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Abstract—In this work, we present some results concerning the operators defined on various
classes of exotic Banach spaces, containing in particular those studied respectively by V. Ferenczi[7,
8]and T. Gowers with B. Maurey[14, 15]. We show that, on hereditarily indecomposable or quotient
hereditarily indecomposable Banach space X, the set of bounded Fredholm operators is dense in
L(X), this gives that the boundary of bounded Fredholm operators is nothing else but the ideal of
strictly singular operators if X is hereditarily indecomposable Banach space (resp. the ideal of strictly
cosingular operators if X is quotient hereditarily indecomposable Banach space). On the other hand,
a comparison between sufficiently rich and exotic Banach spaces is given via some properties of the
two maps spectra and Wolf essential spectra.
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1. INTRODUCTION AND NOTATIONS

Let X and Y be two infinite dimensional complex Banach spaces and let C(X,Y’) the set of
all closed linear densely defined operators from X into Y. We denote by £(X,Y") the space of all
bounded linear operators from X into Y while IC(X,Y) designates the subspace of all compact
operators from X into Y. If A € C(X,Y), we write N(A) C X and R(A) CY for the null space and
range of A. We set a(A) :=dimN(A), B(A) := codimR(A). Let A € C(X,Y) with a closed range.
Then A is a & -operator (A € ¢, (X,Y)) if a(A) < oo, and A is a &_-operator (A € ¢_(X,Y)) if
B(A) < o0, (X,Y)=2(X,Y)P_(X,Y) is the class of Fredholm operators while &4 (X,Y) =
o (X,)Y)UP_(X,Y). For A e &(X,Y), the index of A is defined by i(4) = a(A) — B(A). I X =Y,
then £L(X,Y), K(X,Y),C(X,Y), ®4(X,Y), P+ (X,Y) and ®(X,Y) are replaced respectively by £L(X),
K(X),C(X), ®(X), P+(X)and ®(X). Let A € C(X). The spectrum of A will be denoted dy o(A). The
resolvent set of A4, p(A), is the complement of 0(A) in the complex plane. A complex number A is in ¢4 4,
O_A, oA, or pa il A — Aisin &4 (X), P_(X), ¢+ (X) or &(X), respectively. In the sequel, @o(X) will
denote the set of Fredholm operators with indices 0, we recall now some properties of those sets (for
more details, we refer to [9, 10]).

Proposition 1.1 (z) 44, p_4 and 4 are open,
() i(A — A) is constant on any component of ¢4,

(1) a(X — A) and B(A — A) are constant on any component of ¢ 4 except on a discrete set of points
at which they have larger values.
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Let A € C(X). A point A € o(A) is in the Wolf essential spectrum, o.(A) if A ¢ p4; the Schechter
(or Weyl) essential spectrum o, (A), is C\¢% where ¢4 := {\ € pa, A — 4 € o(X)}.
Definition 1.1. Let X, Y be two Banach spaces. An operator S € £L(X,Y) is called strictly singular if

the restriction of S to any closed infinite-dimensional subspace of X is not an isomorphism. Let S(X,Y)
denote the set of strictly singular operators from X into Y.

For a detailed study of the properties of strictly singular operators we refer to [19, 16]. Note that
S(X)=S8(X,X) is a closed two-sided ideal of £(X). In general, strictly singular operators are not
compact and the strict singularity is not preserved under conjugation. Let X be a Banach space. If N
is a closed subspace of X, we denote by 7n the quotient map X — X/N. The codimension of N,
codim(N), is defined to be the dimension of the vector space X/N.

Definition 1.2. Let X, Y be two Banach spaces and S € £(X,Y). S is said to be strictly cosingular if
there exists no closed subspace N of Y with codim(N') = oo such that 7S : X — Y/N is surjective.
Let CS(X,Y) denote the set of strictly cosingular operators from X into Y.

This class of operators was introduced by A. Pelczynski[22]. [ X =Y, CS(X, X) = CS(X) forms a
closed two-sided ideal of £(X).

Definition 1.3. Let ' € £(X,Y). Fis called a Fredholm perturbationif U + F € ®(X,Y") whenever
U e ®(X,Y). Fiscalled a upper (resp. lower) semi-Fredholm perturbation if £ + U € &, (X,Y") (resp.
¢_(X,Y))wheneverU € & (X,Y) (resp. 2_(X,Y)).

Remark 1.1. Let ®°(X,Y), ®% (X,Y), ®* (X,Y) denote the sets (X, V)N L(X,Y), . (X,Y)N
L(X,Y)and ®_(X,Y)L(X,Y), respectively. If in Definition 1.3 we replace ®(X,Y"), ¢, (X,Y) and
®_(X,Y) by ®*(X,Y),®% (X,Y) and ®* (X,Y'), we obtain the sets F*(X,Y), F2(X,Y), F* (X,Y).
These classes of operators were introduced and investigated in [9]. In particular, it is shown that
FUX,Y), Fo(X,Y), FP(X,Y), FL(X,Y) and F_(X,Y) are closed, moreover if X =Y, then (X)),
Fb(X), Fb(X) are closed two-sided ideals of £(X).

In general, we have

K(X,Y) CS(X,Y) CF(X,Y) S FUX,Y) C F(X,Y),
K(X,Y)CCS(X,Y)C F (X,Y)C F°(X,Y) C F'(X,Y).
The containment S(X,Y) C F(X,Y) is due to Kato [16] while the inclusion CS(X,Y) C F_(X,Y)
was proved by Vladimirskii [28].

An operator R € L(X) is said to be Riesz operator if o = C\{0}. For further information on the
family of Riesz operators, R(X), we can see[3] and the references therein. We recall that Riesz operators
satisfy the Riesz-Schauder theory of compact operators and R(X) is not an ideal of £(X). In[25], it is

proved that F?(X) is the largest ideal of £(X) contained in R(X). Hence, the inclusions above imply
that £(X), S(X), CS(X), Fb(X), F4(X) are contained in R(X).
Let X and Y be two Banach spaces and A € C(X,Y). For every x € D(A) (the domain of A), we
write
[|#[|a == [l=[| + [|Az[|  (graph norm).

As already observed, D(A) endowed with the norm ||.||4 is a Banach space denoted by X4 and

A as operator from X4 into Y designated by A is bounded. If D(A) C D(J), then J is A-defined.
Furthermore, we have

a(A) = a(A), B(A)=p(A),R(A) = R(A), a(A+J)=a(A+J),
BA+J)=B(A+J),R(A+J)=R(A+J).

[t is clear that the relations given above lead to
Aed (X,Y) < Aecd’(Xa,Y);
Acd_(X,)Y) = Acd (X,,Y);
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58 DEHICI, DEBBAR
AcD(X,Y) < Ac d(X,,Y).
Given a complex Banach space X and an operator T € £L(X), we define:
0+(T) = C\pyr; 0 (T) =Clp_r.

It is well known that o.(T") is a non-empty compact set of the complex plane C because it coincides
with the spectrum of the image of T" in the Calkin algebra £(X)/K(X) (see |20, page 53]). On the other
hand, it is clear to observe that both the sets o (T") and o_(T") are containded in o (7).

Moreover, the stability of the index of a semi-Fredholm operator under small perturbations [17,
Proposition 2, c. 9, page 78] provides the inclusions

9(oe(T)) C 04 (T) (1.1)
d(oe(T)) € o (T) (1.2)

where 0(o¢ (7)) denotes the boundary of the set o.(T).

Definition 1.4. Let X be a complex Banach space and let A € £(X), the punctual spectrum of A,
op(A) is the set of scalars A € C such that A\J — A is not one-to-one (the set of eigenvalues of A), the
residual spectrum of A, o,.(A) is the set of scalars A € C such that A\ — A is one-to-one and R(\ — A)
is not dense in X while the continuous spectrum o.(A) is the set of scalars A € C such that A\I — A is
one-to-one and R(AI — A) is dense but not closed in X.

Definition 1.5. We say that two Banach spaces X and Y are essentially incomparable if £(X,Y") =
FHX,Y).

Definition 1.6. We say that two Banach spaces X and Y are totally incomparable if £L(X,Y) =
S(X,Y).

Remark 1.2. Recall that the definition of essentially incomparable Banach spaces is symmetric, in
other words, £(X,Y) = F*(X,Y) if and only if £(Y, X) = F°(Y, X) [12]. Also, we can easily observe
that for two Banach spaces X and Y, £(X,Y) = F(X,Y) if and only if ®*(X,Y") = (. On the other
hand, it is clear that two totally incomparable Banach spaces are essentially incomparable but the
converse is not true in general, it suffices to take a hereditarily Banach space Y (see Definition 2.1)
and X =Y x Y, we get that ®*(Y x YY) = ), moreover, the projection operator P, : (Y x V) — Y
given by P,(z,y) = x is bounded from Y x Y to Y, however, it is not strictly singular.

