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1. INTRODUCTION

This article is concerned with the existence of globally bounded in time classical solutions to the
following system of strongly coupled reaction-diffusion equations

<u> V_<<0 —afu > Vu))_( aff Vu - Vv — fuv > (1
v ,_ 0 (p + afu) <Vv T\ —afVu-Vu + fuv — Av '

in Q X (0, +), under homogeneous boundary conditions

Vu-n=Vv-n=20 on Q2 x (0, o) (1.2)
and initial conditions
u(x, 0) = uy(x), v(x, 0) = ve(x) in Q. (1.3)

Here, Q is an open bounded regular domain in R” with boundary 4Q and outer normal #(x).

The system (1.1) was proposed by Bailey in [1, p. 172] as a diffusive version of the classical
Kermack-McKendrick model which represents a basic model for the description of epidemics
obeying the susceptibles-infectives-removed (S-I-R) scheme [2].

The functions wu(x, t) and wv(x,?) (¢ time and x position) represent spatial densities of
susceptibles and infectives. The factor o = 0 refers to the spatial influence of infectives, 8 > 0
and ¢ > 0 to the migration-rates of susceptibles and infectives, respectively, 8 to the infection-
rate and A to the removal rate. Here, it is assumed that the influences are both local and
isotropic: this accounts for the operator V*(=A).

The model (1.1) can also be used to predict the spread of a rumour through a population. For
this interpretation of the model, the susceptibles are identified with those not having heard the
rumour and the infectives correspond to those who are actively spreading the rumour. In the
case where o = 0 (the right-hand side of (1.1) is then reduced to (—fuv, fuv — Av)T, system
(1.1) was treated by Capasso [3] in X = L(Q) x L'(Q) and Webb [4] in X = C(Q) x C(Q), but
with the severe restrictions = ¢ and n = 1. In [5], Haraux and Kirane extended the work of
Webb to n-dimensional regions (n = 1) and different diffusivities # and ¢, see also the recent
paper of Fitzgibbon and Morgan [6]. These works were recently extended by Kirane [7] to the
case of biatic diffusions, i.e. to the case where 8Au and gAv are replaced by V(a(u)Vu)
and V(b(v)Vv), respectively, with a(-) and b(-) positive and bounded. One can also mention the
papers by Capasso and Fortunato [8], and de Mottoni ef a/. [9] where the nonlinear interaction
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between u and v is taken of nonlocal type, i.e. equal to u fg k(x, y)v(y) dy, where k is a
nonnegative kernel with support in Q x Q. At this stage, we want to mention the papers by
Kim [10], Deuring [11], Posio and Tesei [12], Redlinger [13], Amann [19] and Wiegner [15] who
dealt with nondiagonal systems. In {12, 13 and 19], the authors take advantage of the fact that
one component is “‘trivially’’ uniformly bounded and use it to bound the other component(s).
The analysis of [10] is one-dimensional while the one in [11] is multi-dimensional but restricted
to small off-diagonal coefficients. The work [15] requires the strong Legendre-condition for the
diffusion matrix. The diffusion matrix in (1.1) does not satisfy the strong Legendre-condition
unless some restriction is imposed on u. On the other hand, a *‘trivial’’ uniform bound for one
component is not available.

2. PRELIMINARY RESULTS AND NOTATIONS
The following notations will be used
Q:=Qx(0,7).
If u e I”(D), the (usual) norm of u in £7 is denoted by |[u, , for p € [1, +] (D = Qor Q).
If Z is a Banach space and ¢ € R*, Cg([a, +), Z) denotes the space of continuous functions

u: [a, +o0) = Z such that u(¢) remains bounded in Z for ¢t = a. The spaces W;"(Q) and
C*'%>*(Q) are described in [17].

(I1O) The initial conditions #, = 0, vy = 0 are taken in W, (Q) with p > n + 2.

For physical reasons, only nonnegative solutions are of interest, so from now on « and v are
taken to be nonnegative.

In this range of (u, v) system (1.1) is parabolic in the sense of Petrovskii so the elliptic
operator associated to it is normally elliptic [14]. According to [14], this guarantees the
existence of a unique maximal classical solution.

