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 :الملخص

من مراقبة هذه الأخيرة وحل هذه  انطلاقاتحديد الوسائل الرياضية يرتكز على إيجاد أسباب الظاهرة 

المشكلة ويعتمد على استخدام القياس التجريبي. نقدم في هذا البحث دراسة فئة من المعادلات التي تحكمها 

معادلة القطع المكافئ مع معطيات غير مكتملة. لهذا الغرض نستخدم مفهوم الحارس الذي وضعه "جاك 

حصول على معلومات حول أسباب الظاهرة انطلاقا من والذي هو أفضل استراتيجية لل لويس ليونس"

من خلال حل مشكلة المراقبة  المتوسط وعليه نثبت وجود دالة الحارس المتوسط المرجح للظاهرة.

الصفرية مع القيود المفروضة على العنصر المراقب. أخيرا نركز اهتمامنا حول تحديد ومعرفة المتوسطة 

 ذو البيانات الناقصة. لات القطع المكافئعلى معاد معامل التلوث الذي يظهر



Abstract

Identi�cation problems consist of �nding the causes of a phenomenon from an observation of it,

the resolution of this type of problem is done using an experimental measurement. We propose

- in this work - to study a class of problem governed by parabolic equations with incomplete

data. In this case, we use the notion of sentinels introduced by J. L. Lions which leads us to

the most answered strategy and which consists of obtaining information on the causes from

a weighted average of the observation. Then, we prove the existence of the average sentinel

function by solving a zero-average controllability problem with constraints on control. Then

we identify pollution terms present on the heat equation with missing data..

Keywords: Average sentinel, Identi�cation method, Averaged observability, Pollution term,

Decomposition method, Gradient method.



Resumé

Les problèmes d�identi�cation consistent à retrouver les causes d�un phénomène à partir d�une

observation de celui-ci, la résolution de ce type de problème se fait à l�aide d�une mesure

expérimentale. Nous proposons - dans ce travail- d�étudier une classe de problème gouvernée

par des équations paraboliques avec des données incomplètes. Dans ce cas, nous utilisons la

notion de sentinelles introduits par J. L. Lions qui nous amenne a la stratégie la plus répondus

et qui consiste à obtenir des informations sur les causes à partir d�une moyenne pondérée

de l�observation. Alors, nous prouvons l�existence de la fonction de sentinelle moyennne en

résolvant un problème de la contrôlabilité moyenne à zéro avec des contraintes sur le contrôle.

Puis nous identi�ons des termes de pollution présents sur léquation de la chaleur à données

manquantes.

Mots clés: Sentinelle moyenne, Méthode d�identi�cation, Observabilité moyenne, Terme de

pollution, Méthode de décomposition, Méthode du gradient.
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Introduction

Questions relating to ecology, the environment and climate are today at the center of the

concerns of many scientists, citizens, political parties, businesses and states. The climate plays

a vital role at all levels, especially its profound modi�cation "global warming". It is well

known that air and water constitute true sources of life for �ora, fauna and man. Thus, as

soon as their natures are corrupted by environmental attacks, they become dangers for living

beings. These may include vegetative disorders for the �ora and intoxication or even cases of

disease for humans. Scientists are working to determine the best palliatives for the protection

and sanitation of these natural resources. They cannot, therefore, succeed in their challenge

without interdisciplinary cooperation. From data observed by naturalists to equation models

designed by mathematicians, including the expertise of computer engineers, digital simulation

plays a very important role in mediation between scienti�c disciplines. Modeling these problems

leads to mathematical data systems incomplete. By data we mean the initial conditions, the

right hand side and possibly the boundary conditions. In almost all problems of meteorology

or oceanography, we never know the initial data, we have a wide variety of possibilities when

choosing the initial moment. Same thing for the problems of pollution in a lake, a river, an

estuary, etc. Questions relating to ecology, the environment and climate are today at the center

of the concerns of many scientists, citizens, political parties, businesses and states. The climate

plays a vital role at all levels, especially its profound modi�cation "global warming". It is well

known that air and water constitute true sources of life for �ora, fauna and man. Thus, as

soon as their natures are corrupted by environmental attacks, they become dangers for living

beings. These may include vegetative disorders for the �ora and intoxication or even cases of

disease for humans. Scientists are working to determine the best palliatives for the protection

and sanitation of said resources natural. They cannot, therefore, succeed in their challenge

without interdisciplinary cooperation. From data observed by naturalists to equation models

designed by mathematicians, including the expertise of computer engineers, digital simulation

plays a very important role in mediation between scienti�c disciplines

Modeling these problems leads to mathematical systems with incomplete data. By data we
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mean the initial conditions, the right hand side and possibly the boundary conditions. In

almost all meteorological or oceanographic problems, we never know the initial data; we have a

wide variety of possibilities when choosing the initial instant. Same thing for pollution problems

in a lake, a river, an estuary, etc...

The boundary conditions may also be unknown or only partially known on a part of the bound-

ary which may for example be inaccessible to measurements whether in biomedical situations or

situations corresponding to accidents. The same goes for source terms which may be di¢ cult to

same thing for the structure of the domain which can also be imperfectly known, as for example

in the management of oil wells where part of the boundary of the domain is unknown.access.

Naturally these problems are classic and the most usual idea is that of "least square", this

method amounts to considering the unknowns as control variables where we seek to minimize

the cost function which is the di¤erence between the state measured on part of the domain and

the state calculated by the resolution of the system considered. This leads to optimal control

problems for distributed systems. In this type of method the unknowns play the same role in

seeking to determine one or the other, however, there is the possibility of not being able to

separate these roles.

Without neglecting this fundamental method, which remains by far the most important for this

type of problem, it may be useful to try the so-called "The sentinel method".

A sentinel is a linear form acting on observations which must verify conditions of sensitivity to

certain parameters of the system and insensitivity to others. So the idea of sentinels seems a

little di¤erent. We then imagine that with a suitable set of sentinels we will be able to identify

the interesting unknowns and eliminate the others. Suppose for example that the equation

of the system describes the kinetics of a pollutant in a river or a lake and that the source is

possible polluters, what is interesting in this case is obviously to know what the polluters have

dumped into the river and not the state of the lake at the initial moment.

The sentinel method will therefore allow us to reconstruct a parameter or an approximation

of it independently of other data that we do not want to identify, sentinels are therefore "a

method of parameter identi�cation". Identi�cation problems have many motivations linked to

important physical problems, the �eld of application of parameter identi�cation methods is
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therefore extremely vast and the literature on the subject is abundant.

The sentinels were introduced by J. L. Lions in notes to the CRAS [46]. He subsequently

published a book on this subject [43] in 1992. Many types of systems are discussed and

the author studies the existence of sentinels insensitive to disturbances without constraints

of sensitivity to interesting data. The study of their existence leads to the resolution of the

problem of controllability of distributed systems.

Numerous theoretical and numerical results exist as well as numerous applications to real

physical problems motivated by researchers and industrialists, we can cite as an example the

work of G. Chavent [24]. He is also the author of work on sentinels, dealing in particular with

the relationship between sentinels and least squares.

Also the work of O. Nakoulima [63; 64; 65]. We can also refer to the work of the team of J. P.

Kernevez [4; 5; 6; 13] for the digital treatment of pollution identi�cation problems in distributed

systems, the detection of pollution in an aquifer [13], the determination of missing parameters in

a lake and the search for pollution in a river [4]. Since then, several authors have been interested

in the numerical aspect of this method. We can refer to the work of A. Traore [72; 73; 74], in

which he presents sentinels adapted to the determination of environmental pollution with a

numerical study on the di¤usion of pollutants in a �uid medium. B. E. Ainseba�s thesis [3]

includes a chapter on the identi�cation of sources of pollution in a river based on an observation.

The sources are decomposed in the form of an unknown amplitude multiplied by a known

function of L2(0; T ).

A sentinel must still be insensitive to disturbances, but also insensitive to all the parameters

that must be identi�ed except one. For the latter, on the contrary, we impose a sensitivity

constraint, we are then led to resolve controllability problems.

The objective of our work is the study of Parabolic systems with incomplete data where we

seek to identify the term of pollution. So, this work is organized as follows:

In the �rst chapter, we give some de�nitions and properties of the controllable system which

is the basis of the sentinel theory. For this we expose the notions of exact, weak, regional and

averaged controllability with some necessary theorems. Chapter 2 introduces the problem of

distributed systems with missing data and its formulation as a zero controllability problem.
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We recall the principle of the sentinel method with an example on the detection of pollution in

a wave equation then we study the existence and construction of the sentinel and we talk about

the di¤erent types of regional sentinel, discreet and weak. In the third chapter, we analyse the

problem of identi�cation of the pollution term in a Parabolic system when the dynamics of the

state is governed by a parameterized operator. In this way, we introduce a notion of average

sentinel. We prove the existence of such sentinels introduced by Lions by solving a problem of

null average controllability given by Zuazua. We identify the information for pollution terms

by using the average sentinel. Lastly, in the fourth chapter, we analyse the identi�cation of

the amount of pollutant discharged problem by each source in a parabolic system when the

dynamics of the state is governed by a parameterized unknown operator. In this way, we

introduce a notion of average sentinel. The decomposition method is used to solve the equation

of this problem, the gradient method is used to calculate the averaged control, the combination

of two methods is used to estimate the pollution terms. Numerical example is given to con�rm

this result.



CHAPTER 1

Controlability of distributed systems

The controllability problem consists of the possibility of transferring the state of a system in

a �nite time, from an initial state to a desired state. In this section, we aim to introduce the

main ideas of the controllability problem and the general resolution method.

1.1 Description of the system

Let 
 be a domain of RN with boundary � su¢ ciently regular. For T > 0 �xed, we de�ne

Q = 
� [0; T ] ;
P
= �� ]0; T [ : We consider the system described by the state equation:

8>>>>><>>>>>:

@y (t; x)

@t
= Ay (t; x) +Bu (t) in Q;

y (t; �) = 0 on � ;

y(0; x) = y0 (x) in 
;

(1:1)

where B is an operator of L(Rn; X = H1(
)) and the function u called "control" belongs to the

space U = L2(0; T ;Rn):We assume that operator A generates a semi strongly continuous group

S(t), and admits an orthonormal system of eigenfunctions (!ij) associated with eigenvalues (

�ij). Then the solution of this system is given by
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y(t) = S(t)y0 +

Z t

0

S (t� s)Bu (s) ds

We then assume that the system (1:1) is augmented by the output:

z(t) = Cy(t); (1:2)

where C is an operator of L(H1(
); O) such that O is the observation space.

1.2 Exact and weak controllability

In order to explain the dependence of the solution y = y(t; x) of the problem with respect to

the control u, we note yu(t) = y(t; x;u):

The formulation of the system controllability problem (1:1) is as follows:

Given a time T > 0 and a suitable initial condition y0, does there exist a control u such that

the solution y = yu(t) satis�es the condition

yu(T ) = yd in 
;

where yd is a desired state chosen a priori.

In other words: Study the existence of a control u which returns the system to the state yd at

time T > 0.

Let�s now introduce some concepts of exact and weak controllability.

De�nition 1.2.1 The system (1:1) is said to be exactly controllable in H1(
) on [0; T ] if

8yd 2 H1(
);9u 2 U such that : yu(T ) = yd: (1:3)

From the de�nition results the following characterization:

Proposition 1.2.1 The system (1:1) is said to be exactly controllable on [0; T ] i¤

9c > 0; ky�kX� � c kB�S�(:)y�kL2(0;T ;U�) 8y� 2 X�: (1:4)
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The adjoint A� of A generates the semigroup (S�(t))t�0 adjoint of (S(t)) which is also strongly

continuous on the dual X� of X, operator B� is the adjoint of B.

The notion of exact controllability is not adapted and remains very impractical even for a

source exerted on the whole domain 
, this is why we are led to de�ne the notion of weak

controllability.

De�nition 1.2.2 The system (1:1) is said to be weakly controllable in H1(
) on [0; T ] if

8yd 2 H1(
);8� > 0;9u 2 U such that :


yu(T )� yd




H1(
)

� �: (1:5)

Remark 1.2.1 In applications, dynamic systems that are controllable over the entir domain

are rare, hence the need to study this concept only over part of the domain. For this, we de�ne

the notion of regional controllability.

1.3 Regional controllability

For regional controllability, we want the state of the system at time T to verify a desired

property on a part of the domain.

Let yd 2 H1(!) be a given desired state where ! is a part of 
: We de�ne the operator

�! : H
1(
)! H1(!);

and his adjoint given by

(��!y) =

�
y (x) x 2 !;
0 x 2 
=!;

Regional controllability is de�ned as follows:

De�nition 1.3.1 The system (1:1) is said to be exactly regionally controllable on ! if

8yd 2 H1(!);9u 2 U such that : �!yu( (T ) = yd: (1:6)

De�nition 1.3.2 The system (1:1) is said to be weakly regionally controllable on ! if
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8yd 2 H1(!);8� > 0;9u 2 U such that :


yu(T )� yd




H1(!)

� �: 1:7

Remark 1.3.1 1- The de�nitions above mean that we are only interested in the state reached

in the region !.

2- The system will also be said to be !-exactly (resp. !-weakly) controllable.

We consider

Ht : L
2(0; T;Rn)! H1(!);

the operator de�nits by:

Ht(u) =

Z t

0

S (t� s) ds; (1:8)

H denotes the HT operator. Regional controllability can be characterized by:

Proposition 1.3.1 1- The system (1:1) is !- exactly regionally controllable if and only

Im�!H = H1(!) :

2- The system (1:1) is !- weakly regionally controllable if and only

Im�!H = H1(!)() kerH���! = f0g :

Remark 1.3.2 -A system that is exactly (resp. weakly) controllable is exactly (resp. weakly)

regionally controllable.

- A system which is exactly (resp. weakly) regionally controllable on !1is exactly (resp. weakly)

regionally controllable on !2 for all !2 � !1.

1.4 Observability

Determining the state of a distributed parameter system from measurements is of great im-

portance when one seeks to apply a closed-loop control to such a system. The measurements
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obtained are expressed by the function of the output

z(t) = CS(t)y0 + CHtu:

This output is the sum of a free regime with y0 to be determined and of the controlled regime

with zero initial state. The system being linear, then, we can study the observation of y0 by

supposing u = 0. It is therefore a question of determining y0, solution of the equation

z(t) = CS(t)y0 = Ky0 t 2 [0; T ]; (1:9)

where K is a bounded linear operator, then, the adjoint operator is given by

K�z =

Z T

0

S�(t)C�z(t)dt:

De�nition 1.4.1 The system (1:1) augmented by the output (1:2) is said to be exactly observ-

able on [0; T ] if

X� � ImK�

De�nition 1.4.2 The system (1:1) augmented by the output (1:2) is said to be weakly observ-

able on [0; T ] if

kerK = f0g :

De�nition 1.4.3 The system (1:1) augmented by the output (1:2) is said to be !�weakly ob-

servable on [0; T ] if

kerK��! = f0g :

1.5 Optimal control

In this part, we will determine the optimal control to achieve a given target. In the case where

the system (1:1) is controllable, there will generally be an in�nity of controls that answer the

question.

� Among these controls is there one, which is of minimum standard?
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� Can we explicitly determine this control according to the various parameters of the prob-

lem?

Optimization is used to �nd the control that gives controllability with a minimum cost given

by a function

J(u) =

Z T

0

ku (t)k2 dt;

de�ne on the space of controls U .

Let yd 2 H1(
) be a desired state. We pose the problem of transferring, at a lower cost, the

system (1:1) from y0 to yd at time T . Thus the question becomes:

Is there a energy control u 2 U such that y(T ) = yd?

The optimal control problem can be formulated as follows:

8><>:
minJ(u)
u2Uad

= min
u2Uad

R T
0
ku (t)k2 dt;

Uad = fu 2 U = y(T ) = ydg :
(1:10)

The objectives of this theory are:

1) Study the existence of u 2 Uad which realizes the minimum in (1:10), we then say that u is

the optimal control.