[t is well known that the theory of Banach spaces and that of the operators on which it is dependent
play a central role in modern theoretical and applied mathematics. The evolution in this context is
always of topicality. Indeed, as far as our days, the specialists could not find criteria allowing to give
an ideal classification of Banach spaces, this in spite of the striking results discovered these last years
which cleared up and gave answers to questions remained open for a long time. Before the nineties,
the mathematicians raise the question whether there exists or not an indecomposable Banach space,
if yes, it admits or not at least an infinite dimensional decomposable subspace? this does not come
from the chance, indeed, they know well that practically all spaces to which they are accustomed are
decomposable and sufficiently rich, in other words having an infinite number of nontrivial projections, for
example [,, spaces, C([0,1]), L,-spaces, this question was solved negatively by T. Gowers and B. Maurey
(1991)[13, 14] who have constructed a reflexive (then separable) Banach space such that nor him, nor
each one of its closed infinite dimensional subspaces are decomposable. This discovery made it possible
to solve famous problems like: the unconditional basic problem, the problem of scalar identity plus
Fredholm perturbation and the Banach’s hyperplane problem (a Banach space is isomorphic or not to its
finite codimensional subspaces). It is announced that the source of this discovery is the Tsirelson space
constructed by B.S. Tsirelson in 1974 giving an example of a reflexive Banach space which neither an 7,
space nor a cg space can be embedded. Starting from this space, T. Schlumprecht established his famous
example of an arbitrary distortable Banach space [26]. After, T. Gowers and B. Maurey could construct
their hereditarily indecomposable Banach space and others exotic having strange properties. As it was
already mentioned in [15, 18], the principle of the construction of exotic Banach spaces is sample: given
a relatively small semi-group of operators on the space of scalar sequences (for example, the semi-group
generated by the right and left shifts), then the construction of Banach spaces such that every bounded
linear operator on theses spaces are strictly singular or almost strictly singular perturbations of elements
in the algebra generated by the given semi-group is established. Let us give now some examples of exotic
not hereditarily indecomposable Banach spaces with their surprising properties:
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1. Shift space X

1. The space X is prime;

2. All the subspaces of X of a fixed codimension are isomorphic;

3. The space X is indecomposable but not H.I;

4. As a consequence of 3 is that X does not have a non-trivial projections;

5. Up to strictly singular perturbations, any two operators on X commute.

II. Double shift space X4

1. The space X is isomorphic to its subspaces of even codimension while not being isomorphic to
those of odd codimensions. In particular, it is isomorphic to its subspaces of codimensions 2 but not to
its hyperplans;

2. As a consequence of 1 is that every Fredholm operator is of an even index;
3. The space X has exactly two infinite dimensional complemented subspaces, up to isomorphism;

4. X4 is isomorphic to no subspace of infinite codimension.

I1I. Ternary space X

The ternary space X; is isomorphic to its cub X} = X; @ X; @ X; but not to its square X? =
X, DX,

IV, Banach space €

Let 7 the ternary tree [J72 ,{0,1,2}", Yy the vector space of finitely supported scalar sequences
induced by 7" and the canonical bases for Y{y is denoted by (e;)te7, let Y = 11(7) be the completion of
Yoo equipped with the /3 norm and let £ denote the norm closure of a convenable algebra in £(Y).

Every Fredholm operator in £ has index 0. Moreover, every Fredholm operator T : Y™ — Y™ has
index O (for more details concerning these spaces, we refer to [14]).

By which criterion, the richness of the algebra of bounded operators on Banach spaces is measured.
By misuse of language, a rich algebra of bounded operators on a certain Banach space is connected to
the fact that for example the space is decomposed and an infinite number of its subspaces have an infinite
number of nontrivial projections, this can be seen of another angle: let L(C) be the family of all nonempty
compact sets of the complex plane, a rich Banach space is a space for which the mappings spectra and
Wolf essential spectra defined by

o:L(X)— K(C) o.:L(X)— K(C)
A—o0(A) A— 0.(A)
are surjective. We will prove that this property is satisfied if X is a Hilbert space. Unfortunately, it is not

the case of exotic Banach spaces, since we will observe that in the case of these spaces, IC(C) is replaced
by compact (connected or not) sets with empty interiors.

In this work, via this vision, several comparisons between rich and exotic Banach spaces are
established.
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60 DEHICI, DEBBAR
2. MAIN RESULTS

Definition 2.1. A Banach space X is said to be decomposable if it is the topological direct
sum of two closed infinite dimensional subspaces. A Banach space is said to be hereditarily
indecomposable (in short H.I) if it does not contain any decomposable subspace.

Definition 2.2. A Banach space X is said to be quotient hereditarily indecomposable (in short
Q.H.l) if no infinite dimensional quotient of a subspace of X is decomposable.

The class of hereditarily indecomposable Banach spaces was first introduced and investigated by
T. Gowers and B. Maurey [14]. Noting also that the hereditarily indecomposable Banach space Xgns
constructed by the last authors also gave the first example of an indecomposable Banach space.

Definition 2.3. A Banach space X is hereditarily finitely decomposable if the maximal number
of (infinite dimensional) subspaces of X forming a direct sum in X is finite. Forn > 1, X is HD,,
if this number is equal to n.

Definition 2.4. The space X is n-quotient decomposable and we write X € QD,, if n is the
maximal number of the integers k such that X has a quotient which is the direct sum of k closed
infinite dimensional subspaces.

Let X be a Banach space and M be a closed infinite dimensional subspace of X, M is said to be
complemented in X if there exists an infinite dimensional subspace N of X such that X = M @ N.
Through this paper, N will be denoted by X & M.