ProposiTionN 2.1. There is a unique maximal solution (u(-, (tq, Vp)), U(*, (4g, Vp))) which is
smooth on Q X (0, Tyax(y, vg))- The map (¢, u(uy, vg)) — (2, (g, Uy)), v(t, (g, Vo)) is a semi-
flow on (Wl,‘)+ such that bounded orbits are relatively compact. If there exist ¢ > 0 and a
continuous C: R* - R* such that

lu(t), v(o)]

then T, (4, Vg) = +.

Co’2.9(Q) = C(T) for0=t=T< 0, T< Tmax! (2.1)

For the proof of this result, we refer to [14].

Results

Our main objective is to establish that the solution is in fact globally bounded in time. This
requires the estimate (2.1). We succeeded to obtain estimate (2.1) only in the case where ¢ < 6.
In the case where ¢ > 8, only some estimates of some norms of Orlicz are presented.

These results are presented in Sections 3 and 4.
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3. THECASE 6=z ¢
Concerning Global solutions we have the following theorem.
THEOREM 3.1. Let us assume that (¢, vy) € WU1VP(Q) with Viy - 7 = 0, Vo -7 = O on T if
p > 3. Then the solution to (1.1)-(1.3) exists globally in time whenever ¢ < 6. Moreover, v = 0

uniformly in x, and there exists a constant # = 0 such that ¥ — # uniformly in x, and if u, # 0
then # > 0.

The proof of theorem 3.1 is based on some a priori estimates which are collected in the
following lemmata.
LEMMA 3.2. For any 0 < ¢ < T,,,, we have
u®)l,q = C, ||U(t)||2,ﬂ = C,

(3.1)
HVll”z,Q =C, ||VUH2,Q =C

The following result which makes use of the maximum principle for an auxiliary nonlinear
function of the unknowns is crucial for our analysis.

max» We have

LeEmMA 3.3. Forany 0 <t < T;
u, v e Cx(R*; C(Q)) (3.2)
whenever ¢ < 6.
LEMMA 3.4, For any 0 < f < T,,,, we have
ol = C (3.3)
whenever ¢ < 6.
Proof of the lemmata

Let us start with the proof of lemma 3.2.

Proof of lemma 3.2. We have

d 2 g+o
dtL {(u+ v) +2—aﬁ u}dx

- —2} ©OVul® + o|vol? + <,1 s (p)uu + lv2> dx < 0. (3.4)
Q (04
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Integrating over (0, £) (¢t < T, yields

\ <(u + )P+ 29 * (pu> + 25 <(()|Vu\2 + o|vol?) + </1 + o+ ¢>uv + Av2>
JQ O‘,B 1] o
= \g <(u0 + vo)z + 2 b+ wu0> = C,
Q aff

where the constant C depends only on [u,]l, and [ve]l,. Hence the estimates (3.1).

Remark 3.5. By the inequality (3.4), the system (1.1)-(1.3) does admit neither 7-periodic nor
(x, t)-periodic solutions.

Proof of lemma 3.3. As for t < T,,, (4, v) is a classical solution, the system (1.1) can be
written in the following form

u, — 6Vu = —affu Av — Buv,

1.1y
v, — ¢ Av = affu Av + fuv — Av.
Now, define S(u, v) by
Su,v):=v+u+ H+ Hlog(—u/H),
where H := (¢ — 0)/aff < 0.
Noteworthy properties of S include
S(-H,0) =0,
Su,v) >0 for u,veR,, v#0,u#—-H,
(note that u + H + Hlog(—u/H) > 0),
S(u, v) = +o0 as |(u,v)| = +o oru — 0.
Now define X(x, ¢) := S(u(x, t), v(x, t)), one has
T, =W+ v+ Hu/u
=0Au + o Av - Av+ HOAu/u — offHAv — B Hu
=601 + H/u) Au + (¢ — ofSH) Av — (1 + BH)v,
and
AT = (1 + H/u) Au + Av — H|V log u|?,
so that
Y, — AT = 0H|[Vlogul® — (A + BH)v. (3.5)
The boundary and initial conditions for X are
V- =0, 3.6)
and
T (x) = ug(x) + vs(x) + H + Hlog(~uz(x)/H) 3.7

