < +oo}
Q

equipped with norm

B =

ol = ([ oo ac)

We also define the space L* (£2)

L>(Q)={f:Q— R, f measurable, 3¢ > 0, so that |f (z)| <c¢ a.e. x on Q},
it will be equipped with the essential-sup norm
|ul| o = esssup|u(z)| =inf{c; |u(x)] <c for almost every x on Q} .
e

We say that a function f:Q — R belongs to LY () if 1 f € LP (Q) for any compact K C €.

loc

Theorem 1. (Holder’s inequality )

If f and g are measurable functions, then if p > 1 and }D + % =1, we get

[ Uf] lglde < (f 1f] vdx )? ([ |g "d)"

Theorem 2. (Dominated convergence theorem )
Let {fn},> be a series of functions of LY (Q) converging almost everywhere to a measurable

function f. It is assumed that there exists g € L' () such that for all n > 1, we get

ful <9  a.eonf
Then f € L'(Q) and

lim ||f, — fll;o =0, and S{f(x)dx: lim [ f, (z)dz.

n—r+00 n—+00 &
Remark 1. if { fn},~; is a Cauchy sequence in LP (Q) ,then there exists f € LV ()
and a subsequence which converges to f € LP ()

and nl—l>r+noo 1o = fllg» =0

LP () is complete, so it is a banach space.

17



1.3. SOBOLEV SPACES

1.3 Sobolev spaces

1.3.1 Weak derivative

Definition 3. Let Q be an open set of R, and 1 < i < n. A function u € L}, (Q) has an i

weak deriwvative in Ly, (Q) if there exists f; € Li,.(Q) such that for all ¢ € C§° (Q) we have

({u () Oy (x) da = —S{fi () ¢ (z)dx.

This leads to say that the i'™" derivative within the meaning of distributions of u belongs to L} . (€2),

loc

we write

= 0 =

Oiu fi

1.3.2 W7 (Q) spaces
Let 2 be a bounded or unbounded open set of R”, and p € R, 1 < p < +o0.
Definition 4. The space W' (Q) is defined by

Wh? (Q) = {u e L? (Q); such that du € LP (Q),1 <i < n}

where Oyu is the i weak derivative of u € L}, ().

For 1 < p < 400 we define the space W, ” () as being the closure of D () in W (), and
we write

WyP(Q) =D (Q)"".

1.3.3 W™P(Q)) Spaces

Let 2 be an open set of R",m > 2 integer number and p real number such that 1 < p < +oc.
We define the space W™P (Q) as following

WmP(Q) = {u € LP(Q), such that 0°u € L? (), Va, |a] < m}

18



1.4. FOURIER TRANSFORM FORMULA

where v € N, |a| = a3 + ... + o, the length of o and 0%u = 97" ...05™ is the weak derivative

of a function u € L} . (Q2) in the sense of definition (3.

The space W™P () is equipped with the norm

[ullyms = llullpy + >0 10%ull, -

0<|a|l<m

For p = 2, the space W™2 (Q) is noted H™ (£2).

1.4 Fourier Transform Formula

There are many different forms of the Fourier Transform for integrable functions

on R that you may find in various sources.

Definition 5. The fourier transforme of function f(x) at frequency &, is denoted by

F(f) = fA(ﬁ) such that: X
GE / f (z) exp(—i2néx)d.

Or -
~ 1 .
flw) = \/_2_77'_/ f () exp(—iwx)dzx.

o~ o~

The Inverse Fourier Transform of function f(&) s denoted by F~1(f) = f (z) such that:

f(z) = / 7€) explizmta) de.

Or .
1 ~ .
f(z)= E/ f(w) exp(iwz)dw.

Proposition 1. The fourier transforme of the k" derivative of function f(x) 1s:

— o~

F®() = (i&)"f(8)




1.5. THE GEVREY AND BOURGAIN SPACES

The Fourier transform of the product of two functions f(x).g(x) 18:

and

o — -~

(f*9)(z) = (F(£)-9(E))

The Fourier transform makes it possible to define certain operators directly through their Fourier

transform as:

— o~

S(t).f(8) = exp(it€®) f(€)

1.5 The Gevrey and Bourgain spaces

In this part, we present the Gevrey classes and the spaces of functions that we
will use in this thesis.

Let © be an open set and ¢ > 1 be a fixed real number.

Definition 6. We call Gevrey space of order o denoted G°(2), the set of functions
f(z) € C=(§2) with the following property:

- for every compact subset K C ), 3 C' > 0, such that for all « and x € K
0% f(x)] < ClI+ (at)”.

It is sometimes useful to use the equivalent estimate:
6% f(2)] < TCIl ()"

Such that T and C are two positive constants independent of .

Proposition 2. Any Gevrey function of order 1 is an analytic function in Q.
So G1(Q) = A(Q) is the space of all analytic functions in €.

20



1.5. THE GEVREY AND BOURGAIN SPACES

Proposition 3.

Vs <t G(Q) C GYQ)

AQ) € () G7(Q),

and
LG ccx@).
o>1
The space X is well-suited for capturing the dispersive smoothing effect of the operator
0y —ih(D) away from the characteristic hypersurface 7 = h(§).
By analogy with the relation ship G%* = e IPlI( H*), we define the Gevrey-modified Bourgain
space X4, for 6 > 0 by
Xsep = e MPI(X, ),

with norm

IEl ey (7 — n(e)ea(e, )

Hu”XzS,s,b =

LQ

&,

Note that X, is well-defined, since e IPl = F=1e=9Ill F who maps Xsp in to itself, for § > 0.
The restriction of X, to a time-slab (0,7) x R? is denoted Xzb. This is a Banach space

when equipped with the norm

x,, V€ Xspand u=wvon (0,T) x R}

lullcr, = inf {v]

The restriction X({&b is similarly defined, and then we clearly have
Xg;s,b = eiaHD”(ijjb)’

hence the well-known properties of X, and its restrictions carry over to X, simply by the
substitution ©w — €’llPly. the analytic Gevrey spaces with v > 1 are given by Go65(Ty) = Goss-

For s € R, 0 > 0 and o > 1, let us define

Goss(Ty) = {f € L2(To); | fl[gssz,y = D €7 (k) | () Pdg < OO} :

kEZ
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1.5. THE GEVREY AND BOURGAIN SPACES

where (-) = (1+-]).
At a time, the analytic Gevrey-Bourgain spaces X f ssp(Ty X R) = X f 5.5 and
Xos5sp(Ty X R) = X, 5,5 are defined by

1
2

/‘7 S 2b o~
||u||Xa,6,s,b(Tw><R) - (Z/ 26|k 2 _ k:3> | Gk, 7) |2 dT) 7

kEZ

2

1/0' S o~
lwllxs, crxmy (Z/ 27 (2 (r — B3 | Bk, 7) P dT)

keZ
to introduce slightly smaller spaces Y, 5(T, x R) =Y ;, and Y, 53(’11‘7 x R) = Yy’
defined via the norms
1/0 s ~
HuHYa,é,s = HU’HXU,(S,S,UQ + Heé‘k‘ <k> u(k77—)HLi('J1‘/'y)L}_(R)
and
1/o0 s ~
||w||yf68 = HwHngsl/z + ||€6|k| (k) w(va)HL%(T/'y)L}(R)

For any interval I C R, we define the localized spaces YU{ 5.5 = You5,4(Ty x I) and

YO =Y/ (T, x I) with the norms
lullyz, . = inf {IUlly, s.: Uler, 1) = u}
and

lwllysy = inf {IW s Wi,y = w}

For s € R, 0 > 1 and 0 > 0, we have, for all T' > 0
Yo55(Ty X R) = C' (R, Go6,5(T5)) ,

and

y#h

0,0,8

(T, x R) = C (R, G,s5(T)) .

Define the spaces Z, (T, x R) = Z, 5, and A

g,

5s(Ty X R) = 7 via the norms

1/o0 s —1 <
[l 2,5, = Nullx, 50 + 1€ (R (T = B*) 7 0k, 7) |20/ 22 )

7,0,8
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1.5. THE GEVREY AND BOURGAIN SPACES

and
1/0‘
L e o R O G L (R PREVRYSE
The completion of the Schwartz class S(R?) is given by X5 ,(R?) = Xj4, with respect to the

e = 1 (0)" (Q)° W (=) Av(C, p) e,

1llx, .oy = [4v]lx,, = [W(=t)Av]

= He5|C| <P _ <3>b <<>s @\(gmeC’p
= (/Rz £201¢] <p— C3>2b <C>23 1 9(C, p) ‘2 dCdp)z |

The spaces Xg&b, denotes the restriction of X, onto finite time interval [T, 7], T > 0 and

equipped with the norm
[ollxr, = inf {| V llx,, 0 V € Xoosvlt) = V(E) for =T <t < T}

We define the needed spaces beginning by the spaces of analytic Gevrey functions that contain

our initial data. For s € R and § > 0 let

G (R) = {f € LR i = [ 100 1FQ)PdC < oo} ,

where (-) = (1+|-|). Forall 0 < ¢’ < § and s,s" € R, we have

G**(R) C G” ' (R) ie || fllgss @ < cow ool fllassm),

is the embedding property of the Gevrey spaces.
We, then define the analytic Bourgain spaces related to the modified Korteweg-de Vries type
equations. The completion of the Schwartz class S(R?) is given by X [58, va(RQ), for s,b e R, 0 >0

and o > 1, subjected to the norm

lwllxs, @ = ( / e (= B @) I dCdn) 2,

Sometimes we use the definition X}, = X; ., where

ey = (#1900 = ) Lt P dcan)

For any interval I, we define the localized spaces X7 wsen =X s 5.55(R X I) with norm

g,

Hw“XB o (RxT) =nf {HW”X(QMQ W rxr = w}
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1.6. WELL POSED PROBLEMS

1.6 Well Posed Problems

The mathematical term ’well-posed problem’ stems from a definition given by Hadamard,
meaning that an important physical problem must have three attributes:
e (Existence) It has a solution,
e (Uniqueness) It has only one solution,
e (Stability) The solution’s behavior changes continuously with the

initial data .

