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Introduction

Chaotic dynamical systems have been shown to emerge from natural phenomena such as the
weather or from designed engineering problems such as the movement of a rigid body in three-
dimensional (3D) space. These systems possess different beneficial properties including their
random-like trajectories, high sensitivity to initial conditions and ergodicity, chaos theory. An-
other important property of chaotic systems is that they have attractors characterized by a
complicated set of points with a fractal structure commonly referred to as a strange attractor.
Such systems have been studies extensively over the last 50 years and have found applications
in a wide variety of fields within science and engineering [1]. Depending on the type of calculus
involved, these systems can be classified into two main categories: continuous-time and discrete-
time. In this thesis, we are interested in discrete-time chaotic systems, which are also referred to
as chaotic maps. Over the years, a number of different chaotic maps have been proposed in the
literature and applied in different fields including, the Lozi system [2], the generalized Hénon
map [3], the Lorenz map [4], the Stefanski map [5], the Rossler map [7], the Arnold map [127]
and the Grassi-Miller map [92], etc. All the chaotic attractors in those discrete systems be-
long to the most common type of attractors with the property that their corresponding initial
states are placed close to the unstable periodic orbits or fixed points. Since these attractors
can be readily found, they are called "self-excited attractors" [151]. On the other hand, chaotic
phenomena, which have been also discovered in discrete-time systems, are distinguished with
stable equilibria [154], without equilibrium [13], and hidden attractors with infinite number of
equilibrium points [14]. Since the initial conditions in these systems can be only found via mas-
sive numerical search, these chaotic attractors are hard to be found. Consequently, this type of
attractor has been called "hidden attractor" in literature. Referring to this topic, some papers
have been recently published [155-158].

With the discovery of chaos in nonlinear systems, several efforts have been devoted to the
study of control methods for effectively stabilizing the chaotic dynamics at the origin; with the
purpose to avoid troubles arising from unusual behaviors of a chaotic system. Many control
techniques such as adaptive control and fuzzy control methods have been implemented for con-
trolling the chaotic systems. One of the application of this topic is in robotics where the control
of the chaotic motion of a rigid study. On the other hand, interest in the chaotic dynamical
systems grew exponentially once it became clear that the synchronisation of two chaotic systems
is feasible. Chaos synchronization in its simplest form refers to the control of a response chaotic
system to force its trajectory towards that of a drive [15]. In this case, the error defined as the
difference between the states of the drive and those of the response towards zero as ¢t — co. This
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means that chaotic systems may be controlled and their path is determined, which highlighted
the benefits of the random-like behaviour. Since the pioneering work of Pecora and Carrol, in
which they demonstrated chaos synchronisation, chaos synchronization has attracted increasing
interests in recent years. There are several different types of synchronization phenomena; such as
hybrid synchronization [16], generalized synchronization [17], and inverse full state hybrid pro-
jective synchronization [18]. The topics covered by the vast amount of literature include types
of synchronisation and the corresponding adaptive control strategies as well as the application
of chaos and synchronisation in the fields of science and engineering.

Discrete-time chaotic dynamical systems have been extensively studied over the last few
years, and a large number of papers on chaos control, synchronization, and chaos application
has been introduced continuously. Chaotic micro-electromechanical resonator model has been
analyzed in [19,20]. Multistability has been observed in a chaotic system with two circles of
equilibrium points [21]. The digital chaotic oscillator has been designed and implemented [22].
Complex dynamics of a memristor-based chaotic circuit has been reported in [23]. Perhaps
the main application that has recently been considered for such systems and that is closely
related to synchronization is in the field of secure communications. In order to achieve secure
communication, chaos can be employed in a number of stages. It can be used at the physical
layer, either to mask the transmitted message [24], as a modulation carrier [25], or to provide
multiple access to the transmission medium [26]. Alternatively, chaos may be used to produce a
map based on which data encryption is carried out. Whether secret key or public key encryption
is adopted, a set of random keys is required and this is where chaos comes in handy. However,
instead of continuous-time chaotic systems, their discrete counterpart is required [27]. At the
receiver side, the encryption keys must be reproduced by means of synchronisation, see [28]. This,
along with many more applications available for the synchronisation of discrete-time chaotic
systems, has motivated many to do research in this subject.

The theory of fractional calculus is old as its inception can be attributed to two of the most
prominent figures of modern calculus, L’Ho6pital and Leibniz, as early as 1695. The complete
framework for this type of calculus was complete by the 1800s. Traditionally the term fractional
calculus has referred to studying integration and differentiation of noninteger order. Several
definitions of fractional derivatives, including Riemann—Liouville, Caputo, Riesz-Caputo and
Grunwald—-Letnikov derivatives, are available in the literature. However, the same cannot be
said about discrete fractional calculus, which has not seen the light of day until recently. The
first definition of a discrete fractional operator was introduced in [31], where the operator was
derived by discretizing a continuous-time fractional operator. Successively, several types of
difference operators have been proposed, including some fractional h-difference operators, which
represent further generalizations of the fractional difference operators [32]. The interesting fact
about this operator is that it is a generalization of the binomial formula for the n — th difference
operator by means of the Gamma function. Efforts have been made to establish a complete
framework to study the dynamics and stability of fractional discrete time systems, which have
been shown to possess interesting properties that make them more suitable for the modelling of
physical phenomena. For example, in [35], Miller and Ross defined the fractional order sum and
difference operators, whereas in [39] the author discussed fractional finite difference equations
and fractional difference inclusion. Among the most interesting and relevant works on discrete
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Introduction

fractional calculus in the last decade are references [36,37]. In addition to defining the required
notation, operators and numerical methods related to the subject of fractional discrete systems,
researchers have paid special attention to the stability of linear and nonlinear systems. Two main
methods can be found in the literature for establishing the asymptotic stability of equilibria for
fractional discrete systems. The first method is specific to linear systems and works by assessing
the eigenvalues of the system matrix [55]. The second method is more generic and is viewed as
a natural extension of the direct Lyapunov method for standard systems [56]. More stability
results can be found in [57-59].

With the development of science and technology, many complex nonlinear phenomena need
to be explained more accurately. Therefore, the fractional-order nonlinear systems which have
been updated in recent years are widely applied to describe these phenomena with memory and
non-locality. Fractional calculus as a powerful tool for mathematical modelling has been applied
in different fields of sciences such as economics, engineering and biologic. In recent years, with
the emergence of fractional discrete calculus, some researchers in the field of chaos have found
interest in the subject. Many fractional-order continuous-time chaotic systems, such as the
fractional-order Lorenz system and the fractional-order Chen system, have been studied, and
applied to wide-ranging fields like chaos control, chaotic circuit, image encryption and medicine.
However, most researches on chaos based on the theory of fractional calculus are mainly lim-
ited to continuous-time chaotic systems, and the study of fractional-order discrete-time chaotic
systems is insufficient. In fact, the dynamical behaviors of discrete-time chaotic system are uni-
versal and important in the fields ranging from mathematics to information security. Moreover,
discrete fractional calculus can avoid the tedious information or calculation error of the numeri-
cal discretization for the continuous ones due to the nonlocal property. Thus, researchers turned
their attention to apply the theory of discrete fractional calculus to discrete chaotic maps. It
is proved that there are abundant dynamical behaviors in the fractional chaotic maps, which
lay a foundation for their potential applications. For instance, Wu and Baleanu [103] reported
the fractional-order Logistic map using the Caputo like difference operator. They have claimed
that the fractional Logistic map have superior characteristics over their integer counterparts,
where the chaotic patterns exhibited by the fractional generalized Logistic map depend on the
fractional order. This means that the fractional map is more suitable for secure communications
and encryption, as it includes a new degree of freedom. These added degrees of freedom can also
be used in catching the hidden aspects of real-world phenomena encountered in ecology. There-
fore, more and more discrete maps with fractional operators need to be presented, and more
abundant and complex dynamics behaviors need to be explored. Besides, it is well known that
fractional-order discrete maps are sensitive not only to the small disturbance of parameters and
initial conditions but also to the variation of fractional orders, which are the unique advantages
of fractional-order systems. Furthermore, fractional-order discrete maps have simple forms and
rich dynamics, which are good for system analysis and numerical computation.

In view of the aforesaid motivations, this thesis concerned with different fractional-order dis-
crete time systems. The proposed systems are defined using the Caputo-like difference operator,
where the dynamics of the proposed systems are investigated numerically considered from dif-
ferent perspectives. In view of physical interpretation and application, the fractional difference
in Caputo sense is more frequently used for the reason that its initial value problems can be
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endowed with the same conditions as of integer order case. The main motivation behind this
thesis is to assess the benefits of the fractional-order maps, where the asymptotic convergence of
the states are established by means of the stability theory of linear fractional discrete systems.
We are also interested in the control of this fractional map, including stabilization and synchro-
nization schemes. From these results we find that the proposed fractional order maps has new
interesting complex dynamical behaviors.

The thesis is divided into two mains parts:

The first part contain chapter 1, 2 and 3 gives general description of the notation and stability
results of discrete fractional calculus that will aid the reader in understanding the analysis to
come. Accordingly Chapter 1 contains an introductory overview of the theory of fractional
difference operators along with theorems that describe the numerical formula for evaluating
a fractional discrete map and the asymptotic stability conditions for the zero equilibrium of
a generic fractional discrete map are provided. In addition, chapter 3 provide basic results,
concepts and tools on dynamical systems, characteristic Lyapunov exponents and complexity
analysis.

The second part contain chapters 4,5,6, 7 and 8, which represent the body of the thesis.
This part is concerned with a fractional Caputo-difference form of different families of three-
dimensional and two dimensional discrete-time systems with self exited and hidden chaotic
attractors. Discrete fractional calculus was employed to analyze the dynamics of the new frac-
tional map. The dynamics of the proposed systems are investigated numerically through, phase
plots, bifurcation diagrams, largest Lyapunov exponents and 0-1 test, considered from different
perspectives. In addition, we study the existence of chaos and its control and synchronization,
where different dimensional nonlinear and linear control laws are proposed for stabilizing at
the origin the chaotic dynamics of the proposed systems. The design of these control laws are
derived based on the linearisation method. Furthermore, based on the stability theory of lin-
ear fractional difference systems, we presents in this part combined synchronization between
fractional-order chaotic maps described by the left Caputo difference operator. Some nonlinear
controller are designed, which enable synchronization to be achieved between different fractional
order chaotic maps with different dimensions. Basically, this part is organized as follows:
Chapter 4 is concerned with fractional Caputo difference form of two dimensional maps with
different nonlinearties. The proposed fractional maps are defined as generalization of very well
known integer-order maps in the literature. The dynamics of the fractional maps are investi-
gated numerically throught numerical simulations. These fractional models has an ability of a
chaotic response which depends on the fractional difference order.

In Chapter 5, novel three dimensional chaotic fractional-order discrete-time systems are
presented. Similarly to Chapter 4, the models are described using the Caputo like difference
operator. Firstly, three different fractional-order discrete-time systems will be investigated, i.e.,
Wang’s, Rossler’s, and Stefanski’s maps, while the so-called generalized Hénon map of three
dimensions will be studied. Furthermore, the dynamic properties of the fractional-order Grassi-
Miller map is illustrated, whereas a three-dimensional Hénon map with Lorenz like attractors is
realized in this chapter. Finally, a novel fractional-order triopoly game with bounded rational-
ity, where three firms producing differentiated products compete over a common market. The
presence of chaos is confirmed via both the computation of the LEs and the 0-1 test. Also,
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ApFEn and Cy algorithm are used to measure the complexity of the proposed models.

Hidden attractor and its presence in fractional-order discrete time systems are presented
in Chapter 6. Fractional maps with stable equilibrium, systems with close curve equilibrium
points, and systems without equilibrium are reported, respectively. Dynamics of these systems
versus parameters are analyzed by LEs, bifurcation diagrams, 0-1 test approximate entropy and
Cy complexity.

Chapter 7 introduces different linear and nonlinear control laws to stabilize the states of
these chaotic fractional maps.

In Chapter 8, we discuss chaos synchronization of different classes of fractional maps with
"self excited" and "hidden attractors", and establishes the convergence of synchronization er-
rors. Synchronization of fractional order discrete time systems is investigated theoretically and
numerically. Numerical simulation are preformed to verify the effectiveness of the proposed
synchronization schemes.

Finally, conclusion remarks and future works are drawn in Chapter 9. As a conclusive
remark, we would point out that the main contributions and innovations of the thesis can be
summarized as follows:

e Novel fractional-order discrete time systems based on the Caputo v-difference operator.
e Chaos synchronization using linear and nonlinear control laws.

e Chaos stabilization based on very simple controllers.

12
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Chapter 1

Discrete Fractional Calculus

1.1 Introduction

Over the last decade, theory and application of discrete fractional calculus has become an im-
portant research topic. The first definition of a discrete fractional operator was introduced
in [31], where the operator was derived by discretizing a continuous-time fractional operator.
Successively, several types of difference operators have been proposed, including some fractional
h-difference operators, which represent further generalizations of the fractional difference oper-
ators [34,41]. Various papers and books exist where some of the key properties of the Caputo
operators have been described, see, e.g., [29].

It is well known that the fractional difference calculus have the superiority of the first-order
operator linearity, but the basic properties of discrete calculus are not naturally consistent
with the integer-order nature discrete calculus. Unlike the integer operator, which is local, the
fractional one has infinite memory. To this end, this chapter is dedicated to presenting some
definitions, theorems and preliminary facts of fractional difference operators of different types.
We begin this chapter by recalling some notation and properties of time scales so that this
chapter is self contained. This followed by some detailed analysis of one general class of discrete
fractional calculus operators of interest namely "v-th fractional sum", which is equivalent to the
standard fractional integral on time scale. In the next sections, the Riemann-Liouville, Caputo
and Grunwald-Letnikov fractional order difference operators and their properties are discussed.
We see that the Caputo and the earlier defined Riemann-Liouville fractional discrete analogue
are related to each other. The commutativity properties of the fractional sum and the fractional
difference operators are given and discussed. As for Caputo fractional difference operator, we
illustrate a very general Taylor difference formula. This is then applied to transform the initial
value problem into an equivalent Voltera difference equation. Moreover, the h-difference oper-
ators and their properties are presented. Finally, Z-transform and Laplace methods in discrete
fractional calculus are reported.

Numerous properties and some not so elementary, are given. Such inequalities are used to
state and solve some initial value problems with the Riemann-Liouville and Caputo like difference
operators.

14



1.2 Preliminary considerations

1.2 Preliminary considerations

We exhibit here certain definitions and functions in mathematical analysis necessary for our
purposes.

Definition 1. Here we restrict our attention to the time scale N, = {a, a+1, a+2...} where
a € R. Let f: N, — R, the forward difference operator is given by:

Af(t) = fE+1) = f(2). (1.1)

Higher order differences are defined by composing the difference operator with itself. By using
equation (1.1) twice, we obtain the second order difference operator of function f(t) in the form

D2F(t) = Af(t+1) = AF() = F(E+2) —2f(t+ 1)+ £(1). (1:2)

Respectively, we can write a general formula for the n-th order forward difference operator of
the function f(t) for n € IN in the following form:

A" f (1) = A (1) = Z(Z) (S R),  tEN, (13)

k=0

where <Z> is a binomial coefficients, for positive value of n are defined as:

n\ nn-1)(n-2)...(n—k+1) n!
(k:) k! Ckl(n—k) (14)

The fundamental properties of difference operator A are given in the following book [52].
Theorem 1.1.

1. A™(A™xz(t)) = A™ "z (t) for all positive integers m and n.

2. A(z(t)+y(t)) = Ax(t) + Ay(t).

3. A(Cy(t)) = CAy(t) if C is a constant.

4. A(z(t)y(t)) = =(t)Ay(t) + Ey(t)Ax(t), where E is the shift operator and is defined by
Ey(t) = y(t+1).
2(t)) _ y®)Az(t)—z(t)Ay(t)
5. 8(5) = “5imn -

In order to give a reasonable treatment of the topic, we begin by recalling the most important
function used in fractional calculus 'Euler’s Gamma function", which is defined as follows.

15



1. Discrete Fractional Calculus

Definition 2. The Fuler’s Gamma function is given by

['(n)= /OOO t"Lexptdt. (1.5)
This function is generalization of a factorial in the following form:
['(n)=(n-1)! (1.6)
and it has the following basic properties:
e I'(v) >0 for v > 0.
e I'(v+1)=vI(v) for v € C\(—Ny), with the normalizing condition I'(1) = 1.
o

_|_
(n+41) =n! for n € N.

=w+k—-1)...(v=1v =11 ¢ —1i), for v € C\(~INp) and k € N.

1

We shall also need the "falling factorial power function"which is an elementary function
that is often used in conjunction with the discrete fractional calculus, and has the same role of
functions t" in differential and integral calculus.

Definition 3. For a positive integer n, we define the falling factorial power by

T(t+1)

£(n) :t(t—l)(t—2)..(t—n+1):m>

(1.7)

where the product is zero if t +1 — j = 0 for some j, where I' satisfying the factorial equation
I['(n+1) =nI'(n) . Generaly, for arbitrary v, we define the generalized falling function as

s T(t+1)
t) = T(t+1-v) 18

The following properties of this factorial function and their proofs can be found in a paper
by the authors [32] .

Theorem 1.2. Assume that the following factorial functions are well defined
1. AtV = prv=1),
2. The following (generalized) power rule
At —a)®) = v(t —a) V. (1.9)
3. (t—v)¥) =t where v € R.
4. v =T(v+41).

5 Ift <r, then t®) <r®) for any v > r.

16



1.2 Preliminary considerations

6. If 0 < v < 1 then t®) > (t()) where o € R.
7 platB) — (t — 5)(0%(6),

It is understood that the following identities are only holding whenever the generalized falling
functions are well defined.

Notice that when n > k > 0, then the binomial coefficient can be written as

n n! n(k)

k)] (n—k)k T(k+1)
This relationship between the binomial coefficients and the falling factorial power suggests the
following definition of an generalized binomial coefficient.

Definition 4. The "generalized binomial coefficient "is defined by

t t()
<T> I (1.10)

Note that the following relations hold:

e symmetr b= ¢
Y Y\r) = \t=r)>

. t\ _ 4 (t—-1
e moving out of parentheses <r> == (r _ 1> 5

e addition formula <t> = <t_ 1) + (t — 1) )
r r r—1
Here we also use the convention that if the denominator is undefined, but the numerator is
defined, then (Z) =0.

Now we have the following result, which contains a power rule for differences and closely
related formulas for the difference of binomial coefficients.

Theorem 1.3. The following hold

17



1. Discrete Fractional Calculus

1.3 Fractional difference summation

To make effective use of the fractional difference calculus, we introduce in this section the right
inverse operator of the fractional difference operator, which is called the "fractional sum". For
expression the definition of the fractional sum, we will first consider the definition of the n-th
integer sum. The basic idea behind the definition is intimately related to the unique solution of
the the n-th order initial value problem of the form:

Aty(t) = f(t),
{y(aﬂ'—l):O, j=1,..,n. (1.11)

In a similar way to the indefinite integral in the differential calculus, one can define the solution
y(t) = A7 f(t) of the initial value problem 1.11 as:

t—1 s—1 On—2—1 — )(nfl)
y(t) = =3 > e Y () Z—n—l) f(s), (1.12)
s$=a d;=a 5n 1=a =
that is easily proved by induction. Since the Cauchy function % is equal to zero for
s=t—1,t—2,...,t—n+ 1, the n-th integer sum of the function f(t) is expressed from equation
(1.12) as follows:
t—n gy (n—1)
t
A () = U0l D™ 1), e N (1.13)

~—  (n—-1)
It is obvious that the right side of equation (1.13) can be generalized for any positive real number
v > 0 using the Gamma function to remove the discrete nature of the factorial. Based on this
observation we give the definition of the v-th fractional summation as follows.

Definition 5. Assume f:IN, — R and v > 0, then the v-th fractional sum of f is defined by
AV f Z (t—o(s) " Vf(s), forteNg,. (1.14)

Let us discuss this definition. We see from Eq. (1.14), that the fractional sum A Y with
n —1 < v < n is identically zero under the assumption that:

A fla+v—n)=A"fla+v—n+1)=...=A"f(a+v—-1) =0, (1.15)

because the relevant sum vanish at this point. We conclude that the domain of A" is Ny,
which means that the fractional sum (1.13) maps every function defined on IN, into function
defined on INg4,,.

Accordingly to the definition of factorial function the fractional sum given in Definition 5
can be rewritten as in the following binomial formula.
Proposition 1. For a function f: N, — R and v > 0 be given with n — 1 < v < n. For each
t € Ny, the fractional sum is defined as

—vtt—a
A = Y (-1 (;) Fl—v k). (1.16)

k=0

18



1.3 Fractional difference summation

Proof. Let f, v and n be given as in the statement of the theorem and let ¢ € IN,1, be given

by t = a-+ v+ n, for n € Ng. Recall that the binomial expression

—n n+k—1
)i

may be generalized for v > 0 to

Then, we have

T(t—s)
t—s—v+1)

f(s)

|

—

S
(]

|

I'(v) &=

_ I'(v+n-—s) .
Sg()r(u)r(n—kl—s)f( +a)

=y (n_itz_1> f(s+a)
s=0

=Sy () s

fort =a+v+mn,n € Ny. For each t € Ng,4,, we have:

—v+t—a
AF) = Y (-1 @ f(t+v—F).

k=0

Example 1. From the definition of fractional sum we derive the following sum:

19
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1. Discrete Fractional Calculus

1.3.1 Power rule formula

In the fractional order calculus, the power rule functions plays an important rule in the analysis

of difference equations with fractional order. Firstly, let us evaluate the fractional sum A;Zu of

the power function f(t) = (t —a)®, where > 0 and v > 0 for v, ¢ IN. To illustrate the
previous assertions, we will show that AZY, (t —a)® is equal to:

atp
- I(p+1)
Vip—g)Yw = AT ey (etr)
AL, (t—a) F(M-i—V-I—l)(t a) . (1.20)
The formula (1.20) can be also presented as
24— @) = I a)o) (121)

for t € Ng4y4,. In particular, if f(t) = C where C is a constant; then (1.20) implies that

C

_ Y (t—aq)W
1“(1/—|—1)<t a),  for t€ Ngiyp. (1.22)

AVC =

Proof. To demonstrate (1.20), we consider the two cases v = 1 and v € (0,1) U (1, 00) separately.
First let us consider the case v = 1, then we have by direct calculation:

— a)k+1)
—1 (4 _ (B — A-1 (t—a)
Aa,#(t a) A A ( e ) ,

by the classical equality in Theorem 1.2, A(t —a)® = pu(t —a)#=Y | and therefore:

AT (t = a)®) = ti <(S +1— )kt

_(3__ayu+nu_%1>

s=a+u M+ 1
_ (t —a)mtD) B plet)
p+1 pt1

= p Mt —a) TV

_r(u+1) p+1

Secondly, for v € (0,1) U (1,00); we set the left hand side of equation (1.20) as:

o W 1 iy I[(t—s) i
a(t) =L -a) =y 3w, e

s=a+p
1 g I(t—s)T(s—a+1)
- T(v) S:“Jral“(t—s—l/%—l)l“(s—a—u—l—1)’
and for the right term, we set:
I(p+1) (
t) = —— 2 _(t—a)HtV), 1.23
92() r(,u—i—lj—i—l)( a) ( )
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1.3 Fractional difference summation

For the two functions g; and g2, we show if both satisfy:

gla+p+v)=T(u+1) (1.24)
(t—a—(p+v)+1)Ag(t) = (n+v)g(t), for t € Noyuto- (1.25)

In the next steps of the proof, the formula (3) and (4) in Theorem 1.2 are used repeatedly. First,
consider g1; apply u®) =T'(u+1) to see that:

atp
ptv=1 g _ L(v)p)
gila+v+np) = I/S;MF/,L—{—I/—S—V-i—l) =TT =T(u+1). (1.26)

In the case of function go, analogously to (1.26), we apply (4) in Theorem 1.2 to see that:

T(p+1)(p+v)E) T(u+1)T(p+v+1)
T(p+v+1) N T(p+v+1)

gla+v+p) = =T(u+1), (1.27)

both functions g; and go satisfy the first condition (1.24).
We now present a tedious calculation to show that g1 and go satisfies the difference equation in
(1.25). Use (t — p)t® = t+1) and add and subtract p to write:

9i(t) = r(ly) i (t—o(s))" V(s —a)W

s=a+tp
=17 S (o) = 2) (e o) s~
- r(ly) i [(t_a_(V+M)+1)—(S—G—,u)](t—a(s))(” 2)(8—a)(”)

s=a+u
UL ChaURRY > —o(s))" (s —a)W

o MR I
7 3 (=) —a- s - )
s=a+p

where

I'(v) s=a+p

oy St = o) (s —a— ) (s —a) .

[0 = ettt el

>
[\
—~
~
~—

I
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1. Discrete Fractional Calculus

Then, taking the difference with respect to t € N4+, of the function g (t), we get:

Mg (1) (V z (t— () (s — )
+

—v _ (v—1) — - (w)
—1 Z t—a’ Vz)(s_a)(u)+(V 1) (t"‘l 14 CL)
I'(v)
s=a+p
t—

(t —o(s))" D(s—a)W 4+ (t+1—v—a)®.
(V) saty

Consider now the function hy(t), sum by parts and note that A((t —s)* (s — a)#+1)) =
(t—o(s)Vw+1)(s—a)® — (v—1)(t—0o(s)) ¥ 2 (s —a)#tD), Also recall (s —a)Ht) =
(s—a—p)(s—a)®. Thus:

t—v

ha(t) = gy 2 (t= () s —a— (s =)
s=a+p

_ ! (’“‘“ v (t—a(s))”_l(s—a)(“)—(1/—1)(”_1)(t—a+1—1/)(“+1)).

v—1\T(v) ot
Combining all the results, we derive

{- (t—a—(p+v)+1)Ag(t) = (v—1)hi(t) + (t+1—v—a)th,
-(n+Dgi(t) = (v = Dha(t) = (t+1 v —a)*V.

In summary we have shown

(t—a—(p+v)+1)Ag(t) = (v—1hi(t) + (u+1)g1(t) — (v — L)ha(t)
= (v —-1Daq(t)+
= (p+v)g(t).

Using the generalized rule formula (3) of Theorem 1.2 we obtain for gs:

(p+v)T(p+1)(t—a— (u+v)+1)(t —a)rtv=1
T(p+v+1)
_ (u )T (p+ 1)t —a) )
T(p+v+1)
= (u+v)g(t).

(t—a—(p+v)+1)Ag(t) =

By uniqueness of solutions to the well-posed initial value problem (1.24)-(1.25), we conclude
that g1 = g2 on N4 4. This complete the proof. O
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1.3 Fractional difference summation

In [58] the authors prove the previous results using different approach. Observe that the n
power factorial of (v 4 n) for n € Ny is:

T(v+n+1) n
(v+n)W) = = v+j). (1.28)
I'(n+1) ]1:[0
Let t € Nyt 10 be given and ¢, = a + p + v +n, then
1 t—v
v (1) — _ (v=1) (¢ _ )1
Mt =gy 2 (t=ole) e —a)
s=a+p
1 atpt+n
— s 1) D (g _ g
0 ; (a+p+v+n—s—1) (s—a)
s=a+p
1 & v—1
:F(y) ;}(y—l%—n—s)( ) (s —a)®W
1 <Tv-1)"%H )
= (v=144)(s + )
I'(v) 52;; (n—s)! 0
n (S—|— )(N) n—s n 1 n—s 1 s
= (v—14j)=T(p+1) (v+i-1)5 11 (k+7)
32220 (n—s)! i 52—:0(”_8)']_1 s! i
I‘v 1 n n—s S
=TS (MY T+ -0 T+ )
n —o\%/ j=1 =1
s J J
We notice that for v > 0 one can have
_ nfsdn_sl'_y s dSr—v 1
Hv+]—1 (-1) —Jgn and H(V—I—]):(—l) o
j=1 X =1 j=1 x =1
Hence
r(ﬂ+1) n n a dV—Sg—Vv dsx™Y 1
v (n) T\ _q\n—-s & & _1)s
A I () ()" | ) |
_ F(M+1) (71)n dnxfl/*ufl
n! dx™ ot
_ M

+pu+1)...(v+p+l+n-1)

(v
F(u+1)F(u+u+n+1)
S T(n+1) T(v+p+1)

_ r(u+1) (v4u)
“Twtarptetn
I'(p+1) (v+u)

= t—a)tml

F(V+M+1)( 2 t=tn
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1. Discrete Fractional Calculus

Let us apply the above lines of reasoning to the fractional sum of function g(t) = (1 + u)t=@
where t € Ny, a, 0 € R and v > 0. Proceeding as above, we obtain:

t—v

= L S s ) (14 e

—v t—a
Aa (1 + ,u) t=a+v+n ]“(y) s=a

1 a+n
—WZ(a—I—V—i—n—s DD 4 p)s—e
1
= (v—1+4n—35""Y1+p)
M) 2
~ (1+p)° 1:[
=Y (v—1+7). (1.29)
= (n—s i
In particular, we have
(—=1)® d*h(x) 1
]. S = h h e
(1+n) st dxs |’ where h(z) 1+ (14 up)(z—1)’
and we have
_ _ )" — d"—sz™v d*h(x)
A v 1 t—a —
a ( +lu’) t:a+l/+n g( ) dxn—s 1 dxs =1
_ ( 1" &7 (h(z)s~)
n! dx™ 0

The above results allows us to obtain a compact form for the fractional sum. The following
definition of the fractional sum was proposed by R. Abu saris and Q. Al-Mdallal in [58].

Theorem 1.4. For arbitrary a € R and v > 0, the v-th fractional sum is defined by

(=1)" d"(h(z)z™")

A_V t =a+v+n — y 1.30
o "Y(O)lt=atv+ oy e . (1.30)
where h(x) is the generating function defined by
M) = S (-)fyk+a)e— D, fe—1] <L, L>0.
k=0

1.3.2 Composing two fractional sums

The results obtained in above subsection allow us to state and prove the commutativity property
of the fractional sum. This result plays important role.

Theorem 1.5. Let f be a real-valued function defined on IN,, where p,v > 0. Then the following
equalities hold:

AV A F() =AW () = ALAVF(E),  t € Nagyip (1.31)
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1.3 Fractional difference summation

Proof. Let f:IN, — R and v, > 0. Then, for £ € Ny, 4, one can right

o0) = 8210 = sty (e o)1)
:Iw;wm53“—0@»“”<§is—dwﬂvﬂﬂw>
s=a-+v r=a
1 t—p s—v

1 t— (.“‘+V) t—p

= toircy L 2 (=) s —a(m) Vs,

Let z = s—o(r) =s—r—1, then

1 t—(ptv) [t—o(r)—p (1) (1)
lﬁ(t)zm > Y. (t—o(r)—o(z)) z f(r)

I'(v) =
1 t—(p+v)
ol X a5
t—(utv
:ré>::)réizﬂ“““”wﬁ“”ﬂ”
and using formula (1.20)
1 t—(ptv)
VO =y 2 o)) = AL () = AT (D).
Since v and p were chosen arbitrary, the last equality in formula (1.31) also holds. O

1.3.3 Composing fractional sums and differences

Before considering the general composition of v-th fractional sum with fractional difference
operator, we shall state and prove the commutative type properties of the fractional sum and
difference operator [34]. Let us now recall a result that will be used later in finding solutions to
the boundary value problems originated from the fractional difference calculus.

Proposition 2. For any v > 0, the following equality holds
(t—a)’1

A_VAf(t) = AA_Vf(t) - r(l/)

f(a), (1.33)
for f is defined on IN,.

25



1. Discrete Fractional Calculus

Proof. We first calculate the left part of the inequality. Using the summation by part formula
[33], given by

3 1(0)800) = S0~ S ASWglL+1) (134
we get
B0 = 1y SLlta(s)) 1)
_ (- S>r((”y‘)”f ) + i :_Z:(t ~ ()21 (s)
_ (- 1)<v—r1>(£§t +1-v) (¢ _FCE)V()V_I) o)+ ;(—V)l :(t ()2 f(s)
= 1) t:)(t )21 - 0 ) (1)

We now compute AA,” f(t). To accomplish this, we need the following version of Leibniz Rule,
which is proved in [39]. Let f :Ng+, x N, — R, then for ¢t € Ny,

A(if@ﬁ)) ItiyAtf(t,s)—l—f(t—l-l,t—l—l—y). (1.36)
Hence
AN (D) = s [ (80 (= oD 5(5))) + (0 DD S -t 1>]
- r(ly) l (= 1)t = 0 ()2 (5)) + (= )V (= v+ 1)1
1 t—(v—1)
S Tw-1) Z_: (t—o(s) "2 f(s) (1.37)
From (1.35) and (1.37) the desired equality follows. O

In particular if we replace v by v + 1. In view of the commutativity property of the fractional
sum in the previous subsection, the following expression is obtained.

Corollary 1. Assume f is defined on IN, and let v > 0, then

(t—a)®)

AVTIAF(E) = ALV F(t) — To+1)

f(a). (1.38)

This implies
(t—a)¥)

AP0 = A7 AT ) +

f(a). (1.39)
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1.3 Fractional difference summation

We can extend proposition 2 to an arbitrary positive integer order. The following version of
proposition has been proved in [34].

Proposition 3. For any real number v > 0 and any positive integer p, the following equality
holds .
p— (t _ a) v—p+k
ATVAPf(t) = APATV f(T) —
1) IO 5k —prD)

A f(a), (1.40)

where f is defined on IN,.

Proof. We prove formula (1.40) by induction. Firstly, we would check if it works if we replace f
by Af in formula (1.33)

ATVN%F(t) = ANTVAF(t) — @_;E)V(;UA f(a)
= o [as0) - S | - 0 )
= a0 - ) - 0
= A2ATVF(t) — k}i:o —(If(;‘jz(;qj;) A f(a).
Repeated iteration gives the desired results. O

Corollary 2. It is quite easy to notice that if we replace v by v + p and employ Proposition 3,
the formula (1.40) can be rewritten as

(1/+k)

ATII() = ATTEATS(Y) Z +k:+1

)Akf(a). (1.41)

We now state and prove the composition property of the v-th fractional sum with difference
operator of integer order p. Note that, the following property has been discussed by Atici and
Eloe in [34] for the case v > p.

Proposition 4. Let p be a positive integer and let v > 0 with n — 1 < v < n. Then for the
function f: N, — R, we have

NP[ATVF()] = AP £ (1), (1.42)
for t € Ng4p.

Proof. Let f,v,n and p be as given in the statement of the theorem. Firstly, we should check if
it works for v = n. We have for any p € IN and ¢t € Ny,

APATTf(e) = A AN, (A, f (1))
= APIA; D p (1)
= f(0).
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1. Discrete Fractional Calculus

Therefore, when p > n for any t € IN,1,, we have
APATf(E) = AP [ATAT ()] = AP (),

and when p < n
APATT (1) = APAT,, [A P ()] = AR ().

a+n—p

Now, we consider the case n —1 < v < n. For simplicity, we first show that AA™Vf(t) =
A~=1f(#) for t € Nui,. The proof follows by applying the definition of fractional sum and
the Leibniz rule as in proof of proposition 2, then we get

AAF(0) = g7 [i(t - a<s>><“>f<s>]
v—15X V2 _
=) Do) @)+ 1)

1 t—(v—1)
I'v—-1 —

“Two1) SZ (t—a(s) V7 f(s)
=A"=D g
Apply the operator to both sides of the last equality we have for any p € N
APALf(1) = AP AN (1)) = APTTAT D () = AP £ ().

This complete the proof. O

1.3.4 Leibenitz formula

Next, we would like to be able to compute the fractional summation of products of two functions.
This is possible according to the following theorem. An alternative proof to this formula for
v-sum with carefully stating the domain of the function is given by Atici and Sengul [36].

Theorem 1.6. Let f be a real-valued function defined on Ng and g be a real-valued function
defined on N, UNg, where v is a real number between 0 and 1. Then the following equality
holds

85 (f9)(0) = (;) (890 [8g " (e 4+ R, (1.43)

k=0

—v\ [(—v+1)
k) T(k+1)I(-v—k+1)

Proof. By the definition of discrete fractional sum, we have

where t = v (mod 1) and

t—v

A (fa)(t) = r(l) S (t - o (5))* "V f(s)g(s) (1.44)

s=0
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1.4 Riemann difference operator

where ¢t = v (mod 1).
By Taylor expansion of g(s), which is given by [33]

Gt LT S (=1 — 1) VA 1.4
-3 e Ce=vPSUEIE £(0). (1.45)
Therefore, we have
X (s—t)k) > AFg(t
o) = 3 U () = S (-1 8 () 4 10, (1.46)
k=0 k=0
Thus by substituting Taylor series expansion of g(s) in the sum, we have
—y 1 X v—1 = 1 AFg(1) (k)
Ny (fo)(t) = > (t—a(s)" " f(s) Y_(-1) (t—o(s) + k)™, (1.47)
I'(v) = = k!

Since (t — o (s)) "V (t —o(s) + k) = (t + k — o(s))¥TF1) we have

) Ak ( ) (t+k)—(v+k)
0" (Fo)(t Z ) > (t=a(s) + RIS (s). (1.48)
k*O s=0
; _1\k — I'(—v+1)I(v) .. . .
Since (—1)" = Tk DT (k+7) for any nonnegative integer k, the above expression on the right
becomes -
> ( 1 ) [AFg(D)][A™ 9 £t + k)] (1.49)
k=0
This completes the proof of the theorem. O

1.4 Riemann difference operator

Having established these fundamental definition and properties of the v-th fractional sum, we are
now in a position to give a first definitions of fractional difference operators as used to be done
in usual fractional calculus. Till now, there are three known definitions of fractional difference
operators that are the so-called Riemann operator, Caputo-left operator and Grunwald-Letnikov
operator. First, let us consider the definition of the Riemann-left difference operator. The
definition of the operator can be found in [41].

Definition 6. (Riemann left fractional difference). Let v > 0, f : N, = Rand n—1 < v <mn,
where n denotes a positive integer. The Riemann left fractional operator is defined as

t—(n—v)
RLAZf(t)=A”Aa(””)f(t)zr(nl_y)A"( > <t—o<s>>("“>f<t>). (1.50)

Remark 1. Naming this functional the Riemann-left difference operator, in case of integer v,
v = n, it coincides with the n-order difference operator.
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1. Discrete Fractional Calculus

Remark 2. From the fractional sum domaine, it is claire that the fractional Riemann operator
maps evry function defined on IN, into functions defined on INg4p—y .

The next theorem unified fractional sum and differences where it was proved in [39].

Theorem 1.7. Let f : N, — R and v > 0 be given, withn —1 < v < n. The following formula
for the fractional difference is equivalent to (1.50)

RLAV £ (1) = {r(iy) St (t—o(s) ™7 f(s), n—1<v<n,

1.51
A" F (L), B (1.51)

Proof. Let f and v be as in the statement of the theorem. We show that (1.50) is equivalent to
(1.51) on Ngqp—p-
The case v = n is obvious, since

FEAF() = ATATUTVF (1) = AMALCF () = ATF (1), (152)
Now we discuss the remaining case n —1 < v < n. Then the direct application of (1.50) yields

1 t—(n—v)

FEAGF(E) = APA T f (1) = A" [r<

n—v)

(t— U(S))"”lf(S)]

An_l n—v—1
— F(T—V)A [ Z (t—o(s)) f(s)] )

Recalling the Leibni’z rule:

t—v

A (g f(t,s)> =D Af(t,s)+ ft+1,t+1-v). (1.53)

Then applying the Leibni’z rule with respect to the function A [ZZ;EL”_V) (t— a(s))"‘”_lf(s)},
we get

A1 =) n—y—2
:m [ 822;1 ((n—y—l)(t—a(s)) f(s))

+t+1=o(t+1=(n—v)" (1= (n—v))]

= (o(s)

gy FE)  fE 1 (=)

Il
>
i
|—H{*|
|
g
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1.4 Riemann difference operator

— An—l

— An_l

Repeating the similar procedure n — 2 times we get

t—(n—v—1)
RENLF(t) = A {F(n—ly—l) Z (t— U(S))n_y_2f(3)]
1 t—(n—v—2)
= A" [1‘(71—1/—2) z:: (t— 0(5))n_y_3f(5)]
= » 1 » o
— L S o)
CI(—v) & ’

In the sequel we use equalities (1.51) for each point t € Ng4p—p, (say t = a +n — v+ m for some m € Np),
we see that
I'(t—s) I'la+n—v+m—s)

t— n—v—k—1 _ —
(t=o(s)) [t—s—n+v+k+1 Tla+m+k+1-—35)’

which exists for each k € {1,2,...,n} and for each
se€{a,a+1,...;t—(n—v—k)}={a,a+1,...,a+m+k}.

Finally, note that (1.51) at first glance appears to be valid for all ¢ € IN,_,, it only define the
vth_fractional difference on Ngyp—_y. O

Example 2. Let us derive the RLA3 of the function f(t) = t%, it follows
TEAS () = AP (ATEEE) = KA =0,

Example 3. As an example, we compute the v-th order difference of the product ¢f(t), where
f and t are defined on INy and on IN UINj respectively, and 0 < v < 1. It follows from Leibiniz
formula, given in Theorem 1.6, that

RLAV (17 (1)) = AA= OV (e f (1) = A i (‘1; ”) AREA=FVHR) £ (1 4 k), (1.54)
k=0
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1. Discrete Fractional Calculus

for t = v (mod 1).
Since AFt = 0 for k > 2, we have

REAY(Lf () = A [t~ 07 F(8) + (v = DA~ (e 4 1)]
=AU+ 1)+t BEAV () + (v = 1)A™ ) f(E+ 1)
= vA" I P 41) +t BEAY f(1),
for t = v (mod 1). If the domaine of function g(¢) = t is Z, then the Leibiniz formula implies
that:
BEAY(tf (1)) = vA~ U9 F(2) + (t+v) BEAV (). (1.55)

Example 4. Let us now calculate the fractional difference of the power rule function (¢t —a)”
for t € ]Na+u+nfz/

AL (b= a)®) = A A7 (0= a) )]
n r(:u + 1) o (u+n—y):|
{Hu+1+n—m@ @)
I'(p+1)

:Fw+1+n—@(W+”_V%~W+1—W)Q_MWwL

Using the fractional sum of the power formula (1.20)

I'(p+1) I'(p+n—v+1)
I'p+1+n—v) T(p+l-v)

Aip (t— a)(#_y)-

(t — a)(“’) -

In the next proposition, the binomial coefficient is used to define the Riemann like operator
of order v > 0 for a real valued function.

Proposition 5. ( see [39]). For a function f : N, — R the Riemann like operator of order
v > 0 is given by

v+t—a
zﬁﬂﬂ::}j(—nkGqu+u—kL (1.56)

k=0

with ¢t € ]Na+n_y.

Proof. Similar to the proof of Proposition 1. Let f : N, — R and v > 0 such that v ¢ IN, then

32



1.4 Riemann difference operator

the fractional sum for t = a +n — v + m, for some m € Ny, is given by:

t+v
BEF(0) = sy 2 (= o(s) 7V £ (s)
B t+v F(t - S)
- ;T(t—s+1/+ IVEAR
at+n+m

3 I'la+n—v+m—s)
I'la+n+m—s+1)I'(—v

2 )f(S)

B I'n+m—s—v)
=2 T(n+m—s+1)r(—y)f<s+a)

s=0
Al —1—-s5—v)...(—-v
= fla+n+m)+ 52:(:) (n+?(nims_sil)( )f(s+a)
il v...(v—(n+m-—s
= fla+n+m)+ SZ:; (—1)ntm=s ;(n—ém—'——s—kl))_'—l)f(s_'_a)
=S (L e
n+m
=Y (1) (;) fla+n+m—Fk)
k=0
n+m
= > (-1 (’,;>f<<a+n—u+m>+u—k>
Vk:to—a v
=S () s,
k=0
which complete the proof. O

Remark 3. Note that when v = n, the formula (1.56) reduces to the traditional binomial
formula:

An:i(—l) (Z) ft+n—k), for t € N,.

k=0

In the next theorem of this section we discuss another important property of fractional
difference operators, namely the continuity with respect to the order of the operators. A proof
of this result may be found in [39].

Theorem 1.8. Let f : N, = R, v > 0 and let t,,, = a+ [v] —v +m be a fized but arbitrary
point in domain of operator AL f where m € Ng. Then for each fized m € No, v — AYf(tem)
is continuous on [0,00).
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1. Discrete Fractional Calculus

Proof. Let f: IN, — R be given, and fix n € IN and m € INg. It is easy to show that:

Arf(a+n—v+m) s continuous with respect tovon(n—1,n) (1.57)
Alf(a+n—v+m)—=A"f(a+m) asv —n~ (1.58)
Alf(a+n—v+m) = A" fla+m+1)asv— (n—1)" (1.59)

We begin with the case (1.57), for any fixed v € (n — 1,n) we have

t+v
Aiflatn—vtm) = gy 3 (= ole) ")
1 a+n+m T

i 3 (kv me ()
1 " T(a+n—v+m—s)
S X Fararmoarn) )
| otugm 1 Ila+n—v+m-—s)
B Za Ta+n+m—s+1) I(=v) 1)

a+n+m+1 —v+m—s— cel\ TV
S (G (ain+m—?> 2 49) + fat ot m)

n+m((i_1—y.)...(_y)

il f(a+n+m—i)>+f(a+n+m)‘ (1.60)

(2

Since (1.60), an expression for AY f(a 4+ n — v 4+ m), is clearly continuous with respect to v on
(n—1,n). Thus we have demonstrated (1.60).

In the case (1.58) we take the limit of (1.60) as v — n™:

lim AYf(a+n—v+m)
v—n—

n+m .
= lim [Z ((Z_l_y,)“'(_V)f(a—l—n—l—m—i))—|—f(a—|—n—|—m)]

|
=1 &

:nf((i1n)"'(n)f(a+n+m—i)>+f(a+n+m)

f(a+n+m—i))+f(a+n+m) (1.61)
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1.4 Riemann difference operator

(—1 "(”) (V_Z+1)f(a+n+m—i)> + fla+n+m)

and hence it remains to prove (1.59). Similarly, we take the limit of (1.59) as v — (n —1)"; we
obtain:

lim A7f(a+n—v+m)

v—(n—1)*

L (-1 -v)... (~v) .

_u—>1(11H_11)+Lz:1( 1! flatntm z))—l—f(a—l—n—l—m]
n+m .

_Z< ( n+1)f(a+n+m—i)>+f(a+n+m)

:72 ((_1)1‘(71—1)...(n—i)f(a+n+m—i))+f(a+n+m)

as desired. O

1.4.1 Relation between Riemann difference operator and fractional sum

Having established a theory of Riemann difference operator and v-th fractional sum separately,
we now investigate how they interact. With the help of Proposition 4 and Theorem 1.5, we obtain
the composing rule of fractional differences with fractional sums which was proved in [39].

Proposition 6. Let f : N, — R be given and suppose v, u > 0 with n —1 < v < n. Then
RLAZﬂL L) =D0Ff(t),  fort € Notpsn—v- (1.62)
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Proof. Let f, v, n and v be given as in the statement of the theorem and let ¢ € Ngyy1n—0.
Then

NGB () = aJ(ru AP f(t)
= Ana, (),
By the composition rule presented in Theorem 1.5, one can get
= Agi(nﬂ/ﬂ‘)f(t), by Proposition 4,
=AgMf(t).
O

When v > 0 and f € N, the left Riemann difference operator LAY u+ provide operations
inverse to the v-th fractional sum operator A~ given in (1.14) from the left and right. More
precisely, we have the following situations.

Proposition 7. [40] For v > 0 and f defined in a suitable domain IN,, we have for t € N4, C
N,
MEALL ATV () = f(1), (1.63)
and
Ay, AV () = f(t), v ¢ N. (1.64)
Remark 4. If the fractional order v is not as required in the assumptions of Proposition 7, then
equation (1.64) is not true.

If t € Notn—ptv, then we obtain a different representation for fractional sum and fractional
Riemann operator.

Proposition 8. [39] Let f: N, — R be given and suppose v > 0, u > 0 with 0 < p < n, then
for t € Na+n—u+y

I~ fa 4 n — p)

AV A APV t—a— (v=nti), 1.
at+n—p=a () f ; Z/—TL—I—]—|—1) ( a n+:u’) ( 65)
Proof. Suppose that v, y > 0 with n — 1 < pu <. Defining
g(t) =AW E) and b=a+n—p, (1.66)
where b is the first point of the g function, we have for ¢ € Ng4y,— 1., and by Proposition 4
n—1 i
- Ag(b) i
ALY, A A A" AT t—b)rta
at+n—pu—a () a+nu (g()) a+n ug() ;)F(u—n—i-j—i-l)( )
n—1 iA—(n—
AIA—(n u)f(b) .
— ATV AT (n—p) £ — t— )t
atn—p=a f() Z()T(V—n—Fj—Fl)( )

Z N7TRf (@ +n — )

= APV
1) T(v—n+j+1)

(t—a—n-+p)'—H,
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1.4 Riemann difference operator

where in this last step we applied Proposition 6 and in the case v > n, Theorem 1.5. O

1.4.2 Composing two fractional difference operators

We now consider the concatenation properties of two fractional difference operators. Unlike
fractional sum operator, fractional difference operators do not commute always, i.e. AYAH £
AVTH £ AFAY. To show this, we begin with the commutativity property of integer difference
operator and fractional difference operator v.

Lemma 1. Let f:IN, — R be given. For any integer number p and v > 0 withn —1 <v < mn,
we have

NPAY = APV F(t), fort € Nasn—w (1.67)
Under Theorem 1.5, Proposition 2 and that A=) f(a 4 n —v —1) = 0, the following
result can be directly stated.

Proposition 9. [32] Let p—1 < v < p where p is a positive integer Proposition 2 implies that
(t—a)=v=1
I'(-v)

We extend the previous result here to the fully fractional case with p any positive real
number.

AREAYF(E) = FEAVAF(E) + f(a). (1.68)

Theorem 1.9. [39] Let f : N, — R be given and suppose v,u > 0 withn —1 < v < n and
m—1<p<m. Then fort € Notm—pin—v

m—1 aj—(n—pu)
v v Aa f a+m_ﬂ
Alemuif () = A1) = 3 r<—y_7f@+j+1> |
iz

(t—a—m+p)™""". (1.69)

Proof. Let f,v and u be given as in the statement of theorem. If n —1 < v < n, then we have
for t € ]Na-‘,—mf‘u-i-nfy

AZ—!—m ,uA f(t) = A" {Aa-i(-m uAHf( )}

N~ AT f(a 4 m - p)
_ AN n+v+p _
=A" |A; fla+m—v) Z Y Cp————y

(t—a—m+ p)n—r=mti)

m—1

A] H“f (a4+m—p) ;
vtp - (—v—m+j)
= A"TH () g —mtitD) (t—a—m+p) .

j=0

By the same token as in the Theorem 1.9, we may write in reverse order

—1 pj—(m-v)
Au AV Au+l/ f(a‘f'm_ﬂ)
a+nu a () f Z lu_n_|_]_|_1)

(t—a—mn+v) (1.70)

where the terms in the summation vanish if y € INj.
Combining the above theorem with formula (1.70) we obtain the following composition rule

37



1. Discrete Fractional Calculus

Corollary 3. [39] Let f:IN, - Rand v,u >0 be given withn—1<v<nmandm-1<v <
m. Then for ¢ € Ngjm—pin—rv, we have

f+ 3 o " fla+m - p)

t—a—mn+v) rt
(ontj+1) )

AZ+m VAII::f<) Angn v a
7=0

AT pam - p)

t—a— —y—m+j‘
I'(—v—m+j+1) (t—a=m+np)

Jj=0

1.4.3 Summation by pats formula

The summation by parts formula is the discrete analogue of the integration by parts formula,
and it can be used to compute certain indefinite sums as the integration by parts formula is
used to compute integrals. In the classical case we have the following well knows result (that
we have already used in the proof of Theorem 1.6).

Lemma 2. [33] Let f(k) and g(k) be defined on IN,. Then, for all ¢t € N,
t—1
> f()Ag(l) = ZAf (1+1). (1.71)
l=a

The following theorem transfers the summation by parts formula to the fractional setting.

Theorem 1.10. [36] Let f and g be real be real-valued functions and 0 < v < 1. f(b+v—2) =
0 and fla+v—2)=0o0rgla+v—1) =0 and g(b+v —1) = 0, then the following equality
holds

— b—1
Do fs+v—1):A0, 19(s Zg s+ v = 1pr18{f7(s +2(v - 1)), (1.72)

where fP = fop with p(t) =t— 1.

Proof. To prove formula (1.72) we use the definition of fractional difference on the left side of
the equality (1.72) to obtain

b—1
Zf s+v—1)sA0,,_19(s Zf s+v—1)AA" (1- ”)g(s) (1.73)

S=a
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1.4 Riemann difference operator

Applying summation by parts formula for A-operator (1.71), we get

Zfs+v—1)A A g(s)

:f(5+y— )A;+1/1 Z AaJru 19 Af(S+V—2)

1 b=lsm(- )
:7I'(1—1/)z:: %: s—o( g(T)Asf(s+v—2)

1 b—2+v b—1
e M M R IR T e

T=a+v—1s=17+1-v

_q belbel

:mzZ(s—u—u)_”g(u—i—u—1)Asf(s+1/—2). (1.74)

Now, we apply the summation by parts formula for A-operator to the equation (1.74) to get

b—1
Z(S—V—u)_VAsf<S—|—I/—2)
b—1
= [(s—y—u—2)_"f(s+y—2)”l;—ZAS(s—u—u—l)_”f(s+l/—2). (1.75)

S=u

Since [(s — v — 1)V f(s +v —2)]|> = 0, then (1.75) becomes

R B = )
m;(s—u—u) Asf(s+y—2):ﬁ;As(s—V—u—l) fls+v—2)
1 b—1
:ﬁ(—y);(s—y—u—l)_l_”f(s—i—y—Q).
(1.76)
It follows from [Theorem 8.50 in [38]]
b—1 b—1
A (s—v—u)"f(s+v-2)=v> (s—v—0 (V) p(s+v—2). (1.77)
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Hence the expression in (1.76) becomes

1 bl -
m;(s—u—u)_”Asf(s—i—y—Q): T 7) gs—y—u f(s+v—2)
1 b—
_ﬁA SZuS—O'u_FV_l))inp(S_"V—l)
1 b+r—1
= (A — 2u—2))"VfP
Ry D ol 2= 2)
s=u—1+v
=p4v—1 AL (u+2(v —1)).
Putting this into equation (1.74) we have the desired result. O

1.4.4 Initial value problem

In this section, we discuss initial value problem for orders v €]0, 1] and obtain the existence and
uniqueness of a solution. Consider the following nonlinear fractional difference equation with an
initial condition

{RLAZy(t) =ft+v—-1ylt+v-1)), t=0,1,2,..., (1.78)

A = ap,

where v € (0,1], f is a real-valued function, and ag is a real number. Note that the solution,
y(t), if it exists, is defined on IN,_;.

First, we construct a summation equation that is equivalent to the initial value problem
(1.78). Apply the A™" operator to each side of (1.78) to obtain

ATPAy(t) =A"Vf(t+v—-1ylt+v—1)), t=v,v+1,... (1.79)

Apply Theorem 1.5 to the right-hand side of (1.79) to obtain

(v-1)
AYAYy(t) = AVAA" )y () = AATV ATy (1) — tr(y) y(v—1)=A"Vf(t+v—1,y(t+v—1)).
(1.80)
So, for t € IN,,_1 we have
)=t S () Vs v —Ly(s+v—1)).  (18D)
y(t) = F(V) ag r(’/)s:O o(s s+v ,yls +v . .

The recursive iteration to this sum equation implies that (1.81) represents the unique solution
of the initial value problem (1.78).
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1.4 Riemann difference operator

Example 5. Consider

RLAVy () = My(t —1), t=0,1,2,...
{ ay( ) y( +V )7 07 b b b (1'82)

Ayil ’t:O = ayp.

Note that the solution is defined on IN,_; and AY~'y(t)i=o = y(v — 1) since (—v)(=¥) =
I'(1 —v). So the initial value problem (1.82) is equivalent to the initial value problem

RLAVy () = \y(t —-1), t=0,1,2,...
{ ay() y( +V )7 b b b ) (183)

Ay_l |t:0 = ayp.

By (1.81), the solution of the initial value problem (1.82) is a solution of the summation equation

(v—1) Lt
y(t) = tr(y) 0+ 5o ;)(t — () Dy (s + v —1). (1.84)

We employ the method of successive approximations. Set

tfu

y(t) = yo(t F(VV N Dy 1(s+v—1) = yo(t) + M ypm_1(t +v —1).
3:0

Apply the power rule to show that

_ —v o t(uil) (t +v— 1)(2V*1)
y(t) = yo(t) + XAV yo(t +v —1) = ag(t) + ( o T T ) _

With repeated applications of the power rule it follows inductively that

m i

Ym(t) = ag(t) + ZO W(t +(i—1)(r—1)=D " m=01,2,...

Formally, take the limit m — oo to obtain

m( N (- - 1) =012, 1.
y +§r Ty - D =1) . m=0,12 (1.85)
One immediate observation can be made. Set v = 1. Then y(t) = ap > o , i) Since the 1n1t1a1

value problem with v = 1 has the unique solution ag(1 + \)¢, we obtain (1 + )\) Yoo )‘,Z
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1.5 Caputo fractional difference operator

It turns out that the Riemann—Liouville left operator have certain disadvantages when trying
to model real-world phenomena with fractional difference equations. We shall therefore now
discuss a modified concept of a fractional difference operator. Analogue to the usual fractional
calculus we can define the left Caputo fractional difference of order v. The first definition of a
discrete fractional operator was introduced in [41], where the operator was derived by a natural
discretization of the traditional Caputo operator in fractional calculus. The original continuous
Caputo operator was introduced by the mathematician Caputo in 1967 [42]. The main advantage
of using the Caputo difference operator is that the initial condition of the fractional order does
not need to be specified in order to solve an equation or a system of equations.

Definition 7. Let v > 0 and n — 1 < v < n, where n denotes a positive integer, n = [v] + 1
and [.] ceiling of number. The v-th fractional Caputo like difference is defined as

t—(n—v)

S (t—o(s) DAL (s), W€ Nay,. (1.86)

S=a

1

CAv — A—(n=v)An _
N = 070N = ot

If v =n € N, then “AYf(t) = A" f(t).
Since
n
A" f(t) =D (1) (:f) fr+Fk). (1.87)
r=0

In thsi traditional definition fractional-order Caputo difference operator is defined as the next
higher whole-order difference acting on a small order sum. Newt, from relation (1.87) we get
the equivalent formula for the Caputo fractional difference of order v whose use is essential in
many applications.

Proposition 10. Let n —1 < v < n and set u = n — v, where n € IN. The following formula is
equivalent to (1.86):

1 Zt—(n—u) (t _ a(s))(nfyfl)

Tn—v] 2s=a
CNLf(t) = X Y o(~1) (”) Fr+k), ve(n—1,n) (1.88)
T
Anf<t)7 vV =n.

Example 6. We start by computing the left Caputo difference operator of the constant function.
Let then f(t) = C, where C is a constant, from (1.86) we have:

CAYC' =0, v>0, acR. (1.89)

These formulae is straight and may be proved by direct evaluation.

Example 7. For the power rule function f(t) = (t — a)™ we have

AV T(p+1)
an T(p—v+1)

(t—a)W = (t—a) ") te€Norprn o (1.90)
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1.5 Caputo fractional difference operator

where n = [v] and g > n. One may obtain (1.90) by direct generalization of A™ difference of f.
The classical method of proving that is as follows. First note that A(t —a) = u(t —a)#=1.
Furthermore,

A'(t—a)™ = p(p—1)... (p=(n=1))(t—a)* ),

_ I+ jin
RRIrErES

Introducing the Caputo-like delta difference defined in (1.86) leads to

A (t—a)®) = A, TIA (L — )W)

atp
_ T+l e, (e
“T-n+n)” (t=a)
I(p+1) T(p—n+1)

T T(p-n+)T(p—v+1) (t=a)=),

where ¢t € Ng4 . This complete the proof.
The following theorem relates the Caputo and the Riemann fractional operators.
Theorem 1.11. The relation between the Riemann and Caputo fractional difference operators

for any v > 0 is given by:

CALF(t) = FALF(E) A £ (a). (1.91)

Proof. We mentioned in Proposition 3 that for v > 0 and a positive integer p we have

p—1 (t— a)u—p—i—k

—VAP — APA™Y —_
ATVAPf(t) = APATV f(t) ;:%F(wrk_pﬂ)

A*f(a). (1.92)

If we replace v by n — v and p by n, and we let n = [v] + 1. Then we can establish

—(n—v) An — AnA—(n—V) _ ( k
A A" f(t) = A"A f(t) kzor(k_’/‘f’l)A f(a). (1.93)
Consequently from equation(1.93) we obtain
n—1 _ \(k—v)
CNLF) = AL - X o) (199)

In particular, when 0 < v < 1, the relation (1.94) takes the following form:

)
i) = L) - L ). (1.95)
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1.5.1 Properties of the fractional Caputo left operator

As for the Riemann fractional difference operator, it is natural to introduce the left Caputo
operator as an operation inverse to fractional summation. Similarly to what we have earlier, we
have the following proposition.

Proposition 11. [37] Assume v > 0 and f is defined on suitable domains IN,. Then

Dot oy SBGT() = (1) — nz—:l U a)kAkf(a) (1.96)
a+(n—v) a k! ) )

k=0

In particular, if 0 < v < 1, then
ALY oy CBGF () = f(t) = f(a). (1.97)

Proof. The proof of equation (1.96) is followed by applying the definition and then using Theo-
rem 1.5 and the relation between Riemann left operator and sum reported in Proposition 7. [

1.5.2 Summation by pats for Caputo fractional difference

Analogously to Theorem 1.10, in the case of Caputo fractional difference the integration by parts
has the following form.

Theorem 1.12. [37] Let 0 < v < 1 and let f, g be functions defined on N, N b where a = b
(mod 1). Then

b+1

b—2
ST 9(s)OBLf(s—v) = f()pm1 AT g(s — (L—v)) 5+ f(s) b—1AYg(s +v). (1.98)
s=a+1 a

Equation (1.98) may obtained similarly to the Riemann-left formula in Theorem 1.10. It
may be achieved with the aid of Theorem [Theorem 8.50 in [38]] analogously to the proof of
equation (1.77).

1.5.3 Taylor difference formula

Another important basic result in classical analysis is Taylor’s theorem. In the following we will
introduce a new generalization of Taylor’s formula that involving Caputo-like difference operator
along with its proprieties. Moreover, these formulas turn out to be of fundamental importance
in the analysis of initial value problems, as we will see later. All the following results were
reported in [43].

Theorem 1.13. For pu > 0, p non-integer, m = [u], v = m — p, it holds

m—1 k t—p
— (tia’) k 1 (L—=1) At
110 =S 5@+ g 3 (e )0 ), N, (199
where f is defined on N, with a € Z*, Z" :={0,1,2,...}.
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1.5 Caputo fractional difference operator

In case of 0 < v < 1, the Caputo generalized Taylor’s formula (1.99) reduces to

(t—s—1) DAY f(s). (1.100)

Proof. From the definition of Caputo-left operator (1.86) and the commutativity property in
Theorem 1.5, we have

ATVAVF() = ATVATT (AT () = AT (AT F (1)) = ATT(AT (), VEE€ N,

(1.101)
that is
ATVANF(t) = ATT(ATf(t), Vi€ Ngim. (1.102)
It been noticed that
_ I(t—s)
t—s—1)mH = =(t—s—1)(t—5—2).... t—s—m+1 1.103
(t=s =)D = s = (= (s~ Dt m s m 1), (1103
the falling factorial, here we have t — s —m 4+ 1 > 0. Therfore we obtain
1 t—m
—mAm o e 1\(m=1)Am
ATT(A™E () = (] S;(t s—1) A" f(s). (1.104)
Using the discrete Taylor formula reported before in equation (1.45), one can get
n—1 o (k) t—n
t—a 1 m—1) A
f=> uA’“f(a)JriZ(tfsﬂ)( DA™ f(s), (1.105)
S (m—-1)! =
where t() = t(t —1).....(t — k +1). From the last we derive the Taylor formula
n—1
t—a)k v
£y = 3 U= kg a) 4 A g o), (1.106)
k=0 '
where f is defined on N, V t € INgqp,. O
Remark 5. Here [a, b] denotes the discrete interval [a,b] = [a,a+ 1,a+2,...,b], where a < b

and a,b € {0,1,...}.

Let v > 0 be non integer such that n —1 < v < n, i.e, n = [v]. Consider a function f
defined on [a,b]. Then clearly the fractional discrete Taylor’s formula (1.99) is only valid for
tela+mn,b],a+n<b.

: (t—a)*\ _ (t—a)k—P . . .
By using the fact that A? ( ] ) = “h=pyr o We obtain the following Caputo type fractional

extended Taylor’s formula.

Theorem 1.14. Let u > p, p € N, p not integer, n = [u], v =n— u. Then

APF(t) = nf WAW(@) PN S t_fp(t —s— 1) P=DARF(s), (1.107)
= (k-p)! T(u—p) i

Vt € Ngjn—p, [ is defined on Ng, a € Z7.
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1. Discrete Fractional Calculus

Proposition 12. Notice for p = 0 applied on (1.107) we get for > 0, p not an integer, n = [u],
v=mn—pu, fis defined on N,, a € Z*; and A*f(a) =0, for k=0,...,n— 1, we get

1 X
f(t) = m S;y(t — S — 1>('U’_1)A‘:f(8), Vit e Na+n- (1'108)

Proposition 13. Let u > p, p € N, p non-integer, n = [u], v = n — u; f is defined on Ny,
a € Z*. Assume that A¥f(a) =0, k =p,...n—1. Then

1 t—p+p
ST (t—s—1) " PUARf(s), VYt € Noinp. (1.109)

MO =500 2,

1.5.4 Initial value problem

We discuss now the problem of resolvability of initial value problems fractional-order systems
defined by difference equations with the Caputo-type operator. We begin once again with a
brief overview of the results of existence and uniqueness theorems for the left Caputo difference
equations. We shall first transform the initial value problem into an equivalent Voltera difference
equation (Theorem 1.15) and then we are going to prove the existence and uniquence of the
solution. Recalling that the Caputo version is usually preferred when physical model is described
because its initial condition is the same as one of the integer order difference equations.

Theorem 1.15. [/8] For the left-Caputo difference operator consider the initial value problem

{CAgx(t) =flt-1+v,a(t—14v)), t€Ns1v, 0<v <1, (1.110)

zo(t) = z(a),
where f is the continue function define by f : [0,4+00) x R — R. The function z(t) is a solution

of the initial value problem (1.110) if and only if it is a solution of the following discrete Volterra
equation

1 t—v

—— Y (t—s-1) V(s +r—La(s+v—1)), (1.111)
r(y) s=a+1-v

where 0 <v <1 andt € Ngq1.

z(t) = zo(t) +

Proof. Suppose first that the function x(t) for ¢ € IN, is a solution of the IVP (1.110). Then,
we may write this solution using Taylor formula in Theorem 1.13, as follows

1 t—v

x(t):xo(t)—i—m S o t-s—1)¥" Vf(s+v-1a(s+v—1)). (1.112)
s=a+1—v

Conversely, we assume that x(t) verify the discrete Voltera equation (1.111). Hence, we have

z(t) :xo(t)+r(1y) i (t—s—1)"Vf(s+v—12(s+v—1)). (1.113)
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1.5 Caputo fractional difference operator

Similarly, using the Taylor formula in Theorem 1.13, we get

x(t):azo(t)+L tjf (t—s—1) "D CAY2(s). (1.114)
r(y)s:a+lfu

Comparing equation (1.112) with equation (1.113) yields

1 t—v e (v-1) [C Varls) — fls4+v—1 2(s 41— _
() s:g:w(t DY [O8Ga(s) = fs v = La(s +v - 1)] 0. (1.115)

Therefore, for all t € N,, we have that “AZz(t) = f(t — 1+ v,z(t — 1+ v)) which implies that
z(t) is a solution of IVP (1.110). O

Remark 6. Let n =t — a, since (t —s —1)"Y /T'(v) is equal to T(t — s) /T(t — s — v+ 1) and
for a = 0, the numerical formula of (1.111) can be described as [103]

n—ij+v)
n—j+1)

R . .
x1 (n) :x(O)—FF(V)JZ_E)F( fG—1z(—1)). (1.116)

where x(0) is the initial conditions. According to the numerical equation (1.116), the proposed
fractional discrete-time system has memory effect; which means that the iterated solutions are
determined by all the previous states.

Theorem 1.16. [/8] Let (X,]|.||) real Banack space where ||z|| = sup{||z(t), t € N,}, and
assume that the function f is continuous in X and that is globally Lipshitz with constant L.
Then, the IVP (1.110) has a unique solution x(t) provided that 0 < L < 1.

Proof. We define the operator T': X — X by

Tx(t)zivo(a)—klﬂ(ly) i (t—s—1)" Vi(s+v—1z(s4+v—1)). (1.117)
s=a+1—v

For any z,y € X it follows from definition of the operator A and the Lipschitz condition on f,
that

T (t) = Ty ()|

> (t—s—1) V| f(s+rv—La(s+v—1))—f(s+v—1,y(s+v—1))
s=1+a—v

IN
Pﬂ‘
~ —_

v)

h

(v =1z —yl|

IN

)
= mr(y)Hx =yl

= Lilz = yll.

—
~ <
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1. Discrete Fractional Calculus

Since L < ﬁ < 1, by applying Banach contraction principle, T" has a fixed point z1(¢) which

is a unique solution of the IVP (1.110) on ¢ € {a,a + 1}.
Sincex (t) exists, for t € {a + 1,a + 2}, we may define the following mapping 7 : X — X:

Tiz(t) = z1(a+1) + r(ly) i (t—s—1)" Vf(s+v—1az(s+v—1)). (1.118)
s=a+2—v

In this case we have

[ Taz(t) = Tay(t)]]

< Yo (t—s=D)V | f(s+v—La(s+rv—1)) = fs+v—T1y(s+v—1))
F(V) s=2+a—v
L < v—1
< 1—'(1/) 5:242_1,(15_ §— 1)( )||.CL‘ _y||
L 24a—v o
— NG L;%V(2+a—s—1)( )] ||z —yl|
= 577 [+ =D e
L [Tw+1) T()
T {r(zm) + F(l—l—a)] = =3l
= L(1+v)llz -yl

Since L(1+ v) < 1, by applying Banach contraction principle, 77 has a fixed point x5 (¢) which
is a unique solution of the IVP (1.110) on ¢ € {1+ a,2+ a}. Hence, in order to prove the
desired result, it is sufficient to show that the operator T" has unique fixed points which are
unique solutions x,+1(t) of the IVP (1.110) on the ¢t € {m + a,m + a + 1}. For this purpose,
we write operator T, as follows

! i (t—s—1)"Vf(s+v—1z(s+v—1)). (1.119)

r(lj) s=a+m—v
Similarly, we may obtain that the IVP (1.110) has a unique solution z,,(t) on t € {m + a,m +
a+ 1} exists.

Hence, define z(t) as follows

T (t) = zpm(a+m) +

To, T =a,

T, t=a+1,

a:(t) : (1.120)
zm(t), t=a+m,

then z(t) is the unique solution of (1.110) on t € N,. O
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1.6 Grunwald-Letnikov fractional difference operator

Example 8. Consider the following linear left Caputo fractional difference equation
CAg(t) = Ae(t+v—1), t€Ngy1, (1.121)

with the initial condition z(a) = x,. Thus, according to Theorem 1.15 the solution is given by

t—v

— —o(s)) " Vy(s+v—1).
My X (o) Nyt

Abdeljawad in [41] have given an explicit clear solution by applying the method of successive
approximation. Set z¢(t) = ap and

y(t) =ag +

Tp(t) =a0+AA Y _o(s+v—1), m=1,23,...
For m = 1, by the power formula (1.20 ) one can get

At ]

a:l(t) = Qo [1 + m

For m = 2,

(t+v-1)"] M) N(t4+v—1)2)
zo(t) = ao + AALY - ula0+ T(v+1) =G 1+]_—'(y—}—1)+ I'(2v+1)

If we proceed inductively and let m — oo we obtain

The last operator that we take under our consideration is the fractional Grunwald like
operator and the definition of operator can be found for example in [60].

1.6 Grunwald-Letnikov fractional difference operator

In this paragraph, as a definition of fractional discrete difference operator, a following fractional
order Grunwald-Letnikov definition will be used.

Definition 8. The fractional order Grunwald-Letnikov is given by

1 k
172 () f(k—3), (1.122)

where the fractional order v € R*T, i.e., the set of strictly positive real numbers, h € R*" is a
sampling time will be taken equal to unity in all what follows, and k € IN represents the discrete

time. The term (V can be obtain from the following relation:

v 1 for 7 =0,
') — . 1.123
(]) {V(V_l)'}!(y_]ﬂ) for j>0. ( )
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1. Discrete Fractional Calculus

1.7 h—Difference fractional operators

In this section, some basic concepts related to the fractional h-difference operators are briefly
summarized. In this context, we first introduce some definitions and notation [49]. Let h > 0
and put (hIN), = {a,a+ h,a+ 2h,...} with a € R.

Definition 9. Let h be a strictly real positive number and f : (hIN), — R, the forward h-
difference operator is introduced as:

fon(t) = £ (t)

Anf () = Lo, (1.124)
where o (sh) = (t+1) h.
Definition 10. The h-falling factorial function of real order v is defined by
Y r(t+1
) = h”%, (1.125)

in which ¢ € R. As one can see when h = 1, the h-falling factorial function is equivalent to the
(v)

falling factorial function defined by equation (1.8). One also expects to see that ¢, converges
to t*") when h tends to zero. This is illustrated in the next proposition.

Proposition 14. [44] For t > 0 and v € R,

(V) _ 1(v)
}ngbth t\¥), (1.126)

Definition 11. [44] Let f : (hIN), — R and 0 < v be given. a is a starting point. The v-th
order fractional h—summation is given by

t

(t—o (sh)Y M f(sh), o(sh)=(s+1)h, a€R, te (AN),,,,,

o

WAL f (L) =

'(v)

sS=

SIS

(1.127)
where the h—falling factorial function, in which (AIN) . ;_,), = {a+ (1 —v)h,a+ (2=v)h,... }.
Remark 7. The fractional h-difference summation ,A;” maps every function defined from
(hIN), into function defined (AIN)q4pp-

Accordingly to the definition of h-factorial function the formula given in Definition 11 can
be rewritten as

—v _ v & F(V+n_k)
(0 ) =13 et o)
=h"§n:< ’”” >f(a+k:h) (1.128)
k=0

||

DI <j>f@—jm,
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1.7 h—Difference fractional operators

for t = a+ (v+n)h, n € Ny.
Next, the h-power rule and the commutative property of the fractional hA-difference summa-
tion operator are reported. The proof for the case h > 0 one can find in [45].

Lemma 3. Let v be real number such that. Then

I'(p+1)
I'(p+v—1)

Proposition 15. Let f be a real valued function defined on (hIN),, where a,h € R, h > 0. For
v, it > 0 the following equalities hold

hA;_:fluh hA;'uf(t) = hAZ(V+“)f(t) = hA;.f,,h hA;Vf(t)v te (hN>a+(u+,u)h' (1'130)

Based on the above definition of the h- fractional sum, it is possible to define the fractional
h-difference operators.

WA (E—a+ b)) = (t—a+uh)™. (1.129)

Definition 12. Let v € (0, 1], the Riemann-like fractional h-difference operator

BEALF(E) = (Bn (bATF)) (1), € (BN gy (1.131)
Remark 8. Not that the the Riemann-like fractional h-difference operator maps every function
defined from (AIN), into (AIN) g4 (1—y)p-

Definition 13. [41] For f () defined on (hIN), and 0 < v, u ¢ IN, the Caputo-like difference
is defined by

FALF () =ATRATE (), tE (BN, n s (1.132)
where n = [v] + 1. If v = 1, then we have:
SAVF=A™f  te (hN),. (1.133)

The last operator that we take under our consideration is fractional h-difference Grunwald-
Letnikov like operator.

Definition 14. Let v € R, the Grunwald-Letnikov like h-difference operator A} of order v for
a function f: (hIN), — R is defined by

o

—a

vE(t) = hi zhj(—ns (;) F(t— sh), (1.134)

s=0

where the term <Z> can be obtain from the following relation

U 1 for s=0,
(S) = {l/(lll)...(lls"rl) fO?" s e N. (1135)

s!

Remark 9. The Grunwald-Letnikov like h-difference operator maps every function defined from

(hIN), into the same domain (hIN),.
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1. Discrete Fractional Calculus

1.8 The Z-Transform method

Here we attempt to review the Z-transform of the expressed fractional h-difference summation
and operators. The following definition describes the Z-transform of a discrete sequence.

Definition 15. [46] The Z-transform of a sequence x(n), which is identically zero for negative
integers n (i.e., z(n) = 0 for n = —1,—2,...), is defined by

Z(z(n)) = Zx(j)z*j, (1.136)

o
j=0
where z is a complex number.

The set of numbers z in the complex plane for which series (1.136) converges is called the
region of convergence of z(z). The most commonly used method to find the region of convergence
of the series (1.136) is the ratio test. Suppose that
z(j+1)

z(j)

Then by the ratio test, the infinite series (1.136) converges if

lim

Jj—00

—r

fim |2U TV

. 1
S| @) | S

and diverges if
. Jz(+ 1)zt
lim | ——————

: > 1.
j—o00 a:(j)z*J

Hence the series (1.136) converges in the region |z| > R and diverges for |z| < R.

1.8.1 The Z-Transform of the fractional difference summation

Let us now evaluate a Z-transform of the fractional difference summation. Considering the bino-
n+v—1

mial functions defined on Z, parametrized by v € IR, and given by values ¢, (n) = < n

For n € Ny and ¢, (n) = 0 with n < 0, we can use

oty = (") = (),

and write the fractional difference operator (1.19) in the form of the convolution of ¢, and
x(a+th), as

(a8;72) (1) = B (pu 2@ +th)) (n), (1.137)

where * denotes a convolution operator, that is,

(¢ z(a+nh))(n) = fj (”‘””‘ 1) 7(s).

n—s
s=0
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1.8 The Z-Transform method

According to this, we now establish a general formula of the fractional sum as reported in
reference [47].

Proposition 16. For t = a +vh+nh € (hZ)
Z(n) = x(a+ nh). Then

atvn let one denote y(n) = (aA,:”x) (t) and

Zlyl(z) = (Zh_zlyX(z), (1.138)

where X (z) = Z[z](z).

1.8.2 The Z-Transform of the fractional Riemann fractional difference oper-
ator

We also formulate the similar family of functions that are used in solutions of systems with
Riemann- Liouville-type operator. Let us define the family of functions ¢y, , : Z — R parametrized
by k € Ny and by v € (0,1] with the following values

—k+k —1
" TRty for n € INg,
Phy = n—k (1.139)
0 for n < k.
Proposition 17. Let ¢, be the function defined by (1.139). Then
1 Py kv+v
Z[‘Pkw]('z) = 27 <Z—1) ) (1140)

for z such that |z| > 1.

Proposition 18. For a € R, v € (0,1], let one define y(n) = (QRLA}VL.%) (t), where t €
(hN) g+ (1-)p and t = a+ (1 —v)h + nh. Then

hz
z—1

Z[y|(z) == ( >VX(Z) —zh7x(a), (1.141)

where X (2) = Z[z(a + nh)](z).

1.8.3 The Z-Transform of the fractional Caputo fractional difference operator

Firstly, let us consider the Caputo-type h-difference operator ,Aj given in (1.132). Using the
binomial function ¢ given by (1.8.1) we can write the Caputo type difference in the following
way

(§ahz) (8) = h™ (910 Ax(a+nh)) (n), (1.142)
where t = a+ (1 — v)h + nh.
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1. Discrete Fractional Calculus

Proposition 19. Fora € R, v € (0, 1] let one define y(n) = (aCAz:U) (t), where t € (AIN),1(1-p)n
and t = a+ (1 —v)h + nh. Then

z

2 =1 (25) (- DX - zala)) (1.143)

where X (z) = Z[z(a + nh)].

1.8.4 The Z-Transform of the Fractional Grunwald-Letnikov-Type Operator

The third type of the operator, which we take under our consideration, is the Grunwald-Letnikov-
type fractional h-difference operator.
Proposition 20. For a € R, v € (0,1], let one define y(n) = (A}z) (t), where t € (hIN), and
t =a+ nh, n € Ng. Then

hz
z—1

Zy)(2) = = ( )_VX(Z), (1.144)

where X (2) = Z[z(a + nh)](z).

1.9 Laplace transform method

The Laplace transform method is a very frequently used tool for solving engineering problems.
In this section we will recall some basic facts about the Laplace transform method for integer
order and then we will show this method for fractional order as well. One should not that the
Z-transform, which is reported in the previous section, is a similar but with distinct transform
form.

Definition 16. [50] Assume that f : T, — R is a regular function. Then the Laplace transform
of f on an unbounded time scale T, is given by

Lo{f}(s) = /OO expl(t,a) £ (t)At, s € DLf), (1.145)

a

where D{f} is the set for all regressive, complex constants for which the integral converges.

For the time scale IN,, the Laplace transform is reduced to the so-called Discrete Laplace
Transform; which is reported in the following theorem.

Theorem 1.17. [51] The discrete Laplace transform of a regular function f: T, — R is given

by
[ @) _ [ f(t+a) _ZOO f(k+a)

for all complex number s # —1 such that this improper integral (infinite series) converges.
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1.9 Laplace transform method

Proof. Let f : N, — R, given any s € C{—1}; the Laplace transform formula (1.145) can be
written as

LA} (s) = [ expd (o) f(2)e
=3 expoy (o(8), ) (1)

g e

=>"[1+os7Wf (1)

t=a
i)
Pt (1+5)t a+1
Z fla+k)
(L4 s)kFL
O

To proof the convergence of the discrete Laplace transform (1.146), the function f(¢) must
be of exponential order. Basically, we make the following definition.

Definition 17. We say that a function f : N, — R is of ezponential order r > 0 if there exists
a constant A > 0 such that

|f(t)| < Art, for t € N,, sufficiently large t € N,. (1.147)

In other words, the function f(¢) must not grow faster than a certain exponential function when
t — oo.

Now we can prove the following existence theorem.

Theorem 1.18. [29] Suppose f : N, — R is of exponential order r > 0. Then L,{f}(s)
converges absolutely |s + 1| > r.

Example 9. We start by computing the Laplace transform of the generalized exponential func-
tion exp,(t,a) = (14 p)"~*, p # —1. Therefore, we have

La{exp,(t,a)}(s) = Lof{(14+p) "} (s)
= (1+p)F
R
1 & /p+1l k
_s+1k§)(s+1>
1 1
s+l 1—{:}

1
s—p
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1. Discrete Fractional Calculus

An important special case (p = 0) of the above formula is
1
L.{1}(s) = > for |s+ 1] > 1.

1.9.1 The exponential order of discrete fractional operators

In the following section, we develop the Laplace transform of fractional operators "fractional sum"
and "difference operator'. First, we must determine how the exponential order of f relates to
the exponential orders of A, f and AY. The following lemma, which was reported by Holm [51],
describes this relationship.

Lemma 4. Suppose that f : N, — R is of exponential order » > 1 and let v > 0 be given.
Then for each fixed e > 0, A;” f and A’ f are of exponential order r + e.

Corollary 4. Suppose that f : N, — R is of exponential order » > 1 and let v > 0 be given
with n —1 < v < n. Then both Lt n{A;"f}(s) and Lay,—n{A%f}(s), converge for all
seC/ Bfl(’l").

1.9.2 The Laplace transform of fractional difference summation

We will start with the Laplace transform of the fractional sum of fractional order v, where the
Corollary 4 is used to ensure the correct domain of convergence for the Laplace transform of
any fractional operator.

Theorem 1.19. Suppose f : N, — R is of exponential order r > 1 and let v > 0 be given with
n—1<v<n. Then for s € C/B_1(r),

Lontaz i) = T L (1), (1.145)
and Ly-n
Lot 116 = O 1) (1.149)

1.9.3 Laplace transform of fractional difference operator

Now let us turn to the evaluation of the Laplace transform of the Riemann-left fractional differ-
ence operator. Readers are refereed to reference [39] for more analysis details.

Theorem 1.20. Let f : N, — R with exponential order r > 1 and let v > 0 be given with
n—1<v<n. Then for s € C/B_1(r), we have

n—1

Lovwn{Bf}(s) =" (s +1)" 7V La{fH(s) = D /AT T flat+n—v), (1.150)
j=0
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Chapter 2

Stability of Fractional-order
Difference equations

2.1 Introduction

The asymptotic stability of discrete fractional systems is an important subject since it brings
us a step closer to establishing the existence of chaos and serves as a basis for proving the
convergence of a system’s states to zero (or some other equilibrium) as time approaches infinity.
This is particularly important when dealing with the stabilization and synchronization of discrete
fractional dynamical systems.

In this chapter, a brief overview on the recent stability results of fractional difference equa-
tions and the analytical methods used are provided. These equations include linear fractional
difference equations and nonlinear fractional difference equations. Some conclusions for stability
are similar to that of classical integer-order difference equations. However, not all of the stability
conditions are parallel to the corresponding classical integer-order difference equations because
of the non-locality of fractional calculus. Some remarks and examples are also included.

2.2 Stability notions

Let us consider the vector difference equation
z(n+1) = f(n,z(n)), =x(ny) = zo, (2.1)

where x(n) € RF f: Z* x R¥ — R*. assume that f(n,z) is continous in z.

The following definitions are associated with the stability problem in the paper.
Proposition 21. A point z* in R” is called equilibrium point of (2.1) if f(n,z*) = 2* for all
n > ng.

Remark 10. In most of the literature z* is assumed to be the origin 0 and is called zero solution.
The justification for this assumption is as follows:
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2. Stability of Fractional-order Difference equations

Let y(n) = z(n) — x*. Then (2.1) becomes

y(n+1) = fn,y(n) +27) — 2" = g(n,y(n)). (2:2)

Notice that 4y = 0 corresponds to z = x*. Since in many cases it is not convenient to make this
change of coordinates, we will not assume that * = 0 unless it is more convenient to do so.

Without loss of generality, let the equilibrium point be z* = 0, we introduce the following
definitions.

Definition 18. The zero solution of fractional difference system (2.1) is said to be stable if, for
all € > 0, there exist § = d(to,e) > 0 such that if ||z(¢9)|| < d then any solution z(t) of (2.1)
satisfies ||x(t)|| < € for all ¢ > tp where t € INy,.

Definition 19. The zero solution is said to be asymptotically stable if there exist a & = §(t9) > 0
such that ||z(to)|| implies ||z(t)|| = as t — +o0.

As indicated above, we begin with the integer order case.

2.3 Stability of integer order difference systems

2.3.1 Stability of linear difference system

Consider the following integer order difference system

{Am(k:) = Az(k), k€N, (2.3)

z(0) = zo, zo € R
where A is a n X n constant matrix defined on Z* and z(k) = (z1(k),x2(k), ...z, (k)) € R™.

The system (2.3) has an equilibrium point in the origin (x 0). The solution of the linear
system (2.3) starting from zy has the form

z(n) = (A+1)" x0, (2.4)

where [ is the identity matrix. We are now ready to introduce the various stability notions of
the linear difference systems.

Theorem 2.1. The solution of (2.3) is said to be:

e Globally asymptotically stable on IN, if all the eigenvalues \j of A satisfy |A\; +1| < 1,
1<j<n.

e Unstable on IN, if there is an eigenvalue \ of A satisfying the condition |\ + 1| > 1.

Example 10. We consider a discrete system with matrix A for system (2.3), given by

~lo 172
A_[_l _1].
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2.3 Stability of integer order difference systems

The characteristic equation of matrix A is A2 4N+ % = 0, with equilibrium points A\; = #
and Ao = % Then,
A1 +1]=A+1] <1
Hence by Theorem 2.1, the solution of system is asymptotically stable on IN.
Example 11. Now, we consider the following system
Ax(n) = Lol z(n), neN. (2.5)
-1 15 ’

Similarly, the characteristic equation of the matrix is A2 — 2.5\ + 1.5 = 0, with equilibrium
points A\; = 25% V375 and Ay = 25*% V375 - Since |A2 + 1| = 2.58, therefore from Theorem 2.1
the trivial solution of (2.5) is unstable in IN.

2.3.2 Stability of nonlinear systems

Consider the nonlinear discrete-time system

{Ax(n) = f(z(n)), neN, (2.6)

z(0) = x9, z0€R.

where z(k) € R is the state and f : R™ — R" is a continuously differentiable function. In the
following, we suppose that f(0) = 0, hence, 2* = 0 is an equilibrium point for system (2.6).

2.3.2.1 Linearisation method

The most fundamental tool involved in the analysis of nonlinear discrete dynamical systems is
linearisation of the system about a trivial solution. The linearization associated with the system
given by equation (2.6) is determined by the Jacobian matrix as illustrated in the following
theorem.

Theorem 2.2. Let J be the Jacobian matriz of f = (f1, fo,..., fa)l at the point zero. The
trivial solution of nonlinear system (2.6) is said to be:

o Asymptotically stable on IN, if all the eigenvalues A of J satisfy |A\; +1| <1,1<j <n.
e Unstable on IN, if there is an eigenvalue X of A satisfying |\ + 1| > 1.

Example 12. We consider the Nicholson-Bailey predator prey model as example, which is given
by

{Am(n) = ax(n) exp~ ¥ (2.7)

Ay(n) = cz(n) (1 — exp_by(”)> )
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2. Stability of Fractional-order Difference equations

where x is prey population size at discrete time n and y is predator population size at time
discrete time n. Let f = (f1, f2), where f; = az(n)exp %) and fo = cx(n) (1 — eXp*by(”)),
then the Jacobian matrix is given by

S aexp ) —abz(0) exp~(0) ~fa 0 03
N c(l—exp_by(o)) bexz(0)exp=© ]~ \0 0)° (2:8)

the characteristic equation of J is equal to A> —aX = 0, hence, by Theorem 2.2 the trivial
solution of (2.7) is unstable on N when |a + 1| < 1.

2.3.2.2 Lyapunov direct method

The Lyapunov direct method allows one to investigate the qualitative nature of solutions without
actually determining the solutions themselves, which is regard as one of the major tools in
stability theory. We now follow [46] and illustrate the method with Theorem 2.3.

Theorem 2.3. If there exists a function V : R" — R™, (Lyapunov function) which is continuous
and such that
V(0)=0 and V(z(n)) >0, Vz(n)#0,

AV (z(n) =V (z(n+1)) =V (z(n)) <0, VkeNN. (2.9)
Then the trivial solution of (2.6) is stable. Moreover if
AV (z(k)) =V (z(k+1)) =V (z(k)) <0, VkeN. (2.10)

Then the trivial solution of (2.6) is asymptotically stable. One should not that, there is no
specific way to generate Lyapunov functions.

Example 13. Consider the non-linear system given by

Az(n) = % —x(n), (2.11)
Ay(n) = 3t —y() |
Yy 1+y2(n) Yy )

which has its only equilibrium point in the origin. Our first choice of a Lyapunov function will
be

V(z) =22+ ¢
this is clearly continuous and positive definite on R. Hence, we find

AV (2(n)) = V (x(n)) ([le -1) <o

From Theorem 2.3, we can conclude that the trivial solution is stable. This example is taken
from the reference [54].
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2.4 Stability of fractional order difference systems

2.4 Stability of fractional order difference systems

2.4.1 Stability of fractional order linear systems

In this section, we will conceder the stability notions for the fractional order - difference systems
involving the Caputo-like difference operator.

Consider the following general type of linear fractional difference equation involving Caputo
left operator

CAy(n+1—v) = Ay(n), (2.12)
where matrix A € R™" and “A” is the Caputo left difference operator, where 0 < v < 1. Then
we have the following result, which was introduced in [55].

Theorem 2.4. Let v € (0,1] and A € R™*". Then (2.12) is asymptotically stable if and only if
the isolated zeros, off the non-negative real axis, of det(1 —z=1(1 —2z71)"V A) lie inside the unit
circle.

Remark 11.If v — 17, then Theorem 2.4 simplifies to the isolated zeroes, the non-negative
real axis, of

det <1—211A> _ Zildet((z—l)I—A), (2.13)

lie inside the unit disk, this means all the eigenvalues A = (z — 1) of A satisfies |(z — 1) + 1| =
|z| <1, which is the same results of integer order results reported in Theorem 2.1.

First, we start by righting the discrete solution of system (2.12). Using the Taylor formula,
reported in Chapter 1 Theorem 1.13, we get

e t—a—u~|—m)() 1 =
=) Ary(a+v—m)+ Z(t—s—l)(” DAY oy(s), teNgy,
k:() F(V) s=a
(2.14)
m—1 o (k) —
t
=) (t—a ];/!+m) Z (t—s—1)""VE(y(s+v—m)). (2.15)
k=0 s=a

Fort =a+n+1,n=0,1,2,..., and following the same steps in formula (1.29); the previous
equation reduces to

y(a—i—u—i—n):y_l—i—iB(n—s)y(a—i—u—l—s—l), (2.16)
s=0

where the kernel function B(n — s) is given, by

B(n—s)=

Notice that (2.16) is a non-homogeneous Volterra difference equation of the convolution type.
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2. Stability of Fractional-order Difference equations

C

N
|/

T

N

Figure 2.1: Region of analyticity of § and the contour C.

Firstly, we focus on the scalar case, i.e, we will proof Theorem 2.4 when A = A.

Proof. Let y(a+v+s—1) =ys—1 and A = A. The scalar equation (2.16) is simplified to

n 1 n—s
Yn = Y_1 +A;m (g(u+k — 1)> Ys—1, n=-—1,0,2,... (2.17)

Likewise, we shall take y_; = 1.
Cas 1. A=0, then y, =y_1 for k=0,1,2,---, and we discuss the sign of .

Cas 2. A >0, then y, > 1 for n <0,

yn>1+xfj(nis)! (ﬁ(u+k—1)> :1+)\§:;<ﬁ(u+k—l)>. (2.18)

s=0 k=1 s=0 7" \k=1

is monotonic increasing. There-

Since iy (rb—1)/st yH}czls(ngC) > v and [[;—; -

1/(v+s) s!
fore, v, diverges to infinity.

Cas 3 . If we assume A < 0, let § = Z({yn}). Then
g=1—-2HT A1 -2 +271g); 2| >R>1. (2.19)

Solving for g yields

I I o Y I It +)‘(z71)
y= — I = . (2.20)
1— )Xz (1—2’ ) 1_)\1(51)

That says



2.4 Stability of fractional order difference systems

where C, see Figure 2.1, is any positively-oriented simple-closed contour in the analyticity
1%

region of § that encircles all singular points of §(z). The function (Zf 1) = (Zf 17

multi-valued. We introduce the branch cut

v

is

0 —m <40
{z\> , m<0<m, (2.91)

|z—1] >0, —7<6<m.
With that in mind, we consider the contour C,, depicted in Figure 2.2. The inner circles
are of radius p which we take it small enough so that all isolated singularities of g are
inside the C,.
n—14-

Since the line integrals of z" '§(z) over the inner circles in Figure 2.2 tend to zero as
p — 00, we have

n—1 - . n—1-
dz =1 d
/(J 2" g(z) dz lim ., 2" g(2) dz
= 27 Z Res (zn_lgj(z), zi>
= 27 Z 2" Res(5(2), i),

where the z;’s are the isolated singularities 7(z). Indeed, the singularities of §(z) are

Figure 2.2: The contour C,,.

simple poles given by the zeros of

Q(z)zl—Ai( & )

z—1
To see this, suppose z; is a zero of Q(z). Then

Y l-v—z
)\< : > = z;, and so Q'(zl-):zyiz

Zi—l
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2. Stability of Fractional-order Difference equations

because Q(1 —v) # 0if 0 < v < 1. Furthermore, with P(z) = 25 + A (ﬁ)y, where
P(zi) = Zi. 42 #0.

zi—l . .
Given the branch cat depicted in (2.21), let z = |z|exp® and z — 1 = |z — 1| exp®®, where
|z],|z — 1] > 0 and —7 < ¢,0 < w. Hence,

2 i(1-v)eves .

Q(z) = O®A|z—1|” exp =00l — 1 o (1 =)0 +vhp = —7 & A|z—1|”’ (2.22)
Moreover, since —m < 6, § = ¢ = —m and, consequently |z — 1| = |z| + 1. Therefore,
there are finitely many poles inside C, and the residue of each is finite, which complete
the proof.

O

Corollary 5. If v = %, then the zero solution of equation (2.12) is asymptotically stable if and

only if —v/2 < XA <0.
Example 14. Consider the following %—order difference system

1
A? ) =Xy(t—1), teN,, and X € R,
{a_;yo y(t—3), an 0.23)

yla—3)=1.

Recall that Corollary 5 asserts that the zero solution of equation (2.23) is asymptotically stable

if —\ﬂ2) < A < 0. This, as can be seen, is evident in Figure 2.3, which depicts the solution
{yn} for different values of A.

(a) 1 ® (0)

=100

Figure 2.3: The first 100 iterates of the solution yn of Example 14, for (a) A = 0.1, (b) A = —0.7,
and (c) A = —1.5.

On the other hand, it has been shown by [58], that for the matrix case we have the following

result.

Theorem 2.5. Let v € (0,1] and A € R™*™. Then (2.12) is asymptotically stable if and only if
the isolated zeros, off the non-negative real axis, of det(1 —z=1(1 — 271)"" A) lie inside the unit
circle.
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2.4 Stability of fractional order difference systems

Proof. Following the same lines of reasoning employed in the scalar case and applying the Z-
transform to (2.16), one obtains

g(z) = (1= 2" )y + AQ =27 (g1 + 27 15(2)),
by simple calculation, one gets
-1
g(z) = (-1 -=1)74) (=) + 0+ 4) y,
where I, is the identity matrix of order p. O

Example 15. Consider the following %—order systems of difference equations

1 1
AE gy =M ] y(t—), €Ny, acR, and A, ) € R, (2.24)
a—3 0 )\2 2

subject to the initial condition

Recall that Corollary 5 asserts that the zero solution of (2.24) is asymptotically stable if —v/2 <
A1, A9 < 0. This, for different values of );, is confirmed in Figure 2.4 below. The figure depicts
the 2-norm of the solution {y,} for the first 100 iterates.

a0

Figure 2.4: The first 100 iterates of 2-norm of the solution ¥, of Example 15, for (a) A\; = 0.1,
)\2 = 0.01, (b) )\1 = —1.3, )\2 = —1, and (C) )\1 = —1.5, )\2 = —0.7.

A direct extension of stability theorem of linear difference equations with integer order was
given by Cermak. et al in manuscript [55] and is given as follows.

Theorem 2.6. Let v € (0,1) and A is an n x n constant matriz. Then the trivial solution of

(2.12) is asymptotically stable, if

re=S5" {z eC: |z < <2cos |ar§z|—7r> and |arg z| > V;}, (2.25)
—v
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2. Stability of Fractional-order Difference equations

for all the eigenvalues A of A. In this case, the solutions of (2.12) decay towards zero algebraically
(and not exponentially), more precisely

lly(n)|| =0 (n7") asn — oo, (2.26)

for any solution z of (2.12). Furthermore, if X € C(S¥) for an eigenvalue X\ of A, the zero
solution of (2.12) is not stable.

As we can see, in case v = 1, the above stability result shows that roots of the equation
det(diag(\, A, ..., \) — A) = 0 lie outside the closed angular sector |arg(\)| < 2, thus generaliz-
ing the result for the integer case a = 1 reported in the previous section. In [55] the authors used
z-transform and the stability definitions for linear Volterra difference systems to prove Theorem
2.6.

Remark 12. The assertions of Theorems 2.6 and 2.5 describe the same stability region, but
these analytical descriptions are different. In particular, the condition stated in Theorem 2.6
seems to be more convenient for practical purposes due to the explicit form of S¥. Also, it
enables us to collect the following basic properties of S”.

Example 16. Consider the following fractional linear difference system

OAVz(t) = —2(t —1+4v) +y(t—1+v),
CALy(t) = —y(t —14+v) +2(t —1+v), (2.27)
CAVZ(t) = 2(t — 1+ v),

where a = 0 and t € N1, and the matrix A is given by

-1 1 0
A=10 -1 1
0 0 1

We can see that the characteristic equation of the matrix A is given by (=1 —X)?(1 —X) = 0.
One can observe that the eigenvalues A; of the matrix A satisfy

IargAil—Tr)

—V

|arg \;| = 77% and |\ =1 <2cos

Therefore, by Theorem 2.6 the trivial solution is asymptotically stable. The state evolution of
the linear fractional system are depicted in Figure 2.5.

2.4.2 Stability of fractional order nonlinear systems

In the following we will investigate stability of the Caputo left fractional order h-difference sys-
tems by using the discrete fractional Lyapunov direct method. Consider the following nonlinear
vector fractional order h-difference equations

{EAZy(t) = f(t+vhy(t+vh)), te(hN),, o ),

y(a) =y € R, (229
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2.4 Stability of fractional order difference systems

5 5
4 4
0
3 3
=2 OF. =
Py = = -0.5
1 1
Of 0 -1
-1 \/ -1
10 20 30 10 20 30 0 10 20 30
n n n

Figure 2.5: The evolution of the solution yn of Example 16, for v = 0.98.

where f is continuous with respect to y, and v € (0,1]. First, we present the following simple
definitions and important facts.

Definition 20. [61] A function «(¢) is said to belong to the class K if and only if v €
C[(0,7v),R4], v(0) = 0, and ~(t) is strictly monotonically increasing in ¢.

Definition 21. A real valued function V(¢,y) defined on (hIN), x S, where S, = {y € R" :
lly|| < 7, is said to be decrecent if and only if V(¢,0) = 0 for all ¢ € (hIN), and there exists
v(t) € K such that V(t,y) <~(¢), ||ly]| =1t, (t,x) € (RIN)q X S,.

Then we present the following theorem of a discrete fractional Lyapunov direct method for
system (2.28).

Theorem 2.7. [61] Let y = 0 be an equilibruim point of the system (2.28). If there exists a
positive definite and decrescent scalar function V(t,y), discrete class-K v1, v2, v3 such that

1 (@O <Vt y@) <y (ly@I), te (hN) (2.29)

and
ROV (ty(t) < =y (lyt+vhll), te (hN)y (e (2.30)

Then the system (2.28) is asymptotically stable.

Proof. From equations (2.29) and (2.30) we have
gAZV(tv y(t)) < _73(751 (V(t + th :U<t + Vh)) , te (hN)a+(1—V)h7 (231)

where vy 1 denotes the inverse of vo. It is evident that 3 o Yo s a discrete class K-function.
Considering a fractional difference equation

CAYU(t,y(t)) = =73 (ygl(U(t +vh,y(t+ Vh)))) , t € (hN)gy(1—p)n-
Before we proceed we need the following lemma.
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2. Stability of Fractional-order Difference equations

Lemma 5. Let u(t) and g(t) satisfy
SAMu(t) = u—t+vh), 0<v<l, (2.32)
and the inequality
CAvg(t) < Ag(t+vh), (2.33)
respectively. If A < 0 and g(a) = u(a) > 0, then g(t) < u(t) for all ¢ € (hIN),.

Therefore, V (t,y(t)) is bounded by the solution U (¢, y(t)) from the previous lemma. V (¢, y(¢))
is a positive scalar function and we can derive lim;_,» V (¢,y(t)) = 0. Since 71 is a discrete class
K-function, it follows that lim;_,~ y(¢) = 0 due to the fact v1(||y(¢)]|) < V(t,y(t)), t € (hIN),.
This completes the proof. ]

One should note that the construction of v; functions it’s not easy. In this section, we present
another Lemma and sufficient condition. We start by presenting the following lemma.

Lemma 6. (Discrete comparison principal)
For v € (0,1], YALy(t) > CrALy(t), Vte (hIN)q4(1-)n and z(a) = y(a). Then
z(t+vh) > y(t +vh).
Proof. Let F(t) = z(t) —y(t). Due to {AVy(t) > CLA%y(t), we have S AYF(t) > 0, which can
be written explicitly

h t/h+v—1

Fioy X (6 o(sh) A (sh) 2 0,0 € (MN) oo (2.34)
s=a/h

Using the summation by parts, let g(sh) = (ﬁf(f}_t)lj)y and f(sh) = F(sh). We derive

h t/h+v—1

t/htv _ (-v-1) >
F(sh)|0y T1 ) S:za;h (t—o(sh)), ~ 'F(sh) >0.

(t—sh),”
Ir(1-v)

Considering F'(sh)|s—1/p = x(a) —y(a) = 0 and %]S:t/hﬂ, = h™", we can obtain

1 t/h+v—1 F(t/h—S)

T =) S_Za/h T@/h—stv 1) -

F(t+ sh) >

Fort = a+ (1 —wv)h, we have F(t+vh) = F(a+h) > I;((;)) = 0. Since the discrete kernel holds

[(t/h—s)
FrQ—v)I(t/h—s+v+1)

it successively follows that

>0, t€ (hN)g -,

1 t/h+v—1 F(t/h—S)

I'(l-v) s—za;h I'(t/h—s+v+1)

z(t+vh) —y(t+vh) = F(t+vh) > F(sh) >0,

and this completes the proof. O
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2.4 Stability of fractional order difference systems

A useful inequality for Lyapunov functions is now provided.

Lemma 7. For any discrete time ¢ € (hIN),(1_,), , the following inequality holds
CAVZE(t) < 2z(t+vh) {AYz(t), 0<wv <1 (2.35)

Remark 13. Fory = (y1(t),...,ym(t))", t € (hIN)q4(1_p), Lemma 7 still hold. For example,
we can have Lemma 7 as

R ALt ()2 (t) < 207 (t+vh) FAga(t), ¢ e (MN)ay(un

Example 17. Consider the following nonlinear fractional difference system

{gAle(t) = —x1(t+vh) +z3(t+vh), 0<v <1, (2.36)
FArzo(t) = —zi(t 4 vh) —xa(t +vh), t€ (BN)gs -y,
with the initial conditions z1(0) = 0.4 and x2(0) = 0.8.
We use the Lyapunov function V' = 123(¢) + 124(¢). According to Lemma 7, we have
1
CAYY <zy(t+vh){ AV (L) + 51‘% (t+v)5 ALz (t) (2.37)
< 2y (t+ vh)f Az (1) + 25 (t + v)f Abas(t) (2.38)
= —22(t +vh) — z3(t + vh) < 0. (2.39)

As a result, the system is asymptotically stable from Theorem 2.7. Using the h-fractional sum
operator reported in Chapter 1, we can derive numerical formula of fractional nonlinear system
(2.36). Note that, the numerical formula obtained is implicit formula. To plot the states of the
system, we use the Newton method to transfer it into explicit one. Results are illustrated in
Figure 2.6 which proof the theoretical results.

0.4 0.35

0.3
0.3

0.25

0.2 0.2

N

0.15

T

0.1

0.1

0.05

-0.1 0
0 20 40 60 0 20 40 60 80 100
n n

Figure 2.6: Asymptotic stability of states x1 and zo for v = 0.9.
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Chapter 3

Introduction to Chaos and

Complexity Analysis of Fractional
Order Maps

3.1 Introduction

Nonlinear systems are very interesting to engineers, physicists and mathematicians because most
real physical systems are inherently nonlinear in nature [62]. In mathematics, a nonlinear system
is any problem, where the variables to be solved cannot be written as a linear combination of
independent components. If the equation contains a nonlinear function (power or cross product),
the system is nonlinear as well. The system is nonlinear if there is some typical nonlinearity
as, for instance, saturation, hysteresis, etc. These characteristics are basic properties of the
nonlinear systems.

Nonlinear equations are difficult to be solved by analytical methods and give rise to inter-
esting phenomena such as bifurcation and chaos. Even simple nonlinear (or piecewise linear)
dynamical systems can exhibit completely a unpredictable behavior, the so-called deterministic
chaos. Dynamical systems constitute a mathematical framework common to many disciplines,
among which ecology and population dynamics. Chaos theory has been so surprising because
it can also be found within trivial systems. Discrete chaotic systems have been around for a
while. Hence we are forced to resort to different means in order to understand these behavior.
This Chapter is meant to provide a simple and heuristic illustration of some basic features of
chaos theory in nonlinear discrete dynamical systems with fractional order v. Basically, this
chapter introduces the basic mathematical concepts and numerical tools to analyze such irregu-
lar geometrical entities, in order to be able to carry out the analysis and numerical simulations
required for discrete fractional system in our thesis. To this aim, the theoretical background
needed for this research is presented. The concept of Lyapunov Exponents will be introduced
first. Next, the 0-1 test algorithm for fractional discrete time systems will be presented. Then,
two methods for calculating the complexity of fractional order maps will be discussed. We
consider two systems which played a crucial role in the development of dynamical systems the-
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ory: the integer-order logistic map and the integer order Hénon map and their fractional-order
counterpart, to illustrate and demonstrate the methods.

3.2 Discrete time dynamical systems: maps

A dynamical system may be defined as a deterministic mathematical description for evolving the
state of a system forward in time. Dynamical systems may be continuous time or discrete time
outlined by differential equations or difference equations, respectively, or stochastic process. It
is worth remarking from the outset that there is no specific difference between continuous and
discrete time dynamical systems; as a continue system of dimension N can be reduced to a
discrete time map of dimension N — 1 via the Poincaré map [63] . Referring to discrete-time
dynamical systems, such systems provide accurate models for natural physical phenomena in the
field of biology, chemistry and physics. Moreover, discrete-time systems can avoid the calculation
error of the numerical discretization of continuous ones.
Discrete-time dynamical systems can be written as the map [64]

x(n+1) = f (x(n)), (3.1)

where x,, is N-dimensional, x(n) = (x1(n),z2(n),...,2nx(n)), which is a shorthand notation
for

z1(n+1) = fi(z1(n),z2(n), ..., 2n(n)),
: (3.2)
zy(n+1) = fn(z1(n),z2(n),. .., n)

o (
with n denoting the discrete-time variable. Given initial values (z;
pute (z1(n),...,zyx(n)) successively for all positive n using (3.1).
is the sequence

x(0), x(1) = f(x(0)), x(2) = f*(x(0)),...,x(n) = f"(x(0)),...

)y, xn(0)) we can com-
hus the trajectory of x(0)

);
(0
T

3.3 Chaotic dynamical systems

Chaos theory is a branch of mathematics which is focused on the behaviour of non-linear dy-
namic systems that are highly sensitive to initial conditions. Sensitive dependence here means
that even a small change in one state of a deterministic non-linear system can result in large
differences in a later state. Thus, although deterministic, the evolution in time of these systems
cannot be predicted analytically and cannot be even approximated due to the finite resolution
of any computational system that make it become complex. However, there is still order in
this complex system because while the momentary behaviours appears random and chaotic, the
general pattern of the system over time and space will display some type of order which can be
modelled [70].

In the most used sense, chaotic dynamics are dynamics originated by regular dynamical
equations with no stochastic coefficients, but at the same time, with trajectories that are similar
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or indistinguishable from some stochastic processes [67]. Yorke et al., 1976, concluded that
period three implies chaos. They discussed how a dynamical system with period three orbits
gives an assurance that the system is chaotic. Several approaches and conditions are factored
before the construction of any definition of chaos. One of the most popular definition of chaos,
is the one given by Devaney [68], in which includes three fundamental parts. In addition to
sensitivity to the variation of the initial conditions, a map f : U — U is chaotic then: f is
topological transitive and f has a dense set of periodic points. Today, the chaos defined in this
way is said to be the Devaney chaos or the chaos in the sense of Devaney. Later Banks et al.
in [69] proved that if a system is transitive with dense periodic orbits then obviously sensitivity
dependence to initial condition is guaranteed [71].

Ever since the disclose of Lorenz system in one of the Lorenz paper’s on climatic expecta-
tion [72], chaos has become a hot research topic and a large number of chaotic systems were
proposed over the last 50 years. The advancements in this area have been greatly influenced
by the advancement of technology and personal computers, which makes it easier to follow the
trajectories of chaotic systems for a longer time period and with higher precision. It is important
to note that, for chaotic systems, trajectories cannot escape to infinity. Thus the theoretical
analysis of chaos has been assisted by the numerical simulation of such chaotic systems, made
possible by the use of computers [73]. Many tools, both qualitative and quantitative, have been
developed to investigate this chaotic behavior using computer programs.

3.3.1 Characterisation of chaotic dynamical system
3.3.1.1 Sensitive initial condition

The sensitive dependence to initial condition also knows as the butterfly effect describes how
a small change in one state of a deterministic non-linear system may lead to dramatic change
in the behavior of the system over time. This makes prediction of future behavior impossible
but this does not mean the system is not deterministic. The mathematical definition is given as
follows.

Definition 22. Let X be a compact metric space and f a continuous map. A dynamical
system (X, f) has sensitivity dependence on initial conditions if 3§ > 0 such that, forz €
X and eache > 0, there is y € X with d(x,y) < € and n € N such that d( "z, f"y) > 0.

Numerically, sensitivity is measured by Lyapunov exponent such that a positive value implies
the system is really sensitive to initial conditions. We will discuss this point later.

3.3.1.2 Strange attractors

A strange attractor is an attractor which displays sensitive dependence on initial conditions.
We note that an attractor is a bounded region of phase space to which all sufficiently close
trajectories from the so-called basin of attraction are attracted asymptotically for long enough
times. In particular, the basin of attraction of attractor A is defined to be set of initial points x
such that f™x approaches A as n — 00, i.e, Un<of"U. We note that the basin of attraction can
have a very complicated structure. Therefore, a strange attractor consistent of set of a infinity
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points, in N dimensional space which is invariant under the dynamics, i.e if a point belongs to

A, its evolution also belongs to A . This points correspond to the state of a chaotic system.
Apart from this definition, there exists no generally accepted formal definition of a strange

attractors. Ruelle in [66] tries to give mathematical definition which is summarized as follows.

Definition 23. A bounded set A in N-dimensional space, of a discrete dynamical system de-
scribed by the equation (3.1), is a strange attractor if there is a set U with the following
properties [65]:

(a) Attractor: U is a N-dimensional neighbourhood of A, i.e, A is contained in U.

(b) The bounded set A is attracting: for every initial point x(0) in U, the point x(n) with
coordinates x1(n),...,zx(n) remains in U for positive n; it becomes and stays as close
as one wants to A for n large enough.

(¢) There is sensitive to dependence on initial condition.

(d) Ome can a choose point x(0) in A such that, arbitrary close to each other point in A,
there is a point x(n) for some positive n. This indecomposability condition implies that
A cannot be spilt into two different attractors.

Strange attractor are relatively abstract mathematical objects, but computers gives them
some life; and draw picture of them by plot the points x(n) = f( x(0)) with almost any initial
value in U [72]. Thus, they give us a global description of the asymptotic behaviour of dynamical
systems.

Remark 14. The property of sensitive dependence on initial conditions makes the attractor
strange .

3.3.2 Example of discrete chaotic dynamical systems

We consider two systems which played a crucial role in the development of dynamical discrete
systems theory: the logistic map and the Hénon map.

3.3.2.1 The Logistic map

The logistic map can be obtained by the discretization of logistic differential equation that was
initially proposed in the population growth model by Verhulst [75]. This differential equation is

h =rz(l—x), (3.3)
where, x denotes the total number of the population. The discretized logistic equation or logistic
map:

z(n+1)=rz(n)(l—z(n)), n=12,--. (3.4)

This is an example of a first-order difference equation but non-invertible. Unlike its continuous
version, the logistic map exhibits a complex dynamic behaviour and presents numerous applica-
tions. The value of z lies in the [0, 1] interval and changes over time according to the parameter
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r € (0,4]. This map will go through a whole spectrum of possible dynamical behaviour. In
particular, when r > 3 the logistic map (3.8) has an attracting periodic orbit of period 2", with
n tending to infinity as r tends to 3.57. When the latter value is reached there is the attractor
shown in Figure 3.1.

To demonstrate the sensitivity to initial conditions, we plot two very close trajectories as
shown in Figure 3.2 with » = 4. The blue curve stars from z1(0) = 0.1 and the red curve
stars from z2(0) = 0.099999. The difference at the initial condition, 1076, is very tiny. It can
be observed that at the beginning the time series are undistinguishable, but after a number of
iterations, the difference between them builds up rapidly and becomes totally different. This a
consequence of sensitivity, which is the characteristics of chaotic systems.

L L L L L L L
0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

z(n)
Figure 3.1: The chaotic attractor of the logistic map (3.8) with r = 3.57.

1

0 20 40 60 80 100 120 140

Figure 3.2: The trajectory portraits of states 1 and x4 starting from 0.1 and 0.10001 respectively,
with r = 4.
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3.3.2.2 The Hénon map

On of the most commonly studied and applied discrete chaotic system is the Hénon map, which
was introduced in 1976 [3] as a discretization of the Poincaré section of the famous continuous-
time Lorenz system. This can be considered as a two-dimensional extension of the logistic
map:
r1(n+1)=1—az?(n) +z2(n
{ W+ 1) 2(n) + 22(n), 55

za(n+1) = pr1(n),

where o and |3 < 1 are external parameters. Because of its simplicity it lends itself to computer
studies and numerous investigations followed. Set o = 1.4, § = 0.3 the generated attractor is
presented in Figure 3.3. Moreover the gently swirling boomerang-like shape of the attractor
that arises through the dynamics is very appealing aesthetically. This object is now known as
the Hénon attractor. In fact it has become another icon of chaos theory next to the Lorenz
attractor.

Remark 15. [76] Up to now no one knows whether the attractor in Hénon’s transformation for
a = 1.4 and g = 0.3 really is a strange attractor according to the above or a similar definition
even though very extensive numerical checks have been performed which all indicate a positive
answer. This underlines the incomplete state of affairs. For example we could speculate that
the experimental observations are due to an attractive periodic orbit with a very long period.

0.4

0.3

Figure 3.3: The chaotic attractor of the Hénon map (3.5)

3.3.3 Bifurcation Diagrams

With the discovery of chaotic dynamics, the theory has become even more important, as re-
searchers try to find mechanisms by which systems change from simple to highly complicated
behavior. Consider an n**-order discrete-time system

2(n+1) = f (2(n), ), (3.6)
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with a parameter o € IR. As « changes, the dynamic behavior of the system is also change.
Typically, a small change in o produces small quantitative changes in the states of the system.
Such change in specifc behavior of the map is known as a bifurcation. Accordingly, the bifurcation
phenomenon describes the fundamental alteration in the dynamics of nonlinear systems under
parameter variation. For this reason it is considered as a tool that help to understand equilibrium
loss and its consequences for complex behavior. Moreover, bifurcation diagrams display some
characteristic property of the asymptotic solution of a dynamical system as a function of a
control parameter, allowing one to see at a glance where qualitative changes in the asymptotic
solution occur. We call the parameter at which the dynamic behaviour changes the bifurcation
parameter.

There are many types of periodic orbit local bifurcation, in the following will describe the
most common bifurcations.

Example 18. Period Doubling Bifurcation

As a prime example, we are going to analyse in details the bifurcation diagram of the logistic
map (3.8). It is easy to verify that the logistic map has tow fixed point 2y = 0and x sy =1 — %.
The origin changes its stability with z ro when it enters to the interval [0, 1]. Thus, it is stable for
0 <r < 0.25. The second fixed point zy =1 — ﬁ is stable for 0.25 < r < 0.75, while it becomes
unstable and spawns a stable period-two closed orbit when r passes through 0.75. Observe that
the period-one fixed point still exists after the period-two orbit is created, though it has become
unstable. As r is increased further, the period-two closed orbit becomes unstable and spawns a
stable period-four closed orbit. This period- four orbit spawns a period-eight orbit and so on.
This bifurcation is called the period-doubling bifurcation (or, sometimes, the flip bifurcation).
In Figure 3.4, the period- doubling bifurcations accumulate at a bifurcation value r at which
the system becomes chaotic.

0.9¢
0.8F
0.7F
0.6F
£ o05f
8
0.4F
0.3f

0.21

0.1p

0 0.5 1 1.5 2 25 3 3.5 4
T

Figure 3.4: Period doubling route to chaos of the Logistic map.
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Period-doubling bifurcation also occurs in the 2D Hénon map

{:cl(n—l—l) =1-azi(n) + z2(n), (3.7)

zo(n+1) = Bzi(n).

A bifurcation diagram for Hénon’s map is shown in Figure 3.5

Example 19. Hopf bifurcation

Hopf bifurcation in a discrete-time system: As a final example of the different types of bi-
furcation, we present the Hopf bifurcation of a fixed point of a map. This bifurcation is the
discrete-time analogue of the Hopf bifurcation of an equilibrium point. In a discrete-time Hopf
bifurcation, an invariant closed curve is created as a stable fixed point loses stability when the
real parts of its (complex conjugate pair of) characteristic multipliers pass through the unit
circle.

1.5-

05+

_15 1 1 1
0 05 1 1.5

87

Figure 3.5: The bifurcation diagram of the Hénon map.

3.4  Fractional order discrete-time systems: fractional maps

Even the theory and applications of discrete fractional calculus may be considered as a novel
topic, some recent contributions have been developed to deal with discrete analogues of conti-
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3. Introduction to Chaos and Complexity Analysis of Fractional Order Maps

inuous fractional calculus and fractional difference equations. Very recently, some literature has
studied the dynamics, including chaotic behavior of discrete-time fractional order systems using
the Caputo fractional difference operator type, introduced in Section 1.5. The first such system
is the fractional-order logistic map which was proposed by Wu and Baleanu [103] where chaotic
behaviors and a synchronization method of the fractional map were numerically illustrated. Over
time, the dynamics of more discrete-time fractional-order systems, such as the fractional-order
Hénon map have been investigated [171].

The literature seems to agree that fractional chaotic maps possess superior properties as
compared to their standard counterpart. For instance, the general dynamics of fractional maps
are heavily dependent on variations in the fractional order [103]. This adds new degrees of
freedom to the map’s states making them more suitable for data encryption, for example. In
addition, Edelman [106] showed that the convergence speed as well as the convergence route
depend on the initial conditions, which leads to richer dynamics. The fractional difference
provides us a new powerful tool to characterize the dynamics of discrete complex systems more
deeply. Recently, Peng et al. revised the fractional logistic map reported by Wu, et. al, based on
Edelman’s work and presented the correct simulation results for bifurcation diagrams in [107].