We start our study by the definition of exotic Banach spaces which will be adopted in this paper.

Definition 2.5. Let X be a complex Banach space. We say that X is an exotic Banach space if
the Wolf essential spectrum of each bounded operator on X has an empty interior.

Theorem 2.1. If X is an exotic reflexive Banach space then X* is exotic.

Proof. Let A € £(X¥), then A* € L(X™**) = L(X). The result follows immediately from the fact that
A — A€ ®(X)ifand only if A\I* — A* € &(X™).

Remark 2.1. Noting that the property that A € ®(X) implies that A* € ®(X*) is also valid for the
case of closed densely defined operators on reflexive Banach spaces since D(A) is dense in X implies that
D(A*)is dense in X*, better than that, we have A** = A (see for example [2], Theorem II1.21, page 46).
On the other hand, the fact that A* is closed and the relations B(A*) = a(A4),a(A*) = B(A) ([11],
Theorem [V.2.3, page 102) complete the proof.

Theorem 2.2. /f X is an exotic Banach space andY is an infinite dimensional complemented
closed subspace of X, then'Y is an exotic Banach space.

Proof. If this is not the case, so there exists A € £(Y) for which Into.(A) # 0, hence A =

A0 - -
( ) € L(X) and Into.(A) = Into.(A) = 0 (since o.(A) = 0.(A)) which is a contradiction.
00

Remark 2.2. H.I, Q.H.I, HD,, and QD,, are exotic Banach space since the Wolf essential spectra
of bounded operators on these spaces are finite sets.

One of the major questions which can come to the spirit is the following one: If we have a Banach
space X such that the Wolf essential spectrum of every bounded operator on it, has an empty interior, is
it true that this space is one of the spaces HD,,, QD,,?

The answer of this question is negative and is given by the following proposition.

Proposition 2.1. Let X be the Shift Banach space constructed in ([15], [18]), then for all
A € L(Xs), the set 0.(A) is a compact connected set with empty interior of the complex plane C.

Proof. Let T be the unit circle in the complex plane C and C(T) the Banach space of the scalar
continuous functions on T. We denote by ¢ the algebra homomorphism and projection ¢ : £L(X) —
L(X) onto the subspace consisting of Toeplitz operators with absolutely summable coefficients and
define the mapping ¥ : £(X) — C(T) as the composition of ¢ with the Fourier transform. Then W is
a continuous (better than that it is smooth). Moreover, for all A € £(X5), we have that o4 (A) is the
set [W(A)](T) ([15], Corollary 15, page 557), and shows that this set is a connected compact set with
empty interior of the complex plane C. On the other hand, by taking account of the structure of Toeplitz
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operators on X, ([15], [18]), it is easy to observe that the same argument can be applied for o_(A). This
implies that o.(A) is a compact connected set with empty interior.

Remark 2.3. In the case of this Banach space, every bounded operator is a strictly singular
perturbation of a Toeplitz operator. Moreover, the Fredholm domain of the right shift R € £(X;) has
exactly two connected components. Indeed, the corresponding function to this operator is W(R) defined
by U(R)(A) = A, then ¥(R)(T) = 0.(R) = T, thus ¢ = {\ € C/|A| > 1} | U{) € C/|\| < 1}.

Let us give now the following theorem in the general context.

Theorem 2.3. Let X be a complex Banach space and let F be a closed subspace of X, then
X\F + F C X\F and the set X\F is an open connected in X.

Proof. The fact that X\F + F C X\F is trivial. Moreover, if € X\F, then z and —z can be
connected by the path p(t) := etz (0 <t < 7). Now, let z,y € X\ F. Assume that the line segment
connecting = and y meets F, in other words, there exists ¢ €]0, 1] such that

(1—-t)z+ty e F. (%)
Assume also that the line segment connecting = and —y meets F', i.e., there exists s €]0, 1] such that
(1 —3s)x—syeF.

Then, multiplying by *, we obtain that

z(l—s)az—tyEF. (%)

Addicting (x) and (x*), we get (1 —t) + (1 — s)) z € F whichis a contradiction since the real number
(1—1t)+ £(1—s)) is strictly positive. This shows that one of the line segments mentioned above lies
in X\ F' and therefore x and y can be connected by a path. )

Let us give now the following fundamental lemma du to L. Weis ([29], Corollary 2.3).

Lemma 2.1. Let X be a complex Banach space. Then

(1) X is a H.I Banach space if and only if for every Banach space Y, we have L(X,Y) =
S(X,Y)UP%(X,Y);

() X is a Q.H.I Banach space if and only if for every Banach space Y, we have L(Y,X) =
CS(Y, X) 8 (Y. X);

As a consequence of Theorem 2.3 and Lemma 2.1, we have

Corollary 2.1. Let X be a complex Banach space. Then

(1) If X is a H.I Banach space then L(X) = CIx @ S(X);

() If X is a Q.H.I Banach space then L(X) = CIx CS(X).