In our problems: for example the third problem is locally well posed if:
e Existence: for each (ug, vo) € G** xG** there exists T > 0 and function (u,v) € C ([0, 7], G*%) x
C ([O, T], 95’3), satisfying PDEs .
e Uniqueness : The problem has at most one solution in C' ([O, T], 9573) x C ([0, T], Q‘Svs)
e Stability (Continuous dependence of the initial data):The map (A[u,v],'[u,v]) is continuous
from: G x G to C ([0, T],G%) x C ([0,T1],G°*).
o If ' can be taken large, the problem is globally well-posed in: C' ([0, 7], G*™)*) xC ([0, T, G*™)*),
for any 7' > 0.

1.7 Contraction Mapping Theorem

The next result from The Banach fixed-point theorem (also known as the con-
traction mapping theorem ) which is a useful tool in the metric space theory, it
ensures the existence and uniqueness of fixed points and provides a technique for

finding them.

Definition 7. A map T : (X,d) — (X,d) on a metric space(X,d) is a contraction on

(X,d), if and only if for some positif constant k<1,

for all x,y € X,d(Tx,Ty) < kd(z,y),
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1.7. CONTRACTION MAPPING THEOREM

Theorem 3. (The Banach fized-point theore)
Let (X,d) be a complete metric space, and T : (X,d) — (X,d) be a contraction on
(X,d), then T has a unique fixed-point x € X :

T(x)==x

Remark 2. The solution to the differential equation can be expressed as a fized
point of a suitable integral operator.

It can be used to prove existence and uniqueness of solutions to integral equations.
meaning that Banach’s fized point theorem show that this integral operator has a

unique fized point.
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Chapter 2

Analytic Gevrey Well-Posedness and
regularity of Coupled Periodic KdV

Systems

1- Statement of the problem and overview
2- Preliminary estimaites and Function spaces
3- Local well-possedness ( Proof of theorem 5)

4- Gevrey’s regularity
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2.1. STATEMENT OF THE PROBLEM AND OVERVIEW

2.1 Statement of the problem and overview

Our purpose in this chapter is to study the well-posedness and regularity for the coupled

Kotewege-de Varie (KdV) system.

Ut + Ugzr + WwW, =0
Wy + Py + (uw), =0, zeT,teR, 0<f<1 (2.1.1)
(u, w) |e=o= (uo, wo)-
where T., = [0, 27) for some v > 1.
It is well known that it is not new to study the KdV equations in the classical Sobolev spaces
H?#, there are many discussed results according to different value of the exponent s. see( [11],
[18], [17], [311, [32], [35], [36]). And Since Gevrey functions on the circle belong to every Sobolev
spaces, it is very important to study KdV equation on these spaces, especially when it comes
from a system of coupled equations with nonlinearity.
In the first part of this chapter, we demonstrate that the unique solution of is well-posed
in analytic an appropriate Gevrey spaces. Next, as a last section G3? regularity in ¢ is given and

the failure of G regularity in ¢ is shown.

2.2 Preliminary estimates and Function spaces

We often use without mention, in the whol manuscript, nation A+ and we mean A + ¢, for
arbitrarily small e < 1. It is now necessary to recall a definition of the needed spaces, where the
analytic Gevrey spaces with v > 1 are given by G, 54(T,) = G55 For s € R, § > 0 and 0 > 1,
let us define:

Gro(T,) = {f € L(T,); [ Bnsecryy = 2 () | Flk)Pde < oo} ,

where (-) = (1+|-]).

At a time, the analytic Gevrey-Bourgain spaces Xf,E,s,b<T’Y x R) = Xﬁds’b and X,55(T, xR) =
X550 are defined by

1/c s 2b | ~
|l x, 5.4 5(T, xR) = (Z/Re%k <k‘>2 <T— k‘3> | Uk, ) | dT) ,

keZ

D=
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2.2. PRELIMINARY ESTIMATES AND FUNCTION SPACES

N

1/17 s ~
lwllys, o umy (Z/ 27 (1Y25 (7 — BE3 | Bk, T) 2 d7>

keZ
The proof of local well-posedness is based on the iteration in the spaces X, 541/2 X XU 5.5.1/2"
However, these spaces barely fails to be in C' ([—T, T], g“"is) x C ([—T, T], Q“"S’s). This led us
to consider introducing slightly smaller spaces Y, 5+(T, x R) =Y, 5, and Yf M('L x R) = \

0,0,8

defined via the norms:

1/0 ~
HUHYa,s,S = HUHXU,&S,UQ + Hea‘k‘ <k>su<k77)”L%(T/7)L$(R)

and
1/o0 —~
HwHYf(s,s = ||”‘~U||X§551/2 + ||65|k| <k>sw(l€77—)||L%(T/y)L}(R)

= Y,5+(T, x I) and YL =

For any interval I C R, we define the localized spaces Y/ g

0,0,8
Yﬁ

0,0,8

(T, x I) with the norms

lullys,, = inf (0N, 5 Ulerry = u}
and
lwllysy = inf Wl Wi,y = w}
c,08,s 8,5

For s € R, 0 > 1 and 0 > 0, we have, for all T' > 0
YU,&S(T’Y X R) = C (Ra ga,é,S(T'y» )

and

Yﬁ

0,0,8

(T, x R) = C (R, Gy5(T)) -
Define the spaces Z, (T, x R) = Z, 5, and ZMS(']I‘ x R) = VA ,.5.6 via the norms
1/o S -1 ~
||u||Zo',5,s = ”u”Xa,&,s,fUz + ||65|k| <k> <T - k3> U(k’, T)HL%('H‘/@/)L#(R)?

and

1/o
lollzz,, = llewllya, o+ 1™ ()" (7 = B%) ™ @k Dl rpmyiaie
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2.2. PRELIMINARY ESTIMATES AND FUNCTION SPACES

2.2.1 Linear estimates

Owing to the Fourier transform with respect to x of (2.1.1), we obtain a differential equation

and then solving it in t. We consider for two operators ©, =, the following integral system which

is equivalent to (2.1.1))

Olu, w|(t) = S(t)ug — /0 S(t —v)Gi(v)dv
(2.2.1)

=, wl(t) = S5(0yu — [ S5(t = v)Galv)a

\

2

where S(t) = e 7% and Ss(t) = e %%, The nonlinear terms are defined by Gy () = 9:(%)(v)
and Gy (v) = 0, (uw)(v).

Lemma 1. Let s € R, 6 > 0 and 0 > 1. For some constant C' > 0 and any time interval I

which contains t = 0 and has length | I |< 1, we have
1S uollys, < C Nuolgys.

and

I85(t)wollyzs < C lg, ..

for all wo,up € Gyss.

Lemma 2. Let s € R, 6 > 0 and o > 1, then for some constant C > 0 and any time interval [

which contains t = 0 and has length | I |[< 1, we have

H /OtS(t—y)Gl(y)du

< Cle)lz, .

vI

0,8,s
and
¢
’ / Sp(t — v)Ga(v)dy < C||Ga(v)]] o -
0 Yf;;IS ,0,s
Proof. For the proof of Lemma |l| and Lemma [2| see (Lemma 7.1 and 7.2 in [17]) O
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2.2. PRELIMINARY ESTIMATES AND FUNCTION SPACES

2.2.2 Bilinear estimates

In the following Lemma, we state the desired bilinear estimate.

Lemma 3. Let s > min{1, % + %er—}, 0 >0 and o > 1, then

10 (wiws) ||z, 5.< Co(y) [ wrllys, [l wallys
0,8,8 7,8,s

where
yatzot for 0 < o) < 1,
Co(y) =

F, for or > 1.

Proof. Define the operator A by

Aw' (&,1) = G (¢ b). (2.2.2)
we have
Y Ty = (2m) 72wy« w0y

< a7 Y [ R = b7 ) T, )

kEZ

= Aw, Aw,
Since 6 | k |Vo< S | k—ky [V 46| ky |V, Vo > 1.
Then

10:(w1w2)l 2, 5. = 102 (wrws)l|x, 5.,
/o s —1 -
H e (k) (7 — k) O (wrwa) (k, 7 22y 2wy

< (182 (Awy Aw,) || x

s,—1/2

+| (k) (T — k3>71 0 (Awy Aws) (K, T)HL%(TM)L;(R)

= 0 (AwyAws) ||z, .
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2.2. PRELIMINARY ESTIMATES AND FUNCTION SPACES

Now, by using Proposition 3.7 of [40], there exists Cp(7y) where

yEtaot for 0 < g <1,
Co(’Y) =
O, for o1 > 1.

such that

| Ox(AwiAws) ||l zs < Co(7) || Awr [lysll Aws ||y

= Co() lwn llys, ez Dy,

Lemma 4. Let s > min{1, % + 3 max{gs, 03}+}, 0 > 0 and 0 > 1, we have

10w (uw) |l zs - < CvY) [l lly, gl w llye,
7,0,8 7,6,s

where

7%+%ma’<{92’93}+, for 0 < max{ps, 03} <1,

A, for max{gs, 03} > 1.

Proof. We have

|0 (uw) HZf,g,s = 110 (uw) HXf,s,s,—l/z

+ T (k) (7 — B3 O (ww) (b, )| 2y 1 )

< . (AuAw) s

+| (k) (r = BE*) T 9, (Audw) (k, 2 v/

=|| 0x(Audw) || ;s .

(2.2.3)
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2.3. LOCAL WELL-POSEDNESS AND PROOF

Now, by using Proposition 3.8 of [40], there exists Ci(7y) where

yztamax{ezes}t  for 0 < max{ps, 03} < 1,
Ci(y) =
v, for max{os, 03} > 1.

such that

I 0x(AuAw) || 5 < Ci(v) || Aw [ly.]] Aw |lyz

- Cl(v) || U HYU,(S,S w Hyf,é,s ’

]

The following corollaries will be essential in our proof of the main theorem. For more detail

see proof of lemma 6 and corollary 1 in [28].

