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1. Introduction

The major worry for the insurance and reinsurance companies
is to determine the adequate premium. In the insurance literature,
there exist several premium principles such as: expected value,
variance and value-at-risk. For more details on premium princi-
ples and their properties, we refer to Goovaerts et al. (1984). Wang
(1996) proposed a premium principle named proportional hazard
premium (PHP) of an insured risk X, a non-negative random vari-
able defined on a probability space (§2, #, P) with continuous dis-
tribution function F, depends on the hazard functionS = 1—F and
a parameter r > 1 called the risk aversion index or the distortion
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parameter. The PHP is defined as follows

, = foo SV dx.
0

In some actuarial problems, as in the reinsurance treaty, one is in-
terested in the estimation of a premium for a given retention level
R > 0 notation I, g, that is, a reinsurance premium of the high
layer [R, c0). This type of problem can be found whenever the in-
sured represents a dangerous level of risk for the insurance com-
pany, and decides to give a part of this loss to another reinsurance
company, because it may not have sufficient capital to cover the
total risk. The reinsurance premium of the high layer is defined as
follows

Mg = /OO SV dx.
R

For heavy-tailed distributions, Beirlant et al. (2001), Necir and
Boukhetala (2004), Vandewalle and Beirlant (2006) and Necir et al.
(2007) have introduced and studied different estimators for /7T, g,
in the case of high-excess loss layers (R — 00).
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A distribution function F is said to be heavy-tailed whenever
the tail function 1 — F is a regularly varying function with index
(=1/y) <0,ie, foranyx > 0,

1—Fx) =x"""L(x),

where L is a slowly varying function at infinity, that is, L (tx) /L (t)
— last — oo. The class of regularly varying functions in-
cludes popular distributions such those Pareto’s, Burr’s, Student’s,
Fréchet’s, a-stable (0 < a < 2), and log-gamma, which are known
to be appropriate models of fitting large insurance claims, large
fluctuations of prices, log-returns, and so on (see Beirlant et al.,

2001).

LetXi, < --- < Xpnn > 1,be the order statistics pertaining to
a sample X1, ..., X, from X and let k = k, be an integer sequence
satisfying

1<k<nk— oo, and k/n— 0 as n— oo.

Let, for 0 < s < 1,Q(s) = inf{x:F (x) > s} be the quantile
function pertaining to F. At an optimal retention level R = Ryp; =
Q (1 — k/n), the semi-parametric estimator for I7,  that proposed
by Necir et al. (2007) is

Oz = k/m

r.Ropt — 1/ Xn—k,n 5

fory, < 1/r,

where Ropr = Xy—knand 3 yn « is the classical Hill estimator (Hill,
1975) of the tail index y, defined by

k

~ 1 )
yrfk = E Z 1 (lOan—i-H,n - 1ngn—i,n) .
i=1

A major drawback of the Hill estimator is the discrete character
of its behavior in the sense that increasing k by 1, can change the
actual value of the estimate considerably. Using a kernel function
K, Csorgé et al. (1985) proposed a smoother version of Hill’s esti-
mator defined by

1< i
~K __
Vnk kZK<k—|—l)Z“

i=1

where Z; = i (10g Xp—i+1,n — 10g Xs—i n) . The class of kernel estima-
tors ﬂfk generalizes the Hill estimator. Note that, using the uniform
kernel K = K = 1q,1) yields Hill's estimator ¥, as a special case.

In this paper, we propose a kernel-type estimator for the

reinsurance premium /7, g, of a heavy-tailed distribution. Thus,

Il g,y €an be estimated by

Kﬁm = (k/n)/" Xt for i, < 1/r. (1.1)

1/’\11I(k

The rest of this paper is organized as follows. In Section 2, we study

the asymptotic properties of s K and propose its bias-reduced
IJ

version whose asymptotic normallty is also obtained. In Section 3,
we perform a small simulation study, by sampling from Fréchet
distribution, to compare these estimators. All proofs are given in
Section 4.

