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Abstract

The propagator relating to the evolution of a particle on the D-sphere and the D-pseudosphere,
subjected to the Coulomb potential, was reconsidered in the Faddeev–Senjanovic formalism. The
mid-point is privileged. The space–time transformations used make it possible to regularize the sin-
gularity and to bring back the problem to its dynamical symmetry SU (1,1).
� 2006 Elsevier Inc. All rights reserved.

PACS: 03.65Ca; 03.65 Ge; 03.65 Db
1. Introduction

Up to now, the problem of path integral formulation in curved space has not been
definitively solved. This is related to the operator-ordering problem in quantum mechan-
ics. In fact, to deduce the good effective potential due to the curvature, one has to refer to
the Hamiltonian formulation. As it appears in the Lagrangian, the metric tensor depend-
ing on the position, one cannot write the kinetic part at the quantum level clearly, we
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recourse to the Hamiltonian using the Laplace–Beltrami operator. Then we introduce the
momentum operator in the Hamiltonian using the Weyl order from which we deduce the
Lagrangian formulation [1]. During the previous decade, a partial Lagrangian solution
analogous to this procedure was proposed including a quantum equivalence principle,
where all the discretization prescriptions are equivalents [2]. In our opinion, this solution
is not complete because during the evolution in curved space the constraints indicating
that this evolution alone is not sufficient for a complete description are essential, so we
have to supply it with some constraints on the state space to ensure the good interpretabil-
ity of the theory. According to this program, the quantum corrections are the product of
the reduction of the phase space to an effective one using the Dirac brackets method [3,4]
and up to now a concrete bond between these approaches has not been established yet. On
the other hand we have an opposition. In fact, in path integral the Dirac brackets method
is taken into account by using a delta functional which allows a reduction of phase space.
This technique is known as Faddeev–Senjanovic formulation [5]. Furthermore, according
to this technique the use of mid-point prescription is privileged [4,6,7] contrary to this
quantum equivalence principle.

As the problem is still raised, let us poke the discussion by studying the case of simple
curved spaces known as homogeneous spaces [8], we particularly take the D-sphere and
the D-pseudosphere noted, respectively, as SO (D + 1)/SO (D) and SO (D, 1)/SO (D).
These two cases had been treated before using the usual canonical method. We propose
to re-examine them within the most natural framework of the constraints, i.e., the Fad-
deev–Senjanovic formalism. Concretely, we choose the Coulomb potential already treated
by [9] with D = 3 and by [10] with D unspecified. In the same way, we will convert the
problem to the path integral proper to the dynamic symmetry SU (1, 1) using space–time
transformations. However, in our approach the choice of these transformations is carried
out so as to avoid the singularity responsible for the instability of the integrals by rejecting
them to infinity. Consequently, in a stage of calculations one obtains clearly a stable path
integral [11].

In Section 2, we expose the review of general Faddeev–Senjanovic formulation in the
case of unspecified variety and interaction. In Section 3, we consider the case of the Cou-
lomb interaction on the D-sphere. We consider the same problem on the D-pseudosphere
in Section 4. Section 5 is devoted to concluding remarks.

2. Review of Faddeev–Senjanovic method

Let us study a particle subjected to the action of scalar and vectorial potential moving
on the D-surface immersed in the space of D + 1 dimensions. The Hamiltonian governing
the dynamics of this physical system is given by

HT ¼
p2

2m
� kf ðxÞ þ vpk þ V ðxÞ; ð1Þ

where p = (p � eA (x)) and, x, p and A are vectors of D-dimensions. k is the Lagrange mul-
tiplier.

