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ABSTRACT

This work presents new ideas to improve robust control, as well as adaptive control schemes

by introducing fractional order operators. Many adaptive concepts are studied, and new

control algorithms are proposed using fractional order differentiator and integrator. Fun-

damentals definitions of the most important notions of fractional calculus are presented.

Different approaches of adaptive control are also explored.

The main contribution of this work was devoted to the Model Reference Adaptive Control

MRAC, with the MIT control law and lies in the following two aspects,

(1) The fractional order robust control, giving a new simple and useful tuning technique

of fractional robust controllers. This technique can simply achieves user-specified gain

and phase margins using the Bode’s ideal transfer function as a reference model.

(2) The fractional order adaptive control, providing a novel design scheme to tune frac-

tional order adaptive PI controller for a class of First Order Plus Time Delay (FOPTD)

plants where the fractional adaptive control is improved in the two following points,

a. The initial parameters of the adaptive algorithm can be fixed in offline first, then

an online tuning is performed to achieve the robustness of the controlled plant,

b. The second point is the new Fractional Order Model Reference tuning form which

is introduced using the plant model.

Through some illustrative examples, simulation results show the effectiveness of the proposed

schemes.

In the practical part of this work, we have used the fractional order calculus to develop a

platform containing the necessary tools to deal with Real Time Data Acquisition and Control

on both dSPACE-DS1104 Controller and a low-cost platform on Arduino microcontroller.

Key Words: Fractional Order Robust Control, Fractional Order Model Reference Adaptive

Control, dSPACE-DS1104, Arduino.
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RÉSUMÉ

Ce travail présente des idées nouvelles pour améliorer la commande robuste, ainsi que les

schémas de la commande adaptative en introduisant des opérateurs d’ordre fractionnaire.

Plusieurs concepts adaptatifs sont étudiés et de nouveaux schémas de commande sont pro-

posés comportant des opérateurs d’ordre fractionnaire (dérivateur et intégrateur). Les défini-

tions fondamentales des notions les plus importantes du calcul fractionnaire sont présentées.

Différentes approches de commande adaptative sont également explorées.

La contribution de ce travail comporte la proposition de plusieurs schémas de commande

adaptative d’ordre fractionnaire qui résident particulièrement dans les aspects suivants :

(1) -Une nouvelle technique de synthèse d’un régulateur robuste d’ordre fractionnaire basé

sur l’utilisation de la boucle idéale de Bode comme modèle de référence. Le carac-

tère le plus innovant de cette méthode réside dans sa simplicité et ses performances

remarquables en termes de robustesse vis-à-vis la variation du gain statique du procédé.

(2) -Un nouveau schéma de conception et synthèse des contrôleurs PI adaptatif d’ordre

fractionnaire basée sur la fonction idéale de Bode où les paramètres du contrôleur sont

estimés en ligne pour une classe de systèmes de premier ordre.

À travers quelques exemples illustratifs, les résultats de simulation montrent l’efficacité des

schémas proposés.

Finalement, deux plateformes numérique différentes à base de microcontrôleurs (dSPACE

ds104 et low-cost microcontrôleur) sont réalisées pour l’implémentation temps réel et la

validation expérimentale de quelques techniques de synthèses et contrôleurs proposés dans

ce travail.

Mots clés: Commande robuste d’ordre fractionnaire, commande adaptative d’ordre frac-

tionnaire, dSPACE-DS1104, Arduino.
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ُ:صـــــــــــــــــخلمُ 

ساب من خلال إدخال عوامل الح كيفتمخططات التحكم الموكذالك ، تينيقدم هذا العمل أفكاراً جديدة لتحسين التحكم الم
، وتم اقتراح خوارزميات تحكم جديدة باستخدام عناصر كيفتالتحكم المالخاصة ب. تم دراسة العديد من المفاهيم الكسري

الاكثر  ريفاتعالمع  ةالأساسيفاهيم الم. تم عرض الكسري التحويل دوال( بالإضافة إلى تكاملفاضل ، ت) الكسريساب الح
 .كيفتالملتحكم مُقاربات ا تلفمخُ  عرض. كما تم الكسريمفاهيم حساب التفاضل والتكامل ة و أهم

هذه و  MIT، مع قانون التحكم  MRACالنموذجذو المرجعي  كيفتالمللتحكم  هاتم تخصيصالمساهمة الرئيسية لهذا العمل 
 في الجانبين التاليين، المساهمة تكمن

 الكسري تينالملتحكم في ابسيطة ومفيدة جديدة تقنية ضبط قدمنا في هذا الجانب ، الكسري الترتيب ذو تينالمالتحكم   (1)
(FOC)  .ــــ بما يسمى  عمالالمستخدم باستالمحددة من قبل الطور هوامش و  قوةيمكن لهذه التقنية ببساطة تحقيق هوامش ال

 .كنموذج مرجعي  الكسري الترتيبذو كامل أو مُ  (Bode) "لبودل المثالية تحويال دالة"

ذو  كيفتالمم تحكالموحدة لمخطط تصميم جديد لضبط  في هذا الجانب قدمنا، الكسري الترتيبذو  كيفتالمالتحكم   (2)
حيث  (FOPTD) الأولي ذو تأخر زمني الترتيب أنظمة فئة( مع تطبيقها على PIتحكم تناسبي تكامليمُ ) الكسري الترتيب

 في النقطتين التاليتين، الكسري الترتيبذو  كيفتالمتم تحسين التحكم 

لتحقيق متانة  على الوصلأولاً ، ثم يتم إجراء ضبط  الفصلفي وضع  كيفتالمخوارزمية  لمعاملات اعطاء قيم ابتدائيةأ. يمكن 
 ،تحكمالخاضع لل النظام

تم تقديمه باستخدام أين لنموذج ذو ا المرجعي كيفتتحكم المالجديد لم الكسري الترتيبذو الضبط نموذج  ب. النقطة الثانية هي
 .النظامنموذج 

 .تظهر فعالية المخططات المقترحةنتائج المحاكاة من خلال بعض الأمثلة التوضيحية، 

على الأدوات اللازمة للتعامل  تحتوي ةلتطوير منص الكسري الترتيبذو تحكم استخدمنا الم، ه الأطروحةهذفي الجزء العملي من 
كمنصة  ردوينووأ (dSPACE-DS1104) وحدة تحكمفي كل من البيانات في الوقت الحقيقي والتحكم فيها  ادخالمع 

 (.Arduino) منخفضة التكلفة

 :الكلماتُالدالة

 الترتيبج ذو لنموذ ذو ا المرجعي كيفتتحكم المم، الكسري الترتيبتين ذو التحكم الم، الكسريحساب التفاضل والتكامل 
 .Arduino وحدة تحكم dSPACE-DS1104 وحدة تحكم ،الكسري
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INTRODUCTION

This part provides the motivation of the present research work with a brief review of frac-

tional calculus and its applications. The research contributions and key results are presented.

It also highlights the organization of the thesis.

1 Motivation

Differential equations are playing a crucial role in modeling, analysis and control of dy-

namic systems. However, in many engineering and scientific disciplines there are a variety of

phenomena and dynamics that cannot be precisely described by these ordinary differential

equations. Fractional differential equations are specified by generalizing the integer order of

these equations to arbitrary real or even complex order. They extend the traditional defini-

tion of integration and differentiation to non-integer order and join them into one definition

where operator depends on the order sign. The popularity of this subject has increased

during the last decades in several fields of science and engineering.

Fractional differential equations arise in different branches of science and engineering

due to the effective memory function of their fractional derivative term. The importance of

fractional derivatives for modeling phenomena is also due to their nonlocality nature which is

an intrinsic property of many complex systems. Unlike the integer order derivative, fractional

derivatives do not take into account only local characteristics of the dynamics but considers

the global evolution of the system; for that reason, when dealing with certain phenomena,

they provide more accurate models of real-world behavior than standard derivatives.

1
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2 INTRODUCTION

The Fractional Order Calculus (FOC) is as old as the integer one although up to recently

its application was exclusively in mathematical physics. Its applications in engineering have

been delayed because of its computational complexity [16, 101] and the Integer Order Cal-

culus seems, at first sight, to be enough to solve engineering problems. In the second half of

the 20th century, parallel to the development of computers and algorithms, this calculus has

spread out to engineering areas and it has become very powerful and useful tool to describe

many physical phenomena such as in physics [60], chemistry [128] and electrochemistry [98],

aerodynamics [8], mechanics [60], electrodynamics of complex medium [41], viscoelasticity

[88], electrical networks [14], biophysics [151], blood flow phenomena [127], polymer rheology

[125], probability and statistics [44], control theory of dynamical systems [47, 110, 40, 112,

149, 93, 81, 157], signal and image processing [59, 138, 5, 25], [85, 119, 132], etc.

Application of fractional order calculus in Control Theory has led to the generalization

of this domain for non-integer order. Thus, it can improve and generalize well-established

control methods and strategies. Another generalization in the control theory known as sys-

tem modelling and control using fractional-order calculus was also released. Throughout the

last decades it was shown that fractional order control ensures best quality and performance

for the controlled system.

The idea of using fractional-order controllers for robust control of dynamical systems

belongs to A. Oustaloup, who developed the so-called CRONE controller [102] (CRONE is

an abbreviation of Commande, Robuste d’Ordre Non Entier). A. Oustaloup demonstrated

the advantage of the CRONE controller in comparison with the classical one. The fractional

PID (PIλDµ) Controller [115], described in Chapter 2, also shows better performance than

the classical PID Controller. Fractional-order derivatives and integrals in adaptive control

has recently attracted considerable interest of many researchers such as, S. Ladaci, and A.

Charef. [66], S. Ladaci, and Y. Bensafia [61], and especially on MRAC (Model Reference

Adaptive Control) [149].

The motivation for this thesis stems from particular importance of fractional operators

including practical challenges in robust and adaptive control applications. Fractional order

control offers more tuning freedom, important robustness criteria, stabilizing abilities, and
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2. Thesis Overview 3

superior performance compared to the existing conventional control loops. Therefore, a fur-

ther set of specific research goals may be proposed: to study fractional order adaptive control

models and to provide new tuning methods; to develop new fractional order techniques; to

provide means for stabilizing an unstable plant.

2 Thesis Overview

2.1 Author’s Contribution

Fractional control techniques provide an effective way to control dynamic behaviours, using

fractional order operators. Adaptive control is an advance scheme in the field of automatic

control. Regarding control techniques, the aim of this thesis is to contribute to the field

by extending the classical adaptive control to the fractional case called fractional adaptive

control. More specifically, it aims to generalize either existing algorithms or developing new

once. This may improve the stability and increases the robustness of the closed-loop system.

Taking into account the difficulties of this task, it is necessary to provide a fundamental

description and analysis of the fractional order calculus along with its mathematical prelim-

inaries. Throughout this thesis, the mathematical aspects of the synthesis and analysis of

various algorithms are also emphasized.

In the light of the description of the fractional calculus, the author has obtained some

significant results on the following topics:

A. Fractional robust control

1 . A new simple and useful tuning technique of fractional robust controllers (FOC)

using Bode’s ideal transfer function as a reference model.

2 Design of fractional order PIλ using Bode’s integrals based online estimation.
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4 INTRODUCTION

B. Fractional adaptive robust control

1 . FO-MRAC-based fractional order PIλDµ Controller using MIT rule with the concept

of Bode’s ideal loop function.

2 . Online Fractional Order PIλ Controller Tuning Scheme by Introducing a New Frac-

tional Order Model Reference Using the Plant Model.

3 . Robust FO-MRAC with Fractional Order Feed-Forward with Application to a DC/DC

Boost Converter.

C. Implementation of fractional control

1 . Numerical Implementation of Fractional Order Controllers on dSPACE Platform.

2 . Numerical Implementation of Fractional Order Controllers on Low-Cost Platform.

The proposed fractional-order model based control design methods are verified and tested

by simulation on a variety of plant models as well as real-life hardware laboratory models of

certain plants.

2.2 Thesis Outline

The rest of this thesis is organized as follows.

Chapter 1 gives some fundamentals of fractional calculus that are necessary for theoretical

development in this thesis. In addition, an overview of fractional order systems and most

useful approximation of fractional order operators are provided with relevant comments.

Chapter 2 presents the fractional order robust control with an overview of the most

popular fractional order robust controllers such as, CRONE controller and the fractional

order PIλDµ Controller. The well known Bode’s ideal loop is also presented which is used

next for the main contribution of this thesis.

Chapter 3 considers robustness criteria in plant parameter changes case by exploring the

model reference adaptive control (MRAC) problem and the use of fractional operators in the

adaptation algorithm.
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2. Thesis Overview 5

In Chapter 4, in order to validate some results discussed in the previous chapters, some

developed fractional order control is implemented on both DS1140 control board platform

and Low-Cost control board based Microcontroller.

The Conclusion and Future Work part concludes the results of the above chapters, dis-

cusses some issues of the application of proposed adaptive control methods, and gives future

direction of the research with respect to fractional adaptive control.

Mathematics for fractional calculus are explained in the Appendix A. Some tools for

numerical implementation are presented in Appendix B. Papers published or submitted in

conferences and journals are listed in the Appendix C.
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Chapter 1

FUNDAMENTALS OF FRACTIONAL

CALCULUS

This Chapter presents fundamentals of fractional calculus that are necessary for theoretical

development of this thesis. In addition, an overview of fractional order systems and most use-

ful approximation of fractional order operators are provided with relevant comments. A brief

review of applications of fractional calculus in various scientific and engineering disciplines

is also presented.

1.1 Introduction

Fractional calculus is known as a mathematical tool for generalizing conventional integrals

and derivatives, the topic attracted the attention of mathematical giants such as Euler,

Laplace, Fourier, Abel, Laurent, Hardy and Littlewood. In the 19th cycle and thanks to the

main contributions of Liouville, Grünwald, Letnikov and Riemann a whole complete theory

adapted to modern mathematical developments has been formalized.

Nowadays, fractional calculus is a well-established theory with strong mathematical bases

[49, 89, 100, 122, 123]. The main reason for the vast spreading of fractional calculus is that

it actually provides excellent capabilities to accurately model several physical processes. In

7
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8 CHAPTER 1. FUNDAMENTALS OF FRACTIONAL CALCULUS

control theory, application of fractional calculus spawned two major branches: Fractional

order modeling and Fractional order control, which consequently formed three combinations

in academic research and practical implementation:

1) Integer Order Control of Fractional Order Process Plants/Models;

2) Fractional Order Control of Integer Order Process Plants/Models;

3) Fractional Order Control of Fractional Order Process Plants/Models.

Regarding these topics, many existing methodologies and principles are waiting to be

extended; meanwhile, dedicated new theory and methods need to be developed to deal with

the sprouting circumstances.

In this section, we provide basic definitions of fractional calculus along with its mathemat-

ical preliminaries. Then, we will discuss the problem of implementing fractional operators

based on the approximation of fractional operators by rational functions. At the end of this

section, we provide a brief survey of the applications of fractional order calculus in science

and engineering. Information of this section will be used throughout the thesis.

1.2 Mathematical Preliminaries

Fractional calculus is a generalization of integration and differentiation to the non-integer

order fundamental operator t0D
α
t , where t0 and t are the limits of the operation. The

continuous integro-differential operator is defined as,

t0D
α
t =





dα

dtα
, <(α) > 0

1, <(α) = 0

∫ t
t0

(dτ)−α, <(α) < 0

(1.1)

where α is the order of the operation, generally α ∈ R but could also be a complex

number [107].
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1.2. Mathematical Preliminaries 9

1.2.1 Mathematical Definitions of Fractional Operator

Up to now, there are more than 10 types of definitions for fractional order integrals and

differentiations [89]. For researchers’ convenience, several commonly used definitions are

briefly listed below. More details can be found in [79].

1.2.1.1 Riemann-Liouville definition of fractional order integration

The Riemann-Liouville (R-L) definition of fractional order integration is:

0D
−α
t f(t) =

1

Γ(α)

∫ t

0

(
f(τ)

(t− τ)1−α

)
dτ (1.2)

where, 0 < α < 1, and Γ(.) is the Gamma function Γ(x) =
∫∞

0
e−uux−1du. When the

initial integral limit changes from 0 to an arbitrary point t0, this definition is generalized to

the Weyl definition of fractional order integral:

t0D
−α
t f(t) =

1

Γ(α)

∫ t

t0

(
f(τ)

(t− τ)1−α

)
dτ (1.3)

1.2.1.2 Riemann-Liouville definition of fractional order differentiation

The R-L definition of fractional order differentiation is based on the fractional integral and

the ordinary derivatives:

0D
α
t f(t) =

d

dt

∫ t

t0

[
0D
−(1−α)
t f(t)

]
dτ (1.4)

More specifically, there are left R-L and right R-L definitions for fractional order differenti-

ation by distinguishing the lower and upper limits of the integration,

t0D
α
t f(t) =

1

Γ(n− α)

(
d

dt

)n ∫ t

t0

(t− τ)a−α−1f(τ)dτ (1.5a)

tD
α
t1
f(t) =

1

Γ(n− α)

(
− d

dt

)n ∫ t1

t

(t− τ)a−α−1f(τ)dτ (1.5b)
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10 CHAPTER 1. FUNDAMENTALS OF FRACTIONAL CALCULUS

The complete Riemann-Liouville definition for the integration or differentiations of a frac-

tional order α for a function y(t) is given by:

t0D
α
t y(t) =





1
Γ(−α)

∫ t
t0

(t− τ)−α−1y(τ)dτ, if <(α) < 0,

y(t), if <(α) = 0,

Dn
[
t0D

α−n
t y(t)

]
, n = min {k ∈ ℵ : k > <(α)} , if <(α) > 0,

(1.6)

where α ∈ C, n is a positive integer and y is a locally integrable function defined on [t0, ∞].

1.2.1.3 Caputo definition of fractional order differentiation

The Caputo definition of fractional order differentiation takes the integer order differentiation

of the function first and then take a fractional order integration:

C
0 D

α
t f(t) =

1

Γ(1− α)

∫ t

t0

(
f
′
(τ)

(t− τ)α

)
dτ (1.7)

Under this definition, D and 0D
−(1−α)
t do not commute because the initial value needs be

considered:

C
0 D

α
t f(t) = 0D

−(1−α)
t f(t) [Df(t)] +

f(0+) t−α

Γ(1− α)
(1.8)

1.2.1.4 Grünwald-Letnikov definition

The Grünwald-Letnikov (G-L) definition defines the fractional integration and differentiation

in a unified way, as positive values of α give fractional differentiation and negative values of

α give fractional order integration.

t0
Dα
t f(t) = lim

h→0

(
1

hα

)
[
(t−t0)
h

]
∑

j=0

(−1)j
(
α

j

)
f(t− jh) (1.9)

where,
(
α

j

)
represents the binomial coefficient, which is described in terms of the Gamma

function.
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1.2.2 Properties of Fractional Order Operators

For the fractional derivative of a time function f(t) exists, it is sufficient that f(t) can be

written in the form [89].

f(t) = (t− t0)λ η(t− t0) (1.10)

with





λ ∈ C,

<(λ),

η(t), Analytic function of C for t ≥ 0

(1.11)

and so that its fractional order integral exists, it is sufficient that f(t) is piecewise continuous

on ]t0,+∞[ and integrable on [t0, t] for any t > t0.

1.2.2.1 Properties of fractional order integral

The fractional order integral operator meets the semi-group property, namely [123]:

Iv1t0 ◦ Iv2t0 = Iv1+v2
t0 with




<(v1) > 0,

<(v2) > 0,

(1.12)

and thus, the commutativity property:

Iv1t0 ◦ Iv2t0 = Iv2t0 ◦ Iv1t0 (1.13)

1.2.2.2 Properties of fractional-order differentiation

The fractional-order differentiation has the following properties [117]:

1 . The fractional-order differentiation 0D
α
t f(t), with respect to t of an analytic function

f(t), is also analytical.

2 . The fractional-order differentiation is exactly the same with integer-order one, when

α = n is an integer. Also 0D
0
tf(t) = f(t).

3 . The fractional-order differentiation is linear; i.e., for any constants a, b, one has,

0D
α
t D [af(t) + bg(t)] = a 0D

α
t f(t) + b 0D

α
t g(t) (1.14)
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12 CHAPTER 1. FUNDAMENTALS OF FRACTIONAL CALCULUS

4 . Fractional differentiation operators satisfy the commutative-law, and also satisfy,

0D
α
t

[
0D

β
t f(t)

]
= 0D

α
t

[
0D

β
t f(t)

]
= 0D

α+β
t (1.15)

1.2.3 Laplace Transforms of Fractional Operators

Laplace transform (denoted as L) is one of the most mathematical tools in dynamic system

and control engineering. For this reason, we will give here the equation of these transforms

for the defined fractional order integrals and differentiations.

1.2.3.1 Laplace transform of fractional order integral

Writing of equation (Eq. 1.1) using the convolution product, the Laplace transform of frac-

tional integral is [100]:

L
{

0D
−α
t f(t)

}
= L

{
tα−1u(t)

Γ(α)
∗ f(t)

}
= L

{
tα−1u(t)

Γ(α)

}
L{f(t)} = s−α F (s), (1.16)

where, u(t) is the unit step function, <(α) > 0, F (s) = Lf(t) and s = (σ+jω) is the Laplace

operator.

This is a remarkable result that generalizes the well-known formula of the integral Laplace

transform in the integer case.

1.2.3.2 Laplace transform of fractional order differentiation

The Laplace transform of the fractional derivative of a causal time function is given by [100]:

L{Dαf(t)} = sα F (s)−
[
Dα−1f(t)

]
t=0

(1.17)

This is a remarkable result that generalizes the well-known formula of the derivative Laplace

transform in the integer case.

In particular, if the derivatives of the function f(t) are all equal to 0 at t = 0, one has,

L [0D
α
t f(t) ] = sα L [f(t)]
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1.3 Time and Frequency Domain Analysis of FO-Operators

From the previous sections, it can be seen that the analysis and design of the fractional-order

operators are difficult tasks.

1.3.1 Frequency Domain Analysis

The computation of frequency responses of fractional-order operators plays an important

role in the application of frequency domain methods for the analysis and design of control

systems.

Fractional-order operators can be classified to three categories [55]: fractional-order pure

differential operator, fractional derivative operator and fractional-order integral operator.

1.3.1.1 Fractional-order pure integro-differential operator

The expression of a pure differential operator is,

G(s) = sµ , (1.18)

where µ is an arbitrary real number. It reduces to fractional derivative when µ > 0 and to

fractional integral when µ < 0. It degrades to a constant gain, whose value equals to 1, if

µ = 0. If we let −1 ≤ µ ≤ 1. Then, for a frequency ω ∈ (−∞; +∞), the frequency domain

response may be obtained by substituting s = jω in (Eq. 1.18), and we have [136],

G(jω) = (jω)µ

= ωµ
[
cos

π

2
+ j sin

π

2

]µ

= ωµ
[
cos

µπ

2
+ j sin

µπ

2

]
(1.19)

In addition, consider the following useful relation for the non-integer power µ ∈ R of the

imaginary unit j.

jµ = cos
(µπ

2

)
+ j sin

(µπ
2

)
(1.20)
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Magnitude and phase expressions are:

|G(jω)| = A(ω) = |ωµ| (1.21)

∠G(jω) = θ(ω) =
π

2

[
µ−

(
1− ω

|ω|

)]
(1.22)

20 logA(ω) = 20 log |ωµ| = 20µ log |ω| (1.23)

resulting in:

• Magnitude (dB vs log-frequency): a beeline with a slope of +20µ dB when ω > 0 and

-20µ dB when ω < 0 passing through 0 dB for ω = ±1 see (Fig. 1.1),

• Phase (rad vs log-frequency): independent with frequency. Under a certain order µ,

the phase is µπ
2
when ω > 0 and (−π + µπ

2
) when ω < 0 see (Fig. 1.1).
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P
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a
s
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Sµ

Phase Plot

S−µ

Sµ

Figure 1.1 Bode diagrams of sµ, with µ = 0.85 and µ = −0.85

1.3.1.2 Fractional-order derivative operator

The expression of a fractional-order derivative operator is:

G(s) = τα s
µ + 1, µ ∈ [0, 1] (1.24)
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where,

τα = Aα∠θα

= Aα(cos θα + j sin θα), Aα > 0, θα ∈ [0, 2π], 0 < µ ≤ 1.