Proof. According to Lemma 2.1, we have that £(X) = ®%(X)|JS(X) for H.I Banach spaces and
L(X) = ®"(X)UCS(X) for Q.H.I Banach spaces. On the other hand, it is well known that the sets
®% (X) and ®° (X) are open ([20], Theorem 11, page 158). Theorem 2.3 applied to the sets S(X),
®,(X) and CS(X), ®° (X) shows that ®% (X) and ®° (X) are connected in £(X), now by taking
account to the fact that I; € ®% (X)) ®_(X) and the stability of the index on the connected sets, we
obtain that ®% (X) = ®}(X) for H.I Banach spaces and ®° (X) = ®}(X) for Q.H.I Banach spaces.

Now the result follows immediately from the Gelfand-Mazur theorem (since Fredholm operators in
L(X) are nothing else but the representatives of invertible elements in the algebra £(X)/S(X)).

Proposition 2.2. L.et X be a complex Banach space.

(2) If X is a H.I Banach space then d(®*(X)) = S(X);

(w) If X is a Q.H.I Banach space then (®°(X)) = CS(X).

Proof. We restrict our proof to H.I Banach spaces, the case of Q.H.I spaces can be established by
the same arguments. Let A € 9(®°(X)) then A ¢ ®% (X) ([20], Lemma 1, page 169), this proves that

A € 8(X) and consequently 9(®°(X)) C S(X). On the other hand, let S € S(X) and given {\,,},/23
a nonzero sequence of complex scalars converging to 0, then the sequence of operators A\, I + S are
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in ®*(X) and converging in norm to S, this implies that S € 9(®*(X)) and yields S(X) C 9(®*(X))
which ends the proof.

Second method: It suffices to prove that ®*(X) is dense in £(X). Indeed, let S be a strictly singular
operator on a H.I. Banach space, then S is the limit in norm topology of the sequence of Fredholm
operators given by S, = 711] + S, this gives the result for H.I Banach spaces, the case of Q.H.I Banach
spaces can be established by the same argument.

Remark 2.4.[24] Nothing that in general Banach spaces, the boundary of Fredholm operators 0®(X)
does not coincide necessarily with the set of Riesz operators. Indeed, it suffices to show that this last set is
not closed. For this, giving the celebrated example due to Kakutani ([24], page 282). Let H be a separable
Hilbert space with orthonormal basis (h,,)5°_;. Let (o, )52, the sequence of positive real numbers given
by a, = e ¥ forn = 2%(20 +1),k,1 = 0,1, .... and the operator A given by Ah,, = ahpy1,n € N. Then
[|A|] = sup,en ||, APhy = anomii. ... p—1hntp and so ||AP|| = sup,en(nng1.....0mqp—1). We

1 _i9s—j—1 1 1 .
can observe that aj.....a9s_1 = szl eJ2 , hence (ayaog......qi9s _1) 2571 > (szl e2+1)2 and if

A=3252 ,l then e < rp(A) = lim_ ||A™|| , this implies that A is not quasinilpotent.

Now define the operator A4, by

0 n=20(20+1), 1=0,1,...
Aphn = .
anhpi1  otherwise.

Then A, is nilpotent and

e Phpt1, n=2P20+1), 1=0,1,...
0 otherwise.

(A= Ap)hy = {

Thus ||A, — A|| = e™P which tends to 0 if p — oo and consequently A, — A in the norm topology in
L(H). Moreover, it is easy to show that the punctual spectrum of A is empty, on the other hand the fact
that r,(A) > e~2* implies the existence of a nonzero scalar 3 such that 8 € o,,(A), thus o,,(A) # {0}
and consequently A is not a Riesz operator. For more details concerning the boundary of Fredholm and
semi-Fredholm operators we refer to [27].

Also, it was given in [4, page 45] (see also [1]) an example of an operator which asserts that the
hereditarily indecomposable Banach space of T. Gowers and B. Maurey Xy, is not simple, in other
words, the class of compact operators is not the unique nontrivial closed two-sided ideal in £(Xgar)-

Theorem 2.4. Let X be a complex Banach space. Then

(1) If X is a H.I Banach space and A : X — X a closed densely defined upper semi-Fredholm
operator on X, then the Banach space X4 = (D(A),||.||4) is a H.I Banach space.

() If X is a Q.H.I Banach space and A: X — X a closed densely defined lower semi-
Fredholm operator on X, then the Banach space (D(A), ||.||a) is a Q.H.I Banach space.

Proof. We prove just the first assertion, the second one can be established in the same way. Let
A€ d(X), then Ac QJS’F(XA,X), hence X4 = X; @ X» such that X; is finite dimensional and X,

is isomorphic to R(A), on the other hand, since R(A) = R(A) is a closed infinite dimensional Banach

space of a hereditarily indecomposable Banach space, so R(ﬁ) is a H.I. Banach space and consequently
X isHIL

We present here a surprising result derived on the exotic Banach spaces and established by [5].
Theorem 2.5. (see [5], Proposition 3.11) Let X be an exotic Banach space, then

Fo(X) = F (X) = FY(X) = F(X).

