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Abstract. In Saidouni et al. (Maximality semantic for recursive Petri net. Europeen conference on modelling and
simulation (ECMS’13) pp 544–550, 2013) a maximality operational semantics has been defined for the recursive
Petri net model. This operational semantics generates a true concurrency structure named maximality-based
labeled transition systems (MLTS). This paper proposes an approach that generates an on-the-fly reducedMLTS
modulo a maximality bisimulation relation. The interest of the approach is shown using an example concerning
the woodshop cutting system.
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1. Introduction

Formal methods are techniques for rigorously reasoning about systems using a mathematical basis, in order to
demonstrate their validity relatively to certain specifications.Thesemethodsprovide anassuranceof the absenceof
bugs in systems. Their improvement hasmotivatedmany researchers in computer science. For this purpose, several
formal methods have been proposed to specify, analyze, verify and synthesize concurrent systems. A concurrent
system can be seen as a set of cooperative or competitive processes. Managing these systems behavior is provided
by various tools implementing synchronous communication, mutual exclusion, etc. It is obvious that concurrent
systems cannot be described by only referring to their initial and final states. Adequate description should
represent several kinds of behavior such as possible states of the system, causally dependent tasks, parallelism,
synchronization and resource sharing. Formal methods are based on specification and semantics models able
to describe concurrent systems. Specification models are used by specifiers for describing their systems; while
semantics models interpret the specifications and are used for checking systems properties. One of the most
elegant models for specifying concurrent systems is the Petri net model. This model is based on a graphical
representation, which facilitates its use.
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One approach for checking Petri net specifications consists of generating its marking graph in which nodes
represent system states, and arcs represent transitions moving the system from one state to another. After its
generation, themarking graph can be seen as a labeled transition system [Arn92]. The generated labeled transition
system is then used for verifying systemproperties (model checking, bisimilarity, conformance testing, etc) [Ces86,
Clh93].However, the labeled transition systemmodel cannotdistinguishbetween sequential andparallel execution
of transitions. On the other hand, this model considers the assumption of structural and temporal atomicity of
actions. Nevertheless, this assumption is not always accepted in reality. The non atomicity of actions in a system
has been deeply studied in the literature through the definition of several semantics supporting the concept of
action refinement [Ach91, Bdk91, Boc88,Cos94,Cos95,Dad89,Dad91,Dad93,Deg91,Dev92a,Dev92b,Dev93,
Dij71, Jpz91, Sai96, Van90]. Two main reasons argue the use of these semantics; the first is that they allow the
hierarchical system design by the refinement of actions; the second is that they allow the characterization of
parallel execution of non-atomic actions.

Among these semantics, we can cite the maximality semantics which has been defined independently for Petri
net and event structure models by Devillers and Vogler [Dev92a, Dev92b, vog93]. In this context, maximality
bisimulation relation has been defined and shown to be the coarsest relation preserved by action refinement.
It has also been shown that this relation is a congruence with the performance relation [Sac03]. In underlying
semantics models of Petri nets and event structures, a system with infinite behavior needs an infinite set of events,
which makes the underlying structures interesting just from a theoretical point of view.

Dealing with implementability, another model, named maximality-based labeled transition system (MLTS)
has been defined in the literature and firstly used for expressing the semantics of process algebras with the
hypothesis that actions are not necessarily atomic, i.e. actions are abstractions of finite processes and may elapse
in time [Sac94, Sai96]. The main interest of the maximality-based labeled transition system model is that it can
be implemented and used in verification. Later on, these results have been extended to the Petri net model by
defining a maximality operational semantics of the model in terms of MLTS [Sbb08a, Sbb09a, Sbb09b].

At first, we recall that a maximality-based labeled transition system is a graph labeled on both states and
transitions (Fig. 1). Each state is labeled by a set of event names. Each event name identifies the start of execution
of an action which occur before this state. This action is said potentially under execution in this state. A transition
between two states si and sj is labeled by a 3-uple (E,a,x) (noted Eax ) where x is the event name identifying the
start of execution of the action a and E identifies the set of event names representing the causes of the action
a. Elements of E belong to the state si . The occurrence of this transition terminates the actions identified by E .
Thus, the set of event names corresponding to the state sj is that of si from which the set E is subtracted and
the event name x is added. It should be noted that the set of event names associated to a state refer to actions
potentially in execution at this state. Each event is maximal according to the causality relation between events.
Thus, this set will be named a set of maximal event names. The formal definition of a maximality-based labeled
transition system is given in Sect. 2 below.

As an example, let us consider the Petri net of Fig. 2a. By applying the approach of Saidouni, Belala and
Bouneb [Sbb09a], the corresponding maximality-based labeled transition system of this Petri net is given by
Fig. 2b.

In the initial state (state s0) of the maximality-based labeled transition system of Fig. 2b, no action is running,
fromwhere the association of the empty set to this state. From the state s0, actions a and b can start their execution
independently, their starts are respectively identified by event names x and y . a and b can be launched in any
order. The set {x } (resp. {y}) in the state s1 (resp. s2) stipulates that the action a (resp. b) is potentially under
execution in this state. The set {x , y} in s3 shows that actions a and b may be in execution simultaneously.
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Fig. 1. Example of MLTS

Fig. 2. Petri net and its corresponding MLTS

It is worth to note that when the system is in the state s1, while the action a has not been yet terminated, the
only evolution concerns the start of b. However, when a terminates, the action b caused by a or the action b which
is independent from the end of a can be started. Resulting states are s3 and s4 respectively. It can be observed
that from the state s4, the start of b is always possible. However, the same ending constraint of a is imposed for
the execution of b at the level of the state s3. We note that causal dependence between the execution of b across
from the action a is captured by the consumption of the produced token coming from the transition t1 during
the firing of t2 in the Petri net.

It is worth to note that from the state s1 transitions leading respectively to states s3 and s4 are due to firing
of the same transition t2. In the first firing, the token of the initial marking is used, whereas in the second firing,
the used token is that produced by the firing of t1. On the other hand, as we noted above, the derivation by b
leading to the state s3 is not conditioned by the end of the action a, while the derivation leading to the state s4 is
conditioned by the end of a. As explained in [Sbb08b], it is possible to omit the derivations s1 −→ s4 −→ s5 in
the maximality-based labeled transition system. In other words, the maximality-based labeled transition system
of Fig. 2c preserves the behavior of the Petri net of Fig. 2a; the degree of parallelism is preserved.

In [Sbb08b], the authors have proposed an operational semantics for generating maximality-based labeled
transition systems for the Petri net model. This semantics performs aggregation of derivations according to
the idea explained in the previous example. It has been shown that the generated maximality-based labeled
transition system is equivalent to the one generated by the operational semantics proposed in [Sbb09a] modulo
the maximality bisimulation relation.
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The limits of the Petri net model has been highlighted for the specification of systems with dynamic structures,
such as multi-agent systems. For this reason, recursive Petri nets have been defined [Sep99a, Sep99b]. Dynamic
behaviors are considered through abstract transitions. In fact the firing of such transition represents the exe-
cution of a thread. The thread behavior is modeled by a recursive Petri net. Abstract transitions can be used
for hierarchical design of dynamic systems. As abstract transitions represent activities, the association of a true
concurrency semantics to the model becomes more appropriate than the use of interleaving semantics. For this
purpose, in [Sbi13], a maximality operational semantics has been proposed for recursive Petri nets.

In this paper, we extend the maximality bisimulation relation to recursive Petri nets and propose an opera-
tional semantics for generating a reduced maximality-based labeled transition systems. This semantics performs
aggregation of derivations according to the maximality bisimulation relation.

The paper is organized as follows: Sects. 2 and 3 recall the definition of maximality-based labeled transition
systems and themaximality semantics of Petri netmodel. Sections 4 and 5 recall the definition and themaximality
semantics of recursive Petri net model. In Sect. 6, we define an on-the-fly reduction method for recursive Petri
nets which preserves the maximality bisimulation relation. In Sect. 7, through an example, we show that the
proposed approach significantly reduces the size of the maximality-based labeled transition systems. Finally,
Sect. 8 concludes the paper.

2. Maximality-based labeled transition system

Definition 2.1 LetH be a countable set of event names. LetL be an alphabet ranging over by a, b, . . .. In practice a
label is a name of an action. Amaximality-based labeled transition system of supportH is a fivefold (ρ, ϕ, μ, ξ, θ )
with: ρ � 〈S ,TR, α, β, s0〉 is a transition system such that:

• S is the set of states in which the system may be found, this set can be finite or infinite.
• TR is the set of transitions indicating the change of states which the system can do; this set can be finite or
infinite.

• α and β are two applications of TR in S such that for any transition tr ∈ TR: α (tr ) is the origin of the
transition tr and β (tr ) is its goal.

• s0 is the initial state of the transition system ρ.
• (ρ, ϕ) is a system of transitions labeled by the function ϕ on L, called support of (ρ, ϕ). (ϕ : TR −→ L).
• θ : S −→ 2H is a function which associates to each state a finite set of maximal event names, with the
assumption that θ (s0) � ∅.1

• μ : TR −→ 2H is a function which associates to each transition a finite set of event names corresponding to
the actions which began their execution and their terminations cause the execution of this transition.

• ξ : TR −→ H is a function which associates to each transition the event name identifying its occurrence.

Where each transition tr ∈ TR satisfies the condition, μ (tr ) ⊆ θ (α (tr )), ξ (tr ) 	∈ θ (α (tr )) − μ (tr ) and
θ (β (tr )) � (θ (α (tr )) − μ (tr )) ∪ {ξ (tr )}.
The last condition avoids the consideration of imaginary systems. In fact:

• The condition μ (tr ) ⊆ θ (α (tr )) ensures that the execution of the transition tr is only conditioned by the
termination of a subset of actions potentially in execution in the state α (tr ).

• The condition ξ (tr ) 	∈ θ (α (tr )) − μ (tr ) ensures that the event name ξ (tr ) indexing the transition tr does
not refer to any action remaining potentially in execution in the resulting state β (tr ).

• As the set of event names μ (tr ) is related to actions such that their termination constitute a condition for the
execution of the transition tr , then the condition θ (β (tr )) � (θ (α (tr )) − μ (tr )) ∪ {ξ (tr )} ensures that the
set of maximal events in the state β (tr ) is the one in the state α (tr ) from which the set μ (tr ) is removed and
the event name ξ (tr ) is added.

1 2H denotes the part sets of H.
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Fig. 3.Maximality bisimulation relation

Notation 2.1 In the sequel the following notations will be used:

• Let mlts � (ρ, ϕ, μ, ξ, θ ) be a maximality-based labeled transition system such that: ρ � 〈S ,TR, α, β, s0〉.
tr ∈ TR is a transition such that α (tr ) � s , β (tr ) � s ′, ϕ (tr ) � a, μ (tr ) � E and ξ (tr ) � x . The transition
tr will be noted s Eax−−→ s ′.

• Let fu : E −→ J be a function of domain Dom(fu) � E and codomain Cod (fu) � J , and let D (respectively
C) be a subset of E (respectively of J). Restrictions of fu with respect to its domain and codomain are defined
respectively by:

– fu�D � {(x , y) ∈ fu | x ∈ D}.
– fu
C � {(x , y) ∈ fu | y ∈ C }.

• F is the set of all bijective functions between subsets ofH.

• IdA is the identity function on elements of the set A.

Definition 2.2 Let mlts1 � (ρ1, ϕ1, μ1, ξ1, θ1) and mlts2 � (ρ2, ϕ2, μ2, ξ2, θ2) be two maximality-based labeled
transition systems such that ρ1 � 〈S1,TR1, α1, β1, s10〉 and ρ2 � 〈S2,TR2, α2, β2, s20〉. mlts1 and mlts2 are said
to be maximally bisimilar, noted mlts1 ≈m mlts2, if there is a relation Rel ⊆ S1 × S2 × F with (see Fig. 3):

1. (s10, s20,∅) ∈ Rel. Initial states ofmlts1 andmlts2 are related by the relation. Since the sets of maximal events
in initial states are empty, the function relating these two sets is empty too.

2. If (s1, s2, fu) ∈ Rel then:

(a) fu : C −→ D where C ⊆ θ (s1) and D ⊆ θ (s2).

(b) If s1
Eax−−→ s ′

1 then there is s2
J ay−−→ s ′

2 such that:

• ∀ (u, v ) ∈ fu, if u 	∈ E then v 	∈ J

• (
s ′
1, s

′
2, fu

′) ∈ Rel with fu ′ � (fu�(C − E ) 
(D − J )) ∪ {(x , y)}

(c) If s2
J ay−−→ s ′

2 then there is s1
Eax−−→ s ′

1 such that:

• ∀ (u, v ) ∈ fu, if v 	∈ J then u 	∈ E

• (
s ′
1, s

′
2, fu

′) ∈ Rel with fu ′ � (fu�(C − E ) 
(D − J )) ∪ {(x , y)}
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Fig. 4.Marked Petri net

Fig. 5. Free and bound tokens in a marking

3. Maximality semantics for Petri nets

In this section we recall the maximality approach of place transition Petri nets, proposed in [Sbb08a, Sbb09a].
We introduce through a simple example useful notations and functions for the definition of a marking graph
associated to a Petri net in a maximality-based approach.

Let us consider the example of the marked Petri net of Fig. 4. With the launch of the transition t1, it is clear
that the firings of transitions t2 and t3 are conditioned by the end of the action related to t1. To capture this causal
dependence between firings of transitions, we consider that the tokens produced by the firing of the transition
t1 are bound to this transition, namely the token in the place p2 and that in the place p3 (Fig. 5b). We can see
that, in the initial state, the token in p1 is not bound to any transition; this token is called free in this state, which
explains the marked Petri net of Fig. 5a. In the case when t2 would be fired, it could be argued that the action
associated with the firing of t1 has finished its execution. As a result, the token in p3 will become free. Resulting
marking after the firing of the transition t2 is given in Fig. 5c.

To distinguish between free and bound tokens in a place, we can imagine that a place is composed of two
separated parts. The left part contains free tokens while the right one contains bound tokens. In a place, the
number of free tokens will be denoted by FT , while the bound token set will be noted BT . So, each place is
marked by (FT ,BT ). Hence, we obtain the succession of markings of Fig. 5. Each bound token identifies an
action that is eventually being executed (this token corresponds to a maximal event). Also, each transition of the
marking graph corresponds to the start of execution of an action which is identified by an event name. Since a
weight of an edge linking a transition to a place may be greater than one, a firing transition may produce more
than one bound token, the bound token is identified by a tuple (n, t, x ) where n is the number of instances of a
bound token, t is a fired transition producing this bound token and x is an event name identifying the transition
firing in time. It is worth to note that the firing condition of a transition is only conditioned by the number of
free and bound tokens in places.



A reduced maximality labeled transition system

Definition 3.1 A Petri net is a 4-tuple
(
P ,T ,W −,W +

)
where:

• P : is a finite set of places.
• T : is a finite set of transitions such that: P ∩ T � ∅.
• W − : P × T −→ N is the matrix of preconditions.
• W + : P × T −→ N is the matrix of postconditions.

Definition 3.2 A labeled Petri net � � (
P ,T ,W −,W +, λ

)
is a Petri net in which all transitions are labeled by

actions such that λ : T −→ L is a labeling function.

3.1. Operational maximality semantics for Petri nets

Preliminary definitions
Let

(
P ,T ,W −,W +

)
be a Petri net with a marking M :

• ∀ p ∈ P ,M (p) is a pair (FT ,BT ) such that FT ∈ N and BT � {bt/bt ∈ N × T × H} denote the number of
free tokens and the set (possibly empty) of bound tokens in the place p, respectively.

• Let p be a place such that M (p) � (FT ,BT ) where BT � {(n1, t1, x1) , . . . , (nm , tm , xm )}. The set of event
names in p is given by a function δ• : P −→ 2H, δ• (p) � {x1, x2, . . . , xm}.

• The set of maximal event names in M is the set of all event names identifying bound tokens in the marking
M . Formally, the function δ will be used to calculate this set and it can be defined as:
δ : {M : M a marking of the Petri net} −→ 2H such that δ (M ) � ∪p∈P δ• (p).

• LetX ⊂ H be a finite set of maximal event names of actions which terminated their execution. The operation
of transforming bound tokens defined by X to free tokens in the marking M is defined by the inductive
function makefree as follows:

– makefree ({x1, x2, . . . , xm} ,M ) � makefree ({x2, . . . , xm} ,makefree ({x1} ,M ))
– makefree ({x } ,M ) � M ′ such that for all p ∈ P , if M (p) � (FT ,BT ) then:

· If there is (n, t, x ) ∈ BT then M ′ (p) � (FT + n,BT − {(n, t, x )}) (Conversion of n bound tokens
identified by the event name x to free tokens).

· Otherwise,M ′ (p) � M (p).

• | M (p) |� FT +
∑m

i�1 ni such thatM (p) � (FT ,BT ) with BT � {(n1, t1, x1) , . . . , (nm , tm , xm )}.
• Let t be a transition of T ; t is said to be enabled by the marking M iff | M (p) |≥ W − (p, t) for all p ∈ P .
The set of all transitions enabled by the marking M will be noted enabled (M ).

• The markingM is said minimal for the firing of the transition t iff | M (p) |� W − (p, t) for all p ∈ P .
• Let M1 and M2 be two markings of the Petri net

(
P ,T ,W −,W +

)
. M1 ⊆ M2 iff ∀ p ∈ P , if M1 (p) �

(FT 1,BT 1) and M2 (p) � (FT 2,BT 2) then FT 1 ≤ FT 2 and BT 1 ⊆ BT 2 such that the relation ⊆ is
extended to bound tokens sets as follows: BT 1 ⊆ BT 2 iff ∀ (n1, t, x ) ∈ BT 1, ∃ (n2, t, x ) ∈ BT 2 such that
n1 ≤ n2.

• LetM1 andM2 be twomarkings of the Petri net
(
P ,T ,W −,W +

)
such thatM1 ⊆ M2. The differenceM2−M1

is a markingM3 (M2 − M1 � M3) such that, for all p ∈ P , ifM1 (p) � (FT 1,BT 1) andM2 (p) � (FT 2,BT 2)
thenM3 (p) � (FT 3,BT 3) with FT 3 � FT 2 −FT 1 and ∀ (n1, t, x ) ∈ BT 1, (n2, t, x ) ∈ BT 2, if n1 	� n2 then
(n2 − n1, t, x ) ∈ BT 3.

• Min (M , t) � {M ′/M ′ ⊆ M and M ′ is minimal for the firing of t}.
• get : 2H −→ H is a function such that for any A ∈ 2H, get (A) ∈ A. The function get chooses in a unique
manner an element of A (an event name).

3.1.1. Semantic rule

The operational semantics of labeled Petri nets allowing the generation of a maximality-based labeled transition
systems is defined by:

t ∈ T ∧ t ∈ enabled (M1) ,M3 ∈ Min (M1, t)

M1
E λ(t)x−−−→ M2

such that:
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Fig. 6. Maximally bisimilar systems

• E � δ (M3) ,M4 � makefree (E ,M1 − M3)

• For any p ∈ P withM4 (p) � (FT 4,BT 4), M2 (p) � (FT 4,BT 2) where:
BT 2 � BT 4 ∪ {(

W + (p, t) , t, x
)
/W + (p, t) 	� 0

}

• x � get (H − (δ (makefree (E ,M1))))

Definition 3.3 Let �1 � (
P1,T1,W −

1 ,W +
1 , λ1

)
and �2 � (

P2,T2,W −
2 ,W +

2 , λ2

)
be two labeled Petri nets. �1

and �2 are said to be maximally bisimilar iff their associated maximality-based labeled transition systems are
maximally bisimilar.

Example 3.1 Consider the example of the two labeled Petri nets Sys1 and Sys2 in Fig. 6a (this example is from
[Dev92a]). By applying the semantic rule, the corresponding maximality-based labeled transition systems are
given in Fig. 6b. The reader may easily check that these two systems are maximally bisimilar.

4. Recursive Petri nets

Recursive Petri Net model (RPN) has been proposed for specifying and analyzing dynamic systems [Sep99a,
Sep99b, Dah09]. In a recursive Petri net, transitions are partitioned into two categories: elementary transitions
and abstract transitions. Each abstract transition represents a thread which is modeled by its own Petri net. The
structure of a recursive Petri net may be informally seen as a tree of Petri nets (denoting fatherhood relations),
where each Petri net plays its own token game. In a recursive Petri net there is always ancestor Petri net which is
the root of the tree. A Petri net father is the Petri net which contains abstract transitions, the firing of an abstract
transition calls the execution of its own Petri net which is its son Petri net. Also a son Petri net may have in its
structure abstract transitions, so it will be the father of Petri nets which model these abstract transitions. A son
Petri net which has in its structure only elementary transitions cannot call the execution of any other Petri net,
this son Petri net is a sheet of the tree.

The fatherhood relations between Petri nