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Mathematics

Mathematics rightly viewed possesses not only truth but supreme beauty.

[Bertrand Russell]

Mathematics is as much an aspect of culture as it is a collection of algorithms.

[Carl Benjamin Boyer]

Mathematics is the art of giving the same name to different things.

[Henri Poincare]

If I feel unhappy, I do mathematics to become happy. If I am happy, I do
mathematics to keep happy."

[Alfred Renyi]

Mathematics is the queen of the sciences.

[Carl Friedrich Gauss]

If people do not believe that mathematics is simple, it is only because they do not
realize how complicated life is.

[John von Neumann]
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Abstract

I n this thesis, we are interested in solving optimal control problems associated with inverse prob-
lems. We have a special interest in the optimal control of partially known coupled systems. We are

concentrating on a number of key concepts, which are documented in two research papers.
In the first work, we are interested in the environmental pollution problem. That’s exactly the

water pollution problem. The main objectives are to control the concentration of dissolved oxygen
because it is of prime importance in considering the water quality, give an assessment of the biochemical
oxygen demand, and study its physiochemical characteristics.

The posed coupled systems considered here are given with unknown initial conditions that present
some barriers. For this reason, we try to find the optimal control independent of the missing data
variation. The main tool used here is to use the concept of "no regret control," adapted by Lions, to
control distributed systems with missing data. The numerical resolution of the obtained relations will
allow examining the level of dissolved oxygen and studying the physicochemical characteristics of the
water.

The research reported in the last work deals with the sentinel of the fractional problem of coupled
thermo-elasticity systems implicating the Riemann-Liouville fractional derivatives. We are interested
in examining the deformation of composite materials. Generally, this type of deformation is not a
strictly mechanical phenomenon. The main purpose is to apply the sentinel method to an inverse
fractional coupled thermoelastic system for studying the interaction between thermal and mechanical
effects in elastic bodies. For this reason, we monitor the elastic displacements with the effect of the
temperature concentration measured at a few points. The main tool used to solve the sentinel problem
is to study a null controllability problem. The right Caputo fractional derivative is more suitable to
introduce the fractional coupled adjoint state systems. The identification problem with the Riemann
Liouville and Caputo fractional derivative senses suggested in this work is the generalization of classical
identification problems in the no-fractional case.

The main idea of this thesis should be of interest to readers in the areas of biosystems, thermo-
elasticity systems, and inverse problems, as well as in aspects of the field of control and automation,
control theory, and PDEs.

k eywords: Inverse problem; Optimal control; Problem with missing data; No regret control; Low
regret controls; Riemann-Liouville fractional derivative; Caputo fractional derivative; Sentinel method.
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Résumé

D ans cette thèse, nous nous intéressons à la résolution de problèmes de contrôle optimal associés
à des problèmes inverses. Nous sommes particulièrement intéressés au contrôle optimal des

systèmes couplés partiellement connus. Nous nous concentrons sur un certain nombre de concepts
clés, qui sont documentés dans deux documents de recherche.

Dans le premier travail, nous nous intéressons au problème de la pollution de l’environnement.
C’est exactement le problème de la pollution de l’eau. Les principaux objectifs sont de contrôler la
concentration en oxygène dissous car elle est primordiale dans la prise en compte de la qualité de l’eau,
d’évaluer la demande biochimique en oxygène et d’étudier ses caractéristiques physico-chimiques.

Le système couplé posé considéré ici est donné avec des conditions initiales inconnues qui présen-
tent des barrières. Pour cette raison, nous essayons de trouver le contrôle optimal indépendant de
la variation des données manquantes. L’outil principal utilisé ici c’est le concept de "contrôle sans
regret", adapté par Lions, pour contrôler les systèmes distribués avec des données manquantes. La
résolution numérique des relations permettra d’examiner le niveau d’oxygène dissous et d’étudier les
caractéristiques physico-chimiques de l’eau.

Les recherches rapportées dans le dernier ouvrage portent sur la sentinelle du problème fraction-
naire des systèmes couplés de thermo-élasticité impliquant les dérivées fractionnaires de Riemann-
Liouville. L’objectif principal est d’appliquer la méthode de sentinelle sur un système thermoélastique
couplé fractionnaire inverse pour étudier l’interaction entre les effets thermiques et mécaniques dans
les corps élastiques. Pour cette raison, nous surveillons les déplacements élastiques sous l’effet de
la concentration de température mesurée en quelques points. L’outil principal utilisé pour résoudre
le problème sentinelle est d’étudier un problème de contrôlabilité nulle. La dérivée fractionnaire de
Caputo droite est plus appropriée pour introduire les systèmes d’états adjoints couplés fractionnaires.
Le problème d’identification avec les sens des dérivées fractionnaires de Riemann Liouville et Caputo
suggéré dans ce travail est la généralisation des problèmes d’identification classiques dans le cas non
fractionnaire.

L’idée principale de cette thèse devrait intéresser les lecteurs dans les domaines des biosystèmes,
des systèmes de thermo-élasticité et des problèmes inverses, ainsi que dans les aspects du domaine du
contrôle et de l’automatisation, de la théorie du contrôle et des EDP.

M ots clés: Problème inverse; Contrôle optimal; Problème avec des données manquantes; Contrôle de
sans regret; Dérivées fractionnaires de Riemann-Liouville; Dérivée fractionnaire de Caputo; Méthode
de la sentinelle.
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Notations

Ω An open set in Rn with boundary ∂Ω.
Uad Sef of admissible controls.
J (v) The cost function.
L2(Ω) espace of functions square integrable on Ω.
Hm(Ω) = {ϕ ∈ L2(Ω), · · · , Dαϕ ∈ L2(Ω), |α| ≤ m, α = (α1, · · ·αn), |α| = α1 + · · ·αn}.
Hm0 (Ω) = {ϕ ∈ Hm(Ω), Dαϕ = 0 on ∂Ω, |α| ≤ m− 1}.
Hs0(Ω) = Fractional Sobolev space of prder s on Ω.
L(f(t)) The Laplace transform of function f : R+ → R.
A∗ The adjoint operator of A.
Iα Riemann-Liouville fractional integral of order α.
Dα
RL Riemann-Liouville fractional derivative of order α.
DαC Caputo fractional derivative of order α.
S(λ, τ) Sentinel function.
O Observatory.
χW Characteristic function of the set W.
L(A,B) The space of linear bounded operators from A to B.
Γ(z) Gamma function of z.
Eα(z) The Mittag-Leffler function of z.
⇀ Weak convergence
→ Strong convergence
‖.‖H A norm in Banach space H.
〈 . 〉H A scalar product in Hilbert space H.
〈 . 〉H,H′ Duality product between H and H′.
|.| A semi-norm in H.
C2 The class of functions with continuous first and second derivative.
∂y

∂ν
= Oy.ν Conormal derivative.

∆ =
∑n
i=1

∂2

∂x2
i

Laplacien operator.

O =
( ∂

∂x1
,
∂

∂x2
, · · · ∂

∂xn

)
Gradient operator.

div ~A = ~O. ~A =
∑m
i=1

∂Ai
∂xi

Divergence operator.
OS Optimality system.
SOS Singular optimality system.
θε Correctors functions.
uγ Low regret control.
BOD Biochemical oxygen demand.
DO Dissolved oxygen.
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Introduction

I n science, an inverse problem is a situation in which one tries to determine the causes of a
phenomenon based on experimental observations of its effects. Inverse problems are so named

because they begin with the results and then calculate the causes. The inverse of a forward problem
is one that begins with the causes and then calculates the results. Partially known systems are one of
the most important inverse problems. More information can be found at [31, 43, 46, 51].

Let Ω be a bounded open subset of Rn. For a time t ∈ [0, T ], T > 0, the state in the general form
of a partial differential is given by the solution to∣∣∣∣∣∣∣∣

∂y

∂t
+A(y) = the source in Ω× [0, T ],
Initial conditions,

Boundary conditions,
(1)

where A denotes a partial differential operator. To determine the state of the system, we must know
the coefficients of the operator A, as well as the possibility of non-linearity, the source terms, the
domain Ω, and the limit conditions. If at least one of the above details is unknown, the last system is
said to be partially known. Visit for more details [6, 7, 8, 10, 23, 59].

The majority of inverse problem formulations start with the setting of an optimization problem.
For example, we are referring to a system that is partially well-known.

Many tools, such as mathematical models with missing data, are often seen as effective tools
that could provide information and improve economic, environmental, and pollution control. Several
pollution problems contain incomplete data, among others, in the initial conditions or in boundary
conditions. For example, in pollution cases, it may be difficult to determine where and how much pol-
lution is produced, or the pollution may be voluntarily dissimilitude by the polluter. More information
is available at [2, 9, 23, 31, 33, 41, 43, 45, 46, 48].

One of the most significant ideas in mathematical control theory is controllability. In both de-
terministic and stochastic control systems, controllability is critical. Control theory is an area of
mathematics that studies how far the state of a system can be changed based on the system’s funda-
mental qualities and how we can act on them. For example, one might question if a solid’s temperature
can be brought to a constant in a finite amount of time by heating and cooling only a portion of the
solid. Since 1995, this problem, known as the null-controllability of the heat equation, has been solved.
Controllability roughly translates to the ability to direct a dynamical control system from an arbitrary
initial state to an arbitrary final state using the admissible controls.

Many mathematical concepts and methods from differential geometry, functional analysis, topol-
ogy, matrix analysis, theory of ordinary and partial differential equations, and theory of difference
equations are used to solve controllability problems for various types of dynamical systems. The con-
trollability of diverse classes of systems can be studied using state-space models of dynamical systems,
which gives a reliable and general method. On the other hand, optimal control is concerned with
the problem of determining a control law for a given system that meets a predetermined optimality
condition.

12



A cost functional is a function of state and control variables in a control problem. The optimal
control theory’s goals are as follows: Obtaining necessary (or possibly necessary and sufficient) con-
ditions for the control to be an extreme (or minimum), studying the structure and properties of the
equations expressing these conditions, and obtaining constructive algorithms amenable to numerical
computations of the admissible controls that determine the inf (such a control is referred to as an
"optimal control"). Optimal control can be used in a variety of sectors, including biology, economics,
ecology, engineering, finance, management, and medicine. See also [52]-[59] and the references therein.

Controllability theory for various systems with fractional derivatives and fractional has advanced
significantly since the publication of research publications such as [27]-[30] and the monograph [?].
This theory has formed the basis of a very active research topic since it provides a natural framework
for mathematical modelling of many physical phenomena and validation of existing ones. Fractional
differential equations have recently proved to be strong tools in the modeling of many phenomena
in various fields of engineering, physics, and economics. As a consequence, there was an intensive
development of the theory of fractional differential equations. Due to this fact, the fractional or-
der models are capable of describing more realistic situations than the integer order models. Many
articles have been devoted to the existence of solutions for fractional differential equations, for exam-
ple [22]. Existence, uniqueness, stability, controllability, and other quantitative and qualitative fea-
tures of evolutionary equation solutions have recently gotten a lot of attention. For more information,
see [7, 17, 18, 22, 24, 29, 30, 39, 49].

Fractional differential equations are applied in a variety of fields, including fractals, chaos, electrical
engineering, and medicine. In recent years, there has been a lot of progress in the field of fractional
differential equations. For instance, we refer to the monographs of Abbas and al. [15], Kilbas et al.
[30], Miller and Ross [49], Podlubny [39], and other documents.

The sentinel of a partially known fractional coupled system and the study of optimal control of
distributed coupled systems with incomplete data (inverse problem) have been the subjects of extensive
research, and this is what we will focus on in this thesis.

This thesis is divided into three chapters, conclusion, and an appendix.
In the first one, we introduce preliminaries and basic properties of Pareto control, no-regret con-

trol, and a sequence of low regret controls in the stationary case, and we will briefly recall some basic
properties of no-regret control and low regret control in the evolution case. Then, we discuss the
elliptic and parabolic regularization procedures, singular distributed problems, and correctors. We’ll
go through the basics of fractional calculus. We’ll also discuss the existence and uniqueness of frac-
tional partial differential equation solutions. We’ll cover the fundamentals of using the sentinel method
at the end of this chapter.

On the second one, we will present the relationship between biochemical oxygen demand and
dissolved oxygen by introducing and applying the ideas of no-regret control and sequence of low regret
controls to a coupled system with missing initial data. We aim to control the level of dissolved oxygen
by assessing the biological oxygen demand and analyzing its physiochemical features because it is
very important when considering the quality of water. Other times, the coupled systems are given
unknown initial conditions, which creates certain difficulties. The major goal of our research is to find
the best control. We dispose of the missing data by introducing the ideas of no-regret control and
the sequence of least-regret controls to obtain the characterization of this optimal control. No regret
control optimality coupled systems are built by pushing to the limit.

13



The third chapter is devoted to the controllability of fractional differential coupled systems. Our
goal is to use the sentinel approach to an inverse fractional coupled thermoelastic system to investigate
the interaction between thermal and mechanical forces in elastic bodies. First, we introduce the model
under consideration and define our problem. In the next part, we’ll develop an observatory domain
and a sentinel function based on the mean of the observations provided. The sentinel problem will be
reduced to a null controllability problem with a constraint, and the release of control and presentation
of optimality coupled systems will be covered. Finally, the pollution term is identified, and the
stealthiness connection is derived from it. Finally, we reached an agreement on the paper’s conclusion.

We conclude the thesis with a conclusion and views section that summarizes the main findings and
offers suggestions for future research studies on the subject.

14



Chapter 1
Preliminary Background

I n this chapter, we summarize basic definitions and facts about the concepts of Pareto control,
no-regret control, sequence of low regret controls, and the Sentinel method. We also give some

definitions, lemmas, and preliminary fractional calculus.

1.1 Preliminaries and fundamental properties of Pareto Control,
No-regret control, and sequence of low regret controls in the
stationary case

The no-regret concept was introduced by Savage [58] and J. Louis in [52]. This concept is motivated
by a number of applications in economics and ecology. The Pareto concept which, is equivalent to
this one, is also used by Lions in [55]. As far as we know, he was the first to use these two principles
to control distributed systems with incomplete data in several fields of applied mathematics. In
[28, 35, 37, 44, 52, 55], decision criteria are added to the uncertainties in closed subspace, and they
improve the results obtained so far by extending the notion of low-regret control to many agents in
economics.

In this section, we mention notations, definitions, lemmas, and preliminary thoughts about Pareto
control, no-regret control, and the sequence of llow regret control facts needed to establish our main
results. See [7, 28, 35, 37, 44, 52, 55] for more details.

1.1.1 Pareto control and no-regret control for a partially known distributed sys-
tem

Let V be a real Hilbert space of dual V ′, A ∈ L(V;V ′) an elliptic differential operator modelling a
distributed system, U the Hilbert space of controls, and B ∈ L(U ;V ′). Let G be a non-empty closed
vector subspace of the Hilbert space of uncertainties F , and β ∈ L(F ;V ′).
For f ∈ V ′, the state equation related to the control v ∈ U and to the uncertainty g ∈ G is given by

Ay(v, g) = f +Bv + βg. (1.1)

Denote the unique solution to the well-posed problem (1.1) in V by y = y(v, g). 1

Let us define the cost function as the least square functional:

J(v, g) = ‖Cy(v, g)− zd‖2H +N ‖v‖2U , ∀g ∈ G, (1.2)

where C ∈ L(V;H), H is a Hilbert space, zd ∈ H fixed, and N > 0.
1It satisfies the properties of well-posedness according to Hadamard.

15



1.1.1 Pareto control and no-regret control for a partially known distributed system 16

Finally, we minimize the functional J(v, g) on U . More precisely, we seek to

inf
v∈U

J(v, g), ∀g ∈ G. (1.3)

This makes no sense when G 6= {0}.2 The main idea is to solve the minimization problem described
below:

inf
v∈U

(
sup
g∈G

J(v, g)
)
.

However, unlike supg∈G J(v, g) = +∞, J is not upper bounded.
Definition 1.1.1 (See [38])

We say that u ∈ U is a Pareto control for (1.1)-(1.3) if

J(u, g) ≤ J(v, g), ∀v ∈ U , ∀g ∈ G.

Moreover, if there exists at least g0 ∈ G such that

J(u, g0) ≤ J(v, g0), ∀v ∈ U .

Definition 1.1.2 (See [38])
Let u ∈ U is a Pareto control. We say that u is related to a control u0 ∈ U if

J(u, g) ≤ J(u0, g) ∀g ∈ G.

Definition 1.1.3 (See [38])
If u is a solution to the following problem, we say it is a no-regret control for (1.1)-(1.2) related
to a control u0 ∈ U .

inf
v∈U

(
sup
g∈G

(J(v, g)− J(u0, g))
)
. (1.4)

Remark 1.1.1
When u0 = 0, Definition 1.1.3 reduces to the definition of the no-regret control of Lions.

Lemma 1.1.1 (See [38])
For any u0 ∈ U and any v ∈ U we have

J(v, g)− J(u0, g) = J(v, 0)− J(u0, 0) + 2〈β∗ζ(v − u0), g〉G′,G ∀g ∈ G,

where ζ(v) ∈ V is defined for all v ∈ U by

A∗ζ(v) = C∗C
(
y(v, 0)− y(0, 0)

)
,

where A∗ (resp., β∗) being the adjoint of A (resp., β).

Proof. We refer the reader to [28].
Remark 1.1.2

• For the sake of simplicity, we denote by S(v) = β∗ζ(v) the linear function for v ∈ U . Then
we have

J(v, g)− J(u0, g) = J(v, 0)− J(u0, 0) + 2〈S(v − u0), g〉G′,G ∀g ∈ G. (1.5)
2G being an infinite space.
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• This is realized for the no-regret control v if v ∈ K + u0, as shown in (1.5), where

K = {w ∈ U , 〈S(w), g〉 = 0, ∀g ∈ G}.

• Of course, the problem (1.4) is defined only for the controls v ∈ U where

sup
g∈G

(
J(v, g)− J(u0, g)

)
<∞.

Proposition 1.1.1 (See [55])
Let u0 ∈ U be a given control. Then there exists a unique Pareto control related to u0. Fur-
thermore, it is the unique element of the set K + u0, which minimizes the functional J(v, 0) on
K + u0.

Now we can present the following theorem.
Theorem 1.1.1

Let u0 ∈ U be a given control. The control u ∈ U is the Pareto control related to u0 if u is the
no-regret control related to u0.

Proof. We refer the reader to [38].
From the Theorem 1.1.1 and the Proposition 1.1.1, the existence of a unique no-regret control related
to u0 and that the Pareto control and no-regret control for the problem (1.1)-(1.2) are actually the
same.

1.1.2 Low-regret control, or sequence of least regret controls

In this part, we are interested in the existence and characterization of the no-regret (or Pareto)
control related to u0. In [52], J.L. Lions applied the Pareto control and associated it with a sequence
of low-regret controls defined by a quadratic perturbation for deterministic distributed systems with
incomplete data. As in [38], we define the low-regret control by relaxing the problem (1.4) as follows:

inf
v∈U

(
sup
g∈G

(J(v, g)− J(u0, g)− γ ‖g‖2G
)
, (1.6)

where u0 ∈ U is a given control, and where γ is a strictly positive parameter. The solution to the
problem (1.6), if it exists, will be the low-regret control related to u0 ∈ U , of the problem (1.1)-(1.2).
The best possible choice of v is then given by (1.6).
Lemma 1.1.2

The Problem (1.6) is equivalent to

inf
v∈U

[
J(v, 0)− J(u0, 0) + sup

g∈G

(
2〈S(v − u0), g〉 − γ ‖g‖2G

)]
. (1.7)

Proof. For all v ∈ U , and for all g ∈ G, we have

J(v, g)− J(u0, g) = J(v, 0)− J(u0, 0) + 2〈S(v − u0), g〉G′,G, ∀g ∈ G. (1.8)

From the equation (1.8), the problem (1.6) is written as (1.7).
Lemma 1.1.3

The problem (1.7) is equivalent to
inf
v∈U
J γ(v), (1.9)
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where
J γ(v) = J(v, 0)− J(u0, 0) + 1

γ
‖S(v − u0)‖2G . (1.10)

We recognize this as a standard optimization problem with a quadratic cost function.

1.1.3 Optimality system

In this part, we present the optimality system for the low-regret control uγ .
Proposition 1.1.2

The problem (1.9)-(1.10) has a unique sequence of solution uγ is referred to as the sequence of
low regret controls related to u0.

Proof. We refer the reader to [38].
We now present the optimality system for low-regret control.
Proposition 1.1.3

The unique sequence of low regret controls uγ is characterized by the unique solutions of the
optimality system (OS):

Ayγ = f +Buγ , A∗ζγ = C∗C(yγ − y(0, 0)),
Aργ = 1

γββ
∗ζγ , A∗P γ = C∗(Cyγ − zd) + C∗Cργ ,

P γ +Nuγ = 0 ∀u ∈ U .

1.1.4 Singular optimality system

This section includes the singular optimality system for the no-regret control of u. Let G̃ be the
completion of G in F3. We’ll start with solving

Aρ = βg, g ∈ G, ρ ∈ V.

Then we come up with a solution:
A∗σ = C∗Cρ, σ ∈ V.

Let R be an operator defined as follows:
Rg = B∗σ.

We’re assuming4

∃c > 0, ∀g ∈ G ‖Rg‖G̃ ≥ C ‖g‖G . (1.11)

Lemma 1.1.4
Suppose that (1.11) holds true. The unique no regret control u related to u0 is then characterized
by the unique solutions of the singular optimality system (SOS):{

Ay = f + u, A∗P = C∗(Cy − zd) + C∗Cρ,
Aρ = λ, P +Nu = 0,

with λ ∈ G̃.

Proof. We refer the reader to [38].
3The space G̃ is in fact the completion of G for a subspace (H, ‖.‖) of F which can be bigger than G.
4The hypothesis (1.11) is very useful theoretically but is not necessary in practice. We need only to make sure that

the adjoint state P γ of Proposition 1.1.3 is bounded in a suitable Hilbert space.
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1.2 No-regret control and low regret control in the evolution case

1.2.1 No-regret control and low regret control for parabolic systems

In this section, we define an elliptic differential operator A ∈ L(V;V ′) as well as

〈Av, v〉V ′,V ≥ α ‖v‖2V , α > 0.

Let’s introduce an operator B ∈ L(U ;L2(0, T ;V ′), and a real Hilbert space of uncertainties F such
that V ⊂ F ⊂ V ′. Consider G to be the closed vector subspace of F . For f ∈ L2(0, T ;V ′), the state
equation that we consider is 

∂y

∂t
+Ay = f +Bv,

y(0, v, g) = y0 + g,
(1.12)

where y0 is a given data in F and where g ∈ G.
The problem (1.12) admits a unique solution y(v, g) ∈ L2(0, T ;V) for chosen v and g. For a fixed
t ∈ [0, T ], and for any g ∈ G, we add a cost function that comes from

J(v, g) =
∫ T

0
‖Cy(v, g)− zd‖2H dt+N

∫ T

0
‖v‖2U dt, (1.13)

where H is a Hilbert space, and

C ∈ L(L2(0, T ;V;H), zd fixed in H, N > 0.

When G 6= {0}, We’ll keep doing things the same way we did in the evolution case. 5

Low regret control and the optimality system

Referring to [55], for all v ∈ U , g ∈ G, we have

J(v, g)− J(u0, g) = J(v, 0)− J(u0, 0) + 2〈S(v − u0), g〉G′,G, ∀g ∈ G, (1.14)

where
S(v) = ζ(t = 0, v), (1.15)

and where ζ is the solution to the backwards problem,{
−ζ ′ +A∗ζ = C∗C(y(v, 0)− y(0, 0)),

ζ(T, v) = 0, (1.16)

with ζ ′ = ∂ζ
∂t . Then, the low-regret control associated with the problem (1.12)-(1.13) is defined by

inf
v∈U
J γ(v), (1.17)

where
J γ(v) = J(v, 0)− J(0, 0) + 1

γ
‖ζ(0, v − u0)‖2G′ , (1.18)

where G′ is the dual of G which is identified as G.
The problem (1.17)-(1.18) has a unique solution uγ called low-regret control.
Proposition 1.2.1

The unique sequence of low regret controls uγ solution to (1.17)-(1.18) is characterized by the

5 When G = {0}, a standard control problem is to find

inf
v∈U

J(v, 0).
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unique solutions yγ , ζγ , ργ , P γ of the optimality system (OS):

yγ
′ +Ayγ = f +Buγ , yγ(0) = y0,

−ζγ′ +A∗ζγ = C∗(Cyγ − y(0, 0)), ζγ(T ) = 0,
ργ
′ +Aργ = 0, ργ(0) = 1

γ ζ
γ ,

−P γ′ +A∗P γ = C∗(Cyγ − zd) + C∗Cργ , P γ(T ) = 0,
B∗P γ +Nuγ = 0 in U .