Remark 2.5. As it was already mentioned in [5], the sets F4(X) and F_(X) are closed sets,
moreover, we have just the inclusions 7 (X) C F2(X) and F_(X) C F°(X).
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Here, we give a general construction of Banach subspaces Z, Z' for which F8 (Z) # S(Z) and F* (Z') #
S(2).

Proposition 2.3. Let Z be an exotic Banach space for which there exists a closed complemented
subspaceY such that the subspacesY and Z ©Y are essentially incomparable and Y isomorphic
to a closed subspace of Z &Y, then Fb(Z)# S(Z), moreover if Z is reflexive, so Fb(Z*) #
CS(Z*).

Proof. Assume that Y and Z © Y are essentially incomparable, then £(Y,Z oY) = F*(Y,Z O Y).

0J
On the other hand, there exists an isomorphism J : Y — Z ©Y, thus, it is clear that A = ( ) €
00

FNZ)=F5(Z)but A ¢ S(Z).

Let us given Z reflexive, it is easy to observe that if Y and Z & Y are essentially incomparable, then
Y* and (Z ©Y)* are essentially incomparable. On the other hand, A € F°(Y,Z ©Y) if and only if
A* € F*((Z o Y)*,Y*). By Theorem 2.1, Z* is exotic, we can also see that J* : (Z©Y)* — Y*isnot

00
strictly cosingular, moreover, we have F° (Z*) = F?(Z*) = [F?(Z)]*, this shows that B = ( ) €
J* 0
Fb(Z*)but B ¢ CS(Z*).
Definition 2.6. A Banach space X is said to be weakly compactly generated whenever there
exists a weakly compact subset K of X such that the closed linear span of K, [K], is all of X.
Proposition 2.4. Reflexive Banach spaces and separable Banach spaces are weakly compactly
generated.

Proof. In reflexive Banach spaces we take K = Bx (the closed unit ball of X') while in the case of
+o0
} . U{0} where {z,,}72] isadensesetin X. O

separable Banach spaces we can take K = {

n||zn||

Remark 2.6. Recall that weakly compactly generated hereditarily indecomposable Banach spaces
are necessarily separable. Indeed, if this is not the case, thus X must be decomposable [6], which is
a contradiction. A good example for a compactly generated hereditarily indecomposable Banach space
is Xgar which is reflexive and so separable. Let X be a Banach space such that for every upper semi-
Fredholm operator (resp. lower semi-Fredholm) 7" in £(X), the set ¢ (resp. ¢_7) is connected, then
T is Fredholm with index 0.

Proof. The result follows from the fact that the set w7 (resp. p_7) contains 0 and the resolvent set
of T. The stability of the index on the connected components gives the result.

Corollary 2.2. Let X be an exotic Banach space such that for every upper semi-Fredholm
operator (resp. lower semi-Fredholm) T in L(X), the set o7 is connected, then T is Fredholm
with index 0.

Proof. This is an immediate consequence of Proposition 2.5 since here 0.(T) = 04 (T) = 0_(T)
forall T'e £(X). We denote by A the class of Banach spaces for which every Fredholm operator is of
index 0.

Remark 2.7. It is not difficult to see that A contains all the H.I,Q.H.I, HD,, and QD,, Banach
spaces.

Proposition 2.6. Let X and Y be two essentially incomparable Banach spaces in A, then
XPY e A

A B
Proof. Assume that T € L(X @Y), so, T can be written in the matrix form ( ) with A €
C D

L(X),D e L(Y),B¢eL(Y,X),C € L(X,Y), on the other hand, it is shown that T € ®*(X @Y if
and only if A € ®(X) and D € ®*(Y) and ind(T) = ind(A) + ind(D) (see [12]), this completes the
proof. O.

Proposition 2.7. Let X be an exotic Banach space such that X € A, then no proper subspaces of X
are isomorphic to X.
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Proof. Assume that there exists a closed subspace Y of X and an isomorphism S : X — Y/, thus
S e @b (X) = @b (X) = ®(X) and consequently S € ®}(X) which is a contradiction since Y is proper
of X. The following theorem is crucial.

Theorem 2.6. Let X be a separable Hilbert space and given a compact subset K of the complex
plane C, then there exists a bounded operator A on X for which o(A) = K.

Proof. Without loss of generality, we may assume that X = I2, let (e,,)%; be the orthonormal basis

for X and (\,)2; a dense sequence in K. Define A as follows: A(Z:ﬁ apen) = Z:ﬁ A€, Where
()2, € 12. It is clear that o(A) contains K. Now, we prove the opposite inclusion, if A ¢ K, then
inf{|\ — Bl;8 € K} >0 and so S(3 anen) = 0% (A — \y) “Lanen is a bounded operator on X
and (A, — A)S = S(Al; — A) = I, this gives that A ¢ o(A) which completes the proof.