Then, for a frequency ω ∈ (−∞; +∞), the frequency domain response may be obtained by

substituting s = jω in (Eq. 1.24), and we have,

G(jω) = τα(jω)µ + 1

= 1 + ωµAα cos
(
θα + µ

π

2

)
+ jωµAα sin

(
θα + µ

π

2

) (1.25)

Thus, the magnitude expression is,

A(ω) =

√[
1 + ωµAα cos

(
θα + µ

π

2

)]2

+
[
ωµAα sin

(
θα + µ

π

2

)]2

(1.26)

and, the phase expression is,

θ(ω) = tan−1

(
ωµAα sin

(
θα + µπ

2

)

1 + ωµAα cos
(
θα + µπ

2

)
)

(1.27)

resulting in:

• Magnitude diagram (dB vs log-frequency): a 0 dB line when |ω| < A
(− 1

µ
)

α = ωb (break

frequency), of a beeline with slope of 20µ dB when ω > ωb and a beeline with its slope

of -20µ dB when ω > ωb, see (Fig. 1.2);

• Phase (rad vs log-frequency): starts from the origin and approaches to limit phase Θ =
(
θα + µπ

2

)
in positive frequency domain, from (Θ−π) to the origin in negative frequency

domain. At the break frequency ωb, the phase values 1
2

(
θα + µπ

2

)
, see (Fig. 1.2). The

Nyquist contour is a beeline obtained by anticlockwise rotation of real axis
(
θα + µπ

2

)

around the (1,0) point.

1.3.1.3 Fractional-order integral operator

The expression of a fractional-order integral operator is:

G(s) =
1

τα sµ + 1
, µ ∈ [0, 1] (1.28)
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Then, for a frequency ω ∈ (−∞; +∞), the frequency domain response may be obtained by

substituting s = jω in (Eq. 1.28), and we have the magnitude and phase expressions,

A(ω) =
1√[

1 + ωµAα cos
(
θα + µπ

2

)]2
+
[
ωµAα sin

(
θα + µπ

2

)]2 (1.29)

θ(ω) = tan−1

(
ωµAα sin

(
θα + µπ

2

)

1 + ωµAα cos
(
θα + µπ

2

)
)

(1.30)

Hence, the logarithm frequency properties are minus functions of those of fractional-order

derivative operator resulting in:

• Magnitude diagram (dB vs log-frequency): a 0 dB line when |ω| < A
(− 1

µ
)

α = ωb (break

frequency), of a beeline with slope of -20µ dB when ω > ωb and a beeline with its slope

of 20µ dB when ω < −ωb, see (Fig. 1.2).

• Phase (rad vs log-frequency): starts from the origin and approaches to limit phase

Θ = −
(
θα + µπ

2

)
in positive frequency domain, from (Θ− π) to the origin in negative

frequency domain. At the break frequency ωb, the phase values −1
2

(
θα + µπ

2

)
, see

(Fig. 1.2). The Nyquist contour starts along the asymptote with its slop −
(
θα + µπ

2

)

from the origin and approach the (1,0) point in negative frequency domain, begins at

the point (1,0) and approaches to origin along the same direction of the asymptote in

the positive frequency domain.
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Figure 1.2 Bode diagrams of (ταs
µ + 1) and 1/(ταs

µ + 1), with µ = 0.85

1.3.2 Time Domain Analysis

Time domain responses of fractional-order operators can be evaluated with different methods.

The impulse and step responses can be obtained by the use of the analytical solution of the

inverse Laplace transform.

1.3.2.1 Impulse response

From equation (Eq. 1.6) we can write:

L{0D
α
t y(t)} = L

{
t−α−1u(t)

Γ(−α)
∗ y(t)

}
= L

{
t−α−1u(t)

Γ(−α)

}
L{y(t)} = sα Y (s), (1.31)

where u(t) is the unit step function. The case Y (s) = 1 corresponds to the fractional-order

derivative α of the Dirac function y(t) = δ(t), then, by substituting y(t) in (Eq. 1.31), we

can deduce the impulse response of a fractional order derivative, as,

L{0D
α
t δ(t)} = sα = L

{
t−α−1u(t)

Γ(−α)

}
⇔ L{0D

α
t δ(t)} =

t−α−1u(t)

Γ(−α)
, (1.32)

Figure (1.3) shows the impulse response of a fractional derivative for different values of the

order α.
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Figure 1.3 Impulse response of a fractional derivative for different values of α.

1.3.2.2 Step response

The fractional order derivative of a unit step is obtained by substituting Y (s) = 1/s in the

(Eq. 1.31), which gives:

L{0D
α
t yunit(t)} = sα−1 ⇔ 0D

α
t yunit(t) =

t−αu(t)

Γ(−α + 1)
, (1.33)

Figure (1.4) shows the step response of a fractional order derivative for different values of α.

Figure 1.4 Step response of a fractional derivative for different values of α.
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1.4 Approximation of Fractional-Order Operators

In the previous sections, different types of definitions for fractional-order operators as well

as their analysis in frequency and time domain are addressed. The most difficult problem

yet to be solved particularly in time domain is how to implement them. A feasible way to

implement fractional operators is to use finite dimensional integer-order transfer functions.

Theoretically speaking, an integer-order transfer function representation of a Fractional-

Order Operator (FOO) sα is infinite-dimensional. However, it should be pointed out that the

finite-dimensional approximation of the FOO should be done in a proper range of frequencies

of practical interest [106, 107]. Moreover, the fractional-order can be a complex number [107].

For a single term sα with α a real number, there are many approximation methods

proposed but unfortunately it is not possible to say that one of them is the best. In general,

we have analog realizations [52, 99, 133, 117] and digital realizations. A good review of these

approximations can be found in [141, 117, 147].

1.4.1 Continuous-Time Approximation of Fractional Operators

Oustaloup and Charef’s approximation are the well-known methods. Charef’s approximation

is good enough in most cases for the works presented in this thesis.

1.4.1.1 Oustaloup method

The Oustaloup recursive filter, proposed in [107] and discussed in [91, 147], gives a very

good approximation of fractional operators in a specified frequency range. It is a well-

established method and is often used for practical implementation of fractional-order systems

and controllers. It is summarized next.

In order to approximate a fractional differentiator of order α or a fractional integrator of

order (−α) by a conventional transfer function one may compute the zeros and poles of the

latter using the following equations:

sα ≈ K

N∏

k=1

s+ ω
′
k

s+ ωk
, (1.34)
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where,

ω
′
k = ωb.ω

(2k−1−α)/N
u , (1.35)

ωk = ωb.ω
(2k−1+α)/N
u , (1.36)

K = ω
α)
h , ωu =

√
ωh
ωb
, (1.37)

N is the approximation order in a valid frequency range (ωb; ωh). For fractional orders α ≥ 1

we can write,

sα = snsγ, (1.38)

where n = α− γ denotes the integer part of α and sγ is obtained by the Oustaloup approx-

imation by using (Eq. 1.34). Thus, every operator may be approximated using (Eq. 1.38)

and substituted by the obtained approximation, yielding a conventional integer-order trans-

fer function. For digital implementations, the obtained approximation may be converted to

its discrete-time equivalent using a suitable method.

1.4.1.2 Charef’s method

In this method [20] the differentiator or integrator is approximated in a given frequency band

[ωb; ωh] by a rational function using a set of elementary first order cells of the form:

H(s) =
1(

1 + s
pT

)α , (1.39)

by a quotient of polynomials in s in a factorized form:

Ĥ(s) =

n−1∏
i=0

(
1 + s

zi

)

n∏
i=0

(
1 + s

pi

) , (1.40)

where the coefficients are computed for obtaining a maximum deviation from the original

magnitude response in the frequency domain of y dB. Defining,

a = 10[ y
10(1−α) ] , b = 10[ y

10α ] , ab = 10[ y
10α(1−α) ] , (1.41)

the poles and zeros of the approximated rational function are obtained by applying the

following formulae:

p0 = pT
√
b , pi = p0 (ab)i , zi = ap0 (ab)i , (1.42)
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The number of poles and zeros is related to the desired bandwidth and the error criteria

used by the expression:

N = Integer



log
(
ωmax
p0

)

log (ab)


+ 1 , (1.43)

1.4.2 Discrete-time Approximation of Fractional Order Operators

The key step in discrete approximation or implementation of a FOO is the discretization of

the term sα. In general, there are two classes of discretization methods: direct discretization

and indirect discretization.

In indirect discretization methods [107], two steps are required, i.e., frequency domain

fitting in continuous time domain first and then discretizing the fit s-transfer function. The

most common are Tustin’s, Simpson’s, or Al-Alaoui’s approximations [2, 147]. Existing

direct discretization methods include the application of the direct power series expansion

(PSE) of the Euler operator [78, 148, 146, 147], continued fraction expansion (CFE) of the

Tustin operator [23, 148, 146, 147], and numerical integration based method [23, 78].

The former discretization methods of sα lead naturally to the DFOO (Digital Fractional

Order Operator) usually in Infinite Impulse Response (IIR) form. Actually, there are some

methods to directly obtain the DFOOs in infinite impulse response (FIR) form [138, 139] .

However, using an FIR filter to approximate sα may be less efficient due to the very high

order of the FIR filter. Thus, discretizing fractional-order operators in IIR (Infinite Impulse

Response) forms is preferred [2, 23, 26].

1.4.3 Numerical Evaluation of Fractional Order Operators

Numerical computation of fractional order derivatives and integrals for any function y(t) is

generally very difficult when using analytical methods. Therefore, a numerical approxima-

tion is necessary. The most simply used method is the one based on the Grünwald-Letnikov

definition. Thus, the formula (1.9) can be used to approximately compute numerical eval-

uation of the fractional order derivatives and integrals by choosing an appropriate value of
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the sampling step [89], that is to say:

t0
Dα
t y(t) ≈ 1

hα

int
[
(t−t0)
h

]
∑

k=0

(−1)k
(
α

k

)
y(t− kh) (1.44)

For t � t0 the number of addends in the fractional approximation (Eq. 1.44) becomes

enormously large, in other words, we need unlimited memory. For a given approximation

error ε, these addends can be decreased to a limited term N , fixed by using short memory

principle.

Theorem 1.4.1 (Short memory principle) [113]: if a time function y is bounded in the

interval [t0, t], i.e., if there exists a value M verifying:

|y(ξ)| < M, ∀ξ ∈ [t0, t] , (1.45)

thus, the approximation:

t0
Dα
t y(t) = t−LD

α
t y(t) withL < t− t0 , (1.46)

gives an error ε such that:

|ε| < ML−α

|Γ(1− ε)| , (1.47)

Consequently, the formula (1.44) can be rewritten as:

aD
α
t y(t) ≈ 1

hα

N∑

k=0

(−1)k
(
α

k

)
y(t− kh) (1.48)

where, N = integer(L
h

).

The main advantage of this approach lies in its simplicity of implementation.
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1.5 Representation, Analysis and Simulation of Fractional

Order Systems

1.5.1 Fractional Order Linear Systems

In the fields of dynamical systems and control theory, a fractional-order system is a dynamical

system that can be modeled by a fractional differential equation containing non-integer

operators. Such systems are said to have fractional dynamics. A general continuous-time

dynamical linear system of fractional order can be described by the following form, [91]:

anD
αn y(t) + an−1D

αn−1 y(t) + . . . + a0D
α0 y(t) =

bmD
βm u(t) + bm−1D

βm−1 u(t) + . . . + b0D
β0 u(t) (1.49)

where y(t) and u(t) are functions of the fractional derivative operator D of orders αi, βj

(i, j = 1, 2, 3...), that can be arbitrary real numbers, i.e. (αi, βj) ∈ R2
+ and (ai, bj) ∈ R2.

If the (αi and βj) are integer multiples of a common factor q, the system is called having

commensurate-order, if (αi, βj) = kq, q ∈ R+. The system can then be expressed as:

n∑

k=0

akD
kq y(t) =

m∑

k=0

bkD
kq u(t) (1.50)

If in (Eq. 1.50) the order is q = (1/r), r ∈ Z+, the system will be of rational order; and

is of non− commensurate− order if no common factor exists [147].

This way, linear time-invariant systems can be classified as given in (Fig. 1.5):

LTI Systems

IntegerNon-Integer

HHHHj
�����

Non-CommensurateCommensurate

HHHHj
�����

IrrationalRational

HHHHj
�����

Figure 1.5 Classification of LTI systems
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1.5.2 Fractional Order Transfer Functions

Applying the Laplace transform (Eq. 1.17) to (Eq. 1.49) with zero initial conditions, the

input-output representation of the fractional-order system can be obtained in the form of a

transfer function:

G(s) =
Y (s)

U(s)
=
bm s

βm + bm−1 s
βm−1 + . . . + b0 s

β0

an sαn + an−1 sαn−1 + . . . + a0 sα0
(1.51)

We shall call the number of fractional poles in (Eq. 1.51) the pseudo-order of the system.

In the case of a system with commensurate order q, we may take σ = sq and consider the

continuous-time pseudo-rational transfer function:

G(σ) =

m∑
k=0

bk σ
k

n∑
k=0

ak σk
(1.52)

1.5.3 Time and Frequency Domain Analysis of Fractional Systems

To analyse the dynamical properties of a system, the time and frequency domain can be

used. First we begin with the frequency domain analysis.

1.5.3.1 Frequency domain analysis

Frequency domain response may be obtained by substituting s = jω in (Eq. 1.51). The

complex response for a frequency ω ∈ (0; ∞) can then be computed as follows:

G(jω) =
Y (jω)

U(jω)
=
bm (jω)βm + bm−1 (jω)βm−1 + . . . + b0 (jω)β0

an (jω)αn + an−1 (jω)αn−1 + . . . + a0 (jω)α0
(1.53)

where j is the imaginary unit.

In addition, consider the useful relation in (Eq. 1.20) for a non-integer power of the

imaginary unit j,
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1.5.3.2 Time domain analysis

Another solution involves numerical computation of fractional-order derivatives which is

carried out by means of a revised Grünwald-Letnikov definition (Eq. 1.9) rewritten as

t0
Dα
t f(t) = lim

h→0

(
1

hα

)
[
(t−t0)
h

]
∑

j=0

ω
(α)
j f(t− jh) (1.54)

where h is the computation step-size and ω
(α)
j = (−1)j

(
α

j

)
can be evaluated recursively

from:

ω
(α)
0 = 1 , ω

(α)
j =

(
1− α + 1

j

)
ω

(α)
j−1 , j = 1, 2, . . . (1.55)

To obtain a numerical solution for the equation in (Eq. 1.49) the signal û(t) should be

obtained first, using the algorithm in (Eq. 1.55), where

û(t) = bmD
βm u(t) + bm−1D

βm−1 u(t) + . . . + b0D
β0 u(t) (1.56)

The time response of the system can then be obtained using the following equation:

y(t) =
1

n∑
i=0

ai
hαi


û(t)−

n∑

i=0

ai
hαi

[
(t−t0)
h

]
∑

j=1

ω
(α)
j y(t− jh)


 (1.57)

The presented method is a fixed step method. The accuracy of simulation therefore may

depend on the step size [46, 82, 109].

If the equation (1.49) has time delay L, the resulting delayed response yd(t) with yd(0) = 0

is obtained such that,

yd(t) =




y(t− L), t>L

0, otherwise.
(1.58)

1.5.4 Discrete Models of Fractional Order Systems

Discrete models of fractional order systems can be obtained using discrete approximations of

the fractional integrals and derivatives operators. Thus, a general expression for the discrete

transfer function G(z) of the fractional system G(s), can be obtained as [147]:

G(z) =
bm (ω(z−1))

βm + bm−1 (ω(z−1))
βm−1 + . . . + b0 (ω(z−1))

β0

an (ω(z−1))αn + an−1 (ω(z−1))αn−1 + . . . + a0 (ω(z−1))α0
(1.59)
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where, (ω(z−1)) denotes the discrete equivalent of the Laplace operator s, expressed as a

function of the complex variable z or the shift operator z−1.

As can be seen in the former equations, a fractional-order system has an irrational-order

continuous transfer function in Laplace’s domain or a discrete transfer function in the z

domaine of infinite order. In other words, a fractional-order system has an unlimited memory,

and obviously the systems of integer-order are just particular cases of this general case in

which the memory is limited. It is clear that only in the case of integer order it is possible

to realize a transfer function exactly by using conventional lumped elements (resistances,

inductances, and capacitors, in the case of analog realizations), or procedures (finite order

difference equations or digital filters in the case of discrete realizations).

Because of this, and taking into account that the final step for applying a fractional

controller demands a realizable form of it, in this work some continuous and discrete integer-

order approximations of fractional-order operators are presented.

1.5.5 State-Space Representation

Many modern control concepts and methodologies are still applicable to the dynamic systems

possessing “FO” behaviors. The State-Space (S-S) representation is such a powerful tool. It

can be generally expressed as the following by defining appropriate state variables,




0D
α
t x(t) = f(x, u, t)

y(t) = g(x)
(1.60)

where x ∈ Rn is the state vector of dimension n, and 0 < α < 2 is the common factor

of the differentiation orders. For linear fractional differential equations in (Eq. 1.49), the

(Eq. 1.60) can be simplified as,




0D
α
t x(t) = Ax(t) +Bu(t)

y(t) = Cx(t) +Du(t)
(1.61)

where A,B,C and D are system, input and output matrices, respectively.

For integer order state space models, the exponential matrix, Φ(t) = eAt is known as the

state transition matrix. It can be analogized accordingly that the generalized exponential
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matrix using Mittag-Leffler function, Eα (Atα), plays the same role for fractional order state-

space models. It is called the fractional order state transition matrix and can be obtained

by [91],

Φ(t) = L−1
{

(sαI − A)−1
}
. (1.62)

1.5.5.1 Pseudo state-space representation

If the fractional differential equation (1.49) has commensurate order then, for null initial

conditions, it admits a pseudo state space representation of the form:




dγ

dtγ
x(t) = Ax(t) +Bu(t)

y(t) = Cx(t) +Du(t)

(1.63)

where x ∈ Rn is the pseudo state vector, γ = 1/q is the fractional order of the system

and A ∈ Rn×n, B ∈ Rn×m, C ∈ Rp×n and D ∈ Rp×m are constant matrices.

Remark 1.5.1

As for integer order systems, pseudo state variables can be chosen to obtain a controllability

or observability canonical form.

Remark 1.5.2

Another way to obtain a fractional order transfer function is to convert from fractional order

pseudo state-space expressions, [91]. Consider the pseudo S-S representation in (Eq. 1.61),

assuming zero initial conditions, and taking Laplace transformation gives,

sαX(s) = AX(s) +BU(s), (1.64)

Y (s) = CX(s) +Du(s), (1.65)

Then, the transfer function G(s) = Y (s)/U(s) can be derived through:

G(s) = C(sα I − A)−1B +D, (1.66)

If B is a multi-column matrix and/or C is a multi-row matrix, then the resulting G(s) is an

FO transfer function matrix rather than a single FO transfer function.
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1.5.6 Observability and Controllability

Controllability and Observability represent two major concepts of modern control system

theory. For the fractional order systems, the following two results can be demonstrated as

their similar in the integer order case [141, 143].

Theorem 1.5.1 (Observability) : A commensurable fractional order system of the form

(Eq. 1.63) is observable if and only if the Observability Matrix given by (Eq. 1.67) is a full

rank matrix, 


C

CA
...

CAL−1




(1.67)

where L is the number of state variables.

Theorem 1.5.2 (Controllability) : A commensurable fractional order system represented

by the state equation system (Eq. 1.63) is controllable if and only if the Controllability Matrix

given by (Eq. 1.68) has a full rank,

[
B AB . . . AL−1B

]
(1.68)

where L is the number of state variables.

1.5.7 Stability Analysis

System stability is always a big concern in control theory due to its importance. There

are numerous notions and criteria for different kinds of stabilities, such as bounded-input

bounded-output (BIBO) stability, exponential stability, asymptotic stability, Lyapunov sta-

bility, robust stability, etc. For FO systems, these criteria need to be extended, and new

stability types are proposed.

In order to study stability of a fractional system given by (Eq. 1.49) we consider the

following theorem [24, 86].
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Theorem 1.5.3 (Matignon’s stability theorem) : A fractional order transfer function

G(s) = Z(s)/P (s) is stable if and only if the following condition is satisfied in σ-plane:

|Arg(σ)| > q
π

2
, ∀σ ∈ C , P (σ) = 0 , (1.69)

where 0 < q ≤ 1 and σ := sq. When σ = 0 is a single root of P (s), the system cannot be

stable. For q = 1 , this is the classical theorem of pole location in the complex plane: no pole

is in the closed right plane of the first Riemann sheet.

The algorithm for checking the stability of the system in (Eq. 1.51) can be summarized

as follows:

1) Find the commensurate order q of P (s), find a1, a2, . . . , an in (Eq. 1.52);

2) Solve for σ the equation
∑n

k=0 akσ
k = 0;

3) If all obtained roots satisfy the condition in (Th.1.5.3), the system is stable.

Stability regions of a fractional-order system are shown in (Fig. 1.6).

Note that there are currently no polynomial techniques, either Routh or Jury type, to

analyze the stability of fractional-order systems [91].

Stable region
Re

Im

Unstable region

q π
2

Figure 1.6 LTI fractional-order system stability region for 0 < q ≤ 1
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1.5.8 Fractional System Performances

Many previous works have shown that fractional systems present good qualities, in-time

response and in-transition dynamic stability (see for instance [103, 134, 18]). For a second

order SISO system, represented by the following transfer function:

G(s) =
1

( s
2

ω2
n

+ 2ξ s
ωn

+ 1)m
(1.70)

where: ωn = 10 rd/s, ξ = 0.95.

The step responses for the integer case (m = 1) and the fractional order one (m = 0.55)

are given in (Fig. 1.7), and show the gain in time response.

Let us note that the transfer function given in (Eq. 1.70) is preferred to the model

structure given by:

G(s) =
1

s2

ω2
n

+ 2ξ
(

s
ωn

)m
+ 1

, (1.71)
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↘
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m = 1.0

↖

Figure 1.7 Comparative step response (fractional/integer)

Although this latter form could be more familiar for physical and mechanical engineers, it

always represents a second order mathematical process model, and the well-known properties

of the system presented in (Eq. 1.70) in terms of the fractional order m and the effects of the

damping factor ξ on time response [18] make it more realistic, for instance, as a reference

model in an adaptive control loop. Moreover, Hartley and Lorenzo have shown [48] a model
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of the form:

G(s) =
1

sm1 + asm2 + 1
, m1 > m2 > 0 (1.72)

which is more general than (Eq. 1.71), can go into resonance with some conditions on the

value of the real constant a, even if m1 = 1.

