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Abstract

We solve the one-dimensional Feshbach–Villars equation for spinless particle subjected to a scalar smooth potential. The
wave function is given in terms of the hypergeometric function and via a limiting procedure, the wave functions of the step
potential are deduced. Then, the appropriate boundary conditions for the step potential are deduced using the two-component
form. q 2000 Published by Elsevier Science B.V. All rights reserved.

PACS: 03.65; 03.65.Pm

Historically, the well-known relativistic wave
equations are the second-order Klein–Gordon equa-
tion and the first order Dirac equation. They are used
for the description of spinless and spin-1r2 particles
respectively. Recently, many authors have been in-
terested to others first order relativistic wave equa-
tions for the description of spinless, spin-1r2 and

w x w xspin-1 particles, see 1–6 and 7 for historical notes.
Among them, The Hamiltonian form of the Klein–

Ž .Gordon equation, called the Feshbach–Villars FV
w xequation 3,4 . This equation has been constructed in

w xa two-component form for spinless particles 8 and
in an eight-component form for spin-1r2 particles
w x3,4 .

In order to linearize the Klein–Gordon equation
to a first order equation in time, the following two-

) Corresponding author.
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component form of the wave function has been
w xintroduced 8,9

c x ,tŽ .1
c x ,t sŽ . ž /c x ,tŽ .2

i E
Fq q ieV Fž /1 m E t

s , 1Ž .
i E'2

Fy q ieV F� 0ž /m E t

Ž .where FsF x,t satisfies the Klein–Gordon equa-
tion.

w xThis transformation is not unique 9,10 . The
Hamiltonian form of the Klein–Gordon equation
obtained by this procedure is the one-dimensional
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Feshbach–Villars equation defined by the Hamilto-
w xnian 8,9

2PyeAŽ .
Hs t q it qmt qeV x , 2Ž . Ž . Ž .3 2 32m

where P is the one-dimensional momentum, V , AŽ .
is the electromagnetic potential in one dimension and

0 1 0 yi 1 0
t s , t s , t s ,1 2 3ž / ž / ž /1 0 i 0 0 y1

are the isospin Pauli matrices. The wave function
Ž .c x,t satisfy a Schrodinger-type equation¨

Ec x ,tŽ .
Hc x ,t s i . 3Ž . Ž .

E t

We note that H is not Hermitian but that Hs
t H † t .3 3

The density r, the one-dimensional current j and
the norm of the wave function are defined as follows

rscc ,

1 Ec Ec
js c t q it y t q it cŽ . Ž .3 2 3 22 im E x E x

e
y Ac t q it c ,Ž .3 2m

3 †c ,c s cc d V with csc t ,Ž . H 3

r and j satisfy the continuity equation and r is
interpreted as the charge density of the particle if the
energy is positive or as the charge density of the
anti-particle if the energy is negative. The positive
solution c , the negative solution c , the chargec

density and the current are transformed by the charge
conjugation as follows

c™c st c †, r™r syr and j™ j s j.c 1 c c

For example, if c describes the meson p then cc

describes the antiparticle meson pq and if csc , itc

describes the neutral meson p 0.

In this Letter, we are interested by solving the
one-dimensional Feshbach–Villars equation for spin-

Ž .less particle FV-0 in interaction with the scalar step
Ž . Ž .potential V x sV u x . If we try to find the exact0

expressions of the wave function in the two regions
using the ‘naive’ boundary conditions, the continuity
of c and c and their first derivatives at xs0, the1 2

unique solution found is the trivial one c sc s0.1 2

Then, another method is used to find the wave
functions of the step potential without using bound-
ary conditions. We solve the one-dimensional Fesh-

Ž .bach–Villars equation for spinless particle FV-0 in
w xinteraction with the scalar smooth potential 11–13

V x0
V x s 1q tanh , 4Ž . Ž .ž /2 2 r

where V and r are positive constants.0
Ž . Ž .In the limiting case r™0, V x ™V u x . The0

smooth potential is a good approximation for the
step potential and it is used in many physical appli-

w xcations 12,13 . It increases from the value Vs0 for
xsy` to the value VsV for xsq`, the main0

rise occurring in the interval y2 r-x-q2 r:
Ž . Ž .V y2 r s0.1192V , V 2 r s0.8807V .0 0 0

We find that the solution of FV equation for the
smooth potential is given in terms of the hypergeo-
metric function and the wave functions for the step
potential in each region are deduced via a limiting
procedure. Then, the appropriate boundary condi-
tions for the step potential are calculated using the

Ž .definition of the two-component form 1 and the
continuity of the Klein–Gordon wave function and
its first derivative at xs0. At the end, we use the
wave functions of the step potential to test the
validity of these boundary conditions. On the other
hand, we note that the problem of boundary condi-
tions is avoided if the step potential is treated via
path integral method in relativistic two-component

Ž . w xtheory FV-0 14 .
The one-dimensional Feshbach-villars Hamilto-

nian for spinless particle subjected to the scalar
Ž .smooth potential 4 is

P 2

Hs t q it qmt qeV x . 5Ž . Ž . Ž .3 2 32m
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Ž .The stationary solution has the form c x,t s
yi E t Ž . Ž .e c x and Eq. 3 is equivalent to the following

coupled differential equations

1 d2

Ec sy c qc qmc qeV x c ,Ž . Ž .1 1 2 1 122m dx
6Ž .