Proposition 2.8. let X be a Banach space such that the Wolf essential spectrum of each
bounded operator on X does not contain any boundary of a nonempty open set in the complex
plane, then X is an exotic Banach space.

Proof. Indeed, in this case, the essential spectrum of every bounded operator has necessarily an
empty interior. Nothing that the converse of Proposition 2.8 is in general false (see the example of Shift
space X and Remark 2.3).

Proposition 2.9. let X be a Banach space such that the Wolf essential spectrum of every
bounded operator on X does not contain any boundary of a nonempty open set in the complex
plane, then the range of the mapping o : L(X) — K(C) is included in the set of all compact sets
with empty interiors.

Proof. Let us given A € £(X). First of all, we prove that the set Int(c(A))\oe(A) is empty. To do
it, assume that Int(c(A))\oe(A) # 0, let © be a connected component of this set and let A € 9; this
gives that A € do(A). Next, we put Sy = A — A\, since A ¢ o.(A), the operator S is Fredholm with
index 0. Indeed, the fact that 0 € 0o (S)) asserts the existence of invertible operators arbitrary close to
S\, the assertion follows from the continuity of the index. Hence, 0 is an isolated point of (.S} ). Indeed,
since Sy € ®Y(X), then Ker(Sy) # {0}. Furthermore, there exists e > 0 such that a(S)) is constant
on the set {\ € C such that 0 < |A\| < e }. Since 0 € do (S, ), a(Sy) must be 0; now, we may assume
that € > 0 is sufficiently small for which Sy is still Fredholm with index 0 when 0 < |\| < e. Thus, Sy
is invertible when 0 < |A| < ¢, this shows that 0 is isolated in o(S)) and consequently A is isolated
in o(A) which contradicts the fact that A\ € Q. This argument implies that 9Q C o.(A). Hence, the
set Int(o(A))\oe(A) must be empty and consequently Int(c(A)) C o.(A). The use of Proposition 2.8
gives the result. More precisely, we have

Proposition 2.10. Let X be a Banach space such that the Wolf essential spectrum of every
bounded operator on X does not contain any boundary of a nonempty open set in the complex
plane, then for every A € L(X), we have o(A) = 0.(A)|JH where H is a set of isolated eigenval-
ues with finite multiplicities.

Proof. If A\ € 0o(A) = a(A)\Into(A) = o(A) (since int(c(A)) = 0), then S =\ — A € ®Y(X).
As in the proof of Proposition 2.9, we get that 0 is an isolated eigenvalue with finite multiplicity of S and
so, A is an isolated eigenvalue with finite multiplicity for A.

Proposition 2.11. Let X be a Banach space such that the Wolf essential spectrum of every
bounded operator on X does not contain any boundary of a nonempty open set in the complex
plane and if A € C(X) (not bounded) such that p(A) # 0, then 0 € o [(A — A)~1] for all X € p(A).

Proof. By Proposition 2.10, if A € p(A), we have o(A — A)~! = o.(A — A)~L{JH where H is a
set of isolated eigenvalues of finite multiplicities, on the other hand, the fact that A is not bounded
shows that D(A) # X, now let u € p(A). It is clear that 0 € o(u — A)~!, assume now that 0 is an
eigenvalue of finite multiplicity of the invertible operator (1 — A)~1, this is impossible, thus necessarily
0 € oo — A)~! which gives the result.

Corollary 2.3. Let X be a H.I (resp. Q.H.I) Banach space and A € C(X) (not bounded) such
that A generates a Co semigroup on X, then we have necessarily (A — A)~' is a bounded strictly
singular operator on X (resp. (A — A)~!is a bounded strictly cosingular operator on X) for all
A€ p(A).
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Proof. This is an immediate consequence of Proposition 2.11 since here the Wolf essential spectrum
of every bounded operator is a singleton.

Proposition 2.12. Under the hypothesis of Corollary 2.3, we have o,(A) = 0, in particular, we
have A is a Fredholm operator with index 0.

Proof. Let \y € p(A), forall A € C, we write

M —A=(T+\—=X)NI—A)"H(NI - A).

Corollary 2.3 asserts that (\gI — A)~!is strictly singularif X is H.I and strictly cosingularif X is Q.H.I,
it follows that

ind(I + (A = Xg)(AoI — A)™) = ind(I) = 0.
Furthermore
irld()\of — A) = 0.
By using the Theorem of Atkinson, we obtain that ind(AI — A) = 0, in particular if A = 0 we deduce
that A is Fredholm with index 0.

Theorem 2.7. Let X be a H.l or Q.H.I Banach space and A € C(X), then we have the following
three alternatives.