1.5.9 Time Domain Simulation of Fractional Order Systems

One of the main difficulties with fractional order models is related to time-domain simula-

tion. Often, the analytical expression of a model’s output is not simple for implementation.

Over the past two decades, many numerical algorithms have been developed using either

continuous or discrete rational systems approximating fractional models. The problem of

obtaining a continuous or discrete suitable realizable form in control applications can be

regarded as a problem of obtaining rational approximation of irrational transfer function.

In a given frequency band of practical interest, the fractional order model and its rational

approximation have the same dynamics. A good overview of existing continuous and discrete

time approximations of fractional operators is given in [147]. They can be classified in two

types “direct and indirect methods”.

1.5.9.1 Direct method

These methods are based on a numerical approximation of the non-integer operator; the

fractional derivation is replaced by its discrete-time equivalent. As a result, a discrete-time

transfer function similar to (Eq. 1.59) is obtained. The (ω(z−1)) term can be computed using

various approximation methods. The most common are Euler’s, Tustin’s, Simpson’s, or Al-

Alaoui’s approximations [147, 2]. These analogue-to-digital open-loop design methods lead

to irrational z-transforms which are then approximated either by a truncated Taylor’s series

expansion or a continuous fraction expansion in order to obtain a recurrent equation directly

used for simulation [4]. Different types of approximations can be used in this context;

the most commonly used method is that directly related to the Grünwald-Letnikov (GL)

definition [113]. This method is very simple to use. However, the simulation requires, for

each step, the computation of sums of increasing dimension with time. This makes real-
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time simulation hard to achieve and amplify greatly any noise present in the data. This is

a real constraint when this approximation is used for model identification and parameter

estimation.

In [37], a new technique for numerical simulation of fractional systems using Digital

Adjustable Fractional Integrator (DAFI), obtained by discretization of an optimal analog

variable fractional integrator, was proposed. This technique leads to one-step forward recur-

rent equation directly used for numerical simulation and parameters identification of different

fractional order systems with a very high speed compared to the classical methods. More-

over, the memory is considerably reduced and the accuracy is increased. Practical use of

embedded processors for fractional digital filtration of signals in real time is then possible.

1.5.9.2 Indirect method

These methods are based on the simulation of the continuous fractional model with the help

of a specific operator or representation [105, 2, 147, 23, 19]. Fractional behavior of a given

system is usually limited in a frequency range of interest, the fractional order model and its

rational approximation have the same dynamics.

In [19] a design of an analog variable fractional order differentiator and integrator, in a

given frequency band, was presented. The main feature of this analog variable fractional

order integrator or differentiator is that its frequency characteristics can be changed with-

out redesigning a new one. This gives a useful tool to approximate and simulate different

fractional systems using fixed fractional order filter structure.
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1.6 Realization of Fractional Order Systems

Realization of fractional systems includes the realization of analogue fractional systems and

the realization of digital fractional systems.

1.6.1 Analogue Realization of Fractional Operators

Analogue fractional systems, such as the fractional controllers and fractional filters, can be

used widely in engineering. All fractional systems rely on the fractional order integrator and

the fractional-order differentiator as basic elements. Many efforts have been made to design

analogue fractional-order integrators and differentiators. Most of these analogue realization

methods are based on networks of resistors, capacitors or inductors.

1.6.1.1 Implementation of fractional order integrator

The approximation of fractional order integrator operator by a rational function in a given

frequency band has the form (Eq. 1.40):

HI(s) =
KI

sλ
=

KI(
1 + s

ωc

)λ ≈ KI

n−1∏
i=0

(
1 + s

zi

)

n∏
i=0

(
1 + s

pi

) , (1.73)

The decomposition into simple elements of the rational function approximating the fractional

order integrator HI(s) gives:

HI(s) =
N∑

i=0

(
hi

1 + s
pi

)
, (1.74)

where, hi are the residues of the poles given by (Eq. 1.73).

It can be seen that (Eq. 1.74) corresponds to the impedance of an RC network of the

Forster type of 1st form as shown in (Fig. 1.8): The impedance of this network is given by:

Z(s) =
N∑

i=0

(
Ri

1 +RiCis

)
, (1.75)

From (Eq. 1.74) and (Eq. 1.75), and for i = 1, 2, 3, ...N − 1, we can write,

Ri = hi , Ci =
1

pihi
(1.76)
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I(s)

R0

C0

R1

C1

Rn

Cn

V (s)

Figure 1.8 Equivalent network of a fractional order integrator operator

1.6.1.2 Implementation of fractional order derivative

In the same way, the rational approximation of the fractional order derivative can be given

by the following form:

GD(s) = KDs
µ = KD

(
1 +

s

ωc

)µ
≈ KD

N∏
i=0

(
1 + s

zi

)

N∏
i=0

(
1 + s

pi

) , (1.77)

The decomposition into simple elements of the obtained rational function gives:

GD(s) = G0 +
N∑

i=0

(
gis

1 + s
pi

)
, (1.78)

where, gi are the residues given by (Eq. 1.66).

It can be seen that (Eq. 1.78) corresponds to the admittance of the Forster-type of 2nd

form as shown in (Fig. 1.9): The admittance of this network is given by:

I(s)

Rp

R0

C0

R1

C1

Rn

Cn

V (s)

Figure 1.9 Equivalent network of a fractional derivative operator
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Y (s) =
1

Rp

+
N∑

i=0

(
Cis

1 +RiCis

)
, (1.79)

From (Eq. 1.78) and (Eq. 1.79), and for i = 1, 2, 3, ...N , we can write

Ci = gi , Ri =
1

Cigi
(1.80)

1.6.2 Digital Realization of Fractional Systems

Based on the definition of fractional calculus, the calculation of the output of a fractional sys-

tem depends on the long-range history of the input. Because of the limitation of calculation

speed and storage space, the digital realization of fractional systems is difficult. The com-

monly used methods of approximate digital realization of fractional systems are frequency

domain methods and time domain methods. Currently both methods offer limited success

in fitting the fractional system.

Frequency domain methods include Oustaloup method [102, 107], Carlson method [17],

Matsuda method [87], and so on. Frequency-domain fitting techniques can fit the magnitude

of the frequency response very well, but cannot guarantee the stable minimum-phase fitting.

Time domain methods are mainly based on fitting the impulse response or the step response

of the system. An effective time domain impulse response invariant discretization method

was discussed in [23, 26, 27, 75]. There, a technique for designing discrete-time Infinite

Impulse Response (IIR) filters to approximate the continuous-time fractional-order filters is

proposed, keeping the impulse response of the continuous-time fractional-order filter and the

impulse response of the approximate discrete-time filter almost the same.
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1.7 Applications of Fractional Calculus

The concept of fractional calculus has great potential to change the way we see, model and

analyze complex systems. We can say that ignoring fractional calculus is just like ignoring

fractional, irrational or complex numbers. It provides good opportunity to researchers and

engineers for revisiting the origins. The theoretical and practical interests of using fractional

order operators are increasing. The application domain of fractional calculus is ranging from

accurate modeling of the microbiological processes to the analysis of astronomical images.

In the next section, we will present a brief review of applications of fractional calculus in

various scientific and engineering disciplines.

1.7.1 Control Theory and Engineering

The accuracy and robustness of control systems are becoming imperative these days. The

dynamic nature of control systems requires them to be modeled using the fractional calculus.

In control engineering the concept of the fractional operations is mostly used in fractional

system identification [47], biomimetic (bionics) control [28], feedback control systems [110],

trajectory control of redundant manipulators [40], temperature control [112], Model Refer-

ence based adaptive control [149], passive vibrational control [93], fractional PIλ controller

[81] and fractional PDα controllers [157].

1.7.2 Signal Processing

In the last decade, the use of fractional calculus in signal processing has tremendously in-

creased. In signal processing, the fractional operators are used in the design of differentiator

and integrator of fractional order [59], fractional order FIR differentiator [138], IIR type dig-

ital fractional order differentiator [85] and for modeling the speech signal [5]. A brief survey

of application of fractional calculus in signal processing is presented in [25].
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1.7.3 Image Processing

In image processing, fractional calculus (fractional differentiation) is used for enhancing

image quality, image restoration and edge detection [85]. In particularly fractional calculus

is used in satellite image classification [119] and astronomical image processing [132].

1.7.4 Electromagnetic Theory

The use of fractional calculus in electromagnetic theory has emerged in the last two decades.

In 1998, Engheta [42] introduced the concept of fractional curl operators and this concept

is extended by Naqvi [95]. Engheta’s [41] work gave birth to the new field of research in

Electromagnetics, namely, ‘Fractional Paradigms in Electromagnetic Theory’. Nowadays

fractional calculus is widely used in Electromagnetics to explore new results; for example,

Faryad [43] used fractional calculus for the analysis of a Rectangular Waveguide.

1.7.5 Communication

Chaotic Communication and Chaos synchronization are becoming very popular nowadays.

The concept of fractional calculus is recently introduced for secure chaotic communication

and very satisfactory results have been achieved [58]. In [154], authors have used fractional

calculus for informational network traffic modeling.

1.7.6 Probability Theory

G. Cottone used fractional operators for the probabilistic characterization of random variable

and some remarkable results are discussed in [31].

1.7.7 Biology

In Biology, fractional calculus is used in neuron modeling [3], biophysical processes [39],

modeling of complex dynamics of tissues [80], modeling of infectious diseases [33] etc.
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1.8 Conclusion

The aim of this chapter is to present relevant literature to this research and to provide a

theoretical framework. We essentially intended to make the researcher familiar with the

main concepts of the fractional calculus (in both time and frequency domain) which is

fundamental for the formal analysis of fractional-order linear time invariant systems, as

well as the dynamical properties (stability, observability and controllability, time transient

and steady-state responses, and frequency response) usually considered in classical control

theory. With this aim, we have introduced two preliminary sections, the first devoted to the

fundamental definitions of fractional-order operators in both time and Laplace domain, and

the second to the analytical and numerical solutions of the fractional-order operators. Then,

we have introduced two preliminary subsections, application of fractional calculus in control

and applications of fractional calculus.

A more detailed treatment of fractional calculus can be, however, found in many books

[89, 100, 113, 123].
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Chapter 2

FRACTIONAL ORDER ROBUST

CONTROL

This Chapter presents the fractional order robust control with an overview of the most popular

fractional order robust controllers such as, CRONE controller and the fractional order PIλDµ

Controller. The well known Bode’s ideal loop is also presented which is used next for the

main contribution of this thesis.

2.1 Introduction

In the control theory, the ultimate objective is to develop a robust controller that shows

satisfactory performance in the real operating environment where the plant shows different

dynamic behavior than that of its model [84]. The interest for this type of characteristics

has its origins in the seminal works of Bode [13] in 1945s. The main idea of these works

was the robustness problem while designing a feedback amplifier insensitive to variations

in the amplifier gain. To solve this problem, Bode has suggested an open loop transfer

function (ωgc/s)
γ where 1 < γ < 2 and ωgc is the gain crossover frequency, also called

Bode’s Ideal Transfer Function (BITF). Thus, the use of fractional calculus concepts in

automatic control was begun with Bode. Manabe [83] attempted to use non-integer integral

39
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and its application to control systems in the 1960s. Quantitative feedback theory [50] can be

interpreted as fractional control, though its formulation does not refer explicitly to fractional

derivation. However, the works of Oustaloup have really popularized fractional control.

The author developed three generations of fractional order controller, known as CRONE

control. Podlubny [115] proposed a fractional PIλDµ controller and also proved that this

controller structure is more suitable to regulate a fractional system in comparison to classical

PID controller. Fractional PIλDµ controllers was defined as a generalization of the classical

PID, where the fractional orders λ and µ are supplementary tuning knobs used to improve

the performances of the PID controller [140]. However, the ability of satisfying conflicting

performance requirements is ensured at the cost of complexity in the selection of controller

parameters. A good review of tuning and implementation methods for PIλDµ as well as for

other schemes of fractional order controller such as CRONE, TID, and fractional order lead-

lag compensator can be found in [111]. Great number of publications have been proposed,

mainly focused on techniques of fractional controllers tuning (see for example [91, 116, 11,

90, 142, 156, 145]). Though, in their comparative results the different authors insist on the

interest of the parameters λ and µ, they do not present simple and general principles giving

guidelines for the tuning of these parameters in order to satisfy conventional control design

objectives, particularly robustness objectives.

Recently, Djouambi et. al., [36] have proposed a simple technique to design fractional

order controllers using the Bode’s ideal transfer function as a reference model of the open-loop

transfer function. However, the author assumes that the process must be minimum phase,

stable and not oscillatory. Therefore, in this chapter, a generalization of the above method

is proposed to the case where no assumptions on the stability and oscillatory conditions are

needed for any minimum phase systems.

The remainder of this chapter consists of three main parts as follows.

Part 1 is dedicated to the study of properties of non-integer integration action and non-

integer derivation action as well as the characteristics of BITF loop. The second part presents

the principle results of CRONE control. In the third part, the BITF loop is used as a reference

model to design a fractional order robust controller.
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2.2 Characteristic of a Fractional Order Control System

In control theory, fractional order control was not until the resurgence of the study of the

non-integer derivative operator, and the application of the fractional calculus in engineering

[100]. In the early of nineties, the CRONE controller (see previous Section) was proposed

to offer new solutions to control problems [108], such as robust performances; a constant

maximum value of the unit-step closed-loop response. Often known as Iso-damping property,

this property is independent of system steady state gain or pole/zero frequencies variations.

2.2.1 Concept of Iso-damping Using Fractional Order Controllers

The concept of having iso-damping property i.e., overshoot independent of the system gain

has remarkable usage in the field of control science. This concept is only possible by the use

of fractional order operators. For a linear system this relates to the fact that the open loop

phase curve of the Bode plot is almost flat. Mathematically this implies that the derivative

of the phase with respect to the frequency is zero at some specified frequency known as the

tangent frequency ωc. Thus, the iso-damping property can be mathematically written as,

d∠G (s)

ds

∣∣∣∣
s=jωc

= 0 (2.1)

or alternatively as

∠
dG(s)

ds

∣∣∣∣
s=jωc

= ∠G(s)|s=jωc (2.2)

When this condition is ensured, the Bode phase plot is locally flat implying that the system

would be robust to variation in system gain [22].

2.2.2 Basic Fractional Order Control Actions

The effects of the basic control actions of type Ksµ for µ ∈ [−1, 1] will be examined in this

section. The basic control actions traditionally considered will be particular cases of this

general case, in which:

1) Proportional action: µ=0,

2) Integral action: µ=-1,
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3) Derivative action: µ=1.

The generalization to non-integer-orders of traditional controllers or control schemes trans-

lates into more tuning parameters and more adjustable time and frequency responses of the

control system, allowing the fulfilment of robust performance.

2.2.2.1 Fractional integral action

The main effects of the integral actions can be summarized as follows,

• it makes the system response slower,

• decreases the system relative stability,

• eliminates the steady-state error for inputs for which the system had a finite error.

It is worth noting that effects of PID controller actions, as well as effects of fractional PID

controller actions (1/sµ) with µ < 1, are analyzed using complex plane, time domain and

frequency domain methods. Let’s consider the example with the closed loop system shown

in (Fig. 2.1).

A. Complex plane analysis

In the complex plane, root locus of the system is displaced towards the right half plane

after applying the integral action. Mathematically, the root locus of the system with control

action is governed by,

1 +KsµG(s) = 0 (2.3)

Its magnitude and phase can be given as,

|K| = 1

|sµ||G(s)|
Arg[sµG(s)] = (2n+ 1)π, n = 0, ∓1, ∓2, . . . (2.4)

s = |s|ejθ can be written as,

sµ = |s|µ ejµθ (2.5)

The conditions of phase can be further expressed as,

Arg[sµG(s)] = Arg[G(s)] + µθ = (2n+ 1)π, n = 0, ∓1, ∓2, . . . (2.6)
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Therefore, it is obvious that, by choosing µ ∈ (−1, 0), the root locus is displaced towards

the right half plane.

-
R(s) E(s)����

Ksµ G(s)- -
U(s)

-
Y (s)

6−

Figure 2.1 Fractional integral action µ ∈ (−1, 0)

B. Frequency domain analysis

In frequency domain, a pole at zero adds −20 dB/dec in the magnitude curve and decreases

the phase plot by π/2 rad. The effect of fractional order integral is explained as follows.

The magnitude curve in the frequency domain is given as:

20 log[sµG(s)]s=jω = 20 log|G(jω)|+ 20µ logω, (2.7)

and the phase plot is given by,

Arg[sµG(s)]s=jω = Arg|G(jω)|+ µ
π

2
, (2.8)

Therefore, by varying the value of µ between −1 and 0, it is possible to introduce a constant

increment in the slope of the magnitude curve by introducing a fractional order integrator,

which varies between −20 and 0 dB/dec. Similarly, a constant delay in phase plot, which

varies between −π
2
and 0 rad.

C. Time domain analysis

By introducing a fractional order integrator, there are clear cut effects over the transient

response, which consists of the decrease in the rise time, increase of the settling time and

the overshoot. Mathematically, these effects can be studied considering the error signal of

the following form,

e(t) =
n∑

j=0

(−1)j u0(t− jT ), n = 0, ∓1, ∓2, . . . , n (2.9)
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where u0 represents the unit step input. Its Laplace equivalent is given as,

E(s) =
n∑

j=0

(−1)j
(
e−jTs

s

)
(2.10)

Therefore, the control action can be expressed as,

u(t) = L−1 {U(s)} ,

= K
n∑

j=0

(−1)j
(
e−jTs

s1−µ

)
,

= K

n∑

j=0

(−1)j

Γ(1− µ)
(t− jT )−µ u0(t− jT )

(2.11)

It is clear that the control action over the error signal, vary between the effects of a propor-

tional action µ = 0 (square signal) and an integral action µ = −1 (straight line curve). For

the intermediate value of µ, the control action increases for a constant error, which results

in the elimination of the steady state error and decrease when error is zero, resulting a more

stable system.

2.2.2.2 Fractional derivative action

Same as fractional integral action, the derivative action of fractional order controller can be

analyzed in complex domain, frequency domain and time domain. For example, consider the

close loop system as shown in (Fig. 2.2).

A. Complex plane analysis

In the complex plane, root locus of the system is displaced towards the left half plane

after applying the derivative action.

B. Frequency domain analysis

In frequency domain, a derivative action of a controller adds a slope of +20 dB/dec in

the magnitude plot and adds π/2 rad in phase plot. Similarly, in its fractional counterpart,

fractional derivative can add a slope of 0− 20 dB/dec, when β ∈ (0, 1) is varied. Similarly,

a constant delay in phase plot, which varies between 0 and π/2 rad.



Co
nfi
de
nt
ia
l-P

re
lim

in
ar
y
Ve
rs
io
n

2.2. Characteristic of a Fractional Order Control System 45

-
R(s) E(s)����

Ksβ G(s)- -
U(s)

-
Y (s)

6−

Figure 2.2 Fractional derivative action β ∈ (1, 0)

C. Time domain analysis

In the time domain, a decrease in the overshoot and the settling time is observed. This

can be studied using the trapezoidal error signal given as,

e(t) = tu0(t)− (t− T )u0(t− T )− (t− 2T )u0(t− 2T ) + (t− 3T )u0(t− 3T ) (2.12)

where u0 is the unit step input. The Laplace transform of (Eq. 2.12) can be written as,

E(s) =
1

s2
− e−Ts

s2
− e−2Ts

s2
+
e−3Ts

s2
(2.13)

Therefore, the control action can be expressed as,

u(t) = L−1 {U(s)} ,

= L−1

{
1

s2−β −
e−Ts

s2−β −
e−2Ts

s2−β +
e−3Ts

s2−β

}
,

=
K

Γ(2− β)

{
t1−β u0(t)− (t− T )1−β u0(t− T )− (t− 2T )1−β u0(t− 2T )

}

+
K

Γ(2− β)

{
(t− 3T )1−β u0(t− 3T )

}

(2.14)

The effects of the fractional order control over the error signal vary between the effects of a

proportional action β = 0 (trapezoidal signal) and a derivative action β = 1 (square signal).

2.2.3 Bode’s Ideal Transfer Function

Bode, in his study on design of feedback amplifiers [13], has suggested an ideal shape of the

open-loop transfer function L(s) of the form,

L(s) =
(ωc
s

)γ
(2.15)
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for some γ ∈ R, where ωc is the gain cross-over frequency, that is, |L(jωc)| = 1. The

parameter γ determines both the slope of the magnitude curve on a log-log scale and the

phase margin of the system, and may assume integer as well non-integer values. In fact,

the transfer function L(s) is a fractional-order transfer function for non-integer γ. The

magnitude and phase of (Eq. 2.15) are,




MG(ω) =
(
ωc
s

)γ

ΦG(ω) = ∠G(jω) = −γ π
2

(2.16)

-
R(s) ����

L(s) =
(
ωc

s

)γ- -
Y (s)

6−

Figure 2.3 Bode’s ideal loop diagram L(s)

Obviously, the amplitude curve is a straight line of constant slope −20γ dB/dec, and the

phase curve is a horizontal line at −γπ /2 rad. The Nyquist curve consists, simply, of a

straight line through the origin.

This choice of L(s) gives a closed-loop system with the desirable property of being in-

sensitive to gain changes (GainMargin =∞) and the phase margin of the system remains

π(1 − γ/2) rad, independent of the gain. This is why closed loop system has a strongly

robustness to gain variation.

Next, we study the step-response of the closed-loop system consist of the fractional order

transfer function L(s) given in (Eq. 2.15) with unity feedback,

T (s) =
L(s)

L(s) + 1
=

1

1 +
(
s
ωc

)γ (2.17)

We start by obtaining the unit step response of fractional-order transfer function T (s). The

output y(t) = L−1 [T (s)R(s)], when the input is a unit step R(s) = 1/s. Thus, the step-

response would be,

y(t) = L−1

{
ωγc

s(ωγc + sγ)

}
= 1−

∞∑

n=0

[−(ωct)
γ ]n

Γ(1 + γ n)
(2.18)
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which results in,

y(∞) = lim
t→∞

y(t) = 1, y(0+) = lim
t→0+

y(t) = 0.

Figure (2.4), shows the overshoot Mp, peak-time Tp, rise-time Tr, settling-time Ts, and the

step-response of the fractional system T (s) for ωc = 1 and different γ. Using these results and

(Fig. 2.3), it is relatively easy to find suitable values ωc and γ based on design specifications.

Now, let’s consider a variation in the gain of the transfer function T (s). For this reason, we

consider (ωc)
γ = A and (Eq. 2.17) can be rewritten as,

T (s) =
L(s)

L(s) + 1
=

A

A+ sγ
,

Therefore, in order to check the robustness of the closed-loop system T (s), a variation in the

nominal gain A is introduced as {0.1A, A, 10A}. Figure (2.5), illustrates the step responses

of the system T (s) for γ = 1.5 and different values of A.
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Figure 2.4 Time response characteristics of T (s) for ωc = 1 and different γ
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Figure 2.5 Time response characteristics of T (s) for γ = 1.5 and different A

Motivated by the results of (Fig. 2.5) and the characteristics discussed in this subsection,

the closed-loop of (Fig. 2.3), will be used as a reference model (in Section 2.5) to develop a

new strategy for tuning of fractional controllers based on this fractional reference model.