Applying the habitual Dirac procedure, the involved constraints are

/1 ¼ pk ¼ 0; ð2Þ
/2ðxÞ ¼ f ðxÞ ’ 0; ð3Þ
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/3ðp; xÞ ¼ f/2;HTg ¼
1

m
plo

lf ðxÞ ’ 0; ð4Þ

/4ðp;x;kÞ¼ f/3;HTg

¼ 1

m2
plpmo

l
o

mf ðxÞþ k
m

o
mf ðxÞomf ðxÞþ

e
m2

pmo
lf ðxÞF lmðxÞ�

1

m
o

mf ðxÞomV ðxÞ;

ð5Þ

where Flm (x) = olAm (x) � omAl (x).
As the determinant {/a,/b} does not vanish, the constraints are of the second class

type. According to Faddeev–Senjanovic technique, the propagator is written as

Kðf ; i; T Þ ¼
Z YN

j¼1

dxj

YNþ1

j¼1

dpj

ð2pÞðD�1Þ dkj dpkjdðpkjÞdðf ðxjÞÞdð/3ðpj; xjÞÞ

�
YNþ1

j¼1

dð/4ðpj; xj; kjÞÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
detf/a;/bg

q
exp½iðpjDxj þ pkjDkj � eHT Þ�; ð6Þ

where the constraints /3 and /4 are evaluated at the mid-point with x ¼ xðtjÞþxðtjþ1Þ
2

, this
choice is privileged [6,7]. The integration over the kj and pkj

variables is immediate and
gives an infinite constant which is absorbed in a redefinition of measure. The result is then
reduced to

Kðf ; i; T Þ ¼
Z YN

j¼1

dxj

YNþ1

j¼1

dpj

ð2pÞðD�1Þ dðf ðxjÞÞdð/3ðpj; xjÞÞjf/2ðxjÞ;/3ðpj; xjÞgj

� exp i pjDxj � e
p2

2m
� eV ðxjÞ

� �� �
; ð7Þ

where

/3ðpj; xjÞ ¼
1

m
plj
� eAlðxjÞ

� �
olf ðxjÞ; ð8Þ

/2ðxjÞ;/3ðpj; xjÞ
	 


¼ olf ðxjÞolf ðxjÞ: ð9Þ

We introduce the integral representation of delta function to integrate on the pl variables,

dð/3ðpj; xjÞÞ ¼
1

2p

Z
dvj exp ivj

1

m
plj � eAlðxjÞ
� �

olf ðxjÞ
� �

; ð10Þ

one obtains

Kðf ; i; T Þ ¼ m
2pie

� �ðD�1ÞðNþ1Þ
2

Z YN
j¼1

dxj

YNþ1

j¼1

d f ðxjÞ
� � ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

olf ðxjÞolf ðxjÞ
q

� exp i
m
2e

DxjXDxj þ eDxjAðxjÞ � eV ðxjÞ
� �h i

; ð11Þ

where X is a matrix defined by the following elements Xlm = dlm � glgm, with g a vector
defined by
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gl ¼ olf ðxÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
of
ox

� �2
s,

: ð12Þ

We can conclude that all the corrections brought by the constraint are gathered in theffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
olf ðxjÞolf ðxjÞ

p
term. To this level, let us turn over to the preceding remark and put

the following question: if we replace in the term
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
olf ðxjÞolf ðxjÞ

p
the mid-point by an

arbitrary point following the quantum equivalence principle, can we find a good quantum
correction? The answer is obviously no.

In what follows we will apply this formalism to the case of a particle on D-sphere and
D-pseudosphere subjected to the Coulomb potential.

3. The Coulomb problem on SD sphere

For the case of the sphere SD, the function f (x), (x = xi, i = 1, . . . ,D + 1), is given as

f ðxÞ ¼ x2 � R2 ¼
XDþ1

i¼1

ðxiÞ2 � R2 ¼ 0; ð13Þ

R being the radius of sphere. The Poisson bracket f/2ðxjÞ;/3ðpj; xjÞg is then easily eval-
uated and the propagator (11) is written as

Kðf ; i; T Þ ¼ lim
N!1

Z YN
j¼1

dxj

YNþ1

j¼1

m
2pie

� �D=2 2 xjxj

� �ffiffiffiffiffiffi
xj

2
p d x2

j � R2
� �

�
YNþ1

j¼1

exp i
m
2e

Dxj

� �2 � eV ðxjÞ
� �h i

ð14Þ

with

x ¼ rX;

