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Ahtmct -  Based on the universal approximation eapabil- 
ity of the Takagi-Seguno (TS) fuzzy systems, we present a 
solution to the model reference control of continuous-time 
nonlinear systems problem. Using the assumption that a 
fuzzy model exists for the considered nonlinear systems 
class, a direct TS fuzzy adaptive controller is designed to 
achieve the tracking objective. It is not required to estimate 
the fuzzy model, only its existence assumption is required. 
It is proved, using Lyapunov stability tools, that this adap- 
tive scheme is asymptotically stable and the tracking error 
converges to zero. Simulation results illustrate the proposed 
algorithm performance. 

Keuuxrds- Fuzzy systems, Universal approximation, Ref- 
erence model, Adaptive control, Nonlinear systems, Stabil- 
i ty. 

I. INTRODUCTION 

Model reference control is one of the well established 
techniques in the linear system field, however, few results 
exist for the nonlinear systems case 11-31, On the other 
hand, fuzzy systems have been proved to be universal a p  
proximators for nonlinear systems 14-71, and various algo- 
rithms were proposed to train fuzzy systems as nonlinear 
identifiers, and were useful in the modelling and control 
of nonlinear plants [4, 8-11]. Recently, fuzzy model-based 
control succeeded to exploit the particular structure of TS 
fuzzy systems 112). This quasi-linear structure, i.e., the 
TS fuzzy system being nonlinear superposition of linear lo- 
cal models, has prompted efficient analysis techniques es- 
tablished mainly on the concept of quadratic stability [13- 
141. In recent years, fuzzy systems have been applied to 
model reference adaptive control [15-201. In 1151 and [16] 
a good performance is shown through Lyapunov stability 
approach. In 1171 and 1181 an indirect model-following con- 
trol, using fuzzy linguistic model and neural networks, is 
proposed. In 1191 a model-reference control is developed 
based on fuzzy basis functions of Wang [4], and in (201 a 
direct approach, based on Takagi-Seguno system, is p r e  
posed and it's stability is analyzed in the hyperstability 
framework [l]. 

This work proposes a direct adaptive model reference 
approach to control the nonlinear systems represented by 
Takagi-Sugeno (TS) models. The TS fuzzy model is only 
assumed to exist, and it is not necessary to be estimated. 

Based on this assumption, a TS fuzzy adaptive controller is 
implemented to achieve the tracking task. The stability of 
the proposed scheme is established using Lyapunov tools. 
It is shown that the tracking error converge to zero. Also, 
it is shown that the this approach robust against external 
disturbance and approximation error. 

The rest of the paper is organized as follows. Section I1 
poses the control problem. Section 111 develops the fuzzy 
adaptive approach, section IV develops the stability anal- 
ysis, section V presents the simulation results and section 
VI concludes the paper. 

11. PROBLEM FORMULATION 
We consider the continuoustime nonlinear systems given 

by 

Z = A z  + B If($) + g(z)u + 71 (1) 
where z t R" is the state vector, f ( z )  and g(z) are smooth 
unknown functions, ZL is the control input, 7 is a bounded 
external disturbance, and 

The above system is required to follow the stable LTI 
reference model given by 

(2) x, = A,x, + Bb,r 

where J ,  t R" is the state vector, T is a bounded reference 
input, 6, > 0 is a scalar and A ,  is given by 

0 In-1 
A - = [  -a, ] 

and a, t R". 
Since the nonlinearities f(z) and g(z) are unknown, we 

investigate, in what follows, the fuzzy systems approach to 
solve the control problem. 

111. FUZZY ADAPTIVE CONTROL 

A .  Fuzzy Approzimation 

then rules of the form 
Consider the TS fuzzy model constituted by a set of if- 

R;: If z is 26 Then y = aiz + b;u, i = 1.. .m (3) 

0-7803-7729-X/03/$17.00 02003 IEEE 836 

mailto:n.golea@eudoramail.com
http://agoleaQlycos.com
mailto:m.kadjoudj@eudoramail.com


where a, E R", b, E R are the i th rule consequence paran- 
eters, m is the number of rules, z E Rq is the fuzzy model 
input vector, and the fuzzy sets Z, operate a fuzzy parti- 
tion of the fuzzy model input space (i.e., the fuzzification 
operators). 

The output of the fuzzy model (3) is inferred as follows 

where pi (2) is the grade of membership o f t  in 2, (i.e., the 
firing strength of the rule i). 

