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Abstract— A new fuzzy indirect adaptive controller for
continuous-time monlinear systems, with a poorly under-
stood dynamics, is developed. The proposed adaptive
scheme uses a single Takagi-Seguno (TS) fuzzy model with
few parameters to learn, which results in low implementa-
tion complexity and a fast learning rate. In addition, the use
of TS fuzzy model permits the inclusion of a priori knowl-
edge about the plant dynamics in terms of exact mathemat-
ical models or qualitative information. Using the hypersta-
bility approach, it is proved that this adaptive controller
is globally asymptotically stable, and achieves asymptotic
tracking of a stable reference model. The performance of the
developed approach is illustrated with simulation results.

Keywords— Fuzzy systems, adaptive control, hyperstabil-
ity, robustness

I. INTRODUCTION

Despite their learning capabilities and practical imple-
mentations, the earlier fuzzy adaptive systems suffer from
the lack of stability analysis, i.e. the stability of closed loop
system is not guaranteed and the learning process do not
lead to a well defined dynamic. Recently, and important
class of a fuzzy adaptive systems, which use Mamdani or
TS fuzzy models, have been developed, and their stability
is guaranteed using the Lyapunov theory (see {1]-[6] and
references therein}.

This investigation develops a new stable indirect fuzzy
adaptive controller for nonlinear continuous systems, which
requires only a single TS fuzzy model, with few rules, to
approximate the nonlinear plant dynamics. This adaptive
scheme presents the following advantages: i) the qualitative
information about the plant operating points can be used to
design the fuzzy model antecedents, ii) if for some operating
points, identified linear models of the plant are available,
they can be directly incorporated into the fuzzy model rule
consequences, and 1ii) it allows fast control update, which
is limit factor for some applications. The stability of the
proposed adaptive scheme, in presence of approximation
error and external disturbance, is established in the hyper-
stability framework [7, 8]. The potentials of the Lyapunov
approach and the hyperstability approach are theoretically
the same. However, there is no general effective way for
finding the Lyapunov function. Moreover, as mentioned
in [9, in many adaptive situations, the hyperstability ap-
proach may be easier to apply than the Lyapunov method.
This is because the search for suitable Lyapunov function is
replaced by both positivity condition and popov’s inequal-
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ity to be satisfied independently. The simulation results for
the inverted pendulum benchmark show that the proposed
adaptive scheme maintains a consistent performance under
approximation error and external disturbance.

II. PROBLEM STATEMENT

Counsider for the continuous-time nonlinear system
53n=f(33»”)+71 (1)

where f(.) is unknown continuous function, 7 is unknown
bounded external disturbance, w € R is the input of the
system, and z = [ T Zg Tn ]T € A" is the state
vector of the system, which is assumed to be available.

The stable, linear time invariant and controllable refer-
ence model is defined by the following state equation

T = AmTm + bt (2)
where Tm = { 21m  z2m ZTam ]T € R"™ is the state
vector of the reference model, 7 is a bounded reference
input, and A, b, are given by

0 Iny ] bm="00

G,

The control problem can be stated as that of designing
the input control v such that the states of the plant (1)
follow those of the reference model (2), under the condition
that all involved signals in the closed loop remain bounded.
Since the nonlinear function is not known, and the input
do not appear explicitly in (1), the TS fuzzy model will be
used to estimate the unknown function f (.).

Am=[ 0 bom )"

III. FuzzY MODELING

The TS fuzzy model is characterized by a set of If-Then
fuzzy rules expressed as

Ri: If z is Z; Then in = G;1%1 + @i2T2 + ... + QinTn + biu

where z = [ 21 2 2 ]T is the fuzzy model input
vector, and the fuzzy sets Z; operate a fuzzy partition of
the fuzzy model input space.

The final output of the fuzzy model is inferred as follows

Tt s () (5o angs + baw)
Ziﬂil #i (2)

@)

Ty =

1487


mailto:n.golea@eudoramail.com
mailto:agolea@lycos.com
mailto:kadjoudj@lycos.com

where g, (2) is the grade of membership of z in Z; (ie.,
the firing strength of the rule ¢). In this paper, it as-
sumed that there exist always at least one active rule, i.e.
Y s (2) > 0.