X ¼ cos v sin v cos h1 � � � sin v sin h1 � � � sin hD�2 sin uð Þ ð15Þ

the variables v 2 [0,p/2], h1, . . . ,hD�2 2 [0,p] and u 2 [0,2p].
Thus, the expression of the propagator (14) becomes

Kðf ; i; T Þ ¼ lim
N!1

m
2pie

� �ðNþ1ÞD=2
Z YN

j¼1

RD dXj

YNþ1

j¼1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

2
1þ cos Xj;j�1

� �r

�
YNþ1

j¼1

exp i
mR2

e
1� cos Xj;j�1

� �
� eV ðXj;RÞ

� �� �
ð16Þ

with

dX ¼ sinD�1 vdv sinD�2 h1 dh1 � � � sin hD�2 dhD�2 du ð17Þ

and

cos Xj;j�1 ¼ cos Dvj � sin vj sin vj�1ð1� cos Hj;j�1Þ: ð18Þ

To evaluate the quantum correction, we expand



A. Lecheheb et al. / Annals of Physics 322 (2007) 1233–1246 1237
h
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1
2
ð1þ cos Xj;j�1Þ

q
i ’ 1� 1

8
hðDXj;j�1Þ2i ð19Þ

with

ðDXj;j�1Þ2

¼Dv2
j þ sinvj sinvj�1 Dh2

1jþ sinh1j sinh1j�1 Dh2
2jþ � � � sinhD�2j sinhD�2j�1 Du2

j

� �� �� �
ð20Þ

and follow the usual procedure. The correction (19) is then

1� 1

8
h DXj;j�1

� �2i ’ exp
ieDðD� 2Þ

8mR2

� �
: ð21Þ

Consequently, the shape of the propagator (16) becomes

Kðf ; i; T Þ ¼ lim
N!1

m
2pie

� �ðNþ1ÞD=2
Z YN

j¼1

RDdXj

�
YNþ1

j¼1

exp i
mR2

e
1� cos Xj;j�1

� �
þ eDðD� 2Þ

8mR2
� eV ðXj;RÞ

� �� �
: ð22Þ

This last formula represents a general result where the potential is unspecified. We will
consider the Coulomb potential which has a spherical symmetry.

In the spheric space SO (D + 1)/SO (D), this is given by

V ðX;RÞ ¼ V ðv;RÞ ¼ � a
R

cot v; ð23Þ

where a is the coupling constant. Knowing that the potential depends only on v, let us pro-
ceed as usual [12] by separation of the purely angular variables (h1, . . . ,hD�2, u) applying
the following decomposition formula

expðz cos HÞ ¼ 2

z

� �m

CðmÞ
X1
l¼0

ðlþ mÞIlþmðzÞCm
lðcos HÞ; m 6¼ 0;�1;�2; . . . ð24Þ

where Il+m (z) are the modified Bessel functions and Cm
lðcos HÞ are the Gegenbauer polyno-

mials and with a notation

z ¼
mR2 sin vj sin vj�1

ie
: ð25Þ

With this separation formula, it is possible to integrate the angular part Hj, j�1 by using the
development of the Gegenbauer polynomials and their orthogonality relations.

In fact, let us note

Cm
nðcos Hi;j�1Þ ¼ CðmÞðnþ mÞCm

nðcos Hi;j�1Þ ð26Þ

and

eC m
nðcos aÞ ¼ n!ðnþ mÞ22m�1

pCð2mþ nÞ

� �1
2

CðmÞCm
nðcos aÞ ð27Þ
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by applying the addition theorem to the relation (24), one obtain