Motivated by the works mentioned above, we will report in our thesis different dimensional
fractional order discrete-time systems with self-exited and hidden attractors. For that we start
by reporting both of the fractional Logistic and Hénon maps to clarify the method used here in.

3.4.1 The fractional Logistic map

For the famous logistic map reported in Section 3.3.2.1, as
z(n+1)=rz(n)(l—z(n)), n=12,---. (3.8)
First, we take the difference form of (3.8) to obtain
Az(n) =rz(n) (1 —z(n)) —z(n), n=1,2---. (3.9)

We may replace the standard difference in (3.9) with the Caputo-difference operator defined in
Section 1.5, which yields

CAz(t)=rz(t—1+v)(1—a(t—1+v)) —z(t—1+v), for t € Nyi1_, (3.10)

where a is the starting point. The case v = 1 corresponds to the non fractional scenario. To
investigate the dynamics of the logistic map (3.10), we will need a discrete numerical formula
that allows us to evaluate the states of the map in fractional discrete time. According to Wu
et.al and other similar studies, we can obtain the following equivalent discrete integral from of
equation (3.10), using Theorem 1.15 reported in the first chapter as

1 t—v

> (t—s—1)" Vra(s—1+v) 1 —z(s—1+4v))—z(s —1+1)),

z(t) = z(a) + () 2~

(3.11)
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for t € N;. As a result, the numerical formula can be presented accordingly

H) =000+ gy X T OG- D A =aG ) a1 31

Where z(0) is the initial condition. Compared with the map of the integer order, the frac-
tionalized one (3.10) has a discrete kernel function. z(n) depends on the past information
x(0),...,2z(n—1). As a result, the memory effects of the discrete maps means that their
present state of evolution depends on all past states.

3.4.2 The fractional Hénon map

Similarly to the previous section we right the fractional Hénon map with Caputo-like difference
operator. The Hénon map is given by the following pair of first-order difference equations

2(n+ 1) = Bz1(n )7
where «, 8 are bifurcation parameters. We can rewrite above equation:
{Awl( ) =1—ax?(n) + x2(n) — x1(n), (3.14)
Azy(t) = Ba1(n) — z2(n).
From the discrete fractional calculus, we modify the standard map as a fractional one
ANzi(t)=1—az?(t—1+v)+as(t—1+v)—z1(t—1+v), (3.15)
Alzo(t) =Bri(t—1+v)—xo(t —1+v). '

From the previous equation, we can obtain the following discrete integral form from 0 < v <1

wa(t) = 22(0) + iy Laziou (t = s = DT (Bai (s = 1+ v) —aa(s — 1+ ).

{ml(t) = z1(0) + r(ly) v (t—s—1) D1 —aa?(s —14+v) +ao(s —1+v) —x1(s — 1 +v)),

(3.16)
As a result, the numerical formula can be presented explicitly

ra(n) = 21(0) + rfy Tt R (2200 - e
22(n) = 22(0) + 7 T T} B

where x1(0) and x2(0) are the initial states.

3.5 Lyapunov exponents

Perhaps the most important qualitative measure of chaos is the method of Lyapunov exponents,
which was originally developed by the russian mathematician Aleksander Lyapunov in his re-
search paper [77]. The basic idea of Lyapunov exponents or Lyapunov characteristic exponents
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(LEs) is to evaluate the average growth rate of a small perturbation introduces in the orbit of
a dynamical system. One exponent is defined for each dimension, representing the average rate
of growth or decay along each of the principal axes in the dg-dimensional state space. Since
then, different methods have been developed to calculate the Lyapunov exponents of dynamical
systems. Oseledec in [78] was the first to establish a solid theoretical background on calculating
the LEs. Benettin et al. [79,80] in their two part paper developed a complete set of theoretical
as well as numerical framework to compute these exponent. Unfortunately, this algorithm is not
very robust and may lead to wrong results. Geist et al. [85] made a thorough comparison of
several methods for computing LEs and also presented the main ideas published in the previous
decade [81,82].

In this section, we consider problem of estimating the Lyapunov exponents of the fractional
order discrete-time systems. The concept of Lyapunov exponents (LEs) in discrete-time systems
is introduced first. Then the Jacobian matrix algorithm for the fractional order discete-time
systems is discussed. This algorithm is employed to estimate the LEs of the one-dimensional
fractional Logistic method and the two-dimensional fractional Hénon map, respectively.

3.5.1 Definition of Lyapunov exponents

Consider the discrete dynamical system of dimension m, defined by the following difference
equations

Tp+1 — f (xn) ) (3'18)

in which x is the phase space vector and f is generally a nonlinear continuous differentiable
function. To define what is understood by Lyapunov exponents we start from an initial condition
belongs to the trajectory x of the discrete dynamical system (3.18), and a nearby point of the
trajectory x’, where the initial distance (0xg) is extremely small. Let (dx,,) be the distance after
n iteration. The sensitivity to initial conditions can be quantified as

18l ~ [1d%0lle™, (3.19)

where A is treated as the mazimum Lyapunov exponent (MLE), that characterizes the rate of
divergence or convergence of two nearby initial points of a dynamical system; which can be
estimated for long iteration as

A= lim llnH(SXnH.
n—oon  |[0xol|

(3.20)

A positive exponent implies divergence of the orbits and indicates global instability and sensitiv-
ity to initial conditions that define the presence of chaos. A negative one indicates convergence
of the orbits. A zero exponent indicates the temporally continuous nature of the phase space
(i.e. the orbits show periodic motion). Figure 3.6 provides a visual example of divergent orbits.

The maximum LE alone does not fully characterize the instability of a d-dimensional dy-
namical system. There are m-exponents (equal to the dimension of the phase space) which are
customarily ranked from largest to smallest [83], as

A=A > A (3.21)
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x(1)
x(2)
bx, ‘.
x'(0) . 4 bx,y
x'(1)
x'(2)

Figure 3.6: Illustration of a typical example of divergent orbits. 0x(0) is the initial difference
state vectors given by dx(0) = [|x(0) — x/(0)]].

U LU LU

Figure 3.7: This figure illustrates change in a sphere of initial condition under a map.
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We can go beyond equation (3.20) to determine all m-Lyapunov exponents by considering not
just one nearby initial condition, but rather a small m-dimensional sphere of initial conditions
in the phase space of the discrete dynamical system (3.18). An example of the change in the
sphere of initial conditions is given in Figure 3.7. As the discrete time n increases, the sphere
evolves into an ellipsoid whose principal axes expand or contract at rates given by the Lyapunov
exponents. This is reflected by the "tangent space" given by the Jacobian matrix of the system
(3.18), Dy f™ = (0fi/0xj), that describes these deformations after a finite time n. For the n-th
composition of f with itself n times, f”, the corresponding matrix partial derivatives is given
by the chain rule

Do f™ (2(0)) = J ("7 (@(0))) x J (f*72(2(0))) ... J (f (2(0))) x J(x(0)),  (3.22)

in which J(2(0)) = Do f (#)|,—,() - Consequently, the separation of two initial points x(0) and
x'(0) after discrete-time n is then become

) Xy &~ DI(O)fn (l‘(O)) (5X0. (323)
Then, according to Oseledec (1968) in [78] we can define the average rate of growth as

1 n
Al = A}gnoo NlnHJ (2(0)) ul]. (3.24)

By the theorem of Oseledec (1968) [78], the limit exists for almost all z(0) and for almost all
tangent vectors u it is equal to the maximum Lyapunov exponent A;. Furthermore, if we denote
by a;(n,z) the i eigenvalue of J”, ordered so that ai(n,z) > ... > ay(n,x). Then, we define
the i Lyapunov exponent \;(z) as

1
Ai = lim —In|a;(n,z)|, i=1,...,m. (3.25)

n—oo n,

Determining the Lyapunov exponents analytically is extremely difficult since we can not compute
the matrix J" which required the calculation of the product (3.22). Even for few iteration the
components of matrix J™ become very large for chaotic attractors and null for the periodic at-
tractors. Consequently, the numerical calculation become important to avoid this difficulty [81].
There are different kinds of methods used for estimating Lyapunov exponents: direct methods
and Jacobian methods. For example, in [82] a QR decomposition is proposed for extracting the
eigenvalues of the Jacobian matrix J™. In this method, J" is transformed in product of the
upper right triangular matrices. Another method proposed by Wolf [83], in principle permits
the estimation of all the positive Lyapunov exponents. The method proposed by is most widely
used where the vectors are repeatedly renormalized using the Gram-Shmidt procedure. How-
ever, it was observed that the Wolf method does not works, since the linearized fractional order
discrete dynamical systems due to the fractional order nature which takes into account all past
variables values, that were previously modified by GSR procedure. This discovery motivated a
search for new algorithmic designs to estimate Lyapunov exponents (LEs), which are necessary
and more convenient for detecting chaos in fractional-order discrete time systems. Recently, Wu
et.al [86] considered the extension of the Jacobian matrix algorithm to discrete fractional maps.
We sketch the algorithm and numerical computation in the remainder of this section with more
details.
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3.5.2 Algorithm for computing Lyapunov spectrum

In order to calculate the Lyapunov exponents (LEs) for nonlinear dynamical fractional order
discrete time systems (FODT), we consider the extended Jacobian matrix algorithm which was
proposed in reference [86] by Wu and Balaneau.

Given a vector-valued nonlinear function f(t) = (fi(t),..., fm(t))", the fractional order
difference equations with the v-Caputo-left operator is given by
AL (t) = f(x(t+ v~ 1)) -
N(a) =xp, m=[]+1, k=0,1,...,m—1,

where x(t) = {z1(t),z2(t),...,zm(t)} are the state vector and the fractional order value 0 <
v < 1. To set up the tangent map corresponding to he above system we would need at first the
Jacobian matrix of the right side which is given by

o), B, .., L(w)
F(n) = : : : : : (3.27)
%{m(n), aim(n), e %(n)
Then, the Jacobian matrix J(n) is defined by
ail (n), (112(11), ey A1m (n)
J(n) = : : : : ) (3.28)
am1 (n)7 Am2 (n)a SO amm(n)

where J(0) = I is the identity matrix. Each element of the matrix J can be calculated by
multiplying the matrix F' with the matrix J, ie:

oh  ONh ofi

dx1’ Oxa’ ") Ozm aiy, @12, ..., Qaim

J=1: : : N IS : : K (3.29)
0 0 0
o, fm, .., g Gmly  Gm2, -y Gmm

This lead to the following set of tangent map system

an(n+1) = a1 (0) + by Xig ?;z_;iiq;an(j)gﬁ(j) + a2 ()G () + -+ am () (),
a12(n+1) = 12(0) + 17 o Framrd a1z () 4 () + a2 () S5 () + - + ama () $24 (5),

G (14 1) = am1 (0) + 157 S0 Tt am1 (1) 52 (5) + am2 (1) 522 () + -+ + amm () 522 (5).
(3.30)
According to the discrete equation (3.30), the tangent map holds discrete memory effect. There-
fore, the LEs of the fractional order discrete-time system can be derived from the following

equation

1
A; = lim Nznyagm\ i=1,...,m. (3.31)

)
N—oo
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We can continue this method successfully and identify the stability of the FODT system with
the sign of the spectrum. If all the lyapunov exponents \; are negative this indicates that the
system has an attractive fixed point. If there is one positive Lyapunov exponent then the system
is define to be chaotic. For a one-dimensional system, the Lyapunov spectrum clearly consists
of one value. For a three-dimensional system the spectra can only show up in three possible
types, (0,—,—) for a limit cycle, (4,0, —) for a strange attractor, and finally (—,—, —) for a
fixed point [87]. For a given FODT system a change in parameters and fractional order will
generally change the Lyapunov spectrum and may also change both the type of spectrum and
the type of attractor. Due to the exponential divergence of chaotic orbits, the trajectory of any
dynamical system can not be accurately predicted on times scales much greater than system’s
Lyapunov time. They indicate the dynamical freedom of the system, because a larger exponent
means a larger freedom, in the sense that small changes in the past lead to larger changes in the
future [84]. This determines the importance of methods for estimating the Lyapunov exponents.

3.5.3 Results and discussion

3.5.3.1 Estimating Lyapunov exponents in the fractional logistic map

As a very simple initial example we will briefly analyse the behaviour of the Lyapunov exponents
in the fractional logistic map. The discrete equation of the fractional logistic map is the following

o) = 2(0) + =S TEIE a1 —a(- 1) —a(-1). (332

where 7 is the bifurcation parameter and v is the fractional order in which 0 < v < 1.
For the computation of the Lyapunov exponents, we will follow the Jacobian matrix algorithm
in the previous section. The tangent map of the fractional logistic map (3.32) is given by [105],

1 Z":r(z’—jw)

ri—j1) < e~ D=2~ 1) —a(G 1)), (3.33)

=1

where a(0) = 1. In the numerical experiments, we can select 2(0) = 0.3 and a = 0. The first
100 points of the time series were abandoned to avoid the transient process and the length of
the series of data is n = 17500. The parameter r and the fractional order v are varied. In Figure
3.8, we plot the phase plane of a periodic attractor for v = 0.75 and » = 3. For this behaviour
the estimated LE is negative where the convergence is occurs with good precision.

As an example of chaotic behavior, we present in Figure 3.9 a chaotic phase portraits of the
fractional logistic map for v = 0.75 and r = 3.5, with the test of the convergent series of the
Lyapunov exponent of this attractor. As can be seen, the one Lyapunov exponent is positive
which confirms the chaotic behaviour of the attractor. Besides, the convergence occurs with
good precision.

To show the efficiency of the Jacobian matrix algorithm in FODT systems for a wide range
of a control parameter, we plot a bifurcation diagram (Figure 3.10-(a)) and the corresponding
Lyapunov exponents (Figure 3.10-(b)). We can note there is an excellent agreement between the

84



3.5 Lyapunov exponents

4 ! ! ! ! ! ! ! !
08 N
0.75F ) 4 B ]
0.7F : . 1
. 0
0.65F 4
= .
+ o6l . 1 R, ]
= . <
8
055 4
" ]
05 ]
045} - -6 ]
N
04 . . . . . . . . .
03 035 04 045 05 055 06 065 07 075 08 -8 . - . - . . - -
(n) 0 200 400 600 800 1000 1200 1400 1600
n

Figure 3.8: The periodic attractor of the fractional logistic map (3.32) and the estimated LE for
fractional order v = 0.75 and r = 3.
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Figure 3.9: The chaotic attractor of the fractional logistic map (3.32) and the estimated LE for
fractional order v = 0.75 and r = 3.5.
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3. Introduction to Chaos and Complexity Analysis of Fractional Order Maps

attractor behavior shown in bifurcation diagram and their corresponding Lyapunov exponent
values. This diagrams are constructed by varying r € [0,4] and v = 0.9. It is thus clear that for
fractional logistic map, the positive value will appear early when the systems parameter takes
larger values, which means that the fractional order affects the chaotic window. Thus, using
Lyapunov exponents we can discriminate regions characterized by periodic or chaotic motion.
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Figure 3.10: (a) Bifurcation diagram of the fractional the fractional Logistic map (3.32) with
v =0.9 and r = 3.7. (b) Lyapunov exponent diagram corresponding to (a).

3.5.3.2 Estimating Lyapunov exponents in the fractional Hénon map
Now, we will analyse a more complex system that presents chaotic behavior, which is described
by
|+ . . .
1(n) = 21(0) + (5 Xf FEZ Py (22— 1) +1-aaf(j—1) —21(j - 1)),
23(n) = 22(0) + 5 St it (Bar(j— 1) —22(j — 1))

The system of equations (3.42) is the numerical formula of the two-dimensional fractional Hénon
map with z1, xo as the states variables. The system display chaotic behaviour for some values
of fractional order and displays periodic for other values [171].

For this specific system the Jacobian is

J(n) = (Z((Z)) ZEZ%) : (3.35)

)
) (3.34)
)

7 S e (<20a(j — 1)a(i = 1) —a(j = 1) +¢(j — 1)),

+
W =00)+ iy S Fa (2000 - 12G =D -0 DRAG-D)
)+ 1y St (Bai—1) = (G = 1)),
+

oy S He ) (B — 1) — d(j — 1)),
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3.6 0-1 test method

in which a(0) = b(0) = ¢(0) = d(0) = 1. Let 8 = 1.3, a = 0.3, the phase portrait and the
Lyapunov exponents estimation of the fractional Hénon map with different system parameters
and fractional order values are shown in Figure 3.11. As shown in Figure 3.11(a) and Figure
3.11(b), when v = 0.98 and a = 1.02 the system is periodic since there are few points in the
phase portraits and the largest Lyapunov exponent converge to zero confirming the regular
dynamics. Successfully, Figure 3.12(a) and Figure 3.12(b) depicts chaotic attractor and one
positive Lyapunov exponent for and a = 1.3, v = 0.96.

Let the parameter a vary from 0 to 1.5 with step size of 0.0015 with the fractional order
value v = 0.96. Largest Lyapunov exponents values are shown in Figure 3.13. The high
complexity region marked as « increases. It also shows that the proposed algorithm is effective for
detecting chaos in the fractional-order discrete chaotic systems. Changes in LLEs coincide with
the bifurcation diagrams constructed for the same intervals of changes in the control parameters
.
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Figure 3.11: (a) Periodic attractor of the fractional Hénon map for fractional order value v = 0.98
and a = 1.02. (b) The corresponding Lyapunov exponents estimation.

3.6 0-1 test method

To reflect the sensitivity of the fractional order discrete-time systems, the 0-1 test for chaos is
considered. This test was proposed by Gottwald and Melbourne in [89] to distinguish between
regular and chaotic dynamics in deterministic dynamical systems. As opposed to the Lyapunov
exponents method the 0-1 test is applied to known and unknown systems regarding the phase
plane. Thus it is able to identify the chaos in a series of data where the phase space reconstruction
is not necessary. This avoids any difficulty related to the choice of the embedding dimension and
the delay parameter inherent to the phase space reconstruction. Moreover, the test is a binary
test (i.e. 0 or 1) and, consequently, yields a definite conclusion about the system dynamics, so

87



3. Introduction to Chaos and Complexity Analysis of Fractional Order Maps

(a) (b)

\\\ ,\
0.2 \ 0
-0.5
@ S}
> 0 53] !
~N 1 —,
-0.2
/ e
-0.4 -2
o 1 0 1 2 0 5000 10000 15000
T n

Figure 3.12: (a) Chaotic attractor of the fractional Hénon map for fractional order value v = 0.96
and a = 1.3. (b) The corresponding Lyapunov exponents estimation.
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Figure 3.13: (a) Chaotic attractor of the fractional Hénon map for fractional order value v = 0.96
and a = 1.3. (b) The corresponding Lyapunov exponents estimation.
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3.6 0-1 test method

a numerically computed value, say 0.01, yields a definite conclusion, whereas such a value for
the maximal Lyapunov exponent would not. One can found more about 0-1 test theory and
application in [90] and [91].

Among the reasons of its success, there is the extreme simplicity of its numerical implemen-
tation and the fact that it can be applied directly on the output of the system, independently
on the features of the system itself. Recently, Cafagna and Grassi in [92] extended the method
to fractional-order systems. In particular, for the finite time series of data (a:z)lzl N and a
suitable choice of ¢ ; one can define the two terms for m = 1, N as

Pm = Y x;cos(ic) and  qm =Y _ x;sin(ic). (3.37)
i=1 i=1

Such terms are called the translation components. In order to study the boundedness or un-
boundedness of the functions p,, and ¢,, we calculate the time-averaged mean-square displace-
ment, which can be defined as

N

. 1 9 )
My, = N1—1>I<Ikloo N; ((pj+m _pj) + (Qj-i-m - Qj) ) . (3.38)

If the behaviour of the translation function p(n) (¢(n) behaves in the same way) is Brownian,
then M (n) grows linearly in time. If the behaviour of p(n) is bounded, then M (n) is bounded.
The 0-1 result is given by

cov(§,A)
var(&)var(A)

K. = corr(§,A) = e[-1,1]. (3.39)

In practice, the fractional-order system is evaluated to be chaotic if the plot of p and ¢ in the
p — q plane present a Brownian—like trajectories and if K approaches 1, while it becomes regular
as K approaches 0 and p and ¢ display bounded-like trajectories.

Remark 16. The 0-1 test algorithm depends on three parameters, ¢, m and the length of data
points N. The following illustrates the selection of parameters of this algorithm by numerical
experiments.

e Nevertheless, there is zero probability of making a bad choice in theory. In practice,
numerical experimentation shows that even for short data series, the bad choices of ¢ are
rare but do occur from time to time. For example, if the signal is 2-periodic and we choose
¢ as an integer, then a simple argument using the Fourier series shows that typically p(n)
will grow linearly yielding K = 2. The resolution of this problem is to choose several
values of ¢ at random, and compute K for each choice of ¢. Then we take the median
value of K. Finally, we obtain the asymptotic growth rate K via

K = median(K,). (3.40)
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3. Introduction to Chaos and Complexity Analysis of Fractional Order Maps

e For the selection of N, it should tend to infinity in theory, but this is not feasible in
practice. As the algorithm is achieved with the loop, and there are nested loops. The
greater the sequence length selected, the longer the loop will increase, and the execution
time of the algorithm will significantly increase. Therefore, the sequence length N should
be selected long enough.

e For the selection of n, there is no special requirement. Based on the principle of n < N,
any choice of n is sufficient. Thus an appropriate value of n should be selected as small as
possible.

Applications of the 0-1 test on the fractional-order discrete time systems

To demonstrate the reliability and universality of the test, we apply the test to the fractional-
order logistic map and the fractional Hénon map.

Detecting chaos in the fractional-order logistic map

The discrete fractional-order logistic map is considered

o) = 2(0) + == Y T I IV a1 —a(— 1) —a(G-1). (34D

By taking into account the results illustrated in Subsection 3.5.3.1, at first the 0-1 test is applied
to the series of point 2:(n) where r is the bifurcation parameter and v = 0.9. The results are
shown in Figure 3.14. Figure 3.14 illustrates the asymptotic growth rate K versus parameter
r € [0,4]. As the bifurcation parameter r increases the fractional-order logistic map (3.41)
becomes chaotic as the growth rate K asymptotically approaches 1. Furthermore, Figure 3.15
depicts the Brownian-like trajectories for , confirming that the fractional logistic map (3.41) is
chaotic for v = 0.75 and » = 3.5. On the other hand, Figure 3.16 depicts the bounded-like
trajectories for r = 3 and v = 0.75 confirming the existence of periodic attractors.

Based on this figures, one can observe that the output K have appeared in a similar manner
to the results of bifurcation diagram and Lyapunov exponents shown in Section 3.5.3.1. It is
conclude that the 0-1 test prove to be a valuable tool for cheeking the existence of difference
chaotic attractors as well as periodic attractors.

Detecting chaos in the fractional-order Hénon map

We apply the test to fractional-order Hénon map, which it’s numerical solution is given by

I'(n—j+v (342)

z1(n) = 21(0) + iy Sy ?;::_j:qg (e2j = 1) +1—aaf(j—1) —m (i~ 1)),
wa(n) = 22(0) + 15 it gy B (j — 1) —a2(j - 1).

Here, the test has been applied directly to the solution x(n) for system parameter 8 = 0.3 and
for different fractional order values. The results are reported in Figure 3.18 and Figure 3.17 for
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Figure 3.14: The asymptotic growth rate of fractional logistic map versus n
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Figure 3.15: Bounded like trajectories of the translation components p and ¢ in the p — ¢ plane
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3. Introduction to Chaos and Complexity Analysis of Fractional Order Maps

v =098, a = 1.02 and v = 0.96, a = 1.3, respectively. In particular, Figure 3.17 depicts the
asymptotic growth rate K as a function of the length n, and the dynamics of the translation
components in the p — ¢ plane. Since the asymptotic growth rate K approaches one and the
p — q plane highlights Brownian-like trajectories, the fractional Hénon map is chaotic.

On the other hand, Figure 3.18 shows that K approaches zero, whereas bounded trajectories
in the p — g plane are depicted, indicating the periodic dynamic of the map.

Successively, the 0-1 test is carried out by varying the parameter o from 0 to 1.40. The step
size for o is 0.001. The plot of the asymptotic growth rate K versus « is shown in Figure 3.19.
It shows that the fractional Hénon map (3.42) is chaotic over most of the range a € (1.07,1.40)
where K approaches 1. On the other hand Figure 3.18 depicts Brownian-like trajectories con-
firming the chaotic dynamics of the system for @ = 1.3.

All the results reported in this section indicate the effectiveness of the 0-1 test in detecting
chaos. This figures are in good agreement with the Lyapunov exponents results reported in
the previous section. Although the 0-1 test has many advantages over calculating the largest
Lyapunov exponent, and it avoids certain well-documented drawbacks of traditional tests, it will
not replace traditional methods completely.
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Figure 3.17: Brownian like trajetories of translation component in the p — ¢ plane of the fractional
Hénon map and the corresponding translation component versus n
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Figure 3.18: Bounded like trajetories of translation component in the p — ¢ plane of the fractional
Hénon map forv = 0.98, @ = 1.02 and the corresponding translation component versus n.
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Figure 3.19: Asymptotic growth rate of the fractional Hénon map versus « corresponding to the

bifurcation diagram and LEs in Figure 3.10

3.7 Complexity measure

A complexity measure plays important role in analyzing dynamic properties of chaotic systems.
It can reflect the security of the system to some extent, if it is used in information security.
It has the same effect as the Lyapunov exponent and bifurcation diagram. The larger the
complexity values, the closer the sequence is to the random sequence. Currently, there are
several methods to measure complexity of time series, including permutation entropy (PE),
statistical complexity measure (SCM), sample entropy (SampEn), fuzzy entropy (FuzzyEn),
approximate entropy (ApEn), and Cy algorithm. Among them, Cy algorithms and approximate
entropy (ApEn) [93,102] are proper choices to estimate the complexity of a time series accurately
and rapidly without any over-coarse graining preprocessing. The approximate entropy finds its
origins in Kolmogorov-Sinai Entropy (K-S Entropy), defined as the mean rate of information
generated by a process [102]. This measure is recognized for being a meaningful parameter to
describe the behavior of dynamical systems. On the other hand, the Cy complexity is calculated
by the fast Fourier transform and through of the new spectra to obtain a new signal. The
corresponding complexity value is obtained by the ratio of the area between the difference of the
original signal and the new signal and its mean value over the area between the original signal
and its mean values. The mathematical foundation of this complexity measure was given in [93].

3.7.1 (Cy complexity algorithm description

Cp complexity (Cp), is a measure of complexity under the meaning of randomness, was first
introduced by Shen et al [93], to overcome the over-coarse graining preprocessing problem. The
Cy algorithm is a method that aimed to devide the original serie of data into two components,
the regular component and irregular part, the proposition of irregular part is what we need.
Consider a set of discrete data x(n), n = 1.N with a length of N, representing a one dimensional

observable data set. Description of the Cy algorithm is as follows [130].
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3. Introduction to Chaos and Complexity Analysis of Fractional Order Maps

Step 1.

Step 2.

Step 3.

Step 4.

In order to get the amplitude of spectrum, construct the fast Fourier transform of the
original time series. Denote the fast Fourier transform of 2(n) by Xy, then we have
1= nj
Xy(j) == exp N =0,1,...,N—1 3.43
V) =5 X almyexo >, n=o, (3.43)

n=0

where j = v/—1 is the unit imaginary. Note that the power spectrum contains essential
information about the nature of x.

Calculate the mean square value of the amplitude spectrum
1 N-1
Gy = > IXNG)I (3.44)
§=0

Import a control parameter 7. Replace the spectrum component with zero if their square
values are plus than 7Gy, while keep the irregular parts, i.e. the parts which their square
are less or equal to 7G, changed as follows

_ o XN(n), if |XN(7”L)|2 > Gy,
An(n) = {o, if |Xn(n)|? <7Gy. (3.45)

Then, construct inverse fast Fourier transform for the new component Xy and get a new
time series &

N-1 )
z(n) =Y Xn(j)exp >N, n=0,1,2...,N-1. (3.46)
j=0

Z(n) is considered as the regular time series of original time series.

Define the Cy complexity as

2N a(n) —3(n)?
S ()P

Co (3.47)

Note that, the difference between the original time series and it regular component is considered
as the disorder components of the original series. Therefore, from equation (3.47) one can see
that the regular part of the domain is removed; leaving the irregular part. The larger the
proportion of the non-regular part of the spectrum in the sequence, the closer the corresponding
time series spectrum is to the random sequence, the greater the complexity.

Some important properties of Cy complexity were proved in [93] mathematically. It has been
proved that:

1.
2.
3.

If the time series is constant, then Cy = 0;
If z(n) is a periodic time series, then limy_,oCo = 0;

For any time series the Cy complexity ranges between 0 and 1.

Hence, Cy complexity can be used as a randomness finding complexity of a time series.
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3.7 Complexity measure

3.7.1.1 Choice of parameters of the Cj complexity algorithm

From the definition of Cy complexity, two parameters need to be chosen; which are control
parameter 7 and length N. To illustrate the selection of parameter of the Cy complexity al-
gorithm, fractional logistic map was taken as an example [103], which the equivalent discrete
integral equation can be obtained as

o) = a(0) + L S LI G e ))aG- ). (348)

As reported in Section 3.5.3.1, when r = 3.5 and v = 0.75, the fractional logistic map is in
a chaotic state. Here, the parameter r is taken as r = 3.5, and the result of calculating the
complexity of Cj is shown in Figure 3.20. In Figure 3.20-(a), N is 2000, r first starts from 0.1
and gradually increases with a step value of 0.1, and then increases by 0.5 when it is greater
than 2, and the initial value ¢ = 0.1; Figure 3.20(b). Where the value of r is 4, the sequence
length N starts from 100, the step length is 200. It can be seen from Figure 3.20(a) that as
the parameter 7 increases, the measured value of Cy gradually increases, which shows that as 7
increases, the less regular parts are removed, and the measured value will increase accordingly.
When 7 is greater than 2. After that, the measured value is stable, so it is recommended that
the value range of 7 € [5,10], which is consistent with the analysis result of the literature [94];
in Figure 3.20-(b) when N > 2000, the measured value is stable. In view of the fast calculation
speed of the Cy algorithm, it is recommended that he sequence length is greater than 2000.

(a)

0.35 T

Figure 3.20: Asymptotic growth rate of the fractional Hénon map versus « corresponding to the
bifurcation diagram and LEs in Figure 3.10
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3.7.2 Aprroximate entropy

In information theory, entropy is a logarithmic measure that quantifies the rate of transfer or
generation of information in a particular system. For discrete-time dynamical systems in general,
Kolmogorov-Sinai (KS) entropy is an interesting measure. A direct time-series approximation
of the KS entropy was developed in [97], termed Eckmann-Ruelle (ER) entropy, which quickly
became appealing as a way of quantifying the level of chaos present in a particular system. The
idea is that instead of looking at the phase plots of bifurcation diagrams, an exact measure
of the information generated in a sequence is more indicative of the level of chaos. Calcu-
lating the exact ER entropy experimentally is impossible. Rather, the "approximate entropy"
(ApEn) was proposed by Pincus to present the complexity or irregularity of a serie of data from
multi-dimensional perspective [98,99]. Larger values of ApEn indicate higher complexity and
irregularity of the current data. Approximate entropy measurement is helpful and applied to
discover different chaotic systems. It has been used extensively in the literature to investigate
chaos in discrete dynamical systems [97,100]. The brief computation of the approximate entropy
is presented as follows.

Step 1. Consider a set of discrete points (1), x(2), ..., x(n), define n —m + 1 vectors as follows
X (i) =[z(i)y .., z(i +m—1)]. (3.49)

These vectors represent m consecutive x values which starts with the i—th data.

Step 2. Define the maximum distance between the vectors X (i) and the vector X (j) as
4(X(3), X(j)) = max]fa(i + k) — 2(j + ]| (3.50)

for all k£ values from 0 to m — 1. Then calculate the distance for all possible pairs
(X (i), X(4)) if i # j.

Step 3. Let K be the number of vectors X (i) such that the maximum absolute difference d(X (i), X (j))
of two vectors X (i) and X (j) is lower or equal to the tolerance 7.

Step 4. With tolerance 7 and for each 7 € [1,n —m + 1], define the following equation

K

where K is the number of X (¢) having d(X (i), X (j)) < 7.

Step 5. Define the approximate entropy by

ApEn = ¢™(7) — ¢ (F), (3.52)
where ¢™(r) is considered as
o) = — n_fl log CT" (7). (3.53)
n—m-—1 =
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3.8 Conclusion remarks

As reported in [98], the value of the approximate entropy depends on three important parameters,
i.e., the length of the serie of sata IV, the embedding dimension m and the similar tolerance 7.
In practice N cannot be infinity, we can only estimate it if N is big enough. According to the
experience of Pincus in his research paper [99], the tolerance r is suitable to be chosen as

7 = 0.2std(x), (3.54)

where std(z) denotes the standard deviation of the data x. It has pointed out also that for a
robust estimation it would proper if the embedding dimension equal to m = 2. Based on the
research paper of Pincus [99], it has been found that the ApEn is a very convenient method to
choose parameters for the discrete fractional order discrete-time systems.

3.8 Conclusion remarks

The concept of the behavior of chaos in fractional order discrete time systems with Caputo
like difference operator is successfully captured in this chapter. Firstly, the Jacobian matrix
algorithm is presented in form of discrete fractional maps where it has been applied to one and
two dimensional maps of fractional order. With the different fractional difference orders, the
LEs are plotted together with the bifurcation diagrams from which the chaotic areas of the
systems are clearly derived. The results show the efficiency of calculating the LEs. Secondly,
this Chapter identified chaos of the fractional order Hénon and logistic maps by using the 0-1
test, which is different from the Lyapunov exponent method. These results show that the 0-1
test is a convenient tool to diagnose chaos in fractional chaotic map.

We have seen that, in addition to the standard calculation of the asymptotic Lyapunov
exponent, we can extract more information about the dynamical system by calculating the
complexity of the fractional order discrete time systems. Two methods are reported: The Cjy
algorithm and the ApEn. Complexity analysis provides a parameter choice basis for application
of fractional order chaotic systems. Furthermore, one should not that complexity results cannot
distinguish chaos and hyperchaos bur it can be used as for parameter choice in the practical
application.

In the following chapters (Chapter 4, 5 and 6) we will define and discuss the chaotic behaviour
of novel fractional order maps with ”self excited and "hidden attractors" using numerical tools
reported in this chapter.
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Chapter 4

Two Dimensional Fractional Order
Maps

4.1 Introduction

Over the past decades, the study of fractional-order systems has become an active field and has
simulated the interest of researchers due to its existence in different fields of science and engi-
neering. Significantly, it was reported that fractional-order systems, as fractional extensions of
many well-known established systems, can realize chaotic attractors such as the fractional-order
modified Duffing system [108], the fractional-order Chua’s system [109]. However, the dynamics
of such fractional-order systems have mostly been explored where the fractional derivatives have
been described on a continuous time scale.

Recently, some literature has studied the chaotic behavior of discrete-time fractional order
systems. The first such system is the fractional-order logistic map which was proposed by Wu
and Baleanu and has been reported in Chapter 3. Similar to the integer-order difference sys-
tems (maps), fractional order discrete-time systems can exhibit chaotic behaviours (see Chapter
3). By considering the theory and application of discrete fractional calculus, which have been
mentioned in the first part of the thesis, this Chapter presents different fractional discrete time
systems, i.e, maps, in the fractional v-Caputo seance with different nonlinearities terms, such as
rational terms, trigeometrical terms, absolute function terms and unified functions. The novel
fractional maps are defined as generalization of very well known integer-order maps in the liter-
ature, such as Lozi map, Ikeda map, Duffing map, discrete double scroll map, Arnold map and
rational maps (Chang et al., Rulkov, Zeraoulia Sprott maps). For the different fractional order
values and system parameters, the dynamics of the fractional order maps are studied. Complex
dynamics with interesting characteristics are presented by means of Lyapunov exponents, bifur-
cation diagrams, 0-1 test Cjy algorithm and approximate entropy. Namely, the influence of both
fractional order v and system parameters on the dynamical behaviour of the novel fractional
maps are investigated in detail, with the aim to highlight the existence of different chaotic attrac-
tors. Both the system parameter and fractional order can be taken as bifurcation parameters,
and the range of existing chaos is different for different parameters.
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4. Two Dimensional Fractional Order Maps

4.2 The fractional-order chaotic Lozi map

Among the many chaotic maps introduced over the years is the Hénon map [3], which was
proposed in 1976 as a simplified version of the discretization of the Poincaré section resulting
from the well-known continuous time Lorenz system. More recently, Lozi developed a new
discrete chaotic system by replacing the quadratic term in the Hénon map with quasi linear
term [2]. The equation for the iterated Lozi chaotic map is given by

x(n+1):—a\x(n)|+y(n)+l, (41)
y(n+1) =px(n), '

where x (n) and y (n) are the states of the map, n denotes the iteration number and o and 3 are
some parameters. This map is a piecewise linear model with non-differentiable function. Under
some typical control parameter settings, the Lozi map (4.1) admits a singular hyperbolic chaotic
attractor, for instance, with the parameter values («, 3) = (1.7,0.5) we can derive the strange
attractor as seen in Figure 4.1. Zooming into a particular part of the map reveals that each
curved line consists of multiple components. By changing the control parameters, the Lozi map
can display complex behaviors such as border collision bifurcations [112]. A detailed collection
of works regarding Lozi map can be seen in in the reference [113].

Sor

Figure 4.1: The chaotic attractor of the standard Lozi map (4.1) with [2(0),y(0)] = [0,0] and
(o, ) = (1.7,0.5).

In this section, we aim to study the fractional form of the Lozi map (4.1) by replacing the
integer order difference operator with the left Caputo-like difference. As has been reported,
this type of operators are able to include memory and filter effects into the ordinary Lozi map,
which makes it more suitable to application in cryptography, image encryption, and secure

100



4.2 The fractional-order chaotic Lozi map

communication. We first rewrite the Lozi map (4.1) in the first difference order form, using the
standard forward difference operator, Az (t) = z(t + 1) — x(t), as

Az (n)=—alr(n)|+y(n)+1—z(n),
{ Ay (n) = pz(n) —y(n). (4.2)

Then, by replacing the first—order difference by the Caputo-like delta difference as defined in
(4.2), we get

CAVY (1) = o (t—1+v) —y (t—1+v), (4.3)

{ CAVz(t) = —alz(t—1+v)|+y(t—1+v)+1—z(t—1+v),
forO <v<landt € Ngt1_,. If v = 1, this fractional system degenerates into the integer-order
Lozi map (4.1). From now on, we shall refer to (4.3) as the fractional Lozi map.

Now that we have the fractional Lozi map we must determine a suitable numerical formula
for its evaluation. Following the same steps reported in Section 3.4, we employ Theorem 1.15 to
obtain a numerical formula for system (4.3). We start by taking the equivalent discrete integral
for 0 < v <1andt&Ngt1—, yielding

z(t) =@ (a) + g S (t—o ()"
(—alz(t—14v)|+ (t—l+v)+1—x(t—1+y)),
v—1) (44)
y(t) =y (a)+ gy L, (L= ()"
(Bx t—1+1/) y(t—1+v)).
The reciprocal % represents a discrete kernel function and can be simply taken as
(t=o)"™V _  T(t—s) (5)
I'(v) CTWT(t—-s—v+1) '
Hence, by choosing a zero starting point, i.e. @ = 0, the numerical formula is defined as
_ 1 sy [(n—jtv)
x(n)—x(0)+r() Tn=7F1) . .
(—a ( “Di+ty(G-D+1-2(G-1)), (4.6)

y(n) =y (0) + Z”?ﬁﬂiwﬂr4) y(i—1)).

We mentioned earlier that fractional calculus brings the major addition of an infinite memory.
This can be clearly observed in (4.6) where the solution z (n) depends on all previous values
2(0),...,2z(n—1). This, of course, is not the case with the integer order system (4.1). A
Matlab program was implemented based on the numerical formula (4.6). For v = 1, Figure 4.2
(a) shows the bifurcation plot with « as the critical parameter and Figure 4.2 (b) shows the
largest Lyapunov exponent as a function of « calculated by means of the Jacobian method. These
plots confirm the existence of chaos and agree with previous results reported in the literature
for the classical Lozi map.

101



4. Two Dimensional Fractional Order Maps

. /

02

~~0.25F
=

)\maz

01f

-0.2 f
-0.3

Figure 4.2: (a) Bifurcation diagram of the standard Lozi map with 2(0) = y(0) = 0 and
(o, ) = (1.7,0.5) and (b) the largest Lyapunov exponent calculated by means of the Jacobian
method.

Dynamics of the fractional Lozi map

In the following part, we present the dynamics of the fractional Lozi map by considering numer-
ical simulation. Such simulation contain bifurcation diagrams, maximum Lyapunov exponents
(MLE), phase portraits and transient states. Namely, the influence of both fractional order v
and system parameter o on the dynamical behaviour of the novel map are investigated in detail,
with the aim to highlight the existence of different chaotic attractors.

To ensure the existence of chaos, we choose to fix z(0) = y(0) = 0 and («a, 3) = (1.7,0.5)
and vary the fractional order v in the interval ]0,1]. We ran the numerical formula for 6000
points and plotted the solution (z (n),y(n)) in the  — y plane for the fractional order values
v € {0.98,0.93,0.9,0.8,0.86}. Here, the Lozi map with fractional order v exhibits a new type of
chaotic motion called the fractional chaotic attractor. As can be observed from Figure 4.3 , the
attractors change whenever the fractional order v does. In all cases, the phase space converges
to an attractor that remains bounded. As v decreases, we can see that the solution approaches
some set points until a minimum number of iterations ng and then generally diverges towards
infinity. For example, when v = 0.654, ng = 1854 (see Figure 4.4 ). From the numerical solutions
depicted in Figures 4.3 and 4.4, it is clear that the numerical solution (z(n),y(n)) depends on
the fractional order v. In order to understand more about the behavior of the fractional Lozi
map (4.3), we employ bifurcation diagrams with « as the critical parameter. We vary « over
the interval [0,1.72] in steps of Aa = 0.001 and choose initial conditions x(0) = y(0) = 0
and 8 = 0.5. The bifurcation diagrams are shown in Figure 4.5 for v € {0.98,0.8,0.77,0.66}.
When v = 1, the Lozi map exhibits the dynamical behavior shown in Figure 4.2(a), which
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Figure 4.3: Solutions of the fractional Lozi map in the x —y plane with z(0) = y(0) = 0,
(o, ) = (1.7,0.5) and different fractional orders.
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Figure 4.4: Snapshots of the z — y plane belonging to the fractional Lozi map with v = 0.65
taken at n = 954, n = 957, and n = 1000.
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v=0.86

v=0.77

1 I . . . .
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Figure 4.5: Bifurcation diagrams of the fractional Lozi map with « as the bifurcation diagram,
B =0.5, and z(0) = y(0) = 0 for different factional orders v.

as expected coincides with the standard bifurcation result reported in the literature. In the
interval 0 < a < 0.5, the map converges to a single fixed point. Then, as 0.5 < a < 1.503,
we observe a two point periodic solution. It is well known that the dynamics of the Lozi map
change directly from a stable periodic orbit of period 4 to a fully developed chaotic regime,
which is supported by Figure. 4.2(a). As shown in Figure 4.5, the value of the fractional
order v affects the bifurcation diagram both in terms of its general shape and the duration
of the chaotic interval. For v = 0.98, the bifurcation diagram is similar to the corresponding
integer diagram except for a small broadening in the interval where the chaos is observed. As
v decreases further, we find that when 0 < o < 0.5, the orbit no longer goes to a fixed point.
In fact, as n increases, we observe that the trajectory becomes unbounded (see Figure 4.3 for
v =0.77,0.66). A major difference between the bifurcation diagram of the integer and fractional
Lozi maps is in the interval over which chaos is observed. The interval becomes slightly smaller
as v decreases. Figure 4.6 shows the maximum Lyapunov exponent of the fractional Lozi map
calculated by means of the fractional Jacobian method. This plot is obtained using the same
previous parameters and initial conditions and with v = 0.98. The result agrees completely
with the corresponding bifurcation plot. For completeness, Figure 4.7 shows the states of the
fractional Lozi map with 2(0) = y(0) =0, (a, 8) = (1.7,0.5) and v = 0.98.

It can be seen from the simulation results that the fractional Lozi map undergoes chaos
when the parameter o and fractional-order v vary. Fractional order v should be treated as a
bifurcation parameter as it also determines dynamics of the system.
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Figure 4.6: The largest Lyapunov exponent of the fractional Lozi map obtained for the same

parameters, initial conditions and fractional order of Figure 4.5.
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Figure 4.7: Discrete time evolution of states for the fractional Lozi map with z(0) = y(0) = 0,

(o, ) = (1.7,0.5) and v = 0.98.

Needless to say, fractional calculus has superior characteristics compared to conventional
calculus including the endless memory effect, which leads to a higher level of dynamics, that it

can be used in encryption and secure communication.

4.3 The fractional-order discrete-time Unified system

Since the Hénon and Lozi maps are the earliest discrete-time chaotic systems, they have been
studied extensively by a vast number of researchers. One of the interesting studies is that of
Zeraoulia and Sprott [110], where the authors proposed a new chaotic map as a combination of
the the Hénon and Lozi maps named the unified map. The unified map with a single adjustable

parameter « is described by

) =1-14fa(z(n)) +y(n),
y(n+1) = 0.3z(n), (4.7)
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4. Two Dimensional Fractional Order Maps

where they limited the bifurcation parameter « is in the range 0 < o < 1 and function f, is
defined as

fa (z(n)) = alz(n)| + (1 - a)z®(n). (4.8)

The importance of this unified map stems from the fact that setting o to zero yields the
classical Hénon map depicted in Figure 4.8-(a) and given by

z(n+1) = 1-142%n)+y(n),
y(n+1) = 0.3z(n).

On the other hand, when o« = 1, we end up with the classical Lozi map depicted in Figure
4.8-(b) and defined as:

z(n+1) = 1-—14|z(n)|+y(n),
y(n+1) = 0.3z(n).

This map do not only bridge the gap between Hénon map and Lozi map, but it also presents
the entire family of chaotic maps among them, for 0 < o < 1. Figure 4.9 shows the bifurcation
diagram with the critical parameter « being changed in steps of Ao = 0.001. Therefore it is
meaningful to investigate the dynamic characteristic of its fractional formula.

(a) (b)
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Figure 4.8: (a) The original Hénon chaotic attractor obtained from the unified chaotic map for
a = 0. (b) The original Lozi chaotic attractor obtained from the unified chaotic map for v = 1.

System (4.7) may be rewritten in the form

Az (n) =1—14fs (2(n)) +y(n), —z(n)
{ Ay (n) = 0.3z(n) —y(n). (49)
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4.3 The fractional-order discrete-time Unified system

Figure 4.9: The bifurcation diagram of the unified chaotic map with the critical parameter
0 < a <1 being changed in steps of Aa = 0.001.

The fractional Unified map can be obtained by replacing the integer order difference operator
A with the Caputo difference operator CAZ and it described, as it has been reported in our
research paper [111], by

CAYz(t) =1 = 1dfo(x(t—14+v)) +ylt—1+v)—z(t —1+v), (4.10)
CAVy(t) = 032(t—1+v) —y(t—1+v), t € Not1—v- '
Following Theorem 1.15, the numerical formulas for the fractional unified map (4.10) may

be obtained as

v(n) = 2(0) + ol Sy HEZE)

() = 9(0) + oy Tyt Tt

,.\,.\
—

(1=14fo(z(j-1) +y(G -1 —2( - 1)),
(0.32(j =1) —y(G — 1))

In [110], it was reported that while the bifurcation parameter « is close to zero, the function f,
defined in (4.10) behaves similar to the term 2?(n) and when « is close to one it behaves similar
to the absolute function |z(n)|. Since the values « = 0 and o = 1 belong to the fractional Hénon
and Lozi maps, which have been studied previously, we choose to ignore them and investigated
the numerical Formula (4.11) over the range 0 < o < 1. Results are reported in the following
subsections.

(4.11)

,\,.\
— =

Bifurcation diagrams and chaotic attractors

Considering the values & = 0.8 and a = 0.2, Figure 4.10 depicts the phase space for n = 200
and v = 1 with initial conditions z(0) = y(0) = 0. Observe that in this case, the fractional
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Figure 4.10: (a) A chaotic attractor obtained from the unified chaotic map for a = 0.2. (b) A
chaotic attractor obtained from the unified chaotic map for a = 0.8.

unified map (4.10) refers to the classical map.

With the same parameters and the same initial condition, using numerical Formula (4.11),
the fractional unified map is shown in Figure 4.11 for different fractional order values v. As v
decreases, the phase plane of the fractional maps changes its shape until it completely disappears.
For a@ = 0.2, the minimum fractional order that produced a bounded attractor is ¥ = 0.88. On
the other hand, when o = 0.8, we see that we obtain a bounded attractor as far as v = 0.4.

To investigate the chaotic behavior of the fractional unified map, we study the bifurcation
of the parameter o with the step size Ao = 0.001. Figure 4.12 illustrates the results. The figure
demonstrates clearly the chaotic behavior of the fractional map. When v = 1, chaos is observed
in the interval [0,1]. A decrease in the fractional order v leads to a decrease in the interval,
where chaos is apparent. As shown in For v = 0.4, chaos is seen in the interval a € [0.799,0.95].
A better understanding of the route to chaos can be seen, where the range of « is increased
to 1.8. However, for a € [0,1.8], a border-collision bifurcation scenario is observed. The map
begins with a fully-developed chaotic regime, and increasing a leads to the disappearance of the
chaotic band and the appearance of a four-period orbit. Experiments have also shown that even
with fractional orders v less than one, the fractional map still behaves in a similar manner to
the standard case with the one exception that the chaotic interval varies with v.

Approximate entropy

We have calculated the approximate entropy (ApEn) for the fractional-order unified map, and
the results are reported in Table 4.1. For a@ = 0.2, the complexity of the fractional-order unified
map is reduced when the value of v is decreased to 0.88. For o« = 0.8, when reducing the value
of v from 0.98 to 0.88, the complexity of the map varies. The results display the changes of the
phase portraits in Figure 4.11. At practical applications, we should choose low values of system
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Figure 4.11: Phase portraits of the fractional unified map for: (a) @ = 0.2 and (b) «

different fractional order values.

Figure 4.12: The bifurcation diagram of the unified chaotic map with « as the critical parameter

for v = 0.95 and v = 0.9.
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parameters « and fractional order v, because their corresponding complexity are larger.

Table 4.1: Approximate entropy calculation of the fractional-order unified map for different
fractional orders

Q v ApEn | « v ApEn
0.2 | 0.98 || 0.4037 || 0.8 || 0.98 || 0.2451
0.2 | 0.95 | 0.4511 || 0.8 || 0.95 || 0.2571
0.2 || 0.9 || 0.4511 || 0.8 || 0.9 || 0.2304
0.2 || 0.88 || 0.0981 || 0.8 || 0.88 || 0.2530

4.4 the fractional form of the discrete Double Scroll

We consider here the 2D piecewise-linear map proposed in [114]. The map uses the same
nonlinearity adopted in the Chua circuit and can exhibit chaos subject to specific parameter
values. The so-called discrete hyperchaotic double scroll is of the form

z(n+1) =x(n) —ah(y(n)),
{ y(n+1) = Bz(n), (4.12)

where « and § are the bifurcation parameters and h is the characteristic function defined as
1
h(z) :5(2m1x+(m0—m1)(|x+1|—]w—1|)), (4.13)

with mg and m; denoting the slopes of the inner and outer sets of the original Chua circuit, re-
spectively. This map exhibits chaos, for instance, when 2:(0) = y(0) = 0.1, (o, 3) = (3.36,1.04),
and (mg,m1) = (—0.43,0.41), as demonstrated by the phase portraits shown in Figure 4.13. Tt is
always helpful to examine the bifurcation diagram corresponding to a specific critical parameter
in order to gain a comprehensive understanding of the dynamics of a chaotic system.

System (4.12) can be rewritten in the first difference order form given by

Az(n) = —ah(y(n))
’ 4.14
{Aym>:ﬁxm>—yw» )
Results reported here where considered in our paper [195]. Similarly, introducing the Caputo-like
delta difference defined in Chapter 1 leads to the fractional-order map

CAVa(t) = —ah(y(t—1+v)),
{ “BLy(t) = Ba(t E/1 +v)—ylt—1+4v), (4.15)

for t € Ngy1-1, where 0 < v < 1 denotes the fractional order, and «a is the starting point. The
discrete integral formula described in Theorem 1.15, with starting point ¢ = 0, we end up with
the numerical formulas gives as

{xmwzam+mg I T (—ah(y (G- 1)),

n n—j+v . . (416)
y(t) = y(0) + 1y Xt Foms) (ba(G— 1) —y(i = 1)),
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4.4 the fractional form of the discrete Double Scroll

Figure 4.13: The discrete double scroll attractor for o = 3.36, 8 = 1.04, mg = —0.43, and
myp = 0.41.

With the same initial conditions and the bifurcation parameter values adopted for Figure
4.13 above, computer simulations were used to evaluate the numerical formulas (4.16) in order
to gain a perspective on the dynamics of fractional double scroll map (4.15).

Dynamics of the fractional Double Scroll map

First, for v = 1, (4.15) becomes identical to the classical map, whose phase portraits are depicted
in Figure 4.13. The corresponding bifurcation diagram is displayed in Figure 4.14 as a result
of varying the parameter « in the interval [—3.4, 3.8] with a step size Aa = 0.007. Figure 4.14
shows that over the critical parameter range —3.4 < a < 3.8, the double scroll map goes from
border-collision bifurcation to a stable period-3 orbit and then collapses to a point as stable
period-3 orbit goes to chaos band. As v decreases, experiments show that the chaotic band
decreases with it until the stable period-3 orbit disappears and a stable period-1 orbit shows up.
As v drops below 0.7, the system becomes stable. Some attractors belonging to the fractional
double scroll map are plotted in Figure 4.15 for different values of v. We notice the strong effect
of the fractional order v on the dynamics of the map. The bifurcation diagrams corresponding
to the two different fractional order values v = 0.93 and v = 0.8 are depicted in Figure 4.16.
The chaotic nature of the states is apparent.

Although the bifurcation diagrams presented earlier give a good indication of the dynamics
of the proposed fractional map, they do not tell us how the map behaves for every fractional
order. As can be seen in Figure, the value of the fractional order has a very diverse effect
on the dynamics. The results agree with the phase plots discussed earlier. It is shown that
the fractional order of the map has a considerable impact on its dynamics and the range of
parameter values over which chaos is observed. In addition, we notice that even with reasonably
low fractional orders, one can find parameter values that lead to a chaotic behavior.
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Figure 4.14: Bifurcation diagram of the discrete double scroll attractor with « as the critical
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Figure 4.15: Different phase portraits with fixed parameters o = 3.36, § = 1.04, m; = —0.43,

and mo = 0.41 for various values of v.
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Figure 4.16: Different phase portraits with fixed parameters o = 3.36, 8§ = 1.04, m; = —0.43,
and mo = 0.41 for various values of v.

4.5 The fractional Hénon-Lozi map

Motivated by the Lozi work, Alaoui et al. [10] proposed and analyzed a new two dimensional
chaotic piecewise map with a very similar form to the Hénon map, but with C! smooth function.
This map is not only better in mathematical analysis, but it also can process the characteristic
of the Hénon dynamics. Therefore, it is meaningful to extend the Hénon-Lozi type map into
the fractional case and investigate the resulting system’s dynamics. We first present the integer
order Hénon-Lozi map given by

z(n+1l)=1-aS:(z(n))+y(n),
{ y(n+1) = fa (n), (#.17)

where o, 8 € R, § # 0 and S; is defined by

kd if [z > e,
2

(5)+(5) el <e,

S: 'R — R, m—)SE(x):{

in which ¢ satisfies 0 < ¢ < 1. The only difference between Lozi (or Hénon’s) map is that the
term |z| (or 22) is replaced by S:(z). It was found that this map shares many of the qualitative
features of both Lozi’s and Hénon map. The chaotic attractor of the Hénon-Lozi map under
system parameters (a, ) = (1.7,0.5) with initial conditions (z (0),y(0)) = (1,0) is shown
in Figure 4.17. As with the Lozi map, zooming into particular part of the attractors reveals
clearly the fractal structure of the map. It is always helpful to examine the bifurcation diagram
corresponding to a specific critical parameter in order to gain a comprehensive understanding
of the dynamics of a chaotic system. We have produced the bifurcation diagram of (4.17) with
a € [0,1.8],8 = 0.5, and £ = 0.1 as shown in Figure 4.18. As it can be seen, the Hénon-Lozi
map enters into chaos via period doubling bifurcation.

In this section, we consider the fractional version of the Hénon-Lozi map based on the Caputo
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Figure 4.17: Phase plots of the map (4.17) for different values of e.

(a)
N

/N
<
S’
8 o ~
078
1 5 L _0.827 L L L L
0 09 18 152 154 156 158
o (6

Figure 4.18: (a) Bifurcation diagram of the Hénon-Lozi map (4.17), (b) The local amplifications
of bifurcation diagram for o € (1.51,1.583).
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4.5 The fractional Hénon-Lozi map

left difference operator. The fractional form of the map (4.17) can be defined by

CAVz(t)=1—-aS: (z(t—1+v))+ylt—1+v)—z(t—1+v), (4.19)
CAVy(t) = Ba(t —1+v) —y(t —1+v), '
where ¢t € Ny11-, and 0 < v < 1. This fractional form has been reported in our research
paper [118]. Following the same steps as in the previous section, we can express the numerical

formula of the fractional Hénon-Lozi map (4.19) as
z(n) = 2(0) + % T (1= ase (2 (= 1) (G = 1) — 2~ 1),

e (120
(n— ;+1) (Bz(j—1) —y(i—1)),

where z(0) and y(0) are the initial conditions. These numerical formula will allow us to examine
the sensitivity of the fractional Hénon-Lozi map throughout the remainder of this section.

Dynamics of the fractional Hénon-Lozi map

To fully understand the properties of fractional order Hénon-Lozi map (4.19), simulation experi-
ments, including largest Lyapunov exponents, bifurcation diagrams, phase portraits and 0-1 test
are preformed. We look at the bifurcation graphs and give rough experimental bounds on the
fractional order to separate between the asymptotically stable range and the chaotic range. Our
numerical simulation reveals that the Hénon-Lozi map with fractional order show coexistence
attractors. Regions of the fractional order spaces corresponding to the occurrence of coexisting
attractors are illustrated using bifurcation diagrams that were computed based on forward and
backward construction strategy. A detailed investigation is presented in the following.

Bifurcations and largest Lyapunov exponents

Bifurcation and largest Lyapunov exponents (LEs) are effective tools that are used to identify the
complex dynamics of the nonlinear systems (4.19). By definition, the fractional order Hénon-Lozi
map display sensitive dependence on initial conditions when two trajectories that are starting
from infinitesimally close initial conditions can diverge exponentially with the rate given by
LLE. Lyapunov exponents can be approximated using the Jacobian matrix, which in the case
of fractional order maps is calculated in a similar manner to the states of the logistic map in
Chapter 3. The Jacobian matrix J; of the fractional Hénon-Lozi map (4.19) is defined as

where
ai = a0+ iy The i (@ (—a%E@) 1) +e)
bi = bo+ by Sict rm (bi (—alE(2) — 1) +di)
6 = oty Sier i (Bai— )
di = do+ o Siot fae (Bbi— i),
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Figure 4.19: (a) Bifurcation diagram of the fractional order Hénon-Lozi (4.19) versus a with
v = 0.95, (b) Largest Lyapunov exponent of the fractional map corresponding to (a).

in which
1 if x > e,
‘;SE () =4 2 if 2] <e. (4.21)
r -1 if z < —e.

By changing the system parameters, the fractional map (4.19) can undertake different dy-
namic scenarios. As can be seen in the standard case of Figure 4.18, the Hénon-Lozi map enters
into chaos via period doubling bifurcation. Hence, it is more interesting to visualize the effect
of the fractional order v on its dynamic behavior when « is varied. The bifurcation diagram
and the largest Lyapunov exponent in the z — a plane are shown in Figure 4.19, where the
parameters 3, ¢ are set to ¢ = 0.1, § = 0.5 and v = 0.95. When v = 0.95, the bifurcation
diagram is similar to the one observed in Figure 4.18. As v passes into the range (1.556,1.74)
the largest Lyapunov exponent becomes positive which confirms the existence of chaos. The
phase portraits of the fractional Hénon-Lozi map (4.19) for different values of ¢ with a = 1.7,
B = 0.5 and fractional order v = 0.95 are shown in Figure 4.20. In all the six cases, the states
x(n), y(n) approach a bounded attractor. The corresponding bounded attractors resemble to
the ones obtained in Figure 4.17.