The fuzzy model output (3) can also be written in fol-
lowing matrix form

To=6¢Y 045+ ¢0su (4)
=1
where T
bo, = [ a1; az am; |
9{, = [ b1 bz by ]T

and ¢ is the vector of the normalized firing strengths of the
rules, given by

oot

M
Iy’

Following the universal approximation results [1-2, 12],
the fuzzy model (4) is rich and able to approximate the
nonlinear function f{(.) on a compact operating space to
any degree of accuracy. Next, we define the optimal fuzzy
model parameters 8;]_ and &} be such that

{ H1 B g ] (5)

n
tn=¢ Y 05 i+ d0iutn+w

i=1

(6)

where w is the minimum approximation error achieved by
the fuzzy model with the optimal parameters.

Since the optimal fuzzy model parameters are not known,
we make use of their estimates, then (5) can be rewritten
as

Tn=0) Oa,z;+ s+ 00,2+ ¢hu+n+w (7)
i=1 i=1

where Eaj = 9;3, — 64, and 'éb = @; — 0y are the parameter
estimation errors.
A. Closed loop dynamic

The Tracking error between the nonlinear system (1),
represented by the fuzzy model (7), and the reference model
(2) is given by

¢ = Ame—be [¢) Ou,a; + 04U+ am® — bumT

7=1

+6Y 0,75+ $0u+us +ntw| (8)
i=1

where b, = [ 0 0o 1]"

The control input is chosen as (see fig. 1)

i BT —¢20“in — G T + Us (9)
=1
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Fig. 1. Fuzzy adaptive control scheme.
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Fig. 2. Feedback structure.

where u, is an additional control input used to attenuate
the external disturbance and the approximation error ef-
fects.

The substitution of {9) in (8) yields the following closed
loop dynamic

"
e=Ame—be () fa;z; +d0u+u, +n+w| (10)
=1
Which can be arranged as
Ape — LT

e =

(11)

b, ¢Z§ajzj+q§§bu+us+n+w (12)
i=1

3

IV. STABILITY ANALVYSIS

Following the hyperstability approach [7, 8], the feedback
system (11)-(12) is split into two blocks (fig. 2): A linear
time invariant feedforward block and a nonlinear time vary-
ing block. If the following conditions are satisfied:

1. The feedforward transfer function matrix C [s] — Ap| >
is strictly positive real (SPR).

2. The nonlinear time varying block satisfies the following
inequality

T
/ VTe,dt > -8, VI >0 (13)

0
where e, = Ce, and 4 is a positive constant independent of
T. Then the asymptotic hyperstability (or global asymp-
totic stability) of the feedback system is ensured for all
bounded initial conditions on z, r, e and u.
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Following the Kalman-Yacubovicth lemma [10], the
transfer function matrix C[sl — Am]™ ' I, function is
strictly positive real {SPR) if there exists a symmetric pos-
itive definite matrices P and @ so that

-Q
I.P

AT P+ PA, =
Cc =

(14)
(15)

Since Ay, is a Hurwitz matrix, a symmetric positive definite
matrix P always exists for any symmetric positive definite
matrix @ [10]. Thus, SPR condition is always verified in-
dependently of the plant dynarnics.

Note that, as required by the hyperstability theory, the
system described by (11)-(12) is controllable and observ-
able (it is easy to show that the pairs {A.,, I,} and {P,
Ay} are controllable and cbservable, respectively).

In order to prove the second condition, inequality (13) is
expanded to the following two terms

T
f Ve dt = 51 + 59 (16)
o

where
T " T o
o =/ Y 0o,8"pacw; + 0, ¢ pueu | dt (17)
o\

and
T

8z = f (us + 1+ w) predt
0
with py, is nth row of the matrix P. Hence, the sum of the
two terms must verify the condition {13).