Corollary 1. Under the hypotheses of Lemmal3, for any time interval I, we have

| 0cwnws) Nz, < Colr) |11 wn llyzy sl
Corollary 2. Under the hypotheses of Lemmalj, for any time interval I, we have

| On(uw) Hzﬁ,g <G "] ”Yafé | w Hyﬁg ’
7,0,s ’ 19,8

S

2.3 Local well-posedness and Proof

We are now ready to estimate all terms in (2.2.1)) by using the trilinear estimates in the above

Lemmas. We define the spaces

yg’&s —vI YﬁJ Za,é,s _ Z(J;’&s > Z’B’I and B = go,&s « ga,é,s’

0,0,8 0,0,8) 0,0,8

with norms

1w, )|y, 5., = maz{|fully;:

0,6,s

ANwllyzs 3

and similar for Z, 5, and B,
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2.3. LOCAL WELL-POSEDNESS AND PROOF

Theorem 4. Let s > min{1, so+}, s9 = %+%max{gl, 02,03t 0< <1,y >1,0>1,6>0 and

(1o, wo) € B7%*. There exists T > 0, which depends on (ug,wy), such that the Cauchy problem

has a unique solution
(u,w) € C([-T,T),67**) x C ([-T,T),G7*) . (2.3.1)
We will show that © x = is a contraction on the ball Y(0, R) to Y(0, R).

Lemma 5. Let s > min{1,so+}, 0 > 1 and § > 0. Then, for all (ug, wy) € B*%*, such that the
map © x =Z: Y(0,R) — Y(0, R) is a contraction, where Y(0, R) is given by

Y0, R) = {(u,w) € Vo5 [|(u, w)lly, 5. < R},
where R = 2C||(ug, wo)|| go.s.s-
Proof. Combining Lemma , and Corollary we obtain

| Ol llys, . < C [ o llgnse +CColy) [ w2

Yihs
(2.3.2)
< C'|| (uo, wo) [|gras +CC)T || (w,w) I3, .,
and
1=l w] llyss - < Ol wo llgoss +CCL() [ llyz, [Twllys,
(2.3.3)
< C| (uo,wo) [[ges.s +CCNT* | (w,w) I3, -
Where C(v) = max{Cy(7),C1()}. Therefore, from (2.3.2)) and (2.3.3)), we obtain
1 (®u, w), Elu, w]) Iy, ;.. < C' || (uo, wo) [lgrse +CCMNT || (w,w) 3, -
For all (u,w) € Y(0, R), we have
H (@[u’w]vE[u7w]) ||ya,5,s§ R?
€ 1
where T S W
Thus, © x = : (JJ(O, R),Y(0, R)), is a contraction, since
|| (@[u7w] - @[u*7 w*]v E[“? w] - E[u*a W*]) ||ya,5,s§ % H (u - u*’ w — w*) ||yc7,5,s :
The rest of the proof (Of Theorem M) follows a standard argument, see [9]. O
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2.4. GEVREY’S REGULARITY

2.4 Gevrey’s regularity

Replacing ¢ with —t we can write our system as follows

4
O = OPu + wo,w,

Ohw = BI3w + 0, (uw), 0<p<1
u(zx,0) = ug(x),
w(z,0) = wy(x),

(2.4.1)

2.4.1 Gevrey-3o0 regularity in time

Theorem 5. Let s > min{l, so+}, for0 < <1, >0,0 > 1 and (u,w) € C ([—T, T}, ggﬁ’S) X
C ([-T,T);G7**) be the solution of . Then (u,w) € G3([-T,T]) x G3([-T,T)) in the

time variable t.
In order to prove Theorem [5|it is enough to prove the following results.

Proposition 4. Let n, k € Z* , we have

)
07 0% u(z, )| < C™HMH((3n + k))M", Vo €T, (2.4.2)

and
070k w(xz, t)] < C"FH((3n + K))TM™, Vx €T, (2.4.3)

where M = C? + 2%

Proof. We will use the proof by induction on n. For n = 0, inequality (2.4.2)) follows from the
following result.

|Obu(z,t)| < C*TY(KN, Va € T,Vk € Z%, (2.4.4)

and

|05w(z,t)| < CH (K7, Vo e T,Vke€Z. (2.4.5)
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2.4. GEVREY’S REGULARITY

For the proof of these inequalities, one can see Proposition 5 in [21I]. We now suppose that
(2.4.2)) holds for all derivatives in t of order < n and k € Z* and we then prove that (2.4.2)) holds
for n 41 and k € Z7.. We have from that

Oy ok = arokt3u + arok(wo,w)

k
= OpoF3u + o (Z (k) af—qwag“w)
q=0 1
"k
— AnHk+3 n qk—q q+1
opokiu + (Z (Moo w)) 216

(E0ser)

q

(B mra).

m=1 g=

and
8{L+18§w = 68?8’;”10 + 8{‘8’;+1(uw)

k
— BRIy + O (Z (’;) a’;quag“w)
q=0

n - k n 9k—q q+1
= BOPOtRw + (Z (q) (8r0F ) (97 )) (2.47)

Q
Il
o
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2.4. GEVREY’S REGULARITY

We will proof (2.4.6) and (2.4.7]) will be similar. By using the induction assumption, we obtain

| 8f8§+3u | < Cn+k+3+1((3n +k+ 3)!>0Mn

(2.4.8)
— C(n+1)+k+1((3(n + 1) + k,)!)oMnCQ.
For the second term in (2.4.6]), by using the induction assumption, we obtain
Ek k
Z ( > 8nak qw aq+1 < Z On-HC q+1((3n+ k— q) )aMncq—i—l—i—l((q + 1)|)0'
q
q=0

< Ok T q; =T (/S;ki);)go (Gn+k—aq) @+ 49

< OO DR ((3(n 4+ 1) + k)!)fang

20"

Wl

For the third term of (2.4.6)), we have

k

> (5)tmoaroria

q=0

k
< Z Ck q+1<<k o q)!>oMncn+q+1+1((3n+ q—+ 1)|)o’

< ok ; = " (li’“i)‘;)!)a (k= @) ((Bn+q+ 1)) (2410

< Lomee 34 1) + k)!)"M”;

W
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2.4. GEVREY’S REGULARITY

For the fourth term in (2.4.6]), we have

25 (1) (8) -t

n—1 k
<3 (D h Yo (st - m) k- )M g )

n—1 k
- (2.4.11)
=scmm - - —q))? e
) Mm—lqz e n+k—m =g o —m k=g (Bm g+ 1))
Sy (o
< Cn+k+3Mn ; - s .

C(n+1)+kz+1((3(n 4 1) + k>!)UMn2£o"

To obtain the proof in detail see proof of Lemma 4.2 in [24]. Finally by using (2.4.6]), (2.4.8),

(2.4.9),(2.4.10) and (2.4.11)) we obtain

o dku(z, t)] < CmHHY((3n + K))TM™, Vo €T,

<

W =

taking k = 0 we obtain
|07 u(z, t)| < C"PH((3n)) M™ < L™ (n!)*?, for L >0,Vz €T,
i.e. u € G¥([-T,T]) in time variable. We have also
070k w(x,t)] < C"FHY((3n + K))TM™, Vr €T,
taking £ = 0 we obtain
107w (z, )| < C"TH(Bn))TM™ < L ()% for L > 0,Vz € T,,

ie. we G¥([-T,T)) in time variable . O
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2.4. GEVREY’S REGULARITY

2.4.2 Failure of Gevrey-d regularity in time

The next Lemma will de useful in order to estimate the higher-order derivatives of solution with

respect to .

Lemma 6. [2]|] If (u,w) is a solution to then for every n € {1,2,...} we have

Opu=0u+> Y CPOyu) - (Orw), (2.4.12)
m=1|\|+2m=3n

and

Ow=0"w+Y > CyANu) - (2 w). (2.4.13)

m=1 |\|[+2m=3n
Definition 8. Let {wy} be a sequence of positive numbers. We denote by C(wy) the class of all
functions h(x), infinitely differentiable on [—1,1], for each of which there is C > 0 such that:

|W®) ()] < C*lwy, ze[-1,1] and k=0,1,2, ...
Lemma 7. ([23]) For any 0 > 1 and any sequence of complex numbers {py}, satisfying
ox] < CYHER, Gy >0,
there exists a function h(x) € C(k*) for which h™(0) = ¢},
This result will be used for the sequence of real numbers
IW®) (z)| < C¥HLER < CFHL (RN, k=0,1,2, ...
where h(x) € C(k*”) such that h®)(0) = ¢ = (k!)7.
We choose ug, wy € G7(—2,2) such that

O(z) =1 for |x|<1
and
O(z) =0 for |x|> 2,
by modifying h(x) to become having a compact support in (—1,1).
If ug and wy are extensions of Oh, then we have ug, wy € G°([—T,T]).Consequently, we obtain

the relations:

uP(0) = h®(0) = (K1) and wi (0) = B¥(0) = (k1)°.
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2.4. GEVREY’S REGULARITY

Theorem 6. Let s > min{l,so+} for 0 < f < 1, § > 0, 0 > 1. The real-valued solution
to with real-valued initial data (ug,wo) € G7%% x G7% may not be in GH[-T,T]) x
GU[-T,T)), with 1 < d < 30, in the time variable t.

Proof. By using ([2.4.12)) and (2.4.13)) we get

ru(0,0) zag’;”u(o,owrzn: Z C (M u(0,0)) - - - (02 v(0,0))

m=1 |\|[+2m=3n

=u"(0)+) Y CF( ue(0) - - (93 wo(0))

m=1 |\|[+2m=3n

> ud(0) = ((3n)1)7 > (nl)?,

and

orw(0,0) :agnw(o,0)+zn: Z C(0Xu(0,0)) - - - (92mw(0,0))

m=1 |\|[+2m=3n

=)+ D CR(0u(0) - - (9w (0))

m=1 |\|[4+2m=3n

> wi(0) = ((3n))7 = (),

we have proved that (u(0,-),w(0,-)) & G4([-T,T]) x G*([-T,T))
for 1 < d < 30 and for ¢ near 0. O
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Chapter 3

Novel lower Bounds on the Radius of

Spatial Analyticity for the KdV type

equations

1- Statement of the problem and main results
2- Preliminary estimates and Function spaces
3- Proof of Theorem 7

4- Approximate conservation law

5- Proof of Theorem 8
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3.1. STATEMENT OF THE PROBLEM AND MAIN RESULTS

3.1 Statement of the problem and main results

In this chapter we study the existence and uniqueness of the solution of KdV type equations in
Bourgain type spaces, we consider the nonlinear Cauchy problem
Ow + 03w + n(t) Lw + O, (w)* =0, (z,t) e R?, k=24
(3.1.1)
w(x,0) = wo(),
where 7(t) = 7 sgn(t) and 7 is a positive constant, w(z,t) are real-valued.