Now we reduce the value of v to 0.84, the resulting bifurcation diagram and the largest
Lyapunov exponent are given in Figure 4.21 (a)-(c). The local amplifications of the bifurcation
diagram for o € (1.4,1.646) is shown in Figure 4.21 (b). Regardless the value of v, the period
doubling route to chaos is always observed. As « is increased, the fractional order Hénon-Lozi
map (4.19) turns into chaos along with periodic orbits at o ~ 1.62. Obviously, as the fractional
order v decreases the bifurcation diagram gradually shifted to the left, which indicates that the
fractional order v is another bifurcation parameter.

To get further informations about the complex dynamics, we plot some bifurcation diagrams
of the fractional order Hénon-Lozi map versus order v when the other parameters are taken as
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4.5 The fractional Hénon-Lozi map

Figure 4.20: Phase plots of the fractional order Hénon-Lozi map (4.19) for different values of €.

a = 1.7 and f = 0.6. The bifurcation diagrams are obtained by presenting local maxima of
the state z(n) in terms of fractional order v, which is increased or decreased. Figures 4.22 (a),
(b) and (c) display the bifurcation diagrams for ¢ = 0.2, ¢ = 0.3 and ¢ = 0.335, respectively.
The coexisting bifurcation diagrams have been plotted in blue and red colours. The trajectories
coloured in red correspond to increasing value of v while the trajectories coloured in blue cor-
respond to decreasing value of v. This gives us a better understanding of the effect of v on the
map’s dynamics. It shows that the fractional order Hénon-Lozi map (4.19) experiences periodic
and chaotic states with the variation of order v. It is interesting that the fractional order Hénon-
Lozi map (4.19) has coexisting chaotic and periodic attractors. As we increase the value of ¢ to
0.335, the fractional order Hénon-Lozi map exhibits two different types of chaotic and periodic
attractors when v € [0.964,0.9712]. It is worth noting that when e = 0.335, the Hénon-Lozi map
with fractional order generates chaotic behavior while its integer order counterpart is periodic.
The coexisting attractors with different values of v and € are shown in Figure 4.23.

0-1 test method

In order to further confirm the influence of the fractional order v on the properties of the frac-
tional order Hénon-Lozi map, we apply the 0-1 test method. Consider the translation compo-
nents (p, q) of the system (4.19) with two different values o = 1.65, & = 1.6 and with fractional
order v = 0.95. The (p, q) trajectories are shown in Figure 4.24. Clearly, the trajectories of the
translation components p and ¢ shows Brownian behavior in the (p — ¢) plane. On the other
hand, the asymptotic growth rate corresponding to Figure 4.24 converges to 1 as n —» oo as
shown in Figure 4.25. Based on these results we prove that the attractors for the two different
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values o = 1.65 and o« = 1.6 are chaotic.
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Figure 4.21: (a) Bifurcation diagram for v = 0.84, § = 0.5 and ¢ = 0.1; (b) Zoom in on the
bifurcation diagram; (c) Largest Lyapunov exponent.
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4.5 The fractional Hénon-Lozi map

Figure 4.22: Bifurcation diagrams with v increases and decreases with o = 1.7 and 5 = 0.5. (a)
e=02, (b) =03, (c) = 0.335.
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Figure 4.23: (a) Coexisting chaotic attractor and periodic orbit for ¢ = 0.2 and fractional order
v = 0.9418. (b) Chaotic attractors for ¢ = 0.3 and fractional order v = 0.9774. (c) Coexisting
chaotic attractors for e = 0.335 and fractional order v = 0.9688.
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Figure 4.24: Brownian-like trajectories in the p — ¢ plane for the fractional order map (4.19)

when v =0.95 , (a) for o = 1.65, (b) for a = 1.6.
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Figure 4.25: Dependence of the asymptotic growth rate K on the number of iteration n for the
fractional- order Hénon-Lozi map.
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4.6 The fractional sine map

4.6 The fractional sine map

Similarly, by replacing the term x? from the Hénon map with the trigonometry sin(x) term, a
new two—dimensional iterated map [12] was proposed

{ z(n+1)=1—asinz (n)+ By (n),

y(n+1)=2x(n), (4.22)

where x and y denote the states of the discrete-time system and « and (3 are some bifurcation
parameters. This resulted in richer dynamics as the map was found to yield a C'°° mapping
that can be considered as a generalization of the chaotic attractor with "multifolds" by means
of a period—doubling bifurcation route to chaos. According to [12], the map exhibits a chaotic
behavior when « falls in the interval [—150,200] and 8 = 0.3. Namely, for o = 3.8, the phase
space is plotted in Figure 4.26 confirming the existence of chaos.

Figure 4.26: Phase portrait of the sine map for parameter values («, 5) = (3.8,0.3).

In what follows, we aim to study the dynamics of the Caputo-type fractional map correspond-
ing to the sine map (4.22). We will present some numerical simulation to gain an understanding
of the types of behavior and the effect of the fractional order on the dynamics of the integer
order map. Similar to the previous sections to derive the fractional Caputo—type version of
(4.22), we start by taking the delta—differences as

Az (n)=1—asinz(n)+ py(n) —xz(n),
{ Ay (n) =z (n) —y(n). (4.23)

Using the Caputo-like delta difference, the fractional-order sine map can be given by

{ CAZ:c(t):1—asinx(t+u—1)+ﬁy(t+’/_1)_x(t+y_1)’ (4.24)

CAy(t) =z (t+v—1)—y(t+v—1),

where t € Ngy1-1, 0 < v < 1 and a is the starting point.
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4. Two Dimensional Fractional Order Maps

Dynamics of the fractional sine map

Now, we consider the equivalent discrete formula for system (4.24), with 0 < v <1, as

#(n) =2 (0) + iy T Fag )

J=1T(n—j+1)
(1—asinz (j—1) + By (j - 1)~ (j - 1)), (4.25)
y(n) =y (0) + 1y Zpy pe M (e (G- 1) —y (G- 1)

According to the discrete equation (4.25), the proposed fractional map (4.24) highlights
memory effects, indicating that the iterated solutions x,, and ¥, are determined by all the
previous states. For numerical simulation purposes, we consider the same bifurcation parameter
values used previously. Using numerical formula (4.25), we study the effect of the fractional
order v on the dynamics of the fractional sine map (4.24).

Bifurcation diagrams, Lyapunov exponents and phase portraits

First, with v = 1, the resulting bifurcation diagram is depicted in Figure 4.27 whereby « is
kept within the interval [—1,4] and varied in steps of Aa = 0.003. Since v = 1, it is expected
that our fractional map reduces to the standard one with the solution x (n) depending on all
past information z (n —1),z (n—2),...,2(0). Once the fractional order v is varied from 1 to
smaller values, it has an impact on the dynamics of the map. The phase portraits for v = 0.976,
v = 0.78, and v = 0.65 are shown in Figure 4.28. The corresponding bifurcation diagrams are
depicted in Figure 4.29 for o € [—1,4]. It is observed that if we fix the bifurcation parameters «
and S and change the value of the fractional order v, the bounded attractor of the fractional map
distributes in larger regions. When v = 0.63, a transient state is observed as shown in Figure

8
8

-1 15 4

Figure 4.27: Bifurcation diagram of the sine map with —1 < o < 4 as the critical parameter
and v = 1.
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Figure 4.29: Bifurcation diagrams of the
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sine map for different fractional orders v.

orders v.
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4. Two Dimensional Fractional Order Maps

4.30. The solution converges to a bounded attractor at the beginning and then diverges gradually
to infinity in a different direction. Going back to the bifurcation plot of the standard sine map
as shown in Figure 4.27, it agrees with what was reported in [12]. The standard map goes from a
fixed point to a series of period—doubling bifurcations throughout the interval (0.76,1.86]. Then,
it exhibits a chaotic attractor for a € (1.86,2.16]. Once v passes to the interval (2.16,2.27],
the map goes back to a fixed point for o € (2.27,2.39]. There are also periodic windows for
a > 2.92. In Figure 4.29, we observe that as v is made smaller, the fixed point and periodic orbit
phases in intervals (2.16,2.27] and (2.27,2.39] disappear. In addition, an increase is observed
in the chaotic attractors. For completeness, Figure 4.31 shows the time evolution of the chaotic
states for v = (0.78. To further visualize the influence of the fractional order v on the dynamic

80

a0t

Figure 4.30: Transient state of the fractional sine map for v = 0.63.

behavior of the new map (4.24), the dynamics of the fractional sine map is analyzed by varying
the fractional order v. Since the Lyapunov exponent is a good indicator for existence of chaos,
we compute the Lyapunov characteristic exponents (LEs) via the householder Jacobian method
described in Chapter 3. For the parameter set (o, 3) = (3,0.3), the corresponding bifurcation
and LLE diagrams taken over the range v € [0.65, 1] are shown in Figure 4.32. As v decreases
below 1, the fractional-order sine map (4.24) is observed to undergo a translation from chaotic to
periodic states and then gradually becomes chaotic again at 0.7124. As v continues to decrease,
the system eventually converges to an unbounded attractor. All of the results above lead to the
conclusion that the fractional order v can be taken as a bifurcation parameter.

0-1 test

In order to prove the existence of a chaotic behavior in the fractional-order sine map for system
parameters (a, ) = (3.8,0.3), the 0-1 test method is considered. The 0-1 test is a binary
test that works by constructing a random walk type process from a time series data. A simple
visual test is provided by plotting the trajectories of the translation component in the p—q plane.
Generally, unbounded trajectories in the p—q plane imply a chaotic behavior whereas bounded
trajectories imply a regular behavior. Here, we applied the test directly to the solution z(n).
The results are depicted in Figures 4.33 and 4.34. Figure 4.33 illustrates the dynamics of the
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4.6 The fractional sine map

translation components (p,q). The unbounded trajectories in the p—q plane correspond to the
chaotic state. Figure 4.34 shows that the asymptotic growth rate K approaches 1 as n increases
indicating a chaotic behavior.
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Figure 4.31: Time evolution of states for the fractional sine map with v = 0.78.
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Figure 4.32: Bifurcation (a) and LLE (b) diagrams with respect to v for the fractional order
sine map with & = 3 and § = 0.3.
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Figure 4.34: The 0-1 test (asymptotic
growth rate versus n) of the fractional sine
map for different fractional orders (a) v =

0.976, (b) v = 0.78, (¢) v = 0.65.
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4.7 The fractional Duffing map

4.7 The fractional Duffing map

During the last years a large number of maps were proposed. One map that has recently
attracted some attention due to its interesting dynamics is the Duffing map, which is based
on the Duffing oscillator [115]. The Duffing oscillator is a well known second order differential
equation that describes a class of damped and driven oscillators, which is described by

T+ 6z + ax + B2 = v cos (wt), (4.26)

where x, =, and x denote the displacement, velocity, and acceleration and 6, a, 3, v, and w
are parameters. Equation (4.26) is extremely important in many fields including mechanical
engineering as it can model the motion of a spring pendulum where Hooke’s law, which states
that the displacement of a spring is linearly proportional to the force applied to it, does not
apply. In such a case, v cos (wt) represents the sinusoidal driving force for the pendulum with
~v and w being the amplitude and angular frequency, respectively, and J, «, and [ represent
the damping, stiffness, and restoring force nonlinearity of the spring, respectively. This Duffing
oscillator (4.26) has received considerable attention over the years due to its interesting chaotic
behavior with a double strange attractor. Figure 4.35 depicts the phase space of the oscillator.
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Figure 4.35: Phase space of the Duffing oscillator (4.26) with 6 = 0.5, a = —1, § =1, v = 0.42,
and w = 1.

The Duffing map is a discrete—time system based on equation (4.26), and given by

z(n+1)=y(n),
{ y(n+1) =Bz (n)+ay(n) —y*(n), (4.27)

where o and ( are bifurcation parameters. This map was first introduced in [116] to describe
the transformation required by a certain laser ray represented by its discrete-time distance to
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4. Two Dimensional Fractional Order Maps

the optical axis z(n) and its angle y(n) after one round trip inside the laser cavity. The Duffing
map has been shown to exhibit a chaotic behavior for certain values of o and . Figure 4.36
shows the attractor of the Duffing map (4.27) along with its bifurcation plots with respect
to @ and  and the estimation of the Lyapunov exponents. The attractor shown in Figure
4.36(a) is produced given initial conditions [z (0),y (0)] = [0.3,0.1] and system parameters
[a, B] = [2.77,0.2]. Figure 4.36(b) depicts the estimation of the Lyapunov exponents by means
of the Jacobian method, which yields Ay = 0.4682 and Ay = —2.0776. Clearly, since A\; > 0, the
map is chaotic. Figures 4.36(c) and 4.36(d) show the bifurcation plots produced when fixing one
of the parameters and varying the second. We see that the maximum chaotic range is observed
for a = 2.77 and 8 =~ —0.116. In addition to its application in the modelling of lasers, this map
has also found applications in the digital scrambling of voice [117] and biometric encryption [119].

Figure 4.36: (a) Attractor of the standard Duffing map (4.27) with («,8) = (2.77,0.2) and initial
conditions [z (0),y (0)] = [0.3,0.1)]. (b) estimates Lyapunov exponents by means of the Jacobian matrix
method. (¢) Bifurcation plot with a € [2.2,2.8] as the critical parameter and 8 = 0.2. (d) Bifurcation
plot with 8 € [-0.2,1] as the critical parameter and o = 2.77.

Now, we would like to produce a fractional difference form of the Duffing map (4.27) and
investigate the effect of fractional order on its chaotic behaviour. First, we take the difference
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4.7 The fractional Duffing map

form, which is given by

Az (n) =y (n)—z(n),
{ Ay (n) = Bz (n) + (a—1)y (n) —y* (n). (4.28)

Then, we can state the Caputo-type fractional form as

{CAZx(t):y(t—1+V)—$(t_1+V>’ (4.29)

CALy(t) = —Br(t—1+v)+(a—Dy(t—1+v) -y (t—1+v),

for t € Ngy1_,, 0 < v < 1, a is the starting point, and ©“A¥ is Caputo-like difference operator.
The fractional duffing map (4.29) remains invariant under the transformation (z,y) — (—x, —y)
for all values of parameters «, 0 and order v. Hence this system could display coexisting
attractors for appropriate choice of initial conditions and fractional order as well. For numerical
analysis purposes, we define the numerical formula as

2(n) =2 (0) + iy 3 HH G- 1) -2 (- 1),
y() =y (0) + iy X HGH (A =D+ -y (- 1) (430
—y*(j - 1))

Particularly, the case of v = 1 can be reduced to the standard fractional Duffing map (4.27) where
we have show that the integer-order map produced chaotic attractor given initial conditions
[ (0),y(0)] = [0.3,0.1] and system parameters [«, 3] = [2.77,0.2]. It is interesting to see the
wide variety of dynamics as v changes. The following results where reported in reference [120].

Dynamics of The Fractional Duffing Map

In this part, complex dynamical behaviors of the fractional Duffing map (4.29) including coex-
isting of different attractors are broadly investigated by phase portraits, bifurcation diagrams,
largest Lyapunov exponent and 0-1 test. Then, complexity of the fractional map (4.29) is inves-
tigated using Cp algorithm and approximate entropy (ApEn).

Bifurcation analysis and coexisting attractors

As we saw in the standard case of Figure 4.36, the range of « for which we obtain a chaotic
behavior is very short. Hence, it is more interesting to visualize the effect of 5 on the map’s
dynamics. We have produced the bifurcation plots of (4.29) with 8 € [—0.2,1] and o = 2.77.
Varying the fractional order v between 0.6 and 1 yields the bifurcation diagrams depicted in
Figure 4.37. It is interesting to see the wide variety of dynamics as v changes. Next, we assess
the behavior of the fractional Duffing map with v as the bifurcation parameter. Figure 4.38
depicts the resulting bifurcation when (o, ) = (2.77,0.2) and v € [0,1], in which the red
diagram begins with the initial condition (—0.3,—0.1) and the blue diagram begins with the
initial condition (0.3,0.1). This gives us a better understanding of the effect of v on the map’s
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-0.2 0 02 04 06 08 1 -0.2 0 02 04 06 08 1

Figure 4.37: Bifurcation diagrams of the fractional Duffing map (4.29) with 8 € [-0.2, 1] as the
critical parameter, a = 2.77, [z (0),y (0)] = [0.3,0.1], and different fractional orders v.
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Figure 4.38: Bifurcation diagrams of the fractional Duffing map (4.29) with v € ]0,1] as
critical parameter, (o, ) = (2.77,0.2), (z(0),y(0)) = (-0.3,—0.1) for red diagram and
(z(0),y(0)) = (0.3,0.1) for blue diagram.

v =10.09018

v =0.1864 v =0.95

Figure 4.39: The coexisting attractors of the fractional Duffing map (4.29) for («,3) =
(2.77,0.2), with initial condition [z (0),y(0)] = [0.3,0.1] for blue attractors and with
[z (0),y(0)] = [-0.3,—0.1] for red attractors.
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dynamics. When v €]0,0.1543] U [0.3367,0.4289], the fractional Duffing map (4.29) has two
coexisting periodic and chaotic attractors as shown in Figure 4.39. When v is in the interval
[0.1663, 0.3307[U[0.4489, 1], the fractional Duffing map (4.29) become totally chaotic (see Figure

4.39).

Now, we present the tangent map to get the Lyapunov exponent from which we can get
corresponding v to distinguish the chaotic state of the fractional Duffing map (4.29)

where

473 bl
Ji_(@ di)’

i T(i—j+v)

= a0+ 5y Dj=1 (i ]+1 p(—aita),

bo + oy S i) (—bik i)

co+r(lv) ; 1r(( ;fg( Ba; + (o —3y* —1) ¢;),
= do+ iy St Fey) (<Bbi+ (0 =3y~ 1) dy) .

Figure 4.41 shows the the largest LE as functions of v. By direct comparison, the largest
Lyapunov exponents are consistent with the corresponding bifurcation diagram. In addition to
these particular snapshots, we have also estimated largest LE for the same bifurcation constants,
initial states, and fractional orders from Figure 4.37 as depicted in Figure 4.40. This, again, is
consistent with the previous results in Figure 4.37.
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Figure 4.40: Largest Lyapunov exponents of the fractional Duffing map with v € ]0, 1] as critical
parameter, (o, ) =

(2.77,0.2) and (zo,y0) = (0.3,0.1).
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Figure 4.41: Estimated Lyapunov exponents for the same parameters, initial conditions, and
fractional orders adopted in Figure 4.37.
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Figure 4.42: The 0-1 test of chaos for the fractional Duffing map (4.29); dependence of
the asymptotic growth rate K on the length of N, with parameters, a = 2.77,8 = 0.2,
[z (0),y(0)] =[0.3,0.1], and different fractional orders v.
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0-1 test

To validate the chaotic behavior of the fractional Duffing map, Figure 4.42 illustrates the asymp-
totic growth rate K of the 0 — 1 test method with different values of v. The solution x(n)
is obtained under the same system parameters as in Figure 4.37, and for the initial values
[2(0),y(0)] = [0.3,0.1]. In these cases the asymptotic growth rate K of the fractional-order
duffing map approaches one, which indicates the presence of chaos. These results agree well
with the bifurcation and largest Lyapunov exponent diagrams in Figure 4.37 and Figure 4.41,
respectively. We also treat the fractional order v as a bifurcation parameter, the asymptotic
growth rate K versus v €]0,1] is shown in Figure 4.43. As v increases, the asymptotic growth
rate approaches 1 for most values of v at the interval |0, 1]. We conclude that the Duffing map
shows chaotic behavior for most values of v.
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Figure 4.43: Dependence of the asymptotic growth rate K of the fractional Duffing map with
v € ]0,1] as critical parameter, (o, ) = (2.77,0.2) and [2(0),y(0)] = [0.3,0.1].

C, complexity analysis

In this section the complexity of the fractional order Duffing map is analyzed by means of Cy
complexity algorithm. Complexity of the fractional Duffing map is calculated under the same
conditions as above, and the results are shown in Figure 4.45 and Figure 4.44. These results
consist with the previous diagrams and it shows that the fractional Duffing map has higher
complexity when v € (0.8485,0.9495).

Approximate entropy (ApEn)

Now, the complexity of the fractional Duffing map (4.29) is described by employing the ap-
proximate entropy (ApEn). Figure 4.46 shows the ApEn of the proposed fractional Duffing
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Figure 4.44: Cy complexity analysis of the fractional Duffing map (4.29) with 8 € [-0.2,1] as
critical parameter, a = 2.77, [z (0),y (0)] = [0.3,0.1], and different fractional orders v.
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map (4.29) for different values of fractional order and when a = 2.75, 8 = 0.2, z(0) = 0.3,
y(0) = 0.1. As one can see, the complexity of the fractional Duffing map (4.29) varied as we
vary v. Therefore, we must be aware of the value of the fractional order in the fractional duffing
map (4.29) in order to have a relatively high structural complexity.
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Figure 4.45: Cp complexity analysis of the fractional Duffing map with v € ]0, 1] as the critical
parameter, (o, ) = (2.77,0.2) and [2(0),y(0)] = [0.3,0.1].
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Figure 4.46: ApEn of the fractional Duffing map with v € ]0,1] as critical parameter, («, 8) =
(2.77,0.2) and [(0),y(0)] = [0.3,0.1].
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4. Two Dimensional Fractional Order Maps

4.8 The fractional sine—sine map

We now move to a new two dimensional chaotic map that includes two sine terms, which was
proposed and studied in [121]. The so called sine-sine map is defined by

x(n+1)=sinz(n)—sin2y(n),
Lo 2 o

where x and y are the dependent state variables. Although this map is simpler than the previous
one, it was shown to exhibit richer dynamics with a class 1 type of basin excluding a set of
measure zero. The phase space for initial conditions [z (0),y (0)] = [1,1] is shown in Figure
4.47. The shape of the attractor agrees with the results reported in [121].

Figure 4.47: Phase portrait of the standard sine-sine map with initial conditions [z (0),y (0)] =
[1,1].

Similar to the the previous sections, using the fractional discrete calculus notation described
in Chapter 1, we can write the fractional sine—sine map for t € Nyy1_, as

CAVz(t) =sinz (t+v—1)—sin2y(t+v—1)—x(t+v—1), (4.32)
CAVy(t) =z (t+v—1)—y(t+v—1), :
where 0 < v < 1. Also, the numerical formula can be represented as
n I'(n—j5+v
x(n):m(O)%—ﬁ FEn ;L; (sinz(j—1)—sin2y(j—1)—z(j—1)), (4.33)
I'(n—j+v :
y(n) =y (0) + 5 Z] T @ (-1 -y (-1),

where 2(0), y(0) are the initial conditions. The following results are reported in reference [122].

Dynamics of the Fractional Sine-Sine map

Using numerical formula (4.33) with two different fractional orders v = 0.989 and v = 0.976
yields the phase space portraits shown in Figure 4.48. The largest Lyapunov exponent for these

138



4.8 The fractional sine—sine map

two orbits are illustrated in Figure 4.49. Since the fractional order map has a positive largest
Lyapunov exponent, the phase portrait in Figure 4.48 are therefore a chaotic attractors. The
calculated values K of the 0-1 test for these two orbits are also presented in Figure 4.50. We
observe that K approaches 1 for v = 0.989 and v = 0.976. Therefore, the 0-1 test confirms the
existence of chaos. Setting v = 0.976 and varying parameter p in the interval [0,2.5] in steps of
Ap = 0.001 yields the bifurcation diagram shown in Figure 4.51.
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15 0.06
oo W\\/\M/\N\ﬁ
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T n

Figure 4.48: Attractors of the frac- Figure 4.49: LLE of the fractional
tional sine—sine map for two differ- sine—sine map for different fractional
ent fractional orders v = 0.989 and orders: (a) v = 0.989, and (b) v =
v = 0.976. 0.976.

To analyze further the effect of the fractional-order v on the dynamic behavior of the
fractional-order sine-sine map (4.31), we chose to vary v from 0 to 1 in steps of 0.001 and

observe the behavior of the map. The bifurcation diagrams for two different initial conditions
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4. Two Dimensional Fractional Order Maps

(0)

Figure 4.50: The 0-1 test of the fractional sine-sine map for different fractional orders: (a)
v = 0.989 and (b) v = 0.976.
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Figure 4.51: Chaotic attractor and bifurcation diagram of the fractional sine-sine map for
v = 0.976 and critical parameter p varying from 0 to 2.5: (a) chaotic attractor, (b) bifurcation
diagram

are shown in Figure 4.52. The red diagram corresponds to initial conditions (—1, —1) while the
blue diagram corresponds to initial conditions (1,1). It is clear that the fractional order map
(4.31) is invariant under the transformation from (x,y) to (—z, —y). From Figure 4.52, we find
that even with a fractional order, the map still exhibits a chaotic behavior. The chaotic prop-
erties of the map disappear in the interval v € [0.952,0.967] and reappear for v € [0.939,0.951]
as seen in Figure 4.52. Finally, when v < 0.03, chaos disappears once more and the system
becomes stable.
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4.9 The fractional form of the Ikeda map

Figure 4.52: Bifurcation diagram of the fractional sine-sine map with v as the critical parameter
for two different initial conditions: (red) (zg,y0) = (—1,—1) and (blue) (xq,yo) = (1,1).

4.9 The fractional form of the Ikeda map

The Tkeda map was introduced firstly by Ikeda [11] as a physical model to exhibit the dynamics
of light in the ring cavity (a model of light going around across a nonlinear optical resonator).
In [123], this model has been reduced to the following discrete-time dynamical system

z2(n+1) = A+ Bz (n)exp i (|2 (n) P+ C)], (4.34)

where z(n) represents the electric field inside the resonator at the n-th step of rotation in the
resonator, the parameter A indicates laser light applied form the outside, the parameter C
indicates linear phase across the resonator, and the dissipation parameter B characterizing the
loss of resonator. If B = 1 then the Ikeda map reduces to a conservative map. In mathematics,
the real valued two-dimensional Tkeda map can be expressed as a discrete-time dynamical system
in the form

y(n+1) = & (n)sing (n) +y (n) cos (n)} .

where § is a parameter and

{ z(n+1) =1+ {z(n)cosp(n) - §/(n sing (n)}6, (4.35)

6
1422 (n) +y*(n)
In Figure 4.53, we display the bifurcation diagram, when ¢ varying from 0 to 0.9, Lyapunov

exponents and the phase space of the Ikeda map. It is clear from Figure 4.53 that this map
exhibits chaotic behavior for almost all values of 0.6 < § < 0.9. Now, before we introduce the

v(n)=04-

(4.36)
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< 4 > -0.75

Figure 4.53: (a) Bifurcation diagram for ¢ varying from 0 to 0.9 in the § — x plane, (b) Lyapunov
exponents corresponding to the bifurcation diagram in the ¢ — x plane, (c) Phase space of Tkeda
map

fractional-order form of Tkeda map, we use the standard forward difference operator, Au(n) =
u(n+1) —u(n), to rewrite the system (4.35) into the difference form

Az (n) =1+4+{x(n)cosp(n) —y(n)sing (n)}dé—z(n),
{ Ay (n) ={z(n)sinp(n) +y(n)cosp(n)}d—y(n). (4.37)

In the above system, if we replace the difference operator A by the Caputo-like difference
operator “A” and n by w =t — 1 + v then we get the fractional-order difference system

{ CAVz(t) = 1+ {z(w) cos p(w) — y(w) sin p(w)} § — z(w), (4.38)
“Any(t) = {z(w)sinp(w) +y(w) cos p(w)} 6 — y(w), '

where t € Nyt1-,, v €]0,1] is the fractional order parameter and a is the starting point. The
fractional Tkeda map expressed by the fractional order difference system given in (4.38) can been
seen as an extension or a generalization of the integer order Ikeda map given in the difference
system.

Dynamics of the fractional Ikeda map

This subsection employs numerical tools to assess the dynamics of the proposed fractional ITkeda
map given in system (4.38). For this purpose, we define the discrete numerical formula, as

2(t) = 2(a) + 1oy Sy (5~ 1P (14 {2(w) cos plw) —y(w) sinp(w)} 6~ 2(w).
y(1) = y(a) + 1oy Sy (=5 — 177 ({a(w) sin () +y(w) cos p(w)} 5 — y(w)).
(4.39)
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4.9 The fractional form of the Ikeda map

t € Nyy1, since (t—s—1)""1 = [(t=s) L and for a = 0, we have

I(t—s+1-v

2(n) = 2(0) + 57 St Fomd (14 {2(j — 1) cos p(j — 1)
A —y(j—l)singo(j—l)}&—x(j—1)), (4.40)
y(n) = y(0) + 1ty Tyt o) ({2 = sing(j — 1) +y( — 1)
cosp(j)}o—y(i—1)).

Now, using the above numerical formula, we are going to explore numerically the action of
the fractional order v the behavior of the fractional Tkeda map (4.38) . For simplicity we take
[2(0),y(0)] = [0,0]. The attractors of the map (4.38) for different fractional order values v are
listed in Figure 4.54, where the variable z is located horizontally and the variable y is located
vertically. From Figure 4.54, it has been noticed that decreasing the fractional order v leads to a
change of the shape of the fractional Ikeda attractor, as v decreases further the chaotic attractor
transitioned to stable one. The evolution of the states in discrete time for the fractional Tkeda
map is illustrated in Figure 4.55 for the case of v = 0.95. The random like nature of the solutions
shown in Figure 4.55 confirms the existence of chaos when v = 0.95.

1.2

-1 05 2 -1 05 2 1 06 2.2

Figure 4.54: Attractors of the fractional Ikeda map for different fractional orders
Figure 4.56 shows the bifurcation diagrams of the fractional Ikeda map when v = 0.95,0.83,0.51
and 0.4. Form these bifurcation diagrams one can see that fractional Tkeda map is chaotic for

almost all values of the fractional order v. However, in order to gain a better explanation of the
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Figure 4.55: Evolution of the fractional Ikeda map states when v = 0.95
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Figure 4.56: Bifurcation diagrams of the fractional Ikeda map obtained when v = 0.95, v = 0.83,
v =0.51 and v = 0.4.
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4.10 The fractional generalized Arnold map

dynamics of the proposed fractional Ikeda map, we use some additional tools. Figure 4.57(a)
shows the largest Lyapunov exponent and Figure 4.57(b) shows the bifurcation diagram of the
fractional Tkeda map when v € [0, 1], where the fractional order is used as the critical parameter
and with the same initial conditions and parameters used previously. As expected, from the
agreement between the results shown in Figure 4.57, we can see that the map remains chaotic
for almost all values of the fractional order v € [0.3,1]. All the above results where reported
n [124].

0.7

0.6

Ww ﬂ’W N MWMW

05k . wvw, | W /

M

L L L L L L L L L
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
v

Figure 4.57: (a) Largest Lyaponov exponent and (b) bifurcation diagram of the fractional Tkeda
map when v € [0, 1].

4.10 The fractional generalized Arnold map

In this section, we are interested in the generalized Arnold map, which is of the form

{ z(n+1) = z(n) + Ay(n), mod 1, (4.41)

y(n+1) = Bx(n) + (AB+1)y(n), mod 1,

where z(n),y(n) € [0,1], A, B are system parameters and n represents the discrete iteration
step. It is clear that when A = B = 1 the integer-order map (4.41) can be reduced to the
classical Arnold map. A more comprehensive study of the generalized Arnold map was performed
in [127]. The phase-space portraits of the map (4.41) are depicted in Figure 4.58 for three typical
examples.

In the following, we aim to report the results obtained in our manuscript [129], where this
map has been extended into the fractional case and the resulting system dynamic has been
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4. Two Dimensional Fractional Order Maps

investigated. Taking the Caputo-difference of (4.41) , yields

CAVz(t) = Ay(t — 1 +v), mod 1, (4.42)
CAVy(t) = Bx(t —1+v)+ ABy(t —1+v), mod 1, .

in which t € Ng41-,, 0 < v <1 is the fractional order, and a is the starting point. Following

SONRRR
XN |

SNA

Figure 4.58: Chaotic attractors of the integer-order generalized Arnold map (4.41): (a) (A, B) =
(12,7); (b) (4, B) = (24,9) (¢) A= B =1,

Figure 4.59: Attractors of the fractional-order generalized Arnold map (4.42) with different
values of the fractional order: (a) v = 0.95; (b)r = 0.73; (c) v = 0.4.

Section 4.2, we obtain the corresponding numerical formula as

2(n) = 2(0) + 1y L Tt (Ay( - 1)),
1 JT:Ll I'(n—j+v) (443)
y(n) =y(0) + 707 X T (Bz( — 1) + ABy(j — 1))

Il
=

J

Using formula (4.43), we may obtain the states of the fractional generalized Arnold map (4.42)
and consequently produce time series plots of the states and phase-space plots.
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4.10 The fractional generalized Arnold map

Dynamics of the fractional generalized Arnold map

In order to explain the dynamics of the proposed fractional generalized Arnold map (4.42),
similarly, numerical analysis is considered using Matlab software. In the following, the initial
condition are assigned to [zg,yo] = [0.7,0.6], the bifurcation parameters A, B are fixed as
A =12, B =17 and v is varied from 0 to 1. The phase portraits for v = 0.95, v = 0.73 and
v = 0.4 are depicted in Figure 4.59. From Figure 4.59, we can observe that, for each value
of the fractional order v, the trajectories converges to bounded attractors with quite different
shapes and irregular motion, that is chaotic attractors. As a next step of the investigation, the
evolution of states at v = 0.73 is shown in Figure 4.60. As might be seen there is sensitive
change in the initial condition which in general implies the existence of chaos.

Figure 4.60: Evolution of states of the fractional-order map (4.42) for (A, B) = (12,7) and
v =20.17.

To provide more informations about the chaotic behavior of the fractional generalized Arnold
map (4.42), the largest Lyapunov exponent (LLE) will be computed. In this case, the tangent

map J; is defined as
_ [ a b
Ji = ( ¢ d; > (4.44)

where
v T(i—jtv
oim o oty 5 B A
_ 1 i T(i—j+v)
bi="bo+ 15 2w Adi-1

.
Bl
-

Eﬁ:jm (Baj-1 + ABcj-1),

o
=)
+

:\

—

I
]~

| =

C; —

<.
A
—_

di = do+ 5 2 Tl ;ﬁ (Bb;_1 + ABd;_1) and (ag, bo, co, do) = (1,0,0,1).
As reported in Chapter 3 the matrix J; is independent of initial condition and it depends only on
[(i—j+v)

the values of the factor O TSI

The largest Lyapunov exponents are calculated numerically
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4. Two Dimensional Fractional Order Maps

against v € [0,1] and plotted in Figure 4.61(a). As shown in Figure 4.61(a), the LLE remain
positive for each value of v which implies that fractional generalized Arnold map (4.42) exhibits
chaotic behavior. Also, we notice that the LLE of the fractional map (4.42) are less than the
LLE of the integer-order generalized Arnold map (4.41). Figure 4.61(b), 4.61(c) depict the LLE
when (A4, B) = (24,9) and A = B = 1, respectively. The similar behavior is observed and the
fractional order generalized Arnold map remains to be chaotic for every positive parameters A
and B.
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Figure 4.61: Largest lyapunov exponent in the Apax — v diagrams: (a)(A, B) = (12,7); (b)
(A,B) = (24,9); (¢) A=B=1.

4.11 The fractional-order modified Arnold map

Based on the Arnold cat map, a new two-dimensional map is proposed as
z(n+1) | | A B z(n) E

[y(n—i—l)]_lCD][y(n) 1 F , mod 1, (4.45)
inwich A=KC+1, B=K(D-1), E# KF #0, E € (0,1) and F € (0,1). This map was
developed by Wang and Ding in [128] as a modification of the original Arnold cat map. They
showed by means of analytical and numerical methods that hidden chaotic attractors exist in the
integer-order map (4.45) for certain values of the bifurcation parameters and |KC + D| > 1. The
phase-space portraits of the map with no fixed point are depicted in Figure 4.62 . The fractional—

order map corresponding to (4.45) may be obtained in a similar manner to the fractional map
(4.3) as follow

CAVz(t) = Ax(t—1+v) + By(t —1+v) + E—a(t—1+v)
mod 1,
CAVy(t) = Cx(t—14+v)+ Dy(t—1+v)+ F —y(t—1+v)

mod 1,

(4.46)
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=05

Figure 4.62: Chaotic attractors of the integer-order modified Arnold map (4.45): (a) when
A=3B=2C=1,D=2E=01,F =02 (b) when A = 0.5, B = 0.2, C = —0.25,
D=2 E=0.1and F=0.2.

for t € N4—p+1, where 0 < v < 1. The corresponding numerical formulas may be given by

(4.47)

(Cx(j—1)+Dy(j—1)+ F—y(j—1)) mod1.

This numerical formula will allow us to to analyse the dynamics of the fractional modified Arnold
map (4.46) and ensure the existence of chaos.

Dynamics of the fractional Modified Arnold map

Now, phase portraits, largest lyapunov exponent and bifurcation diagram are used to study the
dynamical behavior of the fractional-order modified Arnold map (4.46). When (A, B,C,D,E, F) =
(3,2,1,2,0.1,0.2) and with various values of the fractional order v, different phase portraits are
plotted in Figure 4.63. As the values of v decreases the phase portraits remains in bounded
attractors and a chaotic behavior appears. The bifurcation diagram and the largest Lyapunov
exponent are shown in Figure 4.64. When v € [0.1,1], the fractional-order map (4.46) exhibits
chaotic behavior state with positive largest Lyapunov exponent. For v €]0,0.1[, the largest
Lyapunov exponent equals to zero, implies that the fractional-order map (4.46) is in periodic
state. It worth pointing that for some fractional-order the trajectories of the generalized Arnold
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4. Two Dimensional Fractional Order Maps

map are not exactly periodic; Figure 4.65 shows that the trajectory never return the same point.

Figure 4.63: Attractors of the fractional-order modified Arnold map (4.46) for different fractional
order values: (a) v =0.9; (b) v =0.8; (¢c) » =0.25
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Figure 4.64: (a) Bifurcation diagram in the x — v plane; (b) largest Lyapunov exponent versus
v.
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Figure 4.65: Non-chaotic attractor of the fractional-order modified Arnold map for v = 0.001
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4.12 The fractional Rulkov map

4.12 The fractional Rulkov map

Chaotic discrete—time systems (maps) have received considerable attention over the last two
decades due to their many applications in secure communications and control. Numerous maps
have been proposed throughout the years. The many proposed chaotic maps can be classified
into categories according to their nonlinearities. For instance, the class of rational chaotic maps
comprises of those maps where the nonlinearity is a rational function of the system’s states.
Rational maps have been an interesting subject due to the fact that exhibit a rich chaotic
behavior as demonstrated in numerous studies. Interest in this type of maps started with one-
dimensional maps such as that of [125], where the authors showed how the dynamics of a 1D
rational map where more complicated than the standard logistic map. Further investigations
led to the development of a number of 2D maps. Very recently, a new discrete iterative system
with rational fraction has been discovered in the study of evolutionary algorithms. The two
dimensional discrete Rulkov model with rational fraction [126], is described by

z(n+1) = ey +y(n),
{ y(n+1) =y+(n) —ox(n)—40, (4.48)

where  (n) and y (n) denote the states of the system representing the fast and slow dynamical
variables, respectively, and # and o are positive parameters in the order 0.001. We fix the
parameters 0,6 and vary u in the interval [0, 5] with a step size Ay = 0.007. The bifurcation
diagram is shown in Figure 4.66.

[==)
—
)
w
i
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Figure 4.66: Bifurcation diagram of the standard Rulkov rational map with ¢ = 8 = 0.001 and
pel0,5]
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The fractional version of system (4.48) can be given as in [131]

CAZLE(t)Im‘i‘y(t*l‘i‘y)*l'(t*l‘i‘l/) (449)
CALy (t) = —ox (t—1+v) — 6, '
for t € Ngy1—,. The numerical formula for (4.49) can be expressed as
n I(n—jtv . .
z(n) =z (0)+ r(ly) rrgn ;+1§ (1+:1:QIE]'71) +y(-1)—-=(— 1)) ’ (4.50)
y(n) =y (0) + w5 S Tt (—ow (j —1) =) ,

Considering the parameter values p = 4.3 and o = 6 = 0.001, the phase portrait is depicted
in Figure 4.67 for v = 1 and [z (0),y (0)] = [0.1,0.2]. In this case, the map is identical to
the classical Rulkov model (4.48). Figure 4.68 shows the bifurcation diagram with u as the
critical parameter and v = 0.85. We observe that chaos exists in the fractional map and that
the factional order has an effect on the system dynamics. The chaotic nature of the states is
apparent.

x H

Figure 4.68: Bifurcation diagram of

Figure 4.67: Phase space of the frac-
the fractional Rulkov map for v = 0.85

tional Rulkov map for v =1

4.13 The fractional Chang et al. map
In this section, we consider another rational discrete map that was proposed in [132]. The Chang
et al. map is given by

{ r(n+1)= m —py(n), (4.51)

y(n—I—l)zm—qu;(n),

where p,q € [0,0.99] and x(n),y(n) € [-1000,1000]. Numerical analysis showed that for
p = 0.99 and ¢ = 0.9, the map is chaotic. The bifurcation diagram and phase portraits are
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Figure 4.69: (a) Bifurcation diagram with the critical parameter p being varied from 0 to 0.99.
(b) Phase portrait for the Chang et al. map with parameter values p = 0.99 and ¢ = 0.9

shown in Figure 4.69. Using the Caputo-like fractional difference, we can formulate the fractional
Chang et al. map as follows

{CAZfC(t)ZW—W(t—“r”)_””(t_””)’ (4.52)

Ny (1) = grriror T ar (= 1) —y(t-1+v),

where t € Ngi1-, and 0 < v < 1. In view of Theorem 1, the discrete solution of the fractional
order map (4.52), for a = 0, can be obtained as

n TI'(n—j+v . .
z (TL) =T (0) + r(ly) j=1 rgn_;ilg <x2(j—ﬁ)+0.1 — Py (.] - 1) - (] - 1)) ) (4 53)
n TI'(n—j+v . . '
y(n) =y (0) + iy X1 Ty (s +ar G-V -y (G- 1))
In what follows, we choose to fix p = 0.99 and ¢ = 0.9 and set the initial conditions
to [x(0),y(0)] = [1,1]. By implementing numerical formula (4.53) as a Matlab script, we

have examined the general behavior of the fractional Chang et al. map (4.52) in terms of its
dependence on the fractional order v. First, the phase space is shown in Figure 4.70. It provides
a general idea about the nonlinearity of the solution. It can be noticed that as we vary the
fractional order v, the attractor changes its shape. Such changes confirm that the fractional
order has an effect on the dynamics of the solution. To investigate the chaotic behavior further,
the bifurcation diagram is considered. We varied the parameter p in steps of Ap = 0.001 over
the interval [0,0.99]. For v = 0.95,0.85,0.7,0.64 the bifurcation diagrams are shown in Figure
4.71. This confirms the existence of chaos. In addition, as the fractional order drops below
0.613, chaos disappears completely.
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Figure 4.70: Attractors of the fractional Chang et al. map for different fractional orders
v =0.95 v=0.85

-20

Figure 4.71: Bifurcation diagrams obtained with different fractional orders

4.14 The fractional Zeraoulia—Sprott rational map

Another interesting fractional 2D chaotic map that can be found in the literature is that of
Zeraoulia and Sprott [133], which is of the the form
_ —az(n)
z(n+1)= T2 () (4.54)
y(n+1)=2x(n)+By(n),
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where a and 8 are bifurcation parameters. This map is more dynamically rich than the
previous two maps as it produces several chaotic attractors obtained via the quasi periodic
route to chaos. Considering parameter values @ = 3.7 and § = 0.6, the resulting chaotic
attractor is depicted in Figure 4.72.

Figure 4.72: Phase portraits of the standard Zeraoulia—Sprott rational map with o = 3.7 and
5 =0.6.

The fractional version of this map can be described for t € Ny41-, as

{ CAe () = Thmirg — e (t—1+v), (4.55)
CAVy(t) =2z (t—14+v)+(B-1Dy(t—1+v),
with the corresponding numerical formula
n L(n—jtv -1 .
#(n) =2 (0) + iy S o (Ftn — 2 0= 1)) (4.56)
n T'(n v i .
y(n) =y (0) + 7 Zjmi rmed (@ (G- D+ (B- 1y (i - 1)).

In order to assess the dynamics of this fractional map, we use numerical results. We consider
the initial conditions (x (0),y (0)) = (—1,—1) and vary the fractional order v. Figures 4.73
and 4.74 summarize the results. The phase portraits of the fractional map (4.55) for v =
0.98,0.95,0.93,0.92 are displayed in Figure 4.73 with o = 3.7 and § = 0.6. Given the same
value for § and with « € [—1,4], Figure 4.74 depicts the bifurcation diagrams for the four values
of the fractional order v. It is noticed that system (4.55) exhibits a chaotic behavior when
0.93 <v < 1. As v takes a value less than 0.93, chaos starts to disappear. We note that when
0.8 < v <0.88, the map converges to a quasi periodic orbit as demonstrated by Figure 4.75.
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Figure 4.73: Phase space attarctors of the fractional Zeraoulia—Sprott rational map for different

fractional orders

v=0.98

Figure 4.74: Bifurcation diagrams of the fractional Zeraoulia—Sprott rational map for different

fractional orders
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4.15 The fractional-order Lorenz chaotic map

Figure 4.75: Bifurcation diagram of the fractional Zeraoulia—Sprott map (left) and the attractor
of the map’s Quasi periodic orbit for v = 0.88 (right)

4.15 The fractional-order Lorenz chaotic map

The discretization of the well known continuous—time Lorenz chaotic system was proposed in [7]
and is of the form

{ z(n+1) = (1+938)z(n) =6y (n)x (n), (4.57)

y(n+1)=(1-20)y(n)+dz*(n),

where v and § are some parameters that determine the general behavior and dynamics of the
system. This system has a chaotic attractor, for instance, when v = 1.25 and § = 0.75. Following
the same steps as in Section 4.2 above, we can formulate the fractional Lorenz map as

(4.58)

OAVz (t) =0z (t—1+v) =0y (t—1+v)z(t—1+v),
CALy (1) =6 (—y(t—1+v)+22(t—1+v)),

fort € Ny—p+1 and 0 < v < 1. The frctional Lorenz map (4.58) is symetrical about the x-axis
since it remains unchanged whent the transformation (—z,y) — (x,y) is applied. Therefore,
The numerical formula of fractional discrete-time systen (4.58) can be given by
p () = 2 (a) + iy Sy Foe
(vox (j—1) oy (i — D= (j—1)), (4.59)
y(n) =y (a) + by Spt fe s (5(—y (G — 1) + 22 (- 1))

Given the parameters (v,9) = (1.25,0.75), v = 1, a = 0, and initial conditions (z(0),y(0)) =
(0.1,0), the fractional Lorenz map (4.58) reduces to the standard integer Lorenz map. The
solutions approach the strange attractor depicted in Figure 4.76(b). Figure 4.77 shows the
trajectories obtained with 9000 points given the same parameters and initial conditions chosen
previously and with the fractional order v € {0.98,0.838,0.837,0.833,0.83}. In all six cases,
solutions are plotted in the z — y plane. We observe that a slight change in the fractional order
v leads to transition from a strange attractor to two invariant circles and then to a seven periodic
orbit. These changes denote that the strange attractor is destroyed as v decreases.
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Figure 4.76: (a) Bifurcation diagram of the standard Lorenz map with (z (0),y (0)) = (0.1,0)
and (v,0) = (1.25,0.75) and (b) the solutions in the  —y plane.
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Figure 4.77: Trajectories generated by the fractional Lorenz map after being run for 9000 points
with (z (0),y(0)) = (0.1,0), (v,6) = (1.25,0.75) and different fractional orders v.
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4.15 The fractional-order Lorenz chaotic map

In order to study the effect of the fractional order on the dynamics of the chaotic system, we
observe its bifurcation analysis. For accurate and stable outputs, we calculate the bifurcation for
2000 points. The initiale states are again fixed at (2(0),y(0)) = (0.1,0) and parameter § = 0.75.
Figure 4.78 shows the bifurcation graphs obtained with ~ as the critical parameter and different
fractional orders. The step size adopted in the variation of v to produce this graph was set to
v = 0.001. As v decreases, the bifurcation diagram changes. Particularly, for v = 0.98, the
fractional map converges to a fixed point over the approximate interval v € [0.4,0.6429]. For,
v € [0.92,1.27], the trajectories converge to a chaotic attractor. However, for v = 0.9, the fixed
point convergence and chaotic attractor intervals expand to vy € [0.4,0.7726] and v € [1.1,1.27],
respectively. Finally, for v = 0.83, we see a fixed point convergence for v between 0.4 and 0.8886
and a small chaotic interval approximately when v € [1.255,1.27]. Comparing these results to
the bifurcation diagram obtained for v = 1 as shown in Figure 4.77(a), we conclude that that
the bifurcation diagrams of the fractional map are stretched along the ~ axis.

v =0.98 v=0.83 v=09
i

. a(n)
a(n)

P4 05 08 07 0609 11 12 D4 05 06 07 08 09 1 11 12

Figure 4.78: Bifurcation diagrams of the fractional Lorenz map with (z(0),y (0)) = (0.1,0)
and § = 0.75 for fractional orders v = 0.98, v = 0.9, and v = 0.83.
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Figure 4.79: (a) Bifurcation of the fractional lorenz map with (z (0),y (0)) = (0.1,0) , (v,9) =
(1.25,0.75), and v as the critical parameter; (b) Largest Lyaponov exponent with fractional
order v as the bifurcation parameter; (c) Largest Lyapunov exponent with v as the bifurcation
parameter and v = 0.98.
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4.16 The fractional-order Flow chaotic map

We move now to study a generalized flow map model and is described by

(4.60)

I
>
+
8

Nr(t)=y(t+rv—-1)+@-1z(t+v—1),
Ay (t) (t+v—=1)—y(t+v—1), t € Nopi1,

where z and y stand for state variables of the fractional flow map, # and A are the system’s
parameters, and AY is the Caputo-like difference operator of fractional-order where v €]0, 1].
The numerical formula corresponding to (4.60) is given by

S -1+ 012 (- 1),

)
T (A a2 (j-1) -y (i - 1)),

ac(n)zﬂc((l)-i-ﬁ n lr~

v

y(n) =y (0) + rfoy i1 rt)

/\/\

(4.61)

,\,\

for0<v<1.

With the same parameter values defined above and with [z (0),y (0)] = [0,1], when the
fractional flow map is run for 9000 points, it generates the trajectories depicted in Figure 4.81
for v = 0.98 and v = 0.973 in the z-y plane. Clearly, map converges to a bounded attractor.
Similar to the previous fractional order maps, when the fractional order v decreases below
the threshold 0.973, the trajectories diverge to infinity. Keeping A = —1.7, v = 0.98, and
[ (0),y (0)] = [0,1] and varying € in the interval [—0.1,0.1] in steps of A§ = 0.001 yields the
bifurcation diagram depicted in Figure 4.82, which shows that the fractional flow map is chaotic
in the interval [—0.1,0.1]. This agrees completely with the largest Lyapunov exponent in Figure
4.82 (b).

Figure 4.80: The trajectories generated by the standard discrete Flow map with § = —0.1,
A= —1.7,and (2(0),y(0)) = (0,1).
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v =0.98 v =0.974

Figure 4.81: Trajectories of the fractional flow map with § = —0.1, A = —1.7, (2 (0),y (0)) =
(0,1), and fractional orders v = 0.98 and v = 0.973.
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Figure 4.82: Bifurcation diagrams of the fractional flow map with A = —1.7, (2 (0),y (0)) =
(0,1), and fractional orders v = 0.98 and v = 0.973; (b) The corresponding largest Lyapunov
exponent.

4.17 Conclusion

In this chapter we have proposed different two dimensional fractional order discrete-time systems
corresponding to standard well known maps reported in the literature. The existence of chaos
in the proposed maps and the general dynamics are examined experimentally by means of phase
portraits, bifurcation diagrams, Lyapunov exponents, 0-1 test, Cy-complexity and approximate
entropy. Compared with its integer-order counterpart, the fractional order maps shows different
dynamics. The bifurcations and chaos in this system were investigated by varying the system
parameters and the fractional-order value v. It is shown that the fractional order maps has
a considerable impact on its dynamics and the range of parameter values over which chaos is
observed. Therefore, the fractional order v is considered as another bifurcation parameter except
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4. Two Dimensional Fractional Order Maps

for the system parameters.

Several typical bifurcations are observed such as border-collision bifurcation scenario for the
fractional unified map and the double scroll map, and period doubling route to chaos for the
fractional Hénon-Lozi map and the Sine-Sine map, and cascade of bifurcation for the fractional
Lozi map. Moreover, the fractional Hénon-Lozi map, Duffing map, and the Sine-Sine map
possesses the interesting property of being characterized by the coexistence of various kinds of
chaotic attractors, for various fractional-order values and initial conditions. The coexistence
bifurcations and coexisting attractors have been investigated using bifurcation diagrams, phase
portraits and 0-1 test. Thus such fractional maps are potential useful in the engineering field.
Compared with the integer order maps, the fractional maps has more complexity when fractional
order values is smaller. That is the corresponding two-dimensional integer-order maps, i.e,
Hénon-Lozi map, Duffing map, and the Sine-Sine map do not have the property of coexisting
attractors, while fractional map have it. Meanwhile, the transient state were observed under
some specific parameters for the Lozi and the Hénon-Lozi maps. Due to the rich complex
dynamical behaviour, the proposed fractional maps are suitable fore secure communication image
encryption, just to name few. The ApEn and Cy complexity algorithms provide a parameter
choice criteria for practice applications of fractional-order chaotic discrete-time systems.
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Chapter 5

Three Dimensional Fractional Order
Discrete-Time Systems

5.1 Introduction

Very recently, study on the chaotic behaviour of three-dimensional (3D) discrete-time systems
has considered as one of the most interesting topic in nonlinear dynamical systems. Namely, 3D
discrete systems show a higher degree of complexity (with respect to 1D or 2D systems), which
can improve their applicability in image encryption and pseudo-random number generation.
We have seen in the previous chapter that, compared to classic discrete maps, fractional maps
could provide more degree of freedom and own better ability to reflect the evolution of practical
problem. Consequently, in this chapter, we introduce new different three dimensional fractional
maps, for which a detailed analysis of their dynamics is analyzed via Lyapunov exponents, bifur-
cation diagrams, 0-1 test approximate entropy and 0-1 test. Chaos does exist for these systems
for different range of fractional orders. As a consequence, a number of chaotic attractors ap-
pear in the system dynamics, indicating that the behaviour of the maps becomes unpredictable.
Futhermore, a novel fractional-order triopoly game is presented and investigated, where three
firms producing differentiated products compete over a common market. The proposed game
theory model, is characterized by eight equilibria, including the Nash fixed point.

5.2 The fractional-order Stefanski map

In [5], Stefanski introduced a generalization of the standard Hénon map into 3-dimensional
space. The system is of the form

)

r(n+1)=1+2(n)—ay?®(n),
*(n), (5.1)

yn+1)=14py(n) —ax
2 (n+1) = B (),

where z (n), y (n), and z (n) are the states, @ > 0, and 0 < # < 1. The system has been studied
extensively in the literature and is known to exhibit a hyperchaotic behavior for the bifurcation
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parameters 3 = 0.2, and « € [1.22,1.40]. The resulting attractor for « = 1.4 and 8 = 0.2 is
depicted in Figure 5.1.

0.2 ™
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Figure 5.1: Phase portraits of the classical Stefanski attractor.

Using the fractional discrete calculus notation in Chapter 1, we can write the v—Caputo
formula of discrete integer order system (5.1) for time ¢ € IN,41—, and fractional order 0 < v < 1

as
CAVz(t)=14+z2(t—1+v)—ay?(t—1+v)—z(t—1+v),

Ay (t) =1+ (B-Dy(t—1+v)—az?(t—1+v), (5.2)
CAVZz(t) = Br(t—14+v)—2z(t—1+v).

We will call system (5.2) the fractional-order Stefanski map. Before we go ahead and present
some important dynamics, let us first present a discrete numerical formula .
Suppose that a = 0, using Theorem 1.15, the numerical formulas for (5.2), yield

1 n

r(n) =2 (0) + 1 Tioy T (14 2 (G- ) —ag? G- 1) —2 (= 1),
y(n) =y (0) + 1y iy rﬁz S+ (B-D)y(-1) —az(j-1)), (5:3)
2 (n) = 2 (0) + 5 X g (B (= 1) =2 (G — 1)),

I'(v) 4<j=1 T(n—j+1
where z (0), y (0), and z (0) are the initial conditions.
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5.2 The fractional-order Stefanski map

Dynamical analysis of the fractional Stefanski map

Let @ = 0 and z(0) = y(0) = 2(0) = 0. The phase portraits are displayed in Figures 5.2
and 5.3 for different fractional orders. For the numerical simulation, we choose the step size
Aa = 0.001. The bifurcation diagrams are plotted in Figure 5.4 for different values of fractional
order v. When v = 0.97, the bifurcation diagrams show a period doubling cascade route to
chaos in the area o € [1.1,1.4]. As the value of v decreases, the bifurcation diagram of the
fractional Stefanski map (5.2) expands along « axis and gradually shift to the left. In addition

‘1‘15.5 0.5 -0.5 -15 '%.5 -0.5( 0.5 1.5

Figure 5.2: Phase portraits of the fractional-order Stefanski map with v = 0.97.

to visualizing the effect of parameter o on the dynamics of the map, we have seen that the value
of the fractional order v has an impact on the dynamics. This has been further investigated by
plotting the bifurcation of the fractional Stefanski map (5.2) taking v as the critical parameter.
The resulting bifurcation diagram when (o, 8) = (1.4,0.2) and [z (0),y (0) z (0)] = [0,0,0] is
depicted in Figure 5.5. We see that chaos is apparent for the interval v € [0.915, 1]. As soon as
v drops below 0.915 the states diverge towards infinity.

Although bifurcation plots clearly indicate the existence of chaos in the fractional map, it
is usually more convenient to calculate or estimate the map’s Lyapunov exponents. A common
method to estimate Lyapunov exponents for standard maps is by means of a QR decomposition
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of the time—varying Jacobian matrix. For fractional maps, the Jacobian matrix is subject to the
same discrete memory effect as the map’s states and thus can be calculated in a similar manner,
see ( Chapter 3, section 3.5.2). Figure 5.6 shows the estimated Lyapunov exponents for different
values of the fractional order v. We see that the results agree with those of the bifurcation in the
sense that lowering v below 1 yields lower exponents to the point where they become negative,
which coincides with a stable system.
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Figure 5.3: Phase space of the fractional-order Stefanski map for v = 0.969.
v=0.9 v=0.97

08 1 12 1 11 12 13 14

Figure 5.4: Bifurcation diagrams corresponding to the fractional Stefanski map with « as the
critical parameter, § = 0.2, and different fractional orders v.
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Figure 5.5: Bifurcation diagram of the fractional Stefanski map with v € [0,1] as the critical
parameter, («, ) = (1.4,0.2) and (z (0),y (0) z(0)) = (0,0,0).
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Figure 5.6: Estimated Lyapunov exponents of the fractional Stefanski map for («, ) = (1.4,0.2),
[ (0),y(0)z(0)] = [0,0,0], and different fractional orders.
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5.3 The fractional-order discrete—time Rossler system

The second map we are going to consider here is the 3D Rossler map introduced in [7] and given
by

z(n+1)=bx(n)(1—z(n))—ba(z(n)+b3)(1—-2y(n)),
y(n+1)=by(n)(1 y(n)+b5z( ), (5.4)
z(n+1) =bg (1—brz (n)) [(z (n) +b3) (1 -2y (n)) —1],

with states x (n), y (n), and z (n) and parameters by = 3.8, by = 0.05, bz = 0.35, by = 3.78,
bs = 0.2, bg = 0.1, and b7 = 1.9. The Rossler map is well known and has been examined and
applied in countless studies found in the literature. The phase-space portraits of the Rossler
map for initial conditions [z (0),y (0),z (0)] = [0.1,0.2, —0.5] are displayed in Figure 5.7.

0.8
=05
=Y
0.2
0 0.5 1
z(n)
085 ‘ 0.1
Z055 S
0
0.25
-0.1
~0.1 0 0.1 0 03 06 09
z(n) y(n)

Figure 5.7: Phase space portraits of the standard Rossler map for by = 3.8, bo = 0.05, bs = 0.35,
b4 = 3.78, b5 = 0.2, b6 = 0.1, and b7 =1.9.

The fractional-order map corresponding to (5.4) may be obtained in a similar manner to the
fractional Stefanski map, as

CAVz(t) =biz(t—1+v)(1—2(t—1+v))
by ((z(t=14v)+b3)(1-2y(t—14+v)))—z(t—1+v),

CALy(t) =byy (t—14+v)(1—y(t—1+v)) +bsz (t—1+v)
—y(t—l—f—l/),

CAVz (t) = bg (1 —brz (t—1+v))
[(z(t—=1+v)+b3)(1-2y(t—14v))—1]—2(t—14+v),
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5.3 The fractional-order discrete—time Rossler system

for t € Ng—y+1, where 0 < v < 1. The corresponding numerical may be given by

2 (n) = (@) + oy T T
(e (-1 (1—z(—1)

y(n) =y (@) + iy S (i)
(bay (G=1) L=y (= 1)+ bz (1= 1) =y (=1)).