By choosing the following parameters update laws

(18)

8a; = —11¢" Pnes; (19)
By = =720  paeu (20)
and using the fact that E,,j = —éiaj and 51, = ——9,,, then

(16) can arranged as

+ 286 e @
T2

which yields the following result

1 T
> =377
= [271. a (0

1B, (0) + zi%‘éif (0) s (0)] (22)

To analyze (18), the additional control term u, is defined
as

uy = ky.5gn (pre) (23)

If the constant k, is chosen
(ks| =1 +w (24)

where @ and 7] are the upper bounds on the approximation
error and the external disturbance, respectively, required to

design the switching control signal us. Then sz is always
> 0. Hence, the inequality {12) is verified, with

814382 > —6 (25}

where

- QL; 00, O+ 50, 5O (26)

Thus, the feedback system given by (11)-(12) is glob-
ally agymptotically stable, and the error e is guaranteed to
converge to zero.

Remark 1:

The above stability result is achieved under the as-
sumption that the fuzzy model is well designed such that:
¢y > 0 for all the time. If the above condition is not ful-
filled, the control input may be large at certain time, and
the internal dynamic of (10) will be instable. To prevent
this case, assume (without loss of generality) that a lower
bound by > 0 of the control gain is known, then using the
following update law

|

assures that ¢f;, > bg for all the time, if the vector 8, (0) is
initialized properly. The stability of fuzzy adaptive system,
with the modified update law, can verified using the same
analysis. Let the expression (17) be rewritten as

0, if b; = by and ¢;ppeu >0

—Yo;pneu, else (27)

T n T M _
8 = /; ZBajrﬁTpﬂexj + Zb,—c;&l-pneu dit (28)
=1 i=1

then, if all the elements of 8, are above the limit &g, we get
the same result. If any element by reaches the limit, then
Grpneu > 0 and by = (b5 — bo) > 0 (because by is a lower
bound). Then (28) becomes

s :/0 E"T"

1 Mo L
— " bibi+ bedypneu | dt
2 i=1,i#k

B (29)
since fOT bidepreudt > 0 for all T > 0, it follows that
2
51> 5o Ze% (0)8a, (0) + HZ,#b )
(30)

thus, the global stability of fuzzy adaptive scheme is also
guaranteed with the modified update law. Note that, the
stability analysis for the case of bg < 0 can be handled in
a similar way.

Remark 2:

Since the additional control input u, is discontinuous,
it may lead to control chattering, which is undesirable in
practice because it involves high control activity and may
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excite high frequency plant dynamics. To overcome this
problem, the control input can be smoothed as

Pne

Uy = Kg——— 3l

CET &y
with

= (1+5) @+a (32)

where ¢ > (0 and § > 0 are arbitrary constants. The

constant o is selected based on engineering consideration
to achieve the admissible tracking error amplitude. The
ratio o/f determines the gain amplitude. Using (31) and

(32), (18) becomes
+(n+w) .pne) dt

52 =[0T ((?H—D) (1+
(33)

if ppe is > B then pye > 0 ¥T > 0 and the inequality is ver-
ified. If p,e is € 8 no indication is given. But, this result
indicates that the tracking error is guaranteed to converge
to a bounded region defined by the design parameters, and
due to the bounded input-bounded output property of hy-
perstable systems the stability is preserved [7].

a (Pne)g
»6) Ipne! +o

V. DESIGN EXAMPLE

The performance of the proposed fuzzy adaptive control
is studied using an inverted pendulum system. The dy-
namics of the pendulum system is given by

5 (me +m) gsin(z1) — cos (z1) (mizdsin (1) — u(t))
2

£ (me + m)l — mlcos (z1)*

+n(t) (34)
where ©; and zz are the angular position and velocity of
the pole. u(t) is the control input torque applied to the
cart, g = 9.8 (m/s?) is the gravitational constant, m, = 1
kg is the mass of the cart, and m = 0.5 kg, [ = 0.5 m are the
pole mass and half-length, respectively. n{¢) = 0.1sin(27t)
is the bounded external disturbance.