2. Main results

Firstly, in this section, we study the asymptotic normality of
HK

T, Rop[

2.1. Asymptotic normality ofHK

T, Ropt

From (1.1), it is clear that the asymptotic normality of ﬁKA )
1»7

is related to y ‘- To establish such a type of result, as usual in the
extreme value theory, we need a second-order condition on the tail
quantile function U defined, for 1 < t < 00, as

U =1/a-F®H=Q0~-1/t.

We say that the function U fulfills the second-order regular varia-
tion condition with second-order parameter p < 0 if there exists a
function A(t) tending to 0 and not changing sign near infinity, such
that forallx > 0

logU (tx) —logU (t) — y logx  x” — 1

lim A == (2.2)

We also need the following classical conditions about the kernel K.
Condition (K). Let K be a function defined on (0, 1].

(i) K(s) > 0, whenever,0 <s < land K(1) = K'(1) = 0.
(ii) K(-) is differentiable, non-increasing and right continuous on
(0, 1].
(iii) K and K’ are bounded.
. 1
(iv) [y K(wdu = 1.

v) fy um V2K (uydu < oo.

Theorem 2.1. Let F be a distribution function satisfying (2.2) with
y € (1/2,1) and suppose that (K) holds. Let k = k, be an integer
sequence satisfying k — oo, k/n — 0 and \/T<A(n/k) = 0(1)as
n — oo. Forany 1 < r < 1/y, on the probability space (2, 4, P),
there exists a sequence of Brownian bridges {B,(s); 0 < s < 1} such
that,asn — oo,

- HT,ROP[)

(k/m) ="k~
U (n/k) <Hr Ropt
= VKAM/K)ABk (7.1, p) + Wi+ Wap (K) + 05 (1),

where

ABk (v, T, p)

r 1 1 T
= + sTPK (s)ds ),
1—ry \ry+rp—-1 1—ry Jo
and

i iy ol
_ry
Wan (K) = ry) \/;/ sT'B, (1——)(1(51( (s)).

Corollary 2.1. Under the assumptions of Theorem 2.1, if \ka(n/k)
— A € R, we have

(k/m)~""Vk (ﬁx

r,EDpt - Hr, Ropt )

U (n/k)
s N (ABK (y,r,p), AVg (y,r)), asn— oo,
where
T'2 4 T'2 2 1
AV (y1) = —— 5+ 4 - | K*(s)ds.
(1—ry) AQ—=ry)* Jo
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Corollary 2.1 generalizes Theorem 2 in Necir et al. (2007, 2010)
when A # 0and when we use a general kernel instead of K. In view

of these results, 17 + isanestimator of /7, g,, withan asymptotic
Ropt

bias given by

(k/mYU (n/k) A(/k)ABk (7, T, p) -

For any kernel K, we can compute the asymptotic bias and variance.
If K = K, we have the following corollary.

Corollary 2.2. Under the assumptions of Corollary 2.1, and in the
special case where K = K, we have asn — oo

(k/m)~"Vk 1~k
U (n/k) (”rﬁom N ”f~Rovt)
ro(ry +r—1)
— N 3
A=p)y+rp—=1) A ~-ry)
r2y2 (y2 + r2y4 _ 2ry3 + ])
(1—ry)* '

Next, in the following subsection, we propose a bias-reduced
estimator for I7; g, -

2.2. Bias-reduced estimator for T Rope

From Theorem 2.1, we have
1%, = k/m"" U @/k) A/ ABK (v, 7. ) (2.3)

is an asymptotically unbiased estimator for /7, g,,. Note that y,
p, U(n/k) and A(n/k) are unknown quantities that we have to
estimate.