2.3 CRONE Controller

CRONE being the French acronym of “Commande Robuste d’Ordre Non Entier” means ro-

bust control of non-integer order, represent the first framework for non-integer order operator

application in the automatic control area. The CRONE through three generations, operates

properties of this operator, with orders strictly real for first and second generations and

complex orders for the third generation [102].

2.4 Fractional Order PIλDµ Controller

The fractional order PID controller denoted by PIλDµ [115], or FO-PID controller, where λ

and µ are two additional parameters to the integral and the derivative components of the

classical PID controller. The FO-PID controller provides a control effort u(t) given by,

u(t) = kp e(t) + kiD
−λ e(t) + kdD

µ e(t), λ, µ > 0, (2.19)

The corresponding controller transfer function is defined as the ratio of the controller output

U(s) and error E(s) as,

C(s) =
U(s)

E(s)
=

(
kp +

ki
sλ

+ kd s
µ

)
, (2.20)
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where λ and µ are positive real numbers, kp, ki, kd are the controller gains. For λ = 1 and

µ = 1, we obtain the classical PID controller. If λ = 0 (ki = 0) we obtain a fractional PDµ.

If µ = 0 (kd = 0) we obtain a fractional PIλ. All these types of controllers are particular

cases of the PIλ Dµ. Figure (2.6), shows the parallel structure of a fractional order PID

controller.

FO − PID

-
R(s)

-����E(s)

kp

?
ki

1
sλ

-����
kd

6

sµ

-
U(s)

Plant -
Y (s)

6
−

+

Figure 2.6 Parallel structure of FO-PID controller

It is quite natural to conclude that by introducing more general control actions of the

form PIλ Dµ, one could achieve more satisfactory performances between positive and negative

effects of classical PID, and combining the fractional order actions one could develop more

powerful and flexible design methods to satisfy the controlled system specifications. In other

words, the generalization to non-integer-orders of traditional controllers or control schemes

translates into more tuning parameters and more adjustable time and frequency responses

of the control system, allowing the fulfilment of robust performance.

Another variant of fractional order PID controller is the FO[PID] controller may be

used which uses only one integro-differential order parameter. The transfer function of the

FO[PID] controller is given by [32]:

C(s) =

(
kp +

ki
s

+ kd s

)λ
, (2.21)

The FO-PID can be seen as a generalization of the PID controller from “points to a plane”.

Figure (2.7), shows the schematic representation of the PID and the FO-PID controller on

the λ, µ plane. It is evident that the P, PI, PD and PID controllers are just four points on

the plane and the FO-PID controller can have any value in the plane. Thus, the designer
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essentially has a higher degree of freedom and can use these additional tuning knobs to fine

tune his controller design for specific applications. Figure (2.8) shows the frequency response

of this controller for the following values of (Tab. 2.1):

Table 2.1 Fractional PID vs PID controller parameters

Controller
Parameters

kp ki kd λ µ

PID 1.0 1.0 1.0 1.0 1.0

FO-PID 1.0 1.0 1.0 0.8 0.8

PIλDµ Plane

-

6

y

y

y

y(1, 1)(λ = 1)

(0, 0)

λ

µ

(µ = 1)

P PD

PI PID

Figure 2.7 Generalization of the PID controller from point to plane
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Figure 2.8 Frequency response of PID vs FO-PID controller
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Tuning Methods for Fractional Order PID Controllers

The tuning methods for FO-PID controllers may be roughly divided into three categories

[141]: empirical tuning rules, analytical methods, and optimization-based methods. Tuning

rules are relations obtained empirically between the controller parameters and the plant

model. A comprehensive review of tuning rules for Fractional Order PID Controllers may

be found in [120].

Analytical methods consist of deriving analytically the controller parameters from the

plant model. Most of the analytical methods applied in FO-PID controllers tuning are based

on the Internal Model Control (IMC) method [121]. This is straightforward for fractional

order plants [141], and adaptations of the IMC method may be employed for integer order

plants, as in [77]. There are also methods based on the frequency domain (e.g., Lanusse et

al., in [72]).

Optimization-based methods consist of formulating the controller design as an optimiza-

tion problem, in which the controller parameters are used as decision variables. One of the

most popular optimization-based tuning methods available in the literature is the one pro-

posed by [92]. There are also methods based on minimizing performance indices, like error

integrals [155, 73]. Other authors combine both ideas [135, 124].

Since a FO-PID controller should only be used if it can outperform a conventional PID

controller, it is necessary to use an optimization-based method [137], otherwise there would

be no guarantee that the designed FO-PID provides better performance and robustness than

some (possibly optimal) PID controller adjusted to meet the same criteria. Thus, the method

proposed here is optimization-based.
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2.5 Fractional Robust Controller Design Using Bode’s

Ideal Transfer Function

Frequency domain design of process controllers are popular since the robustness measures like

gain and phase margins can easily be assigned with such a technique. Recently iso-damping

in control system design has emerged due to the fact that the performance degradation needs

to be considered with variation in system’s gain and mere stability measures like gain margin

is not sufficient. In this chapter, a new tuning technique for Fractional Order Controllers

(FOC) based Bode’s ideal transfer function as a reference model has been proposed with

simulation examples so that the resulting closed-loop system has the desirable feature of

being robust to gain variations with step responses exhibiting an iso-damping property for

a range of system’s gain while also meeting the user specified (desired) performances.

2.5.1 Control Design Structure

Let’s consider the unity feedback system represented in (Fig. 2.9), where, C(s) is the frac-

tional order controller and Gp(s) is a minimum phase plant.

-
R(s) ����

C(s) Gp(s)

G(s)

- -
U(s)

-
Y (s)

6−

Figure 2.9 Closed loop control system

The open loop transfer function of the feedback control system of (Fig. 2.9) is given by,

G(s) = C(s)×Gp(s) , (2.22)

To ensure the iso-damping property for the control system, G(s) must be close to the Bode’s

ideal transfer function (Eq. 2.15), as [144, 29].

G(s) ≈ L(s) =
1(
s
ωu

)α with 1 < α < 2 , , (2.23)
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The proposed tuning method consists of two steps [56]. In the first step, the open loop

reference fractional integrator L(s), after its design according to the desired control perfor-

mances, must be approximated by a rational stable transfer function La(s) using the Charef’s

approximation method presented in Section (1.4.1.2). The approximation La(s) can be then

given in the frequency band of interest [ωc, ωmax] by,

La(s) = L0

N−1∏
i=0

(
1 + s

zi

)

N∏
i=0

(
1 + s

pi

) , (2.24)

where,

N = Integer

[
log(ωmax

p0
)

log(ab)

]
+ 1, (2.25)

pi and zi (i = 0, 1, . . . N) are given by,




pi = p0(ab)i , i = 0, 1, . . . N with p0 = ωc

√
b

zi = z0(ab)i , i = 0, 1, . . . N − 1 with z0 = ap0

(2.26)

where

(pi, zi) ∈ (R+)2, a = 10[ y
10(1−α) ] and, b = 10[ y

10α ],

Let’s write La(s) as:

La(s) =
LZ(s)

LD(s)LR(s)
(2.27)

where,

LZ(s) = L0

N−1∏

i=0

(
1 +

s

zi

)
,

LD(s) a polynomial representing some poles of La(s) which will be used as the desired poles

for plant pre-correction and LR(s) the polynomial of the remaining poles of La(s).

In the second step, a standard pole placement technique (Fig. 2.10), is used to align the

poles of the plant transfer function Gp(s) with the desired stable poles LD(s) of the rational

transfer function approximation La(s). As a default choice, the closest poles to those of the

plant can be considered.
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-
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-

66−

K
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′
p(s)

La(s)

-
E(s)

-
U(s)

-
Y (s)

6−

Figure 2.10 Closed loop control system with Pole Placement Algorithm

A pre-corrected stable plant G′p(s) will be then obtained where all its poles are part of

those of the reference approximation La(s). Thus, G
′
p(s) can be written as:

G
′
p(s) =

G
′
pz(s)

LD(s)
, (2.28)

Hence, the open loop of the control system can be then considered to be equal to the reference

transfer function as,

C(s) × G
′
p(s) = La(s), (2.29)

The transfer function of the FOC is then obtained as:

C(s) =
La(s)

G′p(s)
=

LZ(s)

LR(s) × G′pz(s)
, (2.30)

In this new conception method, C(s) must be causal, this means that the relative degree

Nr between the degree of the denominator and the degree of the numerator of C(s) must

be negative or equal to zero. If C(s) is not causal, which corresponds to Nr positive then,

at least Nr poles located outside the band [ωc, ωmax] can be added to C(s) to guarantee its

causality. The controller C(s) will be then given by,

C(s) =
LZ(s)

LR(s) × G′pz(s)
× 1

Nr∏
i=0

(
1 + s

pci

) , (2.31)

where pci = p0(ab)i, i = N + 1, . . . Nr with p0 = ωc
√
b,
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2.5.2 Illustrative Examples

Example 2.5.2.1

As a first example, let’s consider the transfer function of the plant Gp(s) given by [36],

Gp(s) =
kn(1 + s/50)

s(1 + s)(1 + s/10)(1 + s/100)
(2.32)

where kn = 1 is the nominal value. The specifications of the control design are,

• Phase margin = 62°;

• Unity gain crossover frequency ωu = 5 rad/s.

To achieve these specifications in a frequency range [ωl, ωh] = [0.1ωu, 10ωu] = [0.5 rad/s,

50 rad/s] around ωu, the open loop reference Bode’s ideal function should be designed as

(see Section 2.2.3),

L(s) =
1

(s/5)1.3
(2.33)

Using the Charef’s method discussed above, L(s) is approximated by,

L(s) ≈ La =
1769.9(s+ 0.1456)(s+ 0.7543)(s+ 3.907)(s+ 20.24)

(s+ 0.08891)(s+ 0.05)(s+ 0.4605)(s+ 2.385)(s+ 12.35)(s+ 63.99)

× (s+ 104.8)(s+ 542.9)

(s+ 331.4)(s+ 1717)

(2.34)

Using equation (Eq. 2.27), the poles of La(s) that are close to the poles of the original process

Gp(s) are,

LD(s) = (s+ 0.05)(s+ 0.4605)(s+ 12.35)(s+ 63.99) (2.35)

and the remaining poles and zeros of the approximation La(s) are,

LZ(s)

LR(s)
=

1769.9(s+ 0.1456)(s+ 0.7543)(s+ 3.907)(s+ 20.24)(s+ 104.8)

(s+ 0.08891)(s+ 2.385)(s+ 331.4)(s+ 1717)

(s+ 542.9)
(2.36)

Now, using the pole placement algorithm (state feedback u = −Kx), the process poles

(s = 0, s = −1, s = −10 and s = −100) are adjusted to be aligned respectively with the
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desired poles of the LD(s)(s = −0.05, s = −0.4605, s = −12.35, and s = −63.99). Using

the MATLAB Control Toolbox then, the state feedback gain matrix K can be obtained as,

K = [−34.1495 − 280.7289 − 594.8061 18.1961].

Hence, the new obtained transfer function of the adjusted process G′p(s) is given as,

G
′
p(s) =

20(s+ 50)

(s+ 0.05)(s+ 0.4605)(s+ 12.35)(s+ 63.99)

=
20(s+ 50)

LD(s)

(2.37)

As we can see, the poles of the adjusted process G′p(s) in the (Eq. 2.37) are now aligned and

covered in the transfer function of La(s) of the equation (Eq. 2.34). Thus, the controller’s

transfer function C(s) can be obtained from equation (Eq. 2.30) as,

C(s) =
La(s)

G′p(s)
=

LZ(s)

20(s+ 50) × LR(s)
, (2.38)

C(s) =
1769.9(s+ 0.1456)(s+ 0.754)(s+ 3.907)(s+ 20.24)(s+ 104.8)(s+ 542.9)

20(s+ 50)(s+ 0.08891)(s+ 2.385)(s+ 331.4)(s+ 1717)
, (2.39)

From (Eq. 2.39) we can see that C(s) is not causal with Nr = 1. Thus, at least one pole

should be added to the transfer function C(s). Using (Eq. 2.31) the additional pole is,

sr = p0(ab)9 = −8891.

Finally, the proper controller transfer function is then given by

C(s) =
1.5737e7(s+ 0.1456)(s+ 0.754)(s+ 3.907)(s+ 20.24)(s+ 104.8)(s+ 542.9)

20(s+ 50)(s+ 0.08891)(s+ 2.385)(s+ 331.4)(s+ 1717)(s+ 8891)
(2.40)

Figure (2.11) and (2.12) show the Bode plots of the original plant’s transfer function Gp(s),

the adjusted plant’s transfer function G′p(s), the open loop transfer function C(s)× G
′
p(s),

and the reference model La(s). It can be seen that, in the given frequency band of interest

[0.5, 50] rad/s, the phase curve of the open loop C(s)× G
′
p(s) overlaps the flat phase of the

reference model La(s) around the gain crossover frequency with a phase margin about 62°.
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Figure 2.11 Magnitude plot of Gp(s), G
′
p(s), C(s)× G

′
p(s) and La(s)
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Figure 2.12 Phase plot of Gp(s), G
′
p(s), C(s)× G

′
p(s) and La(s)

In order to check the robustness of the control system, a variation in the nominal plant gain

kn is introduced as {0.5kn, kn, 1.5kn}. The step responses are illustrated in (Fig. 2.13). The

figure shows that the step responses are maintained in a constant overshoot (iso-damping

property) in spite of the plant gain variations. From these observations, one can conclude

that the designed controller, tuned by the proposed method, is robust against gain variations

with an iso-damping property around the gain crossover frequency.
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Figure 2.13 Step responses of the plant with a gain variation {0.5kn, kn, 1.5kn}

Example 2.5.2.2

To more illustrate the effectiveness of the proposed tuning method, let’s consider a pair of

complex-conjugate poles system given by,

Gp(s) =
kn(s+ 2)

s2 + 2s+ 3
, (2.41)

where kn = 1 is the nominal value. The specifications of the design are,

• Phase margin = 55°;

• Unity gain crossover frequency ωu = 3 rad/s.

To achieve these specifications in a frequency range [ωl, ωh] = [0.3 rad/s, 30 rad/s] around

ωu, the open loop reference Bode’s ideal function should be designed as,

L(s) =
1

(s/3)1.4
(2.42)

Using the Charef’s method, L(s) is approximated to,

La ≈
874.47(s+ 1948)(s+ 462)(s+ 109.6)(s+ 25.98)(s+ 6.161)(s+ 1.461)

(s+ 4620)(s+ 1096)(s+ 259.8)(s+ 61.61)(s+ 14.61)(s+ 3.464)(s+ 0.0462)

× (s+ 0.3464)(s+ 0.08215)

(s+ 0.03)(s+ 0.1948)(s+ 0.8215)

(2.43)
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Using (Eq. 2.27), the poles of La(s) that are close to the poles of the original process Gp(s)

are,

LD(s) = (s+ 0.1948)(s+ 0.8215) (2.44)

and the remaining poles and zeros of the approximation La(s) are,

LZ(s)

LR(s)
=

874.47(s+ 1948)(s+ 462)(s+ 109.6)(s+ 25.98)(s+ 6.161)(s+ 1.461)

(s+ 4620)(s+ 1096)(s+ 259.8)(s+ 61.61)(s+ 14.61)(s+ 3.464)

× (s+ 0.3464)(s+ 0.08215)

(s+ 0.0462)(s+ 0.03)

(2.45)

The transfer function G′p(s) is,

G
′
p(s) =

kn(s+ 2)

(s+ 0.1948)(s+ 0.8215)
=
kn(s+ 2)

LD(s)
(2.46)

with the state feedback gain matrix K = [−0.9837 − 2.8400]. Thus, the controller’s transfer

function C(s) can be obtained from (Eq. 2.30) for kn = 1 as

C(s) =
La(s)

G′p(s)
=

LZ(s)

(s+ 2)LR(s)
, (2.47)

Finally,

C(s) ≈ 874.47(s+ 1948)(s+ 462)(s+ 109.6)(s+ 25.98)(s+ 6.161)(s+ 1.461)

(s+ 4620)(s+ 1096)(s+ 259.8)(s+ 61.61)(s+ 14.61)(s+ 3.464)(s+ 2)

× (s+ 0.3464)(s+ 0.08215)

(s+ 0.0462)(s+ 0.03)

(2.48)

Figure (2.14) and (2.15) shows the Bode plots of the adjusted plant’s transfer function G′p(s),

the open loop transfer function C(s)× G
′
p(s), and the reference model La(s).
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Figure 2.14 Magnitude plot of Gp, G
′
p(s), and C(s)× G

′
p(s)
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Figure 2.15 Phase plot of Gp, G
′
p(s), and C(s)× G

′
p(s)

In (Fig. 2.15), one can see that, in the given frequency band of interest [0.3, 30] rad/s, the

phase curve of the open loop C(s) × G
′
p(s) is flat around the gain crossover frequency and

almost is about 55°.

In order to check the robustness of the control system, a variation of ∓50 % in the nominal

gain kn is introduced as {0.5kn, kn, 1.5kn}. The step responses are shown in (Fig. 2.16).
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Figure 2.16 Step responses of the plant with a gain variation {0.5kn, kn, 1.5kn}

The figure (2.16) shows that the step responses are maintained in a constant overshoot

(iso-damping property) in spite of the plant gain variations. From these observations, one

can conclude that the designed controller, tuned by the proposed method, makes the unity

feedback control system robust to gain variations with an iso-damping property around the

gain crossover frequency.

Example 2.5.2.3

Let’s consider the transfer function of unstable plant Gp(s) given by,

Gp(s) =
kn(s2 + 1)

s2(s2 − 1)− 1
(2.49)

where kn = 1 is the nominal value. The specifications of the design are,

- Phase margin = 69°;

- Unity gain crossover frequency ωu = 10 rad/s.

The plant poles are at s = ± 1.272 and ± j0.7862. The system is clearly unstable.

To achieve these specifications in a frequency range [ωl, ωh] = [1 rad/s, 100 rad/s]

around ωu, the open loop reference Bode’s ideal function should be designed as,

L(s) =
1

(s/10)1.23
(2.50)



Co
nfi
de
nt
ia
l-P

re
lim

in
ar
y
Ve
rs
io
n

62 CHAPTER 2. FRACTIONAL ORDER ROBUST CONTROL

Using the Charef’s method, L(s) is approximated to,

La(s) ≈
11142(s+ 0.3318)(s+ 2.333)(s+ 16.4)(s+ 115.3)(s+ 810.6)

(s+ 0.2119)(s+ 0.1)(s+ 1.49)(s+ 10.47)(s+ 73.62)(s+ 517.6)(s+ 3639)
(2.51)

Using (Eq. 2.27), the poles of La(s) that are close to the poles of the original process Gp(s)

are,

LD(s) = (s+ 0.2119)(s+ 0.1)(s+ 1.49)(s+ 10.47) (2.52)

and the remaining poles and zeros of the approximation La(s) are,

LZ(s)

LR(s)
=

11142(s+ 0.3318)(s+ 2.333)(s+ 16.4)(s+ 115.3)(s+ 810.6)

(s+ 73.62)(s+ 517.6)(s+ 3639)
(2.53)

The transfer function G′p(s) is,

G
′
p(s) =

kn(s2 + 1)

(s+ 0.2119)(s+ 0.1)(s+ 1.49)(s+ 10.47)
=
kn(s2 + 1)

LD(s)
(2.54)

with the state feedback gain matrix K = [12.2719 20.3518 5.1192 1.3306]. Thus, the con-

troller’s transfer function C(s) can be obtained from (Eq. 2.30) for kn = 1 as

C(s) =
La(s)

G′p(s)
=

LZ(s)

(s2 + 1)LR(s)
, (2.55)

Finally,

C(s) =
11142(s+ 0.3318)(s+ 2.333)(s+ 16.4)(s+ 115.3)(s+ 810.6)

(s2 + 1)(s+ 73.62)(s+ 517.6)(s+ 3639)
, (2.56)

Figure (2.17) and Figure (2.18) show the Bode plots of the adjusted plant’s transfer function

G
′
p(s), the open loop transfer function C(s)× G

′
p(s), and the reference model La(s).
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Figure 2.17 Magnitude plot of Gp, G
′
p(s), C(s)× G

′
p(s) and La(s)
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Figure 2.18 Phase plot of Gp, G
′
p(s), C(s)× G

′
p(s) and La(s)

From the phase Bode plot shown in (Fig. 2.18), one can see that, in the given frequency

band of interest [1, 100] rad/s, the phase curve of the open loop C(s)× G
′
p(s) overlaps the

flat phase of the reference model La(s) around the gain crossover frequency and is about 69°.

In order to check the robustness of the control system, a variation of ∓50 % in the nominal

gain kn is introduced as {0.5kn, kn, 1.5kn}. The step responses are illustrated in (Fig. 2.19).
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Figure 2.19 Step responses of the plant with a gain variation of {0.5kn, kn, 1.5kn}

Figure (2.19) shows that the step responses are maintained in a constant overshoot (iso-

damping property) in spite of the plant gain variations.

From these observations, one can conclude that the proposed controller, tuned by the

proposed method, stabilizes the unity feedback control system and makes it robust against

gain variations with an iso-damping property around the gain crossover frequency.

Example 2.5.2.4

In order to compare the effectiveness of the proposed method with the classical PID and the

CRONE controller, let’s consider the unity feedback control system of a DC motor whose

transfer function Gp(s) is given as [102],

Gp(s) =
1

s
ωn

(
1 + s

ω0

) (2.57)

where ωn = 16.98 is the nominal natural frequency and ω0 = 50.

The specifications of the design are,

- Phase margin = 45°;

- Unity gain crossover frequency ωu = 500 rad/s.
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To achieve these specifications in a frequency range [ωl, ωh] = [50 rad/s, 5000 rad/s] around

ωu, the open loop reference Bode’s ideal function should be designed as (see Section 2.2.3),

L(s) ≈ 1

(s/500)1.5
(2.58)

Thus, with the state feedback gain matrix K = [−16.8800 140.6000], the controller’s transfer

function CFOC(s) can be obtained as,

CFOC(s) ≈ 3.4946× 106(s+ 14.75)(s+ 59.53)(s+ 240.3)(s+ 970.2)(s+ 3917)

849(s+ 6.844)(s+ 111.5)(s+ 450.3)(s+ 1818)(s+ 7339)

× (s+ 1.581× 104)(s+ 6.383× 104)

(s+ 2.963× 104)(s+ 1.196× 105)

(2.59)

The transfer functions of the CRONE and classical PID controllers, tuned to achieve the

same specifications, are given respectively by [102]:

CCRONE(s) = C0
(1 + s/z1)(1 + s/z2)(1 + s/z3)(1 + s/z4)(1 + s/z5)

(1 + s/p1)(1 + s/p2)(1 + s/p3)(1 + s/p4)(1 + s/p5)
(2.60)

where,

C0 = 4.84;

z1 = 0.5495 rd/s; z2 = 2.747 rd/s; z3 = 13.783 rd/s; z4 = 68.692 rd/s; z5 = 343.46 rd/s;

p1 = 1.9234 rd/s; p2 = 6.144 rd/s; p3 = 30.72 rd/s; p4 = 153.6 rd/s; p5 = 1202.1 rd/s.

CPID(s) = C0
(1 + s/(z1))(1 + s/(z2))

(1 + s/(p1))(1 + s/(p2))
(2.61)

where,

C0 = 728.7;

z1 = 4.0824 rd/s; z2 = 204.12 rd/s;

p1 = 0.6804 rd/s; p2 = 1224.72 rd/s;

Figure (2.20) shows the Bode plots of the adjusted plant’s transfer function G′p(s) with the

proposed controller CFOC(s)× G′p(s) and the plant Gp(s) with the CRONE and the classical

PID controller.
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Figure 2.20 Phases Bode plot of the open loop transfer functions for each controller

From the phase Bode plot shown in (Fig. 2.20), one can see that in the given frequency

band of interest, the proposed controller gives best phase flatness around the gain crossover

frequency and is about 45°.

Figure 2.21 Step responses of the considered system for each controller
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In order to check the robustness of the controlled system with the three controllers, a variation

in the nominal parameter ωn is introduced as {ωn/5, ωn, 5ωn}. The step responses are

illustrated in (Fig. 2.21) for each controller.

From the closed loop responses plot shown in (Fig. 2.21), for different values of plant

parameter ωn one can remark that the proposed controller CFOC(s) gives the best robustness

results versus plant parameter variations.

Example 2.5.2.5

Another comparative example is a first order plus time delay (FOPTD) plant whose

transfer function Gp(s) is given as [126],

Gp(s) =
kn e

−0.01s

(0.4s+ 1)
(2.62)

where kn = 1 is the nominal value.

Three controllers are designed for the plant (Eq. 2.62), namely:

• a classical PI controller C1(s) designed in [126] based on analytical tuning method:

C1(s) = 2.46369 +

(
33.06090

s

)
, (2.63)

• a fractional controller C2(s) tuned as in [15] using analytical design method based

fractional reference model:

C2(s) = 69.6041
1

s

(
1

s0.5
+ 0.4 s0.5

)
, (2.64)

• the proposed fractional controller C3(s) tuned as discussed in Section 2.5.1:

C3(s) =
1778.3(s+ 1122)(s+ 281.8)(s+ 70.79)(s+ 17.78)(s+ 4.467)

(s+ 2239)(s+ 562.3)(s+ 141.3)(s+ 35.48)(s+ 8.913)(s+ 0.5623)

× (s+ 1.122)(s+ 0.2818)

(s+ 0.1413)(s+ 0.1)

(2.65)

with state feedback gain matrix K = [−0.2610].

The controllers C1(s), C2(s), and C3(s) are designed to satisfy the followings specifications,

• Unity gain frequency ωc = 10 rad/s;

• Phase margin Φm = 45°.
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In order to check the robustness of the control system with the three controllers, a variation

in the nominal plant gain kn is introduced as {kn/5, kn, 5kn}. The step responses are

illustrated in (Fig. 2.22) for each controller.

Figure 2.22 Step response of the considered system for each controller

From (Fig. 2.22), we see that the controller C1(s) gives poor performance, while in (Fig. 2.22)

the controllers C2(s), and C3(s) ensure best results of iso-overshoot (iso-damping) property

and relatively enhanced with C3(s) controller.

Table (2.5.2) shows performance comparison results of the controlled system using the

Matlab command “StepInfo” with the three controllers, in which appears that the proposed

controller is clearly the best one.
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Table 2.2 Performance comparison of the control system with the three controllers
with (kn = 1)

Property
Controller

C1(s) C2(s) C3(s)

Rise Time 0.1297 0.0702 0.0650
Settling Time 0.8462 0.6550 0.4015
Settling Min 0.9167 0.9051 0.9052
Settling Max 1.2430 1.3060 1.2934
Overshoot 24.296 30.604 29.393
Undershoot 0.000 0.000 0.000
Peak 1.2430 1.3060 1.2934
Peak Time 0.2978 0.1776 0.1601

In this section, a new simple and useful tuning technique of fractional order controllers

(FOC) has been proposed to achieve user-specified gain and phase margins using the so-

called Bode’s ideal transfer function as a reference model. The basis of this method is to

use a standard pole placement technique to align each pole of the plant transfer function

with the nearest one given by the Rational Transfer Function Approximation (RTFA) of the

fractional order integrator. The set of the aligned poles are then removed from the RTFA.

The transfer function of the FOC is then obtained by multiplying the remaining poles of the

RTFA with the inverse of the zeros of the plant transfer function. This inverse imposes that

the system must be a minimum phase. Simulations results show that the proposed method

is simple, effective, can ensures the iso-damping property for the control system and can be

investigated to cover processes that have complex-conjugate poles or unstable conditions.
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2.6 Design of PIλ Using Bode’s Integrals Based Online

Estimation Algorithm

The fractional-order proportional-integral-derivative controller denoted by PIλDµ, is a gener-

alization of the classical PID controller, where λ and µ are two additional parameters related

to its integral and derivative components. In general form, the transfer function of PIλDµ is

given by [32]:

C(s) = kp +
ki
sλ

+ kds
µ (2.66)

As it was mentioned in the Section 2.4, for µ = 0 (kd = 0), the fractional controller (Eq. 2.66)

is reduced to PIλ, with a transfer function of the form,

C(s) = kp +
ki
sλ

(2.67)

The transfer function (Eq. 2.67) is known as fractional order PI controller, a particular case

of (Eq. 2.66).

Motivated by the remarkable characteristic performance in terms of robustness and the

numerous methods proposed for synthesis and control design of the PIλDµ controllers, some-

times called Non-Integer Order PID, in this section, we propose a recursive tuning technique

of the reduced controller (Eq. 2.67) in the time domain using the Bode’s ideal loop as a

reference model for a first order process.

2.6.1 Synthesis Algorithm of Non-Integer Order PI

Consider the unity negative feedback control scheme shown in (Fig. 2.23),

-
R(s) ����

C(s) Gp(s)
E(s)

- -
U(s)

-
Y (s)

6−

Figure 2.23 Closed-loop control system
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where, Gp(s) is the process transfer function and C(s) is an FO-PI controller which is

used to achieve the desired closed-loop transfer function. Consider Gp(s) as a first order

process without time delay with the transfer function,

Gp(s) =
kc

(τ s+ 1)
(2.68)

2.6.1.1 Tuning of the Non-Integer Order λ

According to the structure shown in (Fig. 2.23), the nominal open-loop transfer function is

obtained as,
Y (s)

E(s)
= C(s) × Gp(s) (2.69)

If the considered controller is given by (Eq. 2.67) for the process (Eq. 2.68). Then, (Eq. 2.69)

can be written as:
Y (s)

E(s)
=
kc
(
kp s

λ + ki
)

sλ(τ s+ 1)
(2.70)

The design of the PIλ controller adapted to the problem discussed here is based on solving

an optimization problem using the recursive least squares algorithm extended to non-integer

orders [34, 38]. A time domain method using Bode’s ideal transfer function (Eq. 2.15) is used

to estimate the controller coefficients kp, and ki (see next Section). The fractional order λ of

the integral action is tuned based on ISE minimization between the desired step response,

produced by a fractional-order transfer (BITF), and the step response of the system with

the PIλ controller.

The setting of the two parameters µ and ωu of the Bode’s ideal loop (Eq. 2.15) is carried

out according to the desired performances. Data of the identification are obtained by a

simulation in time domain of the Bode’s ideal loop excited by a Pseudo-Random Binary

Sequence (PRBS).

2.6.1.2 Online Estimation of the Parameters kp, and ki

According to the structure shown in (Fig. 2.23), the nominal closed-loop transfer function is

obtained as,
Y (s)

R(s)
=

C(s)Gp(s)

1 + C(s)Gp(s)
(2.71)
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Then, resulting in:
Y (s)

R(s)
=

kc
(
kp s

λ + ki
)

sλ(τ s+ 1) + kc (kp sλ + ki)
(2.72)

The non-integer order differential equation corresponding to (Eq. 2.72) can be expressed as,

τ
dλ+1y(t)

dtλ+1
+
dλy(t)

dtλ
= kc ki (r(t)− y(t)) + kc kp

dλ (r(t)− y(t))

dtλ
(2.73)

A matrix form of (Eq. 2.73) can be given by:

Y (t, θ) = τ
dλ+1y(t)

dtλ+1
+
dλy(t)

dtλ
= θ(t)φT (t) (2.74)

where,

θT (t) = [ki, kp] (2.75)

and,

φ(t) = kc


(r(t)− y(t))

dλ(r(t)−y(t))
dtλ


 (2.76)

The numerical evaluation of φ(t) is achieved using the Grünwald-Letnikov approximation of

a non-integer derivative defined by [89],

aD
α
t y(t) ≈ 1

hα

N∑

k=0

(−1)k
(
α

k

)
y(t− kh)

N = Integer

[
(t− a)

h

]
,

(
α

k

)
=
α(α− 1) . . . (α− k + 1)

k!

(2.77)

Knowing that h is the sampling step, and the variable α is a real number. Thus, the sampled

vector φ(K) can be given, at a moment K, by:

φ(K) = kc




(r(t)− y(t))

1
h1

∑N
k=0 (−1)k

(
1

k

)
(r(K − k)− y(K − k))


 (2.78)

The estimation of parameters vector θ can be obtained by minimizing the quadratic criterion

of least squares based on the equation error, defined by:

Jt(θ̂) =
1

K

N∑

k=0

[
Y (k)− Ŷ (k, θ̂)

]2

(2.79)
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where,

Y (k) =
τ

hα

K∑

k=0

(−1)k
(
α + λ

k

)
y(K − k) +

1

hα

K∑

k=0

(−1)k
(
α

k

)
y(K − k) (2.80)

y(k) is the time domain output of the Bode’s ideal loop (BIL) excited by an input of PRBS

type and Ŷ (k, θ̂) = θ̂(k)φ̂T (k). The principle of this technique can be summarized by the

block diagram of (Fig. 2.24), whose the block B.I.L represents the Bode’s Ideal Loop and

the block P.A.A represents the Parametric Adaptation Algorithm.

Figure 2.24 Unity-feedback control system with PIλ controller

Thus, using the recursive least squares algorithm [107], the parameters vector θ̂(k) esti-

mated at time t = Kh can be given by,




θ̂(K) = θ̂(K − 1) +
F (K − 1)φ(K)

1 + φT (K)F (K − 1)φ(K)
er(k)

F (K) = F (K − 1) − F (K − 1)φ(K)φT (K)F (K − 1)

1 + φT (K)F (K − 1)φ(K)

er(k) = Y (K)− θ̂T (K − 1)φ(K)

(2.81)

with F (0) = 1
0.001

I and θ̂T (0) =
[
k̂p(0), k̂i(0),

]
= [0, 0]

2.6.2 Illustrative Example

This section presents a descriptive example of parameters determination of a unity feedback

PIλ controller using the discussed method in the previous section, as well as a comparative

analysis of robustness with integer order PI to ensure the same specifications.
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Consider a continuous time transfer function relating the speed of a motor armature to

the input voltage [30],

G(s) =
k

(1.45 s+ 1)
kn = 0.25 (nominal value) (2.82)

The imposed frequency domain specifications of the control are, ωc = 1.5 and ϕm = 60°.

These specifications mean that a transitional frequency at unity gain of ωu = 1.5 rad/s in a

frequency band:

[ωl, ωh] = [0.1ωu, 10ωu] = [0.15 rad/s, 15 rad/s]

To ensure these specifications around ωu, the Bode’s ideal transfer function (open-loop of

the model) must be[11],

L(s) =

(
1

s/ωµ

)µ
=

(
1

s/1.5

)µ
(2.83)

where,

µ = 2
(

1− ϕm
π

)
= 1.33

For different values of λ = [0.8 − 1.4], the corresponding parameters kp, and ki can be

calculated using the recursive least squares algorithm proposed in the previous section.

Figure (2.25) shows the plant step responses using different values of λ = [0.8 − 1.4] with

the corresponding kp, and ki values. The case λ = 1.0 corresponds to the integer order PI

controller.
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Figure 2.25 Step response for different values of λ=[0.8 1.0 1.2 1.4]

To design a fractional controller PIλ for the physical plant (Eq. 2.82), the parameter λ is set

to 1.168, with the initialization:

F (0) =
1

10−4
I

and, θ̂T (0) =
[
k̂p(0), k̂i(0)

]
= [0, 0].

The established values of the parameters kp, and ki are then,

kp = 3.9548, and ki = 16.6233.

Thus, the obtained transfer function of the fractional order controller PIλ is,

CFOPI(s) =

(
3.9548 +

16.6233

s1.168

)
, (2.84)

Figure (2.26) shows the estimation evolution of the parameters kp, and ki.

The choice of λ equal to 1, 168 is justified by minimization of a performance indice

criterion. The ISE (Integral Square Error) is chosen as performance measure since it is one

of the most commonly used for tuning of PID controller.
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Figure 2.26 Evolution of parametric estimation as a function of time.

For the robust performance test, the plant gain is considered changing with a variation range

of k = [0.25/2, 0.25, 0.25× 2], the nominal gain value is k = 0.25.

The step responses for different values of k are illustrated in (Fig. 2.27). The parameter

λ is set to 1.1 which gives satisfactory robustness against gain variation.

Figure 2.27 Step responses of the controlled system for different values of k

Figure (2.27) exhibits an iso-damping property. This means that the control system with

the designed fractional order (PIλ) controller is robust to gain variations.

The transfer function of the classical PI controller obtained by setting λ = 1.0 integer case

(proposed control) to ensures the same specifications is given by,

CPI(s) =

(
3.8215 +

11.4411

s

)
, (2.85)

Figure (2.28) illustrates the step responses with λ = 1.0 and k = [0.25/2, 0.25, 0.25× 2].
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Figure 2.28 Plant step responses for different values of k and λ = 1.0 (integer case)

From this figure we see that the designed integer PI controller provides poor performances.

In order to have a realistic form of the fractional controller given in (Eq. 2.84), an ap-

proximation of non-integer integration operator is obtained by a stable and achievable filters

presented in [107].

In this section, a simple technique is presented to determine fractional order PI controller

parameters using Bode’s Ideal Transfer Function (BITF). The BITF is used as the reference

model. After having fixed the parameters (µ and ωµ) of the BITF according to the desired

performances, the order of the integration in PIλ controller is tuned freely until satisfactory

performances. The controller coefficients are then estimated online using the Bode’s ideal

loop as a reference model. The unit step response of the controlled system was obtained

as having the same characteristic as the BITF. The success of the presented method is

demonstrated by a simulation example.
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2.7 Conclusion

The fractional order robust control has become more and more interesting, the motivation

for a such control comes from the consideration of using the idea of "constant phase" of

the open loop transfer function around the transitional frequency at unity gain. For this

idea, the so-called Bode’s ideal function can be used as reference model for the open loop

of the control system. Once the Bode’s ideal function parameters are set according to the

desired performances, the feedback control system is robust against the variation in gain,

the step response of the controlled system exhibits an iso-damping property and the control

strategy is said fractional order robust control. In this chapter, two new techniques have

been developed to obtain step responses as having the same characteristic as the Bode’s ideal

transfer function.

• The first technique is based on a pre-compensation of the plant using a standard

pole placement algorithm, thus, each pole of the plant transfer function is aligned with

some poles in the Rational Approximation (RA) of the reference model and the transfer

function of the fractional order controller is then obtained by gathering the remained

poles and zeros of the RA. The most innovative character of the proposed method

is its simplicity and its remarkable performances in terms of robustness towards the

variation of the static gain. Simulation of some illustrative examples confirms and

validates the proposed method,

• The second technique is based on a fractional PI controller where its coefficients are

estimated recursively in the time domain using the Bode’s ideal loop as a reference

model. The order of the integration in PIλ controller is tuned freely until satisfactory

response. We showed, by an example of simulation, that the robustness against the

gain variations accomplished by the fractional order PIλ controller is clearly better

than that of integer order PI controller.
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Chapter 3

FRACTIONAL ORDER ADAPTIVE

ROBUST CONTROL

This Chapter considers robustness criteria in plant parameter changes case by exploring the

adaptive control design using fractional order operators.

3.1 Introduction

Adaptive control is an active field in the design of control systems to deal with systems with

unknown constant or slowly time-varying parameters. The basic idea of adaptive control is to

employ a parameter adaptation scheme to estimate those unknown parameters and replace

the unknown parameters in the feedback controller with their estimates. Adaptive control

is essentially nonlinear control due to the involvement of dynamic parameter adaptive law,

no matter it is applied to linear systems or nonlinear systems. The key difference between

adaptive controllers and linear controllers is the adaptive controller’s ability to adjust itself

to handle unknown model uncertainties. More detailed overviews of adaptive control are

given by M’Saad [76], and Najim [94].

Adaptive control is roughly divided into two categories: direct and indirect.

- In the indirect approach, the parameters of the plant model are estimated online and

79
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use the estimated model information to adjust the controller. These controllers are

referred to as self-tuning controllers,

- In the second approach (direct), the plant model is reparametrized in terms of the

controller parameters. This allows the controller parameters to be estimated directly.

This parametrization is possible using the minimum variance or model reference control

method.

In this work, direct MRAC method is considered, where the only updated parameters are

those of the controller.

However, in a number of cases, related to the desired control objectives and structure

of the plant model, the important question is to know in which case it is necessary to opt

for an adaptive control? In control theory dealing with adaptive control, there are several

cases in which fixed-gain controllers can give the same performance as adaptive controllers.

Figure (Fig. 3.1) illustrates a way of proceeding to choose between adaptive controllers and

fixed-gain controllers.

Plant Dynamics

? ?
Uncertain Systems

?
Adaptive

Control

Uncertainty
Accommodated ?

Uncertainty
Tolerated

Robust
Control

Certain Systems

?
Time

Invariant

Constant Gain
Control

?
Time

Varing

Gain-Scheduling

Control

Figure 3.1 Classes of automatic control for dynamical systems

As mentioned in the previous chapters, fractional calculus came into being one of the

most powerful mathematical tool for modelling real world and complex systems. In spite

of its complicated mathematical background, fractional calculus can successfully be used

in various strategies and schemes of control systems. Over the few last years, the idea of

introducing fractional calculus and systems in adaptive control strategy has become a rapidly

growing research topic [64]. Since the pioneering works of Vinagre et. al., [149], and Ladaci

and Charef [65] a decade ago, a great number of fractional adaptive control approaches
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have been developed. Some researchers have been interested in the Fractional Order Model

Reference Adaptive Control (FO-MRAC) [66], [12, 150, 1]; others have investigated the

fractional adaptive PID control domain [96]. Fractional order adaptive High-Gain control

[69, 21], fractional IMC-based adaptive control [68] and robust fractional order adaptive

control [67] have also been introduced. Very recently fractional adaptive extremum seeking

control has been investigated in Neçaibia et. al., [97].

The fractional adaptive control laws provides new maneuver margins to the design engi-

neers for control parameters tuning thanks to the fractional operators, making it possible to

improve significantly the controlled system’s behavior and robustness [61].

In the remainder of this chapter, we show how we can enhance the adaptive control

performances by introducing fractional dynamics in the adaptation algorithm. We will em-

phasize, especially on Model Reference Adaptive Control (MRAC). Two main reasons have

encouraged this orientation of the fractional order control:

- The MRAC control is based on the choice of a reference model which specifies the

closed loop desired performances by the designer. Moreover, many research works

have shown that the dynamic characteristics of a fractional order system are better

than those of an integer order system [103, 134, 18] (see Section 1.5.8.).

- The simplicity of the MRAC control law, which allows the introduction of a high order

model (rational approximation of fractional order models) without destabilizing the

control loop.

The reference model of the MRAC system is extended to its fractional-order version, and to

go furthermore, the MRAC control law has been also modified as fractional-order MIT rule

which provides an extra degree of freedom.

We have carefully interested in the robust adaptive control concept, in particular, via

classic technique of MRAC algorithm robustification, known as parallel feedforward filter

[9], by choosing an appropriate fractional order filter.
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3.2 Model Reference Adaptive Control

MRAC is an important part of adaptive control systems. The expected output is generated

by a reference model (the desired performance of the closed loop control system). The pa-

rameter of the controller (adaptation gain) is adjusted according to the error signal which

is defined as the difference between the system output and the model output, see (Fig. 3.2).

This control system can be regarded as a subset of direct adaptive system (solved via MIT

and/or the Lyapunov rules). In this case, the desired performance is given by the reference

model connected to the system input reference signal u. The control loop will be adjusted

by the output signal of the model through the adaptation mechanism. In addition to normal

feedback structure, adaptive controls employ extra loop, namely, “adaptation loop” (repre-

sented by gray rectangle) to compensate any variations in the dynamics of the process and

to compensate the disturbances.

Reference Model
ym(t)

Adjustment

Mechanism

Controller Plant

r(t) u(t) y(t)

Figure 3.2 Model Reference Adaptive Controls (parameter adaptation)

Given a controllable plant Gp(s) with input output signals u(t) and y(t) respectively, pre-

sented by the following transfer function,

Gp(s) = kp
Np(s)

Dp(s)
(3.1)

The reference model, which is directly connected to the reference signal r(t) is depicted by,

Gm(s) = km
Nm(s)

Dm(s)
(3.2)
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where, Nm(s) and Dm(s) are Hurwitz polynomials of degree m and n respectively, and km is

the gain of the system. It is assumed that the structure of the controlled system is known, and

only its parameters are unknown. The control objective is to make y(t) track the reference

model output ym(t) as closely as possible through the parameters adaptation. The control

law must have the ability to follow perfectly or asymptotically the reference response. The

two most popular methods of designing the controller’s adaptation law are:

- The steepest descent (MIT rule) method,

- The Lyapunov stability method,

3.2.1 MRAC with MIT-Based Adaptation Law

This scheme can be achieved by means of the sensitivity concept via the gradient descent

method. Let θ be the parameter vector specifically designed to minimize a certain loss

function J , such as,

J(θ) =
1

2
e(t)2 (3.3)

where, e(t) = ym(t) − y(t). Then, to minimize J(θ), it is logical to vary the parameters in

the opposite direction shown by dJ/dθ, that is:

dθ

dt
= −γ dJ

dθ
= −γ eδ e

δθ
(3.4)

where γ is a positive constant representing descent rate, and δ e/δ θ is the sensitivity deriva-

tive of the system.

3.2.2 MRAC with Lyapunov-Based Adaptation Law

Despite the intuitive nature of the MIT rule, however, it should be pointed out the stabil-

ity of the system is not guaranteed, as it really depends on the value of γ. To overcome

its limitation, one may consider the Lyapunov method, with this method, the stability is

guaranteed [7]. More details about Lyapunov-Based Adaptation Law can be found in [7].
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3.2.3 MRAC with Feed-Forward Configuration

In several application problems the system may have noises and disturbances. In this case,

the MRAC algorithm shows its limits which can damage the quality of the product or gives

an unsatisfactory result. For this reasons, many modifications and compensations of the

reference model control algorithm have emerged in order to improve the “robustness” of the

controlled system [71, 74]. The so-called Feed-Forward Compensation (FFC) is considered in

many works [9, 70] as a robust control. The basic idea of using FFC configuration is shown

in (Fig. 3.3), where the FFC is inserted in parallel with the controlled process.

r

6
- Reference Model -

?

�
6

Adjustment

Mechanism

�
-

?
-

Controller - Actuator - Plant -

- H−1(s) -

?i -

Ga(s)

6

6
u

ym

y

?�

6
-

Figure 3.3 Diagram of MRAC using FFC configuration

The FFC configuration can only be used if some prior knowledge about the controlled

plant is given. The FFC approach is related to the concept of "almost positivity" condition

[10], which can guarantee the stable implementation of the adaptive control strategy. If there

is reason to know that the controlled plant satisfies the "almost positivity" condition then,

the adaptive control strategy can be immediately safely implemented.