)

J

n Tn— v
2 (1) = 2 (@) + oy Sj Tior )

(5.6)

Dynamical analysis of the fractional order Rossler system

In order to ensure that the fractional Rossler map (5.5) is chaotic, it helps to visualize its bifurca-
tion plot. Let us consider the simple case where a = 0 and [z (0),y (0), 2 (0)] = [0.1,0.2,—0.5].
Figures 5.8 depicts the phase portraits for fractional order values v = 0.97. Through an ex-
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Figure 5.8: Phase portraits of the fractional order Rdssler map for v = 0.97.

perimental sweep of the fractional order, we found that the minimum value of v for which the
system exhibits a chaotic behavior is 0.903. Figure 5.9 shows the bifurcation diagram for v = 0.97
with by as the critical parameter and (be, b3, by, bs, bs, b7) = (0.05,0.35,3.78,0.2,0.1,1.9). The
critical parameter was varied with the step size Ab; = 0.001. Figure 5.10 shows the bi-
furcation diagram of the fractional Rossler map with v € [0.9,1] as the critical parameter,
(ba, b3, ba, bs, bg, b7) = (0.05,0.35,3.78,0.2,0.1,1.9) and [z (0) ,y (0) , 2z (0)] = [0.1,0.2, —0.5]. We
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see that chaos is only observed for v > vy = 0.933. Below vy, the map becomes unstable and the
states diverge towards infinity. Using the same parameters and initial conditions, Figure 5.11
shows the estimated Lyapunov exponents using the Jacobian matrix. For v = 1, we observe
that A1 & Ay > 0 indicating a hyperchaotic nature of the fractional Rossler map. Similar to the
Stefanski map, as v reduces, so do the Lyapunov exponents.
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Figure 5.10: Bifurcation diagram of the fractional Rossler map with v € [0,1] as the crit-
ical parameter, (be,bs,bs,bs,bs,b7) = (0.05,0.35,3.78,0.2,0.1,1.9) and [z (0),y (0),z(0)] =
[0.1,0.2, —0.5].
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Figure 5.11: Estimated Lyapunov exponents of the fractional Rossler map for with
(ba, b3, ba, b5, bg,b7) = (0.05,0.35,3.78,0.2,0.1,1.9), [z (0),y(0),z(0)] = [0.1,0.2,—0.5], and

different fractional orders v.

5.4 The fractional-order Wang map

Another 3D chaotic map that has an interesting attractor is the hyperchaotic Wang map pro-
posed in [9] and given by

2 (n+1) = asy (n) + (a1 + D)z (),
y(n+1) = iz (n) +y (n) + a2 (n

; (5.7)
z(n+1) = (a7 + 1)z (n) + agy (n) z (n) + as.

Figure 5.12 shows the phase portraits for the following set of parameters
(a1, a2, a3, a4,as,a¢6,a7) = (—1.9,0.2,0.5, —2.3,2, —0.6, —1.9). It is easy to see that the system
exhibits chaos, a result that has been reported and studied in the literature.

We follow the same lines of the previous two sections to arrive at the fractional-order
discrete—time Wang map given by

CA'z (t) =asy(t—1+v)+asx (t—1+v),
CALy (1) = a1z (t—1+v) +agz (t—1+v), (5.8)
CAVZz(t) =arz(t—1+v)+agy(t—14+v)z(t—1+v)+as.

The numerical formulas can be obtained in a similar fashion to the previous two sections by
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Figure 5.12: Phase portraits of the standard discrete-time Wang system.

means of Theorem 1.15, as

2 (n) = 2(0) + y Xt pams) (asy (G — 1) + sz (— 1)),
y(n) = y(0) + 1y oy T (i (G — 1) + a2 (- 1)), (5.9)
2(n) = 2(0) + oy Xy pam) (a2 (= 1) +asy (j —1) 2 (j — 1) +as).

It can be easily shown that the fractional Wang map (5.8) is chaotic. Consider the case a = 0
and initial conditions [z (0),y (0),z(0)] = [0.05,0.03,0.02]. Figures 5.13 and 5.14 show the
resulting attractors for the fractional orders v = 0.97 and v = 0.969. We have also plotted
the bifurcation diagram with the critical parameter a3 being varied at steps of Aa, = 0.001
and the remaining parameters chosen as (a1, ag, a4, as, ag, a7) = (—1.9,0.2,-2.3,2,-0.6, —1.9).
The bifurcation duration was set to n = 200. The bifurcation diagrams are depicted in Figure
5.15 for different fractional orders v. In Figure 5.16, we show the bifurcation diagram of the
fractional Wang map (5.8) with v € [0.9,1] as the critical parameter. We see that the map
exhibits a chaotic behavior over a short interval of fractional orders . Chaos clearly disappears
completely for v < vy =~ 0.915. In fact, when v < 0.968, the chaotic behavior is intermittent
and has a very short range.

The Lyapunov exponents of the fractional Wang map (5.8) with the same previous param-
eters and initial conditions are depicted in Figure 5.17. For v = 1, we see that A\ > Ao > 0
indicating hyperchaotic dynamics. This changes as the fractional order is made smaller. In fact,
for v = 0.9, 0 > Ay > A9 > A3, which leads to a stable map dynamic.
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Figure 5.13: Phase space portraits of the fractional-order Wang map for v = 0.97.
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Figure 5.14: Phase space portraits of the fractional-order Wang map for v = 0.969.
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Figure 5.15: Bifurcation diagrams of the fractional-order Wang map for different fractional
orders.
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Figure 5.16: Bifurcation diagram of the fractional Wang map with v € [0,1] as the criti-
cal parameter, (a1,az,as,as,a6,a7) = (—1.9,0.2,-2.3,2,—0.6, —1.9) and [z (0),y (0),2 (0)] =
[0.05,0.03,0.02].
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Figure 5.17: Estimated Lyapunov exponents of the fractional Wang map for with
(a1,a2,a4,a5,a6,a7) = (—1.9,0.2,-2.3,2,-0.6,—1.9), [z (0),y(0),z(0)] = [0.05,0.03,0.02],
and different fractional orders v.

5.5 The three dimensional fractional-order Hénon map with
Lorenz-Like attractors

One of the most studied models of nonlinear systems is the two dimensional Hénon map reported
in Chapter 3. As a generalization of the classical Hénon map, the three-dimensional Hénon map
is described by the following system of difference equations

x(n+1) = M+ Bz (n) + May (n) — 2% (n),
y(n+1)==x(n), (5.10)
2(n+1) =y (n),

where B, M, and M, are system parameters and n represents the discrete iteration step. The
three-dimensional map (5.10) is a simple quadratic diffecomorphisms with a constant Jacobian.
The map (5.10) can exhibit wild Lorenz-type strange attractors. This kind of attractors persist
for open domains in the parameter space. A more comprehensive study was performed in
[136]. For instance, its bifurcation subject to different scenarios and initial settings has been
studied in [137,138]. In order to visualize the dynamics of map (5.10), we resort to phase
plots, bifurcation diagrams, evolution states and Lyapunov exponent estimation. We assume
parameter values (B, My, My) = (0.7,0,0.85) and initial states [2(0),y(0), 2(0)] = [0,0,1]. The
the three-dimensional Hénon phase plot is depicted in Figure 5.18. Figure 5.19(a) depicts the
bifurcation diagrams of map (5.10) with respect to different parameters by fixing M; = 0,
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5. Three Dimensional Fractional Order Discrete-Time Systems

M, = 0.85 and varying B in the interval [0,1]. Figure 5.19(b) shows the largest Lyapunov
exponent corresponding to the bifurcation diagram in Figure 5.19(b). Based on these figures,
we can see that the estimated Lyapunov exponents of (5.10) are positive, and so the map (5.10)
displays chaotic behavior. Based on these figures, we can see that the estimated Lyapunov
exponents of (5.10) are positive, and so the map (5.10) displays chaotic behavior.
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Figure 5.18: Phase plot of the three-dimensional Hénon map (5.10).
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Figure 5.19: (a) Bifurcation diagram of the 3D Hénon map (5.10) and (b) the largest Lyaounov
exponent.

This section introduces the formulation of the 3D fractional-order Hénon map, then em-
ploys numerical tools to investigate the dynamics of the proposed fractional map [160]. In the
first place, let us formulate the difference equations system that represents the fractional-order
Hénon-like map as

CAVz (t) = My + Bz(t —1+v) + Moy(t — 1 +v) —2?(t —1+v) —2(t —1+v),
CAvy (t) =a(t—1+v) —y(t—1+v), (5.11)
CAVZ(t) =y(t —1+v) —2(t—1+v),

where t € Nyy1-,and v €]0,1] is the fractional order. The fractional-order Hénon-like map
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5.5 The three dimensional fractional-order Hénon map with Lorenz-Like attractors

expressed by the fractional order difference system given in (5.11) introduces a generalization of
the integer-order Hénon map given in the difference system (5.10). Next, to deal with fractional-
order Hénon-like map and to employ our numerical tools, we define the following discrete formula

TnT 8 (My + B2(j — 1) + May(j — 1) —2®(j — 1) — 2(j — 1)),

2
—~
3
~—
|
8
~~
o
~—
_l_
-
<
.
[INNgE
(o
3
.
Jr
=

O (w(j—1) —y(i — 1)),

<.
Il
-

(5.12)
Now, using the iterative formula (5.12), we are going to investigate the effect of the fractional
order v on the behavior of the fractional Hénon map (5.11).

Bifurcation and chaotic attractors

Setting the system parameters as My = 0,B = 0.7, My = 0.85, the initial conditions as
[2(0),4(0),2(0)] = [0,0,1] and letting n = 2500. Also, we consider the first 50 solution as
transient. For different values of v the numerical solution of the fractional-order Hénon map
(5.11) are displayed in Figures 5.20, 5.21 and 5.22. It is clear that when v > 0.952 the initial
states [x(0),y(0), 2(0)] = [0, 0, 1] will converge to kind of bounded attractors. Figures 5.20, 5.21
and 5.22 illustrate that each values of v generate its own attractor. On the contrary, when v is
less then 0.952 the trajectories diverge to infinity; this is clearly shown in Figure 5.23. Figure
5.23 shows the bifurcation diagram and the largest Lyapunov exponent diagram of z(n) versus
v with respect to the given parameters M;, My, B and initial conditions.

0 o2
02 04 gg 08 02

Figure 5.20: Phase plot of the 3D fractional Hénon map (5.11) when v = 0.985.

Now, let M7 = 0, My = 0.85 be fixed and let B be varied from 0 to 1 with the step size
AB = 0.001, the resulting bifurcation diagrams for the initial point [2(0),y(0), z(0)] = [0,0, 1]
are plotted in Figure 5.24 for the fractional orders v = 0.985 and v = 0.96. Additionally,
the dynamic behavior of the fractional order map (5.11) can also be illustrated by the largest
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Figure 5.21: Phase plot of the 3D fractional Hénon map (5.11) when v = 0.96.
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Figure 5.22: Phase plot of the 3D fractional Hénon map (5.11) when v = 0.956.
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Figure 5.23: (a) Bifurcation diagram of the 3D fractional Hénon map (5.11) as a function of v
and (b) largest Lyapunov exponent corresponding to (a)
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Figure 5.24: (a) Bifurcation diagram of the 3D fractional Hénon map (5.11) as a function of B,
when (a) v = 0.985 and (b) v = 0.96.

Lyapunov exponent in Figure 5.25 for the same bifurcation parameters and with v = 0.985,
v = 0.96.

The 0-1 test method

In order to further analyze the influence of the fractional order v on the properties of the map,
we will re-examine the dynamical behavior of the fractional order map (5.11) by means of 0-1
test. With the parameters of the system (5.11) chosen as M; = 0,B = 0.7, My = 0.85 and
for fractional order v = 0.985 and v = 0.96 Figure 5.26 shows the asymptotic growth rate K
of the fractional order map. For both values, the asymptotic growth rate K approaches 1 as
n increase; which indicate the existence of chaos . This result agrees well with the bifurcation
diagram and largest lyapunov exponent in Figure 5.24 and 5.25.

From Figure 5.24, we can observe that when v decreases the bifurcation diagram along the
B-axis get shrink, the difference is very small but when v hit the value 0.951 the unbounded area
reach the value B = 0.7 which confirm the result above. From the previous numerical results it
can be seen clearly that chaos exist in the fractional-order map when v is in the rang (0.952,1).

5.6 The three dimensional fractional-order generalized Hénon
map

An integer-order discrete-time system called the Generalized Hénon map is proposed in reference
[135] which was proposed by Zheng, J.,et.al as generalization of the two dimensional Hénon map,
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and it is described as

r(n+1)=A-y*(n)+ Bz(n),
y(n+1)=2x(n), (5.13)
2(n+1) =y (n),

where A and B are bifurcation parameters. This map exhibits chaos, for instance, when (A, B) =
(0.7281,0.5) and [z(0),y(0),2(0)] = [1,0,0], as demonstrated by the phase portraits shown in
Figure 5.27. It is always helpful to examine the bifurcation diagram corresponding to a specific
critical parameter in order to gain a comprehensive understanding of the dynamics of a chaotic

system, see Figure 5.28.
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Figure 5.25: Largest Lyapunov exponent of the 3D fractional Hénon map (5.11) as a function
of B, when (a) v = 0.985 and (b) v = 0.96.
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Figure 5.26: The 0-1 test for chaos, when (a) v = 0.985 and (b) v = 0.96.
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Figure 5.27: Chaotic attractors of the map (5.13) in: (a)x —y plane (b) z — z plane (¢c)z —y — 2
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Figure 5.28: (a) Bifurcation diagram of the map (5.13); (b) largest Lyapunov exponent

The map (5.13) can be rewritten in the first difference order form given by
Az (n) = A~y (n) + B (n) — o(n),
Ay (n) =z (n) —y(n), (5.14)
Az (n) =y (n) —z(n).
Introducing the Caputo-like delta difference defined in Chapter 1 leads to the fractional-order

map

Ax(t)=A—y*(t—14v)+Bz(t—1+v)—z(t—1+v),
CAV yt) =zt —-1+v)—yt—1+v), (5.15)
CAZ t)=yt—1+v)—z(t—1+v),

where t € Ngy1-, and 0 < v < 1. By means of Theorem 1.15, setting a = 0 yields the explicit
numerical formula

x(n) = 2(0) + iy Siea Tinsry) (A yQ(j—1>+Bz(j—1)—x(j—1)),
y(n) = y(0) + 1 joy Tt ;1';5 2(j—1) —y(j - 1)), (5.16)
+ y y

2(n) = 2(0) + i St e (y(G - —z(j—1>>,
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where z(0), y(0) and 2(0) are the initial conditions. The following results has been reported
in [134].

Bifurcation diagram, largest LE and phase portrait

With the same initial conditions and the bifurcation parameter values adopted for Figure 5.27
above, computer simulation were used to evaluate the numerical formulas (5.16) in order to gain
a perspective on the dynamics of 3D fractional generalized Hénon map (5.16). The bifurcation
diagram and the corresponding largest Lyapunov exponent for v € [0.96, 1] are given in Figure
5.29. In Figure 5.29-(a), we set n = 700 and we plot only the last 200, we compute the largest
Lyapunov exponent using the Jacobian matrix algorithm reported in Chapter 3. This figures
visualizes how the fractional order v can make effect on the system behavior.First, we note that
when 0 < v < 0.969 the fractional map diverges to infinity. On the contrary, it can be observed
that there are vertical lines with a positive largest Lyapunov exponent when v €]0.969,0.97] .
In this case, the solution z(n) converges to a chaotic attractor. From the diagrams in Figure
5.29-(a) and (b), we can see that there is transition from chaos to periodic cycles, followed by a
series of appearance and disappearance of chaos, meaning, largest Lyapunov exponent change its
values between negative numbers and positive as v € (0.97,0.986). Finally, when v € [0.986, 1]
the solution z(n)

In what follows, we illustrate the bifurcation diagrams for A € [0.3,0.8] in Figure 5.30. To
provide this diagrams, we set n = 2000 and we fix B = 0.5 then we discard away the first
1700 results, the last 300 points are displayed in Figure 5.30 corresponding to fractional order
values v = 0.987,0.975, respectively. Figure 5.30-(a) is the bifurcation diagram for v = 0.987.
As A passes to the interval [0.66,0.7885] a periodic cycles and a chaotic regions are apparent.
However, when the value of v is set to 0.975, one can see the jumping behavior from chaotic set
to a 3 periodic orbit that suddenly drupes into 3 small-sized attractors at A = 0.326 . With the
increase of parameter A, the fractional map goes directly to a fully developed chaotic regime.
It is worth pointing out, that the fractional map never produces the same largest Lyapunov
exponent twice, we deduce that each values of v have its own attractor. An attractor which
includes periodic orbit is shown in Figure Figures 5.32 and 5.33 shows the chaotic attractor of
the fractional map for v = 0.987, and for v = 0.9695, respectively.

5.7 The fractional-order Grassi-Miller map

Throughout the years many integer order chaotic maps have been proposed and have found
applications in numerous fields within science and engineering. Here, we interested in the Grassi-
Miller map, which was proposed first by Miller and Grassi in [148] as a generalization of the
Hénon map. The Grassi-Miller system can be described by the following 3D discrete-time system

z(n+1) =1+ 2(n) — ay?*(n),
y(n+1) =1+ By(n) — az?(n), (5.17)
z(n+1) = Bx(n),
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Figure 5.31: Periodic orbit obtained for n = 2000 and v = 0.975 in: (a)z —y plane; (b)z — 2
plane; (¢) (x,y, z) space.
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Figure 5.32: Chaotic attractor obtained for n = 2000 and v = 0.987 in: (a) x — y plane; (b) z — 2z
plane; (¢) (x,vy, z) space.
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Figure 5.33: Periodic orbit obtained for n = 2000 and v = 0.9695 in: (a)x —y plane; (b) z — z
plane; (¢) (x,y, z) space.
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where x(n), y(n), and z(n) denote the states and o and 3 are system parameters. As demon-
strated in [148], the system exhibits a hyperchaotic behavior, for instance, when («,3) =
(1.76,0.1) given the initial conditions [2(0),y(0),z(0)] = [1,0.1,0]. Plots of the attractors
in the integer-order Grassi-Miller map (5.17), obtained using these parameter values and initial
conditions, are reported in Figure 5.34. We propose and examine the fractional form corre-
sponding to the Grassi-Miller integer order discrete-time system. We show experimental phase
portraits and bifurcation diagrams to highlight the ranges of parameters and fractional orders
over which chaos is observed.

Figure 5.34: Phases portraits of integer-order Grassi-Miller map for &« = 1.76 and § = 0.1.

By exploiting the fractional Caputo differences, the fractional-order Grassi chaotic map is

obtained
CAVz(t) =1+ 2(t—1+v) —ay?(t—1+v) —2(t—1+v),
CAVy(t) =14+ By(t —1+v) —az?(t —1+v) —y(t —1+v), (5.18)
CAVZ(t) = Bx(t —1+v) —2(t —1+v),

where 0 < v <1 is the fractional difference order and a defines the starting point of the set
INg41—p. Similarly, the numerical formula of (5.18) is obtained as

2(a) + 1y X Famd (14 2( = 1) —ay?(j = 1) —a(j = 1)),
y(n) =y(a) + 13 ? 1 rgz ﬂ,’jg
Aot rtr

1 n—j4v
T(v) J 1T(n—j+v
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when a is taken equal to 0. Based on the discrete map equation (5.19), it is easy to get the
time series by the way of computer programming. Dynamics under two parameters o and (3,
and fractional order v are analyzed in the following subsections.

Dynamics analysis of the fractional-order Grassi-Miller map

For the proposed fractional system (5.18), experimental variation of the fractional order has
shown a variety of responses in the form of chaotic states, limit cycles and asymptotic stability.
We have used the numerical formula (5.19) along with different sets of parameters and frac-
tional orders, with the aim of observing the phase portraits, bifurcation diagrams and maximum
Lyapunov exponent of the system through a Matlab script.

Dynamics with o varying

First, let v = 1, [2(0),4(0), 2(0)] = [1,0.1,0], and («, ) = (1.76,0.1). As expected, since when
v = 1 numerical system (5.19) reduces to the integer-order system (5.17), the resulting phase
portraits obtained from system (5.18) are identical to those depicted in Figure 5.34 for system
(5.18). Note that for both systems simulations have been carried out for n = 7000. More
generally, consider the case where v = 0.98. Figures 5.35 and 5.36 show the portraits given
a = 1.6 and a = 1.5, respectively. It can be noticed that a slight change in system parameters
leads to a variation in the strange attractor. The time evolution of the states is depicted in
Figure 5.38 for a = 1.6. Figure 5.39 depicts the portraits for v = 0.86 and o = 1.5. This
confirms that the proposed fractional system (5.18) can exhibit chaotic behaviors for a range of
different fractional orders and system parameters. Figure 5.37 shows the phase portraits of the
proposed system subject to @ = 0.4 and v = 0.5. Obviously, in this scenario, the system does
not exhibit chaos. This suggests to us that the existence or absence of chaos is dependent on
the fractional order.

Phase portraits are a nice tool for evaluating the nature of solutions but are not sufficient
to gain a comprehensive perspective. We may also observe the bifurcation plots with « as the
critical parameter. Let us set the step size Aa to 0.002 and use numerical formula (5.19) to
produce the bifurcation diagrams for different values of the fractional order v. For v = 0.98 and
v = 0.88, the bifurcation diagrams are plotted in Figures 5.40(a) and (b), respectively. From
these pictures it can be deduced that each time we modify the fractional order considerable
changes occur in the chaotic region of the diagram. These observed variations in the shape of
the bifurcation plot suggest that the Grassi-Miller fractional map is able to exhibit a variety of
chaotic motions.

Let us now conduct a detailed analysis of the obtained plots with the aim of establishing
a connection between the changes in the shape of the attractors and the values of the system
parameters. If we compare the attractors in the z — y and y — z plots in Figure 5.34 (integer-order
case, with & = 1.76) with the attractors in the x — y and y — z plots in Figure 5.35 (fractional
order v = 0.98 and o = 1.6), we can notice that the slight change in the parameter values
(v from 1 to 0.98 and « from 1.76 to 1.6) generates a reduction in the size of the attractors.
Namely, while in Figure 5.34 the attractors in the x — y and y — z plots cover all the area ranging
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Figure 5.35: Phase portraits of the Grassi-Miller Hypercchaotic map for f = 0.1, « = 1.6 and
v =0.98.

Figure 5.36: Phase portraits of the fractional Grassi-Miller map o = 1.5 and v = 0.98.
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Figure 5.37: Evolution of states for the fractional Grassi-Miller hyperchaotic map with a = 1.6
and v = 0.98.

Figure 5.38: Phase portraits of the fractional Grassi-Miller map a = 1.5 and v = 0.86.
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Figure 5.39: Phase portraits of the fractional Grassi-Miller map o = 0.4 and v = 0.5.

from —2 to 42 for both the horizontal and the vertical axes, in Figure 5.35 the attractors in the
x —y and y — z plots cover the area ranging approximately from —1.5 to +1.5 for both the axes,
indicating that reducing the system parameters generates a reduction in the size of attractors.
Next, we discuss the results plotted in Figures 5.35 and 5.36. If we compare the attractors
in the x —y and y — z plots in Figure 5.35 (fractional order ¥ = 0.98 and o = 1.6) with the
attractors in the x — y and y — z plots in Figure 5.36 (fractional order » = 0.98 and o = 1.5),
we can notice that the slight change in the parameter values (« from 1.6 to 1.5) generates a
further reduction in the size of the attractor as well as its subdivision into four different parts.
Specifically, referring to the size, note that in Figure 5.36 the attractors in the x —y and y — z
plots cover the area ranging approximately from -1 to +1.5 for both the axes, indicating that
reducing the parameter a from 1.6 to 1.5 generates a reduction in the size of attractors (besides
the appearance of four different parts, with respect to the attractor plotted in Figure 5.35).
Going ahead in our analysis, let us discuss the results plotted in Figures 5.36 and 5.39. If we
compare the attractors in the x —y and y — z plots in Figure 5.36 (fractional order v = 0.98
and a = 1.5) with the attractors in the z —y and y — z plots in Figure 5.38 (fractional order
v = 0.86 and o = 1.5), we can notice that a change in the fractional-order of the system v from
0.98 to 0.86 while keeping the same value of o does not generate a reduction in the size of the
attractor anymore. However, from Figure 5.39 it can be noticed that the shape of the attractor
is slightly different from that plotted in Figure 5.36, although the subdivision into four different
parts is still present in Figure 5.39. When we further reduce the fractional-order of the system,
chaotic phenomena disappear as shown in Figure 5.37 for v = 0.5. Finally, we analyze the
bifurcation diagrams with the aim of clarifying the values of the system parameters for which
the fractional Grassi-Miller map shows asymptotic stability, limit cycles or chaotic behaviors.
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Figure 5.40: The bifurcation diagram versus « for: (a) v = 0.98, (b) v = 0.88.
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By looking at Figure 5.40(a), which shows the bifurcation diagram obtained for v = 0.98, it is
clear that the map has a stable equilibrium point until the parameter a reaches the value of 0.7.
Then, when o assumes values between 0.8 and 0.9, the bifurcation diagram shows the typical
shape that indicates the presence of chaotic behaviors. When the value a@ = 1 is reached, the
map is characterized by the presence of period-4 limit cycles. Successively, it can be noticed that
the map shows period-8 limit cycles when the value o = 1.3 is reached. By further increasing
the value of a, chaotic behaviors are generated for & = 1.5 and beyond. Similar considerations
can be done for the bifurcation diagram reported in Figure 5.40(b) for v = 0.88.

Dynamics with order v varying

Although the above analysis gives a clear idea of the dynamics of the proposed fractional map, a
more comprehensive understanding of the map’s dynamics may be obtained through visualizing
the bifurcation diagrams and Lyapunov exponents as a function of the fractional order v. In this
last experiment, we keep the initial values as [2(0),y(0),2(0)] = [1,0.1,0], set 8 = 0.1 and let
the fractional order v vary across the interval [0,1]. Figure 5.41 shows the bifurcation diagrams
and largest Lyapunov exponent (LLE) for a € {1.6,1.5,1.3}. First, for & = 1.6, we obtain the
results in the top row. Both diagrams show that when 0.92 < v < 1, fractional map (5.18)
generates a chaotic behavior as the LLE remains positive. A transient region is observed over
the interval 0.916 < v < 0.92 and then chaos is observed again until it eventually disappears as
v < 0.814 and the states diverge towards infinity. Next, for a = 1.5, the results are depicted
in the middle row. We see that for v € [0.8,1], the system exhibits a chaotic behavior along
with periodic windows. The lowest fractional order that yields chaos is 0.8. Finally, for a = 1.3,
the bifurcation diagram and LLE for v € [0.75,1] are depicted in the bottom row. As can be
seen, the LLE diagram matches perfectly with the bifurcation diagram. The fractional Grassi-
Miller map remains in periodic motion over the interval [0.89,1]. However, when v moves to
the interval [0.75,0.89), we notice that the LLE alternates between positive and negative signs,
which indicates that the periodic states become chaotic for certain values of v. This analysis
tells us that the minimum fractional order for which chaotic motion is observed depends on the
system parameters.

0-1 test

To reflect more the sensitivity of the fractional map, the 0-1 test is considered. Figure 5.42 and
5.43, depict the results of the test for different values of fractional order v and system parameter
«, respectively, in which [z(0),y(0),z(0)] = [0.5,0.1,0]. In particular, Figure 5.18 depicts the
trajectories of the translation function of the fractional Grassi-Miller (5.18) in the p — ¢ plane
for v = 0.98 and 8 = 0.1 and by varying «. Clearly, Figure 5.42(a)-(b) and (c) depicts bounded
trajectories, indicating that the reported fractional map is periodic. On the other hand, Figure
5.42(d) depicts Brownian—like trajectories, indicating that the suggested fractional map (5.18)
is chaotic when a = 1.55, which confirms very well the results in Figure 5.41.

Now we apply the 0-1 test by taking o = 1.3, § = 0.1, and by varying the fractional order
v. Figure 5.43 depicts the trajectories of the translation function in the p — ¢ plane. Figure
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Figure 5.41: Bifurcation diagrams with v as the critical parameter (left) along with the corre-
sponding largest Lyapunov exponents (right) for different parameter values: («, ) = (1.6,0.1)
(top), (a, B) = (1.5,0.1) (middle), and («, 3) = (1.3,0.1) (bottom).
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5.43(a)-(b) depicts bounded like trajectories, indicating that the fractional Grassi-Miller map
(5.18) is periodic when v = 1 and v = 0.755. When v = 0.775 the chaotic attractor is confirmed
by the Brownian-like trajectories in Figure 5.43(c).

Numerical simulation have shown that the fractional Grassi-Miller map derived from the
original integer-order Grassi-Miller map can exhibit chaos for a range of parameter and fractional
order values. We have shown that even with a fractional order as low as v = 0.5, chaos still exists
for specific parameters. Generally speaking, the proposed fractional map exhibits different types
of attractors with fractional order-dependent chaotic regions. It is interesting that the system
with integer-order is periodic, but chaos is observed with the decrease of the fractional-order v.

5.8 Application of Caputo fractional difference operator on game
theory model

Researcher’s ever-growing interests in fractional calculus have led the ever-broadening appli-
cations in a lot of fields of science and engineering [142]. Referring to economics, a number
of mathematical models describing different phenomena have been introduced. Namely, since
fractional operators are non local, they are suitable for constructing models characterized by
memory effect. This is the reason why fractional-order difference equations, when describing eco-
nomic phenomena over large time periods of time, perform better with respect to integer-order
discrete-time systems, respectively [143].

Very recently, attention has been focused on the presence of chaotic phenomena in economic
systems described using integer-order difference or differential equations. Unlike continuous-
time systems, very few papers regarding chaotic phenomena in economic systems described by
discrete-time dynamics have been published to date. These economic systems, which usually
involve concepts from Cournot game theory applied to oligopolistic markets, generate complex
dynamics that lead to the existence of bifurcations and chaos [145]. The behaviors of an oligopoly
game are much complicated because firms must consider not only the market demand, but also
the strategies of the competitors. Our purpose here is to bring together two independent lines of
research in applied mathematics and industrial economics: fractional-order difference equations
and Cournot equilibria. We reconsider the Cournot problem in the light of the theory for
long memory by proposing a fractional-order discrete Cournot game model with three firms
producing differentiated products compete over a common market, which allows participants to
make decisions while making full use of their historical information.

5.8.1 Fractional Cournot game model with long memory

To construct the Cournot game model, we have considered a monopolistic market where three
firms produce different products. The inverse demand function is given by

3

pi=a—q¢—PBY ¢ =123, (5.20)
j=1
J#i
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Figure 5.42: 0-1 test of the fractional
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B = 0.1: (a) bounded like trajectories
for o = 0.7, (b) bounded like trajecto-
ries for a = 1, (c) bounded like trajec-
tories for a = 1.375, (d) Brownian-like
trajectories for o = 1.55.
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5.8 Application of Caputo fractional difference operator on game theory model

in which ¢; denote the outputs of products produced by the three firms, and the constants a > 0,
0 < B < /0.5 are the coefficients of the market demand function.
Now, assume that the cost function of these firms is proposed in the nonlinear form

3
j=1
J#i
where v; and §; are two positive constants. In this setting, firms ¢ relative profit is given by the
difference between the absolute profit of the ¢ firm and the sum of the other firms profit

3

3 3
(g1, q2.93) = |ai |@—qi—B> ai | —vigi—6 Y aig;| — > pjlar,q2.93)q; + Cjlg;), i =1,2,3.
j=1 j=1 j=1
J#i J#i J#i
(5.22)
Through substituting equation (5.20) and equation (5.21) into equation (5.22), the relative profit

functions can be given as:

I (q1,q2,93) = (g1 — @2 — @3) — @& + @3 + 43 + 2Bq2q3 — a1 + V2 @2
+v3q3 — 01(q1q2 + 193) + 92(q142 + q243) + 03(q193 + 4243),
I (q1,42,93) = (g2 — a1 — 43) — 43 + @} + 43 + 2Bq193 — V202 + M@ (5.23)
+73q3 — 02(q1g2 + 9203) + 01 (142 + q193) + 03(q193 + 4243), ’
II3(q1,q2,q3) = (g3 — 1 — @2) — @3 + 4 + &3 + 2Bq1q2 — 12q3 + "aa
+72¢2 — 03(q193 + 9203) + 01 (142 + q193) + 2(q192 + 4243).

With this assumption, the maximizing profit is obtained by setting %I;I: = 0. In order to
construct the integer order dynamical system of this game, assume that each firm try to use

information based on the marginal profit %EI;. The mathematical model is written as follows

oL .
gi(n+1) =q(n)+eqn)—, i=1,2,3, (5.24)

9
€; is a positive constant which is referring to the speed of adjustment. This game model agrees
well with the model proposed by Al-Khedhairi, et al., which has been studied in [144].

Based on the dynamical system (5.24), we propose a new generalized model by introducing
the Caputo-like difference operator on the system (5.24). Specifically, our main interest is to
study the dynamics of three bounded rationality firms with relative profit maximization and
long memory of output decision. The new game model with fractional difference operator is
described by

“Aqi(t) =it —14+v)(a—m —2¢(t—1+v)
—(G =)@t —1+v) = (G —G)gs(t —1+v)),
CAYgo(t) = eaqa(t — 1 +v)(a — 72 — 2q2(t — 1 +v)

(5.25)

(=)t —1+v)— (-Gt —1+v)),
“ALq3(t) = esqs(t —1+v)(—3 —2g3(t — 1+ v)
—(G-—C)at-1+v)—(G—-CQ)a(t—1+v)),
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where v € (0,1]and ¢; = 8+ ;. To study the dynamics of the three bounded rationality with
long memory we need to define the discrete version of the game model, for that we need to

replace a by zero and ¢; by z;. According to Theorem 1.15 the equivalent discrete formula is
defined by

z1(n) = z1(0 ZFZ ‘;__::1 (e121(j — 1 (a—m
72:171(‘7 — 1) 912932(] —1) = 03x3(j — 1))),
B (n—j+v) .
z2(n) = x2(0 Z T(n—j+1) (e222(j = 1)@ =72 (5.26)
—2x2(j—1) O1221(j — 1) — b2323(j — 1))),
z3(n) = z3(0 ZFZ ;illj (e3x3(j —1)(a—13
—2:53(3—1)—913331(3—1)—923562(1'—1)))7

where Hij = Cz —Cj, Vi,j = 1,2,3.

5.8.2 Stability analysis

For calculating the equilibrium points of the fractional game model (5.25), we assign its left
hand side to zero
e171(a —y1 — 221 — b2 — O1323) = 0,
621‘2(0[ — Y2 — 2:132 — 912$1 — (923$3) = 0, (527)
631’3(0& — Y3 — 2x3 — 913:(}1 — 023332) =0.
By algebraic computation, we obtain the following fixed points:

Fi = (0,0,0), Fy = (0,0.5(cc — 72),0), Fy = (0.5(cc— 71),0,0), Fy = (0,0,0.5(cx — 73)),
Fs = (2(’71 —a)+012(a—72) 2(04*'72)+6712(<X*’Y1)7 0

07, +4 ’ 07, +4 ’
2(a— 0 3—a) 2(a—: 023 (a—
Fg = (0, ( 72‘2524:21(% )7 ( wagiji( '72))’ (5.28)
Fr = (2(0‘*"/1)+913(’73*04) 0 2(a*”/3)+913(0¢*’71))
035+4 o 07,44 ’
Fg = (A1, Ag, A3),
in which )
Ay = (ac—73) (012023 — 26013) — (v — 72) (013023 + 2012) + (@ — 71) (055 + 4)
2(07; + 035 + 015 +4) ’
Ay = —(a—73) (012613 + 2023) + (o — 72) (035 + 4) + (o — 1) (—013023 + 2612)

2(0%5 + 033 + 03, +4) ’
(o = 73) (035 +4) + (a —72) (—b12613 + 2923) + (o — 1) (P12023 + 2013)
2(07; + 035 + 01, +4) '
The Jacobian matrix of the fractional order difference equations (5.25) at an arbitrary point
(21, x2,23), is defined by:

Az =

Dy —2e121 —e1b1221 —e161321
M(xl, 9, 1'3) = 62912.TU2 D2 — 262.%'2 —629231’2 s (5.29)
e3bh33 e3blazrs D3 —2e3x3
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where

D) =e1(a— vy — 221 — O1222 — b1323),
Dy = ea(av — y2 — 229 + 01221 — Oa323),
D3 = e3(a — 3 — 223 + 01321 + O2322).

To investigate the stability of the fixed points we shall use the following theorem:

Theorem 5.1. [105] Let x5 be a fizxed point of a fractional difference system CAZF (t) =
F(x(t +v—1)) where x(t) = (21(t), 22(t), .., v, (¢))T, and J(2)) = %(f)

matriz at the fized point xy. The fived point xy is asymptotically stable when all the eigenvalues
i, i =1, ..,n) of J verifies:

; is the Jacobian

|arg z| — 7

/\ie{zeC:|z|< <2008 5

) and |argz| > gﬂ} , Vi=1,..,n. (5.30)

Now, we turn to investigate the stability of the previous fixed points.

Proposition 22. The fixed point F; = (0,0,0) is asymptotically stable if the fractional order
v and the game parameters satisfies:

v>logalei(a—)|, and o<y, i=1,2,3. (5.31)
Proof. The Jacobian matrix (5.29) at the fixed point F; = (0,0,0) can be easily computed as:

er(a—) 0 0
]\41:‘1 = 0 62(0[ — 72) 0 . (532)
0 0 eg(a—13)

The associated characteristic equation is defined by:
(er(a—=m) = A) x (e2(a = 72) = A) x (e3(@—73) = A) = 0. (5.33)
The Eigenvalues are:
A =e1(a—m), Ao =ez(a—2), Az = ez(a —73).

Based on Theorem. 5.1, it is easy to show that the fixed point F; = (0,0,0) is always asymp-
totically stable when v > loga|e; (v — ;)| and o < ; Vi = 1,2, 3. O

Proposition 23. The conditions of asymptotic stability of the fixed point F» = (0,0.5(« —
v2),0) are:

o If & > 5 and v > loga|ea(y2 — ).
e If v1 > a+0.5012(72 — ) and v > logaler (v — y1 + 0.5612(72 — «))].

o If y3 > a+ 0.5023(cc —¥2) and v > loga|es(a — v3 + 0.5023 (v — ¥2))]-

197



5. Three Dimensional Fractional Order Discrete-Time Systems

Proof. The Jacobian matrix (5.29) at the fixed point F» = (0,0.5(cv —72),0) can be easily
computed as:

e1(a—71 —0.5012(a — v2)) 0 0
]\4}71 = 0.591252(01 — 72)) €9 (’}/2 — a) 0 (5.34)
0 0 63(0&773)(1—0—0.5923)

The eigenvalues are:
A =er(a—71) +0.5e1012(72 — @) , Ao = e2(72 — @), A3 = e3( — 73) + 0.5e3023 (¢ — 72).
Therefore, the eigenvalue {1, A2, A3} ensure the condition (5.30) in Theorem 5.1. O

Using the same steps, we obtain the following results.

Proposition 24. The conditions of asymptotic stability of the fixed point F5 = (0.5(a —
v2),0,0) are:

e If @ >~ and v > loge|e1 (11 — ).
o If 5 > a+ 0.5012(a —71) and v > loga|ea(a — v2 + 0.5012 (¢ — 71))]-
o If 3 > a+ 0.5013(a — 71) and v > loga|es(a — v3 + 0.5013(ac — 71))]-

Proposition 25. The conditions of asymptotic stability of the fixed point Fy = (0,0,0.5(c —
72)) are

o If & > 3 and v > loga|es(ys — o).

o If 1 > a+0.5013(73 — @) and v > loga|e1 (o — 71 + 0.56013(73 — )]

o If 75 > o+ 0.5023(y3 — @) and v > loga|ea(a — v2 + 0.5023(73 — ) )|.
Proposition 26. The conditions of asymptotic stability of the fixed point

_ (2(n1—a)+b12(a—2) 2(a—y2)+b12(a—1) )
Py = ( 02,+4 ’ 62,44 , 0) are

o If [a — 3 — 013 2(n—a)+bi2(a—y2) _ 9132(04—72)‘*‘912((1—71)} <0 and

02,+4 62,+4
o 2n—a)tbia(a—y2) g 2(a—y2)+b012(a—m1)
v > logg ‘63 (Oz Y3 912 6%2+4 913 0¥2+4 .
2_ —
o If f% >V H and v > log, w where

G=¢ (oz - 42(71—a)+912(a—’yz) — 0y 2(a—72)+912(a—’y1)>

07,14 07,14
o g 2(a=y2)+012(a—1) 2(y1—a)+012(a—2)
+e9 (a Yo —4 07,1 + 012 07,14 )
_ o g2 )tb12(a—y2) 2(a—v2)+012(x—71)
H=e (0‘ n—4 02, +4 012 02, +4
o g 2(a=y2)+012(a—1)

XE9 (a Y2 —4 7,14

2(71*0)4-912(04*’72)) _ 2 2(i—a)tbi2(a—y2) , 2(a—y2)+b12(a—71)
+ 01 02, +4 €16207 02, +4 X 02,4 :
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Proposition 27. The conditions of asymptotic stability of the fixed point
Fs = (0 2(a—72)+012(v3—) 2(a—73)+023(—72)
R N

) are

2(a— 0 - 2(a— a3 (—
o {a v — o (o wg%zji(vza a) — 03 (o vag%zﬁ(a 72)} <0 and
2(a—v2)+023(y3—a) 2(a—3)+023(a—72)
v>lo ‘5 (a— -0 —0 )‘
g2 |€1 7 12 02, +4 13 02,44
12—4J|—-I
o If —% > +J and v > log, % where

2(a—7v2)+023(y3—a) _ 03 2(a—73)+023(a—“r2)> e (a — 3 — 42(a=73)+023(a—72)

I'=e (a —v3—4 i 3 2
(923+4 923+4 (923+4

4+ 093 2(a—2)+023(y3—a)

p)
923+4 ’
_ o g 2(a=y2)+023(y3—) 2(a—73)+023(x—v2) . e g 2(a=73)+023(—"2)
J=¢e2 (a v3 —4 0T, 1 023 07, 14 +e3|la—vy3—4 0T, 14
2(a—vy2)+023(y3—a) | _ 2 2(a—v2)+023(y3—a)  2(a—v3)+023(a—"2)
+ 023 67, +4 6362923 67, +4 X 6T, +4 .

Proposition 28. The conditions of asymptotic stability of the fixed point
= (2(0*71)-%913(73*01) 0. 2la=13)+013(a=n)
e

) are:

° [a o+ 012 2(a—y1)+013(y3—a) 0o3 2(04773)+913(Oé*72)} <0 and

03;+4 035+4
2(a—y2)+023(y3—0) 2(a—y3)+013(a—71)
V>l02‘51(04— 1— 012 — 013 .
g 7 02, +4 02, +4
L2—40|-L
o If —% > VO and v > log, % where

_ 2(a—~1)+013(v3—a) 2(a—~3)+013(a—71) 2(a—~3)+013(a—71)
L—EQ(a— o — 4 — 023 )+£3(a— 3 —4
R 62, +4 62, +4 v 07, +4
2(a—v1)+613(v3—a)
+ 013
07, +4 ’

_ 2(a=v1)+013(y3—a) 2(a—v3)+013(a—1) 2(a—v3)+013(a—1)

0—52(0¢— 2—4 — 023 )+s3<a— g — 42978 slem )
v 02,14 02,14 ki 02,14

(a=y1)+013(y3—a)  2(e=73)+013(a—71)

2(a—v1)+613(v3—a)
+ 013 3 p)
02,+4 02,+4

2
075+4

2 2
— 6263923

5.8.3 Bifurcation analysis and numerical simulation

Numerical experiments are simulated in this part to show the different route to chaos of the frac-
tional triopoly game (5.25). Its phase portraits, bifurcation diagrams and maximum Lyapunov
exponents (MLE) were investigated under different levels of parameters and fractional orders.
As explained in [144], there is a stable closed invariant curve around the Nash fixed point Fg =
(0.8882,0.4283.0831). For instance, when selecting parameters o = 2,e; = 1.042811791,e5 =
1.1,e3 = 1.1, = 0.4,( = 0.8,(3 = 0.1,77 = 0.07,72 = 0.03,73 = 0.4 and initial values
21(0) = 0.4, 22(0) = 0.2, z3(0) = 0.4, the stable closed invariant curve on z3 — 3 plane is rep-
resented in Figure 5.44(a). The closed invariant curve is expanded as shown in Figure 5.44. It
verifies that the closed invariant curve is affected by the fractional order v and a chaotic attrac-
tor is observed at v = 0.81. To further observe the dynamical behavior, the system parameters
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5. Three Dimensional Fractional Order Discrete-Time Systems

are fixed as above and the fractional order v is varied in the range [0.72, 1]. Figure 5.45 shows the
bifurcation diagram and the maximum Lyapunov exponents of the first player output z1(n). It
shows that the long memory system begins from periodic states where the maximum Lyapunov
exponent equal to zero, and then it exhibits chaos at 0.8257. Figures 5.44 and 5.45 shows the
strong effect of the long memory on the stability of the equilibrium Fg = (0.8882,0.4283.0831).
More precisely, the complexity of the model increases around the Nash fixed point and chaos
appears as v decreases. Figures 5.44 and 5.45 shows the strong effect of the long memory on

(a) (b)

g‘ 1.05]

g Qaa 0.25

T3
-
~
x,
o
©

0.25 0.425 0.6 o 0.2 0.4 0.6

Figure 5.44: The phase portraits of game (5.25) with parameter values a = 2,& =
1042811791, 9 = 1.1,e5 = 1.1,¢; = 0.4,¢p = 0.8,(3 = 0.1, = 0.07,7 = 0.03,73 = 0.4
for different fractional order values: (a) v =1, (b) v = 0.9, (¢) v = 0.865, (d) v = 0.81

the stability of the equilibrium Fz = (0.8882,0.4283.0831). More precisely, the complexity of
the model increases around the Nash fixed point and chaos appears as v decreases.

Figure 5.46 show the bifurcation diagram with respect to the adjustment parameter £; when
a =2, =113 =11,(4 = 04,(o = 0.8,(3 = 0.1,77 = 0.07,7 = 0.03,v3 = 0.4. Figure
5.46-(a) and 5.46-(b) are the bifurcation diagrams for v = 0.985 and v = 0.972, respectively. As
one can see, the two diagrams are similar. A stable Nash fixed point is observed as €; increases
from 1 to 1.02 for v = 0.985 and when £ increases from 1 to 1.007 for v = 0.972. We can observe
that whenever we increased the value of €; the Cournot Nash fixed point losses its stability via
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Figure 5.45: (a) Bifurcation diagram versus v when a = 2,e1 = 1.042811791,e9 = 1.1,e3 =
1.1,(1 = 04,0 = 0.8,{3 = 0.1,7; = 0.07,72 = 0.03,73 = 0.4. (b) The maximum Lyapunov
exponents with respect to v corresponding to (a).

Neimark-sacker bifurcation. Moreover, we observe that decreasing the value of the fractional
order lead to the disappearance of the chaotic region. When v = 0.985 the model (5.25) exhibits
chaotic behavior at e; € [1.37,1.443[U[1.461.468] and for v = 0.972 the model (5.25) exhibits
chaotic behavior for 1 €]1.38,1.431]. Therefore, it is possible to initially conclude that the
speed of adjustment of the first player disestablish the dynamic of the market and make it
unpredictable.

&1 €1

Figure 5.46: (a) Bifurcation diagram versus e; with order v = 0.985 when o = 2,69 = 1.1,e3 =
1.1,(1 = 04,0 = 0.8,¢3 = 0.1, = 0.07,v2 = 0.03,73 = 0.4. (b) Bifurcation diagram versus
€1 with order v = 0.972.

For better observation, we choose to discuss the chaos of the fractional triopoly game for
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Figure 5.47: (a) Bifurcation diagram versus v when o = 2,61 = 1.44,e9 = 1.1,e3 = 1.1,(4 =
0.4,(o = 0.8,¢3 = 0.1,71 = 0.07,72 = 0.03,73 = 0.4. (b) The maximum Lyapunov exponents

with respect to v corresponding to (a).
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Figure 5.48: Chaotic attractor of the proposed game with v = 0.98 and for « = 2,61 = 1.44, &9 =
1.1,83 == 1.1, Cl == 0.4, CQ = 0.8, Cg = 0.1,’)/1 == 0.07, Y2 = 0.03,’)/3 =0.4.



5.8 Application of Caputo fractional difference operator on game theory model

€1 = 1.44, with v varying from 0.95 to 1 by the step size Av = 0.6 x 10~%. Figure 5.47 shows the
bifurcation diagram of x; versus v and the MLE diagram. It illustrates that the states of the long
memory system are different as v decreases. When v € [0.9562,0.9673[U[0.9809, 1] this model is
chaotic, where the maximum Lyapunov exponent is positive, and when v € [0.9562,0.9809] the
model is periodic. These results indicate that the long memory decrease the speed of adjustment
of the first firm. The chaotic attractor when v = 0.98 is plotted as shown in Figure 5.48. On
the other hand, the periodic behaviour of the proposed system is reported in Figure 5.49 for
v = 0.975, whereas the chaotic attractor obtained for v = 0.96 is shown in Figure 5.50. Clearly,
Figure 5.48, Figure 5.49 and Figure 5.50 confirm both the shape of the bifurcation diagram
reported in Figure 5.47(a) and the plot of the maximum Lyapunov exponent reported in Figure
5.47(b).

X 14

13f

09

08

06

035 04 045 05 055 06
Tz

Figure 5.49: Periodic attractor of the proposed game with v = 0.975 and for a = 2,1 =
1.44,62 = 1.1,83 = 1.1,C1 = O.4,C2 = 0.8,C3 = 0.1,’}/1 = 0.07,72 = 0.03,’}’3 = 0.4.

In [144], Al-kheidari et al showed that for the parameters @ = 1,69 = 0.9,e3 = 0.9,(; =
0.4,(o = 0.8,(3 = 0.1,7v7 = 0.07,7%9 = 0.03,v3 = 0.4, a flip bifurcation was observed at
g1 = 2.305628076 where the equilibrium Fy = (0.4451,0.2384, 0.4502) loses its stability . The bi-
furcation diagram of the first player output x1(n) versus 7 is illustrated in Figure 5.51. Figure
5.51-(a) shows that the Nash equilibrium point undergoes flip bifurcation and period doubling
route to chaos. By reducing the value of v to 0.7635, we obtain the bifurcation diagram shown
in Figure 5.51-(b). It was found that chaotic motion exists in the range 1 €]2.689, 3] with peri-
odic windows at 2.873. The chaotic area increases when v = 0.7635 as shown in Figure 7.6-(b).
In order to confirm the shape of the bifurcation diagram reported in Figure 5.51-(b), we have
investigated the system behaviour when €; = 2.6 and ¢; = 2.9. Namely, Figure 5.52 highlights
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Figure 5.50: Chaotic attractor of the proposed game with v = 0.96 and for @ = 2,61 = 1.44,e9 =
1.1,83 =S 1.1,C1 = 0.4, CQ = O.8,<3 = 0.1,’)/1 = 0.07,"}/2 = 0.03,’)’3 =0.4.

the period behaviour of the system obtained for €y = 2.6. The simulation results demonstrate
that the long memory increases the speed of adjustment of the first player and the game losses
its stability faster.

({l) | | ({7)

2.2 2.4 2.6 2.8 3 2.2 2.4 2.6 2.8 3
£1 €1

Figure 5.51: (a) Bifurcation diagram versus ¢; with order v = 1 when o = 1,693 = 0.9,e3 =
0.9,(1 =04,¢ =0.8,¢3 = 0.1,y = 0.07,v2 = 0.03,3 = 0.4 (b) Bifurcation diagram versus &1
with order v = 0.7635.
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Figure 5.52: Periodic attractor of the proposed game with v = 0.7635 for 1 = 2.6 and o =
1,69 =0.9,63 =0.9,(1 = 04,02 = 0.8,(3 = 0.1,71 = 0.07,v2 = 0.03,v3 = 0.4 .

5.8.4 The 0-1 test for chaos

Here, we applied the 0-1 test method directly to the series data z1(n) that obtained from the
first player to study the influence of the order v on the dynamics of the market. he results with
v = 0.865 and v = 0.7635 are shown in Figure 5.53 and Figure 5.54, respectively. In particular,
Figure 5.53 depicts bounded trajectories for v = 0.865, indicating that the suggested game is
stable where the output K = 0.000827. On the other hand, the unbounded trajectories in Figure
5.54 confirms the chaotic behavior of the game for v = 0.7635 and the output K = 0.995, which
clearly confirms the above results.

5.8.5 Entropy

Here, we applied the ApEn directly to the series of data z3(n) that was obtained from the
third firm. Figure 5.55 shows the approximate entropy of the proposed game when a = 2,¢1 =
1.042811791,e9 = 1.1,e3 = 1.1,{; = 04,(> = 0.8,(3 = 0.1,v; = 0.07,7%2 = 0.03,v3 = 0.4, and
for different fractional order values. It is shown in Figure 5.55, that the approximate entropy
results agree well with the corresponding bifurcation diagram and MLE in Figure 5.45. It is also
shown that the smaller the fractional order v is, the more complex the game model is. Therefore,
we must be aware of the selected fractional order in the game model (5.25) in order to have a
relatively high structural complexity.
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—o2l

V4

Figure 5.53: 0-1 test: regular dynamics of the translation components (p, q) of the Cournot game
(525) for a = 2,62 = 1.1,63 = 1.1,(1 == 04, CQ == 0.8,(3 = 0.1,’}/1 == 0.07,’)/2 == 0.03,’}/3 =04
with fractional order v = 0.865.

Figure 5.54: 0-1 test: regular dynamics of the translation components (p, ¢) of the Cournot game
(5.25) for a = 2,69 = 1.1,e3 = 1.1, = 0.4,(2 = 0.8,(3 = 0.1,77 = 0.07,72 = 0.03,v3 = 04
with fractional order v = 0.7635.
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Figure 5.55: ApEn of the game model (5.25) vesrus v.

Conclusion

Different three dimensional fractional-order maps have been investigated in this chapter. Such
maps can be considered as a generalization of the corresponding integer-order maps where the
difference operator is replaced by the Caputo-like difference operator. There are some important
concluding remarks to indicate here.

Compared the fractional case with the integer one, it can be seen that the bifurcation
structure of the 3D fractional maps changes qualitatively with the variation of the pa-
rameter system parameters and the order v. Two cases are observed; in the first case
the area of the chaotic motion decreases with the augment of the periodic motion as the
fractional order decreases. For the second case, the area of the chaotic motion disappears
as v decreases.

Based on the fractional difference order, the fractional-order Hénon map can display
Lorenz-like attractors. We found that as the fractional order decreases the chaotic at-
tractor moves to stable one.

Both of the fractional-order Grassi-Miller map and the fractional Cournot game model
contain rich dynamical behaviors. It is interesting that this maps with integer-order is
periodic, but chaos is observed with the decrease of the fractional-order v

ApEn and Cy complexities agree well with LEs and bifurcation diagram results. It shows
that complexity analysis is a more convenient method to choose parameters of fractional-
order chaotic system in the real applications. We also find that the complexity of the 3D
fractional generalized Hénon map decreases as v decreases.

The reported results confirm that the discrete-time fractional extensions of chaotic maps
can better describe their fractional dynamics.
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Chapter 6

Different Families of Fractional

Order Discrete Time Systems with
Hidden Attractors

6.1 Introduction

Recently, modelling numerous chaotic phenomena in the form of nonlinear dynamical systems,
with some special features, examples being particular dynamic behaviors and specific properties
related to the system equilibria has drawn the attention of many researchers. Generally speaking,
regardless of the type of system (continuous time or discrete-time dynamical systems) chaos can
appear in the form of "self-excited attractors" or "hidden attractors', which is a new classification
that is defined by Leonov and Kuznetsov in [150]. The self-excited attractors are attractors for
which the initial conditions are located close to the saddle points of the chaotic flow [151]. On the
other hand, hidden chaotic attractors are attractors in unusual systems, for example, systems
with no equilibria or with only one stable equilibrium [154]; for which the initial conditions can
only be found via extensive numerical search [152,153]. Consequently, these types of chaotic
attractors are difficult to be discovered [155].

Referring to discrete-time systems, the topic of chaotic discrete-time systems characterized
by “hidden attractors" has been only recently investigated [156]. For example, in [157] Jafri et.al.
studied a new 1D chaotic discontinuous discrete-time system without equilibrium inspired by the
Logistic map, whereas in [156,158] 2D and 3D chaotic discrete-time systems with different types
of stable equilibria have been proposed. Moreover, in [159] 2D chaotic quadratic systems without
equilibria and with no discontinuity in the right-hand equations have been introduced. Some
other examples of chaotic attractors with curve equilibrium were numerically presented in [161].
These studies have proven the significant role of hidden attractors in theoretical problems and
engineering applications. For example, hidden attractor can generate unexpected and potentially
disastrous responses to perturbations in a structure like a bridge or an airplane wing.

Very recently, the study on fractional-order discrete-time (FODT) systems has received much
attention. Actually, FODT systems can much more accurately describe the physical phenomena
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6.2 Two dimensional FODT system with no equilibria and with for non-linearities

than their integer-order ones. To this purpose, several chaotic fractional-order systems have
been proposed starting from the chaotic integer-order counterparts (see Chapter 4 and Chapter
5). The well-known chaotic attractors generated from such systems (eg, fractional Lozi map
[2], fractional Stefanski map [147], fractional Grassi-Miller map [148], and fractional Duffing
map [149] and all the other systems reported in Chapter 4 and Chapter 5) are excited from
unstable equilibria. On the other hand, the application of fractional-order calculus to design
FODT chaotic systems with hidden dynamics is an emerging discipline of study in which few
studies have been performed [163-169]. Which has inspired researcher to devote themselves
to the design of new two and three dimensional fractional order discrete-time (FODT) chaotic
systems with hidden attractors.

This chapter will present some typical examples of two-dimensional FODT systems and
three dimensional FODT systems with hidden chaotic dynamics of equilibrium points, which is
a newly introduced category of dynamical systems. FODT systems without equilibruim points,
FODT systems with stable equilibruim point, FODT systems with close curve fixed points are
reported. The procedure of these designed systems are explained and their dynamical properties
are investigated throught phase plots, bifurcation diagrams, largest Lyapunov exponent and 0-1
test. Complexity of the FODT systems is also analyzed by employing approximate entropy and
Cy complexity.

6.2 Two dimensional FODT system with no equilibria and with
for non-linearities

The discovery of simple chaotic systems with complex dynamics has always been an interest-
ing research work. Since the field of fractional discrete-time systems (FODT) showing "hidden
attractors" is completely unexplored in the literature, we construct a new FODT system with
hidden attractors based on a two dimensional iterated system [170] by adding Caputo left oper-
ator. Huynh, et al in [170] proposed the following two dimensional iterated system by combining
nonlinear functions, as:

= :U(n) + y(n), (6.1)
y(n+1) = y(n) —aly(n)| - z(n)y(n) + B(z(n))* - y(y(n))* + 4, '

where x and y denote the states of the discrete—time system and «, 3, and ¢ are some bifurcation
parameters. According to [170], the map has no equilibrium point and exhibits chaos (ie. the
system has possesses hidden chaotic attractors). The bifurcation diagram, Lyapunov exponents
and phase space are plotted in Figure 6.1 confirming the existence of chaos.

Based on the integer order discrete-time system (6.1), we introduce a new fractional order
discrete-time (FODT) system using the left Caputo difference operator. We start by taking the
first—order difference as
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Figure 6.1: (a) Bifurcation diagram of the discrete-time system (6.1) versus v for a = 0.01,
B =0.1, 6 = 0.1; (b) Lyapunov exponent spectrum respect to 7; (¢) Hidden chaotic attractor
of system (6.1) with « = 0.01, 8 = 0.1, v = 2, § = 0.1, and initial condition (z(0),y(0)) =
(1.5,0.5).

The new FODT system can be generated by replacing the first—order difference by the left
Caputo difference operator. Here, we consider the generalization of system (6.1) for the fractional
incommensurate-order model which takes the formas:

CAM () = y(t — 1+ 1),
OAZQy(t) = —aly(t—1+w)| -zt —1+w)yt —1+wv) + Bz2(t — 1+ 1) (6.3)
=2 (t—1+12) +9,

where t € N,11-,, and a is the starting point.
We denote the equilibrium point of the FODT system (6.3) with (zf,y¢). Equation (6.3)
can be transformed into Equation (6.4) for calculating the fixed points

oAaar = - (6.4)
Ayp = —alys| —xpys + Brs — vy + 6,

and by taking in mind that Az = A2y = 0, we get

Bat+6=0. (6.5)
Therefore, the FODT system (6.3) also has no equilibrium points for such positive parameters
B, § and in other words, the attractors generating from system (6.5) are all hidden.
6.2.1 Dynamics analysis

In this subsection, we will employ numerical tools to assess the hidden dynamics of the proposed
FODT system (6.3). For that we will need a discrete numerical formula that allows us to evaluate
the states of the system in fractional discrete time. Theorem 1.15 provides the basis for the
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numerical method. The states solution of the FODT system given in (6.3), for a = 0, can be
obtained as

n

2, eyl =),
> et (—aly( -~ Dl —a(G - Dy~ D+ a2 —1) (O
—yy*(i — 1) +9),

z(n) = z(0)
0

1
T T
y(n) = y( ) + r(,l,z) )

7j=1

Using the above explicit numerical formula, we are going to explore numerically the action of the
fractional order v = (11, 12) on the behavior of the FODT system (6.3). We will mainly discuss
the hidden chaotic dynamic of the system by means of bifurcation diagram, largest Lyapunov
exponent and phase portrait. To ensure the existence of chaos parameters «, 3,9 are set as
a =0.01,5 =0.1,§ = 0.1, whereas 7y and fractional orders 1y and v, are considered as the only
bifurcation parameters. Following are the results of our investigations of various cases studied.