Proof. We refer the reader to [38].
We now give the optimality system for the no-regret control. We need a supplementary hypothesis.
Let ρ ∈ L2(0, T ;V), σ ∈ L2(0, T ;V) be defined by{

ρ′ +Aρ = 0, ρ(0) = g, g ∈ G,
−σ′ +A∗σ = ρ, σ(T ) = 0.

We define a R operator such that Rg = B∗σ. The continuous operator g → Rg from F to U is then
defined. We will put this hypothesis

∃C > 0,∀g ∈ G : ‖Rg‖G̃ > C ‖g‖G . (1.19)

Lemma 1.2.1
Suppose that (1.19) holds true. Then, the unique no regret control u related to u0, for the system
(1.12)-(1.13) is characterized by the unique solution {y, ζ, ρ, P} to the singular optimality system
(SOS) 

y′ +Ay = f +Bu, y(0) = y0,
−ζ ′ +A∗ζ = C∗C(y − y(0, 0)), ζ(T ) = 0,

ρ′ +Aρ = 0, ρ(0) = λ,
−P ′ +A∗P = C∗(Cy − zd) + C∗Cρ, P (T ) = 0,

B∗P γ +Nuγ = 0 in U .

with λ ∈ G̃.

Proof. We refer the reader to [38].

1.2.2 No-regret control for well-posed systems of the Petrowsky type

We now consider an elliptic differential operator A such as A∗ = A. We consider the state equation{
y′′ +Ay = v,
y(0) = y0 + g0, y′(0) = y1 + g1,

(1.20)

where {y0, y1} is bounded in V × F and where{
g0 ∈ G0, G0 closed vector subspace of V,
g1 ∈ G1, G1 closed vector subspace of F .

The problem (1.20) has a unique solution y(v, g) such that

y ∈ L∞(0, T ;V), y′ ∈ L∞(0, T ;F).

The quadratic cost function J(v, g) associated with (1.20) is defined by (1.13). We define y = y(v, 0)
and ζ(t, v), respectively, by{

y′′ +Ay = v, ζ ′′ +Aζ = C∗Cy(v, 0),
y(0) = y0, y

′(0) = y1, ζ(T ) = 0, ζ ′(T ) = 0.
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Setting z = y(0, g)− y(0, 0). Then z is the solution of{
z′′ +Az = 0,

z(0) = g0, z
′(0) = g1.

Using the Green formula, we get

J(v, g)− J(0, g) = J(v, 0)− J(0, 0) + 2〈ζ(0), g1〉G0×G1 + 2〈ζ(0), g1〉G1×G0 .

The control solution with the low of regret is described as the

inf
v∈U

(
sup

g∈G1×G2

(J(v, g)− J(0, g)− γ ‖g0‖2G0
− γ ‖g1‖2G1

)
)
.

The method of low-regret control is as follows:

inf
v∈U
J γ(v),

where
J γ(v) = J(v, 0)− J(0, 0) + 1

γ
‖ζ(0)‖2G1

+ 1
γ

∥∥ζ ′(0)
∥∥2
G0
.

We get the following result for Petrowsky systems.
Lemma 1.2.2

The unique no regret control u related to u0 = 0, is characterized by the unique solutions y, ζ, ρ, P
to the singular optimality system (SOS):

y′′ +Ay = u, y(0) = y0, y′(0) = y1,

ζ ′′ +Aζ = y − y(0, 0), ζ(T ) = 0, ζ ′(T ) = 0,
ρ′′ +Aρ = 0, ρ(0) = λ0, ρ′(0) = λ1,

P ′′ +AP = y − zd + ρ, P (T ) = 0 P ′(T ) = 0,
P +Nu = 0 in U ,

with

λ0 = lim
γ−→0

1
γ
ζ(0), λ1 = lim

γ−→0

1
γ
ζ ′(0), λ0 ∈ G̃0, λ1 ∈ G̃1.

Proof. We refer the reader to [38].

1.3 Procedures for elliptic and parabolic regularization

The process of elliptic and parabolic regularization has been employed by J. L. Lions in [57, 59]. Using
this procedure, the system of equations determining the optimal control may be deduced by passing
to the limit. By passing to the limit, the system of equations determining the optimal control can be
determined using this technique.
Let V and H be two Hilbert spaces over R, V ⊂ H, V is dense in H. Identifying H with its dual, we
have the embeddings

V ↪→ H ↪→ V ′.

We consider the operator A ∈ L(V ;V ′), and we set(
Aϕ,ψ

)
= a(ϕ,ψ), ∀ϕ,ψ ∈ V.

We make the assumption that

a. The bilinear form a is continuous, symmetric on V .

b. there exists α > 0 such that a(ϕ,ϕ) ≥ α‖ϕ‖2, ∀ϕ ∈ V .
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1.3.1 Elliptic regularization

Assume that U is a real Hilbert space and that the state y is given by{
y′ +Ay = f +Bv,

y(0, .) = 0, (1.21)

where f ∈ L2(0, T ;V ′), B ∈ L
(
U ;L2(0, T ;V ′)

)
, v ∈ U , y0 ∈ H are given. It is shown in [59, Chapitre

3] that there exists a unique function y = y(v) which is a solution to (1.21), satisfying y ∈ L2(0, T ;V ).
We can approximate the problem (1.21) by a problem of elliptic type. Let ε > 0 be given, we have the
following results (see [59, Remark 1.6, page 389] or [57, page 407]):
Theorem 1.3.1

There is a unique function yε that satisfies the equation (1.22) for each ε > 0.{
−εy′′ε + y′ε +Ayε = f +Bv,
yε(0, .) = 0, yε(T, .) = 0, (1.22)

where
yε ∈ L2(0, T ;V ).

Furthermore, when ε→ 0, we have

yε → y in L2(0, T ;V ),

where y is the solution to (1.20).

Proof. We refer the reader to [59].
We can consider more generally instead of (1.22) the equation (see [57, Remark 1.5, page. 412]):

(
− 1

)m
ε
∂2myε
∂t2m

+ ∂yε
∂t

+Ayε = f +Bv,

where yε(0, .) = 0, (m − 1) are other boundary conditions for t = 0, and m are boundary conditions
for t = T . This passage is called the procedure of elliptic regularization.

1.3.2 Parabolic regularization

We consider the evolution problem (without any control6){
y′′ +Ay = f,

y(0, .) = y0, y
′(0, .) = y1,

(1.23)

where f ∈ L2(0, T ;H), y0 ∈ V, y1 ∈ H are given. There is a unique function y that is a solution to
(1.23). This solution is satisfying

y ∈ L2(0, T ;V ), y′ ∈ L2(0, T ;H).

We’ll use a parabolic problem to approximate problem (1.23). Let ε > 0 be given. The following
theorems are proposed. For more details see [59].
Theorem 1.3.2

There is a unique function yε that satisfies the equation (1.24) for each ε > 0.

{
y′′ε +Ayε + εAy′ε = f,

yε(0, .) = 0, y′ε(0, .) = y1,
(1.24)

6To simplify the exposition
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where
yε ∈ L2(0, T ;V ), y′ε ∈ L2(0, T ;V ).

Proof. We refer the reader to [59].
Theorem 1.3.3

As ε→ 0, we have
yε → y in L2(0, T ;V ), y′ε → y′ in L2(0, T ;H),

where y is the solution to (1.23).

Proof. We refer the reader to [59].

1.4 Singular distributed problems and correctors
Singular distributed problems are those in which the state has instabilities, explosion phenomena,
multiple solutions, or bifurcation phenomena. In these types of problems, one needs to formally
describe the optimal control-state pair by solving optimization problems subject to constraints on the
control and additional constraints on the state. The theories of controllability, stability, and optimal
control have become an accelerated field of research thanks to the highly influential, ground-breaking
research and work of many people. The notion of a corrector has been studied by J.L. Lions [57,
Chapter 5, page 66, Section 3.2] and [51]. Its main role is to correct the behavior of the solution. Assume
y is the solution to the well-posed problem for ε > 0. We’re interested in how y behaves when ε→ 0.
This behavior is singularin one or more of the following ways:

Situation (i) The state yε has no limit under any topology introduced, but if we delete a singular
part θε from yε, then:

yε − θε → y, in a suitable topology.

Situation (ii) The state yε lives in some functional space F , but it does not converge in . In a a
space F greater than F , we can find a limit y to yε. Then we can attempt to construct correctors
for θε, which we can calculate or estimate, so that θε ∈ F and

yε − (y + θε)→ 0 in F.

Example 1.4.1
Let Ω be a bounded open subset of Rn, n ∈ N, with smooth boundary Γ. For all T > 0, we denote
by Q = Ω × (0, T ). The following boundary problem is considered. For all ε > 0, We’re working
on a solution to the Dirichlet problem:{

−ε∆yε + yε = f in Q,
yε(0) = 0 on Γ. (1.25)

If it is assumed that f ∈ L2(Ω), then

yε ∈ H2(Ω) ∩H1
0 (Ω).

We pose

a(y, ϕ) =
∫

Ω
Oy.Oϕ dx, y, ϕ ∈ H1

0 (Ω),

b(y, ϕ) =
∫

Ω
yϕdx.

The problem (1.25) therefore becomes equivalent to

εa(yε, ϕ) + b(yε, ϕ) = 〈f, ϕ〉, ∀ϕ, yε ∈ H1
0 (Ω). (1.26)
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Putting ϕ = yε gives us
εa(yε, yε) + b(yε, yε) = 〈f, yε〉.

After that, there’s
‖yε‖L2(Ω) ≤ C,

√
ε‖yε‖H1(Ω) ≤ C.

As a result, we can extract a subsequence, which will be labeled as yε such that yε → y weakly in
L2(Ω). In (1.26), we reach the limit.

b(y, ϕ) = 〈f, ϕ〉, ∀ϕ ∈ H1
0 (Ω) ⇔ y = f.

So we can say when ε → 0 the solution yε of (1.25) converges in L2(Ω) weakly (strongly) to the
solution y = f . In this case, the aim was to find out which sense yε converges to y.

(a). If we assume that f ∈ H1(Ω) (without being in H1
0 (Ω)). If this is the case, yε does not

converge in H1(Ω). Indeed, as H1
0 (Ω) is closed in H1(Ω), and if

yε → y,

we have : y ∈ H1
0 (Ω). Because f = y, this results in a contradiction.

(b). If we assume the following:

f ∈ H1(Θ), ∀Θ open with Θ̄ ⊂ Ω,

then
yε → y ∈ H1(Ω).

"The estimation of ‖yε − y‖L2(Ω) in ε using the attributes of f" is another natural question.

(c). In case (a), we see that the boundary Γ plays a particular role: there is some loss of boundary
conditions in the passage to the limit, so the convergence is less regular in the neighborhood
of Γ than in the interior. Hence, the problem is: By what should we correct the difference
(yε − y)?.
As a result, we conclude that the convergence for the new difference (yε − y − θε) to 0 is
better. For example, it takes place in H1(Ω).

This problem must be solved precisely in order to provide a correction. We are attempting to
define some θε correctors, which are

• Concentrating in the neighborhood of Γ.

• It’s simple to compute.

1.5 Fractional Calculus
Fractional calculus is a theory of integrals and derivatives of arbitrary real or even complex orders.
It is a generalization of the classical calculus and therefore preserves many of its basic properties.
Fractional calculus was first mentioned in a letter from Hospital to Leibniz in 1695. In this letter,
Hospital inquires about Leibniz’s work from 1646, in which he defines the derivative of order n of
a function f with n ∈ N. WhenHospital asks what happens if n = 1

2 , Leibniz says, "This leads
to a conundrum from which we shall one day extract valuable conclusions". Many mathematicians
have studied the issue since its discovery, with the goal of generalizing the findings established for
integer-order derivatives to the case of arbitrary-order derivatives.
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Fractional calculus is the name given to the theory of arbitrary order integrals and derivatives,
which unifies and generalizes integer-order differentiation and n-fond integration. In other words,
fractional derivatives and integrals can be considered as an interpolation of the infinite sequence, [39].

· · · ,
∫ t

a

∫ τ1

a
f(τ2)dτ2dτ1,

∫ t

a
f(τ1)dτ1, f(t), df(t)

dt ,
d2f(t)

dt2 , · · ·

of the classical n fold integrals and n fold derivatives.
Let’s review some fundamental fractional calculus definitions and results. We’ll go through the

definitions and desired outcomes that will help us introduce integral and fractional derivatives, as well
as solve our diffusion and fractional wave equations. For more information, look up the references
[30, 39, 49].

1.5.1 Special functions

This part is about the collection of functions, we’ll use in fractional theory. To begin, the Gamma
function will be defined as follows:

Gamma function

Definition 1.5.1 ([49, 39])
The Gamma function, denoted by Γ(z) is a generalization of the factorial function n!, i.e.,

Γ(n) = (n− 1)! ∀n ∈ N.

For complex arguments with positive real part it is defined as

Γ(z) =
∫ ∞

0
tz−1e−tdt, Re(z) > 0.

This function has the following essential results:
Proposition 1.5.1 ([49, 39])

For a complex argument z with positive real part Re(z) > 0. So we have the following result:

Γ(z + 1) = zΓ(z).

Some of the most important values are

Γ(1) = Γ(2) = 1,

Γ(1
2) =

√
π,

Γ(n+ 1
2) =

√
π(2n− 1)!

2n , ∀n ∈ N.

Beta function

Definition 1.5.2 ([49, 39])
The Beta function is defined by the integral

B(z, w) =
∫ 1

0
tz−1(1− t)w−1dt, Re(z) > 0, Re(w) > 0.
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The Beta function is used sometimes for convenience to replace a combination of Gamma function.
This relation between the Gamma function and Beta function is given by (see [26])

B(z, w) = Γ(z)Γ(w)
Γ(z + w) .

It should also be mentioned that the Beta function is symmetric, i.e.,

B(z, w) = B(w, z).

The Mittag-Leffler function

While the Gamma function is a generalization of the factorial function, the Mittag-Leffler function is
a generalization of the exponential function ( see [49, 39])

exp(x) =
∞∑
k=0

xk

k! =
∞∑
k=0

xk

Γ(k + 1) .

First introduced as a one parameter function by the series [39]

Eα(z) =
∞∑
k=0

zk

Γ(αk + 1) , z, α ∈ C, Re(α) > 0.

Later, the two parameter generalization is introduced by Agarwal

Eα,β(z) =
∞∑
k=0

zk

Γ(αk + β) , z, α, β ∈ C, Re(α) > 0, Re(β) > 0,

which is of great importance for the fractional calculus. It is called two parameter function of Mittag-
Leffler type. Some of its interesting values are [39]

E1,1(z) = ez,
E2,1(z2) = cosh(z),

E2,2(z2) = sinh(z)
z

,

Eα,2(z) = Eα(z),
E 1

2 ,1
(z) = ez

2erfc(−z).

This function has the following essential results:
Proposition 1.5.2 ([49, 39])

For a complex argument z with Re(z) > 0, we have the following result:

Eα,β(z) = zEα,α+β(z) + 1
Γ(β) ,

d
dzEα,β(z) = 1

αz

[
Eα,β−1(z) + (β − 1)Eα,β(z)

]
.

We’ll need to build estimates in order to illustrate the uniqueness of each solution in the next
section. We’ll use the following two outcomes to do so:
Lemma 1.5.1 ([7])

For positive integers m,λ and α, we have
dn

dznEα,1(−λzα) = −λzα−nEα,α−n+1(−λzα), z > 0,

d
dz (zEα,2(−λzα)) = Eα,1(−λzα), z > 0.

As well as
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Theorem 1.5.1 ([7])
Let 0 < α < 2, β is an arbitrary real, and we assume that µ is such that

πα

2 < µ < min{π, πα}.

Then there exists a constant C = C(α, β, µ) > 0 such that

|Eα,β(z)| ≤ C

1 + |z| , µ ≤ | arg(z)| ≤ π.

The definition of the generalized Mittag-Leffler function is now given.
Definition 1.5.3 ([7])

Let α, β, ρ ∈ C such as Re(α) > 0 and Re(β) > 0. The generalized Mittag-Leffler function is thus
defined as follows:

ςρα,β(z) =
∞∑
n=0

(ρ)nzn

Γ(αn+ β)n! , ∀z ∈ C,

where
(ρ)n = ρ(ρ+ 1)...(ρ+ n− 1).

Remark 1.5.1
Note that when ρ = 1 we have

ςρα,β(z) = Eα,β(z).

We’ll need the following Lemma in the sequel:
Lemma 1.5.2

Let α, β, ρ ∈ C such as Re(α) > 0 and Re(β) > 0. Then, we have

dn

dzn ς
ρ
α,β(z) = (ρ)nςρ+n

α,β+αn(z), z ∈ C, n ∈ N,

αρςρ+1
α,β (z) = (1 + αρ− β)ςρα,β(z) + ςρα,β−1(z), z ∈ C.

We utilize the Laplace transform to solve our fractional differential equations, just as we did with
integer differential equations. As a result, we provide the following definition:
Definition 1.5.4

Let f : R+ → R. The Laplace transform of function is defined by:

(Lf)(s) = L[f(t)](s) = f̂(s) :=
∫ ∞

0
exp(−st)f(t)dt, s > 0.

On occasion, we will run across transforms of the form,

H(s) = F (s)G(s),

that can’t be dealt with easily using partial fractions. We would like a way to take the inverse transform
of such a transform. We can use a convolution integral to do this.
Definition 1.5.5

If f(t) and g(t) are piecewise continuous function on [0,+∞] then the convolution integral of f(t)
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and g(t) is,

(f ? g)(t) =
∫ t

0
f(t− s)g(s)ds.

A nice property of convolution integrals is

(f ? g)(t) = (g ? f)(t).

Or, ∫ t

0
f(t− s)g(s)ds =

∫ t

0
f(s)g(t− s)ds.

The following fact will allow us to take the inverse transforms of a product of transforms.

L{f ? g}(t) = F (s)G(s), L−1F (s)G(s) = {f ? g}(t).

Lemma 1.5.3
Let α, β, ρ ∈ C such as Re(α) > 0, Re(ρ) > 0 and Re(β) > 0. Then, we have

L−1
[ sρ−1

sα + asβ + b
; z
]

= tα−ρ
∞∑
k=0

(−a)kzk(α−β)ςk+1
α,α+(α−β)k−ρ+1(−bzα),

where | as
β

sα + b
| < 1. We also assume that the preceding equality’s series is convergent.

1.5.2 Riemann-Liouville fractional integral

Calculations of integrals and derivatives of arbitrary real or complex order are referred to as "fractional
calculations." In this thesis, we are only concerned with Riemann-Liouville and Caputo derivatives.
Definition 1.5.6 (See [32])

Cauchy’s formula for repeated integration is given by

Inf(t) :=
∫ t

a

∫ τ1

a
· · ·
∫ τn−1

a
f(τ)dτ · · · dτ2dτ1

= 1
(n− 1)!

∫ t

a
f(τ)(t− τ)n−1dτ, ∀n ∈ N, a, t ∈ R, t > 0.

If n is substituted by a positive real number α and (n − 1)! by its generalization Γ(α) a formula
for fractional integration is obtained.

Definition 1.5.7
The Riemann-Liouville integral is defined by

Iαf(t) := 1
Γ(α)

∫ t

a
(t− s)1−αf(s)ds, t > a,

where Γ is the gamma function and a is an arbitrary but fixed base point. The integral is well
defined provided f is a locally integrable function, and α is a complex number in the half-plane
<(α) > 0 is referred to as Riemann-Liouville fractional integral of order α.

Proposition 1.5.3
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• By convention
I0f(t) := f(t), i.e., I0 := I is the identity operator.

• The linearity
Iα(λf(t) + g(t)) = λIαf(t) + Iαg(t), α ∈ R+, λ ∈ C.

• If f(t) is continuous for t ≥ 0 the following equalities hold

limα→0I
αf(t) = f(t),

Iα(Iβf(t)) = Iβ(Iαf(t)) = Iα+βf(t) α, β ∈ R+, λ ∈ C.

Definition 1.5.8
The Laplace transform of Riemann-Liouville fractional integral is defined by:

L
[
Iαf(x)

]
= 1

Γ(α)L(xα−1 ? f(x))

= 1
sα
L
[
f(x)

]
.

1.5.3 Riemann-Liouville fractional derivative operator

Definition 1.5.9
The Riemann-Liouville fractional derivative or the Riemann-Liouville fractional differential oper-
ator of order α is defined by

Dα
RLf(t) = dn

dtn (In−αf(t))

= 1
Γ(n− α)

dn

dtn
∫ t

0
(t− s)n−α−1f(s) ds, t > 0, α ∈ (n− 1, n), n ∈ N.

In the following Lemma, we give some relations between the Riemann-Liouville fractional derivative
and the Riemann-Liouville fractional integral.
Lemma 1.5.4

Let u ∈ Cn([0, T ]), α ∈ (n− 1, n), n ∈ N and v ∈ C1([0, T ]).

• The Riemann-Liouville fractional differential operator Dα is the left inverse operator of the
fractional integral Iα, i.e.,

Dα
RLI

α = I,

By convention it is defined

D0
RLv(t) := v(t), i.e., D0

RL := I is the identity operator.

• We have

Dα
RLv(t) = d

dtI
1−αv(t), n = 1,

Dα
RLv(t) = d2

dt2 I
2−αv(t), n = 2,

IαDα
RLu(t) = u(t)− tα−1

Γ(α)(Iα−1u)(0).
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Remark 1.5.2
As we can see from the previous definition, the Riemann-Liouville fractional derivative of a constant
is non-zero, unlike the integer order derivative of a constant C. To be more specific, the Riemann-
Liouville fractional derivative of order 0 < α < 1 of a constant C is given by

Dα
RLI

αC = Ct−α

Γ(1− α) .

Definition 1.5.10
The Laplace transform of the Riemann-Liouville fractional derivative is defined by:

L
[
Dα
RLf(t)

]
= L

[ dn

dtn (In−αf(t))
]

= sαL(f(t))−
n−1∑
k=0

skDα−k−1f(0)

= sαF (s)−
n−1∑
k=0

skDα−k−1f(0),

where the Laplace transform of f (n) is defined as follows:

L
[
f (n)(t)

]
= snL

[
f(t)

]
−
n−1∑
k=0

skfn−k−1(0),

and
Dα
RLf(t) = dn

dtn (In−αf(t)) = dn

dtn (D(α−n)f(t)).

As a result, we’ve arrived at the following two theorems:
Theorem 1.5.2 (See [7, 8])

Let 0 < α < 1. The Riemann-Liouville fractional derivative of order α is then transformed by the
Laplace transform:

L
[
Dα
RLf(t)

]
= sαF (s)− lim

t→0
I1−αf(t).

Theorem 1.5.3 (See [7, 8])
Assume that 1 < α < 2. The Riemann-Liouville fractional derivative of order α is then transformed
by the Laplace transform:

L
[
Dα
RLf(t)

]
= sαF (s)− s lim

t→0
I2−αf(t)− lim

t→0

d
dtI

2−αf(t).

In the formulation of the Laplace transforms, we can see the terms limt→0 I
1−αf(t), limt→0 I

2−αf(t)
and limt→0

d
dtI

2−αf(t). Contrary, in integer order derivatives, where we can see the initial values of
the functions f and f ′.