Feuerverger and Hall (1999) and Beirlant et al. (1999, 2002),
using (2.2), proposed the following exponential regression model
for the log-spacings of order statistics

n i\’
Zi ~ n 1<i<k 24
(y—l— (k)(k—i—l) >+8" =t=5 (24)

where the &; are zero-centered error terms. We get the Hill esti-
mator yn « when we ignore the term A(n/k) in (2.4) and by taking
the mean of the left-hand side of (2.4). We can exploit (2.4), using
a least-squares approach, to propose a bias-reduced estimator for
y in which p is substituted by a consistent estimator p = p(n, k)
(see for instance Beirlant et al., 2002 and Fraga Alves et al., 2003)
or by a canonical choice, such as p = —1 (see e.g., Feuerverger and
Hall, 1999). Then, the least-squares estimators for y and A(n/k) are
given by

n k (ﬁ)

k
15a- 10 g

-0’
1-20)(1-2)%1 g 1
ALsk()—#* < ) -—=1Z.
0 k —= k+1 11—

We can view )’/‘HLS,( (p) as the kernel estimator

k .
AKp _ 1 1 :
7= 12k ()%

i=1

?n, k (1/5)

wherefor0 <u <1

1—p 1
K, (u) = —K (u) + (1 — 7> K, (u), (2.5)
o p

with K(u) = 1¢,1) and K,(w = (1_7") (ufﬂ — 1) 1,1), both
kernels satisfying condition (K). On the contrary K, does not sat-
isfy statement (i) in (K). We refer to Gomes and Martins (2004)
and Gomes et al. (2007) for other techniques of bias reduction
based on the estimation of the second-order parameter. Then, from
(2.3) and using the above estimators for the different unknown
quantities, we obtain the following bias-reduced estimator for

1,

~ ~ K\
K _ K _ (2

Hr,ﬁgpf - HF,ROI;[ ( n )

S (D) ABk (Ve (D). 1. D) (2.6)
The asymptotic normality of 17 rKE t
Rop

sRopt

xxn kn

is established in the following
theorem.

Theorem 2.2. Under the assumptions of Theorem 2.1, if p is a con-
sistent estimator for p, then we have

(/) ="k (7"

!
U (n/k) r,Ropt TvRopt)
o(() —_—~~
> N (0, AV (7.7, p)),

asn — 0o,
where
AV (y,r,p) = AV (y,1)
2 2
Y (1—2p)(1—p)
+ pe ABL (v.1,p)
2ry? (1—2p) (1—p)
pr(1—ry)?

1
X (1 - (1- ,0)/ s_pK(S)dS> ABk (v, 1, p).
0

We observe that s K has a null asymptotic bias, which was

not the case for I"IrKR , (see Corollary 2.1).
»Rop

Corollary 2.3. Under the same assumptions as in Theorem 2.2, and
in the special case where K = K, we have

(/) ="k (7

-1
r,Ropt T-Rop[

U (n/k)

2, N (0, ;ﬁ/?&(y,r, p)), asn— oo,
where
—_— r2y? (2 +r2y* —2ry3 +1
‘A;VK (J/7 r, IO) = ( )

(1—ry)?
ry?(1-2p) (ry +1-1)°
A=)y +rp—1)?

In the special case where K = K, we have the estimatorﬁsk (p)

- K, . .
coincides with %, 7. The goal of the next corollary is to establish the
asymptotic normality of the resulting reinsurance premium esti-

mator 17°% , denoted by 5., when the least-squares method
T, Ropt T, Ropt
is adopted.