3.2.3.1 Main concepts of robust control

The term "robust", seems to have been introduced (into statistics) by Box in 1953, refers to

tests which are not greatly affected by violations of their assumptions: robust meant strong,

healthy, sufficiently tough to withstand life’s adversities.

In control theory, robust system is a system capable of meeting requirements (stability or
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performance measures) even in the presence of model and/or disturbance uncertainty. While

a robust control is an approach to controller design that explicitly deals with uncertainty.

Now let’s consider a typical feedback system shown in (Fig. 3.4), where Gp(s) is the plant

transfer function; C(s) is the controller transfer function. Very often the plant Gp(s) is not

exactly known, or more precisely is only known to belong to certain set of plants. In this case,

we say the plant is uncertain and call the set which the plant belongs to the uncertainty set.

The purpose of robust control is to design the controller C(s) so that the feedback system

behaves in a desired manner: for each possible plant Gp(s) in the uncertainty set. Although

the controller design is the ultimate goal, a typical robust control theory progresses in three

stages [118]:

• Uncertainty description: Construct a mathematical description of the uncertainty set.

• Robustness analysis: Determine if the feedback system behaves in a desired manner

for each Gp in the uncertainty set when a controller is given.

• Robust controller design: Design a controller C to satisfy the robustness requirement.

Uc(s)
C(s)

Ec(s)
G(s)

U(s) Y (s)

−

Figure 3.4 The Standard Feedback System

Over the past several decades, there has been an increasing interest in robust control. On

one hand, uncertain parameters or disturbances exist inherently in the aeronautics and as-

tronautics, advanced manufacturing, and other complex engineering systems. On the other

hand, uncertain parameters or disturbances seriously affect the stability, accuracy, and re-

liability of underlying control systems. Therefore, robust control has become a challenging

problem in international control field, for example, H∞ control, H2 control, Variable Struc-

ture Control (VSC), LQG Control, Adaptive Control (AC), and so forth. In adaptive robust

control several successful methods were published such as [152] and [153].
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3.2.3.2 Design problem

Process control objectives are generally determined by the process operating conditions and

by the pre-imposed specifications. They are originally formulated in terms of physical,

technological or economic parameters. The requirements on the control can typically can be

grouped into four categories:

1) Stability: The operating point of the closed-loop system must be asymptotically

stable.

2) Asymptotic regulation: For a given class of control inputs and external disturbances,

asymptotic regulation (limt→∞ y(t)− ur(t) = 0) must be realized.

3) Dynamic requirements: The performances of the closed-loop system must satisfy a

set of given specifications such as the bounds on the step responses, requirement of a

certain degree of non-interaction between the different signals, etc.

4) Robustness: The properties of the closed-loop system (1-3) must be preserved under

a given class of variations in the dynamics of the open loop.

The major difficulty of the design problems (1-4) is that the aspects of performance and

uncertainty must be evaluated simultaneously to obtain a good compromise. As the optimal

control theory is interested in the performance aspect (1-3), we are mainly concerned with

the uncertainties and robustness aspect (4).

In several practical applications the design specifications should not be considered as

definitively fixed. They are often contradictory.

The control problem considered here will have to be solved by means of a regulator with

FeedBack and FeedForward.

3.2.3.3 Main Definitions

Definition 3.2.1 (Strictly Positive Real Systems) A strictly proper m × m transfer

matrix is a Strictly Positive Real (SPR) system if it has n poles and n−m zeros, and if all

its poles and zeros are placed in the left half-plane.
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Definition 3.2.2 (Almost Positive Real Systems) A system is Almost Positive Real

Systems (ASPR) if there exists an unknown constant feedback gain matrix Ky, such that

the resulting closed-loop transfer function is strictly positive real.

3.2.3.4 Principle of Robust MRAC with Feed-Forward

In general, if a system described by m × m transfer matrix Gp(s) of n order can be stabilized

by a suitable feedback matrix H(s) of p ≤ n order, then, the augmented controlled system,

Ga(s) = Gp(s) +H−1(s) (3.5)

becomes ASPR.

Many previous works have proposed improper PD controllers of the form:

H−1(s) = K

(
1 +

s

s0

)
(3.6)

which can stabilize many real processes for sufficiently high K values.

A feed-forward action can be then, chosen as follows:

H(s) =
Hp(

1 + s
s0

) (3.7)

Steps of how to design a suitable augmentation H−1(s) will be detailed in the next part of

this chapter.

The aim of this introductory part is to emphasize the basic concepts and schemes per-

tinent to adaptive control techniques involved in our research work, where we present the

Model Reference Adaptive Control with its control laws for direct and indirect methods. A

modification of this control using a parallel Feedforward also interests this work. Another

approach to adaptive control based on Feedback Adaptive Control and applicable to a certain

class of linear systems is discussed.

These different approaches can be subject to more or less significant modifications to

introduce fractional order operators in order to obtain an improvement in the performance

of the adaptive control loop.



Co
nfi
de
nt
ia
l-P

re
lim

in
ar
y
Ve
rs
io
n

88 CHAPTER 3. FRACTIONAL ORDER ADAPTIVE ROBUST CONTROL

3.3 Fractional Order Model Reference Adaptive Control

The main objective of this section is to show how we can improve the performance of the

Adaptive Control, by introducing a fractional dynamic in the adaptation algorithm.

There are several research works in the literature where, authors have already tried to

introduce fractional calculus into conventional Model Reference Adaptive Control systems

[45, 62], and we have slightly tried to extend in the sequel the control strategy of (Fig. 3.2)

as depicted in (Fig. 3.10) and (Fig. 3.23).

In the sequel, let the abbreviation FO-MRAC stands for Fractional-Order Model Refer-

ence Adaptive Control system and FO-PID for Fractional Order PID controller.

3.3.1 FO-MRAC-Based Fractional Order PIλDµ Regulator

In this technique, a fractional order model reference adaptive control based FO-PID regulator

is introduced by making use of MIT rule with the concept of Bode’s ideal loop transfer

function, the aim of this work is to benefit from the fractional calculus approach to improve

the closed-loop performance to obtain more robustness for the control system. The structure

used in this method is the scheme depicted in (Fig. 3.2).

3.3.1.1 Fractional order reference model

The adaptive control scheme is constructed on the principle of forcing the closed loop sys-

tem to follow a chosen reference model. Many research works have shown that the use of

fractional order system as reference model in the MRAC algorithm can improve the dynamic

characteristics with respect to response time and disturbance rejection [66]. The fractional

reference model is designed based on BITF. The BITF is given by (see Section 2.2.3.),

L(s) =
(ωc
s

)γ
, γ ∈ R (3.8)

where ωc is the gain cross-over frequency, that is, |L(ωc)| = 1. The transfer function of the

closed-loop system is given by:

F (s) =
L(s)

L(s) + 1
=

1

1 +
(
s
ωc

)γ (3.9)
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As in classical control designs, some system properties and constraints are fixed at the

beginning such as the overshootMp, peak time Tp, rise time Tr, time constant Tc, and settling

time Ts. References [11, 83] give us the following expressions to construct the fractional-order

transfer function F(s).

- The overshoot Mp:

Mp =
ymax − y(∞)

y(∞)
, Mp ≈ 0.8(γ − 1)(γ − 0.75) (3.10)

- The rise time Tr:

Tr ≈
0.131(γ + 1.157)2

(γ − 0.724)ωc
, 1 < γ < 2 (3.11)

- The settling time Ts (for 2% and 5% criterion):

Ts(2%) ≈ 4

cos
(
π − π

γ

)
ωc

=
4

ξωc
, 1.39 < γ < 2 (3.12)

Ts(5%) ≈ 3

cos
(
π − π

γ

)
ωc

=
3

ξωc
, 1.44 < γ < 2 (3.13)

where ξ = cos
(
π − π

γ

)
is the damping ratio of the fractional closed-loop control system.

3.3.1.2 Control strategy

In this section, we have interested in the reference model based direct adaptive control, and

in particular, to the method using MIT law presented in (3.2.1), MIT rule is given by:

dθ

dt
= −γ dJ

dθ
= −γ eδ e

δθ
(3.14)

3.3.1.3 Application to a speed control of a DC motor

The application proposed to this method is the speed control of a DC motor [57]. The control

design and results are simulated in Matlab Simulink environment.
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A. Description and modeling of the DC motor

The plant considered in this work is a DC motor (Fig. 3.5) simulated by Matlab/Simulink,

the aim of this work is to control the DC motor speed to get the desired speed [57]. The

parameters’ values are listed in (Tab. 3.1).

Figure 3.5 Simplified scheme of a DC motor

Mechanical equation:

Applying the Newton’s law we have,

J
dω(t)

dt
= Tm − TL −B ω(t) (3.15)

where ω is the shaft angular speed of the motor, B is a constant represents the friction in

the bearings of the motor and the load.

Electrical equation:

From kirchhoff’s voltage law we have,

L
dia(t)

dt
= va(t)−R ia(t)− vb(t) (3.16)

Electro-mechanical coupling:

The back EMF is proportional to speed as,

vb(t) = kbω(t)

The motor torque is proportional to current as,

Tm(t) = km ia(t)
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After Laplace transformation we can obtain transfer function of DC motor as,

Ω(s)

Va(s)
=

km
(Ls+R)(Js+B) + kmKb

(3.17)

As shown in (Eq. 3.17) the system output is the rotational speed Ω and the system input is

the armature voltage Va.

Thus, the block diagram can be schematized as in (Fig. 3.6).

1
Ls+R km

TL

1
Js+B

kb

Va(s) Va-Vb Ia Tm − Ω(s)

−

Vb(s)

Figure 3.6 Block diagram of a DC motor

Table 3.1 DC motor parameters

Parameter Value

Inertia Moment J = 0, 02Kg.m2

Coefficient of friction B = 0, 2N.ms
Back EMF constant Kb = 0, 15V/rads−1

Torque constant Km = 0, 15Nm/A
Resistance R = 2.0Ohm
Inductance L = 0.5H

Substituting the parameters of (Tab. 3.1) in (Eq. 3.17) then, the transfer function of the DC

motor is:

Ω(s)

Va(s)
=

15

s2 + 14s+ 42.25
(3.18)

The open loop response of the DC motor for step input is shown in (Fig. 3.7).

By considering the poles of the system (Eq. 3.18) and the open loop step response of the

transfer function, the system is stable.
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↖
Rise time: 0.575 (seconds)

Figure 3.7 System open loop response for step input

Using MATLAB pidTuner of Control System Toolbox, PID controller parameters are tuned

to satisfy the desired performances presented in Table 3.2. The closed loop response of the

DC motor for step input is shown in (Fig. 3.8).

Table 3.2 Parameters of the tuned PID with the desired performance

Parameter Value

Rise time 0.3 s
Performance Settling time 0.5 s

Overshoot ≤2%

kp 6.5
Controller ki 20.75

kd 0.475

Now to maintain the performance of (Tab. 3.2) in the presence of disturbances and load

perturbation, the motor requires suitable (in terms of robustness) speed controller. For this

aim, in the next step, we will use the fractional order approach to design a fractional order

model reference adaptive control that can offers an improvement in the quality of the speed

response of the DC motor (Eq. 3.17).
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Figure 3.8 Closed loop system response for a step input

B. Design of FO-MRAC for the DC motor

Basically, the model reference adaptive controller is constructed on a simple concept. Using

the general representation of adaptive control scheme given in (Fig. 3.2), the adaptive control

scheme adopted for our application can be given as,

Reference
Model

ym

Adjustment
Mechanism

−
e

Plant

+

yp
Controller

uc
u

θ

Figure 3.9 Schematic diagram of MRAC

The model approximation error can be defined as:

e = yp − ym (3.19)
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where yp is the controlled process output, and ym is the reference model output, e is called

the tracking error.

Whenever responses of reference model and control system differ, it causes increasing am-

plitude of e and MRAC updates the adaptation parameter θ by minimizing a convex cost

function J(θ) via MIT rule:

J(θ) =
1

2
e2(t) (3.20)

The change of adaptation parameter towards the negative gradient of J(θ) was achieved

using (Eq. 3.14). The control law u, is the combination of a control action uc, and vector θ,

as represented in (Eq. 3.21) and (Eq. 3.22).

u = θ uc (3.21)

θ = k0/k (3.22)

For the plant,

Yp(s)

U(s)
= k G(s) (3.23)

where k is unknown parameter, the aim is to force (Eq. 3.23) look like (Eq. 3.24).

Ym(s)

Uc(s)
= k0G(s) (3.24)

Using,

Gm(s) = k0G(s) (3.25)

this means that reference model is scalar multiplied by plant model.

Gp(s) = k G(s) (3.26)

Figure (Fig. 3.10), illustrates basic blocks of adjustment mechanism for the parameter θ.
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Gp(s) = kG(s)
∏uc u

−γ
s

∏ ∑eθ

Gm(s) = k0G(s)
ym

−

yp

+

Figure 3.10 Adaptation of feed-forward gain

Substituting (Eq. 3.21−3.26) in (Eq. 3.19), gives us.

e = kG(s)U(s)−Gm(s)Uc(s) (3.27)

e = kG(s)θ Uc(s)− k0G(s)Uc(s) (3.28)

Applying the MIT rule (Eq. 3.14), we get:

dθ

dt
= −

(
γ
′ k

k0

)
ym e = −γ ym e (3.29)

-γ× 1
s

ym

e
θ

Figure 3.11 Adaptive mechanism block diagram

Reference model :

Substituting the desired performance of (Tab. 3.2) in (Eq. 3.10−3.13).

Ts = 0.5, Tr = 0.3, ξ = 0.9217, α = 1.027, ωc = 6.51rd/s.

Then, the required parameters for the Bode’s model can be derived as follow,

L(s) =

(
6.51

s1.027

)
(3.30)
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Leading to the closed loop,

F (s) =
1

1 + 0.153s1.027
(3.31)

The well-established Oustaloup’s approximation method is, is an approximation method

allowing to express the fractional order transfer function into an approximate integer order

one (see Section 1.4.1.1.). For ωb = 10−3 and ωh = 10−3, Oustaloup’s approximation gives the

rational transfer function (Eq. 3.32), which will serve as a reference model for the proposed

adaptive controller.

F (s) ≈s
7 + 1224s6 + 2.094× 105s5 + 5.695× 106s4 + 2.507× 107s3 + 1.787× 107s2

185.4s7 + 3.615× 104s6 + 1.134× 106s5 + 9.588× 106s4 + 2.773× 107s3

+2.024× 106s+ 3.206× 104

+1.816× 107s2 + 2.029× 106s+ 3.206× 104

(3.32)

Figure (3.12), shows how the fractional model reference based on Bode’s transfer function

overlaps the desired performance.

0 0.5 1 1.5
0

0.2

0.4

0.6

0.8

1

Time (seconds)

Step responses

↙ Settling time: 0.5 (seconds)

↖ Rise time: 0.3 (seconds)

Figure 3.12 Step response of the fractional model reference

The reason of designing the reference model in this way is to avoid the bad dynamics in
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higher order frequency, by taking benefit from Bode’s closed loop transfer function which

presents the interesting property of being robust to gain changes.

The control signal Uc(s) is provided by a FO-PID controller in closed loop unity feedback

system. Here, FO-MRAC provides adaptation by scaling control effort of closed-loop PID

controller [114]. Figure (3.13) shows the FO-PID used in closed loop unity feedback.

This approach comes out the advantage of easily transformation of fractional PIλDµ

control system into adaptive PIλDµ control systems. In our simulation studies, we are using

the following parameters for the fractional PID, (to satisfy the performance of (Tab. 3.2)).

kp = 31.8, ki = 116, kd = 3.3,

λ = 1.0185, µ = (λ/2) = 0.509

The obtained transfer using the Oustaloup’s approximation method is called from Simulink

through the LTI System block as depicted below,

r
+

yp
−

FO−PID
e ×uc

θ

u

Figure 3.13 Fractional PID controller

C. Simulation results

A numerical simulation example is presented in this section by applying the designed

FO-MRAC for the DC motor Speed Control (Eq. 3.18).

Figure (3.14) shows plant and reference model output, in which we can see that the

plant output tracks the desired performance with perfect behavior. Figure (3.15) shows the

tracking error that is very minimized.

Figure (3.16), illustrates the tracking when the plant is subjected to random output

disturbances of amplitude of 0.02. Figure (3.17) shows the corresponding tracking error.
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Figure 3.14 Plant output with particular value of λ = 0.01

Figure 3.15 Tracking error

Figure 3.16 Process output with random output disturbances
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Figure 3.17 Tracking error with random output disturbances

Figure (3.18), illustrates DC motor output with a load applied at t=3 (sec). Figure (3.19),

is the tracking error with the applied load which is minimized to zero.

Figure 3.18 Disturbance rejection test at t=3 (sec)

Figure 3.19 Tracking Error with the applied load

Figure (3.20), shows the plant output with impulse disturbance. Figure (3.21). demonstrates

the corresponding tracking error.
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Figure 3.20 Output of the DC motor with impulse disturbance

Figure 3.21 Tracking error of the output with disturbance

This work presents a simulation study for designing a FO-MRAC based PID control for the

DC motor speed using MIT rule. From the simulation, we see that the designed controller

drives the process response to mimic the desired performance of the fractional reference

model. The work is achieved with the following remarks:

- The adaptation gain is achieved, but beyond a certain limit (γ < 5) the system per-

formance becomes poor. Need much tuning to get acceptable response.

- More advanced controllers could be formed from other methods such as, Modified

(normalized) MIT, and Lyapunov direct and indirect methods.
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3.3.2 Adaptive Fractional PIλ Controller Tuning Scheme

Many methods for tuning of fractional order PID controllers have been presented in the lit-

erature. Gain phase margin, crossover frequency, high frequency noise rejection, maximum

sensitivity and the iso-damping property are the main specifications that have been consid-

ered to design FO-PID controllers [92]. Among these methods are "Fractal Robustness and

Parameter Tuning PIλDµ Controllers" proposed in [35] and the "Analytical Design Method

for Fractional Order Controller Using Fractional Reference Model" presented in [15].

Many schemes have been proposed to introduce fractional order controllers into the adap-

tive control strategies, in order to maintain robustness properties and to allow more design

freedom and resulting in a robust adaptive control. In most of these schemes the tuning of

the fractional orders is not showed explicitly.

The objective of this section is to develop a new design scheme in order to tune the

adaptive fractional-order PID controller with the aim of satisfying gain and phase margin

specifications over the given range of the plant parameters variation. The controller tuning

is based on bode’s ideal function which is applicable to FOPTD processes.

3.3.2.1 Design method

The transfer function form used to model a large number of industrial processes to a first

order plus time delay (FOPTD) can be written as,

G(s) =
Y (s)

U(s)
=

k e−Ls

τ s+ 1
(3.33)

where L is the time delay, k ∈ [kmin, kmax] is the static gain and τ is the time constant.

Uc(s)
C(s)

Ec(s)
G(s)

U(s) Y (s)

−

Figure 3.22 Closed loop control system

where, C(s) is a fractional order controller defined as [15],

C(s) = kp

(
1 + Td s

sα

)
(3.34)
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where, kp is the proportional gain, Td is the derivative time of the controller, and 1 < α < 2.

Equation (Eq. 3.34) can also be rewritten as,

C(s) = kp

(
1

sα
+ Td s

1−α
)

(3.35)

which is a particular case of a fractional PIαDλ controller, where, λ = 1− α. The fractional

order α is calculated using analytical design method (detailed in the next section) to satisfy

the desired gain and phase margins Am and φm respectively.

A. Analytical design tuning method (Offline tuning)

As mentioned previously, the fractional order α is determined using analytical design

method to satisfy the desired gain and phase margins Am and φm respectively. The analytical

design method chosen is described in [15] as follows, with Td = τ . The open loop of the

(Fig. 3.22) is,

C(s)G(s) =
kpk e

−Ls

sα
(3.36)

Then, the gain and the phase expressions are given respectively,

|C(jω)G(jω)| = kpk

ωα
(3.37)

φ = −Lω − α π
2

(3.38)

with the desired specifications Am and φm. The controlled system should satisfy,

Am =
1

|C(jωp)G(jωp)|
(3.39)

and,

φm = π + arg[C(jωg)G(jωg)] (3.40)

where ωg and ωp are the gain and phase crossover frequencies of the open-loop system, with,

|C(jωg)G(jωg)| = 1 (3.41)

and,

arg[C(jωp)G(jωp)] = −π (3.42)
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By substitution, we can write the gain relations as,

kkp
ωgα

= 1 (3.43)

ωp
α

kkp
= Am (3.44)

and the phase relations as,

φm = π − Lωg − α
π

2
(3.45)

π = α
π

2
+ Lωp (3.46)

From (Eq. 3.43) and (Eq. 3.44), we obtain the gain and the phase crossover frequencies as,

ωg =
π − φm − α π

2

L
(3.47)

ωp =
π − α π

2

L
(3.48)

Using (Eq. 3.41) and (Eq. 3.44), we obtain a new nonlinear relation,

Am =

(
π − α π

2

π − φm − απ2

)α
(3.49)

Using a numerical method, the fractional order α can be determined for each desired gain

and phase margin values Am and φm.

Equation (Eq. 3.49) shows that the specified gain and phase margins depend only on the

fractional order α. Therefore, any variation of the gain k has no effect on the closed loop

control system performance. So that, the system is robust to gain variations.

The proportional gain is given by,

kp =
ωαp
kAm

=
ωαg
k

(3.50)

At this point, the value of α calculated in (Eq. 3.49) and the value kp calculated in (Eq. 3.50)

using nominal values for the gain k, are useful for the next stage of the proposed tuning

scheme.

In the sequel, the results of the offline tuning method described above is investigated

to design a robust fractional order PI-based model reference adaptive control, using Bode’s

ideal loop and the fractional order MIT rule. The resulting fractional order controller can

be used to serve as a robust adaptive PI control for first order plus time delay plants with

unknown variations of gain k.



Co
nfi
de
nt
ia
l-P

re
lim

in
ar
y
Ve
rs
io
n

104 CHAPTER 3. FRACTIONAL ORDER ADAPTIVE ROBUST CONTROL

B. MRAC and the MIT rule approach (Online tuning)

To obtain a FO-MRAC based solution of the PIλ controller which will be more appropriate

for application in the case of gain and parameters variation of the plant, we slightly modify

the control strategy of (Fig. 3.9) as depicted in (Fig. 3.23). As a result the control law

parameters kp and kd are now updated online.

Reference
Model

ym

Adjustment
Mechanism

−
e

Plant
yp

+

u
kp

ki

uc ec

1
sα

+

−
θ1

θ2

Adaptive

Controller

α = Desired specifications

Am and φm

−

Figure 3.23 Schematic diagram of fractional order PI-MRAC controller

The fractional order LTI controller (Eq. 3.34) with the analytical method described above

is investigated to design a robust fractional order PI-based model reference adaptive control

using Bode’s ideal loop and the fractional order MIT rule. The resulting fractional order

controller can be used to serve as a robust adaptive PI control for First Order Plus Time

Delay (FOPTD) with unknown variations of gain k.

C. Fractional order model reference adaptive PI controller

In this section, the parameter adaptation laws for a PI control algorithm using the MIT

rule are detailed. The controller of (Fig. 3.9), is an adaptive Proportional-Integral (PI)
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controller defined as,

C(s) = kp +
ki
sα

(3.51)

The control law u, in (Fig. 3.9), is considered as,

U(s) = C(s) × Ec(s) (3.52)

where U is the control variable, Ec is the control error (defined as Ec = Uc − Y ), Uc is the

reference and Y is the output. Substituting (Eq. 3.51) in (Eq. 3.52) yields,

U(s) = −kpY (s) +
ki(Uc(s)− Y (s))

sα
(3.53)

Rearranging (Eq. 3.53) gives us,

U(s) =
kiUc(s)− (kps

α + ki)Y (s)

sα
(3.54)

where the tuning of the fractional order α is done with the same way as in (Eq. 3.35). In

other words, the parameter α is calculated using (Eq. 3.49) to satisfy gain and phase margin

specifications.

The parameters kp and ki are adjusted using MRAC structure to compensate the con-

trolled plant against any disturbances or parametric variations.

Equation (Eq. 3.54) can be written as,

U(s) =
ki
sα
Uc(s)−

kps
α + ki
sα

Y (s) (3.55)

Now, let’s consider the following control law form,

U(s) = θ1Uc(s)− θ2Y (s) (3.56)

Comparing with (Eq. 3.55) yields,

θ1 =

[
ki
sα

]
and θ2 =

[
kps

α + ki
sα

]
(3.57)

C.1. Initial values of the adaptive algorithm (of kp and ki)

As mentioned above, the parameters of the controller kp and ki are adjusted using an adap-

tive PI control algorithm. Furthermore, it is possible to use the value of kp calculated in
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(Eq. 3.50), and ki = kpT as initial conditions to initiate the adaptive algorithm. Thus, three

parameters can be tuned in this structure (kp, ki and α) as follows,

- In offline tuning:

- α is tuned in offline from (Eq. 3.49),

- the initial value of kp calculated from (Eq. 3.50) and ki = kpT .

- In online tuning

- α must be remain fixed,

- kp and ki adjusted using MIT-based MRAC algorithm.

As a result, a robustness to variations in the gain of the plant is fulfilled (fractional oper-

ators and the MRAC algorithm) and the controlled plant satisfies gain and phase margins

specifications.

With the initial values given to the parameters (kp and ki) for the adaptive algorithm

based on gain and phase margins specifications, it is possible to say that the adaptive algo-

rithm can start from the right initial conditions, so the stability of the controlled plant is

ensured and improved.

C.2. Reference model

Another contribution of this work is the fractional property of the model reference used for

the MRAC algorithm, which is based on Bode’s ideal loop. Considering the same gain and

phase margins specifications (Am, φm) adopted for the system (Eq. 3.33), a fractional order

model reference is obtained as the closed loop of (Eq. 3.36) as,

Ym(s)

Uc(s)
=

C(s)G(s)

1 + C(s)G(s)
=

kpke
−Ls

sα + kpke−Ls
(3.58)

Which clearly has unit steady state gain. The initial values of α, kp and ki are calculated

from (Eq. 3.49) and (Eq. 3.50) respectively, with the nominal values of k.

Equation (Eq. 3.58) is used to serve as a Bode’s ideal loop-based Model Reference for the

adaptive control algorithm proposed in this work.
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Applying the control law (Eq. 3.56) to the system (Eq. 3.33) gives us,

Y (s) =
θ1ke

−Ls

(τ s+ 1) + θ2ke−Ls
U(s) (3.59)

Now, let’s derive the adaptation rules for the controller parameters kp and ki. Using the

adjustment rule (Eq. 3.34), the next relations are given,

dθ

dt
=





dθ1
dt

= −γ × ∂ J
∂ θ1

= −∂ J
∂ e
× ∂ e

∂ y
× ∂ y

∂ θ1

dθ2
dt

= −γ × ∂ J
∂ θ2

= −∂ J
∂ e
× ∂ e

∂ y
× ∂ y

∂ θ2

(3.60)

Solving (Eq. 3.59) for θ1 and θ2 and substituting in (Eq. 3.60) gives,

dθ1

dt
= −γ e×

(
ke−Ls

(τ s+ 1) + θ2ke−Ls

)
Uc(s) (3.61)

dθ2

dt
= γ e×

(
ke−Ls

(τ s+ 1) + θ2ke−Ls

)
Y (s) (3.62)

In Laplace domain (Eq. 3.61) and (Eq. 3.62) can be written as,

θ1 =
−γ′ e
s

(
ke−Ls

(τ s+ 1) + θ2ke−Ls

)
Uc(s) =

[
ki
sα

]
(3.63)

θ2 =
γ
′
e

s

(
ke−Ls

(τ s+ 1) + θ2ke−Ls

)
Uc(s) =

[
ki + kps

α

sα

]
(3.64)

where γ′ = kγ.

From (Eq. 3.65) the model output is derived as,

Ym(s) =
kpke

−Ls

sα + kpke−Ls
Uc(s) (3.65)

when the output Y in (Eq. 3.59) is close to its ideal Ym in (Eq. 3.65) the following approxi-

mation can be done,

(τ s+ 1) + θ2ke
−Ls ∼= kpke

−Ls

sα + kpke−Ls
(3.66)

where in the second side of (Eq. 3.66) kp is substituted by initial values. While, k can be

replaced by nominal values. Therefore, (Eq. 3.63) and (Eq. 3.64) are approximated to,

ki
sα

= −γ
s
e

(
e−Ls

sα + kpke−Ls

)
Uc(s) (3.67)

kp =
γ

s
e

(
e−Ls

sα + kpke−Ls

)
(Y (s)− Uc(s)) (3.68)
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3.3.2.2 Illustrative examples

In order to show the effectiveness of the proposed adaptive control scheme, an example is

chosen from the literature. The plant is a heating furnace which was modelled in [156] by,

• Integer order model (IOM)

GIOM =
1

73043s2 + 4893s+ 1.93
(3.69)

• Fractional order model (FOM)

GFOM =
1

14994s1.31 + 6009s0.97 + 1.69
(3.70)

According to [156], the fractional order model was more exact than the integer order one.

To apply the proposed adaptive control, the integer order model (Eq. 3.69) should be ap-

proximated by a first order plus time delay system which is given in [156] by,

GFOPTD =
0.51813e−14.97s

2520.2609s+ 1
(3.71)

The design specifications required for this plant are,

• Gain margins, Am = 3.13,

• Phase margins φm = 60 degrees,

Applying the tuning equation 3.49, the obtained fractional order is α = 1.0134,

From (Eq. 3.29) , kp = 0.0619, with Td = τ , ki = 156.0315. As mentioned above, these

values will be used to initiate the adaptive PI algorithm parameters.

• Design of the fractional order adaptive PI controller

The proposed fractional model reference of the control system can be given by,

Gm =
0.0321e−14.97s

s1.0134 + 0.0321e−14.97s
(3.72)

The delay time term is approximated by 2nd order Pade approximation. Fractional order

operator approximation is done in the frequency band [10−3 − 103] rad/s with the order 5.

The controlled plant response and the fractional model reference are given in (Fig. 3.24).
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Time (sec)

A
m
p
li
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d
e

↙
Reference
(Uc) ↙

Reference Model (ym)

↖
FOPTD-Model with
proposed scheme

Figure 3.24 Controlled plant and model responses

As can be seen from this figure, there is an excellent model-following for time t < 50 seconds,

the controlled plant and the model performance are overlapped due to the initial conditions

given to the adaptive control algorithm. The control law given to the system is depicted in

(Fig. 3.25).

 

Time (sec)

A
m
p
li
tu
d
e

↙ Control law (u)

Figure 3.25 The control law
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An integer order PID controller is designed according to Åström-Hägglund tuning algorithm

[6] for the integer order model (Eq. 3.69) as,

CIO(s) = 305.38 +
10.18

s
+ 2290.35s (3.73)

A fractional order PIλDµ controller is designed according to the tuning algorithm in [156]

for the fractional model (Eq. 3.70) as,

CFO(s) = 736.8054 +
0.5885

s0.6
− 818.420s0.35 (3.74)

In order to compare the results of the proposed scheme for the plant model (Eq. 3.72) with

the two controllers (Eq. 3.73) and (Eq. 3.74), a comparison of the three strategies of control

is shown in (Fig. 3.26).

 

Time (sec)

A
m
p
li
tu
d
e

↙ IO-Model with IO-PID

Reference (Uc)

↙FO-Model with FO-PID

↖
FOPTD-Model with
proposed scheme

Figure 3.26 Comparison of the three strategies of control

IO: Stands for Integer Order.

FO: Stands for Fractional Order.

FOPTD: stands for First Order Plus Time Delay Model.
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MATLAB StepInfo command is used to compute the step response characteristics, the results

for the three controllers are recorded in (Tab. 3.3).

Table 3.3 Results of the “stepinfo” command for the three strategies of control

Performances

-
FOPTD model with
FO-MRAC PI (Proposed)

IO model with
IO-PID

FO model with
FO-PID

Rise Time 31.5208 21.8900 30.5475
Settling Time 53.9381 167.1491 83.2827
Settling Min 0.9294 0.8521 0.9103
Settling Max 1.0172 1.5206 1.0761
Overshoot 1.7187 52.0575 7.6145
Undershoot 3.2214 0 1.0228
Peak 1.0172 1.5206 1.0761
Peak Time 76.3258 61.2695 64.4210

From the (Tab. 3.3), the performances of the controlled plant are improved. The plant

response is much faster with smaller overshoot when the fractional adaptive controller PI is

applied.

In this part, a novel design scheme is proposed to tune fractional order adaptive PI

controller for a class of First Order Plus Time Delay (FOPTD) plants. Two ideas have been

presented to improve the Fractional Order Model Reference Adaptive Control (FO-MRAC)

namely,

- The Fractional Order MRAC tuning scheme is improved; where initial parameters of

the adaptive algorithm are fixed in offline first, then an online tuning is performed to

achieve the robustness of the controlled plant against parametric variations,

- The second idea is the new fractional order Model Reference tuning form which is

introduced using the plant model.

Through an illustrative example, simulation results show the effectiveness of the proposed

scheme.
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3.3.3 Robust MRAC with Fractional Order FeedForward

In this section, a fractional order adaptive robust control solution for disturbed systems is

presented, based on the work of Bar-kana [10, 9], which uses the basic property of process

stabilization and a simple parallel feed-forward in order to guarantee the robust stability of

the adaptive non-linear regulator [63].

3.3.3.1 Control strategy

In this section, we have interested in the fractional order Feed-Forward configuration similar

to that of integer order one (Eq. 3.5) of the forme:

H(s) =
Hp(

1 + s
s0

)α (3.75)

where α is a real number and 0 < α < 1.

The introduction of the fractional feed-forward improves the robustness of the adaptation

algorithm in the presence of disturbances, since these systems do not amplify these random

signals. This configuration can be considered as in (Eq. 3.7) as the inverse of an improper

fractional PD controller, which is currently used in control systems with good performance

[51, 104].

3.3.3.2 Application to a DC/DC boost converter

Without loss of generality, this adaptive robust control method will be applied to a non-

minimum phase system of a DC/DC Boost Converter Stabilization given by the schematic

representation shown in (Fig. 3.27). From (Fig. 3.27), the mathematical model of the boost

converter is [54]: 



diL
dt

= −R
L
iL −

1

L
(1− d)vc +

1

L
vi

dvc
dt

=
1

C
(1− d)iL −

1

RLC
vc

(3.76)

where iL is the inductor current; vc is the output voltage; vi is the input voltage source;

control input d is the duty ratio (0 ≤ d ≤ 1); R,L and C are the circuit parameters; RL is

the load resistance.
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Duty Duty PWM

+
vi

R L

C RL

Diode

Switch controller stage

PWM Generator

Power stage

Figure 3.27 Schematic representation of the Boost Converter

When the inductor resistance is disregarded (i.e. R = 0) from model (Eq. 3.76), the steady-

state relation between the voltage source and the output voltage is given by [54],

Vc =
1

(1−D)
Vi (3.77)

where Vc is the output voltage andD is the duty ratio at the equilibrium point. This equation

shows that the output voltage is always higher than the input voltage if the system is stable

at the range of duty ratio [131].

From (Eq. 3.76) the boost converter is a bilinear system including the multiplication of

input and system states [129]. And it is a non-minimum phase system because the zero

dynamics of the system is unstable as to the output voltage [130].

This property makes the converter control problem very complicated and many works

have been made by the researchers in the control theory field as well as power electronics for

many years [131].

The linearized model of the power converter system at the desired equilibrium point,

ẋ =


 −

R
L
− (1−d)

L

(1−d)
C

− 1
RLC


x+




Vc
L

− I
C


u (3.78)

where x is the system states [iL−I vc−Vc]T and the input u is d−D. The transfer function

of (Eq. 3.78) shows that its zero is located at [131]:

z1 =
(Vc(1−D)/I −R)

L
(3.79)
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Since the inductor resistance R is very small, the zero is at the right half plane. This implies

the linearized system (Eq. 3.78) is also non-minimum phase. The system parameters of the

boost converter are determined as in (Tab. 3.4) [131].

Table 3.4 Plant Parameters

Parameter Value

Inductor L = 1mH
Inductor Resistance R = 0.6
Capacitor C = 1mF
Voltage Source Vi = 12V
Desired Output Voltage Vo = 24V
Load Resistance (Disturbance) RL = 50

Nominal Equilibrium Point

Output Voltage Vc = 24V
Inductor Current I = 1.0111A
Duty Ratio D = 0.5253

Transfer function of the linearized model is [131]:

G(s) =
Y (s)

U(s)
=
−1011s+ (1.079× 107)

s2 + 620s+ (2.374× 105)
(3.80)

The designed PI controller, the parallel Feed-Forward and the Model reference are [131]:

CPI(s) =
0.001s+ 0.03

s
(3.81)

H(s) =
0.001

0.001s+ 1
(3.82)

Gm(s) =
300

s+ 300
(3.83)

3.3.3.3 Design of the MRAC for the DC/DC boost converter

Using the MRAC structure given in (Fig. 3.9), the control law u chosen in this this work, is

given by,

u = θ1uc − θ2y (3.84)

where; θ1 and θ2, are the adaptation parameters, and uc is a unit step input. From (Eq. 3.80).

we have,

Y (s) =

( −1011s+ 1.079× 107

s2 + 620s+ 2.374× 105

)
[θ1Uc − θ2Y (s)] (3.85)
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and

Y (s) =
−1011s+ 1.079× 107

s2 + (620− 1011)s+ 2.374× 105 + 1.079× 107θ2

θ1Uc (3.86)

The deviation between the desired response and the plant output, can be defined as:

e = y − ym (3.87)

Substituting (Eq. 3.86) in (Eq. 3.87), yields,

E(s) =
−1011s+ 1.079× 107

s2 + (620− 1011)s+ 2.374× 105 + 1.079× 107θ2

θ1Uc −GmUc (3.88)

If the MIT rule (Eq. 3.14) is used then,

∂ e

∂ θ1

=
−1011s+ 1.079× 107

s2 + (620− 1011)s+ 2.374× 105 + 1.079× 107θ2

uc (3.89)

and
∂ e

∂ θ2

=
(−1011s+ 1.079× 107)θ1

s2 + (620− 1011)s+ 2.374× 105 + 1.079× 107θ2

y (3.90)

The reference model can be written as:

Gm =
b0m

a1ms+ a2m

(3.91)

But, we want the output y of the plant tracks the output ym of the reference model, then,

s2 + (620− 1011)s+ 2.374× 105 + 1.079× 107θ2 ≈ a1ms+ a2m

∂ e

∂ θ1

=
b0m

a1ms+ a2m

uc (3.92)

and
∂ e

∂ θ2

= − b0m

a1ms+ a2m

y (3.93)

Finally,
∂ e

∂ θ1

= −γ e de
dθ1

= −γ
(

b0m

a1ms+ a2m

uc

)
e (3.94)

and
∂ e

∂ θ2

= −γ e de
dθ2

= γ

(
b0m

a1ms+ a2m

y

)
e (3.95)

Figure (Fig. 3.28), shows the SIMULINK model of the MRAC adaptation mechanism.
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Figure 3.28 Block diagram of the adaptation mechanism

Furthermore, to improve the robustness of this improved adaptive control scheme, we will

use the fractional order parameter adaptation law proposed in [66] instead of (Eq. 3.14),

which is given by [67]:
dβθ

dtβ
= −γ

(
∂ e

∂ θ

)
e (3.96)

where β is a real number such that 0 < β < 2. For this work β is fixed to 0.55.

Reference model :

The fractional order form of the model (Eq. 3.83) is given as,

Gmf (s) =

(
300

s+ 300

)µ
=

(
1

s
300

+ 1

)µ
(3.97)

In this work, the singularity function (Charef’s method) presented in (Section 1.4.1.2), is

used to convert the fractional order transfer function to rational one with µ = 0.85 and 2 dB

as a tolerated approximation error, Charef’s approximation gives us the following transfer
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function which serves as the reference model for the adaptive control presented in this work.

Gmf (s) ≈
676.2s+ 5.73× 106

s2 + 1.496× 104s+ 5.73× 106
(3.98)

Fractional feed-forward :

The fractional order feed-forward of (Eq. 3.82) is considered as:

Ff (s) =
0.001

(0.001s+ 1)α
= 0.001

1(
s

1000
+ 1
)α (3.99)

The fractional order pole power is chosen arbitrarily (α = 0.6). Singularity function (Charef’s

method), gives us:

Ff (s) = 0.001
1

(
s

1000
+ 1
)0.6 ≈

6.813s2 + 2.471× 105s+ 1× 109

s3 + 7.96× 104s2 + 7.96× 108s+ 1× 1012
(3.100)

Fractional order PI :

In this work, the PI (Proportional-Integrator) controller of (Eq. 3.81) is considered in a

fractional order form as,

CPIf (s) = 0.001 +
0.03

sγ
(3.101)

with γ = 0.95 the transfer function in integer order approximation is,

CPIf (s) =
0.7379s3 + 35.03s2 + 241.6s+ 21.24

707.9s3 + 8024s2 + 900.3s+ 1
(3.102)

3.3.3.4 Application and simulation results

This section, presents the simulation and results obtained using the designed MRAC algo-

rithm with fractional MIT rule, fractional reference model, fractional parallel Feed-forward,

and fractional PI controller for the considered DC-DC Boost Converter with load variation.

The load was changed from RL = 15Ω to 50Ω as depicted in the (Tab. 3.5). The overall

simulation system under Matlab Simulink is presented in (Fig. 3.29).
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Table 3.5 Cases considered for simulation

Cases Value Corresponded transfer function

1 RL = 15 Ω G1(s) = −1011s+(1.079×107)
s2+666.7+(2.653×105)

2 RL = 25 Ω G2(s) = −1011s+(1.079×107)
s2+640+(2.653×105)

3 RL = 35 Ω G3(s) = −1011s+(1.079×107)
s2+628.6+(2.653×105)

4 RL = 45 Ω G4(s) = −1011s+(1.079×107)
s2+622.2+(2.653×105)

5 RL = 50 Ω (Nominal value) G5(s) = −1011s+(1.079×107)
s2+620+(2.653×105)

 

Figure 3.29 Simulation of the overall system
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Figure (Fig. 3.30). and (Fig. 3.31) show the effectiveness of the proposed control strategy in

improving the system performance in spite disturbances on the load values.

 

Figure 3.30 Model and plant responses for the cases given in (Tab. 3.5)

 

Figure 3.31 Tracking error between model and plant for the cases given in (Tab. 3.5)

Figure (Fig. 3.32) shows a comparison of the proposed fractional order MRAC control based

on fractional parallel feed-forward configuration scheme with a classic MRAC based integer

parallel feed-forward and a classic PI controller.

The load was changed from RL = 50 Ω (nominal value) to RL = 20 Ω at t = 0.05 seconds

as variation parameters, then changed back to RL = 50 Ω at t = 0.1 seconds.
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From the simulation results shown in (Fig. 3.32), we can see that the plant response in

fractional order MRAC is pretty good than in the integer case with improvement in the

robustness of the control system.

Figure 3.32 Comparison of fractional MRAC with integer MRAC; Thick line pro-
posed classic MRAC (green), Thin line proposed fractional MRAC (blue), and PI
controller thick dashed line (red)

Control of DC-DC Boost Converter requires adaptive control techniques since its load changes

within time. In this work we proposed a factional-order robust adaptive control using the

property of ASPR condition and a MRAC control scheme with a feed-forward action and

a modified fractional order MIT control law. The simulation results demonstrated the ef-

ficiency of the proposed controller to stabilize the plant even in presence of disturbances.

Further researches are focused on robust stability analysis and demonstration using classical

theory.
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3.4 Conclusion

The main part of this chapter was devoted to the Model Reference Adaptive Control MRAC,

with the MIT control law. This method has the advantage of being easy to be implemented.

It allows to propose various modifications of its algorithm based on the use of fractional

order operators.

We have shown that the introduction of a fractional order reference model has a bene-

ficial effect on the performance of the control process such as, time response, stability and

robustness of the closed loop. Tests with random additive noises of substantial amplitudes

both at the input and at the output of the controlled system have shown the improvement

of the robustness of the control law.

We are also closely interested in the notion of robustness of the model reference adaptive

control, using a classic robustification technique which is the addition of a parallel Feed-

Forward to the adaptation loop.

The simulation results on a DC/DC boost converter process with a non-minimum phase

model and a variable load, confirmed the superiority of the proposed algorithm compared to

the classical scheme.

We know that many other approaches of adaptive control need to be re-studied from

fractional-order point of view, in order to obtain better results.

It is clear that most of the results obtained in this part are based on numerical applications

or simulations.

In the next chapter we perform experimental validation of some control strategy ap-

proaches developed in this work.



Co
nfi
de
nt
ia
l-P

re
lim

in
ar
y
Ve
rs
io
n



Co
nfi
de
nt
ia
l-P

re
lim

in
ar
y
Ve
rs
io
n

Chapter 4

NUMERICAL IMPLEMENTATION OF

FRACTIONAL CONTROLLERS

In this chapter, numerical implementation of fractional order control and some tools to deal

with Real Time Data Acquisition and Fractional Order Speed Control of a DC Motor (on

both dSPACE controller board and a Low Cost microcontroller) are presented to validate

some results discussed in the previous chapters.

4.1 Introduction

This chapter presents experimental setup and results of a DC motor fractional order control

implemented in both DS1104 board and a low cost platform based Arduino. It is organized

in two sections:

- The first section considers the fractional order controller implementation using MAT-

LAB/SIMULINK with ControlDesk software and dSPACE 1104 Controller board as

the first platform.

- The second section presents a Real-Time data acquisition and fractional order control

using Simulink Support Package and Arduino board as a low-cost platform.

123
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4.2 Implementation Using dSPACE Platform

This part depicts the experimental validation of some developed fractional order control

algorithms (see Section 2.5) using dSPACE platform. The obtained Real-time experimental

results will be compared with the simulation results.

4.2.1 Experimental Setup

The experimental platform (Fig. 4.1) consists of a DC Motor/Generator set (Fig. 4.2) with

the characteristics shown in (Tab. 4.1), dSPACE 1104 Controller board and a Personal

Computer with MATLAB/SIMULINK & ControlDesk software.

Figure 4.1 Experimental platform scheme

The speed sensor output unit (Encoder/Generator) provides information to the anti-

aliasing filter (anti-repliement) via analog to digital (ADC) port of the dSPACE board.