�C
P
2
nðcos Hj;j�1Þ ¼ 2pp

p
2

Xn

k1¼0

Xk1

k2¼0

� � �
XkP�2

kP�1¼0

Xkp�1

m¼�kP�1

sin hð1Þj sin hð1Þðj�1Þ
� �k1

� sin hð2Þj sin hð2Þðj�1Þ
� �k2 � � � sin hðP�1Þj sin hðP�1Þðj�1Þ

� �kp�1

� ~C
P
2
n�k1
ðcos hð1ÞjÞ~C

P
2þk1

n�k1
ðcos hð1Þðj�1ÞÞ

� ~C
ðP�1Þ

2 þk2

k1�k2
ðcos hð2ÞjÞ~C

ðP�1Þ
2 þk2

k1�k2
ðcos hð2Þðj�1ÞÞ

� � � � ~C1þkP�1
kP�2�kP�1

ðcos hðp�1ÞjÞ~C1þkP�1
kP�2�kP�1

ðcos hðp�1Þðj�1ÞÞ
� Y m�

kP�1
ðhpj;ujÞY m

kP�1
ðhðpÞðj�1Þ;uðj�1ÞÞ: ð28Þ

Then, thanks to the orthogonality relations of the ~Cm
m and Y m

l ðXÞZ p

0

da sin2m a~Cm
nðcos aÞ~Cm

mðcos aÞ ¼ dn;m ð29Þ

and Z
Y m�

l ðXÞY �m
�l
ðXÞdX ¼ dl�ldm�m; ð30Þ

the propagator (22) takes the following form

Kðf ; i; T Þ ¼
X1
l¼0

Klðvf ; vi; T Þ ð2lþ D� 2Þ
4ðpÞ

D
2

C
D� 2

2

� �
C

D�2
2

l ðcos Hi;f Þ; ð31Þ

with

Klðvf ;vi;T Þ¼ lim
N!1

M
2pie

� �ND
2

ð2D�1pÞN
Z YN�1

j¼1

RDðsinvjÞ
D�1dvj

�
YN
j¼1

iep

2MR2 sinvj sinvj�1

 !D�2
2

IlþD�2
2

MR2 sinvj sinvj�1

ie

 !24 35YN
j¼1

expfiSjg

ð32Þ

and

Sj ¼
mR2

e
1� cos Dvj

� �
þ eDðD� 2Þ

8mR2
þ e

a
R

cot vj þ
mR2 sin vj sin vj�1

e
: ð33Þ

Let us simplify calculation using the asymptotic expression of the modified Bessel func-
tions

IcðzÞ !
1

2pz

� �1
2

exp z� 1

2z
c2 � 1

4

� �
 �
; jzj ! 1; j arg zj 6 p

2
: ð34Þ

The radial part of the propagator (32) becomes

Klðvf ; vi; T Þ ¼ 1

RDðsin vi sin vf Þ
D�1

2

lim
N!1

Z YN
j¼1

mR2

2pie

� �1
2 YN�1

j¼1

dvj

YN
j¼1

expfiSjg ð35Þ
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with the action

Sj ¼
mR2

e
1� cos Dvj

� �
þ eDðD� 2Þ

8mR2
þ e

a
R

cot vj � e
ðlþ D�1

2
Þðlþ D�3

2
Þ

2mR2 sin vj sin vj�1

: ð36Þ

To convert this problem to that of Poschl–Teller we refer to the space–time transformation
technique. Then let us introduce the Green function defined by

Glðvf ; vi; EÞ ¼
Z 1

0

dT Klðvf ; vi; T Þ expðiET Þ ð37Þ

and the space–time transformation avoiding the path collapse [11]

v! x; expðivÞ ¼ � coth
ex

2

� �
;

T ! S; dt ¼ e2x

sinh2ðexÞ
ds:

ð38Þ

After some calculations, the result becomes

Glðvf ; vi; EÞ ¼ 1

RDðsin vi sin vf Þ
D�1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
exfþxi

sinhðexf Þ sinhðexiÞ

s Z 1

0

dS P Eðxf ; xi; SÞ ð39Þ

with

P Eðxf ; xi; SÞ ¼ lim
N!1

Z YN
j¼1

mR2

2pir

� �1
2 YN�1

j¼1

idxj

YN
j¼1

exp iSj

	 

ð40Þ

and

Sj ¼ �
mR2

2r
Dx2

j þ r
e2xj

8mR2

"
e�2xj þ ð2lþ D� 2Þ2

þ
2mER2 þ DðD�2Þ

4
þ 2miaR

sinh2ðexj=2Þ
�

2mER2 þ DðD�2Þ
4
� 2miaR

cosh2ðexj=2Þ

#
: ð41Þ

At this level, we have the Poschl–Teller propagator where the singularity of the potential is
rejected to the infinity thanks to the exponential. It is well known that this potential admits
SU (1, 1) symmetry.