X;(x) is bounded, where 0 < J < T,,.
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Now, as v < Z, it is a consequence of the maximum principle that ¥ exists for all 7 > 0.
On the other hand, as v € L™(0, +o0; I3(Q)) we have

L e Cp(R*, C(Q))

by simple use of proposition (3.3) of [5].
As u + H + Hlog(—u/H) > 0, we can deduce the following estimates

O0<uvlx,t)y< M,
and
0 < Co(M) < ulx, t) = Ci(M) < +oo,

where M depends only on ||u/|. and |v;ll., and Cy(M) and C,(M) are the solutions of
M=u+ H+ Hlog(—u/H).

Proof of lemma 3.4. We have
u + v), — A(Bu + pv) = —Av. (3.8)

Multiplying (3.8) through by 1/p(u + v)’~', integrating by parts, using the inequality
ab < a*/2 + b*/2, and lemma 3.3, we infer

n

T

A
I+ g0 + 2 |

v + vyl < C[”VU“%,Q + ”VU“%,Q} + lup + Uo“g,n
Jo Ja

which, using lemma 3.2, provides estimate 3.3.
We are now in position to prove theorem 3.1.

Proof of theorem 3.1. The second equation of (1.1) can be written in the following form
v, — (¢ + afu) Av = fuv — Av.

Now, invoking the estimate (81) of Solonnikov [18] (see also the recent paper of Weidemaier
[16]), we have

vl wilgy = C(”v”p,Q + || puv - Av”p,Q + HUOHW;(I_”")(Q))'
It is clear that using lemma 3.3 and corollary 3.6 we can have the estimates
”vt ”p,Q = C: “Av”p,Q = C: (39)

where C is a constant independent of ¢. Using the first equation of (1.1)’, lemma 3.3, corollary
3.6 and (3.9) yields
ludpo=C  lAul,o=C, (3.10)

where C is also independent of f. So, u,ve W2 (Q x (0,T)) - C*>*Q x [0, T]) for
p > n + 2[17]. Hence (2.1) is satisfied in the case ¢ < @ and we have a global classical solution.
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The case where 6§ = ¢ is simple to handle. In fact, the function ¥ + v satisfies a simple heat
equation

u+v), - 0A(u + v) = —Av.
An application of the maximum principle yields
lu + vllw,0 < C.
So we can conclude as before.
4, THE CASE 8 < ¢
Estimates of some norms of Orlicz of u and v

In the previous, estimates were obtained for the maximums of the moduli of ¥ and v under
the condition that € = ¢. In the case where this condition is noy satisfied, i.e. § < ¢, our
method of proof presented below does not give L*-bounds for v and v. We rather obtain some
estimates in some Orlicz space. These estimates are insufficient to obtain the sought estimate
(2.1) but, in the case where an L™-bound of v is obtained, they can be used to get the estimate
(2.1) along the method used previously to prove theorem 3.1. At any rate, we now formally
state the following result.

THEOREM 4.1. Suppose 6 < ¢ and condition (IC) satisfied. Then
X et 4y < O,
Q
where C is a constant independent of £, and A = «f/(¢ + 0) > 0.
The proof of theorem 4.1 makes use of the following lemma.

LemMMmAa 4.2. Forany 0 <t < T,

p
L) = S <u + —2—9> exp(A(u + v)) dx, 4.1)
2 aff
where pi= (¢ — 0)/(p + 0), A := /(¢ + 0), is a Lyapunov functional whenever ¢ > 6.

COROLLARY 4.3. We have

”v“p,Q = C(p)’ “u“p_Q = C(p) (42)
and |uvl, o = C(p).