The fractional order control algorithm is implemented using Simulink model set. Real-Time

Interface (RTI) data block is used to generate C code from the developed model, this C code

is then converted to target specific code by Target Language Compiler (TLC) supported by

DS1104 board. This code is then deployed onto the rapid prototype hardware system to run

the Hardware In-the-Loop Simulation (HIL).
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Figure 4.2 DC Motor/ Genera-
tor set used in this work

Table 4.1 DCMotor/Generator
set characteristics

No Characteristic Motor

1 Power Consumption ≈ 10W

2 Input Voltage 24V

3 Max. Speed 3000 min−1

No Characteristic Generator

1 Power Output ≈ 4W

2 Output Voltage 0 . . . 20 V DC

3 Speed (Analog) 1 V/1000 min−1

4 Speed (Digital) 60 pulses/revolution, TTL level

The control signal u is converted to analog output and applied to the DC motor via a power

amplifier system. The power amplifier output is limited to ±10V which is the maximum

voltage that can be applied to the DC motor system. ControlDesk software connects the

user to the Real-time simulation, and allows to easily control, read and change parameters

online in Simulink model. The overall experimental setup is shown in (Fig. 4.3).

Figure 4.3 The overall experimental setup of DC motor-generator platform
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4.2.2 dSPACE DS1104 Controller

The control board consists of three components: DS1104 controller board mounted within

a personal computer, a breakout panel (Panel Connectors and LEDs) for connecting in-

put/output signals to the DS1104 controller board and software tools (ControlDesk software)

for operating the DS1104 controller board through the Simulink environment. The system

is able to run complex control algorithms at high sampling rates.

The I/O chips (ADC, DAC, muxADC, muxDAC) are used as the communication ports

for the I/O signals such as sensor output signal and the control signal. The control signal

from the DAC port is used for controlling some of the state variables of the plant. All the

ADC and DAC chips are bipolar with a voltage range of ±10V .

4.2.3 DC Motor Identification

For control purposes, the Motor/Generator set is modeled using Black-box identification

technique (Fig. 4.4). This technique requires a prior model structure that fit system dy-

namics and estimate its parameters. There are many structures available to perform system

identification such as Transfer function, with a given number of poles and zeros.

Figure 4.4 Schematic representation of system identification

4.2.3.1 System linearity

To determine the range in which the plant has linear behavior, different voltage step inputs

are applied to the open-loop system and the corresponding motor RPM is recorded (Tab. 4.2).

To check the linear behavior of the system in a chosen range of values, a figure (4.5) is

prepared. The figure shows that the system has linear behavior in all chosen range of values.
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Table 4.2 Voltage input &
motor RPM data.

No Voltage [V] Motor RPM

1 1.71 250

2 2.37 490

3 3.50 860

4 4.50 1200

5 5.50 1570

6 7.50 2220

7 8.50 2550

8 10.0 3050 Figure 4.5 Input voltage vs. motor RPM

4.2.3.2 Consistency PRBS Sequence

To collect real-time data (input and output) from the system, a Simulink model (Fig. 4.7) is

prepared. For a useful and consistency process data, the physical plant is excited by a PRBS

(Pseudo-Random, Binary Signal) sequence, more details are given in (Appendix. (B.1)).

Motor response to the PRBS sequence is presented in (Fig. 4.6).

Figure 4.6 Identification data
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4.2.3.3 Acquiring and Processing Data

Using the Simulink model (Fig. 4.7) and ControlDesk software, excitation input and the

corresponding RPM speed can be recorded in real time. The collected data is converted into

iddata objects for import into System Identification Toolbox.

Figure 4.7 Open Loop Block for System Identification

Once the appropriate plant data are collected, we proceed to obtain the DC-motor model.

4.2.3.4 Plant Model Identification

Matlab command ident is used to launch the System Identification Tool. Figure (Fig. 4.8.b)

shows six (6) models obtained using the System Identification Steps (Fig. 4.8.a).

Figure 4.8 System Identification Process
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The best model (Eq. 4.1) for the plant (Motor/Generator+Sensor+Power Amplifier) was

obtained using Transfer Function Models approach, reaching 93.56% fit.

G(s) =

(
kn

s+ 0.9013

)
(4.1)

where kn = 0.2507 is the nominal value.

The figure (4.9) shows a comparison between simulated model and experimental response

of DC motor. It is clear that identified model fits the real measured data.

Figure 4.9 Comparing open-loop simulation and experimental results

4.2.4 Design of the Fractional Controller

For designing the speed fractional controller, the technique discussed in Section (2.5) is used.

Thus, the specifications of the design are,

- Phase margin φm = 62°,

- Unity gain crossover frequency ωu = 0.7 rad/s.

To achieve these specifications in a frequency range [ωl, ωh] = [0.07 rad/s, 7 rad/s] around

ωu, the open loop reference Bode’s ideal function should be designed as (see Section 2.2.3),

L(s) =
1

(s/0.7)1.233
(4.2)
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Using the Charef’s method discussed in Section (1.4.1.2), L(s) can be approximated by,

L(s) ≈ La =
49.269(s+ 0.02302)(s+ 0.1587)(s+ 1.094)(s+ 7.546)(s+ 52.03)

(s+ 0.01467)(s+ 0.007)(s+ 0.1012)(s+ 0.6975)(s+ 4.809)(s+ 33.16)

× 1

(s+ 228.6)

(4.3)

Using equation (Eq. 2.27), the pole of La(s) that is close to the pole of the original process

Gp(s) is, LD(s) = (s+ 0.6975).

With the MATLAB Control Toolbox, the state feedback gain matrix K is obtained as,

K = [−0.2038]. Then, the obtained fractional controller for the DC motor (Eq. 4.1) is,

C(s) =
196.53(s+ 0.02302)(s+ 0.1587)(s+ 1.094)(s+ 7.546)(s+ 52.03)

(s+ 0.01467)(s+ 0.007)(s+ 0.1012)(s+ 4.809)(s+ 33.16)(s+ 228.6)
(4.4)

In the following section, the designed fractional controller will be simulated on MATLAB

and compared to the experimental results.

4.2.5 Simulation Results

For simulation purposes, a Simulink model of control system is constructed as shown in

(Fig. 4.10).

Figure 4.10 Closed-loop Simulink model for simulated DC motor

To check the controller design, a step input is given to the DC Motor. The simulation

results of (Fig. 4.11) show that the designed controller satisfies the performance described in

the Bode’s ideal loop. Thus, the next step, is the controller implement in a real-time system.
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Figure 4.11 Simulated DC motor step response vs Reference model step response

4.2.6 Experimental Results

For dSPACE implementation, the DC-motor model is replaced with the real-motor of (Fig. 4.1).

The closed-loop of the real-motor is shown in (Fig. 4.12).

Figure 4.12 Simulink model for real-time implementation of DC motor control

Figure (4.13) shows comparison of the response simulation with real-time results for kn = 1.0.
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Figure 4.13 Real-time vs simulation results for a step of 1000 (rpm) with kn = 1.0

Form (Fig. 4.13), we can see that the experimental response overlaps the simulation

response, which validates the effectiveness of the designed fractional controller.

In order to check the robustness of the control system, a variation of ±50% in the nominal

plant gain kn was considered. The step responses of the simulation and experimental results

are illustrated in (Fig. 4.14) and (Fig. 4.15) respectively.

Figure 4.14 Robustness to gain variation (Simulation:results)
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Figure 4.15 Robustness to gain variation (Experimental:results)

Figure (Fig. 4.11) and (Fig. 4.12), show that the experimental are close to simulation results

and the control system is robust to gain variations with iso-damping property as expected.

This part presents a successful implementation of fractional order controller for a power

amplifier actuated DC-motor speed control system in both simulation and experimental

studies. For the simulation model, a mathematical first order model to study DC-motor

dynamics behavior is generated from real data collection. The simulated DC-motor model is

then validated experimentally using dSPACE controller board DS1104, ControlDesk software

and MatLab/Simulink.

A PC-based fractional order controller for the DC-motor system using the proposed

control structure (see Section 2.5) was then implemented through experimental test on real

DC-motor speed control. Two types of DC-motor dynamics test are performed for the

purpose of model validation namely normal step response test and robustness against gain

change test. The results of model validation show that the behaviors of the model closely

follow the behavior of a real plant.

Finally, we also demonstrated the capacity of dSPACE platform to accomplish real time

fractional order control and we can conclude that this platform can be a powerful tool for

the development of different fractional order control strategies.
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4.3 Implementation Using Low-Cost Platform

MATLAB Simulink environment is a good choice for implementing complicated mathemat-

ical models of control. Arduino-Simulink interface is on the other hand a low-cost for data

acquisition/communication with real time world.

In MATLAB suite, there exist several toolboxes and functions used for identification and

data collecting, e.g.,

• ident : System Identification Toolbox.

• idinput : Generates input signals for identification.

The PRBS type is used to generate a Pseudo-Random, Binary Signal, see Appendix. (B.1)

for more details.

Arduino board (a very quickly popular microcontroller) is an open hardware platform

used along this project. All necessary tools including software, libraries and documentation

to work with his board can be found on its webpage. Additional Arduino IO package needed

to link both platforms (Simulink and Arduino) can also be downloaded from the file exchange

area of the MathWorks web.

There are two different ways to communicate Arduino board with Matlab Simulink: (1)

Running the Arduino IO package as a server on the Arduino board that listens for Matlab

commands from the serial port, and after execute such commands, if asked, returns an

answer. (2) Converting the Simulink model to code that runs directly on Arduino, and the

Arduino board can be disconnected from host Computer. This work is based on the first

method .

Motivated by the remarkable robustness, performance quality and the high computing

power challenges in terms of real implementation of the fractional controllers. The aim

of this work, is the control of FOPTD by a FOC using data acquisition-based Arduino

board. A simple analytical rules are used for the analysis and design of the FOC. The good

experimental results, compared with those obtained with theoretical simulation, confirm that

the proposed interface can be used to support research and teaching feedback control systems

via experimental investigations on a low-cost laboratory kit.
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4.3.1 Experimental Platform

The experimental platform (homemade) used in this work is a DC motor-generator set that

consists of two DC motors connected face to face via a shaft as shown in (Fig. 4.16). The

first one is a 12 volts DC motor acts as the actuator for our plant and operates with a

maximum output shaft speed of 4200 rpm. The second one is a 5 volts DC motor used as a

tachometer to measure the speed of the motor. The first motor fed by a voltage-to-current

PWM and converts it into angular speed, the second motor (generator), in turn, converts

this angular speed back into a voltage. The generator acts as a tachometer (a device for

measuring rotational speed). The set motor/generator together gives us a system that takes

an input voltage and produces an output voltage.

A photo-interrupter sensor mounted below the encoder wheel can also be used as a negative

feedback/speed sensor.

The configuration Voltage-in/Voltage-out is easy and ideally suited to DAC/ADC computer-

based instrument such as Arduino board (a very quickly popular microcontroller).

Figure 4.16 DC motor-generator platform
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4.3.2 Experimental setup

Components used in our experimental system are: (1) A personal computer, (2) An Arduino

Uno (Atmel board) used as Data Acquisition System (DAQ) to send/receive date to/from the

computer, performs tachometer’s calculations and processes the PWM signal generation, (3)

A full-bridge motor driver L298N used for smooth operation of the DC motor, (4) A 12V DC

motor acts as an actuator, (5) A MATLAB/Simulink software, (6) A DC motor (generator)

used as a tachometer to measure rotational speed, (7) An incremental encoder only used

to measure minimum and maximum speed of the motor also used to calculate the ratio

voltage/angular speed constant.

The experimental setup is described in the block diagram of (Fig. 4.17). I/O configura-

tions of the Arduino are given in (Tab. 4.3).

Figure 4.17 The proposed experimental setup
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Table 4.3 Arduino I/O Configuration

No Pin Type Description

1 2 Digital Input Incremental encoder

2 5 Digital Output PWM signal.

3 7 Digital Output Forward direction.

4 9 Digital Output Backward direction.

5 11 Digital Output PWM signal.

6 12 Digital Output Used for output relay.

7 A0 Analog Input Measured generator voltage.

4.3.3 Plant Modelling and Identification

To simplify the considered plant, the dynamic characteristics of the generator can be ignored

and considered simply as a speed sensor. Figure (Fig. 4.18) shows the simplified scheme of

the plant.

The plant (to us unknown) is approximately modeled by a first order plus time delay as,

G(s) =

(
kn

τs+ 1

)
e−Ls (4.5)

To identify the parameters kn, τ and L, the plant was excited by a PRBS (pseudo random

binary signal) input signal.

To generate this PRBS sequence, the following command is used in Matlab,

idinput(1001,’PRBS’, [0 1/1], [0 5]);

By using the Matlab ident ToolBox for identification, the transfer function of the plant’s

model (voltage-voltage) of (Eq. 4.5) was identified experimentally to a FOPTD as,

G(s) =
Vout(s)

Vin(s)
=

(
0.4540

0.591s+ 1

)
e−0.132s (4.6)

Figure (Fig. 4.18), presents the plant response excited by a PRBS signal.

From (Fig. 4.19) the plant transfer function voltage-speed can be given by,

ω(t)

Vin(t)
=

(
0.4540/Kgen

0.591s+ 1

)
e−0.132s (4.7)
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Figure 4.18 Real identification data

where Kgen is the voltage/angular speed ratio, this constant was found to be Kgen
∼=1/1000.

Then, DC motor speed is the measured voltage from the generator multiplied by 1000.

Figure 4.19 Simplified scheme of the plant

4.3.4 Design of the Fractional Controller

After identification of the plant, the next step is the designing of a fractional order controller

for the speed of the DC motor control. To this end, we apply a simple analytical design

approach based on gain and phase margins. The obtained fractional order controller is [15],

C(s) = kp

(
Ts+ 1

sλ

)
= kp

(
1

sλ
+ Ts1−λ

)
(4.8)
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which is, in fact, a particular case of a PIλDµ controller, with µ = 1 − λ. The parameters

kp, T and λ are tuned as discussed in [15].

Given a desired gain and phase margin (Am=10, φm=55◦) for the specifications of the

control loop, the fractional order controller was designed as follows,

C(s) = 3.5653

(
0.591s+ 1

s1.38

)
(4.9)

In order to have a realistic form of the fractional controller (Eq. 4.9), approximation method

[20] is used to approximate the fractional integration operator to feasible filters.

Before the implementation and verification of the controller performances, a Simulink

model (see Fig. 4.24) of the fractional controller was created then, its validation is achieved

by means of pure software and hardware-in-the-loop (HIL) real-time simulations.

4.3.5 Experimental Results and Discussion

In this section, a part of the simulation and experimental results that were conducted in

order to validate the fractional order controller are presented.

Hence, kits and tools used to set-up the platform of our application are shown in (Fig. 4.20).

Figure 4.20 Tools Kit used in the application

Figure (Fig. 4.24), illustrates the Simulink model of the Hardware-In-the-Loop (HIL) real-

time simulation with the designed fractional controller used in this experimental.

Figure (4.21) shows comparison step responses of the simulation vs experimental results.
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In order to check the control system robustness, a variation of ±50% in the nominal

plant gain kn was introduced. The experimental and simulation step responses are shown

in (Fig. 4.22). From (Fig. 4.21), and (Fig. 4.22) we can see that the experimental results

are close to simulation results and the control system is robust to gain variations with iso-

damping property as expected.

Figure 4.21 Simulation vs Experimental Results

(a) Simulation results (b) Experimental results

Figure 4.22 Robustness to gain variation

4.3.5.1 Robustness to load disturbances test

To achieve this test, the plant is subject to electrical load disturbances during steady-state

behavior which is set to RL=55Ω at t=20 seconds as a parameter variation, then set back

to RL=0Ω at t=40 seconds. The results of this test are illustrated in (Fig. 4.23a) and

(Fig. 4.23b). Figure (Fig. 4.23c) shows the error between the reference and the speed output.
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(a) Speed response (b) Control effort

(c) Error

Figure 4.23 DC motor response for the robustness to load disturbance tests
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Figure 4.24 Simulink model

4.4 Conclusion

This part, presents a successful development of a low-cost platform containing the necessary

tools to deal with Real Time Data Acquisition and control on Arduino board.

Important robustness tests have been done to validate the control system. The validation

has been successfully done through an example of DC motor control. The results were

obtained nearly close to those of the simulation which confirm and approve that the proposed

Arduino-Simulink interface can be used to support research and teaching feedback control

systems via experimental investigations on a low-cost laboratory tool.
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CONCLUSION AND FUTURE

WORK

In this work, various aspects of research on fractional order adaptive control are discussed

in accordance with the problems stated at the beginning of the thesis. In this part, we formu-

late concluding remarks, summarize the contributions of this work and sketch future research

directions.

Conclusion

This work focuses on the contribution to fractional order robust control, as well as robust

adaptive control. Indeed, new techniques and strategies of control are proposed in this

context, while showing their advantages by applying them to different processes.

We have first presented various aspects and fundamentals of fractional order systems that

are necessary for theoretical development in fractional order control.

A big problem encountered as a part of fractional control is determining and tuning of

controller parameters to achieve user-desired controller performances.

Next, we presented, in chapter 2, the first contributions of this work which lies in the

following two aspects:

(1) A new simple and useful tuning technique of fractional order robust controllers. This

technique can simply achieves user-specified gain and phase margins using the so-called

Bode’s ideal transfer function or fractional order integrator (FOI) as a reference model.

143



Co
nfi
de
nt
ia
l-P

re
lim

in
ar
y
Ve
rs
io
n

144 CONCLUSION AND FUTURE WORK

The basis of this method is to use a standard pole placement technique to align each

pole of the plant transfer function with the nearest one given by the Rational Transfer

Function Approximation of the FOI. The most innovative character of this method is

its simplicity and its remarkable performances in terms of robustness towards the static

gain variation. Simulations results show that the proposed method is simple, effective,

can ensures the iso-damping property for the control system and can be investigated

to cover processes that have complex-conjugate poles or unstable conditions.

(2) A simple technique based on a fractional PI controller where its coefficients are esti-

mated online in the time domain using the Bode’s ideal loop as a reference model. The

order of the integration in PIλ controller is tuned based on opminimizing performance

indices such as Integral Square Error(ISE). We showed, through one example of simu-

lation, that the robustness against the gain variations accomplished by the fractional

order PIλ controller is clearly better than that of integer order PI controller.

In the following chapters, we presented a second contribution concerning the robust adaptive

control. The main part of the Chapter 3 was devoted to the Model Reference Adaptive

Control MRAC, with the MIT control law. In this part a novel design scheme is proposed to

tune fractional adaptive PI controller for a class of First Order Plus Time Delay (FOPTD)

plants where. The fractional adaptive control is improved in the two following points,

• The initial parameters of the adaptive algorithm can be fixed in offline first, then an

online tuning is performed to achieve the robustness of the controlled plant,

• The second point is the new fractional order Model Reference tuning form which is

introduced using the plant model.

Through an illustrative example, simulation results show the effectiveness of the proposed

scheme.

In Chapter 4, two different platform types are developed containing the necessary tools

to deal with Real Time Data Acquisition and Control for the purpose of fractional order

control validation namely, dSPACE Controller DS1104 and a low-cost platform on Arduino
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board using MATLAB/Simulink with ControlDesk software and MATLAB/Simulink Sup-

port Package, respectively. Important robustness tests have been done to validate the im-

plemented platforms. The validation has been successfully done through an example of DC

motor control.

In addition to the above contributions, further research directions and many improved

results where presented during this thesis. Most of the new results listed above were published

in conferences and journals, in particular (see Appendix C).

Future Research

We now formulate concluding remarks pertaining to the results discussed in this thesis in

accordance with the problems stated at the beginning of the thesis. The most important

remarks can be summarized as follows,

• The tuning of the fractional order (λ) of the technique presented in (Section 2.6) can be

optimized using optimization algorithms such as particle swarm optimization (PSO).

• The new tuning technique presented in (Section 2.5) can be extended to the fractional

order adaptive control technique.

• Most techniques presented in this work are intended to be studied and analyzed for

stability performance using Lyapunov theorem namely,

– Fractional Robust Controller Design Using Bode’s Ideal Transfer Function de-

tailed in (Section 2.5),

– Design of PIλ using Bode’s integrals based online estimation algorithm presented

in (Section 2.6).

• The implementation of fractional controller in a Low-Cost Platform presented in Chap-

ter 4 can be extended to a real and stand alone application instead of software and

hardware-in-the-loop (HIL) real-time simulations.
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APPENDIX

This Part provides supplementary information to the main work discussed in this thesis.

Mathematics for fractional calculus are explained in the Appendix A. Preliminaries for Im-

plementation are presented in Appendix B. Papers published or submitted in conferences and

journals are listed in the Appendix C.
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Mathematics for Fractional Calculus

A.1 Gamma function

The Gamma function is defined by the following equation, which is useful as factorial is not

defined for all real numbers,

Γ(x) =

∫ ∞

0

tx−1e−tdt, <(Z) > 0 (A.1)

Some properties of gamma function,

• Γ(1) = 1

• Γ(x) = (x− 1)!

• Γ(x+ 1) = xΓ(x)

• Γ(1
2
) =
√
π

• Γ(3
2
) = 1

2

√
π

• Γ(x) = limn→∞
n!

(x)n+1
nx

• Γ(x) = limn→∞
n!nx

x(x+1)(x+2)...(x+n)
, (x 6= 0, −1, −2, . . .)

The gamma function for values between -5 to 5 is plotted in (Fig. A.1). One can remarked

that gamma function is not defined for zero number and negative integer.
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Figure A.1 Gamma function plot

A.2 Mittag-Leffler function

The Mittage Leffler one parameter function plays important role in solving ordinary integer

order differential equations and its two parameter function solving fractional order differential

equations. For one of the function, Mittage Leffler function is plotted in (Fig. A.2). The

Mittag-Leffler function is defined by,

Eα(z) =
∞∑

k=0

zk

Γ(αk + 1)
; α > 0 (A.2)

• The inverse Laplace of fractional order system comes in Mittag-Leffler function,

• It is generalized form of the exponential function,

• E1(z) = ez.

The two parameter Mittage Leffler function which is uesed for solving fractional order dif-

ferential equation, was introduced by Agrawal. It is defined as,

Eα,β(z) =
∞∑

k=0

zk

Γ(αk + β)
; α, β > 0 (A.3)
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Figure A.2 Example of Mittage Leffer function (−tα)

Special Case

E1,1(z) =
∞∑

k=0

zk

Γ(k + 1)
=
∞∑

k=0

zk

k!
= ez (A.4)

E1,2(z) =
∞∑

k=0

zk

Γ(k + 2)
=
∞∑

k=0

zk

(k + 1)!
=
ez − 1

z
(A.5)

E1,m(z) =
1

zm−1

{
ez −

m−2∑

k=0

zk

k!

}
(A.6)
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Tools for Modelling and Identification

B.1 Preparing a PRBS Signal

Pseudo Random Binary Sequence (PRBS) is a periodic signal with a maximum period length

of 2n–1, where n is the PRBS order. To create a PRBS input signal, the following parameters

(based on system dynamics) should be specified [53],

1- Signal amplitude: is set such that the system is properly excited,

2- The frequency range of the generated PRBS signal is [Fmin, Fmax],

3- If the plant is a discrete-time system, then,

* The sample time of the PRBS is equal to the sample time of the system.

* The Order is,

Order = Ceil




log
(

2π
Ts.Fmin

)

log (2)




4- If the plant is a continuous-time system, then,

* The sample time of the PRBS is,

Ts =
2π

5.Fmax

* The Order is,

Order = Floor




log
(

2π
Ts.Fmin

)

log (2)



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C.2 Conference Papers
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pp. 1–6.
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