To pass to variety SU (1,1), it is necessary to add at each step of discretization two
angles (c,b) using the following asymptotic formulas

exp � 1

2z
p2 � 1

4

� �� �
¼ z

2p

� �1
2

Z 2p

0

exp½ipc� zð1� cos cÞ�dc ð42Þ

with

z ¼ 4mR2 coshðexj=2Þ coshðexj�1=2Þ
ire2xj

; p2 ¼ 2mR2 E � ia
R

� �
þ D� 1

2

� �2
" #

ð43Þ
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and

exp � 1

2z0
q2 � 1

4

� �� �
¼ z0

2p

� �1
2
Z 2p

0

exp½iqb� z0ð1� cos bÞ�db ð44Þ

with

z0 ¼ � 4mR2 sinhðexj=2Þ sinhðexj�1=2Þ
ire2xj

; q2 ¼ 2mR2 E þ ia
R

� �
þ D� 1

2

� �2
" #

: ð45Þ

In addition, the change of variables cj, bj in Euler angles uj 2 [0,2p] and wj 2 [0, 4p] given
by the relations

cj ¼ 1
2
ðDwj þ DujÞ

bj ¼ 1
2
ðDwj � DujÞ

(
;

Z 2p

0

dcj

Z 2p

0

dbj ¼
1

2

Z 2p

0

duj

Z 4p

0

dwj; ð46Þ

with the condition u0 = w0 = 0, gives then the stable path integral

Glðvf ; vi; EÞ ¼ eðxfþxiÞ=2

RDðsin vi sin vf Þ
D�1

2

Z 1

0

dS
Z

duf dwf exp i
p þ q

2
wf þ i

p � q
2

uf

� �

� lim
N!1

Z YN�1

j¼1

sinhðexjÞ idxj duj dwj

�
YN
j¼1

mR2

2pir

� �1
2 mR2i

2pre2xj

� �1
2 mR2

2pire2xj

� �1
2YN

j¼1

exp iSj

	 

ð47Þ

with

Sj ¼ �
mR2

2r
Dx2

j þ r
e2xj

8mR2
e�2xj þ ð2lþ D� 2Þ2
h i

þ 4mR2 coshðexj=2Þ coshðexj�1=2Þ
re2xj

1� cos
1

2
ðDwj þ DujÞ

� �� �
� 4mR2 sinhðexj=2Þ sinhðexj�1=2Þ

re2xj
1� cos

1

2
ðDwj � DujÞ

� �� �
: ð48Þ

We introduce the following change

x! n x ¼ ln n

r! s r ¼ s=n2;
ð49Þ

a direct calculation gives

Glðvf ; vi; EÞ ¼ 1=8

RDðsin vi sin vf Þ
D�1

2

Z 1

0

dS exp
iS

8mR2
ðð2lþ D� 2Þ2 � 1=4Þ

� �

�
Z

duf dwf exp i
p þ q

2
wf þ i

p � q
2

uf

� �
Qðgf ; gi; SÞ ð50Þ
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with Q (gf,gi;S) is a path integral relating to the variety SU (1, 1) defined by

Qðgf ; gi; SÞ ¼ lim
N!1

Z
2mR2

pis

� �N
2mR2i

ps

� �N
2 YN�1

j¼1

2p2 dgj

� exp
XN

j¼1

4imR2

s

� �
1� 1

2
Trðgjgj�1Þ

� �( )
; ð51Þ

where g is an element of the pseudounitary matrix group SU (1,1) parametrized as

g ¼ e�
iu
2 0

0 e
iu
2

 !
cosh n

2
sinh n

2

sinh n
2

cosh n
2

 !
e�

iw
2 0

0 e
iw
2

 !
: ð52Þ

The path integral Q (gf,gi;S) can be evaluated by means of the group representation prop-
erties [13]. The result is given by