1.5.4 The left and right Caputo fractional derivatives

The concepts of left and right Caputo fractional derivatives will be discussed here.
Definition 1.5.11

If f(t) is defined in Cn[a,∞), then the left Caputo fractional derivative or left Caputo fractional
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differential operator of order α is defined as

DαCf(t) = In−α( dn

dtn f(t))

= 1
Γ(n− α)

∫ t

0
f (n)(s)(t− s)n−α−1ds, t > 0, α ∈ (n− 1, n), n ∈ N.

The right Caputo fractional derivative or the right Caputo fractional differential operator of order
α is defined by

DαCf(t) = (−1)n

Γ(n− α)

∫ T

t
f (n)(s)(s− t)n−α−1ds, 0 < t < T, α ∈ (n− 1, n), n ∈ N.

A constant’s Caputo derivative is equal to zero.
The adjoint operator of the right fractional derivative is represented by the left fractional derivative.

In the following lemma, we give some relations between the Riemann-Liouville fractional integral and
the Caputo fractional derivative:
Lemma 1.5.5

Let u ∈ Cn([0, T ]), α ∈ (n− 1, n), n ∈ N and v ∈ C1([0, T ]).

DαCIαv(t) = v(t);

IαDαCu(t) = u(t)−
n−1∑
k=0

tk

k!u
(k)(0);

IαDαCu(t) = u(t)− tα−1

Γ(α)(I1−α−u)(0), n = 1;

IαDαCu(t) = u(t)− u(0), n = 1.

Lemma 1.5.6
Let (n− 1) < α < n, n ∈ N, α ∈ R and f(t) be such that DαCf(t) exists. Then

DαCf(t) = In−αDnf(t) = In−α
dn

dtn f(t).

This implies that the Caputo fractional differential operator is equivalent to an (n− α)-fold inte-
gration following an n-th order differentiation.

Proposition 1.5.4
In general, the two operators, Riemann-Liouville and Caputo, do not coincide, i.e.,

Dα
RLf(t) 6= DαCf(t).

Lemma 1.5.7
Let (n − 1) < α < n, n ∈ N, α ∈ R and f(t) be such that Dαf(t) exists. Then the following
properties for the Caputo operator hold:

lim
α−→n

DαCf(t) = f (n)(t),

lim
α−→n−1

DαCf(t) = f (n−1)(t)− f (n−1)(0).
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Proof. We refer the reader to[39].
For the Riemann-Liouville fractional differential operator, the corresponding interpolation property
reads

lim
α−→n

Dα
RLf(t) = f (n)(t),

lim
α−→n−1

Dα
RLf(t) = f (n−1)(t).

Lemma 1.5.8

• Let (n − 1) < α < n, n,m ∈ N, α ∈ R and the functions f(t) and g(t) be such that both
DαCf(t) and DαCg(t) exist. Then the Caputo fractional derivative is a linear operator, i.e.,

DαC(λf(t) + g(t)) = λDαCf(t) +DαCg(t), α ∈ R+, λ ∈ C.

• The Riemann-Liouville fractional differential operator satisfies

Dα
RL(λf(t) + g(t)) = λDα

RLf(t) +Dα
RLg(t), α ∈ R+, λ ∈ C.

• Let (n − 1) < α < n, n,m ∈ N, α ∈ R and the functions f(t) is such that DαCf(t) exists.
Then in general

DαCDmf(t) = Dα+m
C f(t) 6= DmDαCf(t).

• Suppose that (n−1) < α < n, 0 < β = α−(n−1) < 1, n ∈ N, α, β ∈ R and the functionf(t)
is such that both DαCf(t) exists. Then

DαCf(t) = DβCD
n−1f(t).

Proof. We refer the reader to[32].
Definition 1.5.12

The Laplace transform of Caputo’s fractional derivative is defined by:

L
[
DαCf(t)

]
= L

[
In−α( dn

dtn f(t))
]

= sα−nL
[ dn

dtn f(t)
]

= sαL(f(t))−
n−1∑
k=0

sα−k−1f (k)(0)

= sαF (s)−
n−1∑
k=0

sα−k−1f (k)(0).
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1.5.5 Fractional Green’s formula

Let Ω be a bounded open subset of Rn, with a smooth boundary Γ of class C2. For all T > 0, we
denote by Q = Ω × (0, T ),Σ = ∂Ω × (0, T ). Let y, φ ∈ C∞([0, T ] × Ω̄), T > 0. We have the two
following results:
Lemma 1.5.9

Let be 0 < α < 1. For any y, φ ∈ C∞([0, T ]× Ω̄), we have∫ T

0

∫
Ω

[
Dα
RLy(x, t)−∆y(x, t)

]
φ(x, t)dxdt

=
∫

Ω
φ(x, T )I1−αy(x, T )dx−

∫
Ω
φ(x, 0)I1−αy(x, 0)dx+

∫ T

0

∫
∂Ω
y(σ, t)∂φ

∂ν
(σ, t)dσdt

−
∫ T

0

∫
∂Ω
φ(σ, t)∂y

∂ν
(σ, t)dσdt+

∫ T

0

∫
Ω

[
−DαCφ(x, t)−∆φ(x, t)

]
y(x, t)dxdt,

where DαC is the right fractional Caputo derivative of order 0 < α < 1.

Lemma 1.5.10
Let be 1 < α < 2. Then, for any y, φ ∈ C∞([0, T ]× Ω̄), we have∫ T

0

∫
Ω

[
Dα
RLy(x, t)−∆y(x, t)

]
φ(x, t)dxdt

=
∫

Ω
φ(x, T ) ∂

∂t
I2−αy(x, T )dx−

∫
Ω
φ(x, 0) ∂

∂t
I2−αy(x, 0+)dx−

∫
Ω
I2−αy(x, T )∂φ

∂t
(x, T )dx

+
∫

Ω
I2−αy(x, 0)∂φ

∂t
(x, 0)dx+

∫ T

0

∫
∂Ω
y(σ, t)∂φ

∂ν
(σ, t)dσdt−

∫ T

0

∫
∂Ω
φ(σ, t)∂y

∂ν
(σ, t)dσdt

+
∫ T

0

∫
Ω

[
DαCφ(x, t)−∆φ(x, t)

]
y(x, t)dxdt,

where DαC is the right fractional Caputo derivative of order 1 < α < 2.

1.5.6 Existence and Uniqueness of solutions to Fractional Partial Differential
Equations

Spectral methods are a family of techniques used in applied mathematics and scientific computing
to numerically solve certain differential equations, using the fast Fourier transform as a possible
component. The concept is to describe the differential equation solution as a sum of certain "basic
functions" (for example, a Fourier series, which is a sum of sinusoids) and then choose the coefficients
of the sum to satisfy the differential equation as well as possible.
Let Ω be a bounded open subset of Rn, with a smooth boundary Γ of class C2. For all T > 0, we
denote by Q = Ω× (0, T ),Σ = ∂Ω× (0, T ). Let z, φ ∈ C∞([0, T ]× Ω̄), T > 0.

Fractional diffusion equation with the Riemann-Liouville fractional derivative

The fractional diffusion equation is as follows:
Dβ
RLz(x, t)−∆z(x, t) = f(x, t) in Q,

I1−βz(x, 0+) = z0 in Ω,
z(σ, t) = 0 on Σ,

(1.27)

where 0 < β < 1, f ∈ L2(Q), z0 ∈ H1
0 (Ω) and I1−βz(x, 0+) = limt→0 I

1−βz(x, t).
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We suppose that the solution of problem (1.27) yields z ∈ C∞(Q̄). We multiply the first equation of
(1.27) by a function v ∈ H1

0 (Ω) and we integrate by parts over Ω. We get the following equation using
Green’s formula: ∫

Ω
Dβ
RLz(x, t)v(x)dx−

∫
Ω
Oz(x, t)Ov(x)dx =

∫
Ω
f(x, t)v(x)dx. (1.28)

Now let’s put,
∀ϕ,ψ ∈ L2(Ω)

(
ϕ,ψ

)
L2(Ω) =

∫
Ω
ϕ(x)ψ(x)dx. (1.29)

We define the scalar product on L2(Ω) and we denote the associated norm ‖.‖L2(Ω). We set also,

∀ϕ,ψ ∈ H1
0 (Ω) a(ϕ,ψ) =

∫
Ω
Oϕ(x)Oψ(x)dx, ∀ϕ,ψ ∈ H1

0 (Ω). (1.30)

Then the form a(., .) defined as such, is the scalar product on H1
0 (Ω) and we will denote the associated

norm
‖ϕ‖2H1

0 (Ω) = a(ϕ,ϕ).

On the other hand, the negative of the Laplacian is given by

−∆ϕ = −
d∑
i=1

∂2
i ϕ,

is a uniformly elliptic operator. Then, there is a sequence of real eigenvalues 0 < λ1 ≤ λ2 ≤ λ3 ≤ · · ·
with λk → ∞ when k → ∞. Furthermore, there is a Hilbertian basis {ωk}∞k=1 of L2(Ω) that is
orthonormal, where ωk ∈ H1

0 (Ω) is the eigenvector associated with λk such that

−∆ωk = λkωk.

Then, we have
a(ωk, p) = λk

(
ωk, p

)
L2(Ω), ∀p ∈ H

1
0 (Ω). (1.31)

We also have { ωk√
λk
}∞k=1 which is an orthonormal Hilbert basis of H1

0 (Ω) for the scalar product a(., .),
where we’ve come from

‖φ‖2H1
0 (Ω) =

∞∑
i=1

λi
(
φ, ωi

)
L2(Ω), ∀φ ∈ H

1
0 (Ω).

As a result of problem (1.27),
Dβ
RL

(
z(t), v

)
L2(Ω) + a(z(t), v) =

(
f(t), v

)
L2(Ω) ∀v ∈ H1

0 (Ω),
I1−βz(0) = z0,

z(t) = 0.
(1.32)

Take the following problem: For a given 0 < β < 1, z0 ∈ H1
0 (Ω), f ∈ L2(Q), we look for

z ∈ L2((0, T );H1
0 (Ω)

)
, (1.33)

I1−βz ∈ C
(
(0, T );H1

0 (Ω)
)
, (1.34)

such as

Dβ
RL

(
z(t), v

)
L2(Ω) + a(z(t), v) =

(
f(t), v

)
L2(Ω) ∀t ∈ (0, T ), (1.35)

I1−βz(0) = z0. (1.36)
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Theorem 1.5.4
For 1

2 < β < 1. Also, consider the bilinear form defined by a(., .) in (1.30). Then the problem
(1.33)-(1.36) admits a unique weak solution z ∈ L2((0, T );H1

0 (Ω)
)
, such that I1−βz ∈ C

(
(0, T );H1

0 (Ω)
)
.

This weak solution is given by

z(t) =
∞∑
i=1

[
tβ−1Eβ,β(−λitβ)z0

i +
∫ t

0
(t− s)β−1Eβ,β

(
− λi(t− s)β

)
fi(s)ds

]
ωi, (1.37)

where λi is the eigenvalue associated with the operator (−∆) corresponding to the eigenvector ωi.
The values

z0
i = (z0, ωi)L2(Ω), fi(t) = (f(t), ωi)L2(Q),

are respectively the i-th component of z0 and f in the orthonormal basis {ωi}∞i=1.
Moreover, there is a constant C > 0 such that

‖z‖L2(0,T ;H1
0 (Ω)) ≤ Λ

(
‖z0‖H1

0 (Ω) + ‖f‖L2(Q)
)
; (1.38)

‖I1−βz‖C(0,T ;H1
0 (Ω)) ≤ Λ̂

(
‖z0‖H1

0 (Ω) + ‖f‖L2(Q)
)
, (1.39)

where

Λ = max
(
C

√
2T 2β−1

2β − 1 ,
C

β

√
2T
λi

)
, Λ̂ = sup

(
C
√

2, C

√
2T 1−β

1− β
)
.

Proof. We refer the reader to[7, 8].

Fractional wave equation with the Riemann-Liouville derivative

Consider the following equation for a fractional wave:
Dα
RLy(x, t)−∆y(x, t) = f(x, t) in Q,

I2−αy(x, 0+) = y0, ∂
∂tI

2−αy(x, 0+) = y1 in Ω,
y(σ, t) = 0 on Σ,

(1.40)

where 1 < α < 2, f ∈ L2(Q), y0 ∈ H2(Ω) ∩H1
0 (Ω), y1 ∈ L2(Q), I2−αy(x, 0+) = limt→0 I

2−αy(x, t)
and ∂

∂tI
2−αy(x, 0+) = limt→0

∂
∂tI

2−αy(x, t).
For all t ∈ (0, T ), The problem (1.40) is equivalent to the following:

Dα
RL

(
y(t), v

)
L2(Ω) + a(y(t), v) =

(
f(t), v

)
L2(Ω) ∀v ∈ H1

0 (Ω),
I1−αy(0) = y0, ∂

∂tI
2−αy(0) = y1,

y(t) = 0.
(1.41)

Take the following problem: For a given 1 < α < 2, f ∈ L2(Q), y0 ∈ H2(Ω) ∩H1
0 (Ω), y1 ∈ L2(Q),

we are looking for

y ∈ L2((0, T );H1
0 (Ω)

)
, (1.42)

I2−αy ∈ C
(
(0, T );H1

0 (Ω)
)
, (1.43)

∂

∂t
(I2−αy) ∈ C

(
(0, T );L2(Ω)

)
. (1.44)

such as

∀v ∈ H1
0 (Ω), Dα

RL

(
y(t), v

)
L2(Ω) + a(y(t), v) =

(
f(t), v

)
L2(Ω) ∀t ∈ (0, T ), (1.45)

I1−αy(0) = y0,
∂

∂t
I2−αy(0) = y1. (1.46)

As a result, we’ve arrived at this Theorem :
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Theorem 1.5.5
For 3

2 < α < 2. Also, consider the bilinear form defined by a(., .) in (1.30). Then the problem
(1.42)-(1.46) admits a unique weak solution y ∈ L2((0, T );H1

0 (Ω)
)
, such that I2−αy ∈ C

(
(0, T );H1

0 (Ω)
)
,

∂
∂t(I

2−αy) ∈ C
(
(0, T );L2(Ω)

)
. This weak solution is given by

y(t) =
∞∑
i=1

[
tα−2Eα,α−1(−λitα)y0

i + tα−1Eα,α(−λitα)y1
i +

∫ t

0
(t− s)α−1Eα,α

(
−λi(t− s)α

)
fi(s)ds

]
ωi,

(1.47)
where λi is the eigenvalue corresponding to the eigenvector ωi. The values

y0
i = (y0, ωi)L2(Ω), y1

i = (y1, ωi)L2(Ω) fi(t) = (f(t), ωi)L2(Q),

are respectively the i-th component of y0, y1 and f in the orthonormal basis {ωi}∞i=1. Moreover,
there is a constant C > 0 such that

‖y‖L2(0,T ;H1
0 (Ω)) ≤ Θ1

(
‖y0‖H1

0 (Ω) + ‖y1‖L2(Ω) + ‖f‖L2(Q)
)
; (1.48)

‖I2−αy‖C(0,T ;H1
0 (Ω)) ≤ Θ2

(
‖y0‖H1

0 (Ω) + ‖y1‖L2(Ω) + ‖f‖L2(Q)
)
, (1.49)

‖ ∂
∂t
I2−αy‖C(0,T ;L2(Ω)) ≤ Θ3

(
‖y0‖H1

0 (Ω) + ‖y1‖L2(Ω) + ‖f‖L2(Q)
)
, (1.50)

where

Θ1 = max
(
C

√
2T 2α−3

2α− 3 , C

√
2Tα−1

α− 1 , C
√

2Tα

α(α− 1)
)
,

Θ2 = max
(
C
√

2, C
√

2T 2−α, C

√
2T 3−α

3− α)
)
,

Θ3 = max
(
C
√

2Tα−1, C
√

2
)
.

Proof. We refer the reader to [7, 8].
We’ll concentrate on the fractional diffusion equation and the fractional onde equation in this

part, with the derivatives taken into account in the Caputo sense. As a result, we will see in Chapter
3 that the adjoining equations are fractional rétrograde equations with the right fractional Caputo
derivatives, and it is for this reason that we provide the following results.

Fractional diffusion equation with the right Caputo fractional derivative

In the following, we present the fractional diffusion equation with the right Caputo fractional derivative
DαC.Ly −∆y = f in Q,

y(0) = 0 in Ω,
y = 0 on Σ,

(1.51)

where 0 < α < 1, and DαC is the left Caputo fractional derivative. So, here’s what we’ve come up with:
Theorem 1.5.6

Let f ∈ L2(Q). Then, the problem (1.51) admits a unique solution y ∈ L2(0, T ;H2(Ω) ∩H1
0 (Ω))

such that ∂y
∂t
∈ L2(Q). Furthermore, there is a constant C > 0 such that

‖y‖L2(0,T ;H2(Ω)) + ‖∂y
∂t
‖L2(Q) ≤ C‖f‖L2(Q). (1.52)
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We also have a corollaire that follows.
Corollaire 1.5.1

Let 0 < α < 1, f ∈ L2(Q). DαC.R is the right Caputo fractional derivative. So, the problem:
−DβC.Rψ −∆ψ = f in Q,

ϕ(T ) = 0 in Ω,
ϕ = 0 on Σ,

(1.53)

has a unique solution ψ ∈ L2(0, T ;H2(Ω) ∩H1
0 (Ω)) such that ∂ψ

∂t
∈ L2(Q). Furthermore, there is

a constant C > 0 such that

‖ψ‖L2(0,T ;H2(Ω)) + ‖∂ψ
∂t
‖L2(Q) ≤ C‖f‖L2(Q). (1.54)

Proof. We refer the reader to [7, 8].

Fractional wave equation with the left Caputo fractional derivative.

The following, we present the fractional wave equation with the Caputo derivative
DαC.Lp(x, t)−∆p(x, t) = 0 in Q,

p(x, 0) = 0 ∂p

∂t
(x, 0) = p1 in Ω,

q(σ, t) = 0 on Σ,
(1.55)

where 1 < α < 2, p1 ∈ L2(Ω), and DαC.L is the left Caputo fractional derivative. So, here’s what we’ve
come up with:
Theorem 1.5.7

Let p1 ∈ L2(Ω). Then, the problem (1.55) admits a unique solution p ∈ C(0, T ;L2(Ω)) such that
∂p

∂t
∈ C(0, T ;L2(Ω)). Furthermore, there is a C > 0 such that

‖p‖C(0,T ;L2(Ω)) + ‖∂p
∂t
‖C(0,T ;L2(Ω)) ≤ C‖p1‖L2(Ω). (1.56)

The following corollary follows from the previous result:
Corollaire 1.5.2

Let 1 < α < 2, p1 ∈ L2(Ω). Consider the following equation for a fractional wave where DαC.R is
the right Caputo fractional derivative

DαC.Rψ −∆ψ = 0 in Q,

ψ(T ) = 0 ∂ψ

∂t
(T ) = p1 in Ω,

ψ = 0 on Σ,
(1.57)

has a unique solution ψ ∈ C(0, T ;L2(Ω)) such that ∂ϕ
∂t
∈ C(0, T ;L2(Ω)). Furthermore, there is a

C > 0 such that
‖ψ‖C(0,T ;L2(Ω)) + ‖∂ψ

∂t
‖C(0,T ;L2(Ω)) ≤ C‖p1‖L2(Ω). (1.58)

Proof. We refer the reader to [7, 8].
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Now have a look at the fractional wave equation.
DαC.Ly −∆y = f in Q,

y(x, 0) = 0 ∂y

∂t
(x, 0) = q1 in Ω,

q = 0 on Σ,
(1.59)

where 3
2 < α < 2, f ∈ L2(Q), and DαL.C is the left Caputo fractional derivative. So, here’s what we’ve

come up with:
Theorem 1.5.8

Let f ∈ L2(Q). Then, the problem (1.59) admits a unique week solution y ∈ C(0, T ;H1
0 (Ω)) such

that ∂y
∂t
∈ C(0, T ;L2(Ω)). Furthermore, This solution comes from

y(t) =
+∞∑
i=1

( ∫ t

0
(t− s)α−1Eα,α(−λi(t− s)α)fi(s)ds

)
ωi.

Moreover, there is a constant C > 0 such that,

‖y‖C(0,T ;H1
0 (Ω)) ≤ C

√
Tα−1

α− 1‖f‖L2(Q),

‖∂y
∂t
‖C(0,T ;L2(Ω)) ≤ C

√
T 2α−3

2α− 3‖f‖L2(Q).

Proof. We refer the reader to [7, 8].
As a result, we have the following:
Corollaire 1.5.3

Let 3
2 < α < 2, f ∈ L2(Q). Consider the following equation for a fractional wave where DαR.C is

the right Caputo fractional derivative
DαR.Cψ −∆ψ = f in Q,

ψ(x, T ) = 0 ∂ψ

∂t
(x, T ) = 0 in Ω,

ψ = 0 on Σ,

has a unique solution ψ ∈ C(0, T ;H1
0 (Ω)) such that ∂ϕ

∂t
∈ C(0, T ;L2(Ω). Furthermore, there is a

C > 0 such that

‖ψ‖C(0,T ;H1
0 (Ω)) ≤ C

√
Tα−1

α− 1‖f‖L2(Q),

‖∂ψ
∂t
‖C(0,T ;L2(Ω)) ≤ C

√
T 2α−3

2α− 3‖f‖L2(Q).

1.6 Sentinel Method
The initial conditions are not fully known in practically all pollution, meteorological, and oceano-

graphic situations. Boundary circumstances, such as on a section of the boundary, may be inaccessible
to measurements. All of the aforementioned issues are referred to as "identification problems." The
sentinel approach" is one of the methods used to analyze this type of problem.
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1.6.1 Perturbation terms, Pollution (or Noisy) terms

We suppose that the state y of the system (1) (see Introduction) is represented by a scalar and A is
a differential elliptic operator of order 2 and its coefficients are known. We also assume that equation
(1) is written in this format.

∂y

∂t
+A(y) = ξ + λξ̂, (1.60)

where ξ is a well-known term in the appropriate space Y. The unknown term λξ̂ (sometimes known
as "pollution" or "noise") is satisfying

‖ξ̂‖Y ≤ 1, λ is a small enough. (1.61)

The initial data is defined as follows:
y(0) = y0 + τ ŷ0, (1.62)

where y0 is a well-known term in a suitable space K. The missing term τ ŷ0 (also known as the
perturbation term) is satisfied:

‖ŷ0‖K ≤ 1, τ is a small enough. (1.63)

For example, the boundary condition is provided by

y = 0 ∀x ∈ ∂Ω, ∀t ∈ [0, T ]. (1.64)

The following hypotheses iare proposed:

(H1): There is only one solution to problem (1.60)-(1.64), which is differentiable according to λ and
τ .

(H2): The solution of (1.60)-(1.64) is available on Ω at t = T , i.e., y(x, T ;λ, τ) is known.

The question here is how to determine the pollution term λξ̂ in the state equation without taking
into account the variance τ ŷ0 in the initial data.

1.6.2 The sentinel method

The above question is natural and led to some developments; some answers are given by the
least squares method. The method entails considering the unknowns {λξ̂, τ ŷ0} = {v, w} as control
variables, and then driving the state y(x, t; v, w) as close to m0 as possible. This leads to a problem
of optimal control. As a result, we search for the pair (v, w); yet, there is no real chance of finding v
or w independently.

Lions J.-L. sentinel’s approach is a special least squares method suited for parameter identification
in ecosystems with insufficient information; various models may be found in the literature. The sentinel
notion is based on three objects that must be determined : a state equation, an observation function,
and a control function.

Observation of the system

For a time (0, T ), we monitor the state on an observatory O. The observatory O can be distributed
in one of two ways.

O ⊂ Ω,

or a border observation station
O ⊂ Γ = ∂Ω.

A time-dependent observatory can also be considered.

O = O(t), t ∈ [0, T ].
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Assuming that the state y(x, t;λ, τ) is observed in L2(0, T ;O), where O is a non-empty open subset
of Ω. This observation was noted by

yχO = m0(x, t) where m0 is given.

We can assume that yχOT is either not directly measurable or contains a small amount of noise. As
a result, we can write it in the following format:

yχOT = m0 +
N∑
i=1

βimi, βi 6= 0, 1 ≤ i ≤ N,

where mi ∈ L2(0, T ;O) are known and linearly independent interference functions. The noise terms
βi are small enough and unknown.

Creating a distributed sentinel function

The observation and the control share the same support. Sentinels can be constructed using
the specified positive function h0 in L2(0, T ;O) in the following way:

h0 ≥ 0,
∫∫
O×(0,T )

h0(x, t)dxdt = 1,

and a defined control function ω ∈ L2(0, T ;O).
Definition 1.6.1 (See J. L Lions in [52])

Consider the real function S, which is defined by (assumed different to zero)

S(λ, τ) =
∫∫
O×(0,T )

(h0 + ω)y(x, t; τ, λ)dxdt. (1.65)

If there exists a control function ω̂ ∈ L2(0, T ;O) that satisfies these two constraints, the function
S is termed a distributed sentinel described by h0.

1. Insensitivity condition for S(λ, τ) with respect to the missing initial data τ0ŷ
0:

∂S

∂τ
(0, 0) = 0, ∀y0. (1.66)

2. The control function ω̂ should be kept to a minimum.

‖ω̂‖L2(0,T ;O) = min ‖ω‖L2(0,T ;O). (1.67)

There is always a sentinel function in this instance (at least in the case where ω = h0). The only thing
left is to discover the ω solution to (1.67). Finally, we must ensure that ω 6= h0 is valid. Then the
problem is only to find ω solution of (1.67). At last, we have to be sure that ω 6= h0.

The observation and the control have different supports.

In this case, The sentinel function can be formed from the given positive function h0 ∈ L2(0, T ;O),
and a determined control function ω ∈ L2(0, T ;W), where W is a non empty open subset of O ⊂ Ω.
Definition 1.6.2 (See [23, 25])

Let S be the real function whose definition is as follows (assumed different to zero):

S(λ, τ) =
∫ T

0

∫
O
h0y(x, t; τ, λ)dxdt+

∫ T

0

∫
W
ωy(x, t; τ, λ)dxdt. (1.68)
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If there is a control function ω ∈ L2(0, T ;W) that satisfies the insensitivity condition (1.66) and
the inf condition (1.69), the function S is termed a distributed sentinel defined by h0.

• The control function ω̂ must be at a minimum,

‖ω̂‖L2(0,T ;W) = min
ω∈U
‖ω‖L2(0,T ;W), (1.69)

where
U = {ω ∈ L2(0, T ;W); ω verifies (1.66) and (1.68)}.

This point of view W 6= O was initially discussed in [23, 25]. We suppose that W ⊂ Ω ⊂ O. The
presence of the sentinel function is not assured in this instance.

The information provided by the sentinel function

If the function S(λ, τ) is differentiable at (0, 0), it has a linear approximation close to this point. As
a result of (1.66), the function S can be expressed

S(λ, τ) ' S(0, 0) + λ
∂S

∂λ
(0, 0), (1.70)

The impacts of condition (1.67) (or (1.69)) are taken into account. A calculable solution to (1.71) is
denoted by y0 = y(x, t; 0, 0). 

∂y0
∂t

+A(y0) = ξ,

y0(0) = y0,
y0 = 0.

(1.71)

We can conclude the following from (1.65):

S(0, 0) =
∫∫
Q

(h0 + ω)y0dxdt is given. (1.72)

The following data is derived from the relationships (1.70)-(1.72),

λ
∂S

∂λ
(0, 0) '

∫∫
O×(0,T )

(h0 + ω)(m0 − y0)dxdt. (1.73)

If the function S can be differentiated at λ, the partial derivative of S at λ is

∂S

∂λ
(0, 0) =

∫∫
O×(0,T )

(h0 + ω)yλdxdt, (1.74)

where yλ represents the partial derivatives of λ.
∂yλ
∂t

+A(yλ) = ξ̂,

yλ(0) = 0,
yλ = 0.

(1.75)

Sentinel’s data is provided by

λ
∂S

∂λ
(0, 0) =

∫∫
O×(0,T )

(h0 + ω)(m0 − y0)dxdt =
∫∫
O×(0,T )

(h0 + ω)λyλdxdt. (1.76)

Remark 1.6.1
In the case of O ⊂ Ω, we have

S(0, 0) =
∫ T

0

∫
O
h0y0dxdt+

∫ T

0

∫
W
ωy0dxdt. (1.77)
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After that, there’s

λ
∂S

∂λ
(0, 0) '

∫ T

0

∫
O
h0(m0 − y0)dxdt+

∫ T

0

∫
W
ω(m0 − y0)dxdt. (1.78)

Sentinel’s data is provided by

λ
∂S

∂λ
(0, 0) =

∫ T

0

∫
O
h0(m0 − y0)dxdt+

∫ T

0

∫
W
ω(m0 − y0)dxdt

=
∫ T

0

∫
O
λh0yλdxdt+

∫ T

0

∫
W
ωλyλdxdt.

(1.79)

We’ll hunt for a function control ω in the following part. This means that in a null controllability
problem with a constraint on the control function restriction, the sentinel problem will be decreased.

In the next part , we are looking for a function control ω. This fact meaning that the problem of
sentinel will be reduced in a null controllability problem with a constraint on the control function.

1.6.3 A null-controllability problem

Transforming the sensitivity condition to account for the missing initial data

We’ll suppose that the partial derivative ∂y
∂τ

= yτ is computed for λ = 0, τ = 0


∂yτ
∂t

+A(yτ ) = 0,
yτ (0) = ŷ0,
yτ = 0.

(1.80)

It is obvious from (1.66) that

∂S

∂τ
(0, 0) =

∫ T

0

∫
O

(h0 + ω)yτdxdt = 0, ∀y0, (1.81)

which must be considered (1.67) (or (1.69)).
Remark 1.6.2

In the case of O ⊂ Ω, we have

∂S

∂τ
(0, 0) =

∫ T

0

∫
O
h0yτdxdt+

∫ T

0

∫
W
ωyτdxdt = 0, ∀y0. (1.82)

The adjoint state

By introducing the classical adjoint state, we may now modify the relation (1.81). The adjoint state
p problem is therefore defined as follows:

−∂p
∂t

+A∗(p) = (h0 + ω)χO,
p(T ) = 0,
p = 0,

(1.83)

where χO, is the characteristic function of O.
Proposition 1.6.1

Let p = p(ω) be the unique solution to (1.83), where ω is the control function to be found. The



1.6.3 A null-controllability problem 43

following relation is similar to the condition of insensitivity for S(λ, τ) with respect to missing
initial data (1.81) (or (1.82) in the case of O ⊂ Ω).

p(0) = 0 in Ω. (1.84)

Proof. We refer the reader to [52].
The functions p0 and z are introduced as solutions to this problem:

−∂p0
∂t

+A∗(p0) = h0χO,

p0(T ) = 0,
p0 = 0,

(1.85)

and 
−∂z
∂t

+A∗(z) = ωχO,

z(T ) = 0,
z = 0.

(1.86)

Finally, we must solve a new control problem in which the new state z(ω) must satisfy the following
conditions: {

z(0;ω) = −p0(0),
‖ω‖L2(0,T ;O) = is of minimal norm. (1.87)

Optimization problem with a penalty

Further, set ε > 0, the penalized cost functional Jε is defined as follows:

Jε
(
ω, z

)
= 1

2‖ω‖
2
L2(0,T ;O) + 1

2ε‖ −
∂z

∂t
+A∗(z)− ωχO‖2L2(0,T ;Ω),

where the state z satisfies the following requirements:
−∂z
∂t

+A∗(z) ∈ L2(0, T ; Ω),
z(T ) = 0, z(0) = −p0(0),

z = 0.
(1.88)

Let’s have a look at the next optimization problem.

inf Jε(ω, z). (1.89)

The existence and characterization of the solution to the penalized issue are established by the following
Theorem.
Theorem 1.6.1

The penalized optimization problems (1.89) admit a single optimal pair control-state {ωε, zε},
which is defined as follows:

−∂zε
∂t

+A∗(zε) = ρεχO,
∂ρε
∂t

+A(ρε) = 0,
zε(T ) = 0, ρε(0) = ρ0,

zε = 0, ρε = 0,
(1.90)

and
ωε = ρεχO, (1.91)

without any knowledge of ρ0.

Proof. We refer the reader to [52].
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Passage to the limit and Calculation of ρ0

We suppose that ρε → ρ have an appropriate topology. We get to the situation where we get to the
limit ε→ 0. 

−∂z
∂t

+A∗(z) = ρχO,
∂ρ

∂t
+A(ρ) = 0,

z(T ) = 0, ρ(0) = ρ0,
z = 0, ρ = 0,

(1.92)

ω = ρχO, (1.93)

where ρ0 is currently unknown. It is required to have the condition (1.87) and check that the function
S 6= 0. Assuming ρ0 is a suitably regular quantity. The following linear operator is defined.

Λρ0 = z(0).

As a result of (1.87) we have
Λρ0 = −p0(0). (1.94)

We obtain by multiplying the second equality in (1.92) by ρ, applying Green’s formula, and finally
combining the last two equalities.

〈Λρ0, ρ〉 =
∫ T

0

∫
O
ρ2dxdt.

After that, we introduce the norm:

‖ρ0‖F =
( ∫ T

0

∫
O
ρ2dxdt

) 1
2
. (1.95)

We also define the dual space of F ′ as F . As a result, the operator Λ is an isomorphism between F
and F ′. As a consequence,

ρ0 = −Λ−1p0(0). (1.96)

Last but not least, the needed sentinel is provided by

S(λ, τ) =
∫ T

0

∫
O

(h0 + ρ)m0dxdt. (1.97)

Identification of the pollution term λξ̂

As a consequence of (1.76) and (1.97) we get

λ
∂S

∂λ
(0, 0) =

∫ T

0

∫
O
pξ̂dxdt.

This crucial information is provided by the desired sentinel, which depends on h0.∫ T

0

∫
O

(p0 + z)λξ̂dxdt '
∫ T

0

∫
O

(h0 + ρ)(m0 − y0)dxdt.

The pollution term λξ̂, which affects the sentinel S to be unable to observe, is then referred to as
stealthy if ∫ T

0

∫
O
pλξ̂dxdt = 0.



Chapter 2
Optimal control of a partially known
coupled system of BOD and DO

2.1 Introduction

T he environmental pollution problem is one of the most serious problems facing the world today.
It is always linked to some terrible problems for which we are unable to find a solution and which

cause irreparable natural damage. The presence of a sufficient concentration of dissolved oxygen DO
is all-important and necessary to preserve aquatic life. If more oxygen is consumed than is produced,
dissolved oxygen levels decline, and some sensitive animals may move away, weaken, or die. Oxygen
is gained from the atmosphere and plants as a result of photosynthesis. Running water, because of
its churning, dissolves more oxygen than still water. Respiration by aquatic animals, decomposition,
and various chemical reactions consume oxygen. The required quantity of dissolved oxygen by aerobic
biological organisms, which is used for decomposing organic material under aerobic conditions at a
specified temperature, is called biochemical oxygen demand BOD. The decrease of BOD is the way
of judging the effectiveness of water purification [21, 33, 36]. Many studies have been published in
the context of improving the quality of the methods and procedures that can be used to reduce the
BOD level. We are referring to works by D.M. Reynolds, S.R. Ahmad in [42], Salguero, Jazmin and
Valverde, Jhonny in [9], Magdalena Zajda and Urszula Aleksander-Kwaterczak in [4], etc.

This work provides the main insights into the debate on optimal control choice of an evolution
coupled system that presents the relation between biochemical oxygen demand and dissolved oxygen.
Because the concentration of dissolved oxygen is of prime importance in considering the quality of
water, we try to control its level by giving an assessment of the biochemical oxygen demand and
studying its physiochemical characteristics. Elsewhere, the posed coupled systems are given with
unknown initial conditions that present some barriers. The main aim of our work is to determine the
optimal control. To find the characterization of this optimal control, we dispose of the incomplete
data by introducing the concepts of no-regret control and the sequence of low regret controls. The
optimality coupled systems of the no regret control are formed by going to the limit.

This work is based on a paper that was published in International Journal of Analysis and Appli-
cations, vol 19(6), 984-996. (2021), by C. Laouar, A. Ayadi, A. Hafdallah, (see [2]).

2.2 Setting the problem
In this section, we present a mathematical model that is used for studying the pollution problem.

This examined model is not standard because it contains some missing initial conditions. We consider
a fixed final time T > 0, and Ω which is a bounded open subset of RN , N ∈ N of smooth boundary Γ.
We denote the space-time cylinder by Q = Ω×]0, T [, its boundary by Σ = Γ×]0, T [. We are interested

45
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in an evolutionary organic pollution problem in surface waters, for example, lakes or estuaries, which
is reduced to this reaction-dispersion/diffusion problem with uncertainly.

∂y

∂t
− div(d(x)Oy) + r(x)y = 0

∂z

∂t
− div(d(x)Oz) + r̃(x)z + r(x)y = ωχO

in Q,

y(x, 0) = g1, z(x, 0) = g2 in Ω,

z = 0, ∂z

∂ν
= 0 on Σ,

(2.1)

where y, z are BOD and DO in a given water sample at a certain temperature over a specific time
period.
In the control region of O, the control function ω represents the sources of dissolved oxygen from the
atmosphere and photosynthesis of plants, and χO is the characteristic function of O. We suppose that
for all ω ∈ Uad, we have

Uad = {ω ∈ L2(Q) : ωmin ≤ ω ≤ ωmax} is non-empty closed, convex. (2.2)

In the absence of other factors, ωmin and ωmax represent the minimum and maximum concentrations
of dissolved oxygen that would be present in water at a specific temperature.
The initial conditions (g1, g2) ∈ G ⊂ H−

1
2 (Ω) × H1

0 (Ω) assumed to be unknown. The boundary
conditions (z, ∂z

∂ν
) ∈ H−

1
2 (Σ)×H−

1
2 (Σ). The functions r, r̃ and d are reaction coefficients.

The coupled systems (2.1) have a unique pair solution (y, g) = (y(ω, g), z(ω, g)) in which case

(y, z) ∈ L2(Q) ∩ C∞(0, T ;H−
1
2 (Ω))× L2(0, T ;H1

0 (Ω) ∩H2(Ω)) ∩ C∞(0, T ;H1
0 (Ω)).

There are many factors that can reduce the level of dissolved oxygen in the air. The respiration
of plant life and animal life, the decomposition of organic matter, the reduction due to other gases,
the temperature increase, and others. For these reasons, the main goal of this work is to control the
evolutionary organic pollution problem. Exactly, we control the level of dissolved oxygen. We point
out here that we did not insert any control function in the biochemical oxygen demand equations.

For fixed pair (yd, zd) ∈ (L2(Ω))2 and for N > 0, g = (g1, g2) ∈ G, we define the quadratic cost
function associated with (2.1)

J(ω, g) = ‖y(ω, g)− yd‖2L2(Q) + ‖z(ω, g)− zd‖2L2(Q) +
∫ T

0

∫
O
Nω2dtdx. (2.3)

The problem of optimal control is
inf

ω∈Uad
J(ω, g) ∀g ∈ G. (2.4)

In the case where the space G is infinite, the problem (2.4) makes no sense.Then, if G is finite, we try
to solve the inf ˘ sup problem

inf
ω∈Uad

sup
g∈G

J(ω, g). (2.5)

However, in this situation, it is very difficult to ensure that supg∈G J(ω, g) is bounded.
In (1992), J.L.Lions had a good idea by adding an additional concept which is called "no regret

control". The concept of no-regret control (or, equivalently, Pareto control) of distributed systems
with missing data is used by J.L. Lions in [55, Pareto control of distributed systems, page 90].

In [44, 52, 55, 56], J.L. Lions applied the Pareto control and he associated it with a sequence
of low-regret controls defined by a quadratic perturbation for deterministic distributed systems with
incomplete data. In citation [37], O. Nakolima, R. Dorville, and A. Omrane demonstrate how to
apply the no regret control to the hyperbolic case. They also generalized these concepts in the case
of ill-posed deterministic problems, without assuming Slater’s condition [28, 34]. In [3], Hafdallah



2.3 Finding the no-regrets control 47

A, and Ayadi A applied the no regret and low regret concepts to control a thermoelastic body with
missing initial conditions. A. Hafdallah, A. Ayadi, and C. Laouar applied the no-regret control notion
to control an ill-posed wave equation, see [5].

The principle of this idea is based on looking for controls such that

J(ω, g) ≤ J(0, g) ∀g ∈ G. (2.6)

The condition (2.6) implies
sup
g∈G

[
J(ω, g)− J(0, g)

]
is bounded.

In this case, we solve the following problem:

inf
ω∈Uad

sup
g∈G

[
J(ω, g)− J(0, g)

]
. (2.7)

In the following, we define the no regret control for the partially known problem (2.1).

2.3 Finding the no-regrets control

We say that ω̂ ∈ Uad defines a no-regret control for (2.1) if it is the optimal solution of (2.7).
Lemma 2.3.1

For every ω ∈ Uad the problem (2.7) is equivalent to

inf
ω∈Uad

(
J(ω, 0)− J(0, 0) + 2 sup

g∈G

∫
Ω

[
g1.ζ(ω)(x, 0) + g2.ξ(ω)(x, 0)

]
dx, g = (g1, g2) ∈ G, (2.8)

where (ζ, ξ) = (ζ(ω, 0)(x, t), ξ(ω, 0)(x, t)) satisfies the following backward coupled equations

−∂ζ
∂t
− div(d(x)Oζ) + r(x)ζ + r(x)ξ = y(ω, 0)

−∂ξ
∂t
− div(d(x)Oξ) + r̃(x)ξ = z(ω, 0)

in Q,

ζ(x, T ) = 0, ξ(x, T ) = 0 in Ω,

ζ = 0, ∂ζ
∂ν

= 0 on Σ.

(2.9)

Proof. By linearity, we can write the solution to (2.7) in the form

y(ω, g) = y(ω, 0) + y(0, g), z(ω, g) = z(ω, 0) + z(0, g).

Then, the functional J(ω, g) can be written

J(ω, g) = J(ω, 0)− J(0, 0) + 2
∫∫

Q

[
y(ω, 0)y(0, g) + z(ω, 0)z(0, g)

]
dtdx.

We introduce (ζ(ω), ξ(ω)) the solution of (2.9). Then, we use integration by parts to obtain∫∫
Q
−(∂ζ

∂t
+ div(d(x)Oζ) + r(x)ζ + r(x)ξ)y(0, g)dtdx =

∫
Ω
g1ζ(ω)(x, 0)dx+

∫∫
Q
ξr(x)y(0, g)dtdx,

(2.10)
and ∫∫

Q
(−∂ξ

∂t
− div(d(x)Oξ) + r̃(x)ξ)z(0, g)dtdx

=
∫

Ω
g2.ξ(ω)(x, 0)dx+

∫∫
Q
ξ(∂z
∂t

(0, g)− div(d(x)Oz(0, g)) + r̃(x)z(0, g))dtdx.
(2.11)
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When we add equation (2.10) to equation (2.11), we get∫∫
Q

[
y(ω, 0)y(0, g) + z(ω, 0)z(0, g)

]
dtdx =

∫
Ω

[
g1.ζ(ω)(x, 0) + g2.ξ(ω)(x, 0)

]
dx.

Remark 2.3.1
The no regret control exist only if g1 and ζ(ω)(x, 0) (respectively g2 and ζ(ω)(x, 0)) are perpendic-
ular to each other in H−

1
2 (Ω) (respectively in H1

0 (Ω)). For this reason, we consider the following
set of admissible controls

Ûad = {ω ∈ Uad : 〈g1, ζ(ω)(x, 0)〉
H−

1
2 (Ω)

= 0, 〈g2, ξ(ω)(x, 0)〉H1
0 (Ω) = 0}.

In [44, 52, 55, 56], J.L. Lions applied the no control and associated it with a sequence of low-regret
controls defined by a quadratic perturbation for deterministic distributed systems with incomplete
data. The sequence of low-regret controls is expected to converge to the no-regret control.

2.4 Defining the sequence of low-regret controls

For every γ > 0, we relax the problem (2.8) by introducing a quadratic perturbation such that

J(ω, g)− J(0, g) ≤ γ‖g‖2G , ∀g ∈ G.

We say that ω̂γ ∈ Uad is the sequence of low-regret controls for (2.1) if ω̂γ is the solution to

inf
ω∈Uad

sup
g∈G

[
J(ω, g)− J(0, g)− γ

(
‖g1‖2

H−
1
2 (Ω)

+ ‖g2‖2H1
0 (Ω)

)]
. (2.12)

Lemma 2.4.1
The problem (2.12) can be written as

inf
ω∈Uad

J γ(ω), (2.13)

where
J γ(ω) = J(ω, 0)− J(0, 0) + 1

γ
‖ζ(ω)(x, 0)‖2

H−
1
2 (Ω)

+ 1
γ
‖ξ(ω)(x, 0)‖2H1

0 (Ω). (2.14)

Proof. From (2.8) and (2.9), the problem (2.12) is written as

inf
ω∈Uad

(
J(ω, 0)− J(0, 0) + sup

g∈G

∫
Ω

[
(2g1ζ(ω)(x, 0)− γg2

1) + (2g2ξ(ω)(x, 0)− γg2
2)
]
dx
)
.

The functions f : g1 7→ (2g1ζ(ω)(x, 0) − γg2
1) and f̃ : g2 7→ (2g2ξ(ω)(x, 0) − γg2

2) are concave. Then,
it’s absolutely clear that

sup
g1∈H−

1
2 (Ω)

f(g1) = 1
γ
‖ζ(ω)(x, 0)‖2

H−
1
2 (Ω)

, sup
g2∈H1

0 (Ω)
f̃(g2) = 1

γ
‖ξ(ω)(x, 0)‖2H1

0 (Ω).

Lemma 2.4.2
The problem (2.13)-(2.14) has a unique solution ω̂γ , which is called the sequence of low regret
controls. Furthermore, when γ → 0, the control ω̂γ converges weakly to the unique no regret
control ω̂.
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Proof. Since the set of admissible controls Uad is non-empty, closed and bounded, we have

J γ(ω) ≥ −J(0, 0) = −‖yd‖2L2(Ω) − ‖zd‖
2
L2(Ω), ∀ω ∈ Uad.

Following that, there is
dγ := inf

ω∈Uad
J γ(ω) ≥ 0.

Let (ωγn) ∈ Uad be a minimizing sequence such that

dγ = lim
n→∞

J γ(ωγn) = J γ(ωγ).

Then again, we get
dγ ≤ J γ(ωγn) < dγ + 1

n
< dγ + 1.

So, we deduce the bounds

‖ωγn‖L2(0,T ;O) ≤ Cγ , ‖y(ωγn, 0)‖L2(Q) ≤ Cγ , ‖z(ωγn, 0)‖L2(Q) ≤ Cγ ,
1
√
γ
‖ζ(ωγn)(x, 0)‖

H−
1
2 (Ω)
≤ Cγ , 1

√
γ
‖ξ(ωγn)(x, 0)‖H1

0 (Ω) ≤ Cγ .
(2.15)

where Cγ is a positive constant and (yγn, zγn) = (y(ωγn, 0), z(ωγn, 0)) solves the the following coupled
systems 

∂yγn
∂t
− div(d(x)Oyγn) + r(x)yγn = 0

∂zγn
∂t
− div(d(x)Ozγn) + r̃(x)zγn + r(x)yγn = ωγnχO

in Q,

yγn(x, 0) = 0, zγn(x, 0) = 0, in Ω,

zγn = 0, ∂zγn
∂ν

= 0 on Σ.

(2.16)

Multiplying the first equality of (2.16) by yγn and the second equality by zγn. We integrate over Ω, we
find

1
2

d
dt

∫
Ω
|yγn(t)|2dx+

∫
Ω
r(x)|yγn(t)|2dx−

∫
Ω

div (d(x)yγn(t))yγn(t)dx = 0,

1
2

d
dt

∫
Ω
|zγn(t)|2dx+

∫
Ω
r̃(x)|zγn(t)|2 − div( d(x).zγn(t))zγn(t) + r(x)yγn(t)zγn(t)dx =

∫
O
ωγn(t)zγn(t)dx.