The control objective is to maintain z; (£) = &1m () and
T2 (t) = Tom (f), where z1,, (£) and 2o, (t) are the states
of the reference model given by

e[ S]]

The fuzzy adaptive control design procedure consists of
the following steps:
1. Select the TS fuzzy model structure and initial parame-
ters, which will be uged to approximate the nonlinear sys-
tem (34). For this purpose, the relevant region of the state
space is partitioned using three fuzzy sets (see fig. 3). The
fuzzy model is constituted by three rules of the form

Ri: If 4 is Z; Then &2 = anxy + a2 + biu, i =1.3
If the expert knowledge about the plant is available, it can
be used to initialize the fuzzy model parameters. In this
simulation no prior knowledge is assumed, and the param-

eters are initialized as: a;; = 0 and &; = 1.

2. select
10 0
0 10

then solving the Lyapunov equation (14} yields

Q

15 5
St

3. Obtain the adapstive control law {9), with the switching
control term as defined in (23} or (31).

4. Update the fuzzy model parameters using (19) and (27).
For a high penalty on the initial parameter errors, the
learning rates 7y, = 0.9 and v, = 0.2 are selected. A lower
bound on the control gain is fixed to 5y = 0.6.

In this simulation, the fourth-order Runge-Kutta
method, with a step size of 0.01 s, is applied to integrate
the nonlinear system (34). To achieve effective rejection of
the approximation error and external disturbance effects,
the smoothed switching control (31) is used, with ks = 0.3
and o = 0.04. Simulation results (fig. 4 a, b and ¢), for the
stabilization problem (i.e. r{¢) = 0), show satisfactory per-
formance, and the errors converge to bounded small value.
The remaining errors are essentially due to the external
disturbance. The tracking problem results, for the refer-
ence input 7(t) = 7/3sin(0.27t), depicted in (fig.ba, b and
¢), demonstrate also, that the fuzzy control has a consis-
tent tracking performance, specially for the pole position
(fig. 5a). The control input depicted in fig .4c¢ is seen to be
smooth.

From fig. 6 it is seen that the fuzzy model parameters
converge to (almost) stationary values after about few sec-
onds. The remaining oscillations are due to the fast learn-
ing rate and approximation error. Decreasing the learning
rate may reduce those oscillations, but in turn, the conver-
gence of the tracking error will be slower. This result means
that the most of the fuzzy model regressors are persistently
exciting. As pointed out in [6] for Mamdani fuzzy model
type, the persistent excitation condition is fulfilled if the
regressors {i.e. ¢} are linearly independent. The problem
here is more complicated, since the regressors depend on ¢,
x and u. In summary, the persistent excitation mechanism
depends on the fuzzy model construction (i.e. fuzzy sets
definition and rules selection), the nonlinear plant and the
reference signal. The persistent excitation in fuzzy control
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systems has received little interest in the literature, and
further work is needed to clarify this problem.

Compared to the adaptive schemes in [2},[4] and [6],
this approach is computationally simpler, since only three
rules are used, only nine parameters are to be updated and
stored. This allows for fast tracking and adaptation rates.
Moreover, the perturbations rejection is better, with less
control effort.
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Fig. 6: The parameters evolution.
VI. CONCLUSION

A new fuzzy indirect adaptive control for SISO nonlin-
ear continuous systems, is developed. The stability of this
adaptive scheme, under few requirements on the nonlin-
ear system and the uncertainties (i.e. the plant order and
the lower bound on the control gain must be known, and
the perturbations are bounded), is established, in easier
manner, using the hyperstability approach. Simulation re-
sults show that good performance is achieved even when
the switching control is not used. Furthermore, the TS
fuzzy model parameters are shown to converge to {almost)
constant values. Major features of this approach are low
computation cost, application te a broader of nonlinear sys-
tems, and fast tracking performance. Further research are
directed to extend this approach to multivariable nonlinear
systems.
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