6.2.1.1 Commensurate fractional order case (11 = 1, = v)

Here, we consider the following cases.

Cas 1. Let v; = vy = v and vary v from 1.7 to 2.05 with the step size Ay = 0.003. The bifurcation
diagram and largest Lyapunov exponent of the FODT system (6.3) without equilibrium
points in (v, ) plane with v = 0.992 and v = 0.975 are plotted in Figure 6.2 and Figure
6.3, respectively. The FODT system (6.3) changes from periodic state to chaotic state
through period doubling route to chaos. When v = 0.992 system (6.3) is chaotic at the
rang v € (1.999,2.02), while when v = 0.975 the system is chaotic at v € (2.025,2.05).
Obviously, as the fractional order v decreases, the bifurcation diagram gradually shifts to
the right.

Cas 2. Let v = 2, 1 = 1o = v and vary v from 0.95 to 1 with the step size Av = 0.001.
Figure.6.4(a),(b) shows the bifurcation diagram and the corresponding largest Lyapunov
exponent, respectively. It was found that when v > 0.9912 the largest Lyapunov exponent
is positive which indicates that the FODT system without equilibrium point has chaotic
behavior. As v decrease, the chaotic motion disappears and the FODT system (6.3)
displays periodic motion from period doubling bifurcation. If we continue decreasing the
fractional order v the system will eventually diverge to infinity.

6.2.1.2 Incommensurate fractional order case (v # 1)

Here, when plotting bifurcation diagrams, two sets of symmetrical initial states and system
parameters are considered. The bifurcation diagram is plotted in blue for the initial state
x(0) = 1.5, y(0) = 0.5, and for the system parameters a = 0.01, § = 0.1, y =2, § = 0.1 , while
the bifurcation diagram is plotted in red for the initial state x(0) = —1.5, y(0) = —0.5, and
a=-001,8=-01v=-26=—0.1.
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Figure 6.2: (a) Bifurcation diagram of the FODT system (6.3) versus 7. with v = 0.992
and a = 0.01, § = 0.1, § = 0.1; (b) largest Lyapunov exponent of the FODT system (6.3)
corresponding to (a).
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Figure 6.3: (a) Bifurcation diagram of the FODT system (6.3) versus 7, with v = 0.975 and o =
0.01, 5 =0.1, 6 = 0.1; (b) largest Lyapunov exponent of the FODT system (6.3) corresponding
to (a)

212



6.2 Two dimensional FODT system with no equilibria and with for non-linearities

0.12 T T T T T
0.1p W

0.081

g g 006
g 10 g
8 el ~< 004

17r 0.02f

16f

0
14 ~0.02 ‘ ‘ ‘ ‘ ‘
094 095 094 095  0.96 057 098  0.99 1

Figure 6.4: Bifurcation diagram and Largest Lyapunov exponent of the FODT system (6.3)
with v € [0.95,1] for « = 0.01, 8 = 0.1, v = 2, 6 = 0.1. (a) Bifurcation diagram; (b) Largest
Lyapunov exponent

Cas 1.

Cas 2.

Let v = 2, 1 = 1 and vary 1o from 0.960215 to 1 with the step size 0.001. The bi-
furcation diagram for the initial condition [z(0),y(0)] = [1.5,0.5] is shown in Figure.6.5
(blue diagram). Similarly, the FODT system (6.3) changes from a periodic state to a
chaotic state via period-doubling bifurcation. Obviously, the FODT system is chaotic
when 5 € [0.9915,1], and periodic when v, € [0.960215,1]. Now we choose to fix the
bifurcation parameters as « = —0.01, § = —0.1, v = =2, § = —0.1 and we vary the
value of o in the interval [0.960215,1]. The bifurcation diagram for the initial condition
[£(0),y(0)] = [-1.5,—0.5] is shown in Figure 6.5 (red diagram). From Figure.6.5 we no-
tice that the bifurcation diagrams corresponding to these opposite initial condition and
bifurcation parameters had certain symmetrical similarity.

Let v = 2, v5 = 1 and vary v; from 0.94645 to 1. The bifurcation diagram for the
initial condition [z(0),y(0)] = [1.5,0.5] are shown in Figure 6.6 (blue diagram). When
vy < 0.968 the FODT system (6.3) has a transient state; meaning that the states of
the proposed system approaches, some bounded attractor until a minimum number of
iterations and then it diverges towards infinity. Similarly, when we choose the parameters
a=-0.01, 8=-0.1,7y = -2, 6 = —0.1 and initial condition [z(0),y(0)] = [-1.5, —0.5],
the red dots show a symmetrical bifurcation diagram.

As shown above, when all the fractional order values of the proposed system (6.3) are varied
simultaneously the chaotic region shrink much compared with that when one fractional order
values are varied. Figure 6.7 shows the hidden chaotic attractor of the fractional order map (6.3)
with fractional order v = 0.992 for two different initial conditions and bifurcation parameters.
The red attractor corresponds to the initial condition [z(0),y(0)] = [~1.5, —0.5] and bifurcation
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Figure 6.5: Bifurcation diagram versus vo of the FODT system (6.3) for two different initial
conditions and bifurcation parameters. Blue diagram [z(0),y(0)] = [1.5,0.5],& = 0.01, 8 = 0.1,
v =2, =0.1, red diagram [zo, yo] = [-1.5,-0.5], « = —0.01, 8 = 0.1, v = =2, 6 = —0.1.
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Figure 6.6: Bifurcation diagram versus v; of the FODT system (6.3) for two different initial
conditions and bifurcation parameters. Blue diagram [z(0),y(0)] = [1.5,0.5],& = 0.01, 8 = 0.1,
v = 2,0 = 0.1, red diagram [z(0),y(0)] = [-1.5,-0.5], « = —0.01, 8 = —0.1, v = -2,
6 =—0.1.
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parameters a = —0.01, 8 = —0.1, v = —2, § = —0.1, while the blue attractor correspond to the
initial condition [2(0),y(0)] = [1 0 5] and bifurcation parameters o = 0.01, § = 0.1, v = 2,
0 =0.1.
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Figure 6.7: The hidden chaotic attractor of the FODT system (6.3) for two different initial
| =

conditions and bifurcation parameters. Blue attractor [z(0),y(0) [1.5,0.5] ,& = 0.01, 8 =
0.1, v = 2, § = 0.1, red attractor [2(0),y(0)] = [-1.5,—0.5], « = —=0.01, 8 = —0.1, v = -2,
0 =—0.1.

6.2.2 Complexity analysis

A complexity measure plays important role in analyzing dynamic properties of chaotic systems.
In this section we measure the complexity of the FODT system (6.3) by means of approximate
entropy algorithm given in Chapter 3 as

ApEn = ¢™(r) — ¢™ (1), (6.7)
where ¢ (r) is considered as
1 N—m+1
i=1

The complexity of the FODT system (6.3) is tested by the ApEn for different fractional order
values, results are reported in Table 6.1. The calculated values of ApEn in Table 6.1 validate
the chaotic nature of the FODT system (6.3). As shown in Table 6.1, the FODT system (6.3)
has higher complexity when vy = 0.9995 and v = 1 corresponding to the bifurcation diagram
in Figure 6.6, and the low complexity region can be found when both values of v; and vy are
decreased.
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V1 ) ApEn
1 1 0.2291
1 0.9975 | 0.2131
0.9995 1 0.2920
0.992 | 0.992 | 0.1.942

N NN N2

Table 6.1: Approximate Entropy test

6.3 Fractional order Hénon-like maps with no equilibrium points

Inspired by the Hénon map, the authors Haibo Jiang et.al. in [156] preformed a systematic
search to construct two dimensional discrete-time systems with no equilibria or with stable
equilibria. The objective was to find the algebraically simplest cases which cannot be further
reduced by the removal of terms without destroying the chaos. For each case that was found, a
computer search was preformed to find chaotic solutions that are deemed "elegant" in the sense
of Sprott [162], by which it means that as many coefficients as possible are set to zero where the
others are set to =1 or otherwise to a small integer or decimal fraction with the fewest possible
digits. In particular, in [156] attention is focused on a class of integer-order Hénon-like map
with six real coefficients a;, Vi = 1.6, described by

y(n+1) = aiz(n) + azy(n) + aza®(n) + asy?(n) + asz(n)y(n) + ag.
The equilibrium point of system (6.9) are obtained by solving
r=y ) ) . (6.10)
Y = a1x + agy + azx* + aqy” + asxry + ae.

Therefore, the problem of finding fixed points is transformed into the following equation with
respect to x

(a3 +aq + az)2z® + (ag +ag — 1)z + ag = 0. (6.11)

According to [156], to design an integer-order discrete-time system with no equilibria, we should
just find the system parameters a;, Vi = 1.6 where the quadratic equation (6.11) has no solution.
As a result, the conditions to find the discrete-time systems without equilibria are:

Condition 1 . If ag + a4+ a5 =0, a1 +a2—1 =0 and ag # 0.

Condition 2 . If ag + a4 + a5 # 0 and A < 0 where A is the discriminant of equation (6.11) and is given
by A = (a; +az —1)? — dag(ag + ay + as).

In both cases, for any existence of attractors, they must be hidden as the basin of attractor
do not contain any fixed point. By applying the search routine to the general form (6.9) with

216



6.3 Fractional order Hénon-like maps with no equilibrium points

Condition 1 infinitely many integer order systems are found. One of the most elegant system is
given by

z(n+1)=y(n),
{ y(n+1)=z(n)+a2®(n) + ay? (n) —azx (n) y (n) — ag, (6.12)

where a;, Vi = 1.4 are real bifurcation parameters. Nonlinear terms in this dynamical system
are 2 | y? and xy. Based on what has been reported in [156], the system (6.12) can generate
many different hidden chaotic attractors. Here, we give four main hidden attractors depending
on the parameters a;, Vi = 1.4:

Cas 1.

Cas 2.

Cas 3 .

Cas 4 .

When (a1,as2,as,a4) = (0.2,0.71,0.91, —1.14) and initial conditions are (z(0),y(0) =
(0.93,—0.44), Lyapunov exponents are Ly = 0.0623, Ly = —0.3248 and the Lyapunov
dimension of the map in this case is dimy = 1.1947, therefore the map (6.12) displays a
chaotic attractor as shown in Figure 6.8-(a).

When (a1, ag,as3,a4) = (—0.6,0.74,0.14, —0.33) and initial condition (2(0),y(0) = (—0.78,0.45),
Lyapunov exponents are L1 = 0.0827, Lo = —0.2349 and thus the Lyapunov dimension is
dimy, = 1.3572. System (6.12) displays chaotic attractor with no equilibria, as shown in
Figure 6.8-(b).

When (a1, ag,as,as) = (0.51,1,1.51, —0.74) and the initial condition (z(0),y(0) = (—0.81,0.51),
the attractor diagrams of system (6.12) is plotted in Figure 6.8-(c), at this time, the cor-
responding Lyapunov exponents are L; = 0.0886, Lo = —0.2448, the Lyapunov dimension

is dimy, = 1.3649. Due to fractional dimension and the positive Lyapunov exponent, the

map is chaotic.

When (a1, ag,a3,a4) = (0.6,1,1.6,—0.72) and initial condition (z(0),y(0) = (—0.26,0.18),
so, Lyapunov exponents are as follows L; = 0.1012, Ly = —0.2067 and the Lyapunov di-
mension of the map in this case is dim; = 1.4932, therefore we have a chaotic attractor.
Phase portrait of the map (6.12) is shown in Figure 6.8-(d).

Very recently, based on system (6.12), a novel fractional order Hénon-like map with new hidden
chaotic attractors [164] was designed by using the Caputo difference operator CAZ, as

“ALz (1)
CALy (t)

y(t—14v)—z(t-14+v),
r(t—14+v)+ax®(t—14+v)+aw?(t—1+v) (6.13)
—azz(t—14+v)y(t—14v)—as—y(t—1+v),

where t € Ngy1-, and 0 < v < 1. Similarly to the previous chapters (Chapter 4 and 5), to
examine the dynamics of the fractional order Hénon-like map (6.13), we will use a numerical
solution obtained by using Theorem 1.15; which leads to the discrete solution in the form

2 (n) =2 (0)+ iy X 1 WU - D -2 (i -1),
) =y O)+ iy 3 B @ (- ) +an? (G- D) +an? (-1 (O
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in which z(0) and y(0) are the initial conditions. Evaluating (6.14) for v = 1 we get the
classical integer-order discrete time system (6.12) and with some direct calculations, the resulting
dynamics of the fractional order Hénon-like map are identical to those of the classical one even
though it has a discrete memory effect, i.e. the solution z (n) depends on all previous values
z(0),z(1),...,2 (n—1). Now that we have our fractional system (6.13) and the corresponding
numerical formulas (6.14), we can study the dynamic behavior of the fractional order Hénon-like
map without equilibria.

(a) (b)

1 7~ 15
\'s 1
S,
0.5

K “’t‘:
¥, 04
\i\ 02
0 0
> / > 0.2 é
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~0.4 #
g 0 L5
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-1 [ 1 -1 08 -06 -04 -02 0 02 04 06

Figure 6.8: Phase plots of the Hénon-like map without fixed point (6.12) for: (a) (a1,a2,a3,a4) =
(0.2,0.71,0.91,1.14) and (2(0),y(0)) = (0.93,—0.44), (b) (a1, a2, as,as) = (—0.6,0.74,0.14, —0.33) and
((0),y(0)) = (—0.77,0.45), (c) (a1,a2,a3,as) = (0.51,1,1.51,0.74) and (x(0),y(0)) = (—0.81,0.51),
(d) (a1,a2,a3,a4) = (0.6,1,1.6,0.72) and (z(0),y(0)) = (—0.26,0.18).

Dynamical analysis

To investigate the sensitivity of the fractional order Hénon-like map (6.13), two indicators are
used. The first indicator is the bifurcation diagram and the second indicator is the phase portrait.
In the following, the system dynamic is analyzed for the fore cases. For each parameter setting
the solutions are calculated for a sufficiently long time and the transient is concealed.

Cas 1 . First, we study the effect of the fractional order v on the dynamics of the Hénon-like
map for parameter values (a1, ag,as,as) = (0.2,0.71,0.91,1.14) and the initial conditions
(2 (0),y(0)) = (0.93,—0.44). When changing the value of order v from 0.975 to 1 grad-
ually, the bifurcation model of the state variable x is plotted in Figure 6.9. We notice
that as v decreases, the trajectory z(n) remains bounded whereas when v < 0.976, the
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6.3 Fractional order Hénon-like maps with no equilibrium points

chaotic behavior is delayed and the states of the fractional Hénon-like map (6.13) diverge
to infinity. The phase diagrams are plotted in Figure 6.10 for different values of v. Observe
from Figure 6.10, one can easily see that the types of these hidden attractors are different
from each other. Moreover, this figures indicates that the fractional order v is another
bifurcation parameter.

15

051

15 I I I I
0.975 0.98 0.985 0.99 0.995 1
v

Figure 6.9: Bifurcation diagram of the fractional order Hénon-like map (6.13) versus v with
(a1,a2,a3,a4) = (0.2,0.71,0.91,1.14) and (2(0),y(0)) = (0.93, —0.44).
v =0.985 v =0.979
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Figure 6.10: The chaotic attractor obtained with (a1, a2,as,as) = (0.2,0.71,0.91,1.14) and
(2(0),y(0)) = (0.93,—0.44) for different fractional orders v.

Cas 2 . Next, we set the parameters (a1, a2, as,as) to (0.51,1,1.51,0.74) and choose the initial
values (z (0),y (0)) = (—0.81,0.51). The bifurcation diagram for the fractional Hénon-
like map (6.13) versus order v is illustrated in Figure 6.11. As can be seen from Figure
6.11, the fractional Hénon-like map (6.13) goes from chaos to period when decreasing the
value of v. It is noticed that the system (6.13) is unbounded for v < 0.962. Figure 6.12
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depicts the phase portraits of the fractional order Hénon-like map for the three different
fractional orders v = 1, v = 0.979, and v = 0.963. Similarly, when v = 1, the fractional
system (6.13) refers to the classical system. While 0.963 < v < 1, the fractional Hénon-like
map (6.13) exhibits a chaotic behavior.

0.8
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v

Figure 6.11: Bifurcation diagram of the fractional Hénon-like map (6.13) versus v with
(a1,a2,as3,a4) = (0.51,1,1.51,0.74) and (z(0),y(0)) = (—0.81,0.51) for different fractional

orders v.
v =0.979 v =0.963
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Figure 6.12: The chaotic attractor obtained with (ai,a2,as,a4) = (0.51,1,1.51,0.74) and
(z(0),y(0)) = (—0.81,0.51) for different fractional order values v.

Cas 3 . Let us, now, consider the third set of parameters (ai, ag,as,as) = (0.6,1,1.6,0.72) with
initial states (x (0),y(0)) = (—0.26,0.18). As can be seen in Figure 6.13, the resulting
trajectories of the fractional Hénon-like map (6.13) vary with v. When v < 0.95, chaos
disappears completely.
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v =0.979 ) v =0.955
Fiz R o
T, T,

@30 | i > -0.25 . . ]

Figure 6.13: The chaotic attractor obtained with (ai,asg,as,as) = (0.6,1,1.6,0.72) and
(2(0),y(0)) = (—0.26,0.18) for different fractional orders v.
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Figure 6.14: Bifurcation diagrams with as as the critical parameter and (ai,as,as) =
(0.2,0.91,1.14) and (x(0),y(0)) = (0.93, —0.44) for different fractional orders v.

The bifurcation diagrams for different parameters (ai,as,as,as) are shown in Figures 6.14,
6.15, and 6.16, respectively. First we fix parameters (a1, as,aq4) to (0.2,0.91,1.14) and vary as
along the interval [0.46,0.75]. Clearly, decreasing the fractional order v affects the interval over
which chaos is exhibited. In Figure 6.15, the bifurcation diagram is obtained with (az,as,aq) =
(1,1.51,0.74) and the critical parameter a; being varied in steps of Aa; = 0.0006. In this case,
when we decrease the fractional order v, the opposite is observed as the chaotic band expands and
the 8—period stage disappears. Finally, Figure 6.16 is obtained for (a2, as,as) = (1,1.6,0.72)
with a; as the critical parameter. We see that a slight change in the fractional order has a
considerable effect on the dynamics of the system. For completeness, the time evolution of the
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states belonging to the fractional-order Hénon-like map (6.13) are displayed in Figure 6.17 for
v = 0.979.

v =0.963

Figure 6.15: Bifurcation diagrams with a; as the critical parameter and (ag,as,as) =
(1,1.51,0.74) and (x(0),y(0)) = (—0.81,0.51) for different fractional orders v.

v =0.979

£ 02t
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Figure 6.16: Bifurcation diagrams with a; as the critical parameter and (ag,as,as) =
(1,1.6,0.72) and (2(0),y(0)) = (—0.26,0.18) for different fractional orders v.
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Figure 6.17: Time evolution of states for v = 0979 and: (a) (a1,a2,a3,a4) =

(0.2,0.71,0.91,1.14) and (z(0),y(0)) = (0.93,—0.44), (b) (a1, a2, as,as) = (0.51,1,1.51,0.74
and (z(0),y(0)) = (-0.81,0.51), (c¢) (a1,a2,a3,a4) = (0.6,1,1.6,0.72) and (2(0),y(0)) =
(—0.26,0.18).

223



6. Different Families of Fractional Order Discrete Time Systems with Hidden
Attractors

6.4 Fractional order Hénon-like map with stable equilibria

In this segment, we introduce a simple two-dimensional fractional order discrete-time system
with one stable equilibrium point and consider its various numerical analysis. What interest
us is that this newly presented system has stable equilibrium point but it can also exhibit rich
dynamics including chaos and coexisting hidden attractors. We adopt closely the schematic
method developed by Jianget al. in [156], in which the authors preformed a search to find the
accuracy initial values that led to hidden attractors in a new two-dimensional chaotic discrete-
time system with stable equilibrium point inspired by the Hénon map. The general 2D Hénon-
like map with six coefficients is given by

{x<n+ 1) = y(n),

y(n+1) = a1z(n) + azy(n) + azz®(n) + asy®(n) + asz(n)y(n) + ae. (6.15)

To obtain the equilibrium points (xf,ys) of the integer order system (6.15) , we solve the
following system of equation:

{xf — , , (6.16)
Y = a1y + azyy + azxy + asyy + asrryy + ae,

in which a3 + a4 + a5 = 0 and a1 +ag — 1 # 0. System (6.15) has only one equilibrium point at
(xr,yfr) = (Gra=1s oras=7) with eigenvalues A that satisfy

N —Tr(J)\+ Det(J) = 0, (6.17)

where Det(J) = —(a1 + 2aszs + asyy) is the determinant of the matrix J and Tr(J) =
as + 2a4ys + asxy is the trace of the Jacobian matrix. According to the stability criterion
for the integer order maps the equilibrium point (xf,yy) is stable if the roots Ay and Ay of the
characteristic equation (6.18) satisfy that |\;|] < 1 Vi = 1.2. Thus, to design the chaotic map
with stable equilibrium, we should just choose suitable bifurcation parameters in a way that one
of the roots A1, A2 of the characteristic equation (6.18) are superior or equal to one.

Motivated by this strategy, we remove and added some terms to the difference equations
(6.15) to obtain the following two dimensional fractional Hénon-like map:

CAVz(t) =y(t+v—1)—2(t+v—1),
CALy(t) = a1zt +v—1)+agy(t +v—1) +azzx®(t +v —1) + agy?(t + v — 1) (6.18)
+asz(t+v—1)y(t+v—1)+ as,

where as + a4 + a5 = 0 and a1 + as — 1 # 0. For the considered assumptions on parameters, an
extensive numerical search involving millions of random combinations of the coefficients a;, i =
1.6 and initial conditions subject to the integer order case in equation (6.18) has successfully
given the following dynamical system

CAVz(t) =y(t+v—1)—z(t+v—1),
CAVy(t) = —033x(t+v—1)+ Ay(t + v —1) —0.482%(t + v — 1) + 047y (t + v — 1)
+0.0lz(t+v—1)y(t+v—1)—0.9,
(6.19)
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with state variables z and ¥, and system parameter A. 0 < v < 1 denotes the fractional order.
For calculating the equilibrium points of the fractional Hénon-like map (6.19), we assign its left
hand side to zero

0=y-=z, (6.20)
0 = —0.33z + Ay — 0.4822 + 0.47y* + 0.012y — 0.9. '

From system of equation (6.20) it follows

(—0.334+ A)z — 0.9 = 0. (6.21)

It is easy to verify that the fractional Hénon-like map (6.19) has a unique equilibrium point
when A # 0.33. The Jacobian matrix of system (6.19) at an arbitrary point (z,y), is given by:

/= <—0.33 —1.292 +0.01y A+ 0.94y + 0.01x> ' (6.22)

The associated characteristic equation is defined in terms of the trace (T'r(.J)) and determinant
(Det(J)) of the matrix J by:

det(\I — J) = A?> = Tr(J)X + Det(J) = 0, (6.23)

where Tr(J) = =14+ A+ 0.94y + 0.01z and Det(J) = —A+ 0.3 — 0.95y + 1.28x.
To investigate the stability of the equilibrium point we shall use the following lemma, which
is a special version of Theorem 2.6 in Cahpter 2.

Lemma 8. [55] Let Tr(J) = =1+ A+ 0.94y + 0.01z and Det(J) = —A+ 0.3 — 0.95y + 1.28z.
Then, the two dimensional fractional map (6.19) is locally asymptotically stable if

_T;(J) >/ Det(J),

and (6.24)

VTr(J)2 —4Det(J) —Tr(J)
5 :
For A = —0.83, the fractional Hénon-like map (6.19) has a unique equilibrium point E =

v > loga

2__ —
(%l'g, %l'g). Based on Lemma 8 the equilibrium point F is stable when v > logo Ir(J) 4[2)6t(J) Tr(J) .

By simple calculation it is easy to verify that the equilibruim point F is asymptotically stable
when the fractional order v > 0.1430. In this case, the fractional Hénon-like map (6.19) belongs
to the family of chaotic systems having hidden attractors with stable equilibrium point.

Dynamical analysis

In order to investigate the variety of dynamics behavior that can be observed in the fractional
Hénon-like map (6.19) near to the stable equilibrium point E, it is important to present at
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first the corresponding numerical formula. The fractional Hénon-like map (6.19) with stable
equilibrium is changed to

: )
7j=1
y(n) = 5(0) + iy & it (~0.330(j — 1) + Ay(j — 1) —0482°( - 1)+ (029)
=
0.47y%(j — 1) +0.01z(j — )y(j — 1) — 0.9),
where (0) and y(0) are the initial conditions. When selecting parameter A = —0.83, the

fractional order v = 0.999 and initial condition (zo,y0) = (0.32,—1.85) system (6.19) has
hidden attractor with stable equilibrium point. The Lyapunov exponents (LEs) of the system
(6.19) are LE; = 0.0107. LEy = —0.0279. Since the maximum Lyapunov exponent is larger
than zero, we can determine that the hidden attractor is chaotic. Figure 6.18 presents the phase
portrait of the hidden chaotic attractor with stable equilibrium.

15

“2.5 -0.5 15

Figure 6.18: Strange attractor of the 2-dimensional fractional map (6.19) for v = 0.999 and
A= —0.83.

Based on the numerical formula (6.25) of the fractional Hénon map with stable equilibrium,
we focus on the analyze of the influence of the parameter v.

Bifurcation versus fractional order v

In the following, the coexisting of hidden attractors in the fractional Hénon-like map (6.25)
with stable equilibrium point are revealed by phase portraits and bifurcation diagrams. For
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A = —0.83, the dynamic evolution of the fractional Hénon-like map (6.25) versus v is given
via plotting its bifurcation diagram (see Figure 6.19). The bifurcation diagram is obtained
by plotting the local maximum value of the variable x for two sets of initial conditions. The
blue diagram begins with the initial condition (z(0),y(0)) = (0.32, —1.85) and the red diagram
begins with the initial condition (x(0),y(0)) = (—0.32,—1.85). When the fractional order v
varies from 1 to 0.999, our fractional system (6.19) generates chaos with transient states. As
v decreases further a coexisting hidden periodic orbits are obtained. The coexisting hidden
attractors with different values of v are shown in Figure 6.20. Two hidden periodic attractors
coexist for v = 0.9989, v = 0.9987, v = 0.9984 with initial values (x(0),y(0)) = (0.32,—1.85)
and (2(0),y(0)) = (—0.32,—1.85) as shown in Figure 6.20(b)-(d). Also, a hidden chaotic
attractor is observed with order v = 0.9996. It is noticed that the type of hidden attractors not
only depend on the value of v but also on the initial conditions.
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Figure 6.19: Bifurcation diagram of the two dimensional fractional Hénon-like map (6.19) with
stable equilibrium point versus v for A = —0.83.

The 0-1 test

To confirm the property of coexisting attractors of the proposed fractional Hénon-like map (6.19),
we plot the p — ¢ trajectories of the 0—1 test using Matlab program. As it has been reportedin
Chapter 3, unbounded p — g trajectories implies chaotic behavior whereas bounded trajectories
implies regular behavior. As in Figure 6.20 we choose to fix the system parameter A to A =
—0.83 and vary the fractional order v. Figure 6.21 shows the p — ¢ plots with v = 0.9996 and
v = 0.9984, where the blue plots are obtained for the initial values (x(0),y(0)) = (0.32, —1.85)
and the red plots are obtained for (z(0),y(0)) = (—0.32,—1.85). In particular, Figure 6.21(a)
shows Brownian like trajectories in p versus ¢ plan for both initial conditions, confirming that
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the dynamic of the fractional system (6.19) with stable equilibrium are chaotic for both initial
values and fractional order value v = 0.9996. When v = 0.9984 Figure 6.21(b) depicts bounded
like trajectories in p versus ¢ plane for both initial conditions, which confirms the coexisting of
hidden periodic orbits.

(a) (b)

-25 N -25

Figure 6.20: The coexisting hidden attractors of two dimensional fractional Hénon-like map
(6.19) with stable equilibrium point for system parameter A = —0.83 and initial condition
(—0.32,—1.85) for red attractors and (0.32,—1.85) for blue attractors, with fractional order
varying: (a) v = 0.9996, (b) v = 0.9989, (c¢) v = 0.9987, (d) v = 0.9984.

6.5 A quadratic two dimensional fractional map without equi-
libria

Inspired from the work of Panahi et al. [155] and discrete fractional calculus, in this part, we
consider a simple fractional order quadratic map with no discontinuity in the right-hand of
equations and without equilibrium points. The system shows a number of hidden attractors
for different values of the fractional order in the difference equations. The presence of the
chaotic hidden attractors is validated via the bifurcation diagrams, the computation of the
maximum Lyapunov exponent and the 0-1 test. Additionally, the complexity (that reflects the
irregularity in the discrete data) and the entropy (that quantify the amount of regularity and
the unpredictability of fluctuations in the data) are carefully evaluated and analyzed. We start
by presenting a simple detailed explanation about the procedure of designing such systems. Let
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(@)

Figure 6.21: The 0-1 test of the two dimensional fractional Hénon-like map (6.19) with stable
equilibrium point. (a) Brownian like trajectories for both initial conditions with v = 0.9996, (b)
bounded trajectories for bowth initial condition with v = 0.9984.

us consider the following general parametric form

{w(n+ 1) = y(n) + z(n),

y(n+1) = F(2(n),y(n)) + y(n) [mz(n) + azy(n) + as] + y(n), (6.26)

recently proposed by Panahi et al. [155] where F'(.,.) is a continue function that determines
the type of system we want to design. z,y are dynamical variables and a1, as,as are three
bifurcation parameters. The equilibrium points (z¢,ys) can be found by solving:

{xf =yr +ay, (6.27)
yr = F (x5,yr) +yy [arxy + agyy + as] + yy.

From equation (6.27), we have
yr =0, and F(xy,y5)=0. (6.28)

Therefore, to design the chaotic map with no equilibrium, we should just choose F(z¢,yf) in
a way that it cannot become zero. In order to illustrate the presence of hidden attractors we
discuss the case where F(z(n),y(n)) is a second degree equation and A < 0, in this case the
system defined by equations (6.27) does not allow for the existence of any equilibrium point;
neither stable nor unstable.

The systematically exhaustive search for "elegant" systems developed in [162] was performed
by Panahi et al. [155] and applied to the two dimensional system (6.27) with quadratic nonlin-
earities function:

F (z(n),y(n)) = asz(n)? + asz(n) + as, (6.29)
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and the condition a2 — 4asag < 0. The simplest case obtained from the search procedure [155],

is
v(n+1) = y(n) + v(n), 6.30
y(n+1) =0.12%(n) + 0.1 + y(n)[—z(n) — by(n)] + y(n), '
where b is the bifurcation parameter. In its most general form, the system has six parameters.
However, two of these parameters are set up to zero and still obtain hidden chaotic behavior of
the form, shown in Figure Figure 6.22-(c). The bifurcation diagram and Lyapunov exponents
are plotted in Figure 6.22(a) and Figure 6.22(b), respectively, confirming the existence of chaos.

By introducing the Caputo like difference operator ©AY in the integer order difference equa-
tions (6.30), Ouannas et.al. [169] introduced a new fractional-order quadratic two dimensional
fractional map without equilibria with order v €]0, 1], as follows

CAZx(t) =y(t—1+v), (6.31)
CAvy(t) = 012%(t —14+v) —by?(t—1+v) —z(t—1+v)y(t —1+v)+0.1,

where a is the starting point and ¢ € Nyy1_,. The proposed fractional difference equations
exploit the Caputo operator and do not contain any discontinuity in their right-hand side. It
can be seen that the fractional model possesses three quadratic nonlinearties 22, y? and wy.

We denote the equilibrium point of the quadratic fractional-order map (6.31) with (zf,yy).
The equilibrium point of (6.31) can be found by solving

CAVxy =
F=Yrs
{ CAVyf = 0.12% — by} — xsys +0.1, (6:32)

and by taking in mind that the Caputo—like delta difference of constant is equal to zero, one can
get
0.1(z%+1) =0. (6.33)

Therefore, from the above equation, we can easily confirm that the quadratic fractional order
map (6.31) has no equilibriua point; which means the attractors produced by system (6.31) are
all hidden attractors.

6.5.1 Dynamic analysis

To continue with the analysis of the quadratic fractional map (6.31), we need to define the
numerical formula of the proposed system. Using Theorem 1.15 and assuming that a = 0, the
system (6.31) is converted to
T(n—j+ .

z(n) =2 (0) + 1y Lo T (y (G- 1),

— 1 [(n—j+v)
y (n) —y<0)+r< 7 25=1 T(n—g+1)

x (0122 (J —1) =0y~ 1) — =2~ Dy(j —1) +0.1).

This numerical formula will allow us to investigate the existence of hidden attractors of the
quadratic fractional-order map (6.31) in detail. Simulation of phase portraits, bifurcation dia-
gram, largest Lyapunov exponents and 0-1 test will help us to analyze its dynamic features.

(6.34)
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Figure 6.22: Numerical analysis of the quadratic fractional map without equilibria (6.30) with
[0, v0] = [1.7—0.39]: (a) Bifurcation diagram with the variation of b; (b) Lyapunov exponents
with variation of b; (c¢) hidden chaotic attractor for b = 2.
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Bifurcation diagrams and maximum Lyapunov exponents

Consider the dynamic evolution of system (6.31) with respect to parameter b under the given
initial condition (zg,yo) = (1.7, —0.39). With the change of the fractional order v, the system
can be tracked in different states. The bifurcation diagrams of the quadratic fractional-order
map (6.31) for two different values of v are shown in Figure 6.23. As it can be seen, the variation
of order v has a critical impact on the states of the quadratic fractional-order map (6.31). Figure
6.23(a) is the bifurcation diagram of system (6.31) with order v = 1. When b € [1.975,1.983[ a
series of periodic windows is observed. As the value of b increases from 1.983 to 2, the states of
the fractional-order map (6.31) displays chaotic dynamics. In the bifurcation diagram of Figure
6.23(b), the fractional order value v is set to 0.7457. In this case the route leading to chaos is
a period doubling bifurcation. Compared this diagrams it can be seen that the area of chaotic
motions decreases as the order v varied.

(a)

4 L L L L
1.975 1.98 1.985 1.99 1.995 2

L L L L L L L L L L
2 2.05 21 215 22 225 23 235 24 245 25

Figure 6.23: Bifurcation diagrams of the quadratic fractional-order map (6.31) when the pa-
rameter b is varied with the different values of order v: (a) for v = 1; (b) for v = 0.7457.
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To study the dynamics further, the bifurcation diagram of the quadratic fractional-order map
(6.31) versus v for b = 2 is considered. Figure 6.24 shows the resulting bifurcation diagram.
Clearly, a period doubling scenario route to chaos is observed as v decreases. In this case the
quadratic fractional-order map is chaotic when v €]0.01,0.1962[U[0.996, 1] while is regular in
the remaining interval. To valid this, the maximum Lyapunov exponent is calculated using the
Jacobian matrix algorithm (See Chapter 3). As is well known a system is verified to be chaotic
when the maximum Lyapunov exponent (LE) is positive. The maximum LE diagram which is
associated with Figure 6.24 is reported with a red line. In Figure 6.24, the maximum Lyapunov
exponent is equal to zero or negative over most of the rang (0.1962,0.996), which implies that
the fractional-order map is periodic. For small values of v the fractional-order map is more
complex, because the corresponding maximum LE is larger. The phase diagrams with several
specified values of fractional order are plotted in Figure 6.25. From Figure 6.25, it is clear that
there are different and new hidden chaotic attractors, which consistent with the results in Figure
6.24.

Trmazy Amas

L L L L L L L L L
0 0.1 0.2 0.3 0.4 0.5 06 0.7 08 0.9 1

Figure 6.24: Bifurcation diagram and largest Lyapunov exponent of the quadratic fractional—-
order map (6.31) when the value of the fractional order v is varied with b = 0.2.

0-1 test

Finally, the existence of chaos is justified by means of 0-1 test method. As it has been reported
before, the 0-1 test for chaos can apply directly to a series of data and does not require phase
space reconstruction. Table 6.2 and Figure 6.26 depicts the results of the test for different
values of v with b = 2. First, we observe that when v = 0.06767,~ = 0.0852 and v = 0.998,
the asymptotic growth rate K of the quadratic fractional order map are K = 0.996, K = 0.901
and K = 0.7633, respectively. Second, the unbounded behavior of the translation component
in the p — ¢ plane (Figure 6.26) shows Brownian-like trajectories which indicates chaos. This
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Figure 6.25: Hidden attractors for different values of v: (a) Hidden chaotic attractor for v =
0.0852, (b) Hidden periodic attractor for v = 0.2931, (c) Hidden chaotic attractor for v = 0.998.
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Figure 6.26: Dynamics of the translation components p — ¢ for the quadratic fractional order
map (6.31) different values of v: (a) v = 0.0852, (b) v = 0.2931, (c) v = 0.998.
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results agrees well with the phase diagrams in Figure 6.25. Conversely, for v = 0.2931 the 0-1
test approaches 0 and returns bounded trajectories as shown in Figure 6.26(b) confirming that
the quadratic fractional order map is periodic for v = 0.2931.

Table 6.2: Results of 0-1 test for the quadratic fractional order map (6.31) with different frac-
tional order values

0.06767 | 0.0852 | 0.2931 | 0.4244 | 0.998
K| 0.996 0.901 | -0.0015 | -0.00762 | 0.7633

R

6.5.2 Complexity analysis
Cy complexity analysis

The Cy complexity is an index which can describe the random degree of a discrete data. This
algorithm is described as in Chapter 3. The Cy complexity of state x(n) of the numerical
formula (6.34) is calculated versus order v as shown in Figure 6.27. Figure 6.27 shows that
the complexity of the fractional order map (6.31) decrease with the increment of the quadratic
fractional order v, which much well with the results in Figure 6.24.

0.45

041

0.351

0.3

G o2st

02f

015

01}
o o1 02 03 04 05 06 07 08 09 1

Figure 6.27: C, complexity of the quadratic fractional order map (6.31) with v varying and
b=2.
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ApEn

Figure 6.28: ApEn of the quadratic fractional-order map (6.31) with v varying and b = 2.

Approximate entropy

Now, the complexity of the quadratic fractional-order map (6.31) is described by employing
approximate entropy (ApEn), which is briefly described in Chapter 3. Let b = 2 and [z¢, yo] =
[1.7,—0.39], Figure 6.28 shows the ApEn of the proposed fractional-order map (6.31) for different
fractional order values. As one can see, the complexity of the fractional-order map (6.31) varied
as we vary v. Therefore, we must be aware of the selected fractional order in order to have a
relatively high structural complexity. The quadratic fractional-order map (6.31) is more complex
when v € (0.1253,0.1353).

This results illustrates that the quadratic fractional-order chaotic map show more complex
chaotic behaviors than its integer order counterpart, which can be seen from Cy complexity,
approximate entropy, bifurcation diagram, and largest Lyapunov exponents. The fractional
form of system has high complexity when the fractional order is smaller, so it plays an important
role in the field of communication encryption. In particular, the complexity of the quadratic
fractional-order chaotic map is not only related to the parameters of the system itself, but also
related to the fractional order of the map.
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6.6 Fractional-order discrete-time systems with closed curve fixed
points

With the further research of chaos, scientist found that some nonlinear dynamic systems with
special features of the equilibrium points can produce chaos. Here we introduce a new class
of fractional-order discrete-time systems with closed curve equilibrium points. Different shapes
of equilibria like a square, a rectangle, a circular, and a rounded-suare equilibrium points are
shown by choosing proper parameters of nonlinear function. Interestingly, such special sys-
tems are classified as systems with “hidden attractors” from the computational point of view.
The mathematical model of these fractional systems are formulated by combining Caputo like
difference operator and a class of integer order discrete-time systems reported in [161].

Recently, Jiang Haibo et al. [161] have suggested a class of integer-order difference equations
to discover two-dimensional discrete time systems with closed curve equilibrium points. Such
an interesting system is proposed as:

z(n+1) ==z(n)+af (z(n),y(n)),
yin+1)  =y(n)+ f(x(n),y(n)) (azz(n) + asy(n) + asa*(n) + asy*(n) (6.35)
+agz(n)y(n) +ar),

where z(n), y(n) are the state variables and a;, i = 1.7 are real constant while f (z(n),y(n)) is
a nonlinear function. Similarly, the equilibrium points (2, ys) of system (6.35) must satisfy:

{xf =xr+arf(zf,y5),

6.36
Yy :yf—i—f(acf,yf) (agmf—l—agyf—f—cux?c—|—a5yfc+a6$fyf—|—a7) . ( )

Thus, it is simple to verify that the equilibrium points of the system (6.35) are located on a
curve described by f(zf,yr) = 0. Jiang Haibo et al. [161] used the nonlinear function

f ) = (22 (M) (637

m

in which m, k, r are three strictly positive real constant and p is an integer order such that
p > 2. A summary of fractional-order discrete time systems with different shapes of equilibrium
points based on the nonlinear function f(x,y) is given in the following subsections.

6.6.1 Fractional-order discrete time system with square—shaped fixed points

Motivated by the discovery of discrete time systems with closed curve equilibrium points, Hadjabi
Fatima et al. [163] introduced a new fractional-order discrete time (FODT) system with square—
shaped equilibrium. System (6.35) under the v—Caputo like difference becomes a FODT system
with square—shaped equilibrium, when m = 1, n = 1, p = 12, and » = 1. In this case, the
system is described by

{CAglx(t) = —a(@®(t—-1+wn)+y2t-1+1)-1),

CAzy(t) =Bzt —14+wv)y(t—1+ws) (22(t —1+10) +y2(t — 1 +19) — 1), (6.38)
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where v, 19 are the fractional order and «, 3 are the bifurcation parameters. The square shaped
equilibrium points of the FODT system (6.38) is described as

F:{(az,y)€R2|x12+y12—1:0}. (6.39)

This fractional map is invariant under transformation y — —y for all values of parameters «, 5
and order v. This property will be reflected in the equilibria and attractors of system (6.38). In
the following, we will study the dynamical behavior of the FODT system (6.38) for some specific
parameters and initial values.

Dynamical analysis

In order to further investigate the dynamical behavior of the new FODT system (6.38), we
need to determine the corresponding numerical formula. Using Theorem 1.15, the equivalent
numerical formula of the FODT system (6.38) with square—shaped fixed points can be written
as:

2(n) = 2(0) = ey DT (212G - 1) + 412G - 1) - 1),
e (6.40)
y(n) = y(0) + romy DTt (@ = Dy — 1) (@2 - 1) + 92 - 1))

where 2(0) and y(0) are the initial conditions. Based on the integer-order system (6.35) and the
condition (6.39), by performing a systematic search [162], [163] and focusing on elegant cases,
the FODT system (6.35) exhibits complex behavior for « = 0.2, 8 = 2.4, and initial conditions
(z(0),y(0)) = (0.26,—0.14) for the commensurate order v; = vo = 1, as shown in Figure 6.29-
(a) where the black points represent the square-shaped fixed points. Figure 6.29-(b) shows the
time evolution of = and y. It can be seen that the system (6.38) has two symmetrical states.
Following are the results of our investigations of various cases studied.

Cas 1 . Commensurate order v; = v5 = v. We study the dynamics of the FODT system (6.35)

with square—shaped equilibrium points by numerical simulation. In this simulation, the
initial conditions are taken as [2(0),y(0)] = [0.26, —0.14] to ensure the existence of chaos.
For v = 1, the bifurcation plots with respect to @ and /3 are illustrated in Figures 6.29-(c)
and 6.29-(d), respectively. These diagrams are constructed for 50 initial points. We see
that the maximum chaotic range is observed for o ~ 0.35 and & 2.455. Also, we notice
that the range of § for which we obtain a chaotic behavior is very short. Hence, it is more
interesting to visualize the effect of o on the map’s dynamics.
For that the system was calculated numerically against « € [0, 0.35], while the parameter
[ is fixed to 8 = 2.4. The bifurcation diagrams and largest Lyapunov exponents under
the fractional order values v; = 15 = 0.95 and v; = v, = 0.9 are given in Figure 6.30. By
comparing fiigures 6.30-(a) and 6.30-(b) with figures 6.30—(c) and 6.30(d), we find that the
interval where chaos exists shrinks as v decreases. In particular, when the value of v =
v1 = v changes from 0.95 to 0.9, the areas of chaotic motion shrinks from [1.022,1.116] U
[1.164,1.216] to [0.2405,0.2429] U [0.3126, 0.3423].
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(®)

Figure 6.29: Numerical analysis of the FODT system (6.38) with square—shaped equilibrium points in
the commensurate case 11 = vo = v = 1. (a) Square-shaped fixed point of the fractional-order map

in black dots and hidden chaotic attractor in red color. (b) Evolution states of the fractional-order
map (6.38) of x and y. (c) Bifurcation diagram of the FODT system (6.38) versus « for § = 2.4. (d)
Bifurcation diagram of the fractional-order map (6.38) versus f for a = 0.2.

Cas 2.

Incommensurate order vy # v5. In this case, we reset the parameter § = 2.2 and
keep the parameter a as o = 0.2, Figure 6.31 shows the bifurcation diagram of the FODT
system (6.38) with the decreasing of vo where 1 = 1. When v decreased from 1 the
FODT system (6.38) with square—shaped equilibrium points goes into periodic state and
it goes into chaos at 0.9035. It is also noticed that the periodic state of the integer order
system becomes chaotic as 1o decreases. Another interesting dynamic is observed if we
increase the value of o to 0.23 and decrease the value of S to 0.5. In this case, two chaotic
attractors are observed in the fractional-order map with respect to the fractional orders
v1 = 1 and vy = 0.01, as shown in Figure 6.32, where the red color attractor is yielded
from initial value (0.1, 0.3) and blue color attractor is yielded from initial value (0.1, —0.3).
Therefore, we conclude that the fractional orders improve the complexity of the chaotic
motion of the original system (6.35) with square-shaped fixed point.
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Figure 6.30: (a) Bifurcation diagram of the FODT system (6.38) with square-shaped equilibrium
points versus « for v; = v = 0.95. (b) Largest Lyapunov exponents corresponding to (a). (c)
Bifurcation diagram of the FODT system (6.38) versus « for ;1 = v = 0.9. (d) Largest
Lyapunov exponents corresponding to (c).
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Figure 6.31: Bifurcation diagram of the FODT system (6.38) with square—shaped equilibrium
points in the x — 15 plane for « = 0.2 and 5 = 2.2.

05

041

031

0.2~

0.1

ST —
. e
T
S—
.g.—:>
-=a.-_;_>
____ e
........
= e
P s»,_.-— -
i

Figure 6.32: Coexisting chaotic attractor of the the FODT system (6.38) with square—shaped
equilibrium points for @« = 0.2 and § = 2.2.
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6.6.2 Fractional-order discrete time system with rectangle shaped equilib-
rium points

Now, we consider system (6.35) when m =5, n =1, p = 12, r = 1. In this case we have the
following system

{$k+1 =+ ((F) P+ - 1), (6.41)

Yer1 = Y +oyr((3E)2 + 47 — 1),

where x and y are the system variables. Using the same argument as with the previous system,
we obtain the following fractional order map

C Ay _ (z(t—1+v1) 12 124 o
{Aax(t)—<5 ) ARt — T4 m) -1, (6.42)

ONLy(t) = ay(t — 1+ vo) ((RUEE20)12 4 12(4 ) — 1),

where v € (0,1) is the fractional order. The fixed point of the new fractional-order map (6.42)
are obtained by solving the following system of equation:

(£)12+y12—1 =0,
{ay(( D24 y12 1) =o. (643)

Thus, we must have

(g)12 Fy2-1=0. (6.44)

Therefore, the novel fractional-order map (6.42) has rectangle-shaped equilibrium points. To
study the dynamical behavior of the novel fractional-order map (6.42), we define the numerical
formula as

L ity 12 12
z(n) = 221 (n inll <( (j5 U) + (y(]ml)) _1>
I (6.45)
: 12
y(n) = +r32 Z (7; JJJ:/12 ( (—1) ((m(]{)—l)) +y12(j—1)—1>).
J=1

where x(0) and y(0) are the initial conditions.

Dynamical analysis

In this section we investigate the dynamical behavior of the FODT system(6.42) rectangle-shaped
fixed points using numerical simulations. When o = 2.2 the system (6.42) shows hidden chaotic
attractor as depicts in Figure 6.33. It can be shown that it also has a symmetry with respect to
the z-axis. Figure 6.34 shows the bifurcation diagrams and largest Lyapunov exponents of the
FODT systems (6.42). According to Figure 6.34, it is very clear that the dynamical behavior of
system (6.42) goes from periodic state to chaotic state with the increasing of control parameter
a. Obviously, as the fractional order values in the commensurate case v = vy = v, decreases
from 0.998 to 0.995, the bifurcation diagram gradually shrinks to the left.
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Figure 6.33: Chaotic attractor of the FODT (6.42) with rectangle shaped equilibrium points for
a =22

z(n)

(c) (d)

(n)

Figure 6.34: (a) Bifurcation diagram of the FODT (6.42) with rectangle shaped equilibrium
points versus « for v; = v = 0.988. (b) Largest Lyapunov exponents corresponding to (a).
(c) Bifurcation diagram of the FODT system (6.38) versus « for 13 = vy = 0.995. (d) Largest
Lyapunov exponents corresponding to (c).
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6.7 A new 2D-FoDs
This part considers the following 2D-difference system [190]

CAJz(t) =yt —1+7) —a(t —1+7), (6.46)
CAJy(t) = —ay(t —14+v) —0.379%(t — 1 +7) +0.81z(t — 1+ )y(t — 1 +7) + 1.79, '

where x and y stand for state variables of the FoDs, « is the system’s parameter, and CAg is
the Caputo-like difference operator of fractional-order v, where vy € (0,1).

In the following, some numerical methods are adopted to examine the complex dynamics of the
proposed FoDs. First of all, we discuss the equilibrium points of the model at hand. Actually,
the equilibrium points can be determined by finding the solution of the following system

y—x =0,
{ —ay — 0.37y? — 0.81zy + 1.79 = 0. (6.47)

From system (6.47), it follows that:
—ay — 1.18y% +1.79 = 0. (6.48)

Thus, FoDs (6.46) has no equilibrium point when —2.9067 < a < 2.9067. This result shows
that FoDs (6.46) is able to produce chaotic hidden attractor for appropriate choice of initial
conditions and fractional order as well.

Secondly, we present the numerical formulae corresponding to all equations given in FoDs

(6.46):

R (y (s — 1) — 26— 1)),
y(n) = o + iy Sroy e (—ay(k — 1) — 0.37y2(r — 1) (6.49)
+0.81z(k — 1y(k — 1) + 1.79),

where 9 and yo are the initial states. According to the discrete equation (6.49), the proposed
fractional system (6.46) has memory effects, which means that the iterated solutions = and y
are determined by all the previous states. In the next section, some dynamic characteristics of
the novel 2D-FoD system are analyzed numerically.

6.7.1 Bifurcations and LLEs

When plotting bifurcation diagrams, two sets of symmetrical initial states are considered. The
bifurcation diagram is plotted in blue for the initial state zo = 1.78, yo = —0.79, and red for
the initial states g = —1.78, yo = 0.79.

Bifurcation and LLEs versus the system’s parameter «

Firstly, the bifurcation diagram of FoDs (6.46) is studied as « varies from 1.35109 to 1.9199.
Besides, the bifurcation diagrams and LLEs of the state variable x(n) are also studied corre-
sponding to two distinct fractional-order values of v as exhibited in Fig. 6.35 and Fig. 6.36. It
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can be seen that the states of FoDs (6.46) changes qualitatively with the variation of o and . In
particular, the bifurcation diagram of FoDs (6.46) is illustrated in Fig. 6.35(a), for v = 0.9362.
When « increases from 1.35109 to 1.9199, the states of the system goes, via period doubling
bifurcation, to chaotic motion. It is noteworthy that FoDs (6.46) exhibits chaotic behavior in
larger intervals for the initial condition x¢y = 1.78, yo = —0.79. As shown in Fig. 6.36, when
is increased starting from 0.9362 up to 0.992, then FoDs (6.46) shows chaotic motion over most

of the range (1.7387,1.9136).

B — ‘ UN
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14 145 15 155 16 165 17 175 18 18 19
Ja a

Figure 6.35: (a) Bifurcation diagrams of FoDs (1) vs. «, when v = 0.9362, (b) LLE diagram
according to (a).

Figure 6.36: (a) Bifurcation diagrams of FoDs (1) vs. «, when v = 0.992, (b) LLE diagram
according to (a).
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Bifurcation versus fractional-order

In order to highlight the effect of v on the dynamic behavior of FoDs (6.46), its bifurcation
with respect to v too is considered. We fix the parameter a to be equal 1.73, and change ~
within [0,1]. The bifurcation diagram and the LLE are illustrated in (a) and (b) of Fig. 6.38,
respectively. As one can see, the system has positive LE when ~ takes the smallest values,
indicating that FoDs (6.46) is chaotic. Besides, when v € [0.9362,0.9402]U]0.9816,0.9834]; the
FoDs (6.46) shows chaotic behavior. The phase diagrams are ploted in Figure 6.37 for different
values of 7. From these diagrams, it is clear that as the value of ~ increases, different chaotic
attractors id observed. Moreover, this figures indicates that the fractional order v is another
bifurcation parameter.

-2 -0.05
092 093 094 095 096 097 098 099 1 092 093 094 095 096 097 098 099 1
v Y

Figure 6.37: Phase diagrams of fractional order map (6.46) for different values of fractional
order.

6.7.2 Coexisting chaotic attractors

Herein, the dynamics of FoDs (6.46) are analyzed using the phase portraits, obtained by fixing
the parameter a and by considering the two previous different sets of initial conditions. For
v = 0.992, as shown in Fig. 6.39 (a), the FoDs (6.46) highlights the coexistence of hidden chaotic
attractor corresponding to the two initial conditions (1.78,—0.79). Similarly, when the order
~v is selected to be equal 0.9992 in FoDs (6.46), Fig. 6.39(b) highlights the coexistence chaotic
hidden attractors corresponding to the two initial conditions (—1.78,0.79) and (1.78,—0.79),
respectively. Finally, when v is taken to be equal 0.96, the coexisting chaotic hidden attractors
are plotted in Fig. 6.39(c). One might deduce that the dynamic behavior of the new FoDs given
in (6.46) is complex and interesting, by virtue of the presence of different types of coexisting
hidden chaotic attractors.

247



6. Different Families of Fractional Order Discrete Time Systems with Hidden

Attractors
v =0.9348 v =10.95
3 3
2 2 ST N
S .
1 i s
£ *
ENE EN ,,9 \% '\ .
0 0 ‘&u ‘!ﬁ "'.
Ve 3
<. A}
e a i
-1 -1 RN
:Zl.S -1 -05 0 0.5 1 15 2 25 *_215 -1 -05 0 0.5 1 15 2 25
T T
~=0.99
2
———
15 Q;,,’
1 ,"f"‘
&
= 05
Y
0 <.
XS v
05 S
RN
" W,

Figure 6.38: (a) Bifurcation diagram vs. -, when a = 1.73, (b) LLE according to diagram (a).

6.7.3 0-1 test for chaos and approximate Entropy

In the following section, we present the influence of both fractional order and initial condi-
tions on the dynamical behavior of the suggested discrete time system by considering 0-1 test
method. Then we introduce the approximate entropy to further investigate the complexity of
the fractional order discrete time system (6.46).

0-1 test for chaos

To reflect the sensitivity of the FoDs, the 0-1 test is considered. Figure 6.40, however, depicts
the results of the test for different values of fractional order g, in which (zo, yo) = (—1.78,0.79).
Based on this figure; one can observe that the output K has appeared in a similar manner to the
results of the maximum LE and bifurcation diagram, shown in Fig. 6.38, which clearly confirms
the above results.

Next the translations functions p and s of the 0-1 test for different fractional order values are
plotted in Figure 6.41, and it fits well with the phase diagrams in Fig. 6.37. In particular, Fig.
6.41 depicts the Brownian like trajectories for all the three fractional order values indicating
that the suggested map is chaotic in this cases. To further confirm the results we choose to plot
a 3D view of the asymptotic growth rate K of the 0-1 test when 1.3 < a < 1.9 and by varying
v from 0.92 to 1. It is clear that the dynamics of system (6.46) shift to small intervals of « as
the fractional order v decreases, and disappears as the fractional order and system parameter «
values decreases.
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Figure 6.39: The coexisting attractors of FoDs (6.46) with a« = 1.73 and subject to the two
initial conditions (-1.78,0.79) and (1.78,-0.79) for the red and the blue attractors, respectively;
(a) v = 0.9992; (b) 7 = 0.9362; (c) ~ = 0.96.
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Figure 6.40: Asymptotic growth rate K vs. 7, when o = 1.73.

4 =0.9348 4 =0.95
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Figure 6.41: 0-1 test of the FoDs (6.46) for a = 1.73 and subject to the initial conditions

(-1.78,0.79) and for different values of .
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Figure 6.42: Asymptotic growth rate of the 0-1 test method of the fractional-order map (6.46)
in three-dimensional space with the variation of system parameter o and fractional order ~.

Approximate Entropy

Herein, the structural complexity of the FoDs (6.46) is analysed by varying the control parameter
«a and the fractional order v are reported in Fig. 6.43 and Fig. 6.44 . In particular, the
approximate entropy ApEn diagrams with two different initial conditions are plotted in Fig.
6.43. It can be seen that the complexity of the FoDs (6.46) strongly depends on the variations
of v and «. In particular, Fig.6.44 highlights that there are some combined values of o and ~ for
which the approximate entropy ApEn is high, indicating that the FoDs (6.46) is characterized
by complex dynamic behaviors for both initial conditions. The results agree will with the
bifurcation diagrams in Fig. 6.35 and 6.36 .

6.8 Three dimensional FODT system with no equilibria and
with two non-linearities

In the chaos literature, there is an active interest in the study of systems without equilibrium
points due to its importance in engineering application. Compared with continues-time frac-
tional system with no equilibria, the fractional-order discrete counterpart is relatively new. In
this section, we consider a new three-dimensional fractional-order discrete system without equi-
librium and we focus on the study of the effect of fractional order on the dynamic behaviors of
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Figure 6.43: The approximate entropy ApEn of the FoDs (6.46) versus «, for: (a) v = 0.9362,

(b) v = 0.992.

Figure 6.44: The approximate entropy ApEn of the fractional-order map (6.46) in three-
dimensional space with the variation of system parameter a and fractional order ~.
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this new system. The proposed fractional system can be considered "elegant" in the seance of
Sprott [162]. Of particular interest is that this new three-dimensional system has no equilibrium
points, which indicates that its attractor are all hidden.
Following up the discovery of two-dimensional fractional maps with different kind of equilibria
in the integer order case, Jiang et al. performed an effective approach to find three-dimensional
maps with Jerk-like structure and different kind of equilibrium [158].

In particular, in [158] attention is focused on the class of integer order chaotic systems
described by the difference equations:

z(n+1) =y(n),

y(n+1) = z(n),

z(n+1) = a1z(n) + agy(n) + azz(n) + asz®(n) + asy?(n) + agz?(n)
+arxz(n)y(n) + agz(n)z(n) + agy(n)z(n) + ajo.

(6.50)

where a;, Vi = 1.6 are system parameters to be determine later. By applying the search routine
into the general form (6.50), many systems can be found. Based on previous considerations, we
propose the following new elegant fractional order discrete-time system:

CAvz(t) =yt —1+v)—z(t—1+v),

CAYy(t) = 2(t—14+v) —y(t —1+v),

CAV2(t) = aya(t —1+v) +agz(t —1+v) +azz(t—1+v)y(t —1+v)
+ag(t—1+4v)+as—z2(t—1+v),

where 0 < v < 1, a is the starting point, and a1, a9, as, a4, as are some bifurcation parameters.
The system (6.51) has two quadratic nonlinear terms xy and z?. The novel system can be
transformed into a system without fixed point by introducing a condition of hidden attractor
into the equilibrium points. The equilibrium points (z,ys) of the fractional order discrete-time
system (6.51) are found by solving the following system of equations:

(6.51)

yr—ap =0,
zp—yyr =0, (6.52)
a1ry + agzf + asxfyy + a4zj20 +as—zp=0.