The linear operator L is defined via the Fourier transform by

o~

LI =o(O)F ().

With ¢ we denote the phase function as follows

n 2m

o(v) = chi,j’/i|V|j7 Cij €ER, compn = —1,

j=0 i=0

where, there is a constant ¢ such that ¢(¢) < c.

This problem is a continuation of the previous works. The first novelty here is to study the
question of well-posedness of(3.1.1) for initial data w(x) that is analytic on the line and can
be extended as holomorphic functions in a strip around the xr—axis. A class of suitable analytic
functions for our analysis is the analytic Gevrey spaces G%*(R) introduced by Foias and Temam

[19], which may be defined as:
G**(R) = {f € L*(R); |lwollgss (R) < oo},
where:
ey = [ €00 GHOPL,

forseR, 6> 0and (-) == (1+]-[?)z.
If 6 = 0 the space G** coincides with the standard Sobolev space H*.

For all 0 < ¢’ < § and s, s’ € R, we have:

G (R) C G”*(R) i.e || fllgsr @y < ool fllarsmy; (3.1.2)
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3.1. STATEMENT OF THE PROBLEM AND MAIN RESULTS

is the embedding property of the Gevrey spaces.

Proposition 5. (Paley-Wiener Theorem, [33]) Let 6 > 0, s € R. Then f € G°° if and
only if it is the restriction to the real line of a function F which is holomorphic in the strip

{r+1iy: z,y e R, |yl <} and satisfies:

sup || F(z + iy)|| gy < oo.
ly|<d

In the view of the Paley-Wiener theorem, it is natural to take initial data in G%* and obtain
a better understanding of the behavior of solution as we try to extend it globally in time. It
means that given wy € G%* for some initial radius § > 0 we want to estimate the behavior of the
radius of analyticity 6(7") over time.

The first result according to the local well-posedness is given in the next theorem.

Theorem 7. Let § > 0 and s > ay, k = 2,4. Then for any wy € G**, there exists
T =T(|| wo ||gss) > 0 and a unique solution w of on (=T,T) such that

weC(-T,7T),G°) .

Moreover the solution depends wq, where
Co
(14 || wo [Igst)?

here ay = —3/4, ay = —1/6, for some constants co > 0 and f > 1 depending only on s.

Furthermore, the solution w satisfies
||'LUHXg:5’b < 2C|wol|go.stp-1/20 1/2 < b < 1,
with constant C' > 0 depending only on s and b.
The second result for problem is given in the next theorem.

Theorem 8. Let s > ap, k = 2,4 and & > 0. Assume that wy € G, then the solution in

Theorem@ can be extended to be global in time and for any T" > 0, we have:
w e C <[_T,,T/], G(S(T’),S) with 5(T/) — min {50’ ClT,_l/K} ’

where oo > 0 can be taken arbitrarily small and Cy; > 0 is a constant depending on wq, 6y and s

. (Here ”T" have nothing to do with the time derivative.)
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3.2. PRELIMINARY ESTIMATES AND FUNCTION SPACES.

This chapter is organized as follows. In sections 2, we define the function spaces, linear
estimates and bilinear estimates. In section 3 we prove Theorem [7] using the bilinear estimate
and the linear estimate, together with contraction mapping principle. In section 4, we prove the
existence of a fundamental approximate conservation law. In the final section 5, Theorem 8| will

be proven using the approximate conservation law.

3.2 Preliminary estimates and Function spaces.

3.2.1 Function spaces.

Now we introduce the analytic Gevrey-Bourgain spaces associated to the KdV equation.

First, we consider the linear Kdv equation

Vi + VUgee =0, x,t €R
(3.2.1)

v(z,0) = vy.

The solution of (3.2.1)) is given by v(x,t) = [W(t)vo] (x), where

W (t)vo(C) = 6it§3@0(§)-
The completion of the Schwartz class S(R?) is given by X5 ,(R?) = Xj,5, with respect to the

oo = || () (O W(=0)Av(C, o)1,

Xop = [IW(=1) Av|

1vllx; .02y = [ Av]

= 1™ o = ¢ (0" D¢ ) e,
- (/R (o= V(O 1B(Cp) P dgdp) g

where the operator A, defined by

Av (¢, 1) = K57 (¢, 1), (3.2.2)

For 6 = 0, the spaces Xy 5, coincides with the Bourgain spaces X .
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3.2. PRELIMINARY ESTIMATES AND FUNCTION SPACES.

The spaces Xg&b, denotes the restriction of X, onto finite time interval [T, 7], T > 0 and

equipped with the norm:
oy, = 0f {1V xyouy: V€ Xounolt) = Vt)for —T <t < T}
Now we consider the IVP(3.2.3) associated to the linear parts of (3.1.1))

Vp 4 Upgr + () Lo =0, x,t €R
(3.2.3)

v(0) = vy.
The solution to (3.2.3) is given by v(z,t) = [S(t)vo] (z), where

—

S(t)u(¢) = e+ (),

the semigroup S(t) can be written as S(t) = W (t)U(t) where U/(t)\uo(C) = M1y (¢) and W (¢)

is the unitary group associated to the KdV equation.

3.2.2 Linear estimates

To prove our main results, we need some multi-linear estimate in the analytic Gevrey-Bourgain
spaces. Note that the spaces X, are continuously embedded in C (R, G‘;’S(R)),
provided b > 1/2.

The proofs of the next Lemmas, for § = 0, are developed in [15] and [35], for 6 > 0 using operator

Ain 3232).

Lemma 8. Let b > %,

s€R and § > 0. Then X5, C C (R, G5’S(R)) and
sup [ (t) g5 < Cllullx,.., (32.4)
teR

where C depends only on b.

Lemma 9. Let s € R, 6 > 0 and —% <b<lV < % Then for any T > 0 we have
lwllxr,, < CT"llwlxr . (3.2.5)

where C depends only on b and b'.
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3.2. PRELIMINARY ESTIMATES AND FUNCTION SPACES.

Lemma 10. Let s € R, § > 0, —% <b< % and T > 0. Then, for any time interval I C [T, T},

we have

HXI(t)wHXé,s,b < CHU)HXES,V (326)

where x1(t) is the characteristic function of I, and C' depends only on b.
Next, consider the linear Cauchy problem ({3.2.7)), for given G(x,t) and wp(x),

ow + Pw+nt)Lw =G, k=24

(3.2.7)
w(z,0) = wy(x).
By Duhamel’s principle the solution can be then written as
t
w(t) = S(t)ywo — / S(t — ) (Bpw" (1)) dps. (3.2.8)
0

Lemma 11. Let se R, b>1/2, —1/2 <V <0, >0, p=2m+n and 0 < T < 1, then there

1s a constant C' > 0, such that
||S(t)wo||xéysy,, < Cllwol| gss+po—1/2).- (3.2.9)
If1/2 <b <V /3+2/3 then

| St — P

< C|Fllx, ., (3.2.10)
Xs,s,b

3.2.3 Multi-linear estimate

Corollary 3. Let k= 2,4, 0 > 0 and s > ay.There exist v € (1/2,1) and r(s) > 0 such that if
b and b’ are two numbers satisfying 1/2 <b < b +1 <y and b/ +1/2 < r(s) then for w € Xs4p,
the following estimate holds

| 9" 15y, < Ol w I, (3211)

where ay = —3/4 and ay = —1/6.
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3.2. PRELIMINARY ESTIMATES AND FUNCTION SPACES.

Proof. For k = 4, we observe, by considering the operator A in (3.2.2)), that

—_— _ — — —~ —~
Al wawsw, = (21) 721wy * w3 * w3 * Wy

< (27T>_2 /]RG 65|C_Cl|@\1(< —Ci,p— Pl)eﬁ‘ﬁ_@'@(ﬁ — G2, p1 — p2)

el2=Gl3 (¢ — G3, p2 — p3)e®1%wa (G, p3)dCidCadlsdpidpaps

= (Aw1A@03Aw4),

since

S|CISO[C—G |+ |G -G+ [G—CG+0|G].

Thus, we have
| 9x(wiwawswa) [x,  ,, <[l 0x(Awi Aws Awz Awy) | x_,, -
For k = 2, we have
| 9:(wiws) | x, ., <I| Ou(Awi Aws) [Ix,, -
Thanks to the Proposition 2.10 in [15], for k£ = 4 we get

|| 8$(Aw1Aw2Aw3Aw4) ||Xs,b’ S C || Aw1 |

|Aw2|

|AU)3|

|Aw4|

Xs,b Xs,b Xs,b Xs,b

=C H wy HX(s,s,b ’ Wa HXa,s,b ‘ w3 HXé,s,b ‘ Wy HX(s,s,bv

for k = 2 and by Proposition 2.10 in [15], we get

|| On(Awy Aw,) |

X,y S O\ Awy (x| Aws [1x,,= Ol wr llx;,,01 w2 (1., -
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3.3. PROOF OF THEOREM 7

3.3 Proof of Theorem 7

Now, we are ready to estimate all terms in (3.2.8)) by using multi-linear estimate in the above
lemmas. Let § >0, s —p(b—1/2) > ay, k = 2,4, and wy € G, with b= 1/2+4¢, b/ = —1/2+4¢
and 0 < € < 1 satisfying

O<e<min{

where p = 2m +n’ v and r(s) are as in Corollary [3|

3.3.1 Existence of solution

To construct the local solution w of (3.1.1)), we proceed by an iteration argument in the space
X(?:S,b'

Let {w™}2, be the sequence defined by

Ow® + 92w + () Lw® = 0,

w®(0) = wy,
and for n € {1,2,-- -}, we have

Ow™ + PBw™ + n(t) Lw™ = —(wr—D)k,

w™(0) = wp.