By integrating over [0, T ] and by applying the Gronwall lemma, we obtain

‖yγn‖L∞(0,T ;Y) ≤ Cγ , ‖zγn‖L∞(0,T ;H1
0 (Ω)) ≤ Cγ ,

where Cγ denotes a positive constant. We can deduce from (2.15)

‖∂z
γ
n

∂t
− div(d(x)Ozγn) + r̃(x)zγn + r(x)yγn‖L2(0,T ;O) ≤ Cγ .

Then there is a subsequence of (ωγn), which we denote with the same indices, such that when n goes
to +∞,

ωγn ⇀ ω̂γ weakly in L2(0, T ;O), yγn ⇀ ŷγ weakly in L∞(0, T ;Y),
zγn ⇀ ẑγ weakly in L∞(0, T ;H1

0 (Ω)),
∂zγn
∂t
− div(d(x)Ozγn) + r̃(x)zγn + r(x)yγn ⇀ f weakly in L2(0, T ;O).

The space L∞(Q) (respectively L∞(0, T ;H1
0 (Ω))) is continuously embedded in L2(Q) (respectively

L2(0, T ;H1
0 (Ω))). Clearly, we have

yγn ⇀ ŷγ weakly in L2(Q), zγn ⇀ ẑγ weakly in L2(0, T ;H1
0 (Ω)). (2.17)
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Multiplying two equalities in (2.16) by two test functions ϕ,ψ ∈ D(Q), we discover

〈yγn,−
∂ϕ

∂t
− div(d(x)Oϕ) + r(x)ϕ〉L2(Q) = 0,

〈zγn,−
∂ψ

∂t
− div(d(x)Oψ) + r̃(x)ψ〉L2(Q) + 〈yγn, r(x)ψ〉L2(Q) = 〈ωγn, ψ〉L2(Q).

We get by combining the last two equalities and passing to the limit.
∂ŷγ

∂t
− div(d(x)Oŷγ) + r(x)ŷγ = 0

∂ẑγ

∂t
− div(d(x)Oẑγ) + r̃(x)ẑγ + r(x)ŷγ = ω̂γχO

in L2(0, T,O). (2.18)

From (2.17) and (2.18), we get
ŷγ(x, 0) = 0, ẑγ(x, 0) = 0.

Now we must demonstrate that (ζγn , ξγn) converges to (ζ̂γ , ξ̂γ). Let ζγn = ζ(ωγn) and ξγn = ξ(ωγn). Reverse
time variable by taking ζ̃γn(x, t) = ζγn(x, T − t), ξ̃γn(x, t) = ξγn(x, T − t), ỹγn(x, t) = yγn(x, T − t) and
z̃γn(x, t) = zγn(x, T − t).

Then, we have 

−∂ζ̃
γ
n

∂t
− div(d(x)Oζ̃γn) + r(x)ζ̃γn + r(x)ξ̃γn = ỹγn

−∂ξ̃
γ
n

∂t
− div(d(x)Oξ̃γn) + r̃(x)ξ̃γn = z̃γn

in Q,

ζ̃γn(x, 0) = 0, ξ̃γn(x, 0) = 0 in Ω,

ζ̃γn = 0, ∂ζ̃
γ
n

∂ν
= 0 on Σ.

Then we come to the conclusion that

ζ̃γn ⇀ ζ̂γ weakly in L2(Q), ξ̃γn ⇀ ξ̂γ weakly in L2(0, T ;H1
0 (Ω)).

Hence, the

ζ̃γn(x, 0) ⇀ ζ̂γ(x, 0) weakly in H−
1
2 (Ω), ξ̃γn(x, 0) ⇀ ξ̂γ(x, 0) weakly in H1

0 (Ω).

Finally, there is
lim
n→∞

J γ(ωγn) = J γ(ωγ) = inf
ω∈Uad

J γ(ω).

The functional J γ quadratic coercive, thus ω̂γ is unique.
The characterization of the sequence of low regret controls is given in the following proposition:

Proposition 2.4.1
The unique sequence of low regret controls, ω̂γ is characterized by the following coupled system

∂ŷγ

∂t
− div(d(x)Oŷγ) + r(x)ŷγ = 0

∂ẑγ

∂t
− div(d(x)Oẑγ) + r̃(x)ẑγ + r(x)ŷγ = ω̂γχO

in Q,

ŷγ(x, 0) = 0, ẑγ(x, 0) = 0 in Ω,

ẑγ = 0, ∂ẑγ

∂ν
= 0 on Σ,

(2.19)



−∂ζ̂
γ

∂t
− div(d(x)Oζ̂γ) + r(x)ζ̂γ + r(x)ξ̂γ = y(ω − ω̂γ)

−∂ξ̂
γ

∂t
− div(d(x)Oξ̂γ) + r̃(x)ξ̂γ = z(ω − ω̂γ)

in Q,

ζ̂γ(x, T ) = 0, ξ̂γ(x, T ) = 0 in Ω,

ζ̂γ = 0, ∂ζ̂
γ

∂ν
= 0 on Σ,

(2.20)
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

∂ρ̂γ

∂t
− div(d(x)Oρ̂γ) + r(x)ρ̂γ = 0

∂σ̂γ

∂t
− div(d(x)Oσ̂γ) + r̃(x)σ̂γ + r(x)ρ̂γ = 0

in Q,

ρ̂γ(x, 0) = −1
γ
ζ(ω − ω̂γ)(x, 0), σ̂γ(x, 0) = −1

γ
ξ(ω − ω̂γ)(x, 0) in Ω,

ẑγ = 0, ∂ẑγ

∂ν
= 0 on Σ,

(2.21)

and 

−∂p̂
γ

∂t
− div(d(x)Op̂γ) + r(x)p̂γ + r(x)q̂γ = ŷγ − yd + ρ̂γ

−∂q̂
γ

∂t
− div(d(x)Oq̂γ) + r̃(x)q̂γ = ẑγ − zd + σ̂γ

in Q,

p̂γ(x, T ) = 0, q̂γ(x, T ) = 0 in Ω,

p̂γ = 0, ∂q̂
γ

∂ν
= 0 on Σ.

(2.22)

Furthermore, for all ω ∈ Uad, we have∫ T

0

∫
O

(q̂γ +Nω̂γ)(ω − ω̂γ)dxdt ≥ 0. (2.23)

Proof. The functional J γ is quadratic coercive, thus it possesses a unique minimum ω̂γ . This
minimum is a solution to the Euler equation, thus for all ω ∈ Uad, we have

lim
h→0

Jγ
(
ω̂γ + h(ω − ω̂γ)

)
− Jγ(ω̂γ)

h
≥ 0.

So, we have∫∫
Q

[
y(ω − ω̂γ)(ŷγ − yd) + z(ω − ω̂γ)(ẑγ − zd)

]
dtdx+

∫ T

0

∫
O
Nω̂γ(ω − ω̂γ)dtdx

+ 1
γ

∫
Ω

[
ζ̂γ(x, 0)ζ(ω − ω̂γ)(x, 0) + ξ̂γ(x, 0)ξ(ω − ω̂γ)(x, 0)

]
dx ≥ 0.

(2.24)

We introduce (ρ̂γ , σ̂γ) = (ρ(ω̂γ , 0)(x, t), σ(ω̂γ , 0)(x, t)) solution to (2.21). By integration of parts, we
get∫∫

Q
ζ̂γ(∂ρ̂

γ

∂t
− div(d(x)Oρ̂γ) + r(x)ρ̂γ)dtdx =

∫∫
Q
ρ̂γ(−∂ζ̂

γ

∂t
− div(d(x)Oζ̂γ) + r(x)ζ̂γ)dtdx

+ 1
γ

∫
Ω
ζ̂γ(x, 0)ζ(ω − ω̂γ)(x, 0)dx

= 0,

(2.25)

and∫∫
Q
ξ̂γ(∂σ̂

γ

∂t
− div(d(x)Oσ̂γ) + r̃(x)σ̂γ + r(x)ρ̂γ)dtdx =

∫∫
Q
σ̂γz(ω − ω̂γ)dtdx+

∫∫
Q
ρ̂γ r̃(x)ξ̂γdtdx

+ 1
γ

∫
Ω
ξ̂γ(x, 0)ξ(ω − ω̂γ)(x, 0)dx

= 0.
(2.26)

The result of adding (2.25) to (2.26) is

1
γ

∫
Ω

[
ζ̂γ(x, 0)ζ(ω−ω̂γ)(x, 0)+ξ̂γ(x, 0)ξ(ω−ω̂γ)(x, 0)

]
dx =

∫∫
Q

[ρ̂γy(ω−ω̂γ)+σ̂γz(ω−ω̂γ)]dtdx. (2.27)
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By substituting (2.27)for (2.24), we get∫∫
Q

[
y(ω− ω̂γ)(ŷγ − yd + ρ̂γ) + z(ω− ω̂γ)(ẑγ − zd + σ̂γ)

]
dtdx+

∫ T

0

∫
O
Nω̂γ(ω− ω̂γ)dtdx ≥ 0. (2.28)

We introduce the coupled adjoint state (p̂γ , q̂γ) = (p(ω̂γ , 0)(x, t), q(ω̂γ , 0)(x, t)) solution to (2.22).
Finally, we get (2.23) by substituting (2.22)for (2.28) and integration by parts.

We need some a priori estimations, which we make in the following lemma.
Lemma 2.4.3

There exist some positive constants C independent of γ that satisfy the following estimations:

‖ω̂γ‖L2(0,T,O) ≤ C, ‖ŷγ‖L2(Q) ≤ C, ‖ẑγ‖L2(Q) ≤ C,
1
√
γ
‖ζ̂γ(x, 0)‖

H−
1
2 (Ω)
≤ C, 1

√
γ
‖ξ̂γ(x, 0)‖H1

0 (Ω) ≤ C,
(2.29)

and,

‖ŷγ‖L2(Q) ≤ C, ‖
∂ŷγ

∂t
‖L2(Q) ≤ C, ‖ẑγ‖L2(0,T ;H1

0 (Ω)) ≤ C, ‖
∂ẑγ

∂t
‖L2(Q) ≤ C, (2.30)

‖ζ̂γ‖L2(Q) ≤ C, ‖
∂ζ̂γ

∂t
‖L2(Q) ≤ C, ‖ξ̂γ‖L2(0,T ;H1

0 (Ω)) ≤ C, ‖
∂ξ̂γ

∂t
‖L2(Q) ≤ C, (2.31)

‖ρ̂γ‖L2(Q) ≤ C, ‖
∂ρ̂γ

∂t
‖L2(Q) ≤ C, ‖σ̂γ‖L2(0,T ;H1

0 (Ω)) ≤ C, ‖
∂σ̂γ

∂t
‖L2(Q) ≤ C, (2.32)

‖p̂γ‖L2(Q) ≤ C, ‖
∂p̂γ

∂t
‖L2(Q) ≤ C, ‖q̂γ‖L2(0,T ;H1

0 (Ω)) ≤ C, ‖
∂q̂γ

∂t
‖L2(Q) ≤ C. (2.33)

Proof. Since ω̂γ is the sequence of low regret controls, we have

J γ(ω̂γ) ≤ J γ(ω) ∀ω ∈ Uad.

Specifically, when ω = 0, we get

J(ω̂γ , 0)− J(0, 0) + 1
γ
‖ζ̂γ(x, 0)‖2

H−
1
2 (Ω)

+ 1
γ
‖ξ̂γ(x, 0)‖2H1

0 (Ω) ≤ 0.

Therefore, we have

‖ŷγ − yd‖2L2(Q) + ‖ẑγ − zd‖2L2(Q) +N‖|ω̂γ‖2L2(Q) + 1
γ
‖ζ̂γ(x, 0)‖2

H−
1
2 (Ω)

+ 1
γ
‖ξ̂γ(x, 0)‖2H1

0 (Ω)

≤ ‖yd‖2L2(Ω) + ‖zd‖2L2(Ω) = Constant.
(2.34)

So (2.29) holds. Multiplying the first equality of (2.19) by ŷγ and the second equality by ẑγ and we
integrate over Ω, we find∫

Ω
ŷγ(t)

(∂ŷγ(t)
∂t

− div(d(x)Oŷγ(t)) + r(x)ŷγ(t)
)
dx

= 1
2

d
dt

∫
Ω
|ŷγ(t)|2dx+

∫
Ω
r(x)|ŷγ(t)|2dx−

∫
Ω

div (d(x)ŷγ(t))ŷγ(t)dx

= 0,
and ∫

Ω
ẑγ(t)

(∂ẑγ(t)
∂t

− div(d(x)Oẑγ(t)) + r̃(x)ẑγ(t) + r(x)ŷγ(t)
)
dx

= 1
2

d
dt

∫
Ω
|ẑγ(t)|2dx+

∫
Ω
r̃(x)|ẑγ(t)|2dx−

∫
Ω

div( d(x).ẑγ(t))ẑγ(t) +
∫

Ω
r(x)ŷγ(t)ẑγ(t)dx

=
∫
O
ω̂γ(t)ẑγ(t)dx.
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By integrating over [0, T ] and by applying the Gronwall lemma, we obtain

‖ŷγ‖L2(Q) ≤ Cγ , ‖
∂ŷγ

∂t
‖L2(Q) ≤ Cγ , ‖ẑγ‖L2(0,T ;H1

0 (Ω)) ≤ Cγ , ‖
∂ẑγ

∂t
‖L2(Q) ≤ Cγ ,

where Cγ is a positive constant. From the last estimations we got (2.30). We follow a similar method
to demonstrate (2.30) for finding (2.31).

When we pass to the limit when γ → 0, the sequence of low regret controls converges ω̂γ to the
no regret control ω̂.
Theorem 2.4.1

The no regret control ω̂ = limγ→0 ω̂
γ is characterized by the unique set

{(ŷ, ẑ), (ζ̂, ξ̂), (ρ̂, σ̂), (p̂, q̂)} solution to the following coupled optimality system

∂ŷ

∂t
− div(d(x)Oŷ) + r(x)ŷ = 0

∂ẑ

∂t
− div(d(x)Oẑ) + r̃(x)ẑ + r(x)ŷ = ω̂χO

in Q,

ŷ(x, 0) = 0, ẑ(x, 0) = 0, in Ω,

ẑ = 0, ∂ẑ

∂ν
= 0 on Σ,

(2.35)



−∂ζ̂
∂t
− div(d(x)Oζ̂) + r(x)ζ̂ + r(x)ξ̂ = y(ω − ω̂)

−∂ξ̂
∂t
− div(d(x)Oξ̂) + r̃(x)ξ̂ = z(ω − ω̂)

in Q,

ζ̂(x, T ) = 0, ξ̂(x, T ) = 0 in Ω,

ζ̂ = 0, ∂ζ̂
∂ν

= 0 on Σ,

(2.36)



∂ρ̂

∂t
− div(d(x)Oρ̂) + r(x)ρ̂ = 0

∂σ̂

∂t
− div(d(x)Oσ̂) + r̃(x)σ̂ + r(x)ρ̂ = 0

in Q,

ρ̂(x, 0) = ρ0, σ̂(x, 0) = σ0 in Ω,

σ̂ = 0, ∂σ̂

∂ν
= 0 on Σ,

(2.37)

and 

−∂p̂
∂t
− div(d(x)Op̂) + r(x)p̂+ r(x)q̂ = ŷ − yd + ρ̂

−∂q̂
∂t
− div(d(x)Oq̂) + r̃(x)q̂ = ẑ − zd + σ̂

in Q,

p̂(x, T ) = 0, q̂(x, T ) = 0 in Ω,

p̂ = 0, ∂p̂
∂ν

= 0 on Σ,

(2.38)

with regard to the variational inequality∫ T

0

∫
O

(q̂ +Nω̂)(ω − ω̂)dxdt ≥ 0, (2.39)

with the following limits:

ρ0 = − lim
γ→0

1
γ
ζ(ω − ω̂γ)(x, 0), σ0 = − lim

γ→0

1
γ
ξ(ω − ω̂γ)(x, 0).

Proof. From inequality (2.34), we may extract some subsequences of of (ω̂γ , ŷγ , ẑγ)γ that we
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denote with the same indices such that, when γ goes to 0, we have

ω̂γ ⇀ ω̂ weakly in L2(0, T ;O), (ŷγ , ẑγ) ⇀ (ŷ, ẑ) weakly in L2(Q)× L2(0, T ;H1
0 (Ω)).

On the other hand, from the optimality coupled systems in the Proposition 2.4.1, the sequences
(∂ŷ

γ

∂t
− div(d(x)Oŷγ) + r(x)ŷγ)γ and (∂ẑ

γ

∂t
− div(d(x)Oẑγ) + r̃(x)ẑγ + r(x)ŷγ)γ are bounded in L2(Q).

So, we have

∂ŷγ

∂t
− div(d(x)Oŷγ) + r(x)ŷγ ⇀ ∂ŷ

∂t
− div(d(x)Oŷ) + r(x)ŷ weakly in L2(Q),

∂ẑγ

∂t
− div(d(x)Oẑγ) + r̃(x)ẑγ + r(x)ŷγ ⇀ ∂ẑ

∂t
− div(d(x)Oẑ) + r̃(x)ẑ + r(x)ŷ in L2(Q).

Taking to the limit γ → 0, we get (2.35). Also, from to a priori estimates of Lemma 2.4.3, and by
using the same method we found (2.36)-(2.38). From (2.29), we have

−1
γ

(
ζ(ω − ω̂γ)(x, 0), ξ(ω − ω̂γ)(x, 0)

)
⇀ (ρ0, σ0) weakly in H−

1
2 (Ω)×H1

0 (Ω).

In conclusion, the inequality (2.39) can be deduced using the weak convergence of p̂γ , q̂γ and
ω̂γ .

2.5 Conclusion
Chapter 2 examined an evolution coupled system with missing initial conditions that presented the

relationship between biochemical oxygen demand BOD and dissolved oxygen DO. Since the decrease
in BOD is a good way to judge the effectiveness of water purification, our main objective was to
control the level of dissolved oxygen to give more information about it. We characterized optimal
control using the concept of "no regret control," in which we solved an optimal control problem with
uncertainty. The obtained method optimization problem is to be transformed into classical optimal
control via the notion of low-regret control. Finally, the coupled optimality system for the least regret
control converges weakly to the coupled optimality systems for no regret control or optimal control.



Chapter 3
Identification problem of a fractional
thermoelastic deformation system with
incomplete data: A sentinel method

3.1 Introduction

I n the inverse problem, the values of the system’s parameters are concluded on the basis of actual
observations [31]. An inverse problem, according to J.P. Kernevez, is one in which one must

determine the cause from its effect, whereas a direct problem is one in which one must determine
how to derive the effect from the cause [43]. J.L. Lions invented and constructed the sentinel strategy
in [51, 53], which is today one of the most well-known strategies for investigating the behavior of
dynamic systems using limited data. Sentinels are weighted integrals with selectivity-sensitive values
for one unknown and insensitivity to the others [41, 46, 50]. As a result of the sentinel problem, a
control problem is being investigated [41, 46, 48, 50, 51, 53]. Many researchers have used the sentinel
strategy in a variety of numerical applications, particularly O.Bodart, T. Mannikko, and J.P. Kernévez
in[48, 50]. Control theory based on fractional-order calculus has been used in a range of fields, including
electrical engineering, physics, economics, fractals, chaos, and medical science. In recent years, many
publications have appeared on control for fractional distributed concerns, with fractional derivatives
and integrals being used to define the controlled dynamical fractional systems [17, 18]. As indicated
by [6, 17, 18], the majority of research findings are frequently linked to Riemann-Liouville and Caputo
derivatives.

The main objective of this study is to explore the difficulties of identifying a fractional with
insufficient data. We’re keen to know more about composite material deformation. This type of
deformation isn’t always strictly mechanical. It is linked to thermal effects, which is why composite
thermoelastic behavior must be examined. A. Hafdallah and A. Abdelhamid employed the no-regret
control concept to regulate the deformation and temperature of a thermoelastic body by acting on
it with an external force delivered to a segment of the body in [3]. Our purpose is to analyze the
interplay between thermal and mechanical forces in elastic bodies using the sentinel approach to an
inverse fractional coupled thermoelastic system. According to [13], these kinds of issues have recently
benefited aeronautics, nuclear reactors, and cryogenic applications.

The following is how the paper is structured: We’ll go over some basic fractional calculus definitions
in the next section. For more details on fractional derivatives and integrals, see [17, 18, 19, 49, 39]. In
Section 3.3, we present the model under consideration and define our problem. In the fourth section,
we construct an observatory domain and build the sentinel function using the mean of the supplied
observations. In Section 3.5, we will reduce the sentinel problem to a null controllability problem with
a constraint. The release of control and presentation of optimality coupled systems will be covered
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in Section 3.6. We identify the pollution term in Section 3.7 and derive the stealthiness relationship
from it. Finally, we come to a conclusion for the paper. This work is based on an article that was
published in Nonlinear studies journal, www.nonlinearstudies.com Vol. 29, No. 2, pp. 1-13, (2022),
by C. Laouar, A. Ayadi, A. Hafdallah (see [1]).

3.2 Basic definitions of fractional calculus

In all the sequel of this section, f : [0, T ] → R be a function, α > 0, and integer n ∈ N satisfying
n− 1 < α < n. Let y, z, φ ∈ C∞([0, T ]× Ω̄), T > 0, we have the two following Lemmas:
Lemma 3.2.1

For all 0 < β < 1, and, for any y, φ ∈ C∞([0, T ]× Ω̄), we have

−
∫∫

Q
DβCz(x, t)φ(x, t)dxdt

= −
∫

Ω
z(x, T )I1−βφ(x, T )dx+

∫
Ω
z(x, 0)I1−βφ(x, 0)dx+

∫∫
Q
Dβ
RLφ(x, t)z(x, t)dxdt,

where DβCz is the right fractional Caputo derivative for z which is defined by

DβCz(x, t) = 1
Γ(1− β)

∫ T

t
(s− t)−β ∂

∂s
z(x, s)ds, (3.1)

and Dβ
RLφ is the left Riemann-Liouville fractional derivative for φ which is given by

Dβ
RLφ(x, t) = 1

Γ(1− β)
∂

∂t

∫ t

0
(t− s)−βφ(x, s)ds. (3.2)

Furthermore, the left Riemann-Liouville fractional integral I1−β for φ is defined by

I1−βφ(x, t) = 1
Γ(1− β)

∫ t

0
(t− s)−βφ(x, s)ds. (3.3)

Proof. When we use the integration by parts method, we discover

−
∫∫

Q
DβCz(x, t)φ(x, t)dxdt = −

∫
Ω

[ ∫ T

0
φ(x, t)

( 1
Γ(1− β)

∫ T

t
(s− t)−β ∂

∂s
z(x, s)ds

)
dt
]
dx

= −
∫

Ω

[ ∫ T

0

∂

∂s
z(x, s)

( 1
Γ(1− β)

∫ t

0
(s− t)−βφ(x, t)dt

)
ds
]
dx

= −
∫∫

Q

∂

∂t
z(x, t)I1−βφ(x, t)dtdx

= −
∫

Ω
z(x, T )I1−βφ(x, T )dx+

∫
Ω
z(x, 0)I1−βφ(x, 0)dx

+
∫∫

Q
Dβ
RLφ(x, t)z(x, t)dxdt.
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Lemma 3.2.2
For all 3

2 < α < 2, and, for any z, φ ∈ C∞([0, T ]× Ω̄), we have∫∫
Q
DαCy(x, t)φ(x, t)dxdt =

∫
Ω

∂

∂t
y(x, T )I2−αφ(x, T )dx−

∫
Ω

∂

∂t
y(x, 0)I2−αφ(x, 0)dx

−
∫

Ω
y(x, T ) ∂

∂t
I2−αφ(x, T )dx+

∫
Ω
y(x, 0) ∂

∂t
I2−αφ(x, 0)dx

+
∫∫

Q
Dα
RLφ(x, t)y(x, t)dxdt,

(3.4)

where DαCy is the right fractional Caputo derivative for y, which is defined by

DαCy(x, t) = 1
Γ(2− α)

∫ T

t
(s− t)1−α ∂

2

∂s2 y(x, s)ds, (3.5)

and Dα
RLφ is the left Riemann-Liouville fractional derivative for φ which is given by

Dα
RLφ(x, t) = 1

Γ(2− α)
∂2

∂t2

∫ t

0
(t− s)1−αφ(x, s)ds. (3.6)

The left Riemann-Liouville fractional integral I2−α for φ is represented by

I2−αφ(x, t) = 1
Γ(2− α)

∫ t

0
(t− s)1−αφ(x, s)ds. (3.7)

Proof. Using integration by part, we arrive at∫∫
Q
DαCy(x, t)φ(x, t)dxdt =

∫
Ω

[ ∫ T

0
φ(x, t)

( 1
Γ(2− α)

∫ T

t
(s− t)1−α ∂

2

∂s2 y(x, s)ds
)
dt
]
dx

=
∫

Ω

[ ∫ T

0

∂2

∂s2 y(x, s)
( 1

Γ(2− α)

∫ t

0
(s− t)1−αφ(x, t)dt

)
ds
]
dx

=
∫∫

Q

∂2

∂t2
y(x, t)I2−αφ(x, t)dtdx,

which yields (3.4).
The identification problem for fractional coupled thermoelastic deformation systems with insuffi-

cient information will be discussed in the following section.