Corollary 2.4. Under the same assumptions as in Theorem 2.2, and
in the special case where K = K, we have

(k/m)™ "k~
U (n/k) (Hr Ropt Hr'R""‘)

2, N (0, AV, (v, 1, p)), asn— oo,
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Table 1
Comparison of ﬁ,% _and 1~7,L5§  for 1000 samples of size n € {1000, 2000, 5000}
Rop Rop

of a Fréchet distribution with y = 3/4.

n 1000 2000 5000
r 1.10 1.20 1.10 1.20 1.10 1.20
1T Rope 3.803 8.153 3.635 8.044 3.478 7.772
Afﬁ 4.071 8.364 3.867 8.208 3.521 7.807
Ropt
Bias 0.268 0211 0.232 0.164 0.043 0.035
RMSE 0.569 0.699 0.464 0.587 0.229 0.282
ﬁ:sﬁ : 3.862 8.206 3.683 8.084 3.507 7.781
Rop
Bias 0.059 0.053 0.048 0.040 0.029 0.009
RMSE 0.421 0.589 0.376 0.437 0.187 0.248
where
r2yA

AVi, (V. 1, p) = —————
! (1—ry)’

p)(1—=2p)(ryp+ry +2rp—p— 1)
P2 =1y (ry +1p—1)°

r2y?(1—

3. A small simulation study

We use the statistical software R, see Ihaka and Gentleman
(1996), to compare, in terms of bias and root of the mean squared
error (RMSE), the performances of the kernel-type estimator
HK Rop and least-squares estimator HLS . We generate 1000 sam-

ples of different sizes n = 1000, 2000 and 5000 from a Fréchet dis-
tribution with hazard function S (x) = 1 — exp (—x~/7),x > 0,
y = 3/4 and the second-order parameter p = —1. For the kernel
function K, we choose the uniform kernel K = K = 1(,1). Note
that R,y = U(n/k*), where k* is the optimal value of k. Several
methods are available for the choice of k*, see e.g. Danielsson et al.
(2001), Cheng and Peng (2001), Neves and Fraga Alves (2004) and
the references therein. In our simulation study, we use the method
of Neves and Fraga Alves (2004). The simulation results are sum-
marized in Table 1. We conclude that 17 LS has smaller bias and

RMSE and consequently it performs better than 1~ Rt
op

4. Proofs

For each integer n, let Y;, < --- < Y, , be the order statistics
pertaining to a sample Yi,...,Y, of independent identically
distributed random variables, defined on the same probability
space as the X's, with distribution function G(y) = 1 — y lLy>1
Note that

n D n
{st”}j:l = {U (Yjv”)}jzl : (4.7)
Let &1, &, ... be a sequence of independent random variables,

defined on probability space (£2, +, P), uniformly distributed on
(0, 1) in such away that ¥; = G~' (&), forall 1 < i < n. Conse-
quently, we have Y; , = (1 — E,;n)q forall1 <i<nandn > 1,
where &, < --- < &, denote the order statistics of &, ..., &,
and G is the quantile function pertaining to G.

We will use in this section the Csorgd et al. (1986) weak
approximations. On the probability space (§2, 4, P) , there exists a
sequence of Brownian bridges {B,(s); 0 < s < 1},~4, such that for
every0 < v < 1/2and foralln a

|Bn(s) — Bp(s)|

el Y op (n7Y), (48)
Un<s<i—1/n (s (1 — s))/27V p (n7")

where the resulting uniform empirical quantile process, is denoted
by

Bu(t) = /n(t — Vu(1)),

with V, is the empirical quantile function pertaining to the sample
&1, ..., & which is defined by

0o<t<1, (4.9)

j—1
V11(5) = %'j.,ns T

and V,(0) = gl,n-

<351, j=1,...,n
n

Proof of Theorem 2.1. From (4.7), we may rewrite I rKE ,as fol-
Rop

lows

~x _ rk/m

rRopt 175, — U(Yn—k,n), for P, < 1/r.