Further, (4) can be rewritten as 
m 

y = pi (ai. + b i U )  ( 5 )  
i=l 

where pi is the normalized firing strength, given by 

(6) p. = A 
CLWLI 

Based on the universal approximation results 13-71, there 
exists an optimal set of parameters a: and b:, such that the 
nonlinear system (1) can be modelled by the fuzzy model 
( 5 )  such as 

where d is the combination of the external disturbance and 
the approximation error introduced by the optimal fuzzy 
model. 

B. Fuzzy Controllei 

singleoutput TS fuzzy system of t,he form 
The TS fuzzy controller to be designed is a multi-input 

Rj: If %I is r/; Then uf = k l j z  + kZjr, j = 1 . .  .m (8) 
where k l j  E R", k23 E R are the j t h  rule consequence 
parameters, m is the number of rules, U E Rm is the fuzzy 
controller input vector, and the fuzzy sets V, operate a 
fuzzy partition of the fuzzy controller input space. 

The final output of the fuzzy controller (8) is inferred as 
follows 

where pj (U) is the grade of membership of U in 4. We 
assume that, the fuzzy sets V, are singleton, chosen such 
as 

1 i f  j = i  
P3 (U) = { 0 if j # i  

The fuzzy controller output (9) can also be rewritten in 
following compact form 

m 

where 

C. Closed Loop Dynamic 

Using (2) and (7), the tracking error can be rewritten as 

To ensure tracking objective and to overcome the uncer- 
tainties effect, we use the following control input 

(14) U = uf + a. 

where us are additional control term to be defined later, 
and uf is the fuzzy adaptive controller defined by (11). 

Using (14) and (11) in (13) yields 

I m m m 

+ pib: E j  k z j ~  - b,r f pi bf us + d (15) 
;=I j=1 i=l 

Exploiting the fact that cz, pi = Cy=, Ej  = 1, (15) can 
be arranged as 

i=l j=1 

m m  

+ pi Cdj (blkz3 - b,) T 
i = l  j=1 

i=l 

Then, using the definition (10) for p , ( ~ ) ,  (16) can be fur- 
ther, simplified as 

e = A,e-B x p ; ( a , + a : + b ; k l ; ) z  
i=l 

I m r m 

+ x v ; ( b ; k z i  - b m ) r + C p i b t u ,  + d  (17) 

At this point, we recall the following result from the linear 
systems theory. 

Lemma [3]: there exists a set of parameters k;i and k;i 
such as 

i=l i=l 

af + b;k;, + a ,  = 0 (18) 
b,'k;i - b, = 0 (19) 

a: + bfkl;  +a ,  = b:&i (20) 

b;kZi - b, = b:Kzi (21) 

Also, (18)-(19) can be rewritten as 
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- - 
where kli = kli - kTi and kzi = kzi - k;i are the parameters 
estimation errors. 

Then, substituting with (20)-(21) in (17) yields 

e = A,e- B [ g p i 6 r k 1 i ~  - 

1 m m 

- tCp<6tZ2i r+C49ib tus  + d  (22) 
i=1 i=l 

IV. STABILITY ANALYSIS 

To establish the stability the following assumptions are 
used. 
- Assumption 1 :  The uncertainty term is bounded by /d /  < 
d where 2 is a known upper bound. 

Assumption 2: kZj > 0 for j = l . .m .  
Consider the following Lyapunov function 

where 

m 

k; = 
j=1 

and, 71,72 > 0 are design parameters. The matrix P = 
Pr > 0 is the solution, for a given Q = QT > 0, of the 
following Lyapunov equation 

A E P  + PA, = -Q (25 )  

The differentiation of (23) along the trajectory of (22) 
yields 

which can be arranged as 

Using (24) and the definition (lo), we have that kz = k:.. 

Then, since k&b: = b,, (27) can be rewritten as 

k; T V = - - e  Qe-eTPB[b,u,+dj 
2 

Let's define the following update laws 

kl, = ylp",,xTBTPe (29) 

k2, = y2p,b,rBTPe (30) 

(31) 

Hence, replacing with (29)-(30) in (28) gives 

T V = --e &e - eTPB [Omus + dj 
2 

Now, choosing the additional control term as 

(32) 
d 

U. = -sgn (eTPB) 
bm 

and substituting in (31) gives 

(33) 
kg T V < - - e  Qe 
2 

The stability results for this approach are summarized by 
the following theorem. 

Theorem : The control system composed by the nonlin- 
ear system (1) the reference model (2) the fuzzy model (7), 
the fuzzy controller (ll), and the update laws (29)-(30), is 
asymptotically stable and the tracking error converges to 
zero. 

Proof : from (33) V is always negative in the e space if 
e # 0, then e, GI, and i&% E L,, therefore V t L,. Since 
all variables in the right-hand side of (22) are bounded, e is 
bounded, i.e., e t L,. Integrating both sides of (33) yields 

where &,,in (Q) is the minimum eigenvalue of Q. Since the 
right side of (34) is bounded, e t Lz. Hence, using Bar- 
baht 's  lemma [Z], we have that the error converges asymp 
totically to zero, i.e., limt,, e = 0 .0  

Remark I :  Because of the discontinuous nature of the 
switching term (32), chattering may occur. To eliminate 
this problem, the control term (33) can be smoothed as 

where (7 > 0 is design parameter. It can be also shown 
that the error converge to a bounded region. However, the 
parameters boundedness is no longer ensured. To avoid 
parameters drift, various techniques from robust identifi- 
cation, such as dead zone or projection can be used 1211. 

The proposed approach can be easily ex- 
tended, without further modifications, to the decoupled or 
decentralized control of multivariable nonlinear systems. 

Remark 2; 
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V. SIMULATION full rejection of the uncertainties effect, and the control in- 
puts are Seen to be smooth. As can be seen, the tracking 
errors transient dynamics are very acceptable and that the 
convergence to a 

To illustrate the performance of the proposed adaptive 
scheme, we consider the manipulator of fig. 1. The end 
effector of the manipulator can be extended or extracted 
from, and rotated around the vertical axis 0. The dynamic 
of the manipulator motion is given by 

values around zero is fast. 

x l  = 2 2  

2 3  = xq 

- ((mc + m) 5 1  f ma) 2 2 2 4  
x4 = 

JI + 52 + m , ~ :  + m (21 +a)' 

+ (37) 
112 

JI + Jz + mCx: + 7n (21 +a)' 

where z1 is the distance from the center of mass and the 
axis 0, and 23 is the angular position of the link. n~ is 
the payload mass, m, is the link mass, J1 and Jz are the 
moments of inertia of the link with respect to the vertical 
axis through C and 0 respectively, and a is the distance 
from C to the center of the payload. 

The reference models, for the both motions, are given by 
a], = aZm = [ 1 

The proposed fuzzy adaptive controllers are given by 

Rf : If z1 is V,' and x3 is v,' 

2 ] and bl ,  = b2, = 1. 

Then uIf = k:iz + k & q ,  i = 1..9 

and 

R: : If z1 is and 2 3  is V,' 
Then uzf = k..%x + k z i T 2 ,  i = 1..9 

where xT = [ 2 1  2 2  2 3  xq 1 ,  and the fuzzy sets Zr, 
Z," are designed as shown in fig .2. 

The manipulator's parameters, used in this simulation, 
are m, = 12, n~ = 10, J1 = 10, 5 2  = 8 and a = 1. No 
a priori knowledge is assumed in this simulation, and the 
controllers parameters are initialized to zero. 

The matrices Q1,2 = 12 are chosen, and the Pl,2 are 
found to be 

1.5 0.5 
p132 = [ 0.5 0.5 ] 

. The switching control terms are chosen as in (35) with 
01 = (r2 = 0.01. The controllers parameters are updated 
using (29)-(30) with yls = yZz = ylV = yZr = 5 The 
upper bounds on the uncertainties terms are estimated to 
be 2, = 2 and d2 = 5. 

In the simulation the reference inputs are chosen as 
T I  = ~2 = sign(sin(0.3t)) + 1. The fuzzy adaptive control 
results are depicted on Fig. 3(a-c) for the translational 
motion and in Fig. 4(a-c) for the rotational motion. It 
is clear that the positions and velocities converge rapidly 
to their respective references, the fuzzy controllers achieve 

- 

Fig .1 : The manipulator schematic structure. 

? P v , l  ( X I )  

Fig. 2 : The membership functions. 
XI ("0 

2.5 I 

I 
20 40 BO 80 100 120 

t (sec) 

Fig. 3(a) : Position (- robot, .... ref). 
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Fig. 3(b) : Velocity (- robot, .... ref) 
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Fig. 3 (c) : Force. 
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Fig. 4(a) : Angular position (-robot, ._.. ref). 
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Fig. 4(b) : Angular velocity (-robot, .._. ref). 
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Fig. 4(c) : Torque. 

VI. CONCLUSION 
Based on the fuzzy systems approximation results, a di 

rect fuzzy adaptive controller is developed. This controller 
doesn't need the identification of the fuzzy model, only it's 

existence is used. The stability analysis has shown that, 
this adaptive scheme tracks asymptotically a stable refer- 
ence model, and the tracking error converges to zero. The 
simulation study demonstrates the performance of the pro- 
posed approach, and it's possible use for the control of 
multivariable systems. 
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