3.3 Setting the problem

Let be Ω a bounded open subset of R3, with a smooth boundary Γ of class C2, Γ0 a non-empty subset
of Γ. For all T > 0, we denote by Q = Ω × (0, T ),Σ = Γ × (0, T ) and Σ0 = Γ0 × (0, T ). For all
1 < α < 2, 0 < β < 1, we examine perturbed fractional coupled thermoelastic systems, which are
defined as follows:

Dα
RLy −∆y + γ∇z + y + z = 0

Dβ
RLz −∆z + γ(divDβ

RLy) + y + z = 0 in Q,

I2−αy(0) = y0 + τ0ŷ
0,

∂

∂t
I2−αy(0) = y1 + τ1ŷ

1, I1−βz(0) = z0 + τ2ẑ
0 in Ω,

z = 0 Σ,
y = ξ + λξ̂ on Σ0,
y = 0 Σ|Σ0.

(3.8)
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The relationship between thermal and mechanical factors in elastic body behavior is described using
perturbed fractional coupled systems (3.8).

The state of the system (3.8) is represented by a vector y = y(x, t) = (y1, y2, y3), where y1, y2
and y3 are the elastic displacements at the moment t. The scalar function z = z(x, t) represents the
temperature. The coefficient γ is the coupling positive parameter.
Furthermore, in the two equalities (3.2) and (3.6) the left Riemann-Liouville fractional derivatives
expressions Dβ

RL and Dα
RL are given. The left Riemann-Liouville fractional integrals for I1−β and

I2−α and are defined in (3.3) and (3.7).
The problem (3.1) is polluted in the following way:

y0 ∈ (H2(Ω) ∩H1
0 (Ω))3, y1 ∈ (L2(Ω))3, z0 ∈ L2(Ω), ξ0 ∈ H

1
2 (Σ0) are known. (3.9)

Furthermore, the terms τ0ŷ
0, τ1ŷ

1, τ2ẑ
0 and λξ̂ are unknown.

We only have that

‖ŷ0‖(
H1

0 (Ω)
)3 ≤ 1, ‖ŷ1‖(

L2(Ω)
)3 ≤ 1, ‖ẑ0‖L2(Ω) ≤ 1, ‖ξ̂‖

H
1
2 (Σ0)

≤ 1,

τ0, τ1, τ2, λ are small enough in R.
(3.10)

For the given scalars λ, τi, i ∈ {0, 1, 2}, and from (3.9)-(3.10), the problem (3.8) has a unique solution
denoted by

(
y(x, t;λ, τ), z(x, t;λ, τ)

)
∈ L2(0, T ;H1

0 (Ω) ∩ H2(Ω)
)
× L2(Q) where τ = (τ0, τ1, τ2). For

more information see [51].

3.4 Application of the sentinel method
Consider a non-empty small domain assigned O such that

O ⊂ Ω is an observatory domain.

In this observatory domain, we measure the temperature z over the time interval (0, T ). Then we put
Q = O × (0, T ), and the observation of z in Q is denoted by

zobs = m0(x, t) a given function.

The problem then becomes one of determining which pollution terms λξ̂ are influenced by the initial
data movements around y0, y1 and z0.

This problem can be approached in two ways. The first is to use the least square classical method,
[45]. The second method is the Sentinel Method, which was introduced by J. L. Lions in [51, 53], and
is better suited to solving our problem.

The sentinel approach requires building a functional sentinel.

S(λ, τ) =
∫∫
Q

(h0 + v)zobsdx dt, (3.11)

where the given function h0 ∈ L2(Q) and v ∈ L2(Q) is a control function. Then we look for v ∈ L2(Q),
which must meet the following requirements.

∂S

∂τi
(0, 0) = 0, i = {0, 1, 2}, ∀(y0, y1, z0) ∈ (H2(Ω) ∩H1

0 (Ω))3 × L2(Ω)3 × L2(Ω), (3.12)

‖v‖L2(Q) = minimum. (3.13)

If the function S(λ, τ) is differentiable at (0, 0), it has a linear approximation close to this point.
As a result, the S function can be expressed as

S(λ, τ) ' S(0, 0) + λ
∂S

∂λ
(0, 0). (3.14)
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The implications of condition (3.14) are taken into account (3.13). We denote by (y0, z0) =(
y(x, t; 0, 0), z(x, t; 0, 0)

)
a calculable solution to

Dα
RLy0 −∆y0 + γ∇z0 + y0 + z0 = 0

Dβ
RLz0 −∆z0 + γ(divDβ

RLy0) + y0 + z0 = 0 in Q,

I2−αy0(0) = y0,
∂

∂t
I2−αy0(0) = y1, I1−βz0(0) = z0 in Ω,

z0 = 0 Σ,
y0 = ξ on Σ0,
y0 = 0 Σ|Σ0.

(3.15)

Then, we deduce
S(0, 0) =

∫∫
Q

(h0 + v)z0dxdt is given. (3.16)

The following information is sourced from the relationships (3.14),(3.15) and (3.16).

λ
∂S

∂λ
(0, 0) '

∫∫
Q

(h0 + v)(m0 − z0)dxdt. (3.17)

The function S is differentiable at λ. The partial derivative of S at λ is given by

∂S

∂λ
(0, 0) =

∫∫
Q

(h0 + v)zλdxdt, (3.18)

The partial derivatives with respect to zλ and yλ are defined as follows:

Dα
RLyλ −∆yλ + γ∇zλ + yλ + zλ = 0

Dβ
RLzλ −∆zλ + γ(divDβ

RLyλ) + yλ + zλ = 0 in Q,

I2−αyλ(0) = 0, ∂

∂t
I2−αyλ(0) = 0, I1−βzλ(0) = 0 in Ω,

yλ = ξ̂ Σ0,
yλ = 0 on Σ|Σ0,
zλ = 0 Σ.

(3.19)

The information provided by the sentinel function’s is given by

λ
∂S

∂λ
(0, 0) =

∫∫
Q

(h0 + v)(m0 − z0)dxdt

=
∫∫
Q

(h0 + v)λzλdxdt.
(3.20)

We’ll search for a function control v ∈ L2(Q) in the next section. This means that the sentinel problem
can be simplified to a null controllability problem with a constraint on the control function.

3.5 Equivalence to a controllability problem

Finding a control function v comes back to transforming the condition of insensitivity (3.12) into a null
controllability problem with a constraint on the control function. Right fractional Caputo derivatives
are an excellent technique to introduce coupled adjoint state systems.
Proposition 3.5.1

The following null controllability problem is similar to the condition of insensitivity (3.12).

p(0; v) = 0, ∂p

∂t
(0; v) = 0, q(0; v) = 0 in Ω, (3.21)
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where (p, q) = (p(x, t; v), q(x, t; v) ∈ (L2(Q))2 is the solution of the following coupled systems of
the adjoint state, 

DαCp−∆p+ γ∇DβCq + p+ q = 0
−DβCq −∆q − γ div p+ p+ q = (h0 + v)χO

in Q,

p(T ) = 0, ∂p

∂t
(T ) = 0, q(T ) = 0 in Ω,

p = 0, q = 0 on Σ,

(3.22)

where the right fractional Caputo derivatives DβC and DαC are defined in equalities (3.1) and (3.5)
in the Section3.2.

Proof. Suppose that the partial derivatives yτ and zτ have been computed for λ = τ = 0. Then
there’s 

Dα
RLyτ −∆yτ + γ∇zτ + yτ + zτ = 0

Dβ
RLzτ −∆zτ + γ(divDβ

RLyτ ) + yτ + zτ = 0 in Q,

I2−αyτ (0) = ŷ0,
∂

∂t
I2−αyτ (0) = ŷ1, I1−βzτ (0) = ẑ0 in Ω,

yτ = 0, zτ = 0 on Σ.

(3.23)

We can see from (3.12) that ∫∫
Q

(h0 + v)zτdxdt = 0, (3.24)

which must be taken into account (3.13). We multiply the first equality in (3.22) by yτ , and we
multiply the second equation in (3.22) by zτ . We get the following result using Green’s formula (see
Section(3.2)).

−
∫

Ω

∂

∂t
p(x, 0)ŷ0dx+

∫
Ω
p(x, 0)ŷ1dx+

∫∫
Q

(Dα
RLyτ −∆yτ + yτ )p+ (γ(div Dβ

RL)yτ + yτ )qdxdt = 0,∫
Ω
q(x, 0)ẑ0dx+

∫∫
Q

(Dβ
RLzτ −∆zτ + zτ )q + (γdivzτ + zτ )pdxdt = 0.

Putting the two last equations together, we get (3.21).
We introduce the functions p̄, q̄ (respectively. ϕ,ψ) solutions of the coupled systems

DαC p̄−∆p̄+ γ∇DβC q̄ + p̄+ q̄ = 0
−DβC q̄ −∆q̄ − γ div p̄+ p̄+ q̄ = h0χO

in Q,

p̄(T ) = 0, ∂p̄
∂t

(T ) = 0, q̄(T ) = 0 in Ω,

p̄ = 0, q̄ = 0 on Σ,

(3.25)

respectively, 

DαCϕ−∆ϕ+ γ∇DβCψ + ϕ+ ψ = 0
−DβCψ −∆ψ − γ divϕ+ ϕ+ ψ = vχO

in Q,

ϕ(T ) = 0, ∂ϕ
∂t

(T ) = 0, ψ(T ) = 0 in Ω,

ϕ = 0, ψ = 0 on Σ.

(3.26)

Finally, we must solve a new control problem in which the new coupled states satisfy the requirements: ϕ(0) = −p̄(0), ∂ϕ

∂t
(0) = −∂p̄

∂t
(0), ψ(0) = −q̄(0),

‖v‖L2(Q) = minimum.
(3.27)
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3.6 Optimal control problem and optimality coupled systems

It is possible to convert the optimization problem (3.27) with a constraint into an optimization problem
without a constraint using the penalization technique. Further, set ε > 0, we define the penalized cost
functional Jε as follows:

Jε
(
v, ϕ, ψ

)
= 1

2‖v‖
2
L2(Q) + 1

2ε‖ − D
β
Cψ −∆ψ − γ div ϕ+ ϕ+ ψ − vχO‖2L2(Q)

+ 1
2ε‖D

α
Cϕ−∆ϕ+ γ∇DβCψ + ϕ+ ψ‖2L2(Q),

where the coupled states (ϕ,ψ) satisfies

−DβCψ −∆ψ − γ div ϕ+ ϕ+ ψ ∈ L2(Q)
DαCϕ−∆ϕ+ γ∇DβCψ + ϕ+ ψ = 0

, in Q,

ϕ(T ) = 0, ∂ϕ
∂t

(T ) = 0, ϕ(0) = −p̄(0), ψ(T ) = 0 , ψ(0) = −q̄(0) in Ω,
ϕ = 0, ψ = 0 on Σ.

Let us now consider the following optimization problems:

inf Jε(v;ϕ,ψ), (v;ϕ,ψ) ∈ L2(Q)× L2(Q)× L2(Q). (3.28)

Theorem 3.6.1
The penalized optimization problems (3.28) admit a unique optimal pair control-state {vε, (ϕε, ψε)},
which is characterized by

DαCϕε −∆ϕε + γ∇DβCψε + ϕε + ψε = 0
−DβCψε −∆ψε − γ divϕε + ϕε + ψε = σεχO

in Q,

ϕε(T ) = 0, ∂ϕ
∂t

ε

(T ) = 0, ψε(T ) = 0 in Ω,
ϕε = 0, ψε = 0 on Σ,

(3.29)

where σε is given by
Dα
RLρ

ε −∆ρε + γ∇σε + ρε + σε = 0
Dβ
RLσ

ε −∆σε + γ(div Dβ
RLρ

ε) + ρε + σε = 0 in Q,

ρε = 0, σε = 0 on Σ,
(3.30)

and

vε = σε in Q, (3.31)

without any information on ρε(0), ∂ρ
ε

∂t
(0) and σε(0).

Proof. The function Jε being strictly convex, differentiable and coercive, it has a unique minimum.
The Euler-Lagrange optimality conditions for {vε, (ϕε, ψε)} are:

For all v̂ ∈ L2(Q)

lim
h→0

Jε
(
vε + h(v̂ − vε), ϕε, ψε

)
− Jε

(
vε, ϕε, ψε

)
h

= 0,

for all ϕ̂ ∈ L2(Q),

lim
h→0

Jε
(
vε, ϕε + h(ϕ̂− ϕε), ψε)

)
− Jε

(
vε, ϕε, ψε

)
h

= 0,
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for all ψ̂ ∈ L2(Q),

lim
h→0

Jε
(
vε, ϕε, ψε + h(ψ̂ − ψε)

)
− Jε

(
vε, ϕε, ψε

)
h

= 0.

The adjoint state coupled systems are introduced by∣∣∣∣∣∣∣
σε = 1

ε

(
−DβCψε −∆ψε − γ div ϕε + ϕε + ψε − vεχO

)
,

ρε = 1
ε

(
DαCϕε −∆ϕε + γ∇DβCψε + ϕε + ψε

)
,

where (ϕε, ψε) = (ϕε(x, t), ψε(x, t)). Then, ∀v̂ ∈ L2(Q) the unique solution {vε,
(
ϕε, ψε

)
} is character-

ized by

〈v̂, vε〉L2(Q) + 〈σε,−DβCψ̂
ε −∆ψ̂ε − γ div ϕ̂ε + ϕ̂ε + ψ̂ε − v̂εχO〉L2(Q)

+ 〈ρε,DαCϕ̂ε −∆ϕ̂ε + γ∇DβCψ̂
ε + ϕ̂ε + ψ̂ε〉L2(Q) = 0.

For all v̂ ∈ L2(Q) and for all (ϕ̂, ψ̂) verifies

−DβCψ̂ −∆ψ̂ − γ divϕ̂+ ϕ̂+ ψ̂ − v̂χO ∈ L2(Q)),
DαCϕ̂−∆ϕ̂+ γ∇DβCψ̂ + ϕ̂+ ψ̂ = 0 in Q

ϕ̂(T ) = 0, ∂ϕ̂
∂t

(T ) = 0, ψ̂(T ) = 0, ϕ̂(0) = 0, ψ̂(0) = 0 in Ω,

ϕ̂ = 0, ψ̂ = 0 on Σ,

which yields (3.22), (3.30) and (3.31).
We suppose that σε → σ in a suitable topology. We pass to the limit ε→ 0 we obtain

DαCϕ−∆ϕ+ γ∇DβCψ + ϕ+ ψ = 0
−DβCψ −∆ψ − γ divϕ+ ϕ+ ψ = σχO

in Q,

ϕ(T ) = 0, ∂ϕ
∂t

(T ) = 0, ψ(T ) = 0 in Ω,
ϕ = 0, ψ = 0 on Σ,

(3.32)

and 
Dα
RLρ−∆ρ+ γ∇σ + ρ+ σ = 0

Dβ
RLσ −∆σ + γ(divDβ

RL)ρ) + ρ+ σ = 0 in Q,

I2−αρ(0) = ρ0,
∂

∂t
I2−αρ(0) = ρ1, I1−βσ(0) = σ0 in O,
ρ = 0, σ = 0 on Σ,

(3.33)

v = σ in Q, (3.34)

where ρ0, ρ1, σ0 are unknown at present.

3.6.1 Calculation of ρ0, ρ1, σ0

Assuming that ρ0, ρ1, σ0 are sufficiently regular. For technical reasons, we define the following linear
operator as

Λ{ρ0, ρ1, σ0} = {ϕ(0), ∂ϕ
∂t

(0), ψ(0)}.

As a result of (3.27) we have

Λ{ρ0, ρ1, σ0} = −{p̄(0), ∂p̄
∂t

(0), q̄(0)}. (3.35)
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We multiply the first equality in (3.32) by ρ, then, the second equality in (3.32) by σ, and we apply
Green’s formula,

−
∫

Ω

∂

∂t
ϕ(x, 0)ρ0dx+

∫
Ω
ϕ(x, 0)ρ1dx+

∫∫
Q

(Dα
RLρ−∆ρ+ ρ)ϕ+ (γ(divDβ

RLρ) + ρ)ψdxdt = 0,

(3.36)∫
Ω
ψ(x, 0)σ0dx+

∫∫
Q

(Dβ
RLσ −∆σ + σ)ψ + (γdivσ + σ)ϕdxdt =

∫∫
Q
σ2dxdt. (3.37)

When we add the last two equalities together, we get

−
∫

Ω

∂

∂t
p̄(x, 0)ρ1dx+

∫
Ω
p̄(x, 0)ρ0dx+

∫
Ω
q̄(x, 0)σ0dx =

∫∫
Q
h0σdxdt.

Then −
∫

Ω
∂
∂t p̄(x, 0)ρ1dx+

∫
Ω p̄(x, 0)ρ0dx+

∫
Ω q̄(x, 0)σ0dx is a function of h0.

Setting
Mh0 = {p̄(0), ∂p̄

∂t
(0), q̄(0)}, (3.38)

where M ∈ L
(
L2(Q), (L2(Ω))3 × L2(Ω))3 × L2(Ω)

)
. We can deduce from relations (3.35) and (3.38):

Λ{ρ0, ρ1, σ0} = −Mh0.

The adjoint operator of M is denoted by M∗, where

M∗{ρ0, ρ1, σ0} = σχO.

We now propose a Hilbert space F , that defines a semi norm on L2(Q). We multiply the first equality
in (3.32) by ρ, then, the second equality in (3.32) by σ and we apply Green’s formula,

−
∫

Ω

∂

∂t
ϕ(x, 0)ρ1dx+

∫
Ω
ϕ(x, 0)ρ0dx+

∫∫
Q

(Dαρ−∆ρ+ ρ)ϕ+ (γ(divDβρ) + ρ)ψdxdt = 0, (3.39)∫
Ω
ψ(x, 0)σ0dx+

∫∫
Q

(Dβσ −∆σ + σ)ψ + (γdivσ + σ)ϕdxdt =
∫∫

Q
σ2dxdt. (3.40)

Combining (3.39) and (3.40) we find

〈Λ{ρ0, ρ1, σ0}, {ρ0, ρ1, σ0}〉 =
∫∫

Q
σ2dxdt.

Then we introduce the norm
‖{ρ0, ρ1, σ0}‖F =

( ∫∫
Q
σ2dxdt

) 1
2
. (3.41)

We define too F ′ the dual space of F . So, the operator Λ is an isomorphism of F into F ′. As a
consequence,

σχO = −M∗Λ−1Mh0. (3.42)

Finally, the wished-for sentinel function is provided by

S(λ, τ) =
∫∫
Q

(h0 −M∗Λ−1Mh0)m0dxdt.
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3.7 Identification of the pollution term λξ̂

We multiply the first equality in (3.22) by yλ and the second equality by zλ. We apply Green’s formula
and we obtain∫∫

Σ

∂p

∂ν
λξ̂dΣ0 + λ

∫∫
Q

(Dα
RLyλ −∆yλ + yλ)p+ (γ div Dβ

RLyλ + yλ)qdxdt = 0, (3.43)

and ∫∫
Q

(Dβ
RLzλ −∆zλ + zλ)q + (γdivzλ + zλ)pdxdt =

∫∫
Q

(h0 + v)λzλdxdt. (3.44)

As a result of equalities (3.43)-(3.44):∫∫
Σ

∂p

∂ν
λξ̂dΣ0 =

∫∫
Q

(h0 + v)λzλdxdt.

The crucial information is provided by the desired sentinel, which depends on h0.∫∫
Σ

∂p

∂ν
λξ̂dΣ0 '

∫∫
Q

(h0 −M∗Λ−1Mh0)(m0 − z0)dxdt. (3.45)

The pollution term λξ̂ is then called stealthy if it makes the sentinel S to be unable to observe.∫∫
Σ

∂p

∂ν
λξ̂dΣ0 = 0.

The relation’s numerical resolution (3.45) allows the transverse displacement of y to be valued in terms
of the temperature difference z.

3.8 Conclusion
The study reported in this paper was about using the sentinel method to resolve a fractional ther-
moelastic deformation system with incomplete data. The problem considered was formulated by the
Riemann-Liouville fractional derivatives. In the left Riemann-Liouville fractional integral meaning,
the partial known initial conditions are defined. The goal was to use the sentinel approach to detect
the pollution terms based on a particular temperature data z. The initial data moves had no effect
on the information obtained. The null controllability problem is the principal tool used to resolve
the sentinel problem. The right fractional Caputo derivatives of fractional order were the best way
to introduce the coupled of adjoint states. The numerical value of the transverse displacement of y
in relation to the temperature difference can be calculated using the assessment obtained in relation
(3.45). The sentinel method given in this paper is a generalization of the sentinel method in the context
of fractionally distributed problems.



Conclusion and Perspectives

T he major purpose of this thesis was to look at the subject of optimal control for some distributed
coupled systems with incomplete data as well as the detection of a fractional coupled system

with partial knowledge. We’ve been interested in the subject of environmental pollution, specifi-
cally water pollution. We tried to select the best control that was independent of the missing data
variation. The main technique was the use of Lions’ concept of "no regret control" to regulate dis-
tributed systems with missing data. In the same approach, the deformation of composite materials
has been discussed. This type of deformation isn’t always simply mechanical. We looked into several
results involving the Riemann-Liouville fractional derivatives as a sentinel of the fractional problem
of coupled thermo-elasticity systems. For analyzing the interaction between thermal and mechanical
effects in elastic bodies, we applied the sentinel approach to an inverse fractional coupled thermoe-
lastic system. Furthermore, when introducing fractional coupled adjoint state systems, we preferred
to use the right Caputo fractional derivative. The identification issue proposed in this paper with
the Riemann-Liouville and Caputo fractional derivative senses might be considered a generalization
of classical identification problems in the non-fractional situation.

Some of the previous results will be quantitatively verified in the future, and our studies on the
optimal control for some distributed coupled systems with imperfect information and on the sentinel
of a partially known fractional coupled system in a stochastic situation will be expanded. We’ll also
try to express these results numerically.

We are considering employing other fractional time derivatives, such as those of Caputo-Fabrizio or
probably Atangana-Baleanu, in the near future. Finally, the stability of a fractional coupled system,
the Bissel equation, and its applications in controlability theory are of interest to me.
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Appendix

3.9 Demonstration of the Theorem 1.5.4

Let’s prove the existence. We assume that the series defined in (1.37) is convergent in beforehand. By
replacing v by ωi in (1.35) and using the fact that (For more information see [7, 8])

a(z(t), ωi) = λi
(
z(t), ωi,

)
L2(Ω) = λizi. (3.46)

From (1.35)-(1.36), we may deduce that yi is a solution of the ordinary differential equation :{
Dβ
RLzi(t) + λizi(t) = fi(t), ∀t ∈ (0, T ),

I1−βzi(0) = z0
i .