It is easy to verify that

(k/m~"k (ﬁfg _
U (n/k) r-Ropt

4
> Tin,

i=1

r ,Ropt )

where

k U (Yn— I 4
Tl,n " ( . k.n) - <£yn—l<,n> s
1/)/” K U (n/k) n
I rvk ky 14 .
2,n — 1/5};(’( _ n n—k,n s

r
Typ = - VikFE ),
AT
and

_ (k/m)~V"Vk r(k/n)”r
4.n — U(n/k) ( _1/ U( /k) rRDpt>-

We start with the term T ,, according to de Haan and Ferreira
(2006, page 60 and Theorem 2.3.9, page 48), forany § > 0, we have

U (Yn_kn I v
U(Ynkn) _ <H<Y”*k‘“>

U (n/k)

= Ao (ﬁ) {(kYnkn>y (E¥nsn)’ —1
k n ' 0
y+pxs
+0]P’(1)< Yn kn) },

where Ag (t) ~ A(t) ast — oo. Since

VEA(/k) =

U (Ynfk.n) k 4 N
\/E (T[J(n/k) - <5Yn—k,n> ) =op(1),

. o~ P _ .
and since y,fk — y (see Csorg6 et al., 1985), then we obtain as
n— oo

Tip=o0p(1).

%Ynfk,n =1+op (1) and
0(1),as n — oo, we have

(4.10)

For the term T 5, the equality Yy, = (1 — én,k,n)q yields

() )= (G0,
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Using a Taylor expansion, we get

(1)
= —y (G ()7 Vk (% (1—&nin) — 1) ,

where A, (k) is a sequence of random variables with values in the
open interval of endpoints 1and § (1 — &,—.,). From Balkema and
de Haan (1975), we have

(] - En—k,n) LP; 1’

asn — oQ.

=3

It follows that, A, (k) Zlasn— 00. Therefore, as n — oo,

n -y
\@ <<k (1 - Sn—k,n)) - 1)
n
= =y Vi (T (1= 1) = 1) (402 (1)
On the other hand we have

ﬁ(,{(l—fn kn)—l)

- El(-2)- (-]

Using the uniform empirical quantile process, defined in (4.9), we
obtain

\/E ((% (] - énfk,n))_y - 1)
n k
:—y\/;ﬁ (1——)(1—|—op(1)) asn — oQ.

Using the asymptotic approximation (4.8), we get for all large n

A s
+0p(n7") (:)1/2—v} (1+o0p (1),

i

. g P .
Consequently, since yn’f « — v, we obtain for all large n

ry? \/F
Ton = — <1 - 7> (1+o0p (1),
1—ryVk

= Win+op(l).

) (1+o0p(1).

(4.11)

For the term T3 ,, from Theorem 1 of Deme et al. (2013), we have
for all large n

1
Vk @5 —v) = VkA(n/k) / sPK (s) ds
0

[n ', sk
+vy 7/ s Bn<1——>d(sl<(s))+op(l).
k 0 n

. ~x P
Then, since ¥, — y,we getasn — oo

r n 1 _
Tsn = m {ka (E)/O SR @) ds
+”f/ s 1B, ( _f>d(s1<(s))}+o]p(1)

n
- z -p
(1—ry) «ﬁcA(k)/(; sTPK (s)ds

+ Wyn (K) +o0p(1). (4.12)

For the term Ty ,,, we have

_ i r(k/m)V/" ko >
o =/ ﬁ( y—r Uwhk)

where

oo
HT,ROP[ = /
U(n/k)

Since x~'/"U(x) — 0 as x — oo, then an integration by parts with
a change of variables yields

SNV dx.

Ty gy = (k/m)'" {;/Oox‘l‘l/rlu (nx/k) dx — U(n/k)} )
1

Therefore
Tsn = Vk 1 B 1 /Ooxfr]/fU(nx/k)dx
’ I—ry 1t/ U (n/k)

1 o i U(nx/k)_ >
r\/ﬁf] X (7U(n/k) XY ) dx.