Qðgf ; gi; SÞ ¼ 1

2p2

X
r¼�

X1
2J¼0

ð2J þ 1Þ exp �i
ðð2J þ 1Þ2 � 1=4ÞS

8mR2

 !
vJ ;r gf g�1

i

� �"

þ
X

r¼0;1=2

Z 1

0

dq2q tanh pðqþ irÞ exp �i
q2 � 1=4ð ÞS

2mR2

� �
v�

1
2þiq;rðgf g�1

i Þ
#
;

ð53Þ

where vJ,r are the character functions of the SU (1, 1) group given by

vJ ;rðgf g�1
i Þ ¼

X
M ;N

dJ ;r
M ;N ðgf ÞdJ ;r�

M ;N ðgiÞ; ð54Þ

dJ ;r
M ;N ðgÞ are its unitary representations according to the Bargmann function dJ ;r

M ;N ðnÞ

dJ ;r
M ;NðgÞ ¼ e�iMudJ ;r

M ;N ðnÞe�iNw: ð55Þ

The integration on (uf,wf) in the formula imposes

p � q
2
¼ M and

p þ q
2
¼ N ; ð56Þ

what allows simplification

Glðvf ;vi;EÞ¼
1=2

RDðsinva sinvbÞ
D�1

2

Z 1

0

dS exp
iS

8mR2
ð2lþD�1Þ2

� �

�
X
r¼�

X1
2J¼0

ð2J þ1Þexp �i
ð2J þ1Þ2S

8mR2

 !
dJ ;r

p�q
2 ;

pþq
2

ðnf ÞdJ ;r�
p�q

2 ;
pþq

2

ðniÞ
"

þ
X

r¼0;1=2

Z 1

0

dq2q tanhpðqþ irÞexp �i
q2S

2mR2

� �
d
�1

2þiq;r
p�q

2 ;
pþq

2

ðnf Þd
�1

2þiq;r�
p�q

2 ;
pþq

2

ðniÞ
#
:

ð57Þ

Following the argument presented by [9], we choose r = 0 and consequently the functions
dJ ;þ

M ;N is the only which contributes in calculation. The integral over S gives then
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Glðvf ; vi; EÞ ¼ mR2

RDðsin vi sin vf Þ
D�1

2

�
XJ0

nr¼0

d J 0 � nr � l� D� 3

2

� �
d

l�D�3
2 ;þ

p�q
2 ;

pþq
2

ðnf Þd
l�D�3

2 ;þ�
p�q

2 ;
pþq

2

ðniÞ;

J 0 þ 1 ¼ p � q
2

; nr ¼ J 0 � J : ð58Þ

The spectrum results from

p � q
2
¼ n ¼ nr þ lþ D� 3

2
þ 1: ð59Þ

The energy spectrum is then

En ¼
1

2mR2
n2 � D� 1

2

� �2
" #

� Z2e4m
2n2

: ð60Þ

Let us replace these results in the radial propagator (35) we have

Klðvf ; vi; EÞ ¼
X1

n¼lþ1

Rnlðvf ÞR�nlðviÞ expð�iEnT Þ; ð61Þ

where Rnl (v) is the radial wave function

RnlðvÞ ¼
n2 þ e2

n

nRD

� �1
2

ðsin vÞ
D�1

2 d
l�D�3

2 ;þ
n;ien

ðnÞ ð62Þ

with

expðivÞ ¼ � coth
n
2

� �
; e2

n ¼
mRZe2

n

� �2

: ð63Þ

In this part we have calculated the propagator relating to the Coulomb potential on a
D-sphere and thanks to a path reparametrization which enabled us to lead to a Poschl–
Teller potential. Then via integration on the compact group SU (1, 1), we have built the
energy spectrum and the wave functions in D dimensions system.
4. The Coulomb problem on HD pseudosphere