(3.47)

Let’s solve the last (3.47) problem using the Laplace transform. We can get the following equation

L{Dβ
RLzi(t)}+ λiL{zi(t)} = L{fi(t)}. (3.48)

We have
L
[
Dβ
RLzi(t)

]
= sβL(zi(t))− lim

t→0
I1−βzi(t).

As a result, when (3.48) is added, we get

sβL(zi(t))− z0
i + λiL{zi(t)} = L{fi(t)}.

It denotes
L(zi(t)) = z0

i

sβ + λi
+ L{fi(t)}

sβ + λi
.

We know this because of Lemma 1.5.3:

L
[ 1
sβ + λi

]
= tβ−1Eβ,β(−λitβ),

hence
z(t) = tβ−1Eβ,β(−λitβ)z0

i =
∫ t

0
(t− s)β−1Eβ,β

(
− λi(t− s)β

)
fi(s)ds.

Otherwise; we have z(t) =
∑∞
i=1 zi(t)ωi.

Uniqueness of solution

• To begin, we show that there is a solution to the approximate problem of (1.33)- (1.34). Let
Vm be a subspace of H1

0 (Ω) generated by {ωk}mk=1. Consider the following approximate problem
associated with (1.33)- (1.34):
We are looking for zm : t ∈ [0, T ]→ zm(t) ∈ Vm solution of

Dβ
RL

(
zm(t), v

)
L2(Ω) + a(zm(t), v) =

(
f(t), v

)
L2(Ω) ∀v ∈ Vm, (3.49)

I1−βzm(0) = z0
m =

m∑
i=1

z0
i ωi. (3.50)
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Since zm(t) ∈ Vm, we have

zm(t) =
m∑
i=1

(z(t), ωi)L2(Ω)ωi =
m∑
i=1

zi(t)ωi.

We check that the function zm is the solution to (3.49)-(3.50) and that it is given by,

zm(t) =
m∑
i=1

[
tβ−1Eβ,β(−λitβ)z0

i =
∫ t

0
(t− s)β−1Eβ,β

(
− λi(t− s)β

)
fi(s)ds

]
ωi. (3.51)

• We show that the sequences (zm) ∈ L2(0, T ;H1
0 (Ω)) and (I1−βzm) ∈ C(0, T ;H1

0 (Ω)) are Cauchy.
Let m and p be two integers such that p > m ≥ 1. We then have

zp(t)− zm(t) =
p∑

i=m+1
zi(t)ωi.

Thus,

a(zp(t)− zm(t), zp(t)− zm(t)) =
p∑

i=m+1
λi(zi)2.

≤ 2
p∑

i=m+1
λit

2β−2E2
β,β(−λitβ)|z0

i |2

+ 2
p∑

i=m+1
λi
( ∫ t

0
(t− s)β−1Eβ,β

(
− λi(t− s)β

)
fi(s)ds

)2
.

whence

‖zp(t)− zm(t)‖2L2(0,T ;H1
0 (Ω)) =

∫ T

0
a(zp(t)− zm(t), zp(t)− zm(t))dt

≤ 2
p∑

i=m+1
λi|z0

i |2
∫ T

0
t2β−2E2

β,β(−λitβ)dt

+ 2
p∑

i=m+1

∫ T

0
λi
( ∫ t

0
(t− s)β−1Eβ,β

(
− λi(t− s)β

)
fi(s)ds

)2
dt

≤ Ap +Bp

≤ 2C2T 2β−1

2β − 1

p∑
i=m+1

λi|z0
i |2 + 2C2T

λiβ2

p∑
i=m+1

( ∫ t

0
|fi(s)|2ds

)
.

(3.52)
So, we get

‖zp(t)− zm(t)‖L2(0,T ;H1
0 (Ω)) ≤ C

√
2T 2β−1

2β − 1
( p∑
i=m+1

λi|z0
i |2
) 1

2 + C

β

√
2T
λi

[ p∑
i=m+1

( ∫ t

0
|fi(s)|2ds

)] 1
2
.

(3.53)
Remark 3.9.1

– We have (−λitβ) > 0 then arg(−λitβ) = π.
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– From Theorem (1.5.1), for all 1
2 < β < 1 we have

Ap = 2
p∑

i=m+1
λi|z0

i |2
∫ T

0
t2β−2E2

β,β(−λitβ)dt

≤ 2C2
p∑

i=m+1
λi|z0

i |2
∫ T

0
t2β−2dt

= 2C2T 2β−1

2β − 1

p∑
i=m+1

λi|z0
i |2.

– By the Cauchy-Schwarz inequity, we have

Bp = 2
p∑

i=m+1

∫ T

0
λi
( ∫ t

0
(t− s)β−1Eβ,β

(
− λi(t− s)β

)
fi(s)ds

)2dt

≤ 2
p∑

i=m+1

∫ T

0

{
λi
( ∫ t

0

[
(t− s)β−1Eβ,β(−λi(t− s)β)

]2ds
)( ∫ t

0
|fi(s)|2ds

)}
dt.

(3.54)

Now, if we set Z = t− s, we get∫ t

0

[
(t− s)β−1Eβ,β(−λi(t− s)β)

]2
ds =

∫ t

0

[
Zβ−1Eβ,β(−λiZβ)

]2
dZ

=
∫ t

0

[
− 1
λi

d
dZEβ,β(−λiZβ)

]2
dZ

= 1
λ2
i

∫ t

0

[
ς2
β,β+1(−λiZβ)

]2
dZ

= 1
λ2
i

∫ t

0

[ 1
β
Eβ,β(−λiZβ)

]2
dZ

= 1
λ2
i

1
β2

∫ t

0
E2
β,β(−λiZβ)dZ.

As a result of (3.54), we have

Bp ≤ 2
p∑

i=m+1

λi
λ2
iβ

2

∫ T

0

{( ∫ t

0
E2
β,β(−λiZβ)dZ]2ds

)( ∫ t

0
|fi(s)|2ds

)}
dt

≤ 2C2T

λiβ2

p∑
i=m+1

( ∫ t

0
|fi(s)|2ds

)
.

On the other hand, we have

I1−β(zp(t)− zm(t)) = Cp(t) +Dp(t),
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where
Cp(t) = 1

Γ(1− β)

p∑
i=m+1

{
z0
i

∫ t

0
(t− s)−βsβ−1Eβ,β(−λisβ)ds

}
ωi

= 1
Γ(1− β)

p∑
i=m+1

{
z0
i

∞∑
k=0

(−λi)k

Γ(βk + β)

∫ t

0
(t− s)−βsβk+β−1ds

}
ωi

= 1
Γ(1− β)

p∑
i=m+1

{
z0
i

∞∑
k=0

(−λi)k

Γ(βk + β) t
βkΓ(1− β)Γ(βk + β)

Γ(1 + kβ)
}
ωi

=
p∑

i=m+1

{
z0
i

∞∑
k=0

(−λi)ktβk

Γ(βk + 1)
}
ωi

=
p∑

i=m+1

{
z0
iEβ,1(−λitβ)

}
ωi.

(3.55)

Remark 3.9.2
Using the Beta function’s definition, we get∫ t

0
(t− s)−βsβk+β−1ds =

∫ t

0
t−β(1− s

t
)−β(s

t
)βk+β−1tβk+β−1ds

= tβk−1
∫ t

0
(1− s

t
)−β(s

t
)βk+β−1ds

= tβk−1
∫ 1

0
(1− u)−β(u)βk+β−1tdu

= tβk
∫ 1

0
(1− u)−β(u)βk+β−1du

= tβkB(1− β, βk + β)

= tβk
Γ(1− β)Γ(βk + β)

Γ(1 + kβ) .

We have too

Zp(t) = 1
Γ(1− β)

p∑
i=m+1

{∫ t

0
(t− s)−β

[ ∫ s

0
(s− τ)β−1Eβ,β(−λi(s− τ)β)fi(τ)dτ

]
ds
}
ωi

= 1
Γ(1− β)

p∑
i=m+1

{∫ t

0
fi(τ)

[ ∫ t

τ
(t− s)−β(s− τ)β−1Eβ,β(−λi(s− τ)β)ds

]
dτ
}
ωi

= 1
Γ(1− β)

p∑
i=m+1

{∫ t

0
fi(τ)

[ ∞∑
k=0

(−λi)k

Γ(βk + β)

∫ t

τ
(t− s)−β(s− τ)βk+β−1ds

]
dτ
}
ωi

= 1
Γ(1− β)

p∑
i=m+1

{∫ t

0
fi(τ)

∞∑
k=0

(−λi)k

Γ(βk + β)

∫ t

τ
(t− τ)βkΓ(1− β)Γ(βk + β)

Γ(1 + kβ) dτ
}
ωi

=
p∑

i=m+1

{∫ t

0
fi(τ)Eβ,1

(
− λi(t− τ)β

)
dτ
}
ωi.

(3.56)
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Using the Beta function’s definition, we get∫ t

τ
(t− s)−β(s− τ)βk+β−1ds =

∫ t

τ
[(t− s)− (s− τ)]−β

[s− τ
t− τ

]βk+β−1
(t− τ)βk+β−1ds

=
∫ t

τ
(t− τ)−β

[
1− s− τ

t− τ

]−β[s− τ
t− τ

]βk+β−1
(t− τ)βk+β−1ds

=
∫ t

τ
(t− τ)βk−1

[
1− s− τ

t− τ

]−β[s− τ
t− τ

]βk+β−1
ds

= (t− τ)βk−1
∫ 1

0
(1− u)−β uβk+β−1(t− τ)du

= (t− τ)βkB(1− β, βk + β)

= (t− τ)βkΓ(1− β)Γ(βk + β)
Γ(1 + kβ) .

Combining (3.55) and (3.56) , we get

I1−β(zp(t)− zm(t)) =
p∑

i=m+1

{
z0
iEβ,1(−λitβ)

}
ωi +

p∑
i=m+1

{∫ t

0
fi(τ)Eβ,1

(
− λi(t− τ)β

)
dτ
}
ωi.

We can write the following relation using Theorem 1.5.1, and the Cauchy-Schwartz inequality.

‖I1−β(zp(t)− zm(t))‖2H1
0 (Ω) = a

(
I1−β(zp(t)− zm(t)), I1−β(zp(t)− zm(t))

)
≤ 2

p∑
i=m+1

λi|z0
i |2E2

β,1(−λitβ) + 2
p∑

i=m+1
λi(
∫ t

0
fi(τ)Eβ,1(−λi(t− τ)β)dτ)2

≤ 2C2
p∑

i=m+1
λi|z0

i |2 + 2C2
p∑

i=m+1

[ ∫ t

0
|fi(τ)|2d

][ ∫ t

0
(t− τ)−βdττ

]

= 2C2
p∑

i=m+1
λi|z0

i |2 + 2C2t1−β

1− β

p∑
i=m+1

[ ∫ t

0
|fi(τ)|2dτ)

]
.

As a result,

sup
t∈[0,T ]

‖I1−β(zp(t)− zm(t))‖2H1
0 (Ω) ≤

√
2C
( p∑
i=m+1

λi|z0
i |2
) 1

2 + C

√
2t1−β

1− β
( p∑
i=m+1

∫ T

0
|fi(τ)|2dτ)

) 1
2
.

Since z0 ∈ H1
0 (Ω) and f ∈ L2(Q), we deduce that

lim
m,p→+∞

( p∑
i=m+1

∫ T

0
|fi(τ)|2dτ)

) 1
2 = 0, lim

m,p→+∞

( p∑
i=m+1

λi|z0
i |2
) 1

2 = 0. (3.57)

So from (3.53) and (3.57), we have,

lim
m,p→+∞

∫ T

0
‖zp(t)− zm(t)‖2H1

0 (Ω)dt = 0, sup
t∈[0,T ]

‖I1−β(zp(t)− zm(t))‖2H1
0 (Ω) = 0.

This indicates that the sequences (zm) and (I1−βzm) are both Cauchy respectively in L2(0, T ;H1
0 (Ω))

and C(0, T ;H1
0 (Ω)). Then, we have

zm → y in L2(0, T ;H1
0 (Ω)), I1−βzm → I1−βz in C(0, T ;H1

0 (Ω)) (3.58)



3.10 Demonstration of the Theorem 1.5.5 71

• We demonstrate that z is the solution to the problem (1.31)-(1.36). Let D(0, T ) be the space of
functions ∞ in (0, T ) with compact support, and let ϕ ∈ D(0, T ). Let also µ ≥ 1 be an integer.
Then by (3.49), we have for all m ≥ µ,∫ T

0

(
f(t), v

)
L2(Ω)ϕ(t)dt =

∫ T

0
Dβ
RL

(
zm(t), v

)
L2(Ω)ϕ(t)dt+

∫ T

0
a(zm(t), v)ϕ(t)dt ∀v ∈ Vµ,

= −
∫ T

0

(
zm(t), v

)
L2(Ω)C

β
Cϕ(t)dt+

∫ T

0
a(zm(t), v)ϕ(t)dt ∀v ∈ Vµ,

= −
∫ T

0

(
z(t), v

)
L2(Ω)C

β
Cϕ(t)dt+

∫ T

0
a(z(t), v)ϕ(t)dt ∀v ∈ Vµ.

As Uµ≥1 ⊂ Vµ is dense in H1
0 (Ω) because (ωi) is a basis of H1

0 (Ω). We obtain for all v ∈ H1
0 (Ω)∫ T

0

(
f(t), v

)
L2(Ω)ϕ(t)dt = −

∫ T

0

(
z(t), v

)
L2(Ω)C

β
Cϕ(t)dt+

∫ T

0
a(z(t), v)ϕ(t)dt ∀v ∈ H1

0 (Ω),

=
∫ T

0
Dβ
RL

(
z(t), v

)
L2(Ω)ϕ(t)dt+

∫ T

0
a(z(t), v)ϕ(t)dt ∀v ∈ H1

0 (Ω).

Which means that for all v ∈ H1
0 (Ω), we have(

f(t), v
)
L2(Ω)ϕ(t) = Dβ

RL

(
z(t), v

)
L2(Ω)ϕ(t) + a(z(t), v)ϕ(t) ∀t ∈ (0, T ).

From (3.58), we deduce that

I1−βzm(0)→ I1−βz(0) in H1
0 (Ω), I1−βzm(0) =

m∑
i=1

z0
i ωi →

∞∑
i=1

z0
i ωi = z0.

So, we get
I1−βz(0) = z0.

• Let us demonstrate the relations (1.38) and (1.39). If z is the solution to problem (1.33)-(1.36)
, then z is ginen by (1.37). Then, using the results of the previous calculations, we demonstrate
that we have

‖z(t)‖L2(0,T ;H1
0 (Ω)) ≤ C

√
2T 2β−1

2β − 1
( p∑
i=m+1

λi|z0
i |2
) 1

2 + C

β

√
2T
λi

[ p∑
i=m+1

( ∫ t

0
|fi(s)|2ds

)] 1
2
.

We also have,

sup
t∈[0,T ]

‖I1−βz(t))‖H1
0 (Ω) ≤

√
2C
( p∑
i=m+1

λi|z0
i |2
) 1

2 + C

√
2t1−β

1− β
( p∑
i=m+1

∫ T

0
|fi(τ)|2dτ)

) 1
2
.

3.10 Demonstration of the Theorem 1.5.5

Existence of solution Let’s prove the existence. We assume that the series defined in (1.47) is
convergent in beforehand. By replacing v by ωi in (1.45) and using the fact that (For more information
see [7, 8])

a(y(t), ωi) = λi
(
y(t), ωi,

)
L2(Ω) = λiyi.

From (1.45)-(1.46), we may deduce that yi is a solution of the ordinary differential equation :
Dα
RLyi(t) + λiyi(t) = fi(t), ∀t ∈ (0, T ),

I2−αyi(0) = y0
i ,

∂
∂tI

2−αyi(0) = y1
i .

(3.59)
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Let’s solve the last (3.59) problem using the Laplace transform. We can get the following equation

L{Dα
RLyi(t)}+ λiL{yi(t)} = L{fi(t)}. (3.60)

We have
L
[
Dα
RLf(t)

]
= sαF (s)− s lim

t→0
I2−αf(t)− lim

t→0

d
dtI

2−αf(t).

As a result, when (3.60) is added, we get

L(yi(t)) = sy0
i

sα + λi
+ sy1

i

sα + λi
+ L{fi(t)}

sα + λi
,

hence,

yi(t) =
∞∑
i=1

[
tα−2Eα,α−1(−λitα)y0

i + tα−1Eα,α(−λitα)y1
i +

∫ t

0
(t− s)α−1Eα,α

(
− λi(t− s)α

)
fi(s)ds.

Otherwise; we have y(t) =
∑∞
i=1 yi(t)ωi, we deduce (1.47).

Uniqueness of solution

• To begin, we show that there is a solution to the approximate problem of (1.33)- (1.34). Let
Vm be a subspace of H1

0 (Ω) generated by {ωk}mk=1. Consider the following approximate problem
associated with (1.42)- (1.46):
We are looking for ym : t ∈ [0, T ]→ ym(t) ∈ Vm solution of

Dα
RL

(
ym(t), v

)
L2(Ω) + a(ym(t), v) =

(
f(t), v

)
L2(Ω) ∀v ∈ Vm, (3.61)

I2−αym(0) = y0
m =

m∑
i=1

y0
i ωi,

∂

∂t
I2−αym(0) = y1

m =
m∑
i=1

y1
i ωi. (3.62)

Since ym(t) ∈ Vm, we have

ym(t) =
m∑
i=1

(y(t), ωi)L2(Ω)ωi =
m∑
i=1

yi(t)ωi.

We check that the function ym is the solution to (1.42)- (1.46) and that it is given by (1.47).

• We show that the sequences (ym) ∈ L2(0, T ;H1
0 (Ω)), (I2−αym) ∈ C(0, T ;H1

0 (Ω)) and ( ∂∂tI
2−αym) ∈

C(0, T ;L2(Ω)) are Cauchy. Let m and p be two integers such that p > m ≥ 1. We then have

yp(t)− ym(t) =
p∑

i=m+1
yi(t)ωi.

Thus,

a(yp(t)− ym(t), yp(t)− ym(t)) =
p∑

i=m+1
λi(yi(t))2.

≤ 2
p∑

i=m+1
λit

2α−4E2
α,α−1(−λitα)|y0

i |2

+ 2
p∑

i=m+1
λit

2α−2E2
α,α(−λitα)|y1

i |2

+ 2
p∑

i=m+1
λi
( ∫ t

0
(t− s)α−1Eα,α

(
− λi(t− s)α

)
fi(s)ds

)2
.
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whence

‖yp(t)− ym(t)‖2L2(0,T ;H1
0 (Ω)) =

∫ T

0
a(yp(t)− ym(t), yp(t)− ym(t))dt

≤ 2
p∑

i=m+1
λi|y0

i |2
∫ T

0
t2α−4E2

α,α−1(−λitα)dt

+ 2
p∑

i=m+1
λi|y1

i |2
∫ T

0
t2α−2E2

α,α(−λitα)dt

+ 2
p∑

i=m+1

∫ T

0
λi
( ∫ t

0
(t− s)α−1Eα,α

(
− λi(t− s)α

)
fi(s)ds

)2
dt

≤ Ap +Bp + Cp.
(3.63)

So, from Remark 3.10.1 we get

‖yp(t)− ym(t)‖L2(0,T ;H1
0 (Ω)) ≤

2C2T 2α−3

2α− 3

p∑
i=m+1

λi|y0
i |2 + 2C2Tα−1

α− 1

p∑
i=m+1

λi|y1
i |2

2 C2Tα

α(α− 1)

p∑
i=m+1

( ∫ t

0
|fi(s)|2ds

)
.

(3.64)
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Remark 3.10.1
From Theorem (1.5.1), for all 3

2 < α < 2, we have

Ap = 2
p∑

i=m+1
λi|y0

i |2
∫ T

0
t2α−4E2

α,α−1(−λitα)dt

≤ 2C2
p∑

i=m+1
λi|y0

i |2
∫ T

0
t2α−4dt

= 2C2T 2α−3

2α− 3

p∑
i=m+1

λi|y0
i |2.

We have too

Bp = 2
p∑

i=m+1
λi|y1

i |2
∫ T

0
t2α−2E2

α,α−1(−λitα)dt

≤ 2C2
p∑

i=m+1
λi|y1

i |2
∫ T

0
t2α−2dt

= 2C2Tα−1

α− 1

p∑
i=m+1

λi|y1
i |2.

By the Cauchy-Schwarz inequity, we have

Cp ≤ 2
p∑

i=m+1

∫ T

0

{
λi
( ∫ t

0

[
(t− s)2α−2Eα,α(−λi(t− s)α)

]2
ds
)( ∫ t

0
|fi(s)|2ds

)}
dt

≤ 2
p∑

i=m+1

∫ T

0

{C2

λi

( ∫ t

0
|fi(s)|2ds

)( ∫ t

0
(t− s)α−2)ds

)
dt

≤ 2
∫ T

0

C2tα−1

α− 1 dt
p∑

i=m+1

( ∫ t

0
|fi(s)|2ds

)
≤ 2 C2Tα

α(α− 1)

p∑
i=m+1

( ∫ t

0
|fi(s)|2ds

)
.
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On the other hand, we have

I2−α(yp(t)− ym(t))

= 1
Γ(2− α)

p∑
i=m+1

{
y0
i

∫ t

0
(t− s)1−αsα−1Eα,α−1(−λisα)ds

}
ωi

+ 1
Γ(2− α)

p∑
i=m+1

{
y1
i

∫ t

0
(t− s)1−αsα−1Eα,α−1(−λisα)ds

}
ωi

+ 1
Γ(2− α)

p∑
i=m+1

{∫ t

0
(t− s)1−α

[ ∫ s

0
(s− τ)α−1Eα,α−1(−λi(sα − τ)fi(τ)dτ

]
ds
}
ωi

= 1
Γ(2− α)

p∑
i=m+1

{
y0
i

∞∑
k=0

(−λi)k

Γ(αk + α− 1)

∫ t

0
(t− s)1−αsαk+α−2ds

}
ωi

+ 1
Γ(2− α)

p∑
i=m+1

{
y1
i

∞∑
k=0

(−λi)k

Γ(αk + α)

∫ t

0
(t− s)1−αsαk+α−1ds

}
ωi

+ 1
Γ(2− α)

p∑
i=m+1

{∫ t

0
fi(τ)

[ ∫ s

0
(t− s)1−α(s− τ)α−1Eα,α−1(−λi(sα − τ)ds

]
dτ
}
ωi.

Using the Beta function’s definition, we get∫ t

0
(t− s)1−αsαk+α−2ds =

∫ t

0
t1−α(1− s

t
)1−α(s

t
)αk+α−2tαk+α−2ds

= tαk
∫ 1

0
(1− τ)1−α(τ)αk+α−2dτ

= tαkB(2− α, αk + α− 1)

= tαk
Γ(2− α)Γ(αk + α− 1)

Γ(1 + kα) .

In addition, we have∫ t

0
(t− s)1−αsαk+α−1ds =

∫ t

0
t1−α(1− s

t
)1−α(s

t
)αk+α−1tαk+α−1ds

= tαk+1
∫ 1

0
(1− τ)1−α(τ)αk+α−1dτ

= tαk+1B(2− α, αk + α)

= tαk
Γ(2− α)Γ(αk + α)

Γ(2 + kα) .
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Moreover, Using the Beta function’s definition, we get∫ t

τ
(t− s)1−α(s− τ)α−1Eα,α(−λi(s− τ)α)ds

=
∫ t

τ
[(t− s)− (s− τ)]1−α(s− τ)α−1Eα,α(−λi(s− τ)α)ds

=
∫ t

τ
(t− τ)1−α

[
1− s− τ

t− τ

]1−α[s− τ
t− τ

]α−1
(t− τ)α−1

∞∑
k=0

(−λi)k(s− τ)αk

Γ(αk + α) ds

=
∞∑
k=0

(−λi)k

Γ(αk + α)

∫ t

τ
(t− τ)1−α

[
1− s− τ

t− τ

]1−α[s− τ
t− τ

]α−1
(t− τ)αk+α−1ds

=
∞∑
k=0

(−λi)k

Γ(αk + α)

∫ t

τ
(t− τ)αk

[
1− s− τ

t− τ

]1−α[s− τ
t− τ

]α−1
ds

= (t− τ)
∞∑
k=0

(−λi)k(t− τ)αk

Γ(αk + α)

∫ 1

0
(1− u)1−α uαk+α−1(t− τ)du

= (t− τ)
∞∑
k=0

(−λi)k(t− τ)αk

Γ(αk + α) B(2− α, αk + α)

= (t− τ)
∞∑
k=0

(−λi)k(t− τ)αk

Γ(αk + α)
Γ(2− α)Γ(αk + α)

Γ(2 + kα)

= (t− τ)Γ(2− α)Eα,2(−λi(s− τ)α).