From Theorem 2.3.9 of de Haan and Ferreira (2006), for y €
(1/2,1)andr € [1, 1/y), we obtainas n — 0o

—%\/I?A(%) /]Ooxy [

VA (ﬁ) i
k/ QA—ry)@ry +rp—1)
Combining (4.10)-(4.13), we getasn — o0
k/n)~ V" Vk s~
7( </n) ﬁ (HKA — Hr Ro r)
U (n/k) "-Ropt op

= VKA(/k)ABk (¥, 7, p) + Wi+ Wan (K) +0p (1)

Tan dx(1 +0(1))

A+o0(1).  (4.13)

This finishes the proof of Theorem 2.1. O

Proof of Corollary 2.1. Since {B,(s); 0 < s < 1},.4, is a sequence
of Brownian bridges, then

(k/m)~""k [~
/7 (Hkﬁ _ Hr,Rop[)
U (n/k) "-Ropt
2, N (0, AVk (y,T)), asn— oo,
with
AVg (y,1) = HILHQOE ((Wl,n + Wan (K))z)
lim (£ (w2,) +E (2, (6)

+2E (W10 Wan (K))) -
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Elementary computation gives, asn — oo

12,4
7V2+0(1),
1—=ry)

2.,2 1
ﬁfo K2(s)ds + o (1),

E (len) =

E (w2, (0) =

and
E(WinWan (K)) =0(1).

Then, we get

r2y4 r2y2

(1—ry)* A=yt
We complete the proof of Corollary 2.1. O

1
AV (y, 1) = K2(s)ds.

Proof of Corollary 2.2. The proofis a direct result of Corollary 2.1
withthekernel K =K = 1¢). O

Proof of Theorem 2.2. According to Theorem 2.1 and (2.6), we

have
k —1/r k /~
M <1‘[KA — Mg, [)
U (n/k) 7-Ropt op
= Win -+ Wan (K) + W (K) + 0p (1),
where
W3,n (K)

Vk (A(n/k)AﬂK (y,r,0) _ka )

LS ~ ank,n
x ABx (Vax (0) . 1. D) Tl (n/k)>
—AB (v, 1, p) Vk (A5, (D) — A(n/k))
- \/lzxﬁ‘?k (’15) (Aﬂl( (57nL,Sk (ﬁ) T ’15) - €>A°£K (ys r, IO))

R = . PR Xn—k n
- kZlS AB IS T = 1.
Jk ok (P) ABk (V5 () .1 ’O) U (n/k)

From Lemma 5 of Deme et al. (2013), we have

V(A @) —Am/b) =y (1= p)

1
x /E/ s'B, (1—%>d(s(g(s)—1<p s))) + 05 (1).
k 0 n

Since  is a consistent estimator for p, then we getasn — oo

VEAS, (D) (ABk (PE, (B) .1, D) — ABk (v, 1, p)) = 05 (1).

Making use of Potter’s inequalities (see 5th assertion of Proposition
B.1.9 in de Haan and Ferreira (2006, page 367)), we obtain as n —

00
KXn—i

kXLSAAJB ALSA,’A nkn 4\ -

VKAE, (D) ABk (P55 (P) . 1.D) T/ op (1)

Therefore

Wi (K) = —y (1= p) ABk (v, B, )
1
X \/g/ 5B, (1 - %) d(s(K(s) =K, (5))) + op (1),
asn — OOO

It is clear that Wy, + Wy, (K) + W5, (K) is a Gaussian random
variable with mean zero and variance

AV (.1, p) = im E (Wi + Wan () + W ())°)

After elementary computations, we get

AVi (v, 1, p)
21-2p) (1= p)?
—avi(ron+ LEZ2IAZ 8 (82 r )
2ry2(1—2p>(1—p>< /‘ _ )
+ 1—(1-— PK(s)d
(1 —ry) (1—=p) ; sTPK(s)ds
X ABk (Y, 1, p) .

This achieves the proof of Theorem 2.2. O

Proof of Corollary 2.3. The proof is a direct result of Theorem 2.2
withthekernel K =K =1¢y). O

Proof of Corollary 2.4. The proof is a direct result of Theorem 2.2
with the kernel K = K|, defined in (2.5). O
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