Let the pseudosphere HD immersed in a D + 1 pseudoEuclidian space defined by the
equation

f ðxÞ ¼ x2 � R2 ¼ 0; ð64Þ

where R being the radius and the scalar product of two vectors is defined by

ab ¼ ða1b1Þ2 �
XDþ1

i¼2

ðaibiÞ2: ð65Þ

As previously, the propagator (11) is written as
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Kðf ; i; T Þ ¼ lim
N!1

Z YN
j¼1

dxj

YNþ1

j¼1

m
2pie

� �D=2 2ðxjxjÞffiffiffiffiffiffi
xj

2
p dðx2 � R2Þ

�
YNþ1

j¼1

exp i
m
2e
ðDxjÞ2 � eV ðxjÞ

� �h i
: ð66Þ

We introduce the adequate coordinates

x ¼ rX;

X ¼ ð cosh v sinh v cos h1 � � � sinh v sin h1 � � � sin hD�2 sin u Þ
ð67Þ

with the variables v 2 [0,1[, h1, . . . ,hD�2 2 [0,p] and u 2 [0,2p].
The quantum fluctuations and the correction are determined following the same

method and the propagator (59) is written as

Kðf ; i; T Þ ¼ lim
N!1

m
2pie

� �ðNþ1ÞD=2
Z YN

j¼1

RD dXj

�
YNþ1

j¼1

exp i �mR2

e
ð1� cosh Xj;j�1Þ �

eDðD� 2Þ
8mR2

� eV ðXj;RÞ
� �� �

ð68Þ

with

dX ¼ sinhD�1vdv sinD�2 h1 dh1 � � � sin hD�2 dhD�2 du ð69Þ
and

cosh Xj;j�1 ¼ cosh Dvj þ sin vj sin vj�1ð1� cos Hj;j�1Þ: ð70Þ

Here, the form of the potential is unspecified and we are interested by the Coulomb prob-
lem which has the pseudospherical symmetry.

In the hyperbolic space this is given by

V ðX;RÞ ¼ V ðv;RÞ ¼ � a
R
ðcoth v� 1Þ; ð71Þ

where a is the coupling constant. Knowing that the potential depends only on v let us pro-
ceed as usual to the separation of the purely angular variables (h1, . . . ,hD�2,u) using the
angular decomposition, the propagator takes the form

Kðf ; i; T Þ ¼
X1
l¼0

Klðvf ; vi; T Þ ð2lþ D� 2Þ
4ðpÞ

D
2

C
D� 2

2

� �
C

D�2
2

l ðcos Hi;f Þ; ð72Þ

where the radial propagator is

Klðvf ;vi;T Þ¼ lim
N!1

m
2pie

� �ND
2 ð2D�1pÞN

Z YN�1

j¼1

RDðsinhvjÞ
D�1 dvj

�
YN
j¼1

iep

2MR2 sinhvj sinhvj�1

 !D�2
2

IlþD�2
2

MR2 sinhvj sinhvj�1

ie

 !24 35YN
j¼1

expfiSjg;

ð73Þ

with the action
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Sj ¼ �
mR2

e
ð1� cosh DvjÞ �

eDðD� 2Þ
8mR2

þ e
a
R
ðcoth vj � 1Þ

þ
mR2 sinh vj sinh vj�1

e
: ð74Þ

Let us simplify calculation using the asymptotic expression of the modified Bessel func-
tions

IcðzÞ !
1

2pz

� �1
2

exp z� 1

2z
c2 � 1

4

� �
 �
; jzj ! 1; j arg zj 6 p

2
: ð75Þ

The radial propagator (66) becomes then

Klðvf ; vi; T Þ ¼ 1

RDðsinh vi sinh vf Þ
D�1

2

lim
N!1

Z YN
j¼1

mR2

2pie

� �1
2 YN�1

j¼1

dvj

YN
j¼1

expfiSjg; ð76Þ

where

Sj ¼ �
mR2

e
ð1� cosh DvjÞ �

eDðD� 2Þ
8mR2

þ e
a
R
ðcoth vj � 1Þ

� e
lþ D�1

2

� �
lþ D�3

2

� �
2mR2 sinh vj sinh vj�1

: ð77Þ

To convert this problem to that of Poschl–Teller, we refer to the space–time transforma-
tion technique.

