‘H 20 March 2000

X

ELSEVIER

Physics Letters A 267 (2000) 225-231

PHYSICSLETTERS A

www.elsevier.nl /locate/physleta

Boundary conditions for one-dimensional Feshbach—Villars
eguation

M. Merad?, L. Chetouani >*, A. Bounames®

& Département de Physique, Institut des Sciences Exactes, Centre Universitaire d’ Oum El-Bouaghi, 04000 Oum El-Bouaghi, Algeria
® Département de Physique, Faculté des Sciences, Université de Constantine, Route Ain El-Bey, Constantine, Algeria
¢ Département de physique, Institut des Sciences Exactes, Centre Universitaire de Jijel, Bp 98 Ouled Aissa, 18000 Jijel, Algeria

Received 24 November 1999; received in revised form 2 February 2000; accepted 11 February 2000
Communicated by P.R. Holland

Abstract

We solve the one-dimensional Feshbach—Villars equation for spinless particle subjected to a scalar smooth potential. The
wave function is given in terms of the hypergeometric function and via a limiting procedure, the wave functions of the step
potential are deduced. Then, the appropriate boundary conditions for the step potential are deduced using the two-component
form. © 2000 Published by Elsevier Science B.V. All rights reserved.

PACS 03.65; 03.65.Pm

Historically, the well-known relativistic wave
equations are the second-order Klein—Gordon equa-
tion and the first order Dirac equation. They are used
for the description of spinless and spin-1/2 particles
respectively. Recently, many authors have been in-
terested to others first order relativistic wave equa
tions for the description of spinless, spin-1/2 and
spin-1 particles, see[1-6] and [7] for historical notes.
Among them, The Hamiltonian form of the Klein—
Gordon equation, called the Feshbach—Villars (FV)
equation [3,4]. This equation has been constructed in
a two-component form for spinless particles [8] and
in an eight-component form for spin-1/2 particles
[3,4].

In order to linearize the Klein—Gordon equation
to a first order eguation in time, the following two-
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component form of the wave function has been
introduced [8,9]

Pi(X1) )

v(x0 =(‘f’2(X,t)
i J
1 (p+a(a—t+leV)d)

=ﬁ(pi(a.)’ (1)

where @ = @(x,t) satisfies the Klein—Gordon equa-
tion.

This transformation is not unique [9,10]. The
Hamiltonian form of the Klein—Gordon equation
obtained by this procedure is the one-dimensional
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Feshbach—Villars equation defined by the Hamilto-
nian [8,9]

(P—ep)’
S

H (T3 +i1y) +mry +eV(Xx), (2)

where P is the one-dimensional momentum, (V,A)
is the electromagnetic potential in one dimension and

o e I R

are the isospin Pauli matrices. The wave function
P(x,1t) satisfy a Schrodinger-type equation

(X, t
Hp(xt) =i 29D (3)
at
We note that H is not Hermitian but that H =
. HTr
3 3

The density p, the one-dimensiona current j and

the norm of the wave function are defined as follows

p=1inp,

N N
J=_[¢(73+'72)8_X_8_X(T3+'72)¢

2im
e - .
- EAW(TB"' '72)¢l-

(w.9) = [V with §=y'r,

p and | satisfy the continuity equation and p is
interpreted as the charge density of the particle if the
energy is positive or as the charge density of the
anti-particle if the energy is negative. The positive
solution ¢, the negative solution ., the charge
density and the current are transformed by the charge
conjugation as follows

w_)lrbclelrbTv pP=pc=—p and ]_)JC=J
For example, if ¢ describes the meson = then
describes the antiparticle meson =% and if = ¢, it
describes the neutral meson 7 °.

In this Letter, we are interested by solving the
one-dimensional Feshbach—Villars equation for spin-
less particle (FV-0) in interaction with the scalar step
potential V(x) = V,6(x). If we try to find the exact
expressions of the wave function in the two regions
using the ‘naive’ boundary conditions, the continuity
of ¢, and ¢, and their first derivativesat x = 0, the
unique solution found is the trivial one ¢; = ¢, = 0.

Then, another method is used to find the wave
functions of the step potential without using bound-
ary conditions. We solve the one-dimensional Fesh-
bach—Villars equation for spinless particle (FV-0) in
interaction with the scalar smooth potential [11-13]

V(x)=%(1+tanh2—xr), (4)

where V, and r are positive constants.

In the limiting case r — 0, V(x) = V,0(x). The
smooth potential is a good approximation for the
step potential and it is used in many physical appli-
cations [12,13]. It increases from the value V = 0 for
X = —o to the value V=V, for x= +o, the main
rise occurring in the interva —2r <x< +2r:
V(—2r) = 0.1192V,, V,(2r) = 0.8807V,,.

We find that the solution of FV equation for the
smooth potential is given in terms of the hypergeo-
metric function and the wave functions for the step
potential in each region are deduced via a limiting
procedure. Then, the appropriate boundary condi-
tions for the step potential are calculated using the
definition of the two-component form (1) and the
continuity of the Klein—Gordon wave function and
its first derivative at x = 0. At the end, we use the
wave functions of the step potentia to test the
validity of these boundary conditions. On the other
hand, we note that the problem of boundary condi-
tions is avoided if the step potential is treated via
path integral method in relativistic two-component
theory (FV-0) [14].

The one-dimensional Feshbach-villars Hamilto-
nian for spinless particle subjected to the scalar
smooth potential (4) is

P2
H=ﬁ('r3+i72)+mr3+eV(X). (5)
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The stationary solution has the form #(x,t) =
e B4 (x) and Eq. (3) is equivalent to the following
coupled differential equations

2

—— (Y + ) + M+ eV(X) ¢y,
(6)

E =
¥ ~ 2m dx

2

Ey,= + —— (i + ) — M, + V(X)) h,.

(7)

2m dx

Putting P — ¥, + ¢, and Pa = 1 —
duce ¢, = (o + @), ¥, = (0. — @).
The sum of Egs. (6), (7) gives

Y, we de-

@q( ) =

E \
[ﬂ ei(X). (8)

For the difference of Egs. (6), (7) and using Eq. (8),
we have

d2
A e (o) - mle( =0. (9

In order to find the solution of the differential equa-
tion (9), we make the change of variable

-] 0

which mapstheinterval x € | — o, + o[ to y€]0,1].
The new form of Eq. (9) is

> A% Y)
dy2

1 2
zY (1-y)

(Ps( y)

y(l y)(1-2y)

+[(E+eV0y— eVo)’ - mz]%( y) =

The singularities of this differential equation are
y = 0,1,0. Let usintroduce the change ¢(y) =y* X
(A —-y)*f(y), the last equation is reduced to the
Hypergeometric equation form

d*f(y)
1-—
y(1-y) e
df
+[(2v+1) —y(2v+2u + 2)] ((jty)
2 U5

—|(p+v+3) —Zolf(y)=o. (11)
where v2=r2[m? — (E —eVp)?], wu?=r2(nm?—

E?), vo=(1—2reVy)(1+ 2reV,) .
The general solution of Eq. (11) is given in terms
of the hypergeometric function

u 1 Vg
e(y) =Cy"(1-y) ZFl(M+V+E_E'
1
V+/.,L+2+21+2vy)
+Dy "(1-y)" il
y "(1-y) zFl(u vt
1
/.L—V+2+21 2vy)

where C and D are constants.
We choose the regular solution at the origin y =0

u 1 v
e(y) =Cy"(1-y) 2F vrupt o - o
1 v,
V+/.L+E+?,l+21/,y. (12)

Then, the final form of the two-component wave
function solution of the FV-0 equation is

C
2m

m+E—Vy,(1-vy)

Y= gl me g vy (ioyy | VA"

vg 1 v 1
X2F1 V+/.L—E+E,V+/.L+?+E,

1+2v,y].

(13)
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Now, we write the final solution with the initial
variable x

e_ oy tanh—
m+E—- —|[1+ tanh—
(X)_i 2 ( 2r)
4 2m eV, X
m—E+—(1+tanh—)
2 2r
x\1°T1 x 1"
X —(1—tanh—) —(1+tanh—)
2r 2 2r
F v 1 Vg 1
X +p——+-vtp+—+ =,
2P|\ vT M 2 2 VT up 2 2
1 X
1+2v,—(1—tanh—) : (14)
2 2r

We study now the asymptotic behavior of the
wave function when x —» 4+, First, when x » —o
or y— 1, we have (1—y) = exp(x/r); we use the
property of the hypergeometric function which links
the y and (1 —y) argument,

,F(ab,c,y)=A,F(aba+b-c+11-y)
+A2(1_Y)C_a_b
X,F(c—ac—bc—a-b+11-y)

with

I'(c)I'(c—a—Dh)
1" T'(c—a)I'(c—b)
r2v+1)r(2uw)

Ug 1 Vg 1\’
IMv—p+—+=|C|v+p——+=

2 2 2 2
I'(c)I'(a+b—c)
2~ T(a'(b)

I'Cv+1)I'(-2u)

r vg 1 r vg 1
tu——+= tu+t—+=
PR ) VTR T
limy’=1 lim(1-y)"”
y—1 y=1
"
I N
x——o | 1+ exp( x/r)

lim(1-y) “=e*" and ,Fy(a,b,c,0)=0.
y—1

Thus, when x— —= or y— 1, the wave function
has the following behavior

C
ﬁ[Ale;uux/r_{_Aze—,unx/r](l'n'i' E)

m—-E
(15)

() -

— o

Setting w = —irk,, with k? = E? — m?* where k, is

real
c iky X —ikx](M+E
(,/I(X)X_)—ioo%[Azal +Ale 1](m—E)
(16)

For the limit when x — +9, or y — 0, the hyperge-
ometric function is equal to 1,

1 v
limy’= lim | ————
y»oy X— +o 1+exp(x/r))
= lim (e‘x/r)”=e‘”x/r and

X— 4o

1 I
B 1+exp(x/r))

exp(x/r) " _,
1+exp(x/r) |

lim(1—y)"= lim (1

y—0 X— + ©

X— 4o

Then the wave function has the following behav-
ior:

m+ E— eV,

C
—vX/r
v > € m— E + eV,

. 17
X— +0 2M ( )

Setting v= —irk,, with k2= [(E—eV,)’—m?]
while k, is real for E<eV,—m or E>eVy+m
and k, is imaginary for eVy—m<E<eV,+m.
Then, the wave function is

P(x) - T
m—E+ eV,

. 18
x— +x 2M ( )

The reflection and transmission coefficients can be
calculated from the current density in the one-dimen-
sional case

1 d
j=ﬁ[(¢/f+lﬂg)a—x(lﬁl+¢z)

d
(U)o (91 0d) . (19)
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where ] and ] are the ordinary complex conju-
gate of ¢, and ¢,.

Using the last definition (19) of the current and
the incident wave, we find that the incident current is
. I(1 2 2
Jinc = E |C| | A2| :

The reflected current is evaluated using the reflected
wave

. k1 2 2
Jref=_E|C| |A1| :
Then, the reflection coefficient is

_ |jref| _ |A1|2

R=——= .
|Jinc| |A2|2

The transmission coefficient is evaluated in terms of
the transmitted wave

1
i, = %(kz +k}) |CI” expix(k, — kb).

If k, isreal
. 1 2
Je = Ekz |C|

and the transmission coefficient T is
el k

- |jinc| - kll A2

©

If k, isimaginary
jy=0, T=0 and R=1

In this case we have a total reflection.

We consider now the limiting case when the
smooth potential tends to step potential, i.e., when
the parameter r tends to O.

For the first region x <0, the limit of the wave
function (16) when r — 0" is

C(k1+k2) .
P(X) = 4—mk10(_x) [exp('klx)
kl_kz .
-k | (M) (@)

i — k—k i — ki +k
where lim, |, o+ Aj =" |im _ A, =1"",
2k, 2k,

For the second region x > 0, the wave function is
the same as Eq. (18)
m+ E — eV,

m—E+eV, |’ (21)

c ikyx
Y(x) = 5—€%

Then, the wave function can be written in compact
form for the two regions

C(kl+k2) .
P(x) = Tkl{(’(—x)[exp('klx)

kl_k2
k, + Kk,

+ exp(—iklx)}

2Kk,
K, + K,

+6(x) exp(ikzx)}

m-+ E —eV,0(x)
m—E+eV,6(x) [

At the end, the reflection coefficient R and the
transmission coefficient T for the step potential are

(22)

- for k, real and E < eV, —m, we have

(K, +ky)° 4k, k,
(kl_kz)Z' (kl_kz)z’
and R-T=1,

which is the well known Klein's Paradox.
- for k, real and E > eV, + m, we have

R= (ki — k2)2 _ 4k k,
(ky+k;)*' (ky+ky)*
and R+T=1

For the special case of free particle V, =0, k, =
k,, the wave function is

¢(x)=%( )exp(iklx).

From the waves functions (20) and (21) of the step
potential, it’s easy to note that the components of the
wave function ( x) and their first derivatives satisfy
the following boundary conditionsat x =0

$2(07) + ¢(07) = ¢(07) + 4,(07),
$1(07) + 45(07) = 91 (07) + 5(07),
where ; ,(0%) =dy, ,/dx a x= 0~

m+ E
m—E
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These boundary conditions seem to be particulars
and in the following we are going to look for more
general boundary conditions for the step potential
using the two-component form, the continuity of the
Klein—Gordon wave function and its derivative.

From the definition (1) of the two-component
form of the wave function it follows that

1
P= (Ut v, (23)

d m
(i - o] o= - (n- v (24)

The stationary Klein—Gordon function ®(x,t) has
the form @(x,t) = e "E'd(x) and the last equation
is written as

(E=eV)O= = (hs = ). (25)

The continuity of the Klein—Gordon wave function
& defined in Eqg. (23) and its derivative at x=0
give

11’1(O+) + 4’2(0+) = 11’1(0_) + 4’2(0_)’ (26)
$1(07) + ¢(07) = 41 (07) + ¢5(07). (27)

The continuity of the Klein—Gordon wave function
@ defined in Eq. (25) and its derivative at x=0
give

E—eV,
¢1(O+) - ¢2(0+) = E (‘/’1(07) - ‘1’2(07))'
(28)

E—eV,
IR(07) = (07) = ——— (44(07) — 45(07)).
(29)

From Egs. (26) and (28) we can write the boundary
conditions in the matrix form

eV, eV,
no| _|YT2E 2E ([ !(0)
WO || o [0 )

2E - 2E
(30)

and from Egs. (27) and (29) we have also the matrix
form for the derivatives

eV, eV,

(¢1(0+))_ "% & (wi(O‘))
,(07) eVo eVo [\ ¢5(07) |
2E - 2E

(31)

The two last boundary conditions can be combined
in the same equation as

( Yy (0F) + iy (01)
¥,(07) +iy,y(07)

1 eV, eV,

- 2E 2E
eV, 1 eV,
2E 2E

,(07) + iy (07) )
Po(07) +igy(07) |

(32)

We verify that the wave functions (20) and (21) of
the step potential satisfy these boundary conditions
and the current j is continuous

i(07) =j(07),
but the charge density p is discontinuous
p(07) #p(07).

These boundary conditions can be interpreted by
anaogy with electromagnetic waves (when they tra-
verse two different regions) as follows: the sum of
the two components ¢, = i, + ¢, and its derivative
are continuous like the tangential component of the
electric field. On the other hand, the difference of the
two components ¢4 = i, — i, and its derivative are
discontinuous like the normal component of the
magnetic field.

In summary, in order to find the wave functions
of the step potential without the use of boundary
conditions, we introduce the smooth potential as an
intermediate stage. Then, we solve the one-dimen-
sional Feshbach—Villars equation for spinless parti-
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cle subjected to the smooth potential. The two com-
ponent wave function is given in terms of the hyper-
geometric function. In the limiting case r — 0, the
wave functions of the step potential are deduced in
each region. Boundary conditions relative to the step
potential are extracted using the two-component
form, the continuity of the Klein—Gordon wave func-
tion and its derivative at x=0. The main result is
that boundary conditions for the step potential are:

- the sum of the two components ¢, = ¢, + ¢, and
its derivative are continuous

e(0") =¢(07), @(0") =¢(07),
- the difference of the two components ¢, = ¢; —
i, and its derivative are discontinuous

— eV,

@y(07) = T‘Pd(o_)'
— eV,

G(0%) = —=¢;(0).

By the same method, this result can be generalized to
the step potential defined in the first region by the

constant potential V; and in the second region by the
constant potentia V,.
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