(i) Ais bounded;

(ii) o(A) = C;

(iii) (N — A)~Yis strictly singularif X is H.I or (A — A)~Yis strictly cosingular if X is Q.H.I.

Proof. If A is not bounded and o(A) # C, thus there exists A\g € p(A), Corollary 2.3 shows that
necessarily, we have (Al — A)~! is strictly singular in the case of H.I Banach spaces and strictly
cosingular in the case of Q.H.I Banach spaces which gives the result.

Example (see [23]) Let X be a H.I Banach space with a Schauder basis, for example the space
Xanr constructed by T. Gowers and B. Maurey (see [14]) which is reflexive and having a Schauder
(not unconditional) basis. For x € X, we write z = (z1, x2,...) with respect to this basis. Define linear
subspace

D(S)={zre X :(0,21,0,23,...) € X}

and S : D(S) — X by S(z) = (0,21,0,x3,...). Since every x € X with finite support belongs to
D(S), then D(S) is dense in X. On the other hand, by using the continuity of the coordinate functionals
in X, it is easy to deduce that S is closed (not bounded), thus S € C(X). To prove that its spectrum is
equal C, it suffices to show that S is not Fredholm, indeed it is easy to see that the equation S(z) =0
has an infinity of solutions.

Corollary 2.4. Let X be a H.l or Q.H.I Banach space. The spectra mapping o : L(X) — K(C)
is not surjective, more precisely the range of this mapping is included in the set of all converging
sequences of the complex plane.

Proof. This follows from the fact that the spectrum of every strictly singular or strictly cosingular
operator satisfies Riesz-Schauder theory.

Proposition 2.13. Let X be a Banach space and A € L(X) for which o.(A) = 0c(A), then
0c(A) =0,(A) =o(A).

Proof. Since 0.(A) C 0,(A) C o(A), it follows that o.(A) = 0,(A) = g(A). Next, if A € 0,,(A4)
such that X\ ¢ o.(A), thus A\ — A € ®(X), hence R(A — A) is closed in X which is a contradiction,
the inclusion o.(A) C 0,,(A) completes the proof.

Theorem 2.8. Let H be a separable Hilbert space space and K is a compact set, then there
exists A € L(H) such that 0.(A) = K.

Proof. This result was announced without proof in [21]. Giving for example the proof of the case of
the unit disc and the unit circle in C. Taking K = D(0,1) equipped with the Lebesgue measure v on R?
and H = L?(D(0,1)). Define A on H by the following:

(AF)A) = Af(A); A € D(0,1), f € H.
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If A ¢ D(0,1), then sup{|\ — a| 1 € D(0,1)} < oo and then we can define an operator B on H by
(Bf)(a) = (A —a) ' f(a); f € H. Hence B(AI — A) = (A — A)B = I; which gives that A ¢ o(A).
Now, if A € D(0,1) and A ¢ o(A), then A € p(A) and (M — A)~t € L(H). Let f. denote the character-
istic functions of the sets {a; |A — a| < €} multiplied by (v{a; |A — o] < e})_é, then
L= Ifell2 < I = A)7H2lI(A = A) fell2
>
0= | [ 0= as@Pdr | <07 - 4) e
(0,1)

If e — 0, we obtain a contradiction, hence A must be in ¢(A) and so, it follows that o(A4) = K.

Moreover, if Af = 6f for some 6 € C, then forall A € D(0,1),\f(\) = 6f(X\). So f is the null function
almost every where, thus, A has no eigenvalues. On the other hand, for every A € o(A), then \I — A is

not onto since B(a — \)~t ¢ L?(D(0,1)) for 3 # 0, so the nonzero constant functions 3 do not belong
to the range of A\I — A which is a dense set. Indeed, For any f € L?(D(0,1)), let

fn(z) = {f(z) it |z — A > 1,

0 if =A<}

Thus f,, — fin L2(D(0, 1)), this implies that R(A\I — A) is dense and consequently D(0,1) = o(A4) =
o.(A). Finally, the result follows from Proposition 2.13.

If K = {z € C;|z| = 1}, taking H a separable infinite dimensional Hilbert space with an orthogonal
basis ({n)nez. For all z € H, we define (U(x)),, = zp—1. It is easy to check that o(U) = o.(U) =
oe.(A) =K.

Let us note that the idea given in Theorem 2.8 can be applied for the case of the Banach space
C(]0,1]). Indeed, let K7 = [0, 1] x [0, 1] and K3 the unit circle in the complex plane. We denote by f; the
Peano’s continuous (not smooth function) defined on the interval [0, 1] and which fills the square and f
the parametrization of the unit circle on [0, 1]. We denote by A; and A the following bounded operators
defined on C(]0, 1])

{ Ay = C([0,1]) — C((0, 1)),
9 — fig9
and
{ 4+ C((0,1)) — C([0,1)),
g — fag.
[t is easy to show that 0(A;) = K; and 0(Ag) = Kos.
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