Based on Lemma [11], we have
Oz, 1) = S(thuo(z),

and
t

W (1) = S(two(a) — [ St =0, (W p0) " dp
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3.3. PROOF OF THEOREM 7

Then, from Lemma [9) and Lemma [T1], we have

(0)
Hw Hng,p(bq/z),b

< Cllwollge-

n /_ n—1)\%
[0 lxr < Cllullons + O 0, (@) e (3.3.1)
< Cllwollgss + CT"w™ D)|kr :
8,s—p(b—1/2),b
with 1/2 <b <V 41 <~vyand b +1/2 <r(s). By induction, it follows that
| w ™ || xr < 2C||wol|gs.s, (3.3.2)

§,s—p(b—1/2),b

for all n, if T' € (0, 1] is chosen so small that

1
T < —-
(22k+10k”w0||ggi)ﬂ

Using Corollary [3| together with (3.3.1]) and (3.3.2), we get

0. [(w )" = (w2)"]|

(n) _ ,,,(n—-1)
Hw w ||X5T,S_p(b—1/2),b

C«Tb’—b‘

T
X&,sfp(b71/2),b’

IN

. _ .
CTY beHX(;T,S,,,@,l/g),b”w(n D _ g 2))HX§;,b

IN

1
(n—1) (n=2)
2”“’ w )||)('gjs_;,,(b—l/Q)J)7

where
F= ) 4 ) () (@O () (o),
for k =4 and
f= (w(n—l)) + (w(n—Q)) 7

for k = 2. It follows that the sequence converges to a solution w verifying (3.3.2)).

3.3.2 Continuous dependence on the initial data

Suppose that w and v are two solutions to (3.1.1) with wg, vy, respectively. Then, with T" and

for any T" such that 0 <T" < T, we get

1
<O | wo —vo [|gos +§ | w—v ||

H w—=v “Xg:;,p(bfl/z),b_ 6757p(b71/2)7b’
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3.3. PROOF OF THEOREM 7

provided || wg — vy ||gs.s is sufficiently small. This ends the proof of continuous dependence.

3.3.3 The uniqueness

Uniqueness of solution in C'([~T,T], G>*) can be proved by the following standard argument.
Suppose that w,v € C([-T,T],G%*) are two solutions of (3.1.1)) with w(-,0) = v(-,0) in G°.

Setting u = w — v, we see that u solves the Cauchy problem
Ovu + O3u + n(t) Lu + Oy (w* —v*) =0, w(0) =0.
Thus, we have

1i”u(zﬁ, N3 = Ld / u?(t, r)dr = / u(t, z)opu(t, z)dr = — / u(t, £)0, (w* — v¥)da,
since we have
/ u(t, v)0u(t, v)dx = n(t) / u(t, ) Lu(t, z)dx = 0. (3.3.3)
R R
Thanks to equation (3.3.3)), we have
Sl = =2 [ u(t.0)0, [t 2)u(t.0) da,
R

where f = w? + v3 + wv? + vw? for k =4 and f =w + v for k = 2.
Integrating by parts the last integral we obtain

(e, e = - /é’ftw (t, 2)dz

from which we deduce the inequality

d
Tl Iz < 100 f e [lu()]1Z2: (3.3.4)

Since w,v € C([-=T,T], G**) we have that w and v are continuous in ¢ on the compact set [—T, T

and are G%° in . Thus, we can conclude that

10:fllze < ¢ < 0. (3.3.5)

Therefore, from and we obtain the differential inequality

<clu@®llz>, It <T.

d
Sl )13
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3.4. APPROXIMATE CONSERVATION LAW

Solving it gives

lu®)lize < ellu(O)lze, [t <T. (3.3.6)

Since [|u(0)||7, = 0, from (3.3.6) we obtain that u(t) =0, =7 < ¢ < T or w = v.

3.4 Approximate conservation law

Our goal in this section is to show an approximate conservation law for a solution of (3.1.1]) based

on the conservation the L?(R) norm of solution of the equation in Theorem [9]

Theorem 9. Let r € [0, —ag) and T be as in Theorem [, there exist b € (1/2,1) and C > 0,
such that for any 0 > 0 and any solution w € Xgo,b to the Cauchy problem on the time

interval [0,T], we have the estimate

sup [[w(t)[[Zs0 < w(0)[|Es0 + Co*[lwl3s . (3.4.1)
te[0,T 5,0,b
Moreover, we have
Sup, lw(®)IEs0 < 1w (0)[Zs0 + OO w(O) &5 s0-1/2- (3.4.2)
S )

We need the following estimate.

Lemma 12. Given k € [0, —ay), there exist b € (1/2,1) and C > 0, such that for allT > 0 and
u € Xsop, we have

Gl x0p-, < Co"[lwl,

where G = 9, [(Aw)* — A(w)*] and the operator A given by .
Proof. We distinguish two cases:

1. For k =2. Let G = 0, [(Aw)* — A(w)?]. Then,

Gl X0 = 1105 [(Aw)? = A(w)*] lIxy,
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3.4. APPROXIMATE CONSERVATION LAW

= =g /}R (et = KN DG, p) (¢ = G p = p1)dGidpr Iz - (343)
Using (3.4.3) and the following estimate (see [45])

1Pl — 1ot < 26 min(Jaf, | B])] 1M, 6 € [0, 1],

and

| ) () €= G
mln(Kl’alC Cl‘) <2 <C> :

For k € [0,3/4) C [0, 1], one can see that

||G|’X0,b71 <

< ||ﬁ /R2 26 min(|Gi,1¢ = Q) e G (¢, pr) B¢ — Ciup — Pl)dCld,OlHLE,p

< 0L [ O @G ) (G 0~ G = pdGudlsz,
</0 - v > R2 P

Now by taking s = —x € (—3/4,0] we obtain

||G||X0,b—1 < 06H||w||§(6,0,b'

2. For k =4. Let G = 9, [(Aw)* — A(w)*], using Lemma 8 in [45], for x € [0,1/6) C [0, 1],

we obtain

1Glx05-1 < CO™ [l -

]

Proof. (Of Theorem [9) Let V (¢, z) = Aw(t, z) which is real-valued since the multiplier A is even
and u is real-valued. Applying A to (3.1.1) we obtain

OV + BV +nt) LV +kVF1o,V =G,

where

G =0, [(Aw) — A(w)*], k=24,
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3.4. APPROXIMATE CONSERVATION LAW

then

VEO,Vdr = / VGQdzx.
R

/ Vo,Vdr + / VORVdr + n(t) / VLVdx + k /
R R R

R

Noting that d7V (x,t) — 0 as |z| — oo (see [46]), we can use integration by parts to obtain

—— = . 4.4
5% RV dx /RVGd;E (3.4.4)

Integrating (3.4.4]) with respect to ¢ € [0, 7], we obtain
/VQ(T, x)dx:/VQ(O,x)dx+2/ Xjo,71(t)V Gdzdt.
R R R2
Thus,
[w(T) &0 = w(0)[[Es0 + 2/2 Xjo,7)(1)V Gddt.
R

By using Holder’s inequality, Lemma Lemma (12| and the fact that 1 — b < b, since b > 1/2,

we obtain

| [ Xom(®VGdedt| < Ixan(®Viis,ulxon Gl

< WVlxg,  NGlxz

0,1—b 0,b—1

S CTf-cHwHk—l—l

T -
X&,O,b
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3.5. PROOF OF THEOREM 8

3.5 Proof of Theorem 8

Let g > 0, s > ag, k € (0,—a) be fixed and wy € G%*. Since the invariance property of the

KdV-type equation under the reflection (¢,x) — (—t, —z), we can restrict to ¢ > 0. Then, we

have to prove that the solution w of (3.1.1]) satisfies:
weC ([O,T’], G5(T')’S) ,

where

6(T") = min {50, C’lT'_l/”} . forall T >0,

and C; > 0 is a constant depending on wy, dy, s and k. By Theorem [7], there is a maximal time

T* = T*(wy, dp, s) € (0, 00] such that:
w e C([0,T%],G"*).

If T* = o0, it is done.

If T* < 00, as we assume henceforth, it remains to prove

wed ([O,T’], GClT’*l/%) , forall T > T

3.5.1 The case s=0

Fix T" > T*. We will show that, for 6 > 0 sufficiently small
sup [[w(0)[[Es0 < 2[[w(0)][Esg.0-
tel0,77]
In this case, by Theorems [7] and Theorem [J] with

Co
(1+2 ] w(0) | &ao)?

the smallness conditions on § will be

5 <oy and ZLCovat | w(0) 5!
o and — w 0.0

<1,C>0.
Here C' is the constant in Theorems[J] By induction, we check that

P.E 2t
sup_ lw(®)Igso < [w(0)[Es0 +nC3* 27 w(0)[IEh .0,
te[0,nT

(3.5.1)

(3.5.2)

(3.5.3)
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3.5. PROOF OF THEOREM 8

and

sup JJw(t)[|Gso < 2/lw(0)]|Zs.0, (3.5.4)
te[0,nT]

for n € {1,...,m + 1}, where m € N is chosen, so that 77 € [mT, (m + 1)T'), this m exists. By
Theorem [7] and the definition of 7™, we have

Co

— <T* hence T <T.
(14 | w(0) [Igz50)?

T <

In the first step, we cover the interval [0,7"] and by Theorem [9] we have

ts[lér;]llw(tﬂl?;so < w(O)lgso + Co"[[w(0)llgsm-12
€0,

< w(0)[250 + CE=[lw(0)][%5L,

< [lw(0)1gs0 + Co™[lw(0)lIg5,

G900

since 0 < &1 < &y, we used

[w(0)llgso < lw(0)]lgooo,

and

lw(0)lgasearz-o < Cllw(0)[lgano < Cllw(0)|gsoo

This verifies (3.5.3) for n = 1 and now,(3.5.4) follows using again ||w(0)]|gs0 < ||w(0)]|gé00 as
well as C'§%||w(0)| légolp < 1.