1 d2

Ec sq c qc ymc qeV x c .Ž . Ž .2 1 2 2 222m dx
7Ž .

Putting w s c qc and w s c yc we de-s 1 2 d 1 2
1 1Ž . Ž .duce c s w qw , c s w yw .1 s d 2 s d2 2

Ž . Ž .The sum of Eqs. 6 , 7 gives

EyeV xŽ .
w x s w x . 8Ž . Ž . Ž .d sm

Ž . Ž . Ž .For the difference of Eqs. 6 , 7 and using Eq. 8 ,
we have

2d w xŽ .s 2 2q EyeV x ym w x s0. 9Ž . Ž . Ž .s2dx

In order to find the solution of the differential equa-
Ž .tion 9 , we make the change of variable

1 x
ys 1y tanh , 10Ž .ž /2 2 r

w x wxwhich maps the interval xg y`,q` to yg 0,1 .
Ž .The new form of Eq. 9 is

1 d2w yŽ .s22y 1yyŽ .2 2r dy

1 dw yŽ .s
q y 1yy 1y2 yŽ . Ž .2 dtr

2 2q EqeV yyeV ym w y s0.Ž . Ž .0 0 s

The singularities of this differential equation are
Ž . nys0,1,`. Let us introduce the change w y sy =s

Ž . m1yy f y , the last equation is reduced to theŽ .
Hypergeometric equation form

d2 f yŽ .
y 1yyŽ . 2dy

df yŽ .
q 2nq1 yy 2nq2mq2Ž . Ž .

dt
2Õ2 01y mqnq y f y s0. 11Ž . Ž .Ž .2 4

2 2w 2 Ž .2 x 2 2Ž 2where n s r m y E y eV , m s r m y0
2 .E , Õ s 1y2 reV 1q2 reV .(Ž . Ž .0 0 0

Ž .The general solution of Eq. 11 is given in terms
of the hypergeometric function

1 Õ0mnw y sC y 1yy F mqnq y ,Ž . Ž . 2s 1 ž 2 2

1 Õ0
nqmq q ,1q2n , y /2 2

1 Õ0mynqD y 1yy F mynq y ,Ž . 2 1 ž 2 2

1 Õ0
mynq q ,1y2n , y ,/2 2

where C and D are constants.
We choose the regular solution at the origin ys0

1 Õ0mnw y sC y 1yy F nqmq y ,Ž . Ž . 2s 1 ž 2 2

1 Õ0
nqmq q ,1q2n , y . 12Ž ./2 2

Then, the final form of the two-component wave
function solution of the FV-0 equation is

C mqEyV 1yyŽ . m0 nc y s y 1yyŽ . Ž .ž /myEqV 1yy2m Ž .0

=
Õ 1 Õ 10 0

F nqmy q ,nqmq q ,2 1 ž 2 2 2 2

1q2n , y . 13Ž ./
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Now, we write the final solution with the initial
variable x

eV x0
mqEy 1q tanhž /C 2 2 r

c x sŽ .
eV x2m 0� 0myEq 1q tanhž /2 2 r

=

n m1 x 1 x
1y tanh 1q tanhž / ž /2 2 r 2 2 r

=
Õ 1 Õ 10 0

F nqmy q ,nqmq q ,2 1 ž 2 2 2 2

1 x
1q2n , 1y tanh . 14Ž .ž / /2 2 r

We study now the asymptotic behavior of the
wave function when x™"`. First, when x™y`

Ž . Ž .or y™1, we have 1yy fexp xrr ; we use the
property of the hypergeometric function which links
the y and 1yy argument,Ž .