Proof of lemma 4.2. Differentiating £ with respect to f yields

2'9 a A{u+ | 28 4 A(u+v)
L)) =p u+ =1 eIy dx+ A u+— | ety 4 v),dx =1+ J.
Q off o aff

o
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Replacing v, by 8 Au — ofu Av — Buv in I, and integrating by parts yields

I=1+1,
where

-2
20>p eA(IH—IJ) dx,

I := 5 (@) |Vul* + &) Vu- Vo + Gl(u)|Vu|2}<u + =
v} off

where

@'w) := —-0p(p - 1) - Ap0<u + gﬁ),
af

®'w) := pAH(u + 3{3) + afip(p — Du + oz,b’Apu(u + E) + aﬁp(u + _2g>’
af aff aff

Gl(u) 1= pAaﬁu(u + —20>,
aff
and

20\!
I := —pﬂj uv(u + —) e gy,
Q of

Also, replacing (4 + v), by A(6u + pv) — Avin J, and integrating by parts yields

J=J, +J,,
where
| 202
Jy = } (@ w)|Vul> + &wyvu - vo + eJ(u)lvU|2}<u + _B> e+ dx,
Q (4
where
2
@) = —pA9<u + ﬁ) — g+ ,
of off
®'(u) := —(ppA(u + ﬁ) —(p + A u + 26 ,
aff aff
2
Clw) := —Azgo(u + §> ,
af
and

e P
Jy = —2A v<u + EB—) et dy,
B
As P/A = (¢ — 6)/«f (>0) we have

. e
L +J = } (@Yw)|vul> + &Mw)yvu - vo + 6”(u)|Vv|2}<u + %) e+ gy,
Q
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where
2
Q™) = —0<<A<u + ﬁ) + p> - p),
of
2
®Yw) := 2(<A<u + E) + p) p),
aff

and

2
ey = [(A(u + 2%) + p> - p} +p-ph

The bilinear form @”(wW)* + B¥(u)n + C¥x? is nonpositive because

AY
O0<|——) <p< L.
((ﬂ + 9> ?
This ends the proof of lemma 3.5.

Summing up, we have

2

, -
£,(u,v) + 5 v</1u + <gﬁ + ﬂp>><u + E) etV dx < 0.
Q aff off

Integrating with respect to ¢ yields

°T P -1
j v(lu + <2£9 + ﬁp))(u + %Y e dy < S(u, v)0) < C.
o Jo \ aff off

o

L(u, v)(t) +

In particular we have

o7 o
I,
Estimates (4.2) follow from estimate (4.3).

The proof of theorem 4.1 is a consequence of lemma 4.2,

ve' ™V dxdr< C, and L, o)) < C. “.3)

Remarks. (1) The results of theorem 4.1 remain valid for homogeneous boundary conditions of
Dirichlet type for « and v, and for homogeneous boundary conditions of Dirichlet-Neumann
type for (u, v) or (v, u).

(2) Asis well known there are two general approaches to the theory of nonlinear parabolic
problems. The first approach is based on the consideration of the initial boundary value
problem for a nonlinear parabolic equation (or systems) as a Cauchy problem for the
corresponding nonlinear differential-operator equation (or system) in a Banach space.

The second approach is based on the proper study of the boundary problem as an object of
the theory of nonlinear partial differential equations. Here for the local existence we followed
the first approach along the theory of Amann [14]. We could use the second approach using
from the beginning the system in form (1.1)’ which is the form proposed in [1], and then use
a continuation argument.
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(3) The interaction terms—puv and Buv—Aiv could be replaced either by —uvh(u, v) and
uvh(u, v) — Av, respectively, with he C'(R%,R,) or by yu +u — uv and —yv — uv,
respectively, which correspond to the S-I-S model.

(4) The terms —afu Av and afu Av could be replaced by —pu Av and yu Av, respectively,
where y < p. In this case £ has to be changed into

u+ pv/y + H+ Hlog(—u/H),
where H := (¢ — 0)/y.
5. LARGE TIME BEHAVIOUR

For the large time behaviour of solutions we have the following result.

THEOREM 5.1. Let (u, v) be the solution to (1.1)-(1.3) in the case ¢ < 8. Then
(u, v) = (1, 0) uniformly in x.

Moreover, if u, # 0, then # > 0.