2) Give the necessary and su¢ cient conditions for u to be an optimal control.

3) Obtain properties of the optimal control(s) from (2).

Let�s pose

G = fg 2 H1(
); such that g = 0 on !g :

G = fg 2 H1(
); such that g = 0 on 
=!g (1.11)
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We consider the system

8>>>><>>>>:

@y
@t
(t; x) = Ay (t; x) +Bu (t) Q;

y (t; �) = 0 �;

y(0; x) = y0(x) 
;

(1.12)

The construction method is based on the following three steps:

Step 1 :

For '0 2 G, we consider the system:8>>>><>>>>:

@'
@t
(t; x) = �A�' (t; x) Q;

' (t; �) = 0 �;

' (T; x) = '0 (x) 
;

(1.13)

which admits a unique solution ' 2 L2 (0; T ;H1 (
)) \ C0 (0; T ;L2 (
))

Step 2 :

Consider the system

8>>>><>>>>:

@ 
@t
(t; x) = A (t; x) +BB�' (t; x) Q;

 (t; �) = 0 �;

 (0; x) = y0 (x) 
;

(1.14)

For '0 2 G, equation (1:13) gives ' then equation (1:14) gives  (T ):

Then, we de�ne the operator M by:

M'0 = P ( (T )) where P = ��!�!;

M is an a¢ ne operator which decomposes as

M'0 = P ( 1(T ) +  2(T ));

where  1 and  2 are solutions of the systems.
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8>>>><>>>>:

@ 1
@t
(t; x) = A 1 (t; x) Q;

 1 (t; �) = 0 �;

 1 (0; x) = y0 (x) 
;

(1.15)

8>>>><>>>>:

@ 2
@t
(t; x) = A 2 (t; x) +BB�' (t; x) Q;

 2 (t; �) = 0 �;

 2 (0; x) = 0 
;

(1.16)

Step 3 :

We de�ne the linear, bounded and symmetric operator � : G! G
�
by

8'0 2 G : �'0 = P 2(T ):

With these notations, the problem of regional controllability leads to the resolution of the

equation:

�'0 = P (yd �  1 (T )) : (1:17)

Multiplying equation (1:17) by '0, we obtain

h�'0; '0i =
Z T

0

kB�' (t)k2 dt: (1:18)

In order to guarantee the existence of the solution to the equation (1:17), we introduce the

application

'0 2 G!
Z T

0

kB�' (t)k2 dt;

which de�nes a seminorm on G. Then We have the result:

Proposition 1.5.1 If the system (1:12) is !-weakly controllable, the equation (1:17) admits a

unique solution '0 2 G, the control that transfers (1:12) into G at time T is given by
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u�(t) = B�'(t; x): (1:19)

Proof. 1) If the system (1:12) is weakly !-controllable, then the application

'0 ! k'0k2 =
Z T

0

kB�' (t)k2 dt;

de�nes a norm on G. Indeed

k'0k2G = 0) B�S� (T � t)'0 = 0 8t 2 [0; T ] :

The system (1:12) is !-weakly controllable, so

kerH��� = f0g :

As a result

B�S� (T � t)'0 = 0) '0 = 0;

it results that we have a norm on G.

The operator � is an isomorphism from G to G� with

h�'0; '0i =
Z T

0

kB�' (t; x)k2 dt = k'0k2G;

,

hence the existence of the solution of equation (1:17).

2) Let us show that the control u� given by (1:17) minimizes the cost function

J(u) =
1

2

Z T

0

ku (t)k2 dt:

As the function J is quadratic and therefore strictly convex, it is su¢ cient to verify that

J 0 (u�) (� � u) � 0:

We have

J 0 (u�) (� � u�) =

Z T

0

u� (� � u�) dt =

Z T

0

B�' (t; x) (� � u�) dt 8� 2 U;
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with

hB�' (t; x) ; � � u�i = h' (T ) ; y� (T )� yu� (T )i � h' (0) ; y� (0)� yu� (0)i

�
Z
�

(y� � yu�)
@'

@�A�
� '

�
@y�
@�A

� @yu�

@�A

�
d�

= h'0; y� (T )� yu� (T )i = J 0 (u�) (� � u�) ;

and as we have

�!y� (T )� �!yu� (T ) = �!y� (T )� yd + yd � �!yu� (T ) = 0

) h'0; y� (T )� yu� (T )i = 0;
therefore

J 0 (u�) (� � u�) = 0:

which establishes the optimality of the control u�:

1.6 Regional control and penalization

We assume that the non-empty set Uad therefore the system (1:12) is exactly regionally con-

trollable on Uad. We want to solve the following optimization problem:

8><>:
min J (u)

u2Uad
= min

u2Uad

R T
0
ku (t)k2 dt

Uad = fu 2 U; y (T )� yd 2 Gg :
(1.20)

For all � > 0, consider the probleof Penalization

8>><>>:
min
(u;y)2C

J� (u; y)

J� (u; y) =
�R T

0
ku (t)k2 dt+ 1

2�

R T
0
ky00 (t)� Ay (t)�Bu (t)k2 dt

�
;

(1.21)

where C is the set of pairs (u; y) satisfying
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8<:
y0 (t)� Ay (t)�Bu (t) 2 L2 (0; T ;X)
y (0) = y0 u 2 U;
y(T )� yd 2 G

9=; (1:22)

So we have the following result:

Proposition 1.6.1 For all � > 0, the problem (1:21) admits a unique solution which we denote

(u; y�) :The sequence ((u�; y�))converges weakly to (u�; y�) when � tends to zero. What�s more

u�is the solution of problem (1:20) given by

u�(t) = B�p(t);

where p(t) and y�(t) are solutions of the optimality system

8>><>>:
y0 (t) = Ay (t) +Bu (t) on [0; T ]
y (0) = y0
p0(t) + A�p(t) = 0 on [0; T ]
p(T ) 2 G�

(1:23)

Proof. For the demonstration see [76]:

1.7 Unique extension theorems

The H.U.M method or Hilbert Uniqueness Method, was introduced by J. L. Lions [41], for

the study of the controllability of the wave equation. It was then applied to a large possible

problem where we construct the space of achievable states, this construction is based on a single

extension (or continuation) theorem: Holmgren for waves, Mizohata or Saut-Scheurer for heat.

These theorems are the basis of most methods for solving control and identi�cation problems.

We will �rst present Cauchy�s uniqueness theorem for the linear heat equation.

Consider the solution of the parabolic equation

@y

@t
+ Ay = 0 in Q (1:24)

where A is an elliptic operator of order 2 on which the conditions will be speci�ed for each

theorem. In any case, the open 
 must be connected and Q = 
�]0; T [.
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Theorem 1.7.1 (Cauchy uniqueness)

Let �0 � � be a non-empty part of the boundary, we denote �0 = �0� ]0; T [, let y(x; t) verify

8<:
@y
@t
+ Ay = 0 in Q;

y = 0 on �0;
@y
@�

= 0 on �0;
(1:25)

then y is identically zero in Q: [See [69]].

The two following theorems intervene the notion of the horizontal component in an open space-

time.

De�nition 1.7.1 (Horizontal component)

Let O be an open set included in Q, we say that a point p 2 Q belongs to the horizontal

component of O if there is a horizontal curve joining p to O, that is to say to a line whose

points all have the same coordinate in time.

Now, we can state the following theorem of S. Mizohata

Theorem 1.7.2 S. Mizohata

Let 
 a connected open set of Rpand A be a second-order elliptic operator whose coe¢ cients

belong to C1(Q). Let y be the solution of (1:25) for operator A and O an open set included in

Q. Any solution of (1:25) which vanishes in O vanishes in the horizontal component of O.

The proof of S. Mizohata (see [61]) does not lead in an obvious way to a weakening of the

regularity of the coe¢ cients of the operator. However, it is important from a practical point

of view to work with irregular coe¢ cients. The authors give the example where the parabolic

equation is obtained by linearization of a non-linear operator around a solution which is not

necessarily regular. The main result is the following:

Theorem 1.7.3 (J. C. Saut et B. Scheurer)

Let 
 be a connected open set of Rp, A as a second-order elliptic operator de�ned by
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Au =

pX
i;j=1

aij (t; x)
@

@xi
:
@

@xj
u+

pX
i=1

bi (t; x)
@

@xi
u+ c (t; x)u; (1.26)

where the coe¢ cients of A satisfy

aij 2 C1(Q) 1 � i; j � p;
bi 2 L1Loc(Q) 1 � i � p;
c 2 L1 (0; T ;L1Loc(Q) )

(1.27)

Suppose the solution to (1:25) satis�es y 2 L2 (0; T ;H2
Loc(
) ) and that it vanishes in an open

set O � Q. Then y vanishes in the horizontal component of O.

1.8 Averaged control

In certain distributed systems, their parameters are not fully known and to control them, In

that cas, we seek robust control strategies that are una¤ected by the presence of unknown

parameters, in order to e¤ectively manage these types of systems. Zuazua on 2014 solved this

problem with a new notion called "average control" which presents the average of the relative

state to the unknown parameter instead of having control of the state itself.

1.8.1 Averaged controllability of distributed systems

We take 
 be a bounded domain in Rn, with smooth boundary �, denote by Q = 
 � (0; T )

the space time cylinder where the equation holds, � = � � (0; T ) and ! an open non-empty

subset of 
. We will assume that the parameter � 2 (0; 1), consider the following controlled

heat equation depending on a parameter:

8<:
@y
@t
� div (a (x; �)ry) = ��! in Q;

y = 0 on � ;
y (x; 0) = y0 (x) in 
;

(1:28)

The di¤usion coe¢ cient, denoted by a (x; �) supposed to be measurable in x, and depends

continuously on the uncertainty parameter �. We make the assumption that y0 2 L2 (
) and

� = �(x; t) 2 L2 (Q), then (1:28) has a unique solution (Lions, 1971).
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y = y (x; t;�) 2 C
�
[0; T ] ; L2(
)

�
\ L2(0; T ;H1

0 (
)); for every � 2 (0; 1):

We consider the problem of average zero controllability below:

Find a control u 2 L2(Q) s.t. y solution of (1:28) and veri�es:

Z 1

0

y (x; t;�) d� = 0: (1:29)

We can show that the average zero controllability (1:28) (1:29) is equivalent to an averaged

observability inequality for the following system (see Zuazua, 2014)

8<: �@'
@t
� div (a (x; �)r') = 0 in Q;

' = 0 on � ;
' (x; T ) = '0 (x) in 
;

(1:30)

the required observability inequality is:



Z 1

0

' (x; 0;�) d�





2
L2(
)

� C

Z T

0

Z
!

����Z 1

0

' (x; 0;�) d�

����2 dxdt; (1:31)

the constant C is independent of '. To get an inequality of the form (1:31) we need the so-called

Carleman inequalities (Fursikov and Imanuvilov, 1996), it�s a very challenging issue.

1.8.2 Optimal averaged control for distributed systems depending
upon a unknown parameter

Here, we are talking about the optimal average control of several types of distributed systems

as a function of an uncertainty parameter which gives an optimality system characterizing the

average optimal control as in classic distributed systems, for more examples and details to

which we refer (Hafdallah & Ayadi, 2016).

Optimal Averaged control for elliptic distributed systems depending upon a un-

known parameter

Let 
 be a bounded domain in Rn with smooth boundary � and ! an open non-empty subset

of 
. We consider the following elliptic equation controlled as a function of a parameter:
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�
� div (a (x; �)ry) = ��! in Q;
y = 0 on � ;

(1:32)

the coe¢ cient of di¤usion a (x; �) is measurable in x and depend on in a measurable manner,

� 2 L2 (
). For every � 2 (0; 1) the equation (1:32) has in H1
0 (
) a unique solution y = y(x; �)

in H1
0 (
) :

To check the average of the state in relation to �:

z (x) =

Z 1

0

y (x; �) d�:

Associate to (1:32) the following quadratic cost function:

J(�) = kz � zdk2L2(
) +N k�k2L2(
) ; � 2 L2 (
) ; (1:33)

zd 2 L2 (
) and N > 0. Then, we want to solve

infJ(�)
�2L2(
)

s:t: (1:32): (1:34)

Theorem 1.8.1 The unique averaged optimal control u solution to for (1:32)� (1:34) is char-

acterized by:

8<:
� div (a (x; �)ry (u)) =

R 1
0
' (u; �) d��!

� div (a (x; �)r') =
R 1
0
y (u; �) d� � zd in 
;

y (u) = 0 ' = 0 on �;

with the variational inequality: Z 1

0

' (u; �) d� +Nu = 0 in 
:

Proof. The cost fonction J : Uad ! R is a lower semi-continuous function, strictly convex,

and coercive. Hence there is a unique admissible control u solution to (1:32)� (1:34). A First

order Euler condition for givesZ



(z (u)� zd) (z (�)� z (u)) dx+N

Z



u (� � u) dx = 0; 8� 2 L2 (
) : (1:35)
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where z(�) =
R 1
0
y (�; �) d�, such that y(�; �) is the unique solution of:�

� div (a (x; �)ry) = ��! in 
;
y = 0 on �:

Let ' be the �-dependent adjoint state given by�
� div (a (x; �)r') = z (u)� zd in 
;
' = 0 on �:

Now, let is rewrite �rst order Euler condition (1:35) using Green formulaR


(z (u)� zd) (z (�)� z (u)) dx =

R



R 1
0
(z (u)� zd) (y(�; �)� y(u; �)) d�dx

=
R



R 1
0
div (a (x; �)r') (y(�; �)� y(u; �)) d�dx

=
R



R 1
0
' div (a (x; �))r (y(�; �)� y(u; �)) d�dx

=
R



R 1
0
' (� � u)�!d�dx:

Then (1:35) is equivalent toZ



Z 1

0

(' (� � u)�! +Nu) (� � u) d�dx = 0;8� 2 L2 (
) :

Optimal Averaged control for parabolic distributed systems depending upon an

unknown parameter

Consider the following abstract second order parabolic equation :�
@y
@t
+ A (x; �) y = f +B (�) � in Q;

y (x; 0) = y0 (x) in 
:
(1:36)

Let V � H be Hilbert spaces, f 2 L2(0; T ;V 0); � 2 Uad � L2(0; T ;V ); where Uad is a non-

empty closed convex set of admissible controls, B (�) 2 L(Uad;L2(0; T ;V 0)) is the control

operator supposed also depending on � and y0 2 V is initial state. Then, for every � 2 (0; 1)

the equation (1:36) has a unique solution y 2 L2(0; T ;V ); (Lions, 1971).

Let z(x; t) =
R 1
0
y (x; t;�) d� 2 L2(0; T ;V ) be the averaged state with respect to � and zd 2

L2(0; T ;V ). We want to solve the following quadratic optimal control problem

infJ (�)
�2Uad

with J (�) = kz � zdk2L2(0;T ;V ) +N k�k2L2(0;T ;V ) (1:37)

where N > 0. Then,we have the folowing theorem:
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Theorem 1.8.2 The averaged optimal control u for (1:36)-(1:37) is unique and it�s charac-

terized by8<:
@y
@t
(u) + A (x; �) y = f +B (�)u;

�@'
@t
(u) + A� (x; �)' =

R 1
0
y (x; t;u;�)�!d� � zd in Q;

y (u) (x; 0) = y0 (x) ; ' (x; T ) = in 
:
(1:38)

with the variational inequalityZ T

0

Z 1

0

(B� (�) +Nu; � � u)V d�dt � 0;8� 2 Uad:

(1:39)

Proof. Existence and uniqueness task follows by lower semi-continuity, strict convexity, and

coercitivity of objective function J .