F a,b ,c, y s A F a,b ,aqbycq1,1yyŽ . Ž .2 1 1 2 1

cyaybqA 1yyŽ .2

= F cya,cyb ,cyaybq1,1yyŽ .2 1

with

G c G cyaybŽ . Ž .
A s1

G cya G cybŽ . Ž .
G 2nq1 G 2mŽ . Ž .

s ,
Õ 1 Õ 10 0

G nymq q G nqmy qž / ž /2 2 2 2

G c G aqbycŽ . Ž .
A s2

G a G bŽ . Ž .
G 2nq1 G y2mŽ . Ž .

s
Õ 1 Õ 10 0

G nqmy q G nqmq qž / ž /2 2 2 2

mnlim y s1 lim 1yyŽ .
y™1 y™1

m
exp xrrŽ .

m x r rs lim sež /1qexp xrrx™y` Ž .
ym ym x r rlim 1yy se and F a,b ,c,0 s0.Ž . Ž .2 1

y™1

Thus, when x™y` or y™1, the wave function
has the following behavior

C mqEm x r r ym x r rc x ™ A e qA e .Ž . 1 2 ž /myE2mx™y`

15Ž .

Setting msyirk , with k 2 sE2 ym2 where k is1 1 1

real

C mqEik x yi k x1 1c x ™ A e qA e .Ž . 2 1 ž /myE2mx™y`

16Ž .

For the limit when x™q`, or y™0, the hyperge-
ometric function is equal to 1,

n
1

nlim y s lim ž /1qexp xrrx™q`y™0 Ž .
nyx r r yn x r rs lim e se andŽ .

x™q`

m
1m

lim 1yy s lim 1yŽ . ž /1qexp xrrx™q`y™0 Ž .
m

exp xrrŽ .
s lim s1.ž /1qexp xrrx™q` Ž .

Then the wave function has the following behav-
ior:

C mqEyeV0yn x r rc x ™ e . 17Ž . Ž .ž /myEqeV2mx™q` 0

22 2Setting nsyirk , with k s EyeV ymŽ .2 2 0

while k is real for E-eV ym or E)eV qm2 0 0

and k is imaginary for eV ym-E-eV qm.2 0 0

Then, the wave function is

C mqEyeV0i k x2c x ™ e . 18Ž . Ž .ž /myEqeV2mx™q` 0

The reflection and transmission coefficients can be
calculated from the current density in the one-dimen-
sional case

1 E
† †js c qc c qcŽ .Ž .1 2 1 22 im E x

E
† †y c qc c qc , 19Ž . Ž .Ž .1 2 1 2E x
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where c † and c † are the ordinary complex conju-1 2

gate of c and c .1 2
Ž .Using the last definition 19 of the current and

the incident wave, we find that the incident current is

k1 2 2
j s C A .inc 2m

The reflected current is evaluated using the reflected
wave

k1 2 2
j sy C A .ref 1m

Then, the reflection coefficient is

2
j Aref 1

Rs s .2j Ainc 2

The transmission coefficient is evaluated in terms of
the transmitted wave

1 2† †j s k qk C expix k yk .Ž . Ž .tr 2 2 2 22m

If k is real2

1 2
j s k Ctr 2m

and the transmission coefficient T is

j ktr 2
Ts s .2j k Ainc 1 2

If k is imaginary2

j s0, Ts0 and Rs1.tr

In this case we have a total reflection.
We consider now the limiting case when the

smooth potential tends to step potential, i.e., when
the parameter r tends to 0.

For the first region x-0, the limit of the wave
Ž . qfunction 16 when r™0 is

C k qkŽ .1 2
c x s u yx exp ik xŽ . Ž . Ž .14mk1

k yk1 2 mqEq exp yik x , 20Ž . Ž .1 ž /myEk qk1 2

k y k k q k1 2 1 2q qwhere lim A s , lim A s .r™ 0 1 r™ 0 2
2k 2 k1 1

For the second region x)0, the wave function is
Ž .the same as Eq. 18

C mqEyeV0i k x2c x s e . 21Ž . Ž .ž /myEqeV2m 0

Then, the wave function can be written in compact
form for the two regions

C k qkŽ .1 2
c x s u yx exp ik xŽ . Ž . Ž .1½4mk1

k yk1 2
q exp yik xŽ .1k qk1 2

2k1
qu x exp ik xŽ . Ž .2 5k qk1 2

=
mqEyeV u xŽ .0

. 22Ž .ž /myEqeV u xŽ .0

At the end, the reflection coefficient R and the
transmission coefficient T for the step potential are

Ø for k real and E-eV ym, we have2 0

2k qk 4k kŽ .1 2 1 2
Rs , Ts ,2 2k yk k ykŽ . Ž .1 2 1 2

and RyTs1,
which is the well known Klein’s Paradox.

Ø for k real and E)eV qm, we have2 0

2k yk 4k kŽ .1 2 1 2
Rs , Ts ,2 2k qk k qkŽ . Ž .1 2 1 2

and RqTs1.