Let us introduce the Green function with the adequate space–time transformation

v! x; expðvÞ ¼ cothðexÞ;

T ! S; dt ¼ e2x

sinh2ex
ds:

ð78Þ

The result of the previous changes is

Glðvf ; vi; EÞ ¼ 1

RDðsinh va sinh vbÞ
D�1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
exfþxi

shðexf ÞshðexiÞ

s Z 1

0

dS P Eðxf ; xi; SÞ ð79Þ

with

P Eðxf ; xi; SÞ ¼ lim
N!1

Z YN
j¼1

mR2

2pir

� �1
2 YN�1

j¼1

dxj

YN
j¼1

exp iSj

	 

ð80Þ

and

Sj ¼
mR2

2r
Dx2

j � r
e2xj

8mR2

"
e�2xj þ ð2lþ D� 2Þ2

þ
�2mER2 þ DðD�2Þ

4

sinh2ðexj=2Þ
�
�2mER2 þ DðD�2Þ

4
þ 4maR

cosh2ðexj=2Þ

#
: ð81Þ



A. Lecheheb et al. / Annals of Physics 322 (2007) 1233–1246 1245
Now we change r fi �r

Sj ¼�
mR2

2r
Dx2

j

þ r
e2xj

8mR2
e�2xj þ ð2lþD� 2Þ2þ

�2mER2þ DðD�2Þ
4

sinh2 exj=2ð Þ
�
�2mER2 þ DðD�2Þ

4
þ 4maR

cosh2 exj=2ð Þ

" #
:

ð82Þ

Following the same steps as previously and by making the correspondence

p02 ¼ �2mER2 þ D� 1

2

� �2

þ 4maR

" #
; q02 ¼ �2mER2 þ D� 1

2

� �2
" #

; ð83Þ

the Green function (72) becomes

Glðvf ;vi;EÞ¼
mR2

RDðsinhvi sinhvf Þ
D�1

2

XJ0

nr¼0

d J 0�nr� l�D�3

2

� �
dJ ;þ

p0�q0
2 ;

p0þq0
2

ðnf ÞdJ ;þ�
p0�q0

2 ;
p0þq0

2

ðniÞ;

J 0þ1¼ p0 �q0

2
; nr ¼ J 0� J : ð84Þ

The spectrum will be given by the condition

p0 � q0

2
¼ n; ð85Þ

which determines the energy spectrum

En ¼
�1

2mR2
n2 � D� 1

2

� �2
" #

þ Ze2

R
� Z2e4m

2n2
: ð86Þ

Let us replace these results in the radial propagator, we have

Klðvf ; vi; EÞ ¼
X1

n¼lþ1

Rnlðvf ÞR�nlðviÞ expð�iEnT Þ ð87Þ

with the following radial wave functions

RnlðvÞ ¼
n2 � e2

n

nRD

� �1
2

ðsinh vÞ
D�1

2 d
l�D�3

2 ;þ
n;ien

ðnÞ ð88Þ

and

expðvÞ ¼ cothðexÞ; e2
n ¼

mRZe2

n

� �2

: ð89Þ
5. Conclusion

In this paper we achieved a fundamental work concerning the quantification in curved
spaces. This problem gives way to an open debate because its final solution has not been
established yet. We have tried to deal with this by considering the sphere and the hyper-
boloid with D dimensions using the constraints method where one is obliged to choose the
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mid-point prescription contrary to what is stipulated by the quantum principle equiva-
lence. In addition to this, we have treated the case of the Coulomb potential where we have
used the space–time transformations. The latter has enabled us to avoid the singularity by
projecting it to infinity and to bring the problem to its SU (1, 1) dynamic symmetry. We
have calculated the spectrum and the wave functions, although the normalization factor
is still discussed, the results agree with those of the literature.
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