By using simple calculation, equation (6.52) can be transformed into
(a3 + a4)xfc + (a1 +ax— 1)z + a5 =0. (6.53)

Here, we want to construct a three-dimensional fractional order discrete time system with no
equilibrium points, for that we only need to determine the cases where the second order equation
(6.53) has no solution. In particular, two cases are considered:

Cas 1 . when az+a4 =0, a; + a2 —1 = 0 and a5 # 0, equation (6.53) has no solution. Therefore,
there is no any equilibrium in the fractional order discrete-time system (6.51).

Cas 2 . when (az +a; — 1)? —4as(az +a4) < 0 and az + a4 # 0, equation (6.53) has no solution.
Similarly, there is no any equilibrium in the fractional order discrete-time system (6.51).

Therefore, all the periodic and chaotic attractors generated from the proposed simple fractional
discrete system are all hidden in both cases.
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Dynamic analysis

Similarly, using Theorem 1.15, the numerical solution of the fractional order discrete-time system
(6.53) can be obtained as

o) = 2(0) + 1 3 re (- 1) —2( - 1)),
v(n) =90 + 1y 2wy (20 =)~ = 1), (6.54
z(n) = z(0) + ﬁj; ﬁ%ﬁ??(amj —1) +azz(j —1) +asx(j - y(j — 1)

+as2*(j —1) +as —2(j — 1)),

where z(0), y(0) and z(0) are the initial states. With this numerical formulas, the sensitivity
of the fractional order discrete-time system can be numerically investigated by employing the
bifurcation diagrams, largest Lyapunov exponent (LLE), phase portraits and 0-1 test.

Bifurcation and Lyapunov exponents

Cas 1.

Here, the fractional order discrete-time system generate chaotic attractor when a1 = 1.7,
ag = —0.7, a3 = 1, ag = —1 and a5 = —0.3, with initial condition zg = 0.84, yg = 1.25,
zg = 1.46, and fractional order v = 0.9762. Figure 6.45 display the hidden chaotic attrac-
tor in different phase space projections. We investigate the dynamics of the system as the
order v is varied. The bifurcation diagram and the corresponding largest Lyapunov expo-
nent in the z — v plane are shown in Figure 6.46. Note that the largest Lyapunov exponents
are approximated in a similar manner to the states in Jacobian matrix algorithm 3.5.2.
Figure 6.46 shows that the fractional order discrete-time system (6.51) displays chaotic
behavior at most of the rang [0.9732,0.985] U [0.9908, 1] with small periodic windows at
v = 0.9832. To obtain a global view, we plot the phase portraits for v = 1, v = 0.9928,
v =0.9832, and v = 0.9762 in the x — y plane, the results are shown in Figure 6.47. This
illustrates that when v = 1, v = 0.9928 and v = 0.9762 the fractional order discrete-time
system (6.51) generates hidden chaotic attractors, which consist very well with the corre-
sponding bifurcation diagram and largest Lyapunov exponents in Figure 6.46.

Now, we consider the effect of a5 on the dynamic behavior of the fractional order discrete-
time system (6.51) for fractional order value v = 0.9762. Figure 6.48(a) shows the bifurca-
tion diagrams of the system. We find that the states of the fractional order discrete-time
system (6.51) changes qualitatively with the variation of a5 and v. As the fractional order
v decreases to 0.9762, the chaotic motion decreases and new periodic windows are observed
in the interval [—0.2,—0.1]. This implies that the fractional order stabilize the states of
the fractional order discrete-time system. Although bifurcation plots are a useful tool in
determining the existence of chaos and quantifying it, the most agreed upon tool is largest
Lyapunov exponents. Figure 6.48(b) shows the estimated largest Lyapunov exponent for
v = 0.9762 to further confirm the results, the corresponding largest Lyapunov exponent is
positive, which confirms that the fractional order discrete-time system has hidden chaotic
attractor in this case.
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Figure 6.45: Hidden chaotic attractor of the fractional-order discrete-system (6.51) without
equilibrium points for v = 0.9762.

Cas 2 . When the system parameters are fixed as a1 = 1, ao = 0, a3 = 0.3, a4 = —0.2, a5 = 1,
and for v = 1, the fractional order discrete-time system has no equilibria and behaves
chaotically. To investigate the sensitivity of the novel system with respect to the fractional
order, we fix ay = 1, a3 = 0, a3 = 0.3, a4y = —0.2, a5 = 1, and we vary v in the range
0.6 < v < 1. The bifurcation diagram and the largest Lyapunov exponent are shown in
Figure 6.49. As v passes through 0.9904, system (6.51) become totally periodic. When
v € (0.6344,0.8731) the system is stabilized to a periodic points. In this case the lowest
order v for which the fractional order discrete-time system generates chaos is 0.9904.

0-1 test

The chaotic nature of the fractional order discrete-time system (6.51) with no equilibrium is
validated using the 0-1 test for chaos, which has been proposed and applied to fractional-order
discrete time systems in Chapter 3. As mentioned in Chapter 3 when the system is chaotic the
output K approaches 1, and when the system is periodic the output K approaches 0. In addition,
the dynamics of the components p.(n) = >-7_; 2(j) cos je and ge(n) = 37—, z(j) sin jc, provides
a visual test. Basically, if the dynamic is regular then the behavior of trajectories in the (p — q)
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Figure 6.46: (a) Bifurcation diagram of the fractional order discrete-time system (6.51) versus
vifor ay = 1.7, as = —0.7, a3 = l,a4 = —1, a5 = —0.3 and [2(0),y(0), 2(0)] = [0.84,1.25,1.46].
(b) largest Lyapunov exponent versus v.
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Figure 6.47: Phase diagrams of fractional discrete-time system (6.51) using the parameter values
a; = 1.7, ag = —0.7, a3 = 1,a4 = —1, and initial condition {xg,yo, 20} = {0.84,1.25,1.46} for
(a) v =1; (b) ¥ =0.9928; (c) v = 0.9832; (d) v = 0.9762.

(f})

0 5000 10000 15000

5

Figure 6.48: Fractional order discrete-time system without fixed point (6.51) with varying pa-
rameter as and setting the parameter values a; = 1.7, as = —0.7, a3 = 1l,a4 = —1, for order
v = 0.9762 shows (a) the bifurcation diagram and (b) estimated Lyapunov exponents of the
fractional order discrete-time system for the same bifurcation parameters and order v = 0.9762.
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Figure 6.49: (a) Bifurcation diagram of the fractional order discrete-time system (6.51) versus
viora; =1,a2=0,a3=0.3, as = —0.2, a5 = 1 and [z0, Yo, 20] = [1.1,1.28, —1.78], (b) largest
Lyapunov exponent versus v.
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Figure 6.50: The phase diagrams of the fractional order discrete-time system (6.51) using the
parameter values a; = 1, ag = 0, ag = 0.3,a4 = —0.2, a5 = 1, and initial condition [z, yo, z0] =
[1.1,1.28,—1.78] for (a) v = 1; (b) v = 0.9871; (c) v = 0.9084; (d) v = 0.894, (e) evolution of
state z(n) for v = 0.6546.
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plane is bounded, whereas if the dynamic is chaotic then the (p — q) trajectories depict Brownian
like behavior. Here, the test has been applied directly to the series data obtained from the

45 40 35 30 25 20 15 -0 -5 o 5

Figure 6.51: Dynamics of the translation components (p, q) of the fractional order discrete-time
system for (a) v = 1; (b) v = 0.9928; (c) v = 0.9832; (d) for v = 0.9762.

numerical formula (6.54), with order v = 0.95 and system parameters a; = 1.7, ag = —0.7,
a3 = 1, ag = —1 and a5 = —0.3. The translation component (p — ¢) of the fractional order
discrete-time system (6.51) with no equilibrium are calculated and illustrated in Figure 6.51(b)-
(d). As it can be seen the trajectories in the p — ¢ plane depicts Brownian behavior for v = 0.9928
and v = 0.9762, which confirms the chaotic behavior of the fractional order discrete-time system.
On the other hand, Figure 6.52 depicts the plot of K versus n for the fractional order value
v = 0.998 and system parameters a; = 0, ag = 0, a3 = —0.57, a4 = 0.35, a5 = —1.27. It shows
that the asymptotic growth rate K approaches 1 as n increases, indicating that the new system
is chaotic. The corresponding hidden chaotic attractor is shown in Figure 6.53.

Successively, the 0-1 test is applied to the system (6.51) when a3 = 1, ag = 0, ag = 0.3,
agy = —0.2, a5 = 1, and {zo,y0,20} = {1.1,1.28, —1.78}. The translation component (p — q)
depicts Brownian-like trajectories for v = 0.9904 and bounded trajectories for v = 0.9084 and
v = 0.894 (see Fig. 6.54). These pictures along with the phase diagrams reported in Figure
6.50 indicate that the fractional order discrete-time system (6.51) has hidden chaotic attractor
for v = 0.9904, and regular behavior for v = 0.894 and v = 0.9084, which confirms very well
the results.
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Figure 6.52: The 0-1 test of the fractional order discrete-time system: asymptotic growth rate K
versus n for v = 0.998 with bifurcation parameters a1 = 0,a9 = 0,a3 = —0.57,a4 = 0.35,a5 =
—1.27 and initial condition [z, yo, z0] = [—0.14, —0.7,0.06]
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Figure 6.53: Hidden chaotic attractor of the fractional order discrete-time system for v = 0.998.
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Figure 6.54: Dynamics of the translation components (p, q) of the fractional order discrete-time
system for a; = 1, ag = 0, a3 = 0.3,a4 = —0.2, a5 = 1 with (a) v = 1; (b) v = 0.9928; (c)
v = 0.9832; (d) v = 0.9762.

6.9 Three dimensional FODT system with no equilibria and
with three non-linearities

In the following, the above-described method is applied to construct a fractional Jerk like map
with no equilibrium points and with two nonlinearties. The system is described by a set of three
dimensional fractional-order difference equation [167], as follows

CAVz(t) = y(t —1+v) —2(t—1+v),

CAvy(t) = 2(t —1+v) —y(t—1+v),

CAV2(t) = —a122(t — 14+ v) +agz(t — 1+ v)y(t — 1 +v)
tazzr(t—1+v)z(t—1+v)+as—2(t—1+v),

(6.55)

where a is the starting point, 0 < v < 1 is the fractional order, z,y, z are the state variables, and
ai, as, as, as are bifurcation parameters. As shown above, the equilibrium points (xf,yy, zf) of
the fractional-order discrete system (6.55) are found by solving the following system of equation

yr—xp =0,
zp—yr =0, (6.56)
—alz}% +asxpyr +azrpzy +ag —zp =0,

from Equation (6.56) we have the simplified form

(—aq +a2+a3)z]2c+a4—zf = 0. (6.57)
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The aim is to demonstrate that the fractional-order discrete system (6.55) can generate hidden
chaotic attractor, for that we only need to determine the cases where Equation (6.57) has no
solution. In particular, when —aj + as + a3z # 0 and 1 < 4ay(—ay + ag + a3) Equation (6.57)
has no solution, which means that the system (6.55) has no equilibrium. We must therefore
impose the condition (6.57) on the system parameters a; in order to obtain hidden attractors.

6.9.1 Dynmical analysis

To continue with our analysis, we need to define the numerical formula of the system (6.55).
Using Theorem 1.15 which is mentioned in Chapter 1, the state solution of the fractional-order
discrete system (6.55) can be obtained as follows

p(t) = (a)+ 1 S, (=0 ()@ (yls+v—1) —a(s +v—1)),
y (1) =y (a)+ iy Lo, (=0 ()" (s +v=1) —y(s +v =1)),
2(t)=2(a)+ r(ly) L (t—o ()" (—ar22(s +v—1) +aga(s+v—1)y(s+v—1)
+agz(s+v—1)z(s+v—1)+as—2(s+v—1)).
(6.58)
Replacing the discrete kernel function (tfgl(izy))(yil) by r(y)rr(g:s_)u ) and assuming that a = 0,

the above equation is converted to
T ey 1=

z(n) = 2(0) + 1y it (g
y(n) =y(0) + T(lu) j=1 rEZ ﬁlf
+

)
)
2(n) = 2(0) + iy Ty i)

( ( - ))
ale(]—l)—Fagx(j—l) (j—-1)

j=1T (
taze(j—1)2(j —1) +as—z2(j - 1)),

n—j+1

where x(0),y(0) and z(0) are the initial conditions. For the system parameters choice a; =
1,a2 = 0.7,a3 = 1, ag = 0.7, and initial conditions z(0) = 1.5, y(0) = 2.84, 2(0) = —1.2, and
fractional order v = 0.998, system (6.55) can display hidden attractor as exhibited in Figure
6.55. More basic characteristics of this fractional-order discrete system will be given in the
following subsection.

Bifurcation diagrams and largest Lyapunov exponents

To fully understand the dynamic characteristic of the fractional order discrete-time system
(6.55), standard nonlinear analysis technics, such us, bifurcation diagrams, largest Lyapunov
exponents and phase portraits. Firstly, we investigate the bifurcation diagrams of the fractional-
order discrete system (6.55) as the system parameter a; is varied when the other parameters are
taken as as = 0.7,a3 = 1,a4 = 0.7. The bifurcation diagrams are obtained by plotting the local
maxima of the state z(n) in term of system parameter a; for three different values of v as shown
in Figure 6.56. By comparing Figure 6.56(a) with Figure 6.56(b) and 6.56(c), we find that the
interval where chaos exists shrinks as v decreases. In particular, when the value of v changes from
0.9935 to 0.9434, the areas of chaotic motion shrinks from [1,1.008] U [1.66, 1.267]U]1.045, 1.196]
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Figure 6.55: The hidden chaotic attractor of the fractional-order discrete system for v = 0.998.

o [1.022,1.116] U [1.164, 1.216].

When the parameter values are assigned as a; = 1,a2 = 0.7,a4 = 0.7, bifurcation diagrams
with as varying are shown in Figure. 6.57. By comparing this diagrams it can be seen that
the bifurcation structure is apparently the same. When the value of v reduces to 0.9434, the
fractional-order discrete system (6.55) becomes totally periodic at the interval [1,1.141].

Next, the dynamic behavior of the fractional-order discrete system (6.55) while parameter ay
varied is studied in Figure 6.58(a) and Figure 6.59(a). It can be seen that the states of system
(6.55) changes qualitatively with the variation of order v and parameter ay. The bifurcation
diagram of the fractional-order discrete system (6.56) with v = 0.9935 is plotted in Figure
6.58(a). As can be seen, when 0.87 < v < 0.8 system (6.55) exhibits chaotic behavior. A
serie of period windows occurs at the region (0.7,0.8) as the value of v reduces to 0.9434 (see
Figure 6.59(a)). Although bifurcation plots are a useful tool in determining the existence
of chaos and quantifying it, the most agreed upon tool is Lyapunov exponents. The largest
Lyapunov exponent of this new fractional-order discrete system are calculated by Jacobian
matrix algorithm. Figure 6.58(b) and Figure 6.59(b) shows the estimated largest Lyapunov
exponent for v = 0.9935, ay = 0.7, and for v = 0.9434, a4 = 0.7, respectively. Obviously, when
we select v = 0.9935, the corresponding largest Lyapunov exponent is positive, which implies
that system (6.55) is in chaotic state. And when the fractional order is set to v = 0.9434, the
largest Lyapunov exponent is zero, which implies that system (6.55) is in periodic state.

In order to observe the influence of the fractional order v on the dynamic of the fractional-
order discrete system, we fix the system parameters a1 = 1, as = 0.7, a3 = 1, ag = 0.7, and
we vary v in the interval ]0.8,1]. Figure 6.60 shows that the fractional-order discrete system
display limit cycles, periodic and chaotic motions with the variation of order v. In particular,
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aj

Figure 6.56: Bifurcation diagrams of the fractional-order discrete system (6.55) versus a; for (a)
v=1, (b) ¥ =0.9935, and (c) v = 0.9434.

0.6 0.7 0.8 0.9 1 1.1 1.2 0.7 0.8 0.9 1 1.1 1.2
as as

Figure 6.57: Bifurcation diagrams of the fractional-order discrete system (6.55) versus ag for (a)
v =0.9935, and (b) v = 0.9434.
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Figure 6.58: (a) Bifurcation diagrams of the fractional-order discrete system (6.55) versus a4 for
v =0.9935, (b) estimated latgest Lyapunov exponent of the fractional-order discrete system for
v = 0.9935 and a4 = 0.7.
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Figure 6.59: (a) Bifurcation diagrams of the fractional-order discrete system (6.55) versus a4 for

v = 0.9434, (b) estimated largest Lyapunov exponent of the fractional-order discrete system for
v =0.9434 and a4 = 0.7.
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we find that when 0 < v < 0.81 the system diverge to infinity. When v € [0.9153,0.9339] U
[0.9429,0.9726] U [0.9883, 1] the largest Lyapunov exponent changes its values quickly between
negative and positive, which implies that there are periodic windows in the chaotic region.
When v is decreased from 0.915 the fractional-order discrete system converges to a periodic
orbite. When v € [0.8211,0.8467[ system has a more complex hidden chaotic attractors as it
largest Lyapunov exponent takes the highest values. The phase portraits in the x — y plane for
different values of order v are shown in Figure 6.61

15 L L L L L L L
08 082 084 08 088 01/9 092 094 096 098 1

o.o;r “ .,1 H \, \‘f\

x/f \‘ f\,
J Iy J U ‘\ | ‘u \‘

-0.02
0.8 082 0.84 056 088 0]/9 092 094 096 098 1

Figure 6.60: (a) Bifurcation diagram versus v for a; = 1,a3 = 0.7,a3 = 1, and a4 = 0.7, (b)
Largest Lyapunov exponent diagram corresponding to diagram (a).
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X

Figure 6.61: Phase portraits of the fractional-order discrete system (6.55): (a) periodic orbit for
v = 0.9996, (b) chaotic hidden attractor for v = 0.9935, (c) periodic attractor for v = 0.9434,
(d) two limit cycles for v = 0.9177, (e) periodic orbit for v = 0.895, (f) hidden chaotic attractor

for v = 0.84.
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0-1 test

Now, we apply the 0-1 test to the discrete series data x(n) for different values of v where
the system parameters are assigned as a; = 1, as = 0.7, a3 = 1, ag = 0.7. The translation
components (p — q) of the fractional-order discrete system (6.55) are calculated and illustrated
in Figure. 6.62. In particular, when v = 0.9996, v = 0.9434, v = 0.895 and v = 0.9177, where
the trajectories in (p — ¢) plan shows bounded behavior, system (6.55) is in periodic state. And
when v is set to v = 0.9935 and v = 0.84, where the trajectories in (p — ¢) plan shows unbounded
trajectories, system (6.55) is chaotic, which confirms very well the results in Figure 6.62.

6.9.2 Complexity analysis
C, complexity

In order to observe the effect of fractional order v on the dynamic properties of the fractional-
order discrete system (6.55), we measure the complexity of the new system using Cy algorithm.
For the first state {x(j);7 =0,1,.., N — 1}, the Cy complexity is given as

_ Sild (k) —2(k)”

Co —
SN (k)

(6.60)

Fixing system parameters to a; = 1, ag = 0.7, a3 = 1, ay = 0.7 and v € [0.8,1], the result of
C, complexity is plotted in Figure 6.63. We notice that the complexity of the fractional-order
discrete increases when v passes to the range [0.8211,0.8467[, which agrees well with the result
in Figure 6.61.

Approximate entropy

Now, the complexity of fractional-order discrete system (6.55) is described by employing ap-
proximate entropy (ApEn). We define the approximate entropy by

ApEn = ¢™(r) — gbmﬂ(r), (6.61)
where ¢™(r) is considered as
1 n—m+1

Figure 6.64 shows the ApEn of the proposed fractional-order discrete system (6.55) for different
fractional order values and when a1 = 1, as = 0.7, a3 = 1, a4 = 0.7. As one can see, the
complexity of the fractional- order discrete system (6.55) varied as we vary v. When v €
[0.8211, 0.8467], the system (6.55) is more complex. Therefore, we must be aware of the selected
fractional order in order to have a relatively high structural complexity.
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Figure 6.62: The 0-1 test of the fractional-order discrete system (6.55): (a) for v = 0.9996, (b)
for v = 0.9935, (c) for v = 0.9434, (d) for v = 0.9177, (e) v = 0.895, (f) for v = 0.84.
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Figure 6.63: Cy complexity of the fractional-order discrete system (6.55) versus v with a; = 1

as = 0.7, a3 =1, and a4 = 0.7.
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Figure 6.64: Approximate entropy of the fractional-order discrete system (6.55) versus v with

a1 =1,a2=0.7,a3 =1, and ag = 0.7 .
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6.10 Three dimensional fractional order discrete-time system
with stable equilibrium point

Recently, hidden attractors with stable equilibria have received considerable attention in chaos
theory and nonlinear dynamic systems. Based on discrete fractional calculus, we introduce here a
simple three-dimensional fractional-order discrete time system with stable equilibria and hidden
coexisting attractors. The system displays an "elegant" mathematical structure and experiences
extremely complex dynamics. The mathematical model of the system is

CAVz(t) = y(t+v—1)—2(t+v—1),

CAVy(t) = 2(t+v—1) —y(t+v—1),

CAV2(t) = —y(t+v —1) —04z(t+v —1) — 0.1z(t +v—1)z(t+ v —1)
+0.ly(t+v—1)z(t+v—1)+1,

(6.63)

where v is the fractional order in which 0 < v < 1. For calculating the equilibrium points (zf,yy)
of the fractional system (6.63) we solve the following difference equations:

Yyr =12f,
zZr =yf, (6.64)
—yr— 0.4z —0.1zp2p + 0.1yrzy +1 =0,

from Equation (6.64) we have the simplified form
1Az, +1=0. (6.65)

It is obvious that the point Ef = ({4, &4, 74) is the only equilibrium point and it is stable.

Hence, this system could display hidden attractors in view of appropriate selections of the initial
conditions and the fractional-order values as well.

Dynamical analysis

In order to investigate this remarkable property, some numerical formula is designed as:

£(n) = 2(0) + z Hd ) (y(j 1) — (j — 1)),
_ &~ L(n—j+v) : :
y(n) =y(0) + j; e (2 - 1) = (G — 1)), (6.66)
A(n) = 2(0) + 5 X i (—y(G— 1) — 042(j — 1)
—0.1z(j—1)2(j —1)+0.1y(j — 1)z(j = 1) + 1).

Here, z(0),y(0) and 2(0) are the initial states. Taking advantage of numerical solution (6.66),
numerical simulation can be performed to show the basic properties of the novel system (6.63).
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Bifurcation and largest Lyapunoc exponents

Here, the dynamical behaviours of the newly established system given in (6.63) are studied
by detailed simulation analysis using two indicators: The bifurcation diagrams and the largest
Lyapunov exponent (LLE). To evaluate the dynamic properties, the initial condition need to set
as [2(0),y(0),2(0)] = [-0.26, 3.83, —2.22]. The three dimensional fractional-order discrete time
system (6.63) with stable equilibrium point display strange attractor for » = 0.999 as shown in
Figure 6.65. Here, the largest Lyapunove exponent (\,q) of the fractional order discrete time
system (6.63) is calculated as A\ = 0.0488, so the strange attractor in Figure 6.65 is chaotic.

Figure 6.65: Strange attractor of the three—dimensional fractional-order discrete system (6.63).

Bifurcation diagram can help us to observe the dynamic behaviours of the fractional order
discrete time system (6.63). The fractional order v is considered as the only bifurcation param-
eter in this subsection. Changing v from 0.95 to 1 and setting two different initial conditions
we can obtain the bifurcation diagram in Figure 6.66, where the blue color diagram and the red
color diagram are yielded from the initial conditions [z(0),y(0),z(0)] = [-0.26, —3.83, —2.22]
and [z(0),y(0),2(0)] = [-0.26,3.83, —2.22], respectively. When v € (0.9503,0.9922) coexisting
fixed point attractors are observed. When the fractional order increases from 0.9922 to 0.9975,
we can observe coexisting periodic windows. For 0.9957 < v < 1, the states of the fractional
order discrete time system go from periodic behavior to chaos.

0-1 test

The coexistence of the different dynamic behaviours of the proposed system (6.63) with stable
equilibrium is confirmed with phase portrait and p — ¢ plots of the 0-1 test for different values of v.
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Figure 6.67 shows the phase portraits of the system while Figure 6.68 shows the p — ¢ plots for the
same fractional orders where the blue plots are obtained for the initial values [2(0), y(0), 2(0)] =
[—0.26, —3.83, —2.22] and the red plots are obtained for [x(0), y(0), 2(0)] = [-0.26, 3.83, —2.22] .
Figure 6.68-(a) depicts bounded like trajectories, which confirms the periodic phenomena of the
hidden attractor in Figure 6.67-(a) for v = 0.993. For v = 0.9984, a hidden attractor coexists
as shown in Figure 6.67, whose Brownian like trajectories can be seen in Figure 6.68.
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Figure 6.66: Bifurcation diagram of the 3—dimensional fractional map (15) versus v.

6.11 Conclusion

This chapter provides a brief summarization of fractional-order discrete time systems with hidden
attractors. We have presented the hidden attractor and its presence in different classes of
two-dimensional and three dimensional maps. Three main families of systems with hidden
attractors, systems with stable equilibrium, systems with no equilibrium points, and systems
without closed curve equilibrium, have been introduced. Mathematical models of systems with
hidden attractors are reported. The schematic method to construct such systems are illustrated
also.

Results show that the fractional-order three-dimensional and two dimensional maps of com-
mensurate and incommensurate order can exhibit hidden chaotic attractors. The presented
approach can be successfully implemented also for other systems of fractional order. By the-
oretical analysis and simulating experiments, it can be found that the system has multiple
complex characteristics, such as transient period, coexisting attractors and hidden attractors.
The phenomena of coexisting attractors also knows as multistability means the coexistence of
different kind of attractors in nonlinear systems for different initial conditions with fixed system
parameters. The coexistence peculiarity can be used for generating multi-pseudo signals. So the
chaotic system has potential applications in electronic measurement, secure communications,
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information encryption and other fields.
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Figure 6.67: Coexisting hidden attractors of three—dimensional fractional-order discrete system
(6.63) with initial condition [—0.26,3.83, —2.22] for red attractor and [—0.26, —3.83, —2.22| for
blue attractor, (a) for fractional order v = 0.993, (b) for fractional order v = 0.9984.
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Figure 6.68: p — g plots of the three-dimensional fractional-order discrete system (6.63), (a)
Bounded trajectories for v = 0.993, (b) Brownian like trajectories for both initial conditions
with v = 0.9984.

275



Chapter 7

Control of Different Dimensional
Fractional Chaotic Discrete-Time
Systems

7.1 Introduction

When dealing with chaotic dynamical systems in general, particular interest is paid to our ability
to control or stabilize these systems. By control, we refer to the addition of new adaptively
updated terms to the chaotic system in order to force its states towards zero asymptotically.
One of the applications of this topic is in robotics where the control of the chaotic motion of a
rigid body is considered.

This chapter suggest different linear and nonlinear stabilization controllers to stabilize the
chaotic trajectories of seven of the proposed fractional maps with self-excited and hidden attrac-
tors, i.e, the fractional Hénon-Lozi map (4.19), the fractional Duffing map (4.29), the fractional
Stefanski map (5.2), the fractional Rossler map (5.5), the fractional Wang map (5.8), the two
dimensional fractional map with no equilibria (6.3) and the three dimensional fractional map
without equilibria (6.51). By considering the following general fractional discrete-time system

CAYx(t) = f(x(t+v—1)), (7.1)

where x(t) = {x1(t),2(t),...,zm(t)} are the state vector, and “AY is the Caputo fractional
difference operator where 0 < v < 1 is the fractional order value. The purpose of controlling the
fractional discrete-time system (7.1) is to derive an adaptive control law such that all states of the
fractional order maps converge to zero asymptotically. The controlled fractional discrete-time
system (7.1) is given by

“AUx(t) = f(x(t+v—1))+U, (7.2)

where U(t) is adaptive controller. By adding control laws to the states of the fractional-order
nonlinear map the system will become linear

Az (t) = Mz (t+v—1).
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7.2 Stabilization control of the fractional Hénon-Lozi map

In order to establish the convergence of the system states to zero, we use the stability theory
of linear fractional discrete-time system to guarantee the asymptotic stability of the zero equi-
librium. First, let us recall the following theorem reported in Chapter 2, which identifies the
asymptotic stability conditions of the zero solution to a fractional order map.

Theorem 7.1. Given a vector—valued function F(t) = (fi(t), ..., fo(t))", a fractional order
0 <v <1, and a matriz M € R™" VYVt € Ngt1_., the zero equilibrium of the linear fractional-
order discrete—time system

CAVF(t) = MF (t+v—1), (7.3)

is asymptotically stable if the eigenvalues A of M satisfy

)\G{ZEC: lz| < <2cos‘arg2’_ﬂ)
2—v

v

and |arg z| > V;} (7.4)

7.2 Stabilization control of the fractional Hénon-Lozi map

In this section a novel theorem is proved, which enables to stabilize the dynamics of the above
mentioned fractional Hénon-Lozi map to zero asymptotically. We derive one dimensional control
law such that both of the map trajectories are controlled to zero asymptotically. We can state
the following theorem.

Theorem 7.2. The fractional Hénon-Lozi map can be controlled under the one—dimensional
control law

ug (1) = aSe (z (t)) —y(t) — 1. (7.5)
Proof. The controlled fractional order Hénon-Lozi map involves the time—varying control pa-
rameter uy (t) and is given by

OAvz(t)=1—aS. (x(t—1+v))+y{t—1+v)—2(t—1+v),+u, (t—1+v),
C AV (76)
Ay (t)=Bz(t—1+v)—ylt—1+v).
Substituting the proposed control law (7.5) into (7.6) yields the simplified dynamics
CAVz (t) = -z (t—1+v), (7.7)
CAvy(t) =B (t—1+v)—y(t—1+v). '

The aim is to show that the zero equilibrium of (7.7) is asymptotically stable, which means that
the system states converge towards zero as time progresses. The error system can be written in
the compact form

CAV(z (), y)) =M x (z(t—1+v),y(t—14+v)T, (7.8)

M:<_ﬁl _01>.

Now, it is easy to see that all the eigenvalues A; and As of the matrix M satisfy the stability
condition (7.4). From Theorem 7.4, it is evident that the zero solution of (7.7) is asymptotically
stable and, therefore, the system is stabilized. ]

where
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A numerical simulation was carried out to illustrate the result of Theorem 7.2. We chose
parameters (a, ) = (1.7,0.5), initial conditions [z (0),y (0)] = [1,0], and fractional order
v = 0.95. Assuming a = 0, the evolution of states towards zeros is depicted in Figure 7.1, which
confirms the theoretical control proposed in Theorem 7.2.

(a) (¢)
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0.015 +
0.02
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0.01 =0.015
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0.01 +
+
0.005 /
i | 0
20 40 60 80 100 12 20 40 60 80 100 120 0 5 10 15 20
n n T -3

Figure 7.1: The time evolution of the controlled states for the fractional Hénon-Lozi map.

7.3 Stabilization control of the fractional chaotic Duffing map

To control the fractional duffing map, reported in Chapter 4 Section 4.7, given by

{CAZz:(t):y(t—l-i-V)—f(t—l"‘V), (7.9)

CALy(t) = —Br(t—1+v)+(a—D)y(t—1+v) -y (t—1+v),
we need the following theorem that presents the designed adaptive controller.

Theorem 7.3. The two—dimensional fractional Duffing map is stabilized under the one—dimensional
control law described by

uy (1) = —ay (t) +y° (t) + Bz (1) . (7.10)
Proof. First, let us define the controlled fractional Duffing map by

Az (t)=y(t—14v)—z(t—14v),
CALy(t) = —Bx(t—1+v)+(a—1)y(t—1+v) (7.11)
P (t—1+v)+u, (t—1+v),

for some adaptive controller u, (¢). The idea is to design a suitable controller u, (t) such that
both states of the system (7.11) reported in Chapter 3 are controlled towards zero. By subtract-
ing equation (7.10) into the system (7.11), we get the following linear equations

{ AV (t)
Ny (t)

(t—1+v)+y(t—1+v),

:y(t—l-l—l/), (7.12)
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which can be described in matrix form by

CAY(z(t),y () =M (z(t—14v),y(t—1+v))", (7.13)

-1 1
M:< 0 _1>_ (7.14)

Based on the stability theorem of linear fractional discrete-time system (Theorem 7.1), the zero
equilibrium point is asymptotically stable if the eigenvalues A\; = Ao = —1 satisfy (7.4). Clearly,
(7.4) is fulfilled, which means that the zero equilibrium of (7.11) is asymptotically stable. Hence,
the states are guaranteed to converge to zero asymptotically. ]

where

In order to illustrate the validity and applicability of the proposed control law (7.10), one
can set the fractional order as v = 0.98, the bifurcation parameters as a = 2.77, § = 0.2,
and the initial values as z(0) = 0.3, y(0) = 0.1. Figure 7.2 shows the time evolution of the
controlled states. Clearly, in all cases the states converge towards zero confirming the successful
stabilization.

0.3¢ 016 0.1
25t
0-25 0.08 ] 0.08
02t
0.06 0.06
— — —
Eooasf £ £
g = =
0.04 | 0.04
0.1
0.02} ] 0.02}
0.05
o
0 0.1 0.2 0.3

Figure 7.2: Stabilized states of the controlled fractional Duffing map (7.9) with (o, ) =
(2.77,0.2), (z (0),y (0)) = (0.3,0.1), and the fractional order v = 0.98.

7.4 Stabilization control of the fractional chaotic Stefanski map

In this section a two-dimensional linear control law is illustrated, with the aim to stabilize at
zero the chaotic dynamics of the fractional Stefanski map. The fractional Stefanski system is a
three dimensional nonlinear discrete—time system that can exhibit a chaotic behavior. In Section
5.2, the fractional discrete Stefanski map has been studied and discussed. The v—Caputo which
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is defined as:
CAVz(t)=1+z2(t—1+v)—ay?(t—1+v)—z(t—1+v),
Ay (t) =1+ (B-Dy(t—1+v)—az?(t—1+v), (7.15)
CAVZz(t)=Br(t—1+v)—z(t—1+v).
The following theorem proposes control laws for the fractional-order Stefanski map.
Theorem 7.4. The 3D fractional-order Stefanski map (7.15) is stable under the 2D control law
wa (8) = ag? (£) = 2 ()~ 1,
{ uy (t) = az? (1) — 1. (7.16)

Proof. Adding two control terms u, (t) and wu, (¢) to the fractional-order Stefanski map (7.15)
results in the modified system

CAVz(t)=14+z2(t—1+v)—ay?(t—1+v)—z(t—1+v)

+u, (t—14v),
Ay (t) =1+ (B-Dy(t—1+v)—az?(t—1+v) (7.17)
+uy(t_1+’/)»

CAVz(t)=Bx(t—1+v)—2z(t—1+v).
Substituting the control law (7.16) yields the new dynamics

CAVz(t) = -2 (t—1+v),
Ny ()= (B-Dy(t—1+v), (7.18)
CAVz(t)=Bx(t—1+v)—2(t—14v),

which can be described more compactly as

Nz (t),y(t),2(t) =M (z(t),y(t),z(t)", (7.19)

with . . 0
M=| 0 B8-1 0 |[. (7.20)

g0 -1

We aim to show that the zero solution of (7.19) is globally asymptotically stable, which guar-
antees that all states converge towards zero at infinite time. In order to do so, we make use of
the stability theory of linear fractional-order maps as described in Theorem 7.1. Simply, we can
show that the eigenvalues of the matrix M are A\; = A3 = —1 and Ay = 8 — 1. It is easy to see
that all the eigenvalues of the matrix M satisfy

il —m\”
larg A\i| = 7 > T and |Ai] < (2cos W) ,
2 2—v
for i = 1,2,3. According to Theorem 7.1, the zero solution of (7.19) is globally asymptotically
stable. Hence, the system is stabilized by means of control laws (7.16). O

In order to verify the result of Theorem 7.4, we implemented it numerically in Matlab. The
discrete—time states are shown in Figure 7.3. Clearly, the system is asymptotically stable and
its states converge towards zero.
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0.4@ 0.2@

Figure 7.3: The time evolution of the controlled states for the fractional Stefanski map.

7.5 Stabilization control of the fractional chaotic Rossler map

In much the same way followed in the previous section, let us now realize stabilization of the
Rossler map by inserting three time varying parameters to the three states z1(n), z2(n), z3(n).
Referring to the fractional Rossler map, it was constructed in Section 5.3 based on the v-Caputo
and is given by

CAVz () =biz (t—1+v) (1—2(t—1+v))
—by((z(t—=1+v)+b3)(1-2y(t—14v)))—z(t—1+v),

CALy (t) =bgy (t—14+v) (1 —y(t—14+v)) +bsz (t —1+v)
—y(t—1+V),

CAVz (t) = bg (1 —byz (t —141))
[(z(t—14+v)+b3)1-2y(t—1+v))—1]—2(t—14v),

(7.21)

To obtain our results, the following theorem is presented:

Theorem 7.5. The fractional-order Rossler map (7.21) becomes asymptotically stable subject
to the control laws

Uy (1) = —brz () + byw? (t) — 2boz (t) y (t) + babs,

Uy (t) = _b4y (t) + b4y2 (t) ) (7 22)
Uy (t) = 2b6b3y (t) + 2b62 (t) y (t) + b6 (1 — bg) + b6b7$ (t) z (t) )
— 256b7$ (t) Yy (t) z (t) — 2b3b657$ (t) Yy (t) .
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Proof. The controlled system corresponding to (7.21) is of the form

CAVz () =bjz(t—1+v) (1—2(t—1+v))
—by((z(t—1+v)+b3) (1 -2y (t—1+4+v)))
—z(t—14v)+tu, (t—1+v),

CAVy(t) =bgy (t—1+v) (1 —y(t—1+v)) +bsz (t—1+v)

7.23
—y(t—1+v)+u, (t—1+v), (7.23)
CAVZ () = bg (1 —brz (t—1+v))
[(z(t—14v)+b3)(1—2y(t—1+v))—1]
—z(t—1+4+v)+tu (t—1+v).
Substituting the control parameters stated in (7.22) yields the system dynamics
Can((t),y (1), 2 ()" =Mz (t),y(t),2(1)", (7.24)
where
—1 2bybs —bo
M = 0o -1 b . (7.25)

0 0 bg—1

It is easy to see that the eigenvalues of M satisfy stability condition (7.4). By means of Theorem
7.1, we know that the zero solution is asymptotically stable and thus the system is stabilized. [

Theorem 7.5 was put to the test using the same parameters and initial conditions stated at
the beginning of this section and the control laws (7.22). Figure 7.4 shows the time evolution
of the states, which clearly converge towards zero indicating successful stabilization.

7.6 Stabilization control of the fractional chaotic Wang map

The following theorem presents the control laws to stabilize the fractional Wang map (5.8). The
proof has been omitted as it follows the same lines of Theorems 7.4 and 7.5. It suffices to say
that the eigenvalues of the resulting linear fractional error system is stable as a result of Theorem
7.1 for specific parameter values including the parameter set considered earlier in this section.

Theorem 7.6. The fractional-order Wang map (5.8) is stabilized subject to the control laws

ug (t) =2z (t),
uy (t) = —arz (t) =y (1), (7.26)
uy (t) = z(t) —apy (t) z (t) — as.

Figure 7.5 depicts the time evolution of the states for the controlled fractional-order discrete—
time Wang system. The states are observed to converge towards zeros asymptotically indicating
that the system is stabilized.
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Figure 7.4: The time evolution of the controlled states for the fractional Edssler map.

0.4 0.2

Figure 7.5: The time evolution of the controlled states for the fractional Wang map.
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7. Control of Different Dimensional Fractional Chaotic Discrete-Time Systems

7.7 Stabilization of two dimensional FODT system with no equi-
libria and with for non-linearities

Here, we design an active controller with the aim of stabilizing the FODT system with no
equilibria, reported in Chapter 6 Section 6.2. In general, the stabilization control problem
is concerned with finding a suitable adaptive control law such that all of the system’s states
converge towards zero asymptotically. The following theorem provides the main results to force
the system’s states converge towards zero asymptotically.

Theorem 7.7. the FODT system with no equilibria can be controlled under the control law

{ u (t) z(t)
u9 (t)

—gy(t) +aly(t)| + 2 ()y(t) — B2*(t) +yy2(t) - 0.
Proof. The controlled FODT system with no equilibria is of the form

0|

(7.27)

Nz (t) = y(t—1+v) +u (1),
CAVy (t) = —aly(t —1+v)| —2(t —1+v)y(t —1+v) (7.28)
+ B2%(t —14+v) =2 (t =1+ v) + 5 +uz(t — 1 +v),

where u; and u9 are the desired controllers. We start by substituting the proposed control law
(7.27) into our controlled system (7.28) to obtain the new dynamics
{ CAVz (t) = —Sax(t—1+v) +y(t—1+v),

y(t—1+v). (7.29)

ALy (t) = -

Do) —

Next, we show that the zero equilibrium of (7.29) is globally asymptotically stable. In order to
do so, we can write the error system in the following compact form

CAV(z ),y () =Mx (z(t—1+v),y(t—14+v)T, (7.30)

_% 1
v () o

This fulfils the criterion of Theorem 7.4, which means that the zero equilibrium of (7.30) is
globally asymptotically stable. Hence, the states are guaranteed to converge to zero asymptoti-
cally. O

where

The proposed control law (7.27) applied to the fractional map (7.27) has been tested nu-
merically for v = 0.998, v = 0.992 given the same parameters and initial conditions assumed
previously. Figure.7.6 and Figure.7.7 shows how the states indeed converge towards zero by
means of time—evolution and phase space plots.
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Figure 7.6: Stabilization of states and attractor of the fractional-order map for v = 0.998.
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Figure 7.7: Stabilization of states and attractor of the fractional-order map for v = 0.992.

7.8 Control of three dimensional FODT system with no equi-
libria
Here, we will realize stabilization of the 3D-FODT system with no equilibria and with two

non-linearities, which was proposed in Section 6.9, by inserting a one dimensional time-varying
parameter to the state x(¢). Recalling that the FODT system equations are given by

CAVz(t) = y(t —1+v) —2(t—1+v),
CALy(t) = 2(t—14v) -yt —1+v), (7.32)
CAVZ(t) = arz(t —1+v) +agz(t —1+v) +azz(t—1+v)y(t —1+v) '

+a?(t—14v)+as—z2(t—1+v),

where xg, yo are initial states and v € (0, 1]. Now, we can give the following theorem to stabilize
the proposed new fractional order discrete-time system.

Theorem 7.8. The three-dimensional fractional order discrete-time system (7.32) can be sta-
bilized under the one-dimensional control law

w(t) = —arz(t) —agz(t) — azx(t)y(t) — asz?(t) — as. (7.33)
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Proof. The controlled fractional order discrete-time system (7.32) involves the time-varying
control parameter u (t) and is given by

CAvz (t) =yt —14v)—az(t—1+v),

CAvy (t) =2(t—1+v) —y(t—1+v),

CAVz(t) = arx(t—14v)+ (ag— 1) 2(t = 1 +v) (7.34)
+agz(t—1+v)y(t—1+4v)
+as2?(t—1+4v) +as+u(t—1+v).

Substituting the proposed control law (7.33) into (7.34) yields the simplified dynamics

CAvz(t) =y(t—1+4v)—z(t—1+v),
CAvy (t) = 2(t—1+v) —y(t—1+v), (7.35)
CAVZ (1) = —2(t — 1+ ).

The system (7.35) can be written in the compact form

AL (@ (1), 5 (1), (1) = Mx (2 (t—14+0),y(t—1+0),2(t—1+v)),T  (7.36)
where
-1 1 0
M= 0o -1 1 (7.37)
0 0 -1

The aim is to show that the zero equilibrium of (7.36) is asymptotically stable, which means
that the system states converge towards zero as time progresses. Asymptotic stability can be
established using the stability theory of linear fractional discrete-time system as described in
Theorem 7.8. Now, it is easy to see that the eigenvalues of the matrix (7.37) are: \; = Ay = A3 =

—1 and satisfy |arg ;| = 7 > &F and |\;| < (2 cos %)V, for i = 1,2, 3. From Theorem 7.1,
it is evident that the zero solution of (7.36) is asymptotically stable and, therefore, the three

dimensional FODT system (7.32) is stabilized. O

A numerical simulation was carried out to illustrate the result of Theorem 7.1. We choose
a = 0, initial conditions (z(0),y(0),z(0)) = (1.5,2.84, —1.2), and fractional order v = 0.98.
The evolution of states towards zeros is depicted in Figure 7.8, which confirms the theoretical
control proposed in Theorem 7.8.

7.9 Conclusion

This chapter provides a contribution to the topic by presenting nonlinear and linear control laws
to stabilize the dynamics of two and three dimensional fractional maps with self-excited and
hidden attractors that have been introduced in the previous chapters. The stabilization task
consists by updating one or more of the system’s states in order to force all the system states to
converge to an equilibrium point. The convergence of the states is established by means of the
stability theory of linear fractional order discrete-time systems and verified numerically. The
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Figure 7.8: The time evolution of the controlled states for the three dimensional FODT system
(7.32).

main aventage of the control laws is that they fall with in the feedback linearisation type, which
is very simple to implement in realistic applications. Moreover, the proposed control schemes
require less control efforts with respect to the nonlinear approach introduces in the literature.
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Chapter 8

Different Synchronization Schemes
Between Fractional Chaotic
Discrete-Time Systems

8.1 Introduction

Due to the many reported advantages of fractional chaotic maps reported in Chapter 4, 5 and
6, we found ourselves compelled to examine their synchronization. Synchronization of chaos
in fractional order discrete-time systems regarded as the most interesting topics. From the
control point of view, synchronization issue deals with the synchronization of a pair of systems
named the master and the slave systems. The objective is to force the states of the slave
chaotic system towards that of a master chaotic system. In this case, the synchronization
error converges towards zero as t — +oo. It is not always possible or desirable to completely
synchronize two chaotic systems but rather to introduce a more generalized synchronization.
There are few literature that has taken into account the dynamics synchronization problems
in fractional-order systems in the field of discrete fractional calculus [172-175]. In [172], the
authors discuss the dynamics of the fractional logistic map and propose a simple synchronization
scheme for a pair of identical maps. The work in [173] concerns identical synchronization, and
reference [175] deals with the chaotic synchronization of linearly coupled discrete fractional
Hénon maps. Furthermore, synchronization via control technique has been applied in different
practical applications, especially secure communication in which direct coupling cannot be done.

Based on the stability theory of linear fractional difference systems reported in Chapter
2, this chapter presents different methods of synchronization between fractional-order chaotic
maps described by the left Caputo difference operator. Some nonlinear controller are designed,
which enable synchronization to be achieved between different fractional order chaotic maps
with different dimensions. We consider different types of synchronisation, namely we introduce
two approaches to the generalized synchronized synchronization and the inverse generalized syn-
chronization of fractional discrete-time chaotic systems with non-identical dimensions, we then
introduce the full-state hybrid projective synchronisation (FSHPS) for a fractional-order master
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8.2 Generalized synchronization

and an integer-order slave system. An inverse FSHPS laws is also proposed for a fractional-order
master and an integer-order slave. Moreover, we propose two control strategies for the ) — S
synchronization of fractional-order discrete-time chaotic systems. In this scheme two functions
Q@ and S are used such that limit |[|Q(Y(¢)) — S(X(¢))|| = 0, where X(¢) and Y (¢) are the
drive and response systems. Furthermore, a combined synchronization between two different
dimensional fractional discrete time systems is also presented. Finally, the synchronization of
the systems with hidden attractors is illustrated through designing nonlinear controller. A de-
tailed description of these synchronisations will be shown in the following sections along with
the proposed control laws and the proofs of their convergence. Also, numerical examples are
used to illustrate the validity of the proposed synchronisation schemes.

8.2 Generalized synchronization

Generalized synchronization is one of the most widely studied synchronization types. It refers to
the existence of a functional relationship between the drive states and the response states [177].
Instead of the conventional definition of synchronization, which stipulates that the difference
between the drive and response trajectories tends to zero as t — oo, generalized synchronization
forces the difference between the slave states and a function of the master states to zero. This
allows for more flexibility and has proven useful in many applications including secure commu-
nications [178]. This results has been published in our manuscript [176]. It is important to note
that the novelty of the results reported in this section stems from the fact that the generalized
synchronization scheme achieved is a generalization of a number of different synchronization
types including complete synchronization, anti-synchronization, projective synchronization, ma-
trix projective synchronization, and functional matrix projective synchronization.
The set-up is easily demonstrated by considering, the drive and response systems described
by
CAVX (1) = f(X (t+v—1)), (8.1a)

CAYY () =BY (t+v—1)+g (Y (t+v—1))+ U, (8.1b)

where t € Noyy_1, X(t) = (21(t), ... 2o (£))" and Y (£) = (y1(¢), ..., ym(t))" are the correspond-
ing state vectors, 0 < v <1, f: R” — R™, B is an m X m matrix of parameters, g : R™ — R,
and U = (u;);<;<,, is the vector controller to be determined by means of the synchronization
process.

Definition 24. Generalization synchronization between master fractional map (8.1a) and slave
fractional (8.1b) is achieved if there is a functional relation between both variables X and Y,
i.e, if there exists a a map h : R" — R™ and a controller U = (u;),,,, such that

lim |le(t) =Y () — h(X ()] =0. (8.2)

t—+00

Normally, in order to establish that a certain control law achieved a given type of synchro-
nization, we must prove that the zero solution of the error system is asymptotically stable.
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8.2.1 Synchronization scheme

The following theorem proposes a controller U such that the zero solution to the system of
equations e (t) as defined in (8.2) is asymptotically stable, meaning that the error tends to 0 as
t — oo. In order to establish the asymptotic stability of the control law described below, we
require fractional stability methods. Let us start by stating the following theorem related to the
linear stability of fractional maps.

Theorem 8.1. The master fractional map (8.1a) and the slave fractional map (8.1b) are globally
generalized synchronized, under the following control law

U(t)=-CY(t+v—1)—g(Y(t+v—1))+(C-B)h(X(t+v—-1)+Ah(X(t+v—1)),

(8.3)
where t € Nyq11-, and
cir bz 0 bim
b1 co2 -0 bom
C = : , (8.4)
bm1  bm2 Cmm
and the constants control c; are chosen such that
-2V < ’bii_cii’ <0, 1=1,2,....m, (85)
Proof. The error system (8.2) leads to
CAve(t)=BY (t+v—1)+g(Y(t+v—1)) = “Ah(X(t)) +U. (8.6)
Substituting (8.3) into (8.6) yields the simplified form
CAVe(t) = (B—-C)e(t+v—1). (8.7)
where
b11 — C11 0 cee 0
0 b22 —C292 - 0
0 0 oo bpm — cmm

It is easy to see that the eigenvalues (\; = b;; — ¢y, 1 = 1,2,...,m) of B — C satisfai the following
conditions

5> larg ;| > 5

It, therefore, follows immediately from Theorem 7.1 that the zero solution of (8.7) is asymp-
totically stable and the pair of fractional maps (8.1a) and (8.1b), respectively, is generalized
synchronized. O

il —m\"
|Ai| < (2 cos W) and ’n
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8.2 Generalized synchronization

8.2.2 Numerical simulation

We will put the control laws proposed in Theorem 8.1 to the test by considering a 3D generalized
synchronization. Firstly, we consider the fractional Hénon map as the master system. As
reported in Section 3.5.2, the master fractional map is described by

{Agml(t) =1l-a22(t—1+v)+2t—1+v)—a1(t—1+v), (8.9)

Alxo(t) =byz(t—14+v)—x2(t —14+v),

for t € Ngt1-,, which exhibits a chaotic attractor, for instance, when (a1,b1) = (1.4,0.3),
a =0, and v = 0.984.

As for the response system, we consider the 3D fractional generalized Hénon map. The
system is described for ¢t € IN,41, as

Abyi(t) = —yi(t+v—1)—bays(t+v—1)+ui(t+v—1),
Alys(t) =boys(t+v—1)+y1(t+v—1)—y(t+v—1)+tu(t+v—1), (8.10)
ANyst) =1+y(t+v—1)—awi(t+v—1)—yst+v—1)+us(t+v—1),

where w1, us, and ug are controllers. Subject to (ag,bs) = (0.99,0.2), a = 0, and v = 0.984, the
uncontrolled fractional map (8.10) with u; = ug = uz = 0 is chaotic as shown in Figure 8.1. It

(a) (b)

03

x(n)

-0.4
0

Figure 8.1: 3D chaotic attractor and bifurcation diagram versus parameter « of the generalized
Hénon map (8.10) with (az,b2) = (0.99,0.2) and v = 0.984.

is easy to see that the linear part of the response system (8.10) is given by

-1 0 —by
B=|1 -1 b |. (8.11)
0o 1 -1

Based on the proposed approach described in Section 8.2, the error system corresponding to
the generalized synchronization strategy is defined as

(ex (t) e () es (8)" = (v (8) 92 (8) ,ys (1) = h (21 (8) 22 (1)), (8.12)
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where
h(w1(t), w2 (1) = (z1 (£) 2 (£) 21 (£) w2 (1)) (8.13)

According to Theorem 8.1, there exists a control matrix C' such that B — C' is negative—definite.
One can, for instance, choose the case

-2 0 —b
c=1 -1 b |, (8.14)
0o 1 -3

which clearly satisfies the conditions (8.4) and (8.5), and by extension systems (8.9) and (8.10)
are generalized synchronized in 3D. Now that matrices B and C and function h are known, it is
rather easy to construct the control law according to (8.3). The resulting error system is of the
form

CAVer (t) = e (t+v—1),

CAVey (t) = —Sea (t+v —1), (8.15)

CAgeg (t) = %63 (t +v— 1) .

The time evolution of the errors is depicted in Figure 8.2. Clearly, synchronization is achieved
as the errors converge to zero in sufficient time. Similar to the generalized synchronization,
a number of different types considered in the literature fall under the inverse generalized syn-
chronization type including inverse synchronization, anti-synchronization, inverse projective syn-
chronization, inverse matrix projective synchronization, and inverse functional matrix projective
synchronization.
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Figure 8.2: Time evolution of the generalized synchronization errors e (t), e2(t), and ez(t) with
v =10.984 and a = 0.
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8.3 Inverse generalized synchronization

8.3 Inverse generalized synchronization

Inverse generalized synchronization is the natural reversal of generalized synchronization, i.e.,
the error is the difference between the master states and a function of the slave states. Our aim
in this section is to establish the convergence of the proposed inverse generalized synchronization
schemes for a pair of fractional discrete systems by means of asymptotic stability results reported
in Chapter 2. Thus this type of inverse generalized synchronization has been considered in our
research paper [194].

Now, let us consider the master and the response fractional chaotic systems of the form

CAVX () = AX (t+v—1)+ f(X (t+v—1)), (8.16a)
CAYY (1) =g(Y (t+v—1))+U, (8.16b)

where t € Ngyip. X(£) = (21(t), .., 20 (t)” and Y(t) = (y1(t), .., ym(t)’, 0 < v < 1,
Ae R, f:R"™ = R" is a nonlinear function, g : R™ — R™, and U = (;)1<;<,,-

Note here that the master and slave systems in (8.16a) and (8.17) are of non identical
dimensions given by n and m, respectively, such that n < m.

Definition 25. The fractional maps (8.16a) and (8.17) are said to be inverse generalized syn-
chronized with respect to ¢ if there exist a controller U = (u;);;<,, and a map ¢ : R™ — R"
such that no matter what the initial conditions are, the trajectories of the two systems satisfy

the following property
lim [le(t):=X(t)—¢ (Y ()| =0. (8.17)

t—+o00

8.3.1 The scheme of synchronization

In order to realize the generalized synchronization between the master fractional map (8.16a)
and the slave fractional map (8.17), let us suppose that ¢ can be written as

(Y (1)) = HY (t) + h (Y (1)), (8.18)

where H € R™ ™ and h : R™ — R" is a nonlinear function. The error dynamics between the
master and slave systems can be derived for ¢t € Ny 41—, as:

“Ae(t) = CAX() - “DLp(Y (1)
= AX(t4+v-10)+f(X(t+v—1))—Hx “AY (t)— AL (Y (1))
AX(t+v—-1)+f(X(t+v—-1)—Hxg(Y (t+v—1))
— CAYR (Y (t))— H x U. (8.19)

For ¢ > n, we can simply choose
u; =0, i=n+1, n+2 ..,m. (8.20)
This way, (8.19) can be written as follow

“Ae(t)=(A-Lye(t+v—1)+R-HAxU, tecNy_,, (8.21)
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where U = (uy, ..., un)T, H is an invertible n x n matrix,

R=LX(t)+(A—L)HY (t)+ (A—L)h(Y(t))+ f(X(t))—Hg (Y (t)) — CAYR (Y(t)), (8.22)
and L € R™™ ™ is a control matrix chosen such that all the eigenvalues A\;, i =1,...,n, of A—L
satisfy the conditions

INi| <2 and |arg(\)|=m, i=1,2,...,n. (8.23)

In order to achieve inverse generalized synchronization, our choice of the remaining control
parameters can be made as follows
U=H"'xR, (8.24)

where A~ € R™ ™ is the inverse of matrix H. By substituting (8.22) into (8.21), the error
dynamics can be described as
CAe(t)=(A—L)e(t+v—1), teNg1,, (8.25)

With this dynamic, can follow the same steps as in the proof of Theorem 8.1 to establish the
following result.

Theorem 8.2. Subject to control laws (8.20) and (8.24) and by selecting the control matrix
L according to (8.23), the pair (8.16a) and (8.17) are globally inverse generalized synchronized
with respect to .

8.3.2 Numerical simulation

Consider the two-dimensional inverse generalized synchronization between the 2D fractional
Hénon map and the 3D fractional generalized Hénon map. Here, the fractional generalized
Hénon map is considered as the master system which is given as

Aoy (t) = —yi(t+v—1) —boys(t +v —1),
Agya(t) = bays(t+v—1) +y(t+v —1) =gt +v - 1), (8.26)
Noys(t) =1+ua(t+v—1) —agyd(t+v—1) —ys(t +v—1).

The slave system is considered as the 2D fractional Hénon map which is given as

{Ag:cl(t) =l-a22(t—14+v)+at—1+v) -2 (t—1+v)+u(t—1+v), (8.27)

Alzo(t) =bzi(t—14v) —xe(t—1+v)+u(t—1+v).

For the 2D inverse generalized scenario, the linear part of the slave system is

-1 1
() .
Following the synchronization process described in Section 8.3, the error system is given by
(1 (1) ez (1) = (@1 (1) @2 ()" = @ (31 (8) 2 (1) 93 (1)) 4 (8.29)
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where -
o (1) 92 (1) .5 (1) = (30 (1)~ 20 (). (1) + 93 (1) (8.30)
The function ¢ can be written as
o (1 (1), 2 (1) s (8) = H x (31 (t) 52 (), 53 (£))" + 1 (y1 (£) 2 (£) 3 (1)) (8.31)
where
1 -2 0
) o
and
5 T
By (8),92 (1), (1) = (0,3 (1)) - (8.33)
Using the steps of Section 8.3, we have
A~ (1 =2 Aol [ 102
H_<0 1) and H —<01>. (8.34)
According to Theorem 8.2, there exists a control matrix L can be selected as
0 0
L_<b1—1 _2>, (8.35)

which clearly satisfies the conditions (8.23). Recall from (8.22) that the controller requires us
to determine A" and R, which may be calculated using L as in (8.35) and A as in (8.28).
Constructing the controllers is, therefore, straightforward and is governed by (8.20) and (8.22).
As a result, systems (8.26) and (8.27) are inverse generalized synchronized in two dimensions.
Figure 8.3 depicts the convergence of the errors, which belong to the fractional system

{ CAVey (t) = —er (t+v—1) +eg (t+v —1) (8.36)

“Aves (t) = —2e1 (t+v—1)+e(t+v—1).

8.4 The FSHP synchronisation between integer master and frac-
tional slave maps

This section further investigate the full state hybrid projection synchronization (FSHPS) of a
fractional-order master and an integer-order slave chaotic maps with different dimensions. For
two pair of discrete—time systems given by

CAYX () = f(X (t+v—1)), t€Ngpp1, (8.37a)

where X (t) = (21 (t),...,x, (£))" represent the states of the master system with fractional
order v € (0,1] and f: R® — R" is a continuous vector function. A slave system is given by

Y(t+1)=BY (t)+g(Y(t))+U, teN, (8.37b)
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Figure 8.3: Time evolution of the inverse generalized synchronization errors e;(¢) and es(t) with
v =10.984 and a = 0.

in which Y (¢) = (y1 (), ..., ym (£))" is the state of vector and B = (0ij) sy 9 R — R™
is a vector of nonlinear function, and U = (u;),,,, are control parameters to be identified by
means of the synchronization strategy. Note that the slave system is an integer—order system
with linear and nonlinear parts. Let us now define what is meant by full-state hybrid projective

synchronization (FSHPS).

Definition 26. The fractional-order master system and the integer—order slave system described
by (8.37a) and (8.37b), respectively, are said to be FSHP synchronized if for an initial conditions,
there exists a controller U and a constant matrix § = (;;) such that the synchronization

mXn
errors
n
ei(t) =y (t) = > Oyx;(t), i=1,2_.,m, teN, (8.38)
j=1
satisfy the asymptotic rule
lim e; () =0, i=1,2,..,m. (8.39)
t—o0

Hence the FSHP synchronization problem becomes the stability of error dynamics (8.38).
The asymptotic convergence of the synchronisation errors to zero is proved by means of the
conventional integer-order direct Lyapunov method.