For the special case of free particle V s0, k s0 1

k , the wave function is2

C mqE
c x s exp ik x .Ž . Ž .1ž /myE2m

Ž . Ž .From the waves functions 20 and 21 of the step
potential, it’s easy to note that the components of the

Ž .wave function c x and their first derivatives satisfy
the following boundary conditions at xs0

c 0q qc 0q sc 0y qc 0y ,Ž . Ž . Ž . Ž .1 2 1 2

c
X 0q qc

X 0q sc
X 0y qc

X 0y ,Ž . Ž . Ž . Ž .1 2 1 2

X Ž ". "where c 0 sdc rdx at xs0 .1,2 1,2
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These boundary conditions seem to be particulars
and in the following we are going to look for more
general boundary conditions for the step potential
using the two-component form, the continuity of the
Klein–Gordon wave function and its derivative.

Ž .From the definition 1 of the two-component
form of the wave function it follows that

1
Fs c qc , 23Ž . Ž .1 2'2

E m
i yeV Fs c yc . 24Ž . Ž .1 2ž / 'E t 2

Ž .The stationary Klein–Gordon function F x,t has
Ž . yi E t Ž .the form F x,t se F x and the last equation

is written as

m
EyeV Fs c yc . 25Ž . Ž . Ž .1 2'2

The continuity of the Klein–Gordon wave function
Ž .F defined in Eq. 23 and its derivative at xs0

give

c 0q qc 0q sc 0y qc 0y , 26Ž . Ž . Ž . Ž . Ž .1 2 1 2

c
X 0q qc

X 0q sc
X 0y qc

X 0y . 27Ž . Ž . Ž . Ž . Ž .1 2 1 2

The continuity of the Klein–Gordon wave function
Ž .F defined in Eq. 25 and its derivative at xs0

give

EyeV0q q y yc 0 yc 0 s c 0 yc 0 ,Ž . Ž . Ž . Ž .Ž .1 2 1 2E
28Ž .

EyeV0X X X Xq q y yc 0 yc 0 s c 0 yc 0 .Ž . Ž . Ž . Ž .Ž .1 2 1 2E
29Ž .

Ž . Ž .From Eqs. 26 and 28 we can write the boundary
conditions in the matrix form

eV eV0 0
1yq yc 0 c 0Ž . Ž .2 E 2 E1 1

s ,q yeV eVž / ž /c 0 c 0Ž . Ž .0 02 2� 01y
2 E 2 E

30Ž .

Ž . Ž .and from Eqs. 27 and 29 we have also the matrix
form for the derivatives

eV eV0 0
1yX Xq yc 0 c 0Ž . Ž .2 E 2 E1 1

s .
X Xq yeV eVž / ž /c 0 c 0Ž . Ž .0 02 2� 01y

2 E 2 E

31Ž .

The two last boundary conditions can be combined
in the same equation as

c 0q q ic X 0qŽ . Ž .1 1
Xq qž /c 0 q ic 0Ž . Ž .2 2

eV eV0 0
1y Xy yc 0 q ic 0Ž . Ž .2 E 2 E 1 1

s .
Xy yeV eV ž /c 0 q ic 0Ž . Ž .0 0 2 2� 01y

2 E 2 E

32Ž .

Ž . Ž .We verify that the wave functions 20 and 21 of
the step potential satisfy these boundary conditions
and the current j is continuous

j 0q s j 0y ,Ž . Ž .

but the charge density r is discontinuous

r 0q /r 0y .Ž . Ž .

These boundary conditions can be interpreted by
Žanalogy with electromagnetic waves when they tra-

.verse two different regions as follows: the sum of
the two components w sc qc and its derivatives 1 2

are continuous like the tangential component of the
electric field. On the other hand, the difference of the
two components w sc yc and its derivative ared 1 2

discontinuous like the normal component of the
magnetic field.

In summary, in order to find the wave functions
of the step potential without the use of boundary
conditions, we introduce the smooth potential as an
intermediate stage. Then, we solve the one-dimen-
sional Feshbach–Villars equation for spinless parti-
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cle subjected to the smooth potential. The two com-
ponent wave function is given in terms of the hyper-
geometric function. In the limiting case r™0, the
wave functions of the step potential are deduced in
each region. Boundary conditions relative to the step
potential are extracted using the two-component
form, the continuity of the Klein–Gordon wave func-
tion and its derivative at xs0. The main result is
that boundary conditions for the step potential are:

Ø the sum of the two components w sc qc ands 1 2

its derivative are continuous

w 0q sw 0y , w
X 0q sw

X 0y ,Ž . Ž . Ž . Ž .s s s s

Ø the difference of the two components w sc yd 1

c and its derivative are discontinuous2

EyeV0q yw 0 s w 0 ,Ž . Ž .d dE

EyeV0X Xq yw 0 s w 0 .Ž . Ž .d dE

By the same method, this result can be generalized to
the step potential defined in the first region by the

constant potential V and in the second region by the1

constant potential V .2
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