Proof. We define the Lyapunov functional

L£u, v)(t) :=

{(u +oof 4 20+—wu} dx.
off

Q

v

Differentiating £ with respect to ¢ and using Green’s identity yields

dg [ 0+
= —\ (9\Vu|2 + p|Vo]® + (/1 + (p>uv + Av2> <0.
Ja &

ar
Thus £(u, v)(¢t) = 0 is monotone nonincreasing, hence it tends to a finite limit as ¢ goes to

infinity, and there exists a sequence {t,} tending to infinity such that d£(u, v)(¢,)/dt = 0 as 7,
goes to infinity (otherwise £(u, v)(#,) — —o which is absurd). Therefore,

+o0
lim § [ (0lvul> + ¢|Vu)* + (A + (0 + 9)/uv + iv¥}dxdt = 0.
Q

TT +co T

It is then clear that

+6

leim j j (8|vul®> + o|Vu|* + (A + (6 + @)/ )uv + Av*)(x, t, + 1)dxdr = 0.
teJ-s Jo

This implies that |V@i| = & = 0, where (&I, D) is an element of the w-limit set. Hence i is a
positive constant.

Acknowledgements—One of the authors (M.K.) would like to thank Professor Abdus Salam, the International Atomic
Energy Agency and UNESCO for hospitality at the International Centre for Theoretical Physics, Trieste.



1396 M. KIRANE and S. KOUACHI

—_

11.
12.
13.
14.

15.
16.

REFERENCES

. BAILEY N. T. J., The Mathematical Theory of Infectious Diseases. Griffin, London (1975).
. KERMACK W. O. & McKENDRICK A. G., Contributions to the mathematical theory of epidemics, Proc. Roy.

Soc. Edinb. A115, 700-721 (1927).

. CAPASSO V., Global solution for a diffusive nonlinear deterministic epidemic model, SIAM J. appl. Math. 3§,

274-284 (1978).

. WEBB G. F., A reaction-diffusion model for a deterministic diffusive epidemic, J. math. Analysis Applic. 84,

150-161 (1981).

. HARAUX A. & KIRANE M., Estimations C' pour des problémes paraboliques semiléaires, Annls Fac. Sci.

Toulouse 5, 265-280 (1983).

. FITZGIBBON W. E. & MORGAN 1. J., A diffusive epidemic model on a bounded domain of arbitrary

dimension, J. diff. Integral Eqns 1, 125-132 (1988).

. KIRANE M., Global pointwise a priori bounds and large time behaviour for a nonlinear system describing the

spread of infectious disease, Preprint 1, Inst. de Maths, Univ. de Annaba (1989).

. CAPASSO V. & FORTUNATO D., Stability results for semilinear evolution equations and their applications to

some reaction-diffusion problems, SIAM J. appl. Math. 39, 37-47 (1980).

. DE MOTTONI P., ORLANDI E. & TESEI A., Asymptotic behaviour for a system describing epidemics with

migration and spatial spread of infection, Nonlinear Analysis 3, 663-675 (1979).

. KIM J. U., Smooth solutions to a quasilinear systems of diffusion equations for a certain population model,

Nonlinear Analysis 8, 1121-1144 (1984).

DEURING P., An initial boundary value problem for a certain density dependent diffusion system, Math. Z. 194,
315-396 (1987).

POSIO A. & TESEI A., Global existence of solutions for a strongly coupled quasilinear parabolic system,
Quaderno 1, IAC (1988).

REDLINGER R., Global pointwise a priori bounds for a parabolic system with crossdiffusion modelling two
competing species, preprint.

AMANN H., Nonhomogeneous linear and quasilinear elliptic and parabolic boundary value problems, preprint,
WIEGNER M., Global solutions to a class of strongly coupled parabolic systems, Math Annin 292, 711-727(1992).
WEIDEMAIER P., Refinement of an [”-estimate of Solonnikov for a parabolic equation of the second order with
conormal boundary condition, Math. Z. 199, 589-604 (1988).

. BESOV O. V., ILL’IN V. P. & NIKOLSKII S. N., Integral Representations of Functions and Imbedding

Theorems, Vol. 1. John Wiley and Sons, New York (1978).

. SOLONNIKOV V. A, On boundary value problems for linear parabolic systems of differential equations of

general form, Proc. Steklov Inst. Math. 83, 1-184 (1965).

. AMMAN H., Dynamic theory of quasilinear parabolic systems. IIT Global existence, Math. Z. 202, 219-250

(1989).