8.4.1 FSHP synchronization scheme

Here, we give a principle to find suitable feedback controller U such that the fractional-order
master and the integer-order slave maps are FSHP synchronized. Therefore, we have the fol-
lowing theorem.
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Theorem 8.3. The master and slave systems in (8.37a) and (8.37b) are FSHP-synchronized
give
U=(B-C)e(t)—BY (t)—g(Y () +6X (t+1), (8.40)

where C € R™*™ is a control matriz satisfying the condition that matriz

(B—C)'(B-C) -1, (8.41)
s negative—definte.
Proof. From (8.38), we have
n
€; (t+1) =Y (t+1)—29ija;j (t+1), 1= 1,..,m, (8.42)
j=1

can be described more compactly as
e(t+1)=BY (t)+g(Y () +U—-6X(t+1). (8.43)
After using the control law (8.40), the error system (8.43) yields the simplified system
e(t+1)=(B-0C)e(t). (8.44)

The resulting system (8.44) is integer order and thus its stability is classical. As a result, by
using the Lyapunov function V (e (t)) = €T (¢) e (t), we have

AV (e (t)) =c (t—|—1) (t+1)—el (t)e(t)
— e (1) (B > (B-C)elt) — " (et
T () [(B-C) (B-C)—1]e(t).
Since (B —C)" (B —C) — I is negative definite, it simply follows that
AV (e(t)) <0,
and by integer—order Lyapunov stability theory, we have

lim e (t)=0, i=12,...m

t—>+o0

Hence, by Definition 26 the pair (8.37a), (8.37b) are FSHP synchronized. O

8.4.2 Application of the FSHP synchronization scheme

In order to verify the result of Theorem 8.3, let us take the fractional Hénon chaotic map and
the fractional 3D Hénon map to show the full state FSHP synchronization. Similarly to the
generalized synchronization results given in Section 8.2.2, we consider the 2D fractional Hénon
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Figure 8.4: Phase portraits for the generalised 3D Hénon map with (as,b2) = (1.07,0.3) and
(y1(0),42(0),y3(0)) = (0.1,0.2,0.5).

map (8.9) as a master system. As for the slave system, we consider a 3D integer—order generalized
Hénon map proposed in [179], which is of the form

Y1 (t + 1) = —b2y3 (t) + uq,
y2 (t+1) = bays (t) +y1 (1) + ue, (8.45)
y3 (t+1) =14 yo (t) — agy? (t) + us,

where wq,uo,ug are controllers. For u; = us = ugz = 0, it exhibits a chaotic behavior, for
instance, when (a2, b2) = (1.07,0.3). This behavior is depicted in Figure 8.4.
The linear part of the slave is given by

0 0 —b
B=|1 0 b |. (8.46)
01 0

We aim to determine the controllers u;,i = 1,2,3, that will drive the slave system (8.45) to
synchronize with the master system (8.9) under Definition 26. We start by formulating the
error system (8.43)

(ex (8) se2 (1) yes ()" = (v (£) 92 (1) 5 (1)

0% (n () 22 (1)) (847)
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8.5 IFSHP synchronization between fractional master and integer slave maps

where
1 2
0 = (0;5) = 0o 3 |. (8.48)
-1 1

Next, according to Theorem 1, we find a suitable control matrix C such that (B — C)" (B — C) —
I is negative definite. It can be easily verified that

—1 —1
o 2 —b2—v

C = 1+7 S by — %f , (8.49)
w1 T

is sufficient. The last step is to calculate the control vector U = (u;), ;.4 according to (8.40)
and use it to drive the slave system. The resulting error system is given by

er(t+1) = f ex (1) + 32 () — 5ozes (1),
e (t+1) = f er(t)+3 ez()+ =es3 (1), (8.50)
63(75“‘1):\/3 ()4‘\/363()

Figure 8.5 depicts the time evolution of the errors (8.50). Clearly, the errors decay to zero in
sufficient time, which means that the master and slave systems (8.9) and (8.45) are synchronized.

S\ﬁ\

Remark 17. Usually, when dealing with continuous- or discrete-time systems, the computa-
tional complexity is an important aspect. For continuous-time chaotic systems that represent
the dynamics of a nonlinear circuit, complexity can be estimated via integration in a transient
period or similar to [180]. However, in discrete-time systems, such an approach is not applica-
ble [196]. One may assess the complexity of the proposed control rule (8.40) in terms of the
number of multiply accumulate (MAC) operations required for a single iteration of the controller.
Since the number of MACs is dependent on the nonlinear function g, itmay not be estimated in
the general case. For the example at hand, we have

0
g(Y(t) = 0 : (8.51)
1— azy3(t)

Hence, the number of MACs required to evaluate one iteration of (8.40) is 2m? + mn + 5 = 29.

8.5 IFSHP synchronization between fractional master and inte-
ger slave maps

We, now, look at the inverse full-state hybrid projective synchronisation (IFSHP) synchroniza-
tion of a fractional-order master system and an integer—order slave system; that is the dimension
of the response system is greater than that of the master system. Consider the pair

{X(t+1):F(X(t)), te NN,

CAYY (t) =BY (t+v—1)+g(Y (t+v—1)+U(t+v—1), teN, 4, (8.52)
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Figure 8.5: The evolution of errors over time for the first example as in (8.50).

where X (¢) = (21 () ;.. zn (£))T and Y (£) = (y1 (£) , ..., ym (t))” are the master and slave
state vectors, respectively, f : R — R"”, g : R™ — IR™ are nonlinear functions and U =
(Ui)1<;<p is @ control vector. In this case, we assume that n < m. The following definition
describes the type of synchronization considered in this section.

Definition 27. The master—slave pair (8.52) is said to be inverse full state hybrid projective
synchronized if there exists a control vector U and a scaling constant matrix v = (ij)nxm such
that the synchronization errors

lim €; (t) =T (t) — i YijYj (t) = 0, (853)
j=1

t—o00
fori=1,2,.,n.

8.5.1 IFSHP synchronization scheme with different order

In order to achieve IFSHP synchronization, we take the fractional difference equation of the
T . 11
error vector e (t) = (e1 (t),...,en (t))" yielding

“AVe(t) = CAX (t) —yBY (t+v—1) —vg (Y (t+v—1)) =AU, (8.54)
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8.5 IFSHP synchronization between fractional master and integer slave maps

For simplicity, we append the control vector U with zeros for ¢ > n, i.e.
u; =0, 1=n+1, n+2,.....m. (8.55)
Using (8.55), the error system (8.54) simplifies to
“Ae(t) = R—4U, (8.56)

where

R= YA"X (t) —yBY (t+v—1) —vg (Y (t+v —1)), (8.57)

U= (uy, ..., un)T and 4 = (Vij),,5,, 1S assumed to be an n x n invertible matrix with its inverse
being denoted by 4~ 1.
In order to achieve IFSHP synchronization between systems (8.52), we may choose the vector

controller 7 = (uy, ..., un)" as follow:
0=4"[(L-B) (X () - (1) +R|, (8.58)

where B = (b;;)
eigenvalues of B — L satify

nxn and L € R™™ is an appropriate control matrix selected such that all the

=2V <N <0,1=1,2,...,n. (8.59)
Substituting (8.58) into (8.56) yields the new error dynamics

Cave(t)= (B-L)e(t+v-1). (8.60)

In order to show that the zero solution of (8.60) is globally asymptotically stable, we use the
stability theory of linear fractional-order maps as described in Theorem 7.1. According to
condition (8.59), it is easy to see that all the eigenvalues of the matrix B — L satisfy

larg Ai| — 7 ) g
2—-p ’
for i = 1,2,...,n. Hence, using Theorem 2.6, the zero solution of (8.60) is globally asymptoti-

cally stable and the master—slave pair (8.52) are IFSHP—synchronized. The following theorem
summarizes the control strategy.

larg A;| = 7 > g and |\i| < (2 cos (8.61)

Theorem 8.4. The master and slave pair (8.52) are IFSHP-synchronized subject to a matrix
L being selected such that all the eigenvalues of B — L satify (8.59) and control vector U being
chosen as described in (8.55) and (8.58).

8.5.2 Application of the FSHP synchronization scheme
A numerical example is also provided to illustrate the control strategy described the previous

section. Let us consider as master the 2D integer-order Hénon map described by

(8.62)

{ z (t+1) =29 (£) +1—ar2? (),
) (t-i—l) =bi1 (t)
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This system is well known and has a chaotic attractor as reported in Chapter 3. As for the
slave, we consider the 3D fractional-order generalized Hénon map proposed in Section 8.2.2 and
given by equation (8.10).

The linear part of the slave system can be written in matrix form as

—1 0 —b
B=| 1 -1 b |. (8.63)
0o 1 -1

So, the matrix B is given by
A -1 0
oo (9), o

We start by defining the synchronization errors (8.53) as

(e (t),e2 (1) = (21 (t) 22 (£)"
—yx (g1 () 2 (£) ,ys (8)) ", (8:65)
where
72(%7):((2) g f) (8.66)

In order to find the suitable controls (8.58), we must first take the reduced matrix

@:(3 g) (8.67)

and make sure it is invertible, which it clearly is. Its inverse is simply given by

(12 0
5 _< 0 1/3>. (8.68)

According to Theorem 8.4, there exists a control matrix L such that the eigenvalues of (B — L)
satisfy (8.61).We simply choose achieved with

(0 9/16
L_<O _3/2>, (8.69)

R ([ -1 -9/16
B—L= ( 1 1/2 ) ’
It is easy to see that all the eigenvalues of B — L satisfy condition (8.61). All that remains is to

calculate matrix R according to (8.57), vector U according to (8.58), and append it with a zero
at the end as specified in (8.55). The resulting synchronisation error system is of the form

CAVer (t) = —e1 (t+v —1) —
CAZQQ(t):el(t+V—1)+%€2<t+l/—1>.

leading to

~—

(8.70)
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8.6 (@ — S synchronization of fractional-order discrete-time systems

Given the initial errors (e1(0),e2(0)) = (—1,—2), Figure 8.6 depicts the time evolution of the
errors (8.70). The errors clearly converge towards the zero solution in sufficient time indicating
successful synchronisation between the master and the slave maps.

Remark 18. Similar the the FSHP synchronization the computational complexity involved in
the calculation of R according to (8.57) and then U according to (8.58) can be shown to be
m? + 2n? + 4nm = 41 the number of multiply accumulate operations per iteration.

er(n)

0 20 A il 80 100

ea(n)
[

o

n a0 ETH il #l 100
ks

Figure 8.6: The evolution of errors over time for the first example as in (8.70).

8.6 () — S synchronization of fractional-order discrete-time sys-
tems

We are concerned with the Q — S synchronization of fractional-order discrete-time chaotic sys-
tems with different dimensions and non-identical orders. In this scheme, two functions @) and
S are used to condition the slave and master states, respectively, such that different values for
Q@ and S lead to different types of synchronization. The () — S comes from a more general syn-
chronization definition, which was presented by Yan in 2005 [181] for continuous-time dynamical
systems. The author developed a backstepping approach with a strict feedback form to syn-
chronize two identical systems. The author, then, extended the @) — S scheme to discrete-time
systems [182]. Because ) — S focuses on the state of coupled systems, it has been studied by
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many researchers. Several algorithms were proposed for the () — S synchronization of integer-
order continuous-time systems including [184-186]. Several studies also looked at the fractional
continuous-time case such as [183]. Finally, in [188,189], the authors investigated @ — S syn-
chronization between integer-order and fractional-order continuous-time systems with different
dimensions. In this spirit, we can go ahead and investigate the Q — S synchronization of two
chaotic fractional discrete-time systems, i.e for master and response dynamical maps described
as

(8.71)

CAVX(t) = AX(t+v—1)+ f(X(t+v—1)), VteNoi1,,
CAY () =BY(t+a—1)+g(Y(t+a—1))+U, Vte€Ngi1_a,

where X (t) = (21 (t) ... zn (£))T and Y (£) = (y1 (£) , ..., ym (t))” denote the master and slave
state vectors, respectively, A € R"*™ B € R™™ f :R"™ — R", g : R™ — R™ are nonlinear
functions and U = (u;),,,, is a vector controller to be determined by the control laws of the
synchronization scheme. Note that a, 3 € (0, 1].

With these notations in mind, the definition of ) — .S synchronization of our master-response
pair is given a head. The following definition was reported by Ouannas et.al in [190].

Definition 28. The drive-response pair (7.3) is Q — S synchronized in the d*" dimension if there
exist a controller U = (u;), ., and two functions @ : R™ — R? and S : R” — R? such that

Jlim (1) == QY (1) = S (X (1)) =0. (8.72)

Remark 19. From Definition 28 the depending on our choice of the pair (Q (Y (t)),S (X (t))),
we may end up with one of many synchronization types, namely:

(Y(t),X (1)) — Complete synchronization,
(Y(t),-X(t)) — Anti synchronization,

(Y (t),6X (1)), 0 € R — Projective synchronization,

(Y (t),MX (t)), M € R™*™ — Matrix projective synchronization,

(MY (t),X (t)), M € R"™*™ — Inverse matrix projective synchronization,
(Y (t),S (X (¢))) —  Generalized synchronization,

QY (1),X (1)) — Inverse generalized synchronization.

For reasons that will become clear later on, suppose that Q can be divided into two parts
QY () =QY (t)+a(Y (1), (8.73)

where Q is an invertible d x d matrix and and q : R? — R? is a nonlinear function. In the
following two sections, we will present two distinct synchronization schemes of dimensions d = m
and d = n, respectively. We assume an n-dimensional master map and an m-dimensional slave
map with the condition m > n. Two different control laws will be derived and the asymptotic
stability of their zero solution will be investigated through the linearization method.

8.6.1 () — S Synchronization scheme in dimension m

The @ — S synchronization error defined in (8.72) can be written in the form
e(t) =QY () +a (Y () —S(X (1), (8.74)
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where Q is an invertible m x m matrix, q : R™ — IR™, and S : R — R". The a-th order
Caputo fractional of (8.74) is of the form

“Aje(t) = “ALIQY (1) +a(Y (1) —S(X (1))
= OAY[QY ()] + “AYq(Y (1) — CALS (X (1))
= QALY (1) + “Ata(Y (1) — “AYS (X (1))
QBY (t+a—1)4+g (Y (t+a—1))+U]+ “A%q(Y (1)) — “A*S (X ()
QBY(t+a—1)+Qg(Y(t—|—a—1))+Q><U (8.75)
+ CAYq (Y (1)) — CAS (X (t)). (8.76)

This can be further simplified to
“Ale(t)=(B—-C)e(t+a—1)+R+QxU, (8.77)
where C' € R™*™ is an appropriately chosen control matrix and

R = (C—-B)e(t)+QBY (1) + Qg (Y (1))
+ OAPq (Y (1) — “A“S (X (1)). (8.78)

Remark 20. Note that our aim in synchronization is to find a suitable controller U that forces
the synchronization error to zero asymptotically. Since U is part of the response system, the
function Q(Y (¢)) hinders our process. To overcome this problem, we assumed that Q(Y (¢))
can be decomposed into a linear part (matrix Q) and some other nonlinear function q(Y'(¢)).
The reasoning behind this is that matrix Q is constant and thus may be factored out of the
fractional difference operator.

Theorem 8.5. The drive—response pair (8.71) is globally Q—S synchronized in dimension m
subject to
U=-Q xR, (8.79)

where Q™1 is the inverse of Q.and the control matriz C is selected such that all the eigenvalues
A of B — C.satisfies the condition
—2% <A <0. (8.80)

Proof. By substituting (8.79) into (8.77), we obtain a new formulation for the error system
“A%(t) = (B-C)e(t+a—1). (8.81)
Now, it is easy to see that all the eigenvalues A satisfy |arg \| = 7 > & and

larg A\| — W)a

Al < (2
|A| (cos 5 o

(8.82)
Therefore, by means of Theorem 7.1, we establish the global asymptotic stability of the zero solu-
tion. Consequently, the master—slave maps (8.71) are globally @ — S synchronized in dimension

m. O
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8.6.2 () — S Synchronization scheme in dimension n
This second case is not too different from the first one. We define
QecR™™ q:R™ — R" and S: R" — R".
We set the last m — n controller components to zero, i.e.
u; =0 for n<i<m. (8.83)
Then, the error system reduces to
“A%(t) = QBY (t+a—1)+Qg(Y (t+a—1))
+QxU + “A%q (Y (1)) — CA2S (X (1)), (8.84)

where Q is an invertible n x n matrix and U = (ui, ..., un)T. This can be further simplified to
“A% (t) = (A—L)e(t) + T+ QxU, (8.85)
where L € R™*™ is an appropriate control matrix and

T = (L-A)e(t)+QBY (1) +Qg (Y (1))
+ CAYq (Y (1)) — CAYS (X (t)). (8.86)

To achieve Q—S synchronization between the master—slave maps (8.71) in dimension n, we
propose choosing
U=-Q'T. (8.87)

Substituting (8.87) into (8.85) yields the error dynamics
“Ae(t)=(A—L)e(t+a—1). (8.88)
The following theorem can be proven in the exact same way as Theorem 8.5.

Theorem 8.6. By selecting control matriz L such that all the eigenvalues \ of A — L.satisfy:
—2% < X\ < 0, the master and slave maps (8.71) are globally Q — S synchronized in dimension
n subject to (8.83) and (8.87).

8.6.3 Application of the () — S synchronization

In order to show the validity of the proposed control strategies, let us consider some numerical
examples. The 2D fractional Hénon map (8.9) as proposed in Section 8.2.2 is chosen as the
master map. In order to unify the notation, the fractional Hénon map (8.9) can be rewritten as

CAVX (t) = AX (t) + f (X (1)), (8.89)

(-1 1 [ 1—a123(¢)
A_<b1 _1>andf—< (1)1 ) (8.90)
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As for the response map, we choose the 3D fractional-order generalized Hénon map, which is of
the form

CAYy (t) = -y (t+a—1) —byys (t+a—1) +us (t+a—1),
CAYy (t) =boyz (t+a—1)+y (t+a—1)—yp(t+a—1)+uz (t+a—1), (8.91)
(JAayS(t):1—|—y2(t+a—1)—agyg(t—f—oz—l)—yg(t+a—1)+u3(t+a_1)‘

This system can be rewritten as

CA°Y (t) =BY (t) + g (Y (1)), (8.92)
where
-1 0 —b 0
B = 1 =1 b and ¢ = 0 . (8.93)
o 1 -1 1 — a3 ()

We will take 3 and 2 dimensional Q—S synchronization cases separately following the control
laws of Theorems 8.5 and 8.6, respectively.

Example 1 . 3-dimensional @) — S synchronization
Based on the approach stated in Section 8.6.1, the error system is given by

(e1 (t),e2(t),e3 ()" =Q (y1 (t), w2 (t) ,y3 () — S (z1 () , 22 (1)), (8.94)

where

Q(y1 (8), 52 (1) s (8) = (w1 (£) 31 () + 52 (1) w3 () B+y2 ()",

and
S(x1(t),22(t) = (x1 () 22 (t) ;21 () + 22 (1)) -

We may rewrite () in the form

Q (1 (8) w2 (1) (8) = Qx (31 (1) w2 (1) s (1) +a(yr (1) w2 (1) 55 (1) (8.95)

where
1 00
Q=11 2 0 (8.96)
0 0 3
and
a(yi ()92 (8) 95 (£)) = (0,0,52(1)ys (1)" - (8.97)
It is easy to see that
1 00
Q'l=|-3 30 (8.98)
0 0 %
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Example 2 .

According to our approach described in Section 8.6.1, there exists a control matrix C' such
that all the eigenvalues B — C' satisfy the condition of Theorem 8.5. We may simply choose
the following

0
C=1|1
0

= o O

0
0o |. (8.99)
0

It is clear that all the eigenvalues B — C satisfy the condition of Theorem 8.5. We start
by calculating R by means of (8.78) and then U by means of (8.79). The resulting error
system is given by

CA% (t) = —ey (t+a—1) —bges (t+a —1),
OA%;y (t) = —eg (t+a—1) +boes (t+a—1), (8.100)
CA%;3 (t) = —eg (t+a—1).

The time evolution of the errors is depicted in Figure 8.7 for the initial values

e1 (0) 0.1
e2(0) | =1 03
e3 (0) 1.6

The errors clearly converge to zero in sufficient time indicating that the master map (8.91)
and the response map (8.9) become @) — S synchronized in 3D.

2-dimensional @) — .S synchronization
As for the two dimensional case, we follow the approach described in Section 8.6.2. The
error system is given by

(e (8)e2 (8) es (8)" = Q (y1 ()42 (1) w3 (1) = S (w1 (£) , w2 (1) , (8.101)

where

Q (w1 (1) 2 (1) 2y (1)) = (32 (£) + 202 (6) + 93 ()~ (1) + 34 (1))

and
Sy (1), 22 (1) = (21 (1), 22 (1)) -

We can write

Qyr (1), 2 (1), ys (8) = Qx (y1 (t) w2 (8) w3 (1)) +a(y1 (8) 2 (1) 3 (£)), (8.102)
where
Q:(_ll g g) (8.103)

a(yi(t),y2(1),y3(t)) = (y§ (t) ,O)T. (8.104)

and
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Figure 8.7: The evolution of errors over time for Example 1.

This yields

A 1 2 Al 1 2
Q (_10) and Q _<_10>.
According to Theorem 8.6, the control matrix L can be selected as

0 0
L_<4_b1 3>, (8.105)

which clearly satisfies the condition of Theorem 8.6. Next, we calculate T as specified in

(8.86) and U as in (8.87). The complete control vector U is formed by appending a zero
to the end of U. The resulting error system is given by

CA%; (t) = —e1 (t+a—1)+ex(t+a—1), (8.106)
CAaeg(t):—461(t+a—1)+362(t+a—1). ’

The convergence of the errors to zero is depicted in Figure 8.8 for the initial conditions

0.75
1.14 )
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Figure 8.8: The evolution of errors over time for Exemple 2

8.7 The Co—existence of different synchronization types in fractional—
order discrete—time chaotic systems with non—identical di-
mensions

Recently, there has been increasing interest in achieving multiple synchronization types simul-
taneously for the states of the response system. The idea is to show that multiple types of
synchronization may exist simultaneously for a pair of chaotic systems. This phenomenon is
commonly referred to as the co-existence of synchronization types. In the following, some control
strategy are proposed to examine the phenomenon and develop suitable control laws for various
types co-existing for fractional-order discrete-time chaotic systems with different dimensions. In
particular, we show that through appropriate nonlinear control, projective synchronization (PS),
full state hybrid projective synchronization (FSHPS), and generalized synchronization (GS) can
be achieved simultaneously. A second nonlinear control scheme is developed whereby inverse
full state hybrid projective synchronization (IFSHPS) and inverse generalized synchronization
(IGS) are shown to co-exist.

8.7.1 The problem formulation

In order to estabilish the co—existence of different synchronization types in fractional order
discrete—time chaotic systems, we consider the generic n—dimensional drive and response pair of
the form

{ ALz (t) = Fi(X (t+v—1)), teNyi1, (8.107)

AL (1) = Gi(Y (t+v—1)) +ui, |

where X () = (21 () ;.o zn (0))7, Y () = (y1 (), -, yn (t))” represent the states of the master
and slave systems, respectively, F;, G; are functions from R” to R for 1 <¢ < n, and u;,1 <i <
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n, denote control parameters to be identified by means of the synchronization strategy.

Let us, now, define the types of synchronization with which we are interested in our study.
The idea is to show that multiple types of synchronization may exist simultaneously for a pair
of fractional-order discrete-time chaotic systems.

Definition 29. If there exists a controller U = (u;);,, and either constants v € R*, a matrix
®, a map ¢ : R" — R, a matrix @, or a map ¢ : R — IR™ such that

t£+mm Y (t) =X ()| =0 = Pair (8.107) is projective synchronized (PS).

t_l>i+moo Y (t) —®X (t)]| = = Pair (8.107) is full state hybrid projective synchronized (FSHPS).

t—l>i+moo Y (t)—¢ (Y (t))]| =0 = Pair (7.3) is generalized synchronized (GS).

t_l}ir+noo | X (t) —OY (t)| =0 == Pair (8.107) is inverse full state hybrid projective synchronized (IFSHPS).
t_l}ir+noo | X () —¢ (Y ()] =0 == Pair (8.107) is inverse generalized synchronized (IGS).

Note that in Definition 29 above, =y is a constant used to scale the master state vector. Ma-
trices ¢ and 6 represent linear transformation of the master and slave state vectors, respectively,
and are usually referred to as scaling matrices. The terms ¢ and ¢ denote some arbitrary maps
from IR™ towards IR"™. In general, these are nonlinear maps that represent scaling functions.
We are now ready to present the different synchronization schemes, which has been recently
presented by Bendoukha et.al [191].

8.7.2 Co—existence of projective synchronization, FSHPS and genaralized
synchronization

Let us consider the 2-dimensional drive system and a 3—dimensional response system given,
respectively, by

A (t)=fi (X (t+v—1)), i=1,2, (8.108)

and
3

Ay () = by (tHv—1) 4+ (Y (t+v—1))+u;, i=1,23, (8.109)
j=1

where t € Ngy1-,, 0 < v < 1, f; : R? — R,1 < i < 2, (b;;) € R¥*3 is the linear part of
the drive system, ¢; : R®> — R,1 < i < 3, are nonlinear functions, and w;, i = 1,2,3, are
controllers to be designed. Based on Definition 29, we may define the co—existence of projective
synchronization (PS), FSHPS and generalized synchronization (GS) for the coupled systems
(8.108) and (8.109) as follows.
Definition 30. It is said that PS, FSHPS and GS co—exist in the synchronization of the drive
system (8.108) and the response systems (8.109) if there exist a controller U = (u;);«;<5,
constant v € R*, a constant matrix & = (®;;),, ., and nonlinear map ¢ : R? — R such that
the synchronization errors

2 (1) = 12 (1) — @ x (1 (£) 22 (1)), (8.110)
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all satisfy the asymptotic rule

tl}grnoo lei (0)]| =0 fori=1,2,3. (8.111)

Remark 21. From the error system (8.110), it is obvious that states y; and x; are projective
synchronized, ys is full state hybrid projective synchronized with x1 and zs, and ys3 is generalized
synchronized with x; and xs.

Next, we propose control laws that achieve the co—existence rule (8.110). Let us define the
matrix B = (bj)5,5-

Theorem 8.7. PS, FSHPS and GS co—exist for the pair (8.108)-(8.109) subject to

up =33 (e —b1y) e () =3 by () —g1 (Y (t+v—1) +yf1 (X (t+v—1)),

ug =5 (coj —baj)ej (t) — > j=1b2;y; ) =g (Y (t+v—1)+P1fi( X (t+v—1))
+P1fo (X (t+v-— 1)

ug = 374 (eaj — bag) e (1) — 201 bajy; () — g3 (

)

)
Y(t+v—1))+ “A¢ (a1 (t),22 (1)),

(8.112)
where C' = (cij) 4.5 18 a constant matriz chosen such that all the eigenvalues \; of B — C' satisfies
=2V <\ <0, 1=1,23. (8.113)

Proof. The difference equations corresponding to the error system (8.110) are given by

OAver (t) = ALy (t) — v CALmy (t),
CAZey (t) = CAyy (8) — @ OAY (2 (), 20 (), (8.114)
CAves (t) = “ALys (t) — N (w1 (1) 2 (1))

Substituting the system nonlinearities yields

CAyer (1) = 3201 by (t+v—=1) + g1 (Y (t+v—=1)) +ur = f1 (X (¢t +v 1)),
OAVes (1) =30 1 bojyj t+v—1)4+g (Y (t+r—1))+us—®1f1 (X (t+v—1)), (8.115)
CAYes (t) = > 51 bajy; (t+v—=1)+g3 (Y (t+v—1)) +uz— AL (a1 (), 22(1)) .

Substituting the proposed control law (8.112) in (8.115) yields

CAver (t) = Y71 (bij —cyy)ej (t+v—1),
CAZ€2 (t) => 1 (bgj — ng) €; (t +v— 1) , (8.116)
CAZ@;J, (t) = ijl (b3j — ng) € (t +v— 1) .

In order to show that the zero solution of (8.117) is globally asymptotically stable, we use
the linearization method as described in Theorem 8.7. The error system (8.116) can be written
in the compact form

“Ae(t)=(B-C)e(t+v—1). (8.117)
where e (t) = (e (t),ea (t),es(t))". According to condition (8.113), it is easy to see that all
the eigenvalues of the matrix B — C satisfy |arg A;| = 7 > 4T and [\;| < (2 cos %)V, for
i =1,2,3. It, then, follows immediately from Theorem 7.1 that the zero solution of (8.117) is
globally asymptotically stable and consequently, systems (8.108) and (8.109) are synchronized
in 3—dimensions according to Definition 30. O
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8.7.3 Co—existence of IFSHPS and inverse generalized synchronization

We, now, would like to achieve similar results for the inverse synchronization types listed in
Definition 29. Consider the drive and response pair of the form

{CA”afZ(t) Yy aizi (t+v—1)+ fi(X (t+rv—1)), i=12 (8.118)

CAVy (1) = g; (Y (t+ v —1)) +uy, i=1,2,3,

where t € Ngt1-,, A = (aij) € R?*2 and f; : R? - R, 1 < i < 2, are nonlinear functions.and
gi : R3 = R, 1 < i < 3. Based on Definition 29, we can state what is meant by the co—
existence of IFSHPs and inverse generalized synchronization (IGS) for (8.118) as summarized in
the following definition.

Definition 31. IFSHPS and IGS are said to co—exist in the synchronization of the pair (8.118)
if there exist controllers u;, i = 1,2, 3, a constant matrix @ = (©;;) and amap ¢ : R? — R
such that the synchronization errors

1x3?

e1 (t) =21 (t) — O x (41 (£),52 (), y3 ()",
{ ea (t) =xa (t) — o (y1 (t),y2 (t),ys3 (¢)), (8.119)

all satisfy the asymptotic rule

lim e; (t) =0 fori=1,2. (8.120)

t—+00

Remark 22. From the error system (8.119), it is apparent that x; is inverse full state hy-
brid projective synchronized with y; (t), y2 (t) and y3 (), and that x2(t) is inverse generalized
synchronized with y; (¢), y2 (t) and ys ().

Suppose that the function ¢ can be factorized in the form

 (y1 (1) 92 ( Z%yj )+ 9 (i (1) 92 (8,93 (1)), (8.121)

where 0;,7 = 1,2,3, are real numbers and 7 : R3> — R is a nonlinear function. The error
dynamics (8.119) yield the difference equations

CAZel (t) = CAZJH (t) — @1 CAZyl (t) — @2 CAZyQ (t)
_®3 CAZyg (t) )

8.122
CACes (£) = CAVy (1) — 01 CAVyy (£) — 05 CAVys (1) (8.122)
—03 “Bys (1) — DL (y1 (), y2 (8) 95 (1)) -
To simplify the equations, we can define
Zalﬂa )+ 1 (X Z@gz (8.123)
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and
2

3
Ry = ZGle‘j (t+l/ - 1) +f2 (X (t)) - Zejgi (Y (t)) - CAZ¢ (yl (t) » Y2 (t) » Y3 (t))

j=1
(8.124)
Using (8.123) and (8.124), (8.122) may be written in the reduced form
CAZel (t) =R — 23:1 @juj’ (8125)
“Ayer (t) = Ry — 35—y Oju;,
or more compactly as
CAZG (t) =R—-M x (ul, UQ)T — (®3U3, 93U3)T y (8126)
where R = (Ry, Ry)" and
[ ©1 O
M= ( b o, ) . (8.127)

To establish the co—existence of IFSHPS and IGS, we assume that M is invertible and denote
its inverse by M ~!. The control law is, then, given by

(ur,up)’ = M~ 'x [(L—A)e(t)+ R] and uz = 0, (8.128)

where L € R?*? is a control matrix to be determined. Substituting (8.128) into equation.(8.126),
we get

CAle(t)=(A—L)e(t+v—1). (8.129)
The following result follows in a similar manner to Theorem 8.7. The proof has been omitted
as it can be infered direct from that of Theorem 8.7.

Theorem 8.8. If the control matrix L is chosen such that all the eigenvalues of A — L such
that —2¥ < X\; <0, i = 1,2, then IFSHPS and IGS co—exist for (8.118) as described in (8.119)
subject to control law (8.128)

8.7.4 Application of the co—existence synchronization

We will now put the theoretical results presented in Sections 8.7.2 and 8.7.3 to the test. Similar
to the previous schemes, we consider the 2D fractional Hénon map (8.9) as the master system
the 3D fractional-order generalized Hénon map (8.10) as the slave system.

The linear and nonlinear parts of the master system (8.9) and the slave system (8.10) are

given by, respectively,
(-1 1 o —ari(t)+1

and
-1 0 —b 0
B=| 1 -1 b |,g= 0
o 1 -1 1 —asy3 (t)
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Example 1 .

Example 2

Application of the PS, FSHPS and GS synchronization
The error system for the PS, FSHPS and GS synchronization scheme was described in
Definition 30. We let

v=3, ®=(1,3) and ¢ (z1(t),z2(t)) = (z1(t)z2 (1)) . (8.130)

Theorem 8.7 requires the selection of a control matrix C' such that all the eigenvalues of
B — C satisfies condition (8.113). For instance, the control matrix C' can be chosen as

0 0 O
C=110 0]. (8.131)
0 1 0
Simply, we can show that all eigenvalues of B — C are: \; = Ay = A3 = —1 and therefore

condition of Theorem 8.7 is satisfied. We can use the matrix C' to construct the following
controllers

uy = —e1 (t) — b2€3 (t) + U1 (t) + b2y3 (t) + 31’2 (t)

=371 (t) + 3 — 3a123 (1),
Ug = —e€9 (t) + boe (t) — by (t) — Y1 (t) + Y2 (t) — 219 (t)

b D) (1) L ara? (1) (8.132)
us = —e3 (1) =1 —y2 (1) + azu3 (t) + 3 (¢)

+ CAZ.%'l(t):L'Q (t) .

These controllers leads to the simplified error system

CAVey (t) = —ey (t+v—1) —boeg (t+v—1),
CAVey (t) = —ea (t+v —1) +boes (t+v—1), (8.133)
CAVes (t) = —e3 (t+v—1).

Figure 8.9 shows the errors as functions of time for the initial values (e1 (0),e2 (0),e3(0)) =
(0.1,0.2,0.5). Clearly, the errors converge towards the zero solution implying that the three
slave states are PS-FSHPS—-GS synchronized.

. Application of of IFSHPS and IGS

The second case is concerned with the co—existence of IFSHPS and IGS in 2D. The error
system is defined according to Definition 31 where

O =(1,0,3) and ¢ (y1 (), y2 (1), y3 (t)) = w1 (t) +y2 (¢) + y?% (). (8.134)

Following the approach of Section 8.7.3, we start with a factorization of ¢ as

3
ey (t),y2(t),us (1) = Z 05y (1) + 9 (y1 (£) 92 (1) s ys (1)) - (8.135)

It can be easily shown that
(917 02) 93) = (17 2; 0) and w (yl (t) )y Y2 (t) » Y3 (t)> = y?% (t) ) (8136)
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Figure 8.9: The evolution of errors over time for Example 1

are sufficient. The proposed synchronization scheme rearranges ® and (61,62, 603) into the
matrix

1 0
M = ( 1 9 ) , (8.137)
which is invertible with inverse
M= ( _11 2 ) : (8.138)
2 2

Theorem 8.8 requires the choice of a matrix L. This may be achieved with

1 13
L= < by 1 _42 ) . (8.139)

The controllers can, thus, be constructed according to (8.128) based on R; and Ra defined

in (8.123) and (8.124), respectively. We end up with

U1 (t) = —2e1 — %eg + x9 (t) — I (t) — alx% (t) + (t)
+(b2+3)ys(t) —2—3y2 () + 3a2y§ (t),

up (1) = Ser+ Bea —yn (1) + 3y (1) — (3 +b2) s (1)

8.140
—aa (8) + U0 (1) + Janad (1) (5440
a C v
—3RY3 (1) — 3 A3 (1) + 1,
us (t) =0.
and
“Avey (t) = =261 (t+v—1)—Jea (t+v—1), (8.141)
CAVes (t) =er (t+v—1)+ex(t+v—1). ’

It is easy to from Figure 8.10 that the errors converge towards zero in sufficient time proving
that the controllers (8.140) in fact achieve IFSHPS-IGS synchronization for the pair (8.9)-
(8.10). The initial conditions for (8.141) were set to (e; (0),e2(0)) = (—1.6,—0.325).
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Figure 8.10: The evolution of errors over time for Example 2

8.8 Combined synchronization of two-dimensional fractional maps

8.8.1 Master system and slave systems

Based on previous considerations regarding the synchronization of fractional discrete-time sys-
tems, in this chapter we study the combined synchronization between fractional chaotic maps
in 2D and 3D. Based on stability of linear fractional-order discrete-time systems and nonlinear
control laws, combined synchronization schemes are presented. In this paragraph a master-slave
systems based on two-dimensional fractional maps is considered. In particular, we consider the
slave system as a combination between the fractional Lorenz map and the fractional flow map,
where the fractional Lozi map is considered as the master system. We will indicate to the states
of the master and slave systems by m and s respectively.

In the following, we consider the fractional Lozi map as the master system. The Lozi map
is a two dimensional fractional map, which has been proposed in Section 4.2 as an example of
fractional discrete—time system that can display chaotic behavior:

{ CAZ.’Elm(t)I*Oél|$1m(t*1+lj>|—|—£L‘2m(t*1—|—y)+1*l‘1m(t*1—|—y),

8.142
CAY 2om, (t) = w1 (t—14v) —zop (t—1+v), ( )

where x1,,, %2, are the states of the master system and «q,ao are parameter values. This
fractional map was introduced by replacing the integer order difference operator with the u-
Caputo delta difference operator. According to Section 4.2, the proposed fractional Lozi map
(8.147) has memory effects, which means that the iterated solution z,, is determined by all the
previous states. Different dynamic behaviors including chaos periodic windows are observed in
the fractional Lozi map (8.142).

Then, the equations of the Lorenz slave system are given by

CAZ'T151 (t) :ﬁl/BQ'xlSl (t_1+V)_B2$281 (5_1+M)$151 (t_1+y)+L1 (S_1+M)7
CALxog, (8) = —Pomas, (t—1+v)+ Poxd, (t—1+v)+ Lo(t—1+v),
(8.143)
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where x15, and g;, are the system states, whereas L; and Ly denote the synchronization con-
troller. When L; = Ly = 0 then system (8.143) degenerates into the fractional Caputo Lorenz
map. This two dimensional map has been studied in Section using the u-Caputo difference
operator.

Similarly, the indices s is used to denote the states of the fractional flow map, thus are given
by:

{ AV 21, (1) = 295y (t—1+1v)+ (11— D, (t—1+v)+ L (t—1+v), (8.144)

CAlxos, () =2+ at, t—1+v) =@, t—1+v)+ Ly (t—1+v),

where the parameters Lg (¢) and L4(t), denote the synchronization controllers. The system
(8.144) has been studied extensively in the literature and is known to exhibit a chaotic behavior
for the bifurcation parameters v4 = —0.1, and v = —1.7.

8.8.2 Synchronization scheme

In order to made the master system (8.142) and the slave systems states (8.143)—(8.144) achieve
combination synchronization, we need to define a proper controller functions L; Vi = 1.4. Below
we are providing the combination synchronization scheme.

Definition 32. The fractional Lozi map (8.142) and the slave systems, fractional Lorenz map
(8.143) and fractional flow map (8.144) are said to be combination synchronized if there exists
controllers L; (s),7 = 1,2,3,4, such that

{hms—>+oo Hel(S)H = limg 4 o0 Hw151 (3) + Z1s, (t) — Zim (t) H =0, (8.145)

limg 100 ||€2 (t) || = limy 4 o0 ||T2s, (t) + T2, (t) — L2m (t) || =0,

with t € ]Nl,+1.

We propose the fallowing control law for this type of synchronization.

Theorem 8.9. If the following control laws hold, the master system (8.142) and the combined
slave systems (8.143)—(8.144) will achieve combined synchronized for any initial states:

Ly (t) = — (14 p152) z1s, (t) + 25, (t) + Pazas, (t) 215, (t) — a1 |z1m (£)] + 1,
Lo (t) = $2a1s, () + (02 + 35 ) wum (8) + (B2 + §) was, (1) = Bazd,, (1),

L3 (t) = —mw1s, (1),

Ly (t) = T3@1s, () + 3304, (t) — Swom (1) — 72 — 2, (1) -

Proof. The synchronization error system (8.145) has the following form:

CAZel (t) Iﬂlﬁgﬂ?ltl (t—l—i—V)—,BQ.’EQSl (t—1+V) T1sy (t—1+V)+L1 (t—l—l—V)
+xos, (t—14+v)+(n—1) 215, t—=1+v)+ L3 (t —1+v)
+aq |z, (t—1+v)|—xom (t—1+v)—14+21, (t—14+v),
OAVey (t) = —Boxas, (t—1+v) 4+ Boad, (t—1+v)+ Lo (t—1+v)
+y2+ad,, (t—1+v) — a5 (t—1+v)+ Ly (t —1+4v)
—Z1m (t—14+v) +zom (t—1+v).

(8.146)

(8.147)
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Substituting equation (8.146) into the error system (8.147) yields the following error system:

CAVer (t) = —w15, (t =14 V) =215y (t =1+ V) + 210 (£ — 1+ 1)
+Z2s, (t_1+V)+~73252 <t—1+V>—$2m(t—l—|—l/),

8.148
CAVe () = & [1ay (t— 1+ 1)+ 1ay (— 1+ ) — 21 (¢ — 1+ 0)] (8.148)
2 [wos, (B =14 v) + 2o, (t— 1+ V) — 29, (£ — 1+ V)],
and then we have:
CAVer (t) = —e1 (t—1+v)—es(t—14v), (8.149)
OAVes (t) = Fe1 (t—1+v)+2ea(t—1+4v). ’

Now, the design process reduces to demonstrate if the equilibrium (0, 0,0) of (8.149) is globally
asymptotically stable. The two dimensional dynamical system (8.149) reduces to

CAY (ey (t),ea ()T = Ax (e1 (t—1+v),ea(t—1+0v))T, (8.150)

A= < _91 _11 ) (8.151)
16 2

The characteristic equation of matrix A is:

where

1

1
2 — =
A +2/\+16

0. (8.152)

It is easy to see that the eigenvalues A; of matrix A are negative real number, that is:

vm

larg \;| = 7 > bR (8.153a)
and
Al —m\”
I\i| < (2cos’ar§””> , for i=1,2. (8.153b)
—v

With Theorem 7.1 one can find that the equilibrium point (0,0) is asymptotically stable. This
indicate that the combined slave systems (8.143)—(8.144) are synchronized to the fractional Lozi
map. The proof is thus completed. O

Here, some numerical experiments are considered to verify the effectiveness of the combined
synchronization. First, the numerical solution of the two—dimensional error system is given as:
T(n—i+1 . .
1 rmen) (e () —e2 (1)

€1 (77,) =€ (0) ﬁ i=1 T(n—i+1
(1 E

(8.154)

—

NP

+ ;
e2 (n) = e2(0) + o5 iy oy (35€1 (6) + ez (i),

The bifurcation parameters are considered as above to ensure chaos. The initial value of the
fractional Lozi map is set as 21,,(0) = 0, x2,,(0) = 0, and the initial values of the fractional
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Lorenz map and Flow map are considered as z15, = 0.3,225, = 0.4; z15, = 1,295, = 0.2,
respectively.

Figure 8.11 illustrate the synchronization error system (8.149) with pu = 0.98. It is very
clear that the error states e1, eo can converge to zero when the controller functions L1, Lo are
added to the slave systems, which implies that the combination synchronization between the
master system (fractional Lozi map ) is realized. Furthermore, we plot the evolution of states
of the master and slave systems for the fractional order value v = 0.98. Figure 8.12 illustrates
the results. Clearly, the states variable of the master and slave systems are synchronized com-
pletely. Thus, the numerical results show very well the effectiveness of the proposed combined
synchronization for fractional order discrete-time systems.

8.9 Synchronization of the 2D fractional maps with no-equilibrium

Another interesting aspect in synchronization is to synchronize 2D fractional maps with no-
equilibrium.

Here, we consider the fractional order discrete time system with hidden attractor presented in
Section 6.3 and described by the following equation:

CA 2 () = ym(t =14+ v) — 2 (t — 1+ 1),
CAYym(t) = 2 (t —14+v) +a122,(t — 14+ v) + agy?,(t — 1 +v) (8.155)
— a3 (t =14+ 0V)yn(t —14+v) —yn(t —1+v) — aa,

where a1, ag, ag, as are bifurcation parameters, v € (0, 1] is the fractional order and ¢t € Ng41_,.
In the following, we refer to equation (8.155) as the master system where the subscript m in the
states = and y stand for the master system. It has been shown in Section 6.3, that the fractional
order discrete-time system (8.155) exhibit chaotic behaviors with no fixed points.

The slave system, thus, is given by

CAVzs(t) = ys(t — 14+ v) +ug,
CAZ?/S(”) = _a’ys(t_ 1+ V)‘ _xs(t -1+ V)ys(t_ 1+ V) (8156)
+ B22(t —1+v) —yy2(t —1+v) + § + us.

Similarly, the subscripts s are used to denote the states of the slave system and the functions
u;, 1 = 1,2, is a controller to be determined later.

In the following we present a complete synchronization scheme by designing a proper con-
troller u, such that the error between master system (8.155) and slave system (8.156) is asymp-
totically stable.

8.9.1 Synchronization scheme

The aim of the synchronization process is to force the error between the master system (8.155)and
slave system (8.156), defined as

€2 = Ys — Ym; '
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Figure 8.11: Combined synchronization error between the fractional Lozi map (8.142) and frac-
tional Lorenz (8.143) and flow maps (8.144) with p = 0.98: (a) the first error state e1(s), (b)

the second error state ea(s).
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Figure 8.12: The time histories of the master system (8.142) and the slave systems (8.143)—
(8.144) with v = 0.98: (a) the first state of the master system and the combined slave system.
(b) The second state of the master system and the combined slave system.
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8.9 Synchronization of the 2D fractional maps with no-equilibrium

to zero. To realize complete synchronization between the master and slave systems given in
(8.155)- (8.156), we discuss the asymptotical stable of zero solution of synchronization error
system given in (8.157). That is we find the controllers u; and us, such that the solution of the
error system (8.157) go to 0 as ¢t goes to +o0o. The following theorem presents our main result.

Theorem 8.10. The master system (8.155) and the slave system (8.156) are synchronized under
the following control law

Ul = Ts — 2T,
Uy = *%’Es + %l‘m —2ys + ym + a|ys| + ZsyYs — ﬁ-Tg (8158)

+7y§ -0+ a%mm + GZ?J?n — 3T mYm — A4.
Proof. The error system (8.157) has the fractional Caputo differences

CAVer (1) = ys(t —14+v) +up (1) —ym(t —14+v) + 2 (t — 1+ ),

CAVey (t) = —alys(t — 1+ v)| —zs(t — 1+ v)ys(t — 1 +v)
F At —1+v) =y (t—1+v) +d+uz (1) (8.159)
T (t—14v) —adr,(t—14+v) —ay? (t—1+v)
+ a3t (t =14+ V)ym(t—14+v) +ym(t — 1+ v) + ay.

Substituting the control law (8.158) into (8.159) yields the reduced dynamics

{ CAVey (t) = ex(t—1+v) +ea(t—1+v), (8.160)

OAVes (t) = —Fe1(t — 1+ v) —2ex(t — 1+ v).

Next, we investigate that the zero equilibrium of (8.160) is globally asymptotically stable. To
do that, we rewrite system (8.160) in the following compact form

CAY (e (t),e2 ()T =M x (er (t—140v) ez (t—1+0))T, (8.161)
where

M = ( _12 5 ) . (8.162)

It is easy to see that the eigenvalues of the matrix M satisfy the stability condition, and by
means of Theorem 7.1, we know that the zero solution of (8.161) is globally asymptotically stable
and consequently, the systems (8.155)—(8.156) are synchronized. O

The control laws stated in Theorem 8.10 are confirmed through numerical simulations. Figure
8.13 depcits the time evolution of the states of the master and slave systems (8.155)—(8.156)
after control. Also, Figure.8.14 shows the time evolution of the error system (8.160). It is clear
that the described synchronization is successful.
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Figure 8.13: The time evolution of the states of the master and slave systems (8.155)-(8.156)
after control
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Figure 8.14: The time evolution of the error system (8.160)
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8.10 Synchronization of fractional maps with no-equilibria and non identical
dimensions

8.10 Synchronization of fractional maps with no-equilibria and
non identical dimensions

In this section, we discover the synchronization of three-dimensional fractional order discrete-
time system with a two-dimensional fractional order discrete-time system with hidden chaotic
attractors, by using an adaptive controller.

Let us consider the master system described for ¢ € Ny 41, by

CA (1) = ym(t =14 v) — 2 (t — 1+ v),
CN Y (t) = 2 (t — 1+ v) + D122, (t — 1+ v) +boy2,(t — 1+ ) (8.163)
—bgzp(t—1+1)ym(t—14+v) —ym(t —1+v) — bs.

Note that the subscript m in the states refers to the master.

Similarly, the subscripts s are used to denote the states of a three-dimensional fractional
order discrete-time system; which was reported in Section 6.8. The slave, thus, is given by

CAVzs(t) = ys(t —14+v) —as(t —14+v) +ur(t — 1 +v),

OAVys(t) = zs(t — 1+ v) —ys(t — 1+ v) +ua(t — 1 +v),

OAV2s(t) = arws(t —14v) + (a2 — 1) 25(t — 1+ v) (8.164)
+asxs(t—1+v)ys(t—1+v)
+as22(t—14+v) +as+us(t—1+v),

where the functions u; (t) for ¢ = 1,2, 3, 4, denote the synchronization controllers. To synchronize
the two-dimensional master system (8.163) and the three-dimensional slave system (8.164), we
propose a new scheme of synchronization where the error system is defined as follow

e1(t) = x5 (t) —xm (1),

e2 (t) = ys (t) —y (8.165)

The master system (8.163) and the slave system (8.164) are said to be synchronized if there
exist controllers us (t),us(t), us(t) such that limy_,o |e; (£)] =0, i=1,2,3, with ¢t € Ngt1_,.

The following theorem presents the proposed control law for this type of synchronization.

Theorem 8.11. Subject to

uy (t) =0,

u; (t) = —2s(t) +am(t) + a1, (t) + azyp, (t) — azzm ()ym(t) — aa,

uz (1) = T () — ym (t) + bras(t) — bozs(t) — byws(t)ys(t) — baz2(t)
— b5 + a122,(t) + a2y, (t) — azem (t)ym (t) — aa,

(8.166)

the master system (8.163) and the slave system (8.164) are synchronized.
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Proof. The error system (8.165) has the fractional order Caputo differences

CAVer1 (t) = ys(t—14v) —as(t —1+v) +u(t —1+v)
—ym(t—1+v)+xpn(t—1+v),
CAVes (t) = 25(t —1+v) —ys(t —14+v) +uz(t — 1 +v)
— 2t —14v) — Bz, (t —1+v) — Boy? (t—1+v)
+32m (t = 1+ ) ym(t — 1+ 1) + ym(t — 1+ v) + 4, (8.167)
CAVey (t) = arzs(t — 1+ v) + (ag — 1) z5(t — 1+ 1) ‘
+aszs(t—1+v)ys(t —1+v)
tag22(t—14+v) +as+us(t—14+v)iz,(t—1+v)
—ay —agyt,(t—1+v) +aszp(t — 1+ v)ym(t —1+v)
“+ay4.

Substituting the control law (8.166) into (8.167) yields the reduced dynamics

OAY (e1 (1), ea (t),e3 ()T =M x (ey (t—1+v),ea(t—1+v),e3(t—1+0v))", (8.168)
where
-1 0 0
M = ( 0 -1 0 ) (8.169)
0 0o -1

It is easy to see that the eigenvalues of the matrix M satisfy the stability condition in Theorem
7.1, we know that the zero solution of (8.168) is globally asymptotically stable and consequently,
the systems (8.163)—(8.164) are synchronized. O

€1,€2,€3

Figure 8.15: Time evolution of the synchronization errors for v = 0.98.
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8.11 Conclusion

The control laws stated in Theorem 8.11 are confirmed through numerical simulations. Figure
8.15 depicts the time evolution of the fractional errors (8.168) subject to control law (8.166).
The errors clearly converge towards zero indicating that the described combined synchronization
is successful.

8.11 Conclusion

In this chapter, we have proposed control strategies for different distinct synchronization types
dedicated to discrete-time fractional-order chaotic systems characterized by different dimen-
sions. The synchronization approaches introduced in this chapter has more advantages than
synchronization between one master discrete-time system and one slave discrete-time system.
Also, this method can be applied to any chaotic fractional discrete-time systems define in the
literature. Computer simulation results have been presented. The errors have been shown to
converge towards zero in sufficient time.
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General Conclusion

In this thesis, we have considered different classes of fractional order discrete time systems with
self-exited and hidden attractors, and with several types of nonlinearties, for example unified
and rational functions. Chaos and stability analysis in these fractional maps are investigated
by the phase portraits, as well as the bifurcation diagrams and the estimation of Lyapunov
exponents. The 0-1 test method is also used to confirm the chaotic regions of the systems. Fur-
thermore, the complexity of these maps where analyzed by means of approximate entropy and
Cy algorithm. It has been found that the complexity of the proposed maps strongly depends
on the variation of fractional order v. Series of attractors of the fractional maps in different
forms, including equilibrium points, limit cycles, chaotic attractors, and hyperchaotic attractors
are plotted. Furthermore, bifurcations with the simultaneous variation system parameters and
fractional order values are also analyzed in the three-dimensional space and the two dimensional
space. It shows that both control parameter and fractional order can be treated as bifurcation
parameters, but the effective chaotic range of the fractional-order system increase as the de-
crease of the fractional order value v. The minimum order to yield chaos is ¥ = 0.03, which was
found for the fractional Ikeda map. Moreover, fractional order discrete time systems show rich
intriguing behaviors including period-doubling route to chaos, symmetrical route to chaos, com-
plex phase space trajectory, extreme multistability, transient states, and coexisting attractors.
Also the unusual inversion property is also observed. Dynamics and complexity of the conceived
maps have been analyzed in details for commensurate and incommensurate fractional order via
numerical simulations.

Fractional maps have a major advantage over their conventional counterparts due to the
infinite memory they feature, which allows for more flexibility in modelling and leads to a higher
degree of chaotic behavior. In addition, fractional maps usually exhibit a chaotic attractor over
a range of fractional orders. Namely, since fractional operators are non local, they are suitable
for constructing models characterized by memory effect. This is the reason why fractional
difference equation are suitable for describing economic systems based on the game theory. In
Chapter 5 we have presented a novel fractional-order triopoly game with bounded rationality.
By considering suitable values of the fractional order, the conducted analysis has shown that the
stability of the Nash equilibrium is lost via a Neimark-Sacker bifurcation or via a flip bifurcation.
It is worth noting that the introduction of more realistic models of game theory, such as the
considered triopoly game based on fractional calculus, might lead to a better understanding of
the economic implications in industrial organization, international trade and business cycles.

Secondly, three main families of systems with hidden attractors, systems with stable equi-
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librium, systems with closed curve equilibrium points, and systems without equilibrium, have
been introduced. Mathematical models of systems with hidden attractors are reported. Results
show that the fractional-order three-dimensional and two dimensional maps of commensurate
and incommensurate order can exhibit hidden chaotic attractors and rich complex dynamical
behaviour such as coexisting hidden chaotic attractors. For instance, in Section 6.5 bifurca-
tions and route to chaos in a fractional quadratic map without equilibria have been analyzed in
details. In Section 6.6 the symmetry properties of fractional maps with rectangle shaped and
square-shaped equilibria have been studied, whereas in Section 6.10 the chaotic dynamics of a
three dimensional fractional map without equilibria have been studied.

Thirdly, based on the stability theory of fractional-order discrete maps, the chaos of the
fractional is controlled by the stabilization controllers. Different linear and nonlinear controller
laws were proposed to control the fractional Hénon lozi map and the fractional Duffing maps
fractional the Stefanski map, the fractional Rossler map and the fractional Wang map. Moreover,
two dimensional and three dimensional fractional order maps whith hidden attractors have been
also stabilized.

Finally, Numerous types of synchronization and control strategies have been proposed in
Chapter 8 in relation to fractional order discrete time systems with self exited and hidden at-
tractors via nonlinear control laws. We have design some nonlinear controllers, which enable
synchronization to be achieved between different fractional order chaotic maps with different
dimensions and different orders. Nnamely we have introduce two approaches to the generalized
synchronized synchronization and the inverse generalized synchronization of fractional discrete-
time chaotic systems with non-identical dimensions, we then we have introduced the full-state
hybrid projective synchronisation (FSHPS) for a fractional-order master and an integer-order
slave system. Furthermore, we have also presented, combined synchronization and @) — S syn-
chronization between two different dimensional fractional discrete time systems. We have then
investigated the synchronization of fractional maps with hidden attractors via nonlinear control.
The convergence of the stabilized states as well as the synchronization errors towards zero was
illustrated by means of numerical simulation results. The obtained results clearly show that
the proposed chaos synchronization controllers are powerful in that it encompasses numerous
different synchronization schemes in relation to integer-order discrete-time systems.

It is well known that chaos is closely related to secure communications and data encryp-
tion. This is mainly attributed to the random-like nature of the chaotic states and trajectories.
Throughout the last three decades a vast amount of literature has erupted in relation to the
use of chaos in encryption. Numerous studies have demonstrated the feasibility of using chaotic
maps in the generation of pseudo-random keys that may be used with conventional encryption
schemes such as the data encryption standard (DES), the advanced encryption standard (AES),
etc. Fractional chaotic maps come with the added dimension of the fractional order and thus
lead to a higher degree of chaotic random-like behavior. In a future work, the proposed fractional
maps will be utilized to encrypt data and images and demonstrate the importance of this kind
of systems. Also, due to the memory effect, the fractional calculus has been intensively used
in neural networks and complex dynamic systems. Hence, in our future work we will explore
potential applications of fractional chaotic neural networks, including image encryptions and
pseudo-random number generators.
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Abstract

In this graduation thesis entitled as Chaos, Control and Synchronization of Discrete Frac-
tional Systems, we have considered different classes of fractional order discrete time systems
with self-excited and hidden attractors. The proposed systems are defined using Caputo-like
difference operator, where there dynamics are investigated numerically using, phase portraits,
bifurcation diagrams, Lyapunov exponents, 0-1 test, approximate entropy and Cy complexity.
The main motivation behind this thesis is to assess the benefits of the fractional-order maps,
where the asymptotic convergence of the states are established by means of the stability theory
of linear fractional discrete systems. In addition, we have studied the existence of chaos and its
control and synchronization, where different dimensional nonlinear and linear control laws are
proposed for stabilizing at the origin the chaotic dynamics of the proposed systems. The design
of these control laws are derived based on the linearisation method. Some nonlinear controller
are designed, which enable synchronization to be achieved between different fractional order
chaotic maps with different dimensions.

As a conclusive remark, we would point out that the main contributions and innovations of
the thesis can be summarized as follows, novel fractional-order discrete time systems based on
the Caputo v-difference operator, chaos synchronization using linear and nonlinear control laws,
and chaos stabilization based on very simple controllers.

Keywords: Chaos, Control, Synchronization, Discrete fractional calculus, Bifurca-
tion, Hidden dynamics, Caputo-like difference operator



Résumé

Dans cette thése de fin d’étude, nous avons considéré différentes classes des systémes discrets d’ordre
fractionnaire. Les systémes proposées sont définis en utilisant ’opérateur de différence "Caputo", ou leur
comportement est étudier numériquement au moyen de phase portraits, diagrammes de bifurcation, les
exposant du Lyapunov, 0-1 test, Cy complexité et 'entropie approximative. L’objectif essentiel derriére
cette thése consiste & évaluer les avantages des systémes discrets d’ordre fractionnaire, ot la convergence
asymptotique des états est établie au moyen de la théorie du stabilité des systémes linéaires discrets d’ordre
fractionnaire. En outre, nous avons étudié ’existence du chaos et son controle et sa synchronisation, ou
différents lois de controéle linéaire et non linéaire sont proposée pour stabiliser a 1’origine le comportements
chaotique des systémes proposer. La conception de ces lois sont dérivé sur la base de la méthode du
linéarisation.

On conclusion, nous soulignons que la contributions principale de la thése peut étre résumée comme
suit, nouveaux systémes discrets d’ordre fractionnaire définir a partir de l'opérateur de différence v-
Caputo, synchronisation du chaos a ’aide des lois du controle linéaire et non linéaire et stabilisation du
comportement chaotique de tels systémes en utilisant des lois de contréle trés simple.

Mot-Clés : Chaos, Control, Synchronisation, Calcule fractionnaire discrets, Bifurca-
tion, L’opérateur de différence Caputo.
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