Suppose now that (3.5.3) and (3.5.4) hold for some n € {1,...,m} and we prove that it holds
for n + 1.
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3.5. PROOF OF THEOREM 8

We estimate

sup  Jlw(®)[[Zse < Nlw(nD)|[gs0 + C8lwnT) [ Gh b2
te[nT, (n+1)T]

Ii k+1
< Jw(nT) | + C87275 w(0)[ 54,

< Jw(nT) s + C8<2°F w(0)]|54E

(90,0

Roktl K
< [w(0) [0 + nCE"25 [w(0) | by + CO2F [lw(0)]|h

G%0:0 %050

verifying (3.5.3)) with n replaced by n + 1. To get (3.5.4) with n replaced by n + 1, it is then

enough to have

(n+ 1)05“ ||w( N G500 <1,

but this holds by 1} sincen+1<m+1< T +1< QTI
Finally, the condition is satisfied for 0 € (O7 do) such that

27" k+1 b1

TC82 | w(0) Iite= 1.

Thus, § = ClT’_%, where

==

<C2k+3 ” w( ) ‘Géoo (1+2 H w( ) HG500) )

3.5.2 The General Case

For all s, by(3.1.2), we have wy € G%* C G%/29,

For case s = 0, it is proved, there is a T7 > 0, such hat
w e C ([0,Ty), G*/*0),

and

w E C ([O,Tl], GQO’T’—l/H,O> ’ fO’l" T/ 2 Tl,
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3.5. PROOF OF THEOREM 8

where 0 > 0 depends on wy, dy and k. Applying again the embedding (3.1.2]), we now conclude
that
w e C([0,Ty), GP/**),

and

w E C <[O, T/], GUTLl/ms) 7 fOT T/ Z Tla

which imply (3.5.1]). The proof of Theorem (8| is now completed.
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Chapter 4

On the radius of spatial analyticity for
coupled system of mKdV-type

equations on the line

1- Statement of the problem and main results
2- Preliminary estimates and Function spaces
3- Proof of Theorem 10

4- Approximate conservation law

5- Proof of Theorem 11
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4.1. STATEMENT OF THE PROBLEM AND MAIN RESULTS

4.1 Statement of the problem and main results

In this chapter we extend the previous results and propose a coupled system of
mKdV-type equations on the line.

To begin with, we consider the initial value problem,
(

Ou + Bu + I, (uv?) = 0,

O + BO3v + 0, (u*v) =0, (x,t) eR? 0<pB<1
u(z,0) = uo(x),

v(,0) = vo(),

(4.1.1)

\

For the mKdV equation, many problems have been studied and many results have been found.
It is proved that the mKdV equation is locally [36] and globally [I8] well-posed in H*(T) for
s > 1/2. Global well-posedness in L*(T) was shown in [32].
For 0 < 8 < 1, the author in [I2] proved that the IVP is locally well posed for given data
(uo,v0) € H*(R) x H*(R), s > —3. Tadahiro in [40] used the Fourier transform restriction norm
method and proved that the IVP (4.1.2))

Ou + Bu+ 0,(v*) =0, wu(z,0) = ug(x), (412)

O + B3V + O (uwv) =0, v(z,0) =wve(z), 0< B <1,
is locally well posed for data with regularity s > 0.
For § = 1, the system reduces to a special case of a broad class of nonlinear evolution
equations considered by Ablowiz et al.[I] in the inverse scattering context. In this case, the well-
posedness issues along with existence and stability of solitary waves for this system are widely
studied in the literature, using the technique developed by Kenig in [35],[36], Well-posedness for
the non-periodic gKdV equation in spaces of analytic functions has been proved by Grujic and
Kalisch [22]. Using the analytic spaces G%* introduced by Foias and Temam [19] and which are
defined by the norm

1. = [ 04D+ 0 FiO)Rd < o0

A class of suitable analytic functions for our analysis is the analytic Gevrey class G%*(IR) intro-

duced by Foias and Temam [19], which may be defined as

G**(R) = {f € L*(R); || fllgas(R) < o0},
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4.1. STATEMENT OF THE PROBLEM AND MAIN RESULTS

where

11y = / 2140y | F(O) P,

Proposition 6. (Paley-Wiener Theorem) [33] Let § > 0, s € R. Then f € G** if and only if it
1s the restriction to the real line of a function F' which is holomorphic in the

strip {x + 1y : x,y € R, |y| < I} and satisfies

sup | F(x + iy) |z < oo,
ly|<d

Remark 3. In the view of the Paley-Wiener Theorem, it is natural to take initial data in G
and obtain a better understanding of the behavior of solution as we try to extend it globally in
time. It means that given wy € G%* for some initial radius 6 > 0 we want to estimate the behavior

of the radius of analyticity §(T) over time.

The first main result about the well-posedness of the initial value problem associated with a

system consisting mKDV-type equations (4.1.1)) in analytic spaces reads as follows.

Theorem 10. Let 6 > 0 and s > —%. Then for any (ug,ve) € G x G%*, there exists T =

T(||(ug, vo)||gos xass) and a unique solution (u,v) of on [0,T] such that
(u,v) € C ([0,T],G**) x C ([0, T],G**)

Moreover the solution depends (ug,vo), where

1

T = ;
(16C3 + 16C* || (uo, vo) ||2G5,sxG5,5)1/€

Furthermore, the solution w satisfies

1
||(u,v)||X5’$’be§’S’b < 2C|(ug, vo)||gos xgos, b= 3 + €,
with constant C' > 0 depending only on s and b.

An effective method for studying lower bounds on the radius of analyticity, including this
type of problem, is was introduced in [44] for 1D Dirac-Klein-Gordon equations. It was applied
in [33] to the modified Kawahara equation and in [22] to the non-periodic KdV equation. (For
more details, please see [22] 146]).

The second result for problem (4.1.1f) is given in the next Theorem.
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4.2. PRELIMINARY ESTIMATES AND FUNCTION SPACES.

Theorem 11. Let s > —%,O < B <1 anddy > 0. Assume that (ug,vy) € G x G**, then the

solution in Theorem [1(] can be extended to be global in time and for any T' > 0, we have:
wiec (0116 e (07T
with
§(T") = min {50, ClT’—l/Fv} ’

where ag > 0 can be taken arbitrarily small and Cy > 0 is a constant depending on wy, oy, and s

This chapter is organized as follows. In Sections 2, we define the function spaces, linear
estimates and bilinear estimates. In Section 3 we prove Theorem [I0] using the trilinear estimate
and the linear estimate, together with contraction mapping principle. In Section 4, we prove the
existence of a fundamental approximate conservation law. In the last section, Theorem (11| will

be proved using the approximate conservation law.

4.2 Preliminary estimates and Function spaces.

4.2.1 Function spaces.

We define the needed spaces beginning by the spaces of analytic Gevrey functions that contain

our initial data. For s € R and § > 0 let
6 (8) = {1 € PARY I anie) = [ #9Q* IFOPAC < o0}, (4.2.)
where (-) = (1+|-|). Forall 0 < ¢’ < § and s,s" € R, we have
G**(R) C G"*(R) e || fllgorr @y < Csra | fllaosmy, (4.2.2)

is the embedding property of the Gevrey spaces.
We, then define the analytic Bourgain spaces related to the modified Korteweg-de Vries type
equations. The completion of the Schwartz class S(R?) is given by Xf,&b(]R?), for s,be R, 6 >0

and o > 1, subjected to the norm

N

lwllxe @2 = (/RQ eIy (- B | @(C,m) P2 dCdn) , (4.2.3)
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4.2. PRELIMINARY ESTIMATES AND FUNCTION SPACES.

Sometimes we use the definition X}, = Xs.5p, Where

[wl x;., ,e2) = (/R AN (= Y | @(¢m) P dCdn) By (4.2.4)

For any interval I, we define the localized spaces X 5513 b = X f s.s0(R x I) with norm

ol sy = inf {IWlLxs W hewr = w} (42.5)

b

4.2.2 Linear Estimates

To present the proof of the theorems, we start with trilinear estimate (4.2.3) and (4.2.4)) defined

in the analytic Bourgain spaces. It is well known that the spaces X f s 18 continuously embedded

in C ([O, T], G5’5), provided b > 1/2. Let us begin with the embedded result in the next Lemma.

Lemma 13. Let b > %,

s€R and 6 >0, Then, for all T > 0 we have

X550 = C ([0,7],G*)

Proof. First, we observe that the operator A defined by

Aw' (¢, 1) = "B (. 1), (4.2.6)
satisfies
|wllxs.., = [Awllx,, and [[wlgss = [|Aw]m,

where X is introduced in [33]. We observe that Aw belongs to C' (R, H*) and for some C' > 0,
we have

| Aw fo@ns)< C ] Aw [x,, -

Thus, it follows that w € C([0,T], G"**) and

| w H(J([O;FLG&S)S Cllw HX?,s,b
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4.2. PRELIMINARY ESTIMATES AND FUNCTION SPACES.

Taking the Fourier transform with respect to = of the Cauchy problems (4.1.1]), after an
ordinary calculation. We localize it ¢ by using a cut-off function, satisfying ¢ € C§°, with ¢ =1
in [—1,1], suppy) C [—2,2] and ¢p(t) = 1(%), we consider the operator A,I" given by

.

A, v]() = 9(8)S(#)up — vr(t) /0 S(t — )0, Fy(v)dv,
(4.2.7)

L, v](t) = ¥(t)Ss(t)ve — Yr(t) /0 Sp(t — v)0,Fo(v)dv,

\

where S(t) = e~ and Sj(t) = e~*#% are the unitary groups associated with the linear problems.

The non linear terms define by F| = (uv?) and Fy = (u?v).

Lemma 14. Let s,b € R and 6 > 0. For some constant C' > 0, we have
[0(8)S (H)uol x5, < C lluollgas, (4.2.8)

1o (@)Ss(E)voll s, < C [vollgos, (4.2.9)

for all uy, vy € G**
Proof. By definition, we have

B(O)Ss(thue = Cult) / I G () d

R

= C | &Yy — BC3))i(C)dCdn,
it follows that

| (S0 1%
=C /R 1D (1 [ - B N [ — BE) 12 @o(C) [? dCdn

— o [ 1) o P ( [ 18m= )P 1+ - 56 ) dn) ac.
R R
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4.2. PRELIMINARY ESTIMATES AND FUNCTION SPACES.