We therefore deduce that

I2−α(yp(t)− ym(t)) =
p∑

i=m+1
y0
iEα,1(−λitα)ωi +

p∑
i=m+1

y1
i tEα,1(−λitα)ωi

p∑
i=m+1

{∫ t

0
fi(τ)(t− τ)Eα,2

(
− λi(t− τ)α

)
dτ
}
ωi.

(3.65)

We can write the following relation using Theorem 1.5.1, and the Cauchy-Schwartz inequality.

‖I2−α(yp(t)− ym(t))‖2H1
0 (Ω) = a

(
I2−α(yp(t)− ym(t)), I2−α(yp(t)− ym(t))

)
≤ 2

p∑
i=m+1

λi|y0
i |2E2

α,1(−λitα) + 2
p∑

i=m+1
λi|y1

i |2t2E2
α,2(−λitα)

+ 2
p∑

i=m+1
λi
( ∫ t

0
fi(τ)(t− τ)Eα,2

(
− λi(t− τ)α

)
dτ
)2

≤ 2C2
p∑

i=m+1
λi|y0

i |2 + 2C2T 2−α
p∑

i=m+1
|y1
i |2

+ 2C2
p∑

i=m+1

[ ∫ t

0
|fi(τ)|2dτ

][ ∫ t

0
(t− τ)2−αdτ

]

≤ 2C2
p∑

i=m+1
λi|y0

i |2 + 2C2T 2−α
p∑

i=m+1
λi|y1

i |2

+ 2C2T 1−α

3− α

p∑
i=m+1

[ ∫ t

0
|fi(τ)|2dτ)

]
.



3.10 Demonstration of the Theorem 1.5.5 77

As a result,

sup
t∈[0,T ]

‖I2−α(yp(t)− ym(t))‖2H1
0 (Ω) ≤

√
2C
( p∑
i=m+1

λi|y0
i |2
) 1

2 +
√

2T 2−αC
( p∑
i=m+1

|y1
i |2
) 1

2

+ C

√
2T 3−α

3− α
( p∑
i=m+1

∫ T

0
|fi(τ)|2dτ)

) 1
2
.

(3.66)

We have,

∂

∂t
I2−α(yp(t)− ym(t)) =

p∑
i=m+1

y0
i

∂

∂t

(
Eα,1(−λitα)

)
ωi +

p∑
i=m+1

y1
i

∂

∂t

(
tEα,1(−λitα)

)
ωi

+
p∑

i=m+1

∂

∂t

{∫ t

0
fi(τ)(t− τ)Eα,2

(
− λi(t− τ)α

)
dτ
}
ωi

=
p∑

i=m+1
y0
i

(
− λitα−1Eα,1(−λitα)

)
ωi +

p∑
i=m+1

y1
iEα,1(−λitα)ωi

+
p∑

i=m+1

∫ t

0
fi(τ) ∂

∂t

{
(t− τ)Eα,2

(
− λi(t− τ)α

)}
dτ

=
p∑

i=m+1
y0
i

(
− λitα−1Eα,α(−λitα)

)
ωi +

p∑
i=m+1

y1
iEα,1(−λitα)ωi

+
p∑

i=m+1

∫ t

0
fi(s)Eα,1

(
− λi(t− s)α

)
ds.

Where did it come from

‖ ∂
∂t
I2−α(yp(t)− ym(t))‖2L2(Ω) ≤ 2

p∑
i=m+1

λ2
i |y0

i |2(t2α−2E2
α,α(−λitα)) + 2

p∑
i=m+1

|y1
i |2E2

α,1(−λitα)

+ 2
p∑

i=m+1

∣∣∣ ∫ t

0
fi(s)Eα,1

(
− λi(t− s)α

)
ds
∣∣∣2

≤ 2C2T 2α−2
p∑

i=m+1
λ2
i |y0

i |2 + 2C2
p∑

i=m+1
|y1
i |2

+ 2C2
p∑

i=m+1

∫ T

0
|fi(s)|2ds.

That implies

sup
t∈[0,T ]

‖ ∂
∂t
I2−α(yp(t)− ym(t))‖2L2(Ω) ≤

√
2CTα−1

( p∑
i=m+1

λ2
i |y0

i |2
) 1

2 +
√

2C
( p∑
i=m+1

|y1
i |2
) 1

2

+
√

2C
( p∑
i=m+1

∫ T

0
|fi(s)|2ds)

) 1
2
.

Since y0 ∈ H2(Ω) ∩H1
0 (Ω), y1(Ω) and f ∈ L2(Q), we deduce that

lim
m,p→+∞

( p∑
i=m+1

∫ T

0
|fi(s)|2ds)

) 1
2 = 0, lim

m,p→+∞

( p∑
i=m+1

λ2
i |y0

i |2
) 1

2 = 0,

lim
m,p→+∞

( p∑
i=m+1

|y1
i |2
) 1

2 = 0.
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As a result

lim
m,p→+∞

∫ T

0
‖yp(t)− ym(t)‖2H1

0 (Ω)dt = 0,

sup
t∈[0,T ]

‖I2−α(yp(t)− ym(t))‖2H1
0 (Ω) = 0, sup

t∈[0,T ]
‖ ∂
∂t
I2−α(yp(t)− ym(t))‖2L2(Ω) = 0.

This indicates that the sequences (ym), (I2−αym) and ( ∂
∂t
I2−αym) are Cauchy respectively in

L2(0, T ;H1
0 (Ω)), C(0, T ;H1

0 (Ω)) and C(0, T ;L2(Ω)). Then, we have

ym → y in L2(0, T ;H1
0 (Ω)),

I1−αym → I1−αy in C(0, T ;H1
0 (Ω)), ∂

∂t
I2−αym →

∂

∂t
I2−αy in C(0, T ;L2(Ω)).

• We demonstrate that y is the solution to the problem (1.42)-(1.46).
Let D(0, T ) be the space of functions ∞ in (0, T ) with compact support, and let ϕ ∈ D(0, T ).
Let also µ ≥ 1 be an integer. Then by (3.61), we have for all m ≥ µ,∫ T

0

(
f(t), v

)
L2(Ω)ϕ(t)dt =

∫ T

0
Dα
RL

(
ym(t), v

)
L2(Ω)ϕ(t)dt+

∫ T

0
a(ym(t), v)ϕ(t)dt ∀v ∈ Vµ,

=
∫ T

0

(
ym(t), v

)
L2(Ω)C

α
Cϕ(t)dt+

∫ T

0
a(ym(t), v)ϕ(t)dt ∀v ∈ Vµ,

=
∫ T

0

(
y(t), v

)
L2(Ω)C

α
Cϕ(t)dt+

∫ T

0
a(y(t), v)ϕ(t)dt ∀v ∈ Vµ.

As Uµ≥1 ⊂ Vµ is dense in H1
0 (Ω) because (ωi) is a basis of H1

0 (Ω). We obtain for all v ∈ H1
0 (Ω)∫ T

0

(
f(t), v

)
L2(Ω)ϕ(t)dt =

∫ T

0
Dα
RL

(
y(t), v

)
L2(Ω)ϕ(t)dt+

∫ T

0
a(y(t), v)ϕ(t)dt ∀v ∈ H1

0 (Ω).

Which means that for all v ∈ H1
0 (Ω), we have(

f(t), v
)
L2(Ω)ϕ(t) = Dα

RL

(
y(t), v

)
L2(Ω)ϕ(t) + a(y(t), v)ϕ(t) ∀t ∈ (0, T ).

Finally, we deduce that

I2−αy(0) = I2−αy0 ,
∂

∂t
I2−αy(0) = ∂

∂t
I2−αy1.

• Let us demonstrate the relations (1.48)-(1.50). If y is the solution to problem (1.42)-(1.46), then
y is ginen by (1.47). Then, using the results of the previous calculations, we demonstrate that
we have

‖y‖2L2(0,T ;H1
0 (Ω)) ≤

2C2T 2α−3

2α− 3 ‖y0‖2H1
0 (Ω) + 2C2Tα−1

α− 1 ‖y1‖2L2(Ω) + 2 C2Tα

α(α− 1)‖f‖
2
L2(Q).

we have too

‖I2−αy(t)‖2H1
0 (Ω) ≤ 2C2

∞∑
i=1

λi|y0
i |2 + 2C2T 2−α

∞∑
i=1

λi|y1
i |2 + 2C2 T

3−α

3− α

∞∑
i=1

∫ T

0
|fi(s)|2ds.

Let be

sup
t∈[0,T ]

‖I2−αy(t))‖H1
0 (Ω) ≤

√
2C‖y0‖H1

0 (Ω) + C
√

2T 2−α‖y1‖L2(Ω) + C

√
2T 3−α

3− α ‖f‖L2(Q).
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Finally, we’ve got

‖ ∂
∂t
I2−αy(t)‖2L2(Ω) ≤ 2C2T 2α−2

∞∑
i=1

λ2
i |y0

i |2 + 2C2
∞∑
i=1
|y1
i |2 + 2C2

∞∑
i=1

∫ T

0
|fi(s)|2ds.

Then
sup
t∈[0,T ]

‖ ∂
∂t
I2−αy(t)‖2L2(Ω) ≤

√
2C
√
T 2α−2( ∞∑

i=1
λ2
i |y0

i |2
) 1

2 +
√

2C
( ∞∑
i=1
|y1
i |2
) 1

2

+
√

2C
( ∞∑
i=1

∫ T

0
|fi(s)|2ds

) 1
2 .



Bibliography

[1] C. Laouar, A. Ayadi, A. Hafdallah, Identification problem of a fractional thermoelastic de-
formation system with incomplete data : A sentinel method. Nonlinear studies journal,
www.nonlinearstudies.com Vol. 29, No. 2, pp. 1-13, (2022).

[2] C. Laouar, A. Ayadi, A. Hafdallah, Optimal control of a partially known coupled system of BOD
and DO. International Journal of Analysis and Applications, vol 19(6), 984-996. (2021).

[3] Abdelhak Hafdallah and Abdelhamid Ayadi. Optimal control of a thermoelastic body with missing
initial conditions. International Journal of Control, 93(7) :1570-1576, (2020).

[4] Magdalena Zajda and Urszula Aleksander-Kwaterczak, Wastewater Treatment Methods for Ef-
fluents from the Confectionery Industry an Overview.J. Ecol. Eng., 20(9):293-304, (2019).

[5] Hafdallah, Abdelhak and Laouar, Chafia and Ayadi, Abdelhamid, No-Regret Optimal Control
Characterization for an Ill-posed wave Equation. International Journal of Mathematics Trends
and Technology (IJMTT)., Volume 41, pages = 283-288, (2017).

[6] Bahaa, G. Mohamed. "Fractional optimal control problem for differential system with delay ar-
gument." Advances in difference equations.1 : 1-19, (2017).

[7] Mophou, Gisèle. "Optimal control for fractional diffusion equations with incomplete data." Journal
of Optimization Theory and Applications 174.1: 176-196, (2017).

[8] Joseph, Claire. Sur le contrôle optimal des équations de diffusion et onde fractionnaires en temps
à données incomplètes. Diss. Université des Antilles, (2017).

[9] Salguero, Jazmin and Valverde, Jhonny, Reduction of the Biochemical Oxygen Demand of the
water samples from the lower basin of the Chillon River by means of Air-Ozone MicroNanobub-
bles,Ventanilla - Callao. Journal of Nanotechnology., 1. 10.32829/nanoj.v1i1.24, (2017).

[10] Baleanu, Dumitru, Claire Joseph, and Gisèle Mophou. "Low-regret control for a fractional wave
equation with incomplete data." Advances in Difference Equations 2016.1 ( (2016): 1-20.

[11] Caputo, Michele, and Mauro Fabrizio. "A new definition of fractional derivative without singular
kernel." Progress in Fractional Differentiation and Applications 1.2 (2015): 73-85.

[12] R. Sakthivel, R. Ganesh, Y. Ren, S.M. Anthoni, Approximate controllability of nonlinear frac-
tional dynamical systems. Commun. Nonlinear Sci. Numer. Simulat., 18, 3498-3508, (2013).

[13] Dorin Iesan and Antonio Scalia. Thermoelastic deformations, volume 48. Springer Science and
Business Media, (2013).

[14] J. Klamka, Controllability of dynamical systems. A survey, Bull. Polish Acad. Sci. Tech. Sci.
61(2), 335-342, (2013).

80



BIBLIOGRAPHY 81

[15] S. Abbas, M. Bonchohra, G.M. N’Guérékata, Topics in fractional differential equations. Develop-
ments in Mathematics, Springer, New York (2012).

[16] T. Kaczorek, Positive fractional continuous time linear systems with singular pencils, Bull. Pol.
Ac.: Tech.., 60(1), 9-12, (2012)

[17] Rene Dorville, Gisèle M. Mophou ,and Vincent S. Valmorin .Optimal control of a non homoge-
neous dirichlet boundary fractional diffusion equation. Computers and Mathematics with Appli-
cations, 62(3) :1472-1481, (2011).

[18] M. Mophou Gisèle. Optimal control of fractional diffusion equation. Computers and Mathematics
with Applications, 61(1) :68 - 78, (2011).

[19] Thabet Abdeljawad. On Riemann and Caputo fractional differences. In Computers and Mathe-
matics with A pplications, volume 62 1602-1611, (2011).

[20] J. Klamka, Controllability and minimum energy control problem of fractional discrete-time sys-
tems, in: New Trends in Nanotechnology and Fractional Calculus, eds: D. Baleanu, Z.B. Guvenc,
and J.A. Tenreiro Machado, pp. 503-509, Springer-Verlag, New York, (2010).

[21] Mocuba, Jeremias Joaquim. Dissolved oxygen and biochemical oxygen demand in the waters close
to the Quelimane sewage discharge. MS thesis. The University of Bergen (2010).

[22] R.P. Agarwal, M. Belmekki, M. Benchohora, Existence results for semilinear functional differential
inclusions involving Riemann-Liouville fractional derivative. Dyn. Contin. Discrete Impuls Syst.
Ser. A: Math. Anal., 17 , 347-361, (2010).

[23] Miloudi, Y., O. Nakoulima, and A. Omrane. "On the instantaneous sentinels in pollution problems
of incomplete data." Inverse Problems in Science and Engineering 17.4: 451-459, (2009).

[24] T. Kaczorek, Fractional positive continuous-time linear systems and their reachability, Int. J.
Applied Mathematical Computation Science., 18(2), 223-228, (2008).

[25] Miloudi, Yamina, Ousseynou Nakoulima, and Abdennebi Omrane. "A method for detecting pol-
lution in dissipative systems with incomplete data." Esaim: Proceedings. Vol. 17. EDP Sciences,
(2007).

[26] I. S. Gradshteyn, I. M. Ryzhik, Alan Jeffrey, and Daniel Zwillinger, Table of Integrals, Series,
and Products. Seventh Edition by Elsevier Academic Press. ISBN 012-373637-4, (2007).

[27] T. Kaczorek, Reachability and controllability to zero of cone fractional linear systems, Archives
of Control Sciences., 17(3), 357-367, (2007).

[28] R. Dorville, O. Nakoulima, and A. Omrane, On the control of ill-posed distributed parameter
systems, In CSVAA 2004—control set-valued analysis and applications.,volume 17 of ESAIM
Proc., pages 50–66. EDP Sci., Les Ulis, (2007).

[29] A.A. Kilbas, M. Rivero, L. Rodriguez-Germa, and J.J. Trujillo. Caputo linear fractional differ-
ential equations. IFAC Proceedings Volumes, 39(11) :52 - 57. 2nd IFAC Workshop on Fractional
Differentiation and its Applications(2006).

[30] A.A. Kilbas, H.M. Srivastava, J.J. Trujillo, Theory and Applications of Fractional Differential
Equations. Elsevier Science B.V, Amsterdam (2006).

[31] Albert Tarantola. Inverse Problem Theory and Methods for Model Parameter Estimation. Society
for Industrial and Applied Mathematics, (2005).



BIBLIOGRAPHY 82

[32] Mariya, Kamenova Ishteva. Properties and Applications of the Caputo Fractional Opera-
tor.Technical report, Department of Mathematics. Uppsala University, (2004).

[33] Liu, Jing, Gustaf Olsson, and Bo Mattiasson. "Short-term BOD (BODst) as a parameter for
on-line monitoring of biological treatment process: Part I. A novel design of BOD biosensor for
easy renewal of bio-receptor." Biosensors and Bioelectronics, 20.3: 562-570.(2004).

[34] René Dorville, Ousseynou Nakoulima, and Abdennebi Omrane, Contrôle optimal pour les prob-
lèmes de contrôlabilité des systèmes distribués à données manquantes, C. R. Math. Acad. Sci.
Paris, 338(12):921–924, (2004).

[35] O. Nakoulima, A. Omrane, and J. Velin, On the Pareto Control and No-Regret Control for
Distributed Systems with Incomplete Data. SIAM Journal on Control and Optimization, 2003,
Vol. 42, No. 4 : pp. 1167-1184,(2003).

[36] Liu, Jing, and Bo Mattiasson, Microbial BOD sensors for wastewater analysis, Water Research
36.15 : 3786-3802.(2002).

[37] O. Nakoulima, A. Omrane, and J. Velin, No-regret control for nonlinear distributed systems with
incomplete data, J. Math. Pures Appl. (9), 81(11):1161–1189, (2002).

[38] O. Nakoulima, A. Omrane, and J. Velin, Perturbations à moindres regrets dans les systèmes
distribuès à données manquantes, C. R. Acad. Sci. Paris Ser. I Math., 330, pp. 801-806.(2000).

[39] I. Podlubny, Fractional Differential Equations. Academic Press, San Diego (1999).

[40] J. Klamka, Controllability of dynamical systems - a survey, Archives of Control Sciences., 2 (3/4),
281-307.(1993).

[41] O Bodart and P Demeestere. Sentinels for the identification of an unknown boundary. Mathe-
matical Models and Methods in Applied Sciences, 7(06) :871-885, (1997).

[42] D.M. Reynolds, S.R. Ahmad, Rapid and direct determination of wastewater BOD values using
a fluorescence technique, Water Research., Volume 31, Issue 8,Pages 2012-2018,(1997). ISSN
0043-1354.

[43] Jean-Pierre Kernevez. The sentinel method and its application to environmental pollution prob-
lems, volume 7. CRC Press, (1997).

[44] J.L Lions, No-Regret and Low-Regret Control. Environment, Economics and their Mathematical
Models, (1994).

[45] B.-E. Ainseba, J.-P. Kernevez, and R. Luce. Application des sentinelles à l’identification des pollu-
tions dans une rivière. ESAIM : Mathematical Modelling and Numerical Analysis - Modélisation
Mathe matique et Analyse Numérique, 28(3) :297-312, (1994).

[46] Olivier Bodart. Application de la methode des sentinelles à l’ identification de sources de pollution
dans un système distribué: contrôles insensibilisants. PhD thesis, Compiègne, (1994).

[47] D. Gabay, J.L. Lions, Décisions stratégiques à moindres regrets, C. R. Acad. Sci. Paris Sér. I 319
1249-1256.(1994).

[48] Timo Mannikko, Olivier Bodart, and Jean-Pierre Kernevez. Numerical methods to compute sen-
tinels for parabolic systems with an application to source terms identification. In SystemModelling
and Optimization, pages 670-679. Springer, (1994).

[49] K.S. Miller, B. Ross,An Introduction to the Fractional Calculus and Differential Equations. John
Wiley, New York (1993).



BIBLIOGRAPHY 83

[50] C Bodart, O; Fabre. Contrôle insensibilisant la norme de la solution d’une équation de la chaleur
semi-linéaire. Comptes rendus de l’Académie des sciences. Sérrie 1, Mathématique, (1993).

[51] Jacques-Louis Lions. Sentinelles pour les systèmes distribues à données incomplètes, volume 21
of Recherches en Mathématiques Appliquees [Research in Applied Mathematics]. Masson, Paris,
(1992).

[52] Jacques-Louis Lions, Contrôle à moindres regrets des systèmes distribuès, C. R. Acad. Sci. Paris
Sér. I Math., 315(12):1253–1257, (1992).

[53] J-J Lions. Sur les sentinelles des systemes distribues. le cas des conditions initiales incompletes.
Comptes rendus de l’Académie des sciences. Série 1, Mathématique, 307(16) :819-823, (1988).

[54] K. Naito, Controllability of semilinear control systems dominated by the linear part, SIAM J. on
Control and Optimization., 25(3), 715-722, (1987).

[55] J.L. Lions, Contrôle de Pareto des Systèmes Distribués. (Pareto Control of Distributed Systems)
"Le cas stationaire," (Stationary case), C.R.A.S. Paris 1986. "Le cas d’évolution," (Evolution case),
C.R.A.S. Paris (1986).

[56] J. L. Lions, Control of Distributed Systems with incomplete Data. AMS Colloquium., Berkeley,
(1983).

[57] J.-L. Lions. Perturbations singulières dans les problèmes aux limites et en contrôle optimal.
Lecture Notes in Mathematics, Vol. 323. Springer-Verlag, Berlin-New York, (1973).

[58] L.J. Savage, The Foundations of Statistics, 2nd Edition, Dover, (1972).

[59] J.-L. Lions. Contrôle optimal de systèmes gouvernés par des équations aux dérivées partielles.
Avant propos de P. Lelong. Dunod, Paris; Gauthier-Villars, Paris,(1968).


	Acknowledgements
	Abstract
	Résumé
	The List Of Works
	Notations
	Introduction
	1 MaroonPreliminary Background
	1.1 Preliminaries and fundamental properties of Pareto Control, No-regret control, and sequence of low regret controls in the stationary case
	1.1.1 Pareto control and no-regret control for a partially known distributed system
	1.1.2 Low-regret control, or sequence of least regret controls  
	1.1.3 Optimality system
	1.1.4 Singular optimality system

	1.2 No-regret control and low regret control in the evolution case
	1.2.1 No-regret control and low regret control for parabolic systems
	1.2.2 No-regret control for well-posed systems of the Petrowsky type

	1.3 Procedures for elliptic and parabolic regularization
	1.3.1 Elliptic regularization
	1.3.2 Parabolic regularization

	1.4 Singular distributed problems and correctors
	1.5 Fractional Calculus
	1.5.1 Special functions 
	1.5.2 Riemann-Liouville fractional integral
	1.5.3 Riemann-Liouville fractional derivative operator
	1.5.4  The left and right Caputo fractional derivatives 
	1.5.5 Fractional Green's formula
	1.5.6 Existence and Uniqueness of solutions to Fractional Partial Differential Equations

	1.6 Sentinel Method
	1.6.1  Perturbation terms, Pollution (or Noisy) terms 
	1.6.2 The sentinel method 
	1.6.3 A null-controllability problem


	2 MaroonOptimal control of a partially known coupled system of BOD and DO
	2.1 Introduction
	2.2  Setting the problem
	2.3 Finding the no-regrets control
	2.4 Defining the sequence of low-regret controls 
	2.5 Conclusion

	3 MaroonIdentification problem of a fractional thermoelastic deformation system with incomplete data: A sentinel method
	3.1 Introduction
	3.2 Basic definitions of fractional calculus
	3.3  Setting the problem
	3.4 Application of the sentinel method
	3.5 Equivalence to a controllability problem
	3.6 Optimal control problem and optimality coupled systems
	3.6.1 Calculation of 0, 1, 0

	3.7 Identification of the pollution term  
	3.8 Conclusion
	 Conclusion and Perspectives
	Appendix
	3.9 Demonstration of the Theorem 1.5.4
	3.10 Demonstration of the Theorem 1.5.5

	Bibliography