A �rst order Euler condition for (1:37) gives

R


(z (u)� zd) ; (z (�)� z (u))V dx +N

R T
0
(u; � � u)V dt � 08� 2 Uad :

(1:40)

where z(v) =
R 1
0
y (�; �) d�; such that y (�; �) is the unique solution of�

@y
@t
+ A (x; �) y = B (�) � in Q;

y (x; 0) = 0 in 
:

Let ' be the �-dependent adjoint state given by

�
�@'

@t
+ A� (x; �)' = z (u)� zd in Q;

' (x; T ) = 0 in 
:

where ' 2 L2(0; T ;V ) (Lions, 1971).

Now, let�s rewrite �rst order Euler condition (1:40) as

R T
0
(z (u)� zd; z (�)� z (u))V dx =

R T
0

R 1
0
(z (u)� zd; y (�; �)� y (u; �))V d�dt

=
R T
0

R 1
0

�
�@'

@t
+ A� (x; �)'; y (�; �)� y (u; �)

�
V
d�dt

=
R T
0

R 1
0

�
';
�
d
dt
+ A (x; �)

�
(y (�; �)� y (u; �))

�
V
d�dt

=
R T
0

R 1
0
(';B (�) (� � u))V d�dt ;
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and then, (1:40) will be written asZ T

0

Z 1

0

(B� (�)'+Nu) (� � u)V d�dt; 8u 2 Uad :

Optimal averaged control for hyperbolic distributed systems depending upon an

unknown parameter

Consider the following abstract hyperbolic problem:�
@2y
@t2
+ A (x; �) y (u) = f +B (�) � in Q;

y (x; 0) = y0 (x) ;
@y
@t
(x; 0) = y1 (x) in 
:

(1:41)

With V;H be Hilbert spaces and V is separable and dense in H, f 2 L2(0; T ;H), y0 2 V ,

y1 2 H, B (�) 2 L(Uad; L2(0; T ;V 0)) and Uad � L2(0; T ;H). Then, for all � 2 (0; 1) the equation

(1:41) has a unique solution in L2(0; T ;V ) (Lions & Magenes, 1972). We are interested to the

optimal control problem (1:41) (1:37), we have the following theorem:

Theorem 1.8.3 The averaged optimal control u solution for (1:41) (1:37) is unique and it�s

characterized by:8>>><>>>:
@2y
@t2
+ A (x; �) y (u) = f +B (�)u

@2'
@t2
+ A� (x; �)' =

R 1
0
y (x; t;u;�) d� � zd in Q;

y (u) (x; 0) = y0 (x) ;
@y(u)
@t
(x; 0) = y1 (x)

' (T ) = 0; @'
@t
(T ) = 0 in 
;

(1:42)

with the variational inequality

Z T

0

Z 1

0

(B� (�)'+Nu; � � u)H d�dt � 0;8� 2 Uad:

(1:43)

Proof. An optimality condition writes:R T
0
(z (u)� zd; z (�)� z (u))V dt+N

R T
0
(u; � � u)V dt � 0 8� 2 Uad (1:44)

with z (�) =
R 1
0
y (�; �) d� which is a solution of the system:�

@2y
@t2
+ A (x; �) y = B (�) � in Q;

y (x; 0) = 0 @y
@t
(x; 0) = 0 in 
:
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We introduce the �-dependent adjoint state by:�
@2'
@t2
+ A� (x; �)' = z(u)� zd in Q;

' (x; T ) = 0 @'
@t
(x; T ) = 0 in 
:

Now, let�s rewrite �rst order Euler(1:44) condition asR T
0
(z (u)� zd; z (�)� z (u))V dt =

R T
0

R 1
0
(z (u)� zd; y (�; �)� y (u; �))V d�dt

=
R T
0

R 1
0

�
@2'
@t2
+ A� (x; �)'; y (�; �)� y (u; �)

�
V
d�dt

=
R T
0

R 1
0
(';B (�) (� � u))H d�dt,

We obtain the value of (1:43).



CHAPTER 2

Distributed systems with missing data

The distributed systems considered in this chapter are systems described by partial di¤erential

equations of evolution de�ned in a domain of Rn (n = 1; 2; 3 in applications) and for time t in

an interval (0; T ), we have to add initial conditions and boundary conditions. We are interested

in phenomena which are governed by evolution equations with missing data. The model we

have is incomplete, in the sense that we do not know the initial data or certain boundary data.

2.1 Pollution detection problem

We are interested in this section in the detection of pollution in a �uid environment (Lake,

River). We will assume that the pollution is due to the presence of chemical compounds

(Nitrate, Lead,...) from external or sedimentary discharges. Sources of pollution disperse toxic

excreta into the water over time and the study area includes obstacles (islands of land, trees,...).

The mathematical transport model of a chemical substance of concentration y(t; x) dissolved

in a �uid leads to a convection-di¤usion-reaction type equation [74]. Taking into account the

main physico-chemical properties related to �uids, the modeling of the transport of a chemical

compound leads to the consideration of the following terms:

� A di¤usion term

kdiv(a(x)ry(x; t));
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where k is the di¤usion constant. It is a fundamental property of �uids that consists in

dispersing molecules randomly throughout the domain. It is this ability that allows water

to uniform color in a basin and air to maintain an odor in a closed room. The term a(x)

designates the transmissivity in the medium (in a homogeneous medium (water, air,...)

a(x) is a constant). In the case of a lake, the di¤usion is given by:

k:�y(x; t)

and in that of a river it is equivalent to

D1
@2y

@x2
(x; t) +D2

@2y

@y2
(x; t); k;D1; D2 are constants.

� A transport or convection term u:ry(x; t):

�!u :�!ry(x; t) where �!u denotes the velocity �eld of the zuid.

� A reaction term R that re�ects the chemical and biochemical interactions in the liquid.

� The source of pollution is described by a function f(x; t), it gives rise to the polluting

substances discharged into the �uid. At this level, two considerations on the sources of

pollution deserve to be made for a better consideration of the polluting species: these

are the distributed source terms that we will denote by �(x; t) and the punctual source

terms at point i with coordinate xi that we will designate by ib �ib� i(t). �(x� xi) where
�(x � xi) is the Dirac function associated with point xi. The general formulation of the

source is given by:

f(x; t) = �(x; t) +
X
i

�ib� i(t):�(x� xi):

It is assumed that polluted waters contain a wide variety of pathogenic bacteria or viruses.

After a discharge is dumped in the water, the concentration of bacteria or viruses can

decrease very quickly due to certain conditions (lack of nutrients, drop in temperature,

sunlight,...). We then denote by yi the concentration of a species i: The reaction term Ri

is given by

Ri = �kiyi(x; t);
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where ki is a kinetic constant. On the other hand, the source term can be expressed in

the form

fi(x; t) = �(x; t) +
X
j

�jb� i(t):�(x� Pi);

where j is the number of internal pollution sources (detritus, metals and others deposited

at the bottom of rivers and lakes),�j is the pollution rate of the jth source, � i(t) is the

partial density of species i for the j th source, �(x� Pi) designates the Dirac measure at

the point Pi. We are then reduced to solving a system of equations of the form:(
@yi(x;t)
@t

+ u:ryi(x; t)�K:�yi(x; t) =

= �kiyi(x; t) +
Pn

j=1 �j
b� i (t) � (x� Pi) ; i = 1; 2; 3; :::

In the analysis of the concentration y, we are confronted with two types of boundary conditions.

To illustrate these conditions, let us subdivide the boundary of the study domain into two

disjoint parts, @
 = �1 [ �1 such that

yj�1 = g (x; t) ;

@y

@n

����
�2

= h (x; t) ;

the edge �1 is supposed to continuously di¤use a pollution discharge into the �uid, this is the

case of a factory which discharges its residues into a nearby lake through an opening channel

�1. The edge �1 can in turn be subdivided into several parts depending on the number of

sources of external pollution.

The Neumann condition characterizes the exchange of concentration between the �uid and the

exterior. This condition is related to the porosity of the earth. In the study of surface water

(Lake, river) we can assume as an approximation, in this case, for h = 0, this implies that no

concentration crosses the edge �2, the earth is at this level impermeable. We need an initial

condition

y(x; 0) = y0(x):
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This condition evaluates the amount of concentration present at the start of the experiment.

It is important in solving evolutionary type problems.

We summarize the dispersion of a polluting substance in a �uid by a parabolic equation of the

form:

8>>>>>>>><>>>>>>>>:

@y(x;t)
@t

+ k div (a (x)ry (x; t)) + F (y;ry) = f (x; t) (x; t) 2 
� ]0; T [

yj�1 = g (x; t) (x; t) 2 �1 � ]0; T [

@y
@n

��
�2

= h (x; t) (x; t) 2 �2 � ]0; T [

y(x; 0) = y0(x) x 2 
;

� 
 2 Rn; n = 2 or 3 represents the �eld of study,

� ]0; T [ is the study time interval T > 0,

� F is a nonlinear form given by

F (y;ry) = �!u :ry (x; t)� �y (x; t) + � jyjp (x; t) ;

where �, � and p are real constants and �!u the water �ow velocity.

We place ourselves here in the case of systems with incomplete data, that is to say that one of

the following information:

� the coe¢ cient k of di¤usion,

� the source function f(x; t),

� the initial condition y0(x),

� the boundary conditions g(t) and h(t);

is unknown or contains unknown parameters in its structure. We will assume that the structures

of the functions f and y0 are unknown and given in the form:

f (x; t) =
X
j

�j �̂ i (t) ;



2.2 Observation spaces 33

y0 (x; t) =
X
j

� jgi (t) :

The parameters�j and � j are unknown and represent pollution levels. The functions �̂j i andbgi are known and respectively designate the production density functions at the source
and at the initial time.

The search for this information leads us naturally to a problem of the opposite type. In solving

these problems, it is necessary to have the measured data of the state y. We will note in the

following yobs these experimental data and then evaluate the state y according to the parameters

sought.

2.2 Observation spaces

We will assume that the measurements taken yobs are made in a time interval [0; T ], just like

the calculations of the state y(�; �) is in an observation domain O � 
:

A usual formulation is to consider known the action on the state y(x; t) of an operator linear

with values in a suitable space H, i.e. de�nes an observation operator B allowing the searched

parameters to be associated with the observed measurements B : U ! H. So we observe the

state on a supposed domain O called observatory, and in a time interval (0;T ):The observatory

O can be internal distributed (O � 
 ), or boundary (O � �).

Once the observed data have been obtained, the problem we are interested in this work is the

following:

(q): From the experimental measurements of the state y of the previous system, is

it possible to identify the source function and / or the initial function taking into

account the errors on the easurements?

We will begin to answer this question in the general case.
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2.3 Position of the problem

To illustrate our approach, we assume that the state of the system is described by y. The

general structure of the partial di¤erential equation which gosverns the state y of the studied

problem is assumed to be known in the form:

(S)

�
@y
@t
+ F (y) = source term in 
� (0; T ) ;

y (0) = y0 in 
;
(2; 1)

where F is a non-linear function and y0 the initial state.

In order for the state y of the considered system to be entirely de�ned, it is necessary to know:

� the coe¢ cients of the operator F , and the possible nonlinearity structure,

� the source terms,

� the initial condition,

� the boundary conditions, and

� the �eld of study

Which is usually not the case.

If at least one of the above information is unknown or partially known, we say that the system

(P ) has incomplete data. Such problems are encountered in many situations, in biomedical

sciences, in meteorology, in oceanography, ..., where the initial conditions are not completely

known.

2.4 Missing terms and pollution terms

Let F be a second-order elliptic operator. We assume that the �rst equation of the system (S)

is written in the form:
@y
@t
+ F (y) = � + �b� 
� (0; T ) ;
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with � is given in a suitable space Y and b� remains in the unit ball of Y and � is a small

real parameter with �b� is not known. We suppose that the coe¢ cients of F and the open set

are known but the initial data are incomplete. If we denote by y(0) the initial condition is

expressed in the form

y(0) = y0 + � by0 ;
where y0 is given and by0 remains in the unit ball of a Hilbert or Banach space with � small
real, and we assume that the boundary conditions are known.

Our objective is to give a method allowing to obtain information on �b� which is not a¤ected by
the variations of the initial data around y0 . We establish thus a distinction between the term

�b� which is said to be "of pollution" and the term � by0 which is said to be "missing" which
we do not seek to identify. To hope to be able to obtain some information, it is necessary to

observe y: So, the problem consists in observing the state y on an accessible part of the domain

and to have experimental measurements to estimate the missing data.

2.5 System observation

In a system with partially known data such as the one considered in (P ), it is natural to

want to reconstruct all or part of the unknown data, this is obviously impossible if nothing is

observed from the system studied. Let H be the space of observed data, we cite two types of

observations:

1/ The open set O can consist of several components therefore the observations are made at

the points Oi, i = 1; 2; 3,..., and pollution sources are generated at points si, such a case has

been studied in [32].

2/ We can consider an observatory O � 
. The observed data is continuous with respect to

time and space. Such observations can be made by means of a ship, for example the case of an

observatory boat and being an ocean or a lake,...

Moreover, one can have discontinuous observations in time.
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We observe the state of the system "y" on O during the time interval [0; T ], so theoretically,

we will have

y(x; t) = yobs on O � (0; T ); (2:2)

where yobs is a known measure.

Of course, experimental measurements can be inzuenced by disturbances called noise. The

noises can be due to errors on the measuring instruments or again to errors on the approximation

of the equations. To account for these errors, the observation operator is de�ned as follows:

yobs = m0 +
nX
i=1

�imi (2:3)

where the functions (m0;m1; :::mn) are given and the �i are unknown parameters, represent

the noise terms.

Remark 2.5.1 1/ The results presented here will be in the case of an internal observatory.

2/ For dissipative systems, the open set O can be, at least theoretically, be arbitrarily small.

The problem of identifying the reconstitution of certain unknown parameters of our system

naturally leads to the notion of "iden�ability" which we are going to de�ne in the most general

way possible.

De�nition 2.5.1 We consider a system whose state denoted y depends on a vector of parame-

ters �; Let C be an observation operator acting on y. We de�ne the operator B : E ! F such

that E is the data space and F is the measurement space. We say that B is identi�able from

the observation z = Cy if the application B is injective.

To solve an identi�cation problem, a very popular technique is the "least squares" method. In

addition, at the end of the eigties, a new method was introduced: "the sentinel method". We

start with a presentation of the �rst method.
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2.6 Least squares method

It was introduced in 1795 by Gauss and Legendre for solving inverse problems. As early as 1805,

Legendre presented his article "new methods for determining the orbits of comets" based on

the method of least squares. Since then, this method has remained the most popular parameter

identi�cation technique for both ordinary di¤erential equations (ODE) and partial di¤erential

equations (PDE).

Suppose that � represents the vector of the parameters sought. The least squares technique

consists in minimizing the squared distance between the observed values yobs and the calculated

values y(�) for the v traversing the parameter space U : Thus, the identi�cation problem comes

down to solving the problem of optimization.

min
�2U

ky (�)� yobsk2 ; (2:4)

where y (�) is the solution of the system (P ).

In the least squares method, all unknown parameters play the same role. No di¤erence is made

between the parameters (in the source terms and in the initial terms).

There are therefore risks of not being able to clearly separate the roles of each.

Moreover, the available data yobs may be insu¢ cient compared to the number of parameters

sought, which leads to an in�nite number of possible solutions. We have, in this case, a problem

of uniqueness of the solution, also for a set of data taken from the same domain, the resolution

can lead to a strong disturbance of the solution, it is a problem of stability . Faced with all

these eventualities, it is generally said that the problem of least squares is badly posed, it is

necessary, in this case, to introduce regularizing or stabilizing terms which reduce additional

approximation errors.

2.7 Sentinels method

It responded on the one hand to the concerns cited in (Q) and on the other hand to the

development of a fast algorithm in the calculation of unknown parameters. This theory has



2.8 Continuous Sentinel 38

also been developed in environmental applications by its author for four years through articles

and conferences to sum it all up in his book published in 1992, "Sentinels for distributed systems

with incomplete data" [43]. From the numerical point of view, we agree that the sentinel method

is almost equivalent to the method of classical least squares.

In 2004, O. Nakoulima (see [64]) aimed to overcome the concerns (Q) and to use Carleman�s

inequality to demonstrate the existence of the sentinel.

We distinguish two types of sentinels, continuous and discrete.

2.8 Continuous Sentinel

We consider an open set ofRn, (n = 1; 2; 3 in the applications), bounded with boundary @
 = �

quite regular (class C2 so as not to encounter any regularity problem).

Let A be an elliptic operator of second order. For T > 0 �xed, we de�ne Q = 
� [0; T ] andP
= �� (0; T ), we consider the solution y(x; t) of the system:

8<:
@y
@t
+ A (y) + f = � + �b� in Q;

y(0) = y0 + � by0; in 
;
y = 0; on �:

(2 � 5)

This system is data incomplete where

� The functions �and y0 are given respectively in L2(Q) and L2(
).

� The pollution term �b� and the missing term � by0 are unknown respectively in L2(Q) and
L2(�):

� The reals �and � are arbitrarily small.

� The coe¢ cients of the operator A verifying the conditions of Saut and Sheurer�s theorem.

� The operator y ! f(y) is a class C1 nonlinear function, ( we can suppose that f is a

function of y and ry).
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� Equation (2:5) admits a unique weak solution in L2(Q) which we denote

y(x; t;�; �) = y(�; �)

The question that arises is:

(q): How can we calculate the pollution term �b� (or to obtain information) which
is independent of the variations of the initial data around y0?

So we are interested in estimating the pollution term without showing any interest in the

missing term.

Consider the case where the observed data yobs are not noisy. The fundamental idea to answer

the previous question is to take an average value, to know if something is happening. Let h0

be a function given on O � (0; T ). We then consider the averaged :

m(�; �) =

Z Z
O�(0;T )

h0:y(x; t;�; �)dxdt;

and we seek to determine the pollution term independently of the term in � , to �rst order for

example. But, there is in general no reason why, at �rst order, m(�; �) is independent of � . In

other words, there is no reason why

@m

@�
(0; 0) =

Z Z
O�(0;T )

h0:
@

@�
y (0; 0) dxdt = 0:

We introduce a function w, and we give the de�nition of a so-called "sentinel" functional which

is the average of the state y over a small domain, given by the following expression:

S(�; �) =

Z Z
O�(0;T )

(h0 + w) :y (0; 0) dxdt; (2:6)

for functions h0 and w 2 L2 (O � (0; T )).

De�nition 2.8.1 We say that S is a sentinel of Lions de�ned by h0, if there exists a control

!such that the pair (!; S) veri�es

@S

@�
(�; �)

����
�;�=0

= 0; 8by0 2 L2 (
) (2:7)
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kwkL2(O�(0;T )) = min (2:8)

Remark 2.8.1 Condition (2:7) expresses the insensitivity of the sentinel with respect to the

missing �rst order term and condition (2:8) expresses that we deviate as little as possible from

the mean, it selects a single sentinel.

Remark 2.8.2 The choice The choice w = �h0 gives rise to (2:7). Therefore, under very

general assumptions, the problem (2:7)�(2:8) admits a unique solution. But it will be necessary

to make sure that under suitable conditions, w 6= �h, the functional S(�; �) = 0 not being likely

to provide us with much information.not being likely to provide us with much information.

2.8.1 Information provided by the sentinels

The existence and uniqueness of the function w are shown in [45]. It has been shown that

the problem (2:7) � (2:8) is equivalent to an exact zero controllability problem from which

the HUM method, abbreviation of "Hilbert Uniquenss Method" [41], was used to establish the

existence and uniqueness of the control function w. The sentinel function, once constructed,

the determination of the pollution term is deduced by the Taylor expansion to order 1 of S and

consider (2:6)� (2:7) we have:

S(�; �) = S(0; 0) + �@S
@�
(0; 0) + � @S

@�
(0; 0) + o (k(�; �)k)

= S(0; 0) + �@S
@�
(0; 0) + o (k(�; �)k) ; (2.9)

since by de�nition @S
@�
(�; �)

��
�=�=0

= 0 we can deduce

�� � � (S(�; �)� S(0; 0)) with � =
@S

@�
(0; 0), (2:10)

by replacing S(�; �) by Sobs the observed solution

Sobs =

Z Z
O�(0;T )

(h0 + w) yobs(x; t)dxdt; (2:11)

We have the estimate
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�� � � Sobs � S(0; 0). (2:12)

We will now show how, given h0, we can construct the unique function w such that we have

(2:7)� (2:8).

2.8.2 Variational method

The condition of "insensitivity" of the sentinel with respect to the missing terms is equivalent

to

S(�; �) =

Z Z
O�(0;T )

(h0 + w) y�dxdt; (2:13)

where

y� =
@y

@�
(0; 0) = lim

�!0

�
y(0; �)� y (0; 0)

�

�
;

then y� the solution of the system of equation8<:
@y�
@t
+ Ay� + f 0 (y0) y� = 0 in Q;

y� (0) = by0 in 
;
y� = 0 on �;

2:14

with f 0 (y0) designating the derivative of f at the point y0 = y(0; 0). Indeed, y(0; �) is the

solution of the following system:

8<:
@y(0;�)
@t

+ Ay(0; �) + f (y0) y� (0; �) = � in Q;
y� (0; �) = y0 + � by0 in 
;
y� (0; �) = 0 on �;

(2:15)

and y0 is the solution of the system8<:
@y0
@t
+ Ay0 + f (y0) = 0 in Q;

y0 (0) = y0 in 
;
y0 = 0 on �:

(2:16)

By subtracting (2:16) from (2:15) and multiplying by 1
�
, we �nd :

8><>:
@
@t

�
y(0;�)�y0

�

�
+ A

�
y(0;�)�y0

�

�
+ f(y(0;�))�f(y0)

�
= 0 in Q;

y(0;�)(0)�y0(0)
�

= by0 in 
;
y(0;�)�y0

�
= 0 on �:

(2.17)

By passing to the limit when � ! 0 in (2:17), we obtain (2:14).
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2.8.3 Equivalence to a controllability problem

Let q = q(x; t) be the adjoint state which is the solution of the following backward problem:

8<: �@q
@t
+ A�q + f 0 (y0) q = (h+ w)�0 in Q

q (T ) = 0 in 

q = 0 on �

(2.18)

The problem (2:18) admits a unique solution under very general assumptions on f 0(y0). This

solution depends on ! that we want to determine.

Lemma 2.8.1 We assume that q is the solution of problem (2:18). Then the existence problem

of a sentinel insensitive to missing terms is equivalent to a zero-controllability problem, i.e.

q(0) = 0.

Proof. If we multiply the �rst equation of the system (2:18) by y� and then integrate by parts,

we obtain:

Z T

0

Z
O

(h+ w) y�dxdt =

Z
O

q (0) by0dx:
Therefore, condition (2:13) is equivalent to

q (0) = 0 (2:19)

This is a zero controllability problem. So the problem of �nding a sentinel S such that (2:18)

takes place, is equivalent to the following zero-controllability problem:

fFind ! 2 L2 (]0; T [�O) as we have (2:18) and (2:19)g.

In summary, the problem of the existence of a unique sentinel amounts to solving the following

optimization problem:

(P ) :

�
min
!2A

kwkL2((0;T )�O) ;
�

where

A =

8<:w such as
8<: �@q

@t
+ A�q + f 0 (y0) q = (h+ w)�0 in Q;

q (T ) = q (0) = 0 in 
;
q = 0 on �;

9=;
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The constraint domain of problem (P ) is non-empty because ! = �h gives q � 0, consequently

the problem (P ) always admits a solution and only one that we denote b!. There thus remain
two problems to solve

1- Calculate b!,
2- Make sure that bw b! 6= �h.
A classical method to obtain the optimality system for the problem (P ) is the penalization

method.

2.8.4 Penalty

Let � > 0, we introduce the following function:

J� (w; z) =
1

2
kwk2L2((0;T )�O) +

1

2�



 �@z
@t
+ A�z + f 0 (y0) z � (h+ w)�0



2
L2(Q)

;

and we consider the following problem (P�) :

(P�)

�
min J� (w; z)
(w; z) 2 A�;

with

A� =

8<:(w; z) such as
8<: �@Z

@t
+ A�z + f 0 (y0) z � (h+ w)�0 2 L2 (Q) ;

z (T ) = z (0) = 0 in 
;
z = 0 on �;

9=;
the problem (P�) admits a unique solution that we will denote (w�; z�) :

The optimality system gives the existence of a function �� solution of the system:�
L�� = 0 in Q;
�� = 0 on �;

(2:20)

and characterizes the optimal control as follows:

!� = ���O; (2:21)

where

L = @
@t
+ A+ f 0 (y0) Id ;

and by passing to the limit we obtain a function � solution of an optimality system of the initial

problem (P ). Finally the control is
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w = ��O 2 F;

where F is the Hilbert space supplemented by L2(Q) for the norm

k�kF = k�kL2((0;T )�O) :

In this case, we must assume that h =2 F to obtain a non-identical null sentinel.

Here the notion of Lions sentinel where control and observation are in the same domain, becomes

a special case. We propose for the previous de�nition a generalization of the notion of sentinel

to the case of an observation and a control having their supports in two di¤erent open spaces.

2.9 Regional Sentinel

Modeling environmental problems leads to mathematical systems with missing data. This is

the case, for example, with meteorological problems where we never know the initial data. In

this work, we are concerned with the identi�cation of the pollution terms present in the state

equation of a dissipative system with incomplete initial data.

To achieve this objective, the Lions sentinel method (see [43]) is used. Here, the problem of

determining a sentinel is equivalent to a zero controllability problem for which Carleman type

estimates are given.

We consider here h 2 L2 (0� (0; T ))and ! a non-empty set of 
; such as ! 6= O. More precisely

for a control function

w 2 L2 ((0; T )� !) :

We pose

S (�; �) =
R R

O�(0;T ) h:y (x; t;�; �) dxdt+
R R

O�(0;T )w:y (x; t;�; �) dxdt;

=
R R

O�(0;T )
�
h�

O
+ w�

!

�
:y (x; t;�; �) dxdt;

(2.22)

where �
O
and �

w
are the characteristic functions of O and w respectively.
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We consider the problem (2:5) with A = � (to simplify the calculations) and we divide the

edges into two �1 and �2 such that �1 \�2 =;8>><>>:
@y
@t
��y + f (y) = � + �b� in Q;

y (0) = y0 + � by0; in 
;
y = 0 on �1;
@y
@�

= 0 on �2;

(2:23)

De�nition 2.9.1 We say that S is a sentinel de�ned by h, if there exists a control ! such that

the pair (!; S) holds:
@S
@�
(�; �)

��
�=�=0

= 0;

and

kwkL2(!�(0;T )) = min :

The existence problem of a sentinel is equivalent to a zero controllability problem:

�nd the optimal control w 2 L2(]0;T [�!) such that q(0) = 0 where q is the solution of the

system

8>><>>:
�@q
@t
��q + f 0 (y0) q = h�0 + !�w in Q

q (T ) = q (0) = y0 + � by0; in 
;
q = 0 on �1
@q
@�

= 0 on �2

To do this, we need to solve the following optimization problem:

(P 0)

8<:
min kwkL2((!�(0;T ))) ;
w 2 B;

where

B =

8>><>>:! such as
8>><>>:
�@q
@t
��q + f 0 (y0) q = h�0 + w�! in Q

q (T ) = q (0) = 0 in 
;
q = 0 on �1;
@q
@�

= 0 on �2:

9>>=>>;
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2.9.1 Information provided by the sentinel

The information provided by Sentinel S, according to (2:12), is given by:Z Z

�(0;T )

(h�0 + w�!) y�dxdt =

Z Z

�(0;T )

(h�0 + w�!) (yobs � y0)dxdt;

where

y� =
@y
@�
(0; 0) is the solution to the problem

8>><>>:
@y�
@t
��y� + f 0 (y0) y� = b� in Q;

y� (0) = 0; in 
;
y� = 0 on �1;
@y�
@�

= 0 on �2;

2:24

Multiplying the �rst equation by q and integrating by parts, we �nd:

Z T

0

Z

�
qLy�dxdt =

Z T

0

Z



y�L
�qdxdt+

Z



q (T ) y� (T ) dx�
Z



q (0) y� (0) dx (2:25)

�
Z T

0

Z
�

q:
@y�
@�

d�dt+

Z T

0

Z
�

y�:
@q

@�
d�dt:

Since q and y� are solutions of (2:18)and (2:24) respectively, (2:25) becomes

Z T

0

Z



(h�0 + w�!) :y�dxdt =

Z T

0

Z



qb:�dxdt:
Finally, we obtainZ T

0

Z



(h�0 + w�!) : (m0 � y0) dxdt =

Z T

0

Z



q:�b�dxdt: (2:26)

Therefore, knowledge of the optimal control w provides information on the pollution term �b�:
2.9.2 Construction of a sentinel

We have shown that the existence of a sentinel is equivalent to a zero controllability problem,

the essential tool to solve the existence problem is a Carleman-type observability inequality.

To do this, we introduce the space
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V =

�
� 2 C1 (Q) ; � = @�

@t
= 0 on �1 and

@�

@�
= 0 on � 2

�
:

Then the following theorem gives a Carleman inequality. (For the proof see [59]).

Theorem 2.9.1 There is a positive constant C = C (
; !; 0; T; f 0 (y0)) such that:

Z T

0

Z



1

�2
juj2 dxdt � C

�Z T

0

Z



jLuj2 dxdt+
Z T

0

Z
!

juj2 dxdt
�
for all v 2 V; :

(2:27)

where � 2 C2 (Q) positive with 1
�
bounded and "L" is a di¤erentiable operator de�ned by:

L =
@

@t
+ A+ f 0(y0)Id:

Remark 2.9.1 if Lu = 0; the inequality obtained is called "Inequality of observability" because

if u = 0 on ! � (0; T ) implies that u = 0 on 
� (0; T ) whole.

We de�ne a symmetric bilinear form of V � V in R by

a (u; v) =

Z T

0

Z



Lu:Lvdxdt+

Z T

0

Z
!

u:vdxdt; (2.28)

we deduce the following lemma:

Lemma 2.9.1 The bilinear form a(:; :) is a scalar product.

Proof. We have a (:; :) a bilinear, symmetric and positive form

a (u; u) =

Z T

0

Z



jLuj2 dxdt+
Z T

0

Z
w

juj2 dxdt � 0 for all u 2 V

It remains to show that

a (u; u) = 0 =) u = 0;

we have

a (u; u) = 0 =)
Z T

0

Z



jLuj2 dxdt = 0 and
Z T

0

Z
w

juj2 dxdt = 0 ,
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from (2:27) we deduce Z T

0

Z



1

�2
juj2 dxdt = 0 =) u = 0 in Q;

so, a(; ) is a scalar product.

Let W be the space completed by V for the norm k:kV de�ned by:

kukW =
p
a (u; u); (2:29)

Then W is a Hilbert space and moreover V is dense in W We can specify the structure of the

elements of W . Indeed, let H�(Q) be the Hilbert space with weight de�ned by:

H�(Q) =

�
� 2 L2 (Q) such as

Z T

0

Z



1

�2
j�j2 dxdt <1

�
; (2:30)

provided with the norm

k�k� =
�Z T

0

Z



1

�2
j�j2 dxdt

� 1
2

:

Then, by applying Carleman�s inequality (2:27) we �nd

k�k� � C k�kW :

Which shows that W continuously injects into H�(Q).

Now, We consider the following linear application:

l : V ! R

� 7! l (�) =
R T
0

R


h�O�dxdt;

where the value of h is given in L2 (Q) :

Lemma 2.9.2 We suppose that

h 2 L2 (Q) and (�h) 2 L2 (Q) : (2:31)

So l is continuous.

jl (�)j �
�Z T

0

Z



j�h�Oj
2 dxdt

� 1
2
�Z T

0

Z



1

�2
j�j2 dxdt

� 1
2

: (2:32)
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Proof. According to the Cauchy Schwartz inequality. As �h 2 L2(Q), we obtain:

�Z T

0

Z



j�h�Oj
2 dxdt

� 1
2

� C1 constant, (2:33)

moreover Z T

0

Z



1

�2
j�j2 dxdt � C

�Z T

0

Z



jL�j2 dxdt+
Z T

0

Z
!

j�j2 dxdt
�
= C k�k2W :

Thus

jL�j � C1
p
C k�k2W :

so l is continuous on W:

As a result of the above, we have the following proposition:

Proposition 2.9.1 We assume that assumption (2:31) is satis�ed. Then there exists a unique

element u 2 W solution of the problem

a (u; �) =

Z T

0

Z



h�o�dxdt 8� 2 W: (2:34)

Proof. The application l is linear and continuous on W and as the bilinear, symmetric form

a(; ) is continuous, coercive, then according to the Lax-Milgram theorem, there exists a unique

element u 2 W solution of (2:34):

We will now show that the set of solutions which satis�es (2:18)� (2:19) is non-empty.

Proposition 2.9.2 Under the hypothesis (2:31), let u 2 W be the unique solution of (2:34),

we pose 8<: w = �u�!;
q = Lu; (2:35)

So

1) (!; q) is a solution of the system (2:18)� (2:19) i.e. there exists a unique sentinel insensitive

to missing terms.
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2) We have
kukW � C k�h�OkL2(Q) ; C is aconstant,
kwkL2(!�(0;T )) � C k�h�OkL2(Q) ;
kqkL2(Q) � C k�h�OkL2(Q) :

Proof. 1) As u is solution of (2:34) thenZ T

0

Z



LuL�dxdt+

Z T

0

Z
w

u�dxdt =

Z T

0

Z



h�O�dxdt; 8� 2 W; (2:36)

but (w; q) satis�es (2:35), then (2:36) is written

Z T

0

Z



qL�dxdt�
Z T

0

Z
!

w�dxdt =

Z T

0

Z



h�O�dxdt; 8� 2 W; (2:37)

then

Z T

0

Z



qL�dxdt =

Z T

0

Z



(h�O + w�!) �dxdt; 8� 2 W; (2:38)

We have to show that q is a solution of the system (2:18) � (2:19). Equation (2:38) is true in

particular for v 2 D(Q) � V � W , that is to say:

hq; LviL2(Q) = h(h�O + w�!) ; �iL2(Q) 8� 2 D(Q);

hence in the sense of D(Q), we have:

L�q = h�O + w�!
) L�q 2 L2 (Q) : (2.39)

Moreover, we have q 2 L2(Q) and by application of the Lions-Magnenes theorem [51], the trace

functions q at t = 0, t = T and q on � exist.

We multiply (2:39) by � 2 C1(Q) and we integrate by parts over Q, we obtain:R T
0

R


�L�qdxdt =

R


q:L�dxdt�

R


q (T ) � (T ) dx+

R


q (0) � (0) dx

�
R T
0

R
�
@q
@�
:�d�dt+

R T
0

R
�
@�
@�
:qd�dt

=
R T
0

R


(h�O + w�! ) �dxdt: (2:40)

Now using equation (2:39)
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�
Z



q (T ) � (T ) dx+

Z



q (0) � (0) dx�
Z T

0

Z
�

@q

@�
:�d�dt+

Z T

0

Z
�

@�

@�
:qd�dt = 0 8� 2 C1(Q);

We take � 2 W , we obtain:

�
Z



q (T ) � (T ) dx+

Z



q (0) � (0) dx�
Z T

0

Z
�2

@q

@�
:�d�2dt+

Z T

0

Z
�1

@�

@�
:qd�1dt = 0 8� 2 C1(Q);

(2:41)

for � 2 V , such that�(0) = �(T ) = 0 and �j�2 = 0: Then it comes:Z T

0

Z
�1

@�

@�
:qd�1dt = 0) q = 0 on �1:

We take(2:41) with in particular for � 2 V , such that �(0) = �(T ) = 0 so:

Z T

0

Z
�2

@q

@�
:�d�2dt = 0)

@q

@�
= 0 on �2:

The same is true for � 2 W, such that �(0) = 0, so

Z



q (T ) � (T ) dx = 0) q (T ) = 0 in 
:

Finally, we have Z



q (0) � (0) dx = 0) q (0) = 0 in 
:

Thus the couple (w; q) is a solution of the problem (2:18)� (2:19).

2) Now, we prove the estimates.

Let � = u in equation (2:34). By the Cauchy-Schwartz inequality, it comes that:R T
0

R


jLuj2 dxdt+

R T
0

R
!
juj2 dxdt =

R T
0

R


h�Oudxdt;

� k�h�OkL2(Q)


1
�
u



L2(Q)

;

moreover, the Carleman inequality gives:



1�u





L2(Q)

� C kukW : (2.42)
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Using inequality (2:42), we �nd:

kuk2W =

Z T

0

Z



jLuj2 dxdt+
Z T

0

Z
!

juj2 dxdt �
p
C k�h�OkL2(Q) kukW ; (2:43)

thus

kukW �
p
C k�h�OkL2(Q) : (2:44)

So the �rst estimate of the proposition is realised.

Moreover, since (!; q) satis�es (2; 35), then the equation (2; 43) is written:

kqk2L2(Q) + kwk
2
L2(!�(0;T )) �

p
C k�h�OkL2(Q) kukW ; (2:45)

From (2:44) and (2:45) he comes

kqk2L2(Q) + kwk
2
L2(!�(0;T )) � C k�h�Ok

2
L2(Q) ; (2:46)

We then deduce the second and the third estimates of the proposition.

The following theorem gives the existence of solution for the problem (P 0):

Theorem 2.9.2 Under the assumptions of the previous proposition, there exists a unique pair

( bw; bq) solution of the problem (P 0), such as

bw = �b��!;
where b� is the solution of the system8<:

Lb� = 0 in Qb� = 0 on �1;
@b�
@�

= 0 on �2:

Proof. If the assumptions of proposition (2:5) are satis�ed, the domain B is then non-empty.

Also, it�s closed. The application ! ! k!kL2(w�(0;T )) is continuous, coercive and strictly convex.

Then, we deduce that there is a unique solution for the problem (P 0) that we note (b!; bq) 2 B
which satis�es:

k bwk2L2(!�(0;T )) � kwkL2(!�(0;T )) 8w 2 B:
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We use the penalization method to obtain the optimality system for ( bw; bq):
Let " > 0, we introduce the following function:

J" (w; z) =
1

2
kwk2L2(!�(0;T )) +

1

2"
kL�z � h�O � w�! k

2
L2(Q) ;

and we consider the following problem (P")

(P")

�
min J" (w; z)
(w; z) 2 B"

;

with

B" =

8<:(w; z) such as
8<:

L�z � h�O � w�! 2 L2 (Q)
z (T ) = z (0) = 0 in 
;
z = 0 on �;

9=;
the problem (P") admits a unique solution that we will denote (w"; z") such that:8>><>>:

w� * bw
�! 0

weakly in L2 (! � (0; T )) ;

z" * bq
�! 0

weakly in W .

Then, (b!; bq) is the unique solution of the problem (P ) if and only if there exists a function b�
such that (b!; bq;b�) is solution of the following optimality system

8>><>>:
L�bq = h�O + bw�! in Qbq (T ) = bq (0) = 0 in 
bq = 0 on �1
@b�
@�

= 0 on �2:

and

8<:
Lb� = 0 in Qb� = 0 on �1;
@b�
@�

= 0 on �2:

with bw = �b��!; b� 2 W:

2.10 Pointwise sentinel

Jean Pierre Kernevez and his team were the �rst to have proposed numerical results on sentinels

in applications related to environmental pollution in the 90s [see 4; 5; 6; 13] . These authors

agree to de�ne the source of pollution as being a continuous function with respect to time at a
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speci�c position in space. We place ourselves in the problem case (2:5), which can be written

in the following form

8<:
@y
@t
+ Ay + f (y) = � + �Ni=1�i

b� i� (x� ai) in Q;
y (0) = y0 + �

M
j=1� jcy0j in 
;

y = 0 on �;
(2:47)

where

� The ai are the observation points,

� � (x� ai) is the Dirac function at point ai.

� Source functions �ib� i that we assume in L2(0; T ).
Now the problem can be formulated as follows:

Find (�i , i = 1; :::; N ) best representing the �ow which produced the measurement yobs.

We de�ne a function !i 2 L2(O) speci�c to the ith component of � must be constructed as:

(wi; yobs)L2(O) = �i; (2:48)

where yobs is the measured state function. If such a function !i exists, its uniqueness is ensured

by choosing the minimum norm function.

The function wi designates the sentinel allowing the determination of the parameter �i, so to

estimate all the �i, we have to calculate the whole family of functions (!i)i=1;N .

We have:

y (�; �) = �Ni=1�iyi + �
M
j=1� jy�j ; (2:49)

where (yi)i=1;N and (yj)j=1;M are respectively the solutions of the following equations:

8<:
@yi
@t
+ Ayi + f 0 (y0) yi = b� i� (x� ai) in Q;

yi (0) = 0 in 
;
yi = 0 on �;8<:

@y�j
@t
+ Ay�j + f 0 (y0) y�j = 0 in Q;

y�j (0) = cy0j in 
;
y�j = 0 on �:
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Then the scalar product of wi with y (�; �) becomes:

(wi; y (�; �))L2(O) = �
N
i=1�i (wi; yi)L2(O) + �

M
j=1� j

�
wi; y�j

�
L2(O)

;

Therefore, formula (2:48) is equivalent to:

8>><>>:
(wi; yk)

L2(O)
= 1 if i = k;

(wi; yk)
L2(O)

= 0 8k = 1; N; if i 6= k;�
wi; y�j

�
L2(O)

= 0

Then, we use the conjoint state noted qi solution of the adjoint system, by multiplying qi by yi

(resp.y�j ) and integrating by part in space and time, the previous equalities become:

� R T
0
b� i (t) qi (ai; t) dt = 1 1 � i � N;R



y0 (x) qi (x; 0) dx = 0:

This result is fundamental for the calculation of the sentinels. In e¤ect, it summarizes the fact

that the sentinel is sensitive to �i and insensitive to all the other parameters of equation (2:47).

It also allows the previous equalities to be interpreted as an optimal control problem.

This discrete method has been used to determine pollution in an aquifer [25], in a lake [45] and

in a river [4].

2.11 Discriminating Sentinel

We consider the problem (2:23), the observed data can be a¤ected by measurement errors or

"noise"e¤ects, so

yobs = m0 + �
n
i=1�imi;

where the functions m0;m1; :::;mn are known in L2(O � (0; T )) but the �i 6= 0 are not known,

we say that the �i are the noise terms. The problem now is:

Can we obtain information about �b� which is not a¤ected by the variations of y(0) around y0,
and which are not a¤ected by noise �imi; i = 1; :::; n?
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In such a situation, in addition to the hypotheses (2:7� (2:8) it would be necessary to associate

a condition of insensitivity of the sentinel to the e¤ects of noises

Z T

0

Z
O

(h+ w) :midxdt = 0 1 � i � n: (2:50)

Such a sentinel is called "discriminant" [43; 65; 74].

Remark 2.11.1 1) The discriminating sentinel is not sensitive to missing terms (in �), it is

also not sensitive to noise (in � ), it can therefore di¤erentiate what comes from terms in �

from what comes from terms in � (discriminating properties).

2) If ! 6= O � 
, the condition (2:50) becomes

Z T

0

Z
O

hmidxdt+

Z T

0

Z
!

wmidxdt = 0 1 � i � n: (2:51)

3) We assume that ! � O � 
 , because the mi are supported in O � (0; T ).

De�nition 2.11.1 We say that S is a discriminating sentinel (or sentinel for an observation

with noise) de�ned by h if there exists a control ! such that:8<:
1= @S

@�
(0; 0) = 0 8by0 2 L2 (
) ;

2=
R T
0

R
O
h:midxdt+

R T
0

R
!
w:midxdt = 0 1 � i � n;

3= kwkL2(!�(0;T )) = min

Now, we will show that the existence of a discriminant sentinel insensitive to noise terms and

missing terms is equivalent to a zero controllability problem with constraints on the control.

Let K be the vector subspace of L2(! � (0; T )) generated by the (m{̂�!; 1 � i � n) ; which are

assumed to be linearly independent. So we have the following lemma:

Lemma 2.11.1 The application

f : K ! Rn

k ! f (k) =
�R T

0

R
!
k:m1dxdt;

R T
0

R
!
k:m2dxdt; :::;

R T
0

R
!
k:mndxdt

�
;

is an isomorphism. Moreover, the condition of insensitivity to noise terms is equivalent to

9k0 2 K such as W = k0 + k with k 2 K?; (2:52)
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Proof. The application f is linear and bijective, because

ker f = fk 2 K, f (k) = 0g ;
=
n
k 2 K,

R T
0

R
!
k:midxdt = 0 8i = 1; n;

o
;

=
n
k = �ni=1�imi,

R T
0

R
!
k:�ni=1�imidxdt = 0;

o
;

=
n
k 2 K; kkk2L2(!�(0;T )) = 0

o
= f0g ;

hence f is injective and therefore is isomorphism. Therefore, we have

8� 2 Rn;9ļk0 2 K such as f (k0) = �;

which is equivalent to

8�i 2 R;9!k0 2 K such as
R T
0

R
!
k0:midxdt = �i i = 1; :::; n:

From the condition of insensitivity there comes

�
R T
0

R
O
h:midxdt =

R T
0

R
!
w:midxdt 8i = 1; :::; n

for

�i = �
Z T

0

Z
O

h:midxdt;

we deduce that R T
0

R
w
k0:midxdt =

R T
0

R
!
!:midxdt;

as a result, we conclude

w � k0 2 K?:

Thus

w � k0 = k with k 2 K? and k0 2 K:

The existence problem of a discriminant sentinel is then equivalent to the following problem:

(P2)

�
min kkkL2(!�(0;T ))

k 2 A2
;
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where

A2 =

8>><>>:k such as
8>><>>:
�@q
@t
��q + f 0 (y0) q = h��0 + k�w in Q;

q (T ) = q (0) = 0; in 
; ;
q = 0 on �1;
@q
@�

= 0 on �2;

9>>=>>;
((2:53))

where h� = h�0 + k0�!: We de�ne a symmetric bilinear form of V � V in R by:

a (u; �) =

Z T

0

Z



Lu:L�dxdt+

Z T

0

Z
!

(u� Pu) : (� � P�) dxdt;

P is the orthogonal projection of L2(w � (0; T )) on K, and V is a space given by (2:27):

For the domain of the constraints to be non-empty, we use a Carleman inequality adapted to

our problem. The following proposition shows that the domain A2 is non-empty.

Proposition 2.11.1 Let u 2 W be the unique solution of

a (u; �) =

Z T

0

Z



h�0�dxdt 8� 2 V: (2:54)

We suppose that/

i) f@k 2 K such as : @k
@t
��k + f 0 (y0) k = 0 in ! � (0; T );

ii) h 2 L2 (Q) and �h 2 L2 (Q) ; with8<: k = � (u� Pu)�!
q = Lu: (2:55)

Then (k; q) is solution of the system8>><>>:
�@q
@t
��q + f 0 (y0) q = h�0 + k0�! + w�! in Q;

q (T ) = q (0) = 0 in 
; ;
q = 0 on �1;
@q
@�

= 0 on �2;

(2:56)

i.e. there is a discriminating sentinel. Moreover, we have:

kukW � C k� (h�0 + k0�!)kL2(Q) ;

k


L2(!�(0;T )) � C k� (h�0 + k0�!)kL2(Q) ;

kqk � C k� (h�0 + k0�!)kL2(Q) ; (2:57)
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where C is a positive constant, which is not the same each time.

This problem is equivalent to a zero-controllability problem with constraints on the non-trivial

control (k 2 K?).

Theorem 2.11.1 Under the assumptions of the previous proposition, there exists a unique pair

(bk; bq)solution of the problem (P2):

Proof. The assumptions of the previous proposition are ful�lled, hence the domain A2 is

non-empty, moreover it is closed. On the other hand, the application k !


k



L2(!�(0;T )) is

continuous, coercive and strictly convex, so there exists one and only one solution for (P2)

which we note (bk; bq) 2 A2 and which satis�es:


bk



L2(!�(0;T ))

� kkkL2(!�(0;T )) ;8 (k; q) 2 A2:

2.12 Weak Sentinel

In this section, we use a notion called "weak sentinel" to study the estimation of the pollution

term of weakly controllable distributed systems independently of the missing term. Consider

the system (2:5) with

kby0kL2(
) � 1;



b�




L2(Q)
� 1;

and ! = 0 we have the following de�nition:

De�nition 2.12.1 We say that the functional S de�ned by

S (�; �) =
R
0

R T
0
(h+ w) :y (x; t;�; �) dxdt;

is a weak sentinel (or approximate sentinel) if it exists, for all "� > 0,a control w�such as:

@S

@�
(�; �)

����
�=0;�=0

� �; 8by0 2 L2 (
) (2.58)
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kw�kL2(O�(0;T )) = min : (2.59)

To construct the weak sentinel, we must determine !� which satis�es the conditions (2:58) and

(2:59). The existence problem of a weak sentinel is then equivalent to the following problem :

(P3)

�
min kw�kL2(O�(0;T ))

w� 2 A3
;

A3 =

8<:w� such as
8<: �@q

@t
��q + f 0 (y0) q = (h+ w�)�O in Q;

q (T ) = 0; in 
; ;
q = 0 on �:

9=;
(2:60)

Remark 2.12.1 The weak sentinel method approach is equivalent to a weak controllability

problem.

Theorem 2.12.1 If the system in (2:60)is weakly controllable, then for any " positive, there

exists a function w� 2 L2(O � (0; T )) which satis�es the conditions (2:58) and (2:59).

Proof. If the system in (2:60) is weakly controllable, then for q(0) 2 L2(
) and for all positive

�, there exists a function w� 2 L2 (O � (0; T )) such thatR


q(0):by0dx � �;

kq(0)kL2(
) � �;
(2.61)

and so
@S

@�
(�; �) =

Z T

0

Z
O

(h+ w�) :y� (x; t; �; �)dxdt;

where y� is the solution of (2:14), so

@S
@�
(�; �) �

R


q(0):by0dx � �;

which proves (2:58) and (2:59).

The constraint (2:60) can therefore theoretically be approximated with arbitrary precision. We

can therefore use approximate controllability algorithm.



CHAPTER 3

Average Sentinel for a parabolic equation with
incomplete data

In the modeling of the evolution system type, the source terms as well as the initial or boundary

conditions may be unknow. In this chapter, we analyze the problem of identi�cation of pollu-

tion term ( the source) in a systems gouvred by a parabolic equation depending on unknown

parameters in a deterministic manner [39]. We look for a control, independent of the values of

these parameters, that need to introduce the sentinel in an averaged sense to be made precise

[50]. The notion of averaged control for parameter-dependent family of parabolic system is

introduced by Zuazua [78] and the sentinel method introduced by J.L.Lions [43; 46] is adapted

to the estimation of this incomplet or unknow data in the problems gouverned by parabolic

system in general, for exemple, pollution in river or a lake. So since the introduction of the sen-

tinel method many authors developed several applications, such as in environment, in ecology

[39].

The notion of average sentinel is very interested in the iden�cation of the missing data when

the system is depending on unknown parameters.
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3.1 Setting of the problem

Let 
 � Rd, d � 1, be a bounded domain with smooth boundary � and ! be an open non-

empty subset of 
 [61] : Denote by Q = 
� [0; T ] the space time cylinder where the equation

holds and
P
= � � ]0; T [ for the lateral boundary:Let y� (x; t) = y(x; t; �) be the solution of

the following system8><>:
@y

@t
(x; t)� div(a(x; �)ry�(x; t) = f(x; t) in Q;

y� = 0 on �;
y�(x; 0) = y0 (x) in 
;

(3.1)

Where the di¤usivity coe¢ cients a(x; �), taken to be scalar to simplify the study, are assumed to

be bounded above and below by positive constants, and to depend on the uncertainty parameter

� where � 2 (0; 1) in a continuous manner. However, the dynamics of the state is governed by

a parametrized operator A(�) with A(�) = div(a(�)ry).

We take that y0 2 L2(
); f 2 L2(Q) and so that the system (3:1) admits a unique solution

y� = y(x; t; �) 2 C(0; T; L2(
)) \ L2(0; T;H1
0 (
)) for all � 2 (0; 1)

The motivation of the problem we consider is the following:

We address to the system (3:1) whose initial datum and the source term are unknown and the

e¤ective value of the parameter being unknown [65],

f = � + �b�; (3:2)

y0 = g + �bg;
where � and g are given. However, the terms �b� and �bg is unknow function with �; � are a

small reals parameters [64].

We aim at choosing a control that would perform optimally in an averaged sense, i. e. so that,

rather than controlling speci�c realisations of the adjoint state, the average with respect to is

controlled. This allows building a control independent of the parameter and de�ne the average
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sentinel to obtain a good estamation of the source term which called pollution term independly

of the initial condition called missing data.

The notion of sentinel permits to distinguish and to analyse two types of incomplete data, the

pollution term at which we look for information independently of the missing term that we do

not want to identify. Typically, the average sentinel is a linear functional sensitive to certain

parameters we are trying to evaluate, and insensitive to others which do not interest us. So

we show that this functional can be associated to our system and allows to characterize the

pollution term.

In this part, we study this system with incomplete initial data, we use the average sentinel

concept; which relies on the following three objects: some state equation, some observation

function and some control function to be determined.

Let y(x; t; �; � ; �) = y(�; � ; �) be the unique solution of the problem in eqn.(3:1). We denote by

an observation which is a measure of the concentration of the pollution taken on a non-empty

open subset ! at the interval time (0; T ).

Z 1

0

y(x; t; �; � ; �)d� = yobs (x; t) ; for all (x; t) 2 ! � (0; T ) : (3:3)

an observation which is a measure of the concentration of the pollution taken at the interval

time (0; T ) and on a non empty open subset O � 
 called observatory.

Let h denote a function belonging to the space L2(! � (0; T )), for any control function u 2

L2(!), We de�ne the functional Sm(�; �) in the following manner:

Sm(�; �) =

Z 1

0

Z T

0

Z
O

hy(x; t; �; �)dxdtd� +

Z 1

0

Z T

0

Z
!

uy(x; t; �; �)dxdtd�:

Sm(�; �) =

Z 1

0

Z T

0

Z
O

(h�
O
y(x; t; �; �) + u�

!
y(x; t; �; �))dxdtd�: (3:4)

where �
O
and �! are the characteristic functions for the open sets O and ! respectively, such

that

�
O
: L2(
)! L2(O)

�
!
: L2(
)! L2(!)
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De�nition 3.1.1 Let Sm be a real function in equation (3:4) depending only on the parameters

� and � : Sm is said a average sentinel de�ned by h if the following conditions are satis�ed:

i)
@Sm
@�

(�; �)

����
�=0;�=0

= 0: (3:5)

ii) there exists a average control u 2 L2(!) such that:

kukL2(!) = minv2U
kvk (3:6)

where U =

(
u 2 L2(!); such that @Sm

@�
(�; �)

����
�=0;�=0

= 0

)
:

3.2 Average controllability problem

We take the function y0� which that solves the problem (3:1) for � = � = 0 :

8><>:
@y0�
@t
(x; t) + div(a(x; �)ry0�(x; t) = � in Q;

y0� = 0 on�;
y0�(x; 0) = g (x) in 
;

(3.7)

noting:

ym (x; t; �; �) =

Z 1

0

y (x; t; �; �) d�:

We take the function y�� and y
�
m de�ned as:

y�� =
@y�
@�
(�; �)

����
�=0;�=0

and

y�m =
@ym
@�

(�; �)

����
�=0;�=0

with y�� the unique solution of the system:8><>:
@y��
@t
(x; t) + div(a(x; �)ry�� (x; t) = � in Q;

y�� = 0 on�;
y�� (x; 0) = bg (x) in 
;

(3.8)
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Remark 3.2.1 .The condition in equation(3:5) holds if and only if:Z 1

0

Z T

0

Z
O

(h�
O
+ u�

!
)y�� (x; t)dxdtd� = 0: (3:9)

In order to realize this equation (3:9), we introduce the classical adjoint system of (3:8):

8><>:
�@q�
@t
+ div(a(x; �)rq�) = h�

O
+ u�

!
in Q;

q� = 0 on �;
q�(x; T ) = 0 in 
;

(3.10)

with q� = q(x; t; �):

Theorem 3.2.1 Let q� be the solution to the backward problem (3:10), then the existence of an

average sentinel insensitive to the missing data is equivalent to the average null-controllability

problem

qm (x; 0) =

Z 1

0

q�(x; 0)d� = 0; (3:11)

Proof. Multiplying the �rst equation in (3:10) by y�� , and integrating by parts over (0; 1)�Q,

then we �nd: Z 1

0

Z



q�(x; T )y
�
� (T )dxd� �

Z 1

0

Z



q�(x; 0)y
�
� (0)dx

=

Z



Z 1

0

(h�
O
+ u�

!
)y�� (x; t)d�dx;

then Z 1

0

Z



q�(x; 0)bg (x) dxd� + Z



Z 1

0

(h�
O
+ u�

!
)y�� (x; t)d�dx = 0

Since bg (x) is independent of �, then if (3:9) is veri�ed we will haveZ 1

0

q(x; 0; �)d� = 0:

3.3 Characterization of optimal control

The problem of the average null-controllability can be formulated as follows:



3.3 Characterization of optimal control 66

�nd a control u so that the solution of (3:10) satis�es (3:11) :Z 1

0

q�(x; 0)d� = 0;

To proof this problem we use the idea of zuazua [78] and see[70] :

Theorem 3.3.1 Solving a problem of the average null-controllability is equivalent to �nding a

control u so that the solution of system (3:10) satis�es equation (3:11) such that

u (x; t) = �
Z 1

0

��(x; t)�!d� (3.12)

where �� is the solution of system (3:16).

Proof. To satisfy equation (3:11), we separate q in (3:10) into two components:

q(x; t; �) = q1(x; t; �) + q2(x; t; �)

and we take �
q1;�(x; t) = q1(x; t; �)
q2;�(x; t) = q2(x; t; �)

which are the solutions of the following systems:8><>:
�@q1;�

@t
(x; t) + div(a(x; �)rq1;�(x; t) = h�o in Q;

q1;� (x; t) = 0 on �;
q1;�(x; T ) = 0 in 
;

(3.13)

and 8><>:
�@q2;�

@t
(x; t) + div(a(x; �)rq1;�(x; t) = u�! in Q;

q2;� (x; t) = 0 on �;
q2;�(x; T ) = 0 in 
;

(3.14)

thus, there exists a control u such that:Z 1

0

q1;�(x; t)d� +

Z 1

0

q2;�(x; t)d� = 0: (3.15)

In that case, the solution of the adjoint system (3:16) of equation (3:14) depends also on the

parameter � : 8><>:
@��
@t
(x; t) + div(a(x; �)r��(x; t) = 0 in Q;

�� = 0 on�;
��(x; 0) = �0 (x) in 
;

(3.16)
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with �0 (x) is a unknown term independent of �.

We aim to determine the value of �0 such that the averaged control u is de�ned as:

uj! (x; t) = �
Z 1

0

��(x; t)�!d�: (3.17)

Making the assumption that q1;� is independant of � at time zero.

We then take equation (3:16) in (3:13), we �nd:8><>:
�@q2;�
�@t

(x; t) + div(a(x; �)rq2;�(x; t) = �
R 1
0
��(x; t)�!d� in Q;

q2;� = 0 on �;
q2;�(x; T ) = 0 in 
;

(3.18)

Then, for given �0 (x), the �rst equation in ((3:16)) have unique solution. To �nd �0, such that

the solution in (3:16) satis�ed equation (3:19)Z 1

0

q2;�(x; t)d� = �
Z 1

0

q1;�(x; t)d�: (3.19)

We de�ne an linear operator � by:

� (�0 (x)) = �
Z 1

0

q1;�(x; 0)d�: (3.20)

To achieve this , we multiply in equation (3:18) by b� where b�0 is the solution in equation (3:16)
correspondent to b�0 who is independent of � and if we integrated by part over (0; T ), we obtain:

�hb�� (T ) ; q2;�(x; T )iL2(
) + hb�� (0) ; q2;�(x; 0)iL2(
) = �b�0;�Z 1

0

���!d�

�
L2(
)

if we integrate for � over (0; 1), we will haveZ 1

0

hb�0; q2;�(0)i d� = Z T

0

Z
!

Z 1

0

�b��;Z 1

0

���!d�

�
d�dxdt;

we take

�b�0 = �Z 1

0

q2;�(x; 0)d�:

then, we �nd:

hb�0;�b�0i = Z T

0

Z
!

Z 1

0

�b�0;Z 1

0

���!d�

�
d�dxdt;
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if we take b�0 = �0 then, we �nd:

h�0;��0i =
Z T

0

Z
!

����Z 1

0

��d�

����2 d�dxdt;
We then introduce, the norm de�ned by

k�0k
2
F =

Z T

0

Z
!

�Z 1

0

�(x; t; �)

�2
d�dxdt; (3.21)

by the result of Mizohata [61], we �nd:

k�0kF = 0 wich give � = 0 on ! � (0; T ) :

The space L2(
) is not complete for the norm in equation (3:21), then we introduce F as a

Hilbert space completed of L2(
), we note F 0 the dual space of F , then the linear operator ^

such as:

� : F ! F 0

is an isomorphism, which gives the result.

3.4 Identi�cation of the pollution term

To show how the sentinel de�ned above permits to estimate the pollutin term, we consider m0

be the measured state of the system on the observatory O during the interval [0; T ], then the

measured sentinel associate to m0 is given by :

Sobs (�; �) =

Z 1

0

Z Z

�]0;T [

(h�
O
+ u�

!
)m0(x; t; �; �)dxdtd�:

Theorem 3.4.1 The pollution term is identi�ed as follows:Z 1

0

Z



q(h) bfd
 = Sobs (�; �)� S (0; 0)

Proof. We know that

Sobs (�; �) = S (0; 0) + �
@S

@�
(�; �)

����
�=0;�=0

+O (�; �)
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with
@S

@�
(�; �) =

Z 1

0

Z



(h�
O
+ w�

!
)y�dxdt

and

�
@S

@�
(�; �)

����
�=0;�=0

= Sobs (�; �)� S (0; 0)

Hence

Z 1

0

Z



q(h) bfd
 = Sobs (�; �)� S (0; 0)

where y�� is the solution of the following system:8><>:
@y��
@t
(x; t)� div(a(x; �)ry�� (x; t) = bf in Q;

y�� = 0 in�;
y�� (x; 0) = 0 in 
;



CHAPTER 4

Average sentinel of a parabolic equation with
an unknown reaction

In this chapter, we analyse the identi�cation of the amount of pollutant discharged problem by

each source in a heat system when the dynamics of the state is governed by a parameterized

unknown operator. In that case, we introduce a notion of average sentinel.

We consider in this work a water lake polluted by a chemical species. The phenomena we

have take into account are the dispersion and the consumption of the pollutant [39].

One may think of a lake polluted by biological oxygen demand (BOD) and of unknown con-

sumption proportional to the concentration of BOD. The physical problem is to identify the

amount of pollutant discharged by each source [39]. Measurements are available to achieve

this goal. These are the averaged pollutant concentrations measured at a few points, which

we call the observatory. The notion of averaged control for a parameter-dependent family of

parabolic systems is introduced by Zuazua [78], and the sentinel method introduced by Lions

[51] is adapted to the estimation of this incomplete or unknown data in the problems governed

by parabolic system in general, for example, pollution in lakes or in a river. So, since the

introduction of the sentinel method many authors developed several applications, such as in

the environment, in ecology [29].

The notion of sentinel is very interested in the identi�cation of the missing data when the
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system depends on unknown parameters, for instance we refer to [1; 28; 29; 70]. With � null,

the problem becomes a classical control problem [70]; [78], if � is di¤erent from zero and at

the same time is given, the problem has been studied by Kernevez [39], now, if � is di¤erent

from zero and at the same time unknown, then the problem has become delicate, because

of the nonlinearity in �, for this we have introduced the decomposition method to obtain an

independent problem system in �, from which we can make an e¢ cient calculation algorithm,

which gives the novelty of our work.

The di¤erence between our problem setting in this section and the problem setting in Kernevez

[39] is the parameter �, that is to say, the di¢ culty of the problem resists in the change of the

parameter, which becomes an unknown parameter, which gives a nonlinear problem with �.

To resolve this problem, we use in the �rst part, the decomposition method to isolate the

parameter � see Lions [42], in the second, we use the gradient method to identify the averaged

control parameter, this method is more e¢ cient, it is con�rmed by the example given in the

numerical part, in the third, we calculate the average solution and the averaged parameter

control, and in the last, we give the numerical example to con�rm our result.

4.1 Setting of the problem

Let 
 � R2 be a bounded domain, denote the water �eld, with smooth boundary � and design

with ! be an open non empty subset of 
. Denote by Q = 
� (0; T ) the space-time cylinder

where the equation holds and � = �� (0; T ) for the lateral boundary, we will assume that the

parameter � 2 (0; 1), and z(t; x) is the solution of the following system :

8>><>>:
@z

@t
(t; x)+ Az(t; x) =

PN1
i=1 �isi(t)�(x� ai) in Q;

@z
@�

= 0 on �;
z(0; x) =

PN2
j=1 �J�J (x) in 
;

(4:1)

where

Az = ��z + �z;

@z
@�
= rz:�, � is the unit co-normal vector,
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N1 is the discharge number,

�isi(t) is the �ow rate of the i-th source,

PN1
i=1 �isi(t) is the total �ow rate,

�(x� ai) is the Dirac mass at the discharge point ai,

N2 is the number of missing terms.

The positive parameter � characterizes a �rst-order chemical reaction of disappearance sup-

posed in (0; 1). That is to say that the consumption of pollutants is of the form �z.

The points ai = (ai1; ai2) , 1 � i � N1 are located in 
 , and are the sources of pollution.

�i is the i-th source intensity of the pollutant discharge.

si is de�ned from (0; T ) to R, it�s the shape of the discharge of the i-th source of pollution on

a period of T hours.

The indicator function of the element 
J is �j(x) =
�
1 if x 2 
J
0 if x =2 
J

.

For all si and �j are given, but the terms �isi and � j�j are unknown functions.

The term � j�j describe the missing data and �isi the pollution term.

This work aims to identify the average pollution term of the system not a¤ected by the missing

term.

There are two possible approaches to this problem, one is more classical and uses the least

square method (see G.Chavent [24]), but the problem in this method that the pollution and

the missing terms play the same role, so we can not separate them.

The other is the sentinel method introduced by J.L.Lions [49], which is used to study systems

of incomplete data.

The notion permits to distinguish and to analyze two types of incomplete data, the pollution

term and the missing terms.

So, we show that this functional can be associated to our system and allows to characterize the

pollution terms.[39].
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Let us denote:

�J is the initial condition on element 
, 1 � J � N2.

� = �1, ..., �i, ..., �N1 and �= � 1, ...,�J , ..., �N2 ,

� = �1; :::; �i; :::; �N1 ; � 1; :::; �J ; :::; �N2 = (�; �) of length N = N1 +N2.

To overcome the non-linearity of the solution with the parameter �.

4.2 Decomposition method

We assume that the system (4:1) admits a solution and we write it in the series form:

z(t; x;�) =
1X
i=0

zi(t; x)�
i; (4:2)

we replace it in the �rst equation of system (4:1), and by identi�cation, we get

1X
i=0

@zi
@t
(t; x)��zi(t; x)�i +

1X
i=0

zi(t; x)�
i+1 =

1X
i=1

�isi(t)�(x� ai);

which is equivalent to say

�
@z0
@t
��z0

�
�0 +

N1X
i=1

�
@zi
@t
��zi

�
�i +

N1X
i=1

zi�1�
i =

N1X
i=1

�isi(t)�(x� ai);

then

 
@z0
@t
��z0 �

N1X
i=1

�isi(t)�(x� ai)

!
�0 +

N1X
i=1

�
@zi
@t
��zi + zi�1

�
�i = 0;

this is equivalent to

8><>:
@z0
@t
��z0 �

N1X
i=1

�isi(t)�(x� ai) = 0;

@zi
@t
��zi + zi�1 = 0; i = 1;1,

(4:3)

adding the initial condition and the boundary conditions, the precedent system becomes :
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8>>>><>>>>:
@z0
@t
��z0 =

N1P
i=1

�isi(t)�(x� ai) in Q;
@z0
@�

= 0 on �;

z0 (0; x) =
N2P
i=1

� j�
j in 
;

(4:4)

and

8<:
@zi
@t
��zi = �zi�1 in Q;

@zi
@�

= 0 on �;
zi (0; x) = 0 in 
;

1 (4:5)

for all i = 1;1.

Then, the averaged solution denoted z(t; x) is:

z(t; x) =

Z 1

0

z(t; x;�)d� =
1X
i=1

1

i+ 1
zi (t; x) : (4:6)

Theorem 4.2.1 The average solution given by ((4:6)) is well-de�ned. (see in Figure (4:1))
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The general term of the average solution given by (4:6) is alternated and decreases in absolute

value towards zero. So this series is convergent( d�Alembert�s theorem).

Moreover, suppose that the sensors provide some punctual averaged observation in the points

fxkg given by

fz(t; xk)g; k = 1;M; (4:7)

where M is the number of observation sensors.

We suppose that the available data are continuous-time average observations of the pollutant

concentration at each of these M observation points.

Suppose we do not know the parameters �. In the counterpart, we have at our disposal z(xk; t; �)

at M points xk, the time history, as time t varies in the time interval (0; T ), of the average

pollutant concentration

z : t! z(t; xk; �); 1 � k �M:

Let�s de�ne the operator B between RN and H = L2
�
0; T ;RM

�
,

where

z = B�; (4:8)

where z is the average calculated observation corresponding to the parameter �.

Let�s zdm the given average observation vector de�ned on the interval [0; T ], then we go to �nd

� such that

zdm = B�; (4:9)

with � 2 RN .

Then, we de�ne for that the cost function

J(�) =
1

2
jB� � zdmj2H ; (4:10)

where j:jH denotes the norm of H.

We take
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� = B� �B; (4:11)

where � is the N �N matrix.

The minimum of (4:11) is characterized by B�B� �B�zdm = 0, so we have

�� = B�zdm: (4:12)

We essentially suppose, B one-to- one. Then, it is well-know that � is strictly positive de�nite,

��1 exists then

� = ��1B�zdm; (4:13)

if en denotes the n-th vector of the canonical basis of RN , the n-th component of � is given by

�n = h�; eni and �n = h��1B�zdm; eni, ��1 is symmetric, then

�n =


B�zdm;�

�1en
�
; (4:14)

where !n is de�ned by ��1en = !n, then

�!n = en; (4:15)

Remark 4.2.1 We solve this equation (4:15) using the gradient method.

4.3 Gradient methods

To solve this equation �!n = en;, since the matrix � is symmetric, then the resolution of the

system (4:15) is equivalent to the minimization of J(w) = 1
2
h(�!n; w)iH � h(en; w)iRN , for all

w on RN . (See in Figure 4.2).

To solve this equation �!n = en;, since the matrix � is symmetric, then the resolution of the

system (4:15) is equivalent to the minimization of J(w) = 1
2
h(�!n; w)iH � h(en; w)iRN , for all

w on RN .
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Proof. However the gradient methods are based upon the fact that, if we give the vector of

controls 
 = (�; �), the cost function J(
) and its gradient J 0(
) are obtained by solving the

following two systems of equations by the decomposition method for, respectively, the state �

and the adjoint state q :8><>:
�0 + A� =

PN1
i=1 �isi(t)�(x� ai) in Q;

@�
@�

= 0 on �;
� (x; 0) =

PN2
j=1 � j�
j in 
;

(4:16)

and 8<:
�q0 + A�q =

PM
k=1wk(t)�(x� xk) in Q;

@q
@�

= 0 on �;
q (x; T ) = 0 in 
;

(4:17)

with wk(t) = �(xk; t) where � is the average of � with �.

Lemma 4.3.1 The components of the gradient of J are given by8<:
nR T

0
si(t)q(t; ai)dt� �in

o
1�i�N1nR


j
q (0; x) dx

o
1�j�N2

(4:18)

where q is the average of q with � (see in Figure.4.3 ).
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Proof. We take the derivative following the direction ei, then

h�!n; eii = hen; eii = �ni =

�
1 if n = i;
0 if n 6= i;

then, we have hB�B!n; eiiRN = hB!n; BeiiH , since

hB!n; BeiiH =
R T
0

PM
k=1 �(t; xk)	i(t; xk)dt

=
PM

k=1

R T
0

R 1
0
�(t; xk)

R


� (x� xk)	i(t; x;�)dxd�dt

=
R 1
0

DPM
k=1 �(t; xk)� (x� xk) ;	i(t; x;�)

E
L2(0;T ;
)

d�

since
PM

k=1 �(t; xk)� (x� xk) = �@q
@t
+ A�q, thenR 1

0

DPM
k=1 �(t; xk)� (x� xk) ;	i

E
L2(0;T ;
)

d� =
R 1
0



�@q
@t
+ A�q;	i

�
L2(0;T ;
)

d�

=
R 1
0



q; @	i

@t
+ A	i

�
L2(0;T ;
)

d�;
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since @	i
@t
+ A	i = si(t)�(x� ai), thenR 1

0
hq; si(t)�(x� ai)iL2(0;T ;
) d� = hsi(t)�(x� ai); qiL2(0;T ) ; h; i is commutative);

= hsi(t); q(t; ai)iL2(0;T )
=
R T
0
si(t)q(t; ai)dt� �in;

then

gradJ =

8<:
nR T

0
si(t)q(t; ai)dt� �in

o
1�i�N1nR


j
q(x; 0)dx

o
1�j�N2

4.4 Average solution of the heat equation with an un-
known parameter

We have

z(t; x;�) =
1X
i=0

�izi(t; x); (4:19)

then the averaged solution denoted z(t; x) is

z(t; x) =
R 1
0
z(t; x;�)d�;

=
P1

i=1
zi(t; x)

R 1
0
�id�;

(4:20)

then,

z(t; x) =
1X
i=1

1

i+ 1
zi(t; x): (4:21)

In the same way, we calculate the average adjoint state noted q(t; x)

q(t; x) =

1X
j=1

1

j + 1
qj(t; x): (4:22)

Remark 4.4.1 The average solution q is also well de�ned (see Theorem 3:1).

We deduce the components of the average gradient :

8<:
nR T

0
si(t)q(t; ai)dt� �in

o
1�i�N1nR


j
q(x; 0)dx

o
1�j�N2

(4:23)

Now, we give two positive parameters � and �,
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and we take :

�j+1 = �j + �gradJ: (4:24)

If �j+1 � �j � � ) stop.

then,

un = (zdm; Bwn)H = �j; (4:25)

else, we repeat the calculation.

4.5 Numerical application

To determine the average solution z(t; x), we take x 2 [0; 1], t 2 [0; 2], we are able to composethis

accordingto the established stucture, dx = 1
19
, dt = 1

2
.

We take in (4:4) : N1 = 1, � 1 = �0:2115, a1 = x(10), zObs(t) = exp(�t), S(t) = t, N2 = 4,

� j = �0:3192, �0:3839, �0:4128, �0:3554 for j = 1; 4.

We calculate z0, by solving the equation (4:4) and we calculate zi , i = 1; 12, by solving the

equations (4:5). To calculate z(t), we use the equation (4:7) and we take M = 1, xobs = x(7),

to calculate the approximate average solution, then we �nd these results at t = 1

z (t; x) =

-0.2087 -0.2087 -0.2086 -0.2085 -0.2082
-0.2078 -0.2073 -0.2067 -0.2060 -0.2054
-0.2063 -0.2073 -0.2081 -0.2089 -0.2095
-0.2099 -0.2103 -0.2105 -0.2106 -0.2106

q (t; x) =

-0.1530 -0.1530 -0.1537 -0.1550 -0.1570
-0.1595 -0.1615 -0.1559 -0.1197 -0.1439
-0.1389 -0.1344 -0.1305 -0.1272 -0.1245
-0.1224 -0.1207 -0.1197 -0.1191 -0.1191

To make the graph of the norm of the gradient vector with � = 0:1 and " = 0:01;

we �nd the control u = 0:1722� 0:2846� 0:3427� 0:3753� 0:3258:



Conclusion and perspectives

This thesis is devoted to parabolic problems including data without missing (unknown or par-

tially known), where we dealt with the identi�cation of the pollution term which is independent

of variations of the missing term.

In the �rst section, we introduced the sentinel method, the most commonly used strategy to

obtain information about missing terms by calculating a weighted average of observations. The

search for this information naturally leads us to an opposite problem.

In the second part, we carried out a study of pararbolic systems with incomplete data on the

edge and in the initial data where we used the sentinel method of J. L. Lions to answer the

question.

This showed that we can estimate the pollution term independently of other data that we do not

want to identify. This method consists of transposing a problem of identi�cation or estimation of

incomplete data into a problem of average exact or averaged weak controllability with constraints

on averaged control. In solving these problems, it is necessary to have measured data of the state,

for this, we have treated the two observation cases, with and without noise.

In the third part, our goal was the estimation of the pollution term of a parabolic system where

the initial condition and the boundary condition are partially known. With the same average

sentinel method we answered the question.

In the forth chapter, we have used the method of decomposing the solution of the system in
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series allowed us to transfer the problem to a series of simple problems. The calculation of

the average sentinel requires the resolution of a very large linear system (not recommended for

numerical calculation) this made us think of an indirect method (optimization method). In

addition, the calculation of the adjoint state allows the components of the gradient vector to

be calculated. This new idea led to surprising results, we could demonstrate the convergence of

the series in a numerical way. It is believed that this new idea can be applied in several areas:

physical problems, wave problems : acoustics, bilinear control

These results open up numerical perspectives of this method. The digital simulation tools avail-

able can still be improved to respond to the many problems current environmental conditions.

Today, we hope that the development of a new techniques will allow a better estimation of

unknown parameters in systems polluted.

However, much remains to be done theoretically, such as the search for an average observatory

which brings us back to averaged optimal control and therefore to the estimation of the pollution

term instead of xing it at the start of the work, and the link remains to be made with other

approaches: no-regret and least-regret control and especially robust control.



BIBLIOGRAPHY

[1] A. AYADI, C. LAAOUAR , A. HAFDALLAH, Identi�cation problem of a fractional ther-

moelastic deformation system with incomplete data: a sentinel method. Nonlinear Stud.

29(2), 399�410 (2022)

[2] A. AYADI, The use of sentinel in the study of the parabolic system with incomplete data,

Revue Sci.Tech et Develop, N 4, 2008.

[3] [ B. E. AINSEBA, Contrôlabilité exacte, identi�cation, sentinelles, Thèse de Doctorat,

Université de Technologie de compiègne, 1992.

[4] B. E. AINSEBA, J. P. KERNEVEZ, R. LUCE, Application des sentinelles à l�identi�cation

de pollution dans les rivières, RAIRO, vol. 28, N 3, pp. 297-312, 1994.

[5] B. E. AINSEBA, J. P. KERNEVEZ, R. LUCE, Identi�cation de paramètre dans des prob-

lèmes nonlinéaires à données incomplètes, RAIRO, vol. 28, N 3, pp. 313-328, 1994.

[6] D. ACHELI, J. P. KERNEVEZ, F. OUKASI, The sentinel method used in idendi�cation

of the position and trajectory of a source of pollution, Applicable Analysis, vol. 70 (3-4),

pp. 303-319, 1999.



BIBLIOGRAPHY 84

[7] A. E. BADIA, T. Ha-DUONG, A. HAMIDI, Identi�cation of a point source in linear

advection-dispersion-reaction equation: application to a pollution source problem, Inverse

problem 21, pp. 1121-1136, 2005.

[8] L. BADRAOUI, T. I. SEIDMAN, Some regional controllability issue for the heat equation,

DRAFT, 1999.

[9] A. V. BALAKRISHNAN, Applied Functional Analysis, Springer, 1976.

[10] S. BARNETT, R. G. CAMERON, Introduction to Mathematical control theory, Second

Edition Calendon Press, OXFORD, 1985.

[11] A. BERHAIL, Etude des systèmes hyperboliques à données manquantes, Thèse de Doc-

toral, Université de Canstantine 1, 2013.

[12] O. BODART, Applications de la méthode des sentinelles à l�identi�cation des sources

de pollution dans un système distribué. Contrôles insensibilisants, Thèse de Doctorat,

Université de Technologie de compiègne, 1993.

[13] O. BODART, J. P. KERNEVEZ, T. MANNIKKO, Numerical method to compute sen-

tinels for distributed system. In Proccedings of the 16th IFIP, TC7 conference in system

modelling and optimisation, Springer Verlag, Paris, 1994.

[14] O. BODART, P. DEMESTERE, Sentinels for the identi�cation of unknow boundary,

M3AS, pp. 871-885, 1997.

[15] O. BODART, P. DEMESTERE, Contrôle frontière de l�explosion en temps �ni de la solu-

tion d�une équation de combustion, C. R. Acad. Sci., t. 325, Série I, pp. 841-845, 1997.

[16] O. BODART, P. DEMEETERE, Sentinels for the identi�cation of an un- known boundary.

M3AS, 7(6), pp. 871-885. Université de Technologie de Compiegne (France), 1997.

[17] O. BODART, C. FABRE. Contrôle insensibilisant la norme de la solution d�une équation

de la chaleur semi-linéaire. C.R. Acad. Sci., Série I, 316(8), pp. 789-794, 1993.



BIBLIOGRAPHY 85

[18] A. BOUTOULOUT, A El. JAI, E. ZERRIK, Actuators and Regional Boundary Contro-

lability of Parabolic Systems, 1989.

[19] H. BREZIS, Analyse Fonctionnelle, Théorie et application, Masson, 1983.

[20] M. BURGER. Parameter identi�cation, Lecture Note, Winter School Inverse Problèmes,

2005.

[21] A. G. BUTKOVSKII, A. I. EGOROV, K. A. LURIES, Optimal control of distributed

systems, SIAM. J. Cont. Vol 6, N 3, 1968.

[22] G. CHAVENT, Analyse Fonctionnelle et identi�cation de coe¢ cients repartis dans les

équations aux dérivées partielles, Thèse Doctorat, Paris, 1971.

[23] G. CHAVENT, Estimation de paramètres distribués dans les équations aux dérivées par-

tielles, pp 361-390 in " computing method in Applied Sciences and Enginneering", part 2,

Lecture notes in Computer Sciences 11, Springer- Verlag, New york, 1974.

[24] G. CHAVENT, Generalized sentinels de�ned via least squares, INRIA, N 1932, 1993.

[25] N. CINDEA, Problèmes inverses et contrôlabilité avec applications en élasticité et IRM,

Thèse d�octorat, Université de Nancy, 2010.

[26] M. CLERC, P. L. TALLEC, M. MALLET, Contrôle optimale de Navier-Stokes Parabolisé,

Rapport de recherche, N 2653, 1995.

[27] M. DALAH, Etude des problèmes paraboliques à données manquantes, Thèse de doctorat,

Université de mentouri, Constantine, 2008.

[28] B. ELHAMZA, , A. HAFDALLAH, Identi�cation of the bulk modulus coe¢ cient in the

acoustic equation from boundary observation: a 1sentinel method. Bound Value Problem

2023, 23 (2023).

[29] B. ELHAMZA, , A. HAFDALLAH, Identi�cation of the potential coe¢ cient in the wave

equation with incomplete data: a sentinel method. Russ. Math.2022(12), 113�122 (2022).



BIBLIOGRAPHY 86

[30] R. DAGER, Insensitizing controls for the 1-D wave equation, SIAM J. Control. Optim,

Vol 45, N 5, pp. 1758-1768, 2006.

[31] B. DEHMAN, A. OMRANE, On the controllability under contraints on the control for

hyperbolic equations, App. Math. E-NOTES, N 10, pp. 36-39, 2010.

[32] P. DEMEESTERE, Méthode des sentinelles : Etude comparative et application à

l�identi�cation d�une frontière; contrôle du temps d�explosion d�une équation de combution.

Thèse de Doctorat, Université de Thechnologie de Compiègne, 1997.

[33] A. El JAI, M. C. SIMON, E. ZERRIK, A. J. PRITCHARD, Regional Controlability of

Distributed Parameter Systems. Int J Control, Vol 62, No 6, pp. 1351-1365, 1995.

[34] A. El JAI, E. ZERRIK, K. ZTOT, Systèmes dynamiques, Analyse et contrôle des systèmes

localisés. Presses Universitaires de Perpignan, 2008.

[35] E. F. F. CARA, E. ZUAZUA, On the null controllability of the one-dimensional heat

equation with non-smooth coe¢ cients, 1996.

[36] B. FORNET, Problèmes hyperboliques a coe¢ cient discontinus et pénalisation de prob-

lèmes hyperboliques, Thèse de doctorat, Université de Provence, 2007.

[37] A.V. FURSIKOV, Properties of solutions of some extremal problems connected with the

Navier-Stokes system, Math. USSR-Sb. 1983, 46, 323�351.

[38] A.V. FURSIKOV, O.YU. IMANUVILOV. Controllability of Evolution Equations. Séoul

National University, Gwanak-gu, Seoul. (1996).

[39] J. P. KERNEVEZ, The sentinel method and its aplications to environmental pollution

problems, Methematical modeling series, CRC. Press, Boca Raton, 1997.

[40] J. KLAMKA, Controlability of dynamical systems, Kluwer, Academic Publishers, 1990.

[41] J. L. LIONS, Contrôlabilité exacte, stabilisation et perturbation des systèmes distribuès,

Vol 1. Masson, 1988.



BIBLIOGRAPHY 87

[42] J. L. Lions, A. Bensoussan, R. Glowinski, Méthode de Décomposition Appliquée au Con-

trôle Optimal de Systèmes Distribués, 5th IFIP Conference on Optimization Techniques,

Lecture Notes in Computer Science, Springer Verlag, Berlin, Germany, Vol. 5, (1973).

[43] J .L. LIONS, Sentinelle pour les systèmes distribués à données incomplètes. Vol 21, Masson,

RMA, Paris, 1992.

[44] J. L. LIONS, Remarks on systems with incompletely given initial data and incompletely

given part of boundary, pp. 239-250, 1990.

[45] J. L. LIONS, Distributed systems with incomplete data and problems environment. Some

remaks, Collège de France, pp. 58-101, 1988.

[46] J. L. LIONS, Sur les sentinells des systèmes distribués. Le cas des conditions initiales

incompletes, C. R. Acad. Sci., t. 307, Série I, pp. 819-823, 1988.

[47] J. L. LIONS, Earth system models and mathematical remarks, Computer methods in

applied mechanics and engineeering 89, pp. 1-9, 1990.

[48] J. L. LIONS, Sur la théorie du contrôle, Canadian Mathematical Congress, 1975.

[49] J. L. LIONS, Sentinel for periodic distributed systems, Chin. Ann. of Math. Vol 10, Seri.

B, 1989.

[50] J. L. LIONS, Contrôle optimal des systèmes gouvernés par des équations aux dérivées

partielles, Dunod. Paris, 1968.

[51] J. L. LIONS, Furtivité et sentinelles pour les systèmes distribués à données incomplètes,

C. R. Acad. Sci., t. 311, Série I, pp. 691-695, 1990.

[52] J. L. LIONS, Boundary control of hyperbolic systems and homogenization theory, contr.

Appl. Nonlin. Progr. Optim. Capri, Italy, 1985.

[53] J. L. LIONS, Quelques notions dans l�analyse et le contrôle de systèmes à données incom-

plèt es, in Proceeding of the 11 th Congress on Dierential Equations and Applications,

Univ Màlaga, Spain, pp. 43-54, 1990.



BIBLIOGRAPHY 88

[54] J. L. LIONS, E. MAGENES, Problèmes Aux Limites Non Homogène et Application.Vol.1.

Dunod. Paris, 1968.

[55] Y. LIU, Analyse et contrôle de quelques problèmes d�interaction. Fluide-Structures, Thèse

de Doctorat, Université Henri Poincaré, Nancy I, 2011.

[56] G. MASSENGO, O. NAKOULIMA, Sentinels with given sensitivity. Euro. Jnl of

Appl.Math, Vol.19, pp. 21-40, 2008.

[57] G. MASSENGO, J. P. PUEL, Boundary sentinels with given sensitivity. Rev. Mat. Com-

plut. Vol 22, N 1, pp.165-185, 2009.

[58] G. MOPHOU, J.VELIN, A null controllability problem with constraint on the controlderiv-

ing from boundary discriminating sentinels, J. Nolinear Analysis, No 71, pp. e910- e924,

2009.

[59] Y. MILOUDI, O. NAKOULIMA, A. OMRANE, A method for detecting pollution in dis-

sipative systems with incomplete data, ESAIM, Procceding, Vol. 17, pp. 67-79, 2007.

[60] Y. MILOUDI, O. NAKOULIMA, A. OMRANE, On the instantaneous sentinels in pollu-

tion problems of incomplete data. Inverse problems in science and enginnering, pp. 1-9,

2008.

[61] Z. MIZOHATA, Unicité du prolongement des solutions pour quelques opérateurs di¤éren-

tiels paraboliques, Mem. Coll. Sc. Univ. Kyoto, Série A, Vol 31, pp 219-239, 1958.

[62] R. MOSE, M. E. STOECKEL, C. POULARD, P. ACKERER, F. LEHMANN, Transport

paremeters identi�cation: application of the sentinel method, Computational Geo-sciences

4, pp. 251-273, 2000.

[63] O. NAKOULIMA, Controlabilité à zéro avec contraintes sur le contrôle. C. R. Acad. Sci.

Serie. I, 339, pp. 405-410, 2004.

[64] O. NAKOULIMA, A revision of J.L.Lions notion of sentinels, Portugal. Math. (N.S) Vol.

65, Fasc.1, pp. 1-22, 2008.



BIBLIOGRAPHY 89

[65] O. NAKOULIMA, Optimal control for distributed systems subject to null-controllability.

Application to discriminating sentinels, ESAIM, COCV, Vol. 13, N 4,pp. 623-638, 2007.

[66] J. P. PUEL. Contrôlabilité approchée et contrôlabilité exacte, Notes de cours de D.E.A.,

Université Pierre et Marie Curie, Paris, 2001.

[67] ] J. S. PAULIN, M. VANNINATHAN, Sentinelles et pollutions frontières dans des domaines

minces, C. R. Acad. Sci. Paris, t. 325, Série I, pp. 1299-1304, 1997.

[68] J. S. PAULIN, J. VANNITHAN, Boundary pollution and sentinels in thin domain, C. R.

Acad. Sci. Serie. I, Vol 326, pp. 1299-1304, 2000.

[69] L.ROBBLANO, Uniqueness theorem adapted to to the control of solutions of hyperbolic

problems , J. Equ. Deriv. Part, pp. 1-4, 1991.

[70] H. SELATNIA,., A. BERHAIL, A. AYADI, Average Sentinel for a Heat Equation with In-

complete Data. January (2018) Journal of Applied & Computational Mathematics 07(04).

DOI:10.4172/2168-9679.1000421.

[71] R.TEMAM, Navier-stokes Equations. Theory and numerical analysis, Stud. Math. Appl.,

North-Holland, Amsterdam-New York-Oxford, 1984.

[72] A. TRAORE, B. MAMPASSI, B. SALEY, A numerical approach of the sentinel method

for distributed parameter systems, C. Euro. J. Mathe, Vol 5, N 4, pp. 751-763, 2007.

[73] A. TRAORE, B. MAMPASSI, L. SOME, A least square spectral collocation fomulation

for solving PDEs on complex geometry domains, Int. J. Appl. Math. Comp, Vol 2 (4), pp.

9-22, 2011.

[74] A. TRAORE, Contribution à la résolution numérique de problèmes de détection de pol-

lution en milieu zuide à structure géométrique complexe, Thèse Doctorat, Université de

Cheikh Anta Diop, Sénégal, 2008.

[75] J.VELIN, Discriminating distributed sentinel involving a navier stokes problem and para-

meter identi�cation, Esaim, Proseedings, pp. 143-166, 2007.



BIBLIOGRAPHY 90

[76] E. ZERRIK, Analyse Régionale des systèmes distribués. Thèse doctorat. Université Mo-

hamed.V. Rabat, Maroc, 1993.

[77] E. ZERRIK, A. AFIFI, A. El JAI, Systèmes dynamiques, Analyse régionale des systèmes

linéaires distribués. Tome 2, Presses Universitaires de Perpignan, 2008.

[78] E. ZUAZUA, Averaged control. Automatica, 50(12), 3077-3087. (2014).

https://doi.org/10.1016/j.automatica.2014.


	Selatnia Houria
	Average sentinel for a heat equation with incomplete data
	Absstract
	Resumé
	Introduction
	Controlability of distributed systems                              
	Description of the system
	Exact and weak controllability
	Regional controllability
	Observability
	Optimal control
	Regional control and penalization
	Unique extension theorems
	Averaged control
	Averaged controllability of distributed systems
	Optimal averaged control for distributed systems depending upon a unknown parameter


	Distributed systems with missing data
	Pollution detection problem
	Observation spaces
	Position of the problem
	Missing terms and pollution terms
	System observation
	Least squares method
	Sentinels method
	Continuous Sentinel
	Information provided by the sentinels
	Variational method
	Equivalence to a controllability problem
	Penalty

	Regional Sentinel
	Information provided by the sentinel
	Construction of a sentinel

	Pointwise sentinel
	Discriminating Sentinel
	Weak Sentinel

	Average Sentinel for a parabolic equation with incomplete data
	Setting of the problem
	Average controllability problem
	Characterization of optimal control
	Identification of the pollution term

	Average sentinel of a parabolic equation with an unknown reaction
	Setting of the problem
	Decomposition method
	 Gradient methods
	 Average solution of the heat equation with an unknown parameter
	 Numerical application

	Conclusion and perspectives
	Bibliography