We use the fact that b > 1/2 to get

/R [ — BC) 12 (14 | — BC )™ dy

SC/RMM—M’) & dn+0/RMZ(n—ﬁ<3> (14 | n— B¢ ) dp < C.
Il

Lemma 15. Let s € R, —% <V <0<b<b+1,0<T <1 andd >0, then for some constant

C > 0, we have

t
o (t) / S(t— )0, Fi(mv)d|| < CT |0, Ry, ., (4.2.10)
0

X(S,s,b

and

|20 [ S0 - 0.1

< CTV "0, o (4.2.11)
8,5,b7

B
X6,s,b

Proof. Define W = p(t) fot Sp(t — v)0, Fi(x,v)dv. Let us consider the operator A given by
(4.2.6)), then we have

() =urt) | (i) R (),
0
= ur(t) [ [Sslt “D)@AR) (G,
Thus,

t
I lg, =AW Ty = r(0) [ 560~ 0.4 .1

B
Xs,b

Using Lemma 2.1 in [33], we have

Lemma 16. Let © € S(R) be a Schwartz function in time, s € R and 6 > 0. If =3 <b <V < 5

or(t) /O Ss(t — )0, AF, (2, 1)

< CTliber/HamAFIHXfB — CTlberb/"&xFlHXB :
s,b/ 8,8,

B b
Xs,b

]

then for any T > 0 we have,

||@T(t)w||xé,s,b < CcT’ _b||w||X5,s,b/’
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4.2. PRELIMINARY ESTIMATES AND FUNCTION SPACES.

and

[Or(twllys | < CT Mullys

b

where C' depends only on b and V.

Proof. The proof of the Lemma |16/ for 6 = 0 can be found in Lemma 3.2 of [35], for § > 0 as one
merely has to replace w by Aw, where the operator define in (4.2.6)) n

Lemma 17. ([/5]) Let s € R, § > 0, -1 < b <

5 and T > 0. Then, for any time interval
I C[0,T], we have

1
2

(el < Clhwlxr
and
Pattel , < Clulgs,

where x1(t) is the characteristic function of I, and C' depends only on b.

4.2.3 Trilinear estimates

The following Lemma states the desired trilinear estimate.

Lemma 18. Let s > —%, 0>0,b> % and b’ be as in Lemma . Then

I 0 (w?) |Ix;, < €l wllx;,

2
vl

and

| 0(0) llge < C i,

[vllxg, -

Proof. We observe, by considering the operator A in (4.2.6)), that

llguy = (2m)2luxu v
< (27T>2/ e lCIT(C = ¢ — )G = Gy — )
R4

eéléz\i}((‘% n2)dC1dCadn dns

= Amv,
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4.3. PROOF OF THEOREM 10

since 6 [ (|[< 0| (—=C|+6[¢ —C|+0 || Then

0 (0) s =l (0" (n— BC*)" B(uuv)(C) |1

¢

b/

<|| Ox(AuAuAv) || s .
s,b/
Now, by using Proposition 2.3 of [33], there exists C' > 0 such that

I 0:(Aududv) ||~ < Ol Au X, [l Av [l

=Clul,,,

[vllxs, -

4.3 Proof of Theorem 10

4.3.1 Existence of solution

We are now ready to estimate all the terms in (4.2.7) by using the trilinear estimates in the

above Lemmas. We define spaces
B&,s,b = X&,s,b X X(?,s,b and ]\/vé’S = G&,s X G(;’s
with norms |[|(u, v)| 5., = mazx{||u| x,.,, HU”X? b} and similar for N%.
5, " »

Lemma 19. Let s > —% and o > 1, b > % Then, for all (ug,vo) € N> and 0 < T < 1, with

some constant C > 0, we have

I (Afu, o], D, ) 15, < C (1 (atoyv0) llvos +T° | (u0) 1%, ) (43.1)
and

||(A[u’ U] - A[u*a U*]’ F[U, U] - F[u*v U*])”Bé,s,b

< OT (= w0 = "), (1 0) 3, (43.2)

+(w, )55 .,

for all (u,v), (u*,v*) € Bsgp.

0 g+ 100 s )
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4.3. PROOF OF THEOREM 10

Proof. To prove estimate (4.3.1]), we follow

I AL o] llxs < C Nl o llgss +OT | ullxsuull v s
»S,

< C' | (uo, vo) llwas +CT< || (u,v) I3,

and

[vllxe,,

I D) e, < Cllwo llase +COT [ u [, .,

< C' | (uo, vo) [[was +CT | (u,v) I3, -
Therefore, from (4.3.3)) and (4.3.4)), we obtain

I (AT ] T ) < C (1 o 0) lle T (,0) I, )

For the estimate (4.3.2), we observe that

Au,v] — Afu*,v*] = wT(t)/O St — )9, (w® — uv*?) (z,v)dv,

and
Tlu, o] — Tfu*, 0] = g (8) /0 Sl — )0, (12 — ") (2, V),
where
w = 0y (u*v — u?v*) = 9, [v(u+u)(u—u*) +u?(v —v")]
and

W' = 0, (uv® — uv*?) = 9, [u(v +v*)(v — v*) + v (u — u*)]

We will show that A x I is a contraction on the ball B(0, R) to B(0, R).

(4.3.3)

(4.3.4)

(4.3.5)

Lemma 20. Let s > —i, § >0 and b > L. Then, for all (ug,vo) € N°°, such that the map

2
A xT :B(0,R) — B(0, R) is a contraction, where B(0, R) is given by

B(Oa R) - {(U,U) € Bé,s,b§ ||(u7 U)HBa,s,b < R}’

with R = 2C|(ug, vo) || no.s
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4.3. PROOF OF THEOREM 10

Proof. From Lemma [19] for all (u,v) € B(0, R), we have

€ c R € o
| (AL ], T, ) 13, C 1 iy 0) e +CT | (,0) I, < 5 + TR

We choose T sufficiently small such that T¢ < ﬁ, hence,
I (Afw, 0], Clu, v]) |55, < R, V(u,v) € B(O, R).
Thus, A x I' maps B(0, R) into B(0, R), which is a contraction, since

” (A[u> U] - A[U*’ U*]> F[ua U] - F[U*7 U*] HBs,s,b

< CT || (u =0 =) Il (I (0,0) I,

(w0l 35, 1 ("5 07) |35 . + (107, U*)HzB&S,b)?

<3CTR? || (u—u*,v—v") ||g,.,

< - ” (u —ut v — U*> HBa,s,w

for all (u,v) € B(0, R). Hence, (A,T') : B(0, R) — B(0, R) is a contraction. O

4.3.2 The uniqueness

From the fixed point argument used above, we have uniqueness of the solution of (A[u, v], I'[u, v]) =
(u,v) in the set B(0, R). For the proof of uniqueness in the whole space Bs,p = Xj5p X ng’b,

one can see [12].

4.3.3 Continuous dependence of the initial data

To prove continuous dependence of the initial data we will prove the following.

Lemma 21. Let s > —3, and § > 0, b > 5. Then, for all (uo,vo), (uf, v) € N°*, if (u,v) and

(u*,v*) are two solutions to corresponding to initial data (ug,vo) and (uj,vy), We have

[(u = v, v = v)|[oqo,r,60092 < 4CoC (1o — ug, vo — vg) | wo.s.
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4.4. APPROXIMATE CONSERVATION LAW

Proof. If (u,v) and (u*,v*) are two solutions to (4.1.1)), corresponding to initial data (ug, vp) and
(ug, vg), we have from Lemma

[ = wlleomyeos < Collu = ux; .-

and

lv = v loqomcse) < Collo —v7Ixe -

By taking (u,v), (u*,v*) € B(0, R) and T¢ < 12—,

3
H u—u* ||Xo',6,s,b <C H (UO - USaUO - US) ”N‘s’S +Z ” (u —utv— U*) ||B<S,s,b :

and
lo—v* g, < C I o — 0 — ) las +5 || (=0 =) |1, -
Thus
| w0 =0 gy, < 4C | (o — w5, 0 — v3) [y,
then

w— w0 = o) oqomasey < ACoC (g — i vo — vl

This completes the prove of Theorem [10]

4.4 Approximate Conservation Law

We start by recalling that
I o)llze = [ (a4 o
R
is conserved for a solution (u,v) of (4.1.1). Our goal in this section is to show an approximate

conservation law for a solution to (4.1.1)) based on the conservation the L?*(R) norm of solution
in Theorem [12]
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4.4. APPROXIMATE CONSERVATION LAW

Theorem 12. Let k € [0, %) and 0 < Ty < Ty < 1, Ty be as in Theorem with s = 0, there
exist b = %—l— € and C > 0, such that for any 6 > 0 and any solution (u,v) € ngg,b to the Cauchy
problem on the time interval [0,T1], we have the estimate

sup | (u(t), v(t)) o0 < (w(0), v(0))l[3s0 + CO™[|(u,v) 5, - (4.4.1)

te[0,11]

Moreover, we have

Sup 1(u(®), () [[ys0 < [1(u(0), v(0))[[}ys0 + C3%[|(w(0), v(0)[[3ys0- (4.4.2)

We need the following estimate.
Lemma 22. Given k € [0, %), there exist b = % +¢, C >0 and (u,v) € Bsgp, we have

||<G17 GQ)HBO,b—l < 06H||(u7 U)“gB(;’O,bv

where G = 0, [(AuAvAv) — A(uv?)], Gy = 0, [(AuAuAv) — A(u*v)] and the operator A given
by (Z0)

Proof. Let Ly = (AuAvAv) — A(uv?). Then
1—b Ll (CJ 77)

¢ ¢ 2 -

We shall calculate the Fourier transform of L,

HGIHXO,bfl =

= C” (9161 % 21615 % 21 ) (¢, ) — 2161 (T * T % 0%) (¢, 77)‘

Li¢n)| = |(Audvio) - A(ur?)

=C| [z (66‘@'@@17 m)e’B(Gy, 1) CIT(C — G = Gy — i — 1)

—eT(C, ) D(Coam)0(C — G — Coump — 11 — n2)>d<1dc2dmdnz

< 0/4 (eflrlefleledle==l — o0l 3¢y, my )T(Co, m2)0(C — Gi = Coom — i — M) |dCrdCadiy o
R

Now using Corollary 7.3 in [22], let 6 € [0, 1]

0
1G] D16l 31—l _ poldl < [ 4546 = G = G2) () <C2>} Sl il BIc—Gr—cal.

()
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4.4. APPROXIMATE CONSERVATION LAW

For k € [0,3) C [0,1], one can see that
2

1G5, , = W Li(¢,m)

2
L(w

20 KSs (€ =G = 6) (G) (G K€5|cl|ea|<2|ea|c—cl—<zl
< (C46) /R2 (n— (370D [/R4 ( 0 )

2
[u(C1,m)0(C2, m2)0(C — G — Gy — 11 — 772)|dC1dC2d771d772] d¢dn

= O(46)

% /R4 el <C1>H u(C, 771)€5K2| <C2>H V(C2,m2)

2

mATeH = G = G)O(C — G = G — 1 — mp)dGidCodmdns

2
LC,W

Now by taking s = —x € (—1,0] we obtain

. 5\@@@ 77)65'42'@(@ n2)
G < Caoy | 9 [, - ?2
1G lx0n = O 25 Jos =23 (G2
0=l — G — G,n—m — )
‘ ! d¢ydCydnyd
C—G—G) et

1 b~ 2
C/(45) (n_cé?;_b / eflal (my §1>_ u(Cr,m) el (ny — BC? (%7772)
R4 (G) (e — )’ (C2)” (m2 — BE3)
eG-Clin—n —m =B -G =) =G —Cn—m—m)
. dCidCadn d
(C—CG =G —m—n— B —C—G)B) el 2
then
1G1llxo, < CO%|[Aullx,, [ Av]% 5= C5”HUHX5,0,1,HUH§(§ b
(4.4.3)

< C6"||(u, v)||?f35,o,b
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4.4. APPROXIMATE CONSERVATION LAW

Now let Ly = (AuAuAv) — A(u?v). Then

Gollxyr < CO [ Aul,, | Abll . = Culik,,, ollxz.

(4.4.4)

< O5" [ (w, )13,

bay (4.4.3) and (4.4.4) we get

1(G1, Gl By, < CO%|[(w,0)[I3, .,
O

Proof. (Of Theorem Let U(t,z) = Au(t,x),V(t,z) = Av(t,x) which are real-valued since
the multiplier A is even and u, v are real-valued. Applying A to (4.1.1]) we obtain

U + 02U + 0,(UV?) = Gy, (4.4.5)

where G; = 0, [(AudvAv) — A(uwv?)], Go = 0, [(AuAuAv) — A(u?v)] We multiply both sides of
(4.4.5) by U, (4.4.6) by V and integrate with respect to space variable, we get

/UatdeJr/U&ideJr/Uax(Uv?)dx:/UGldx.
R R R R

/ Vo,Vdx + / VORVdr + / Vo, (U?V)dx = / VGadz.
R R R

R
then

/ (U8,U+V O,V )dx+ / (URU+V OV )dw+ / (U0, (UV?)+VO,(U*V)]dx = / (UG1+V Gy)da.
R R R R

/ (U + VLV )de + / 0u(0.U0,U + 0,V 0,V )dar + / 0, (U2V?)dz = / (UG + VGa)da.
R R R R

Noting that dU(x,t) — 0 as |z| — oo (see [45]), we use integration by parts to obtain

1d
—— [ (U*+V?)dx = /(UG1 + VG,y)de.
Integrating the last equality with respect to t € [0,T}], we obtain

/R(UQ(Tl,x) +VH(Ty, 2))da :/

(U*(0,2) + V30, 2))dx + 2/ X0, (1) (UG + VGy)ddt.
R R2
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4.4. APPROXIMATE CONSERVATION LAW

Thus,

(T s + [v(T) I gso = [u(0)[gso + [[0(0) [gso + 2 / X ] (UG + VGy)drdt|.
R2

By using Holder’s inequality, Lemma, Lemmaand the fact that % <l-b< %, % <b-1< %,

since b > % + €, we obtain

/X[O,Tll(t)(UGlJrVGz)dﬂ?dt < Axtom (U xo0 X107 () G ll x0.,
]RZ

+ Ixoza@Vixe, o ®Cellgs

IA

CllUlr, NIGllxny  +ClIVILgpm [Gallom,
< C’||@T1U||Xo,1—b||9T1G1||Xo,b—1 + CH@TlV”Xgl_bH@TlGQHng—I

< Oy IGillxes s + ClIVIgs Gollxa,

where O, =1 for ¢t € [0,71], we can conclude from Lemma22)

‘ /Rz X[O,Tﬂ(t)(UGl + VGz)d:Edt < CHUHXo,l—b||G1HX0,b—1 + CHVHX&l—bHGQHXOBab—l
< O lullfeyy l0le  + O llullfes,, l0le
= 205”||U||§<5,0,,,I|v||§<50b

< 206" (u, )|, , -
Therefore,

(TG0 + 0(T2) G50 < Nu(0)l[Gs0 + 0(0)1Gao + 2C0% | (w, v) |15 -
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4.4. APPROXIMATE CONSERVATION LAW

20/(u(T), v(Ta) o0 < 21I(u(0), v(0) [0 + 2C0" || (w, v) 5, -

S [(u(t), v(t) [ 350 < [[(w(0),v(0) 350 + C8"[[(u, )|, -
€(0,11

Finally, by using the condition in theorem , we conclude that:

sup | (u(t), v(t)) a0 < ((0), v(0) [0 + C3™[[(u(0), v(0)) [ jvso-

tG[O,Tl]
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4.5. PROOF OF THEOREM 11

4.5 Proof of Theorem 11

Let 6 > 0, s > —3, & € (0, 3) be fixed, and (ug,v9) € N%*. Then, we have to prove that the

solution (u,v) of (4.1.1)) satisfies
(u7 U) E C <[07 Tl]? G(;(Tl)’s) X C <[O7 T/]y G6(Tl)7s> 5

where

6(T") = min {(50, C’1T/71/”} . forall T >0,

and C; > 0 is a constant depending on ug, vg, dy, s and k. By Theorem [10} there is a maximal

time T* = T*(ug, vo, 0o, $) € (0, 00|, such that
(u,v) € C ([0, T*],G%*) x C ([0, T*],G**) .
If T* = oo, we are done. If T* < 0o, as we assume henceforth, it remains to prove

(u,v) € C ([o,T'], G@T’*”"ﬁ) x C ([o, T, GclT’*””ys) , forall T'>T". (4.5.1)

4.5.1 The case s=0

Fix T" > T*.we will show that, for 6 > 0 sufficiently small

o [[(w(0), v(0))[[3s0 < 2[(u(0),v(0)) | 350.0-

In this case, by Theorems [10] and Theorem [12] with

1

Ty = .
" (16C3 + 3203 | (u(0),v(0)) [Z500)V°
The smallness conditions on ¢ will be
27" 9 9
0 < and T C0"2% || (u(0),v(0)) [[ys00< 1, C > 0. (4.5.2)
0

Here C' is the constant in Theorems |12, By induction, we check that

sup | (u(t), v()) |50 < [[(w(0),v(0))||5s0 + nC872%||(w(0), v(0))]| ya0.0- (4.5.3)

te[0,nTo)
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4.5. PROOF OF THEOREM 11

sup [[(u(t), v(t) |30 < 2lI(u(0), v(0) 500, (4.5.4)

te[0,nTo)

forn € {1,...,m+1}, where m € N is chosen, so that 7" € [mTp, (m+1)Tp). This m does exist,
since by Theorem [10[ and the definition of 7™, we have

1
Ty < <T* hence Ty <T'.
" (16C3 + 16C3 || (u(0),v(0)) [%50.0)7 ’

In the first step, we cover the interval [0, Tp], and by Theorem we have

sup || (u(t), v(t) oo < [1(u(0), 0(0))[[}ys0 + C3%[|(u(0), v(0))[[s0

te[0,Tp]

< [[@(0),v(0) x50 + CO™[[(u(0), v(0) | ys.0-
since § < §g, we used
1(w(0), (0))lyvao < [ (w(0), v(0))[ noo.0-
This verifies for n = 1 and now, follows using again ||(«(0), v(0))||xso < [[(u(0),v(0))]| yso.0

as well as

C(SRH(U(O)v U(O))H?\I%’O <1

Suppose now that (4.5.3) and (4.5.4) hold for some n € {1,...,m} and we prove that it holds
for n 4 1.

We estimate

sup — [(u(t), o)) lxs0 < lw(nTo)[so + CO" || (w(nTh), v(nTp)) | ysa
te[nTo,(n+1)To)]

< (u(nTy), v(nTp))|lxs0 + C3"2%[(u(0), v(0)) a0

< [[(u(0), v(0)) x50 + nC3" 2| (u(0), v(0))[Iys.0

+ 00"2%|(u(0),v(0)) |l 500,

verifying (4.5.3) with n replaced by n + 1. To get (4.5.4) with n replaced by n + 1, it is then
enough to have

(n + 1)C8"2%(|(u(0), v(0)) 500 < 1,

5



4.5. PROOF OF THEOREM 11

but this holds by (4.5.2)), sincen+1 <m+1 < % +1< QT—Z;, Finally, the condition (4.5.2)) is

satisfied for 0 € (0, dy) such that

27"

Co"2% || (u(0),v(0)) [[s0.0= 1.
Tp

Thus, § = CyT""*, where

A

1
“= (023 I ((0), v(0)) [Is0.0 (16C2 4 32C% || (u(0),v(0)) II?V50,0)1/6>

4.5.2 The General Case

For all s, by (4.2.2), we have ug,vy € G%* C G%/20 For case s = 0, it is proved, there is a
T5 > 0, such that:
(u,v) € C ([0, Tz), G*/*%) x C ([0, T), G*/*1)

and

(u.0) € C (0,7, G=770) s ¢ ([0, G* 7Y, for T > T,

where o > 0 depends on g, vy, dp and . Applying again the embedding (4.2.2]), we now conclude
that
(u,v) € C ([O,T2)7G50/4’8> < O ([07T2)7G5O/4,s) ’

and

(u,0) € C ([o,T’], G“TH/“’S> % C ([o, T, GGT”/“’S) C forT'>T,

which imply (4.5.1)). The proof of Theorem |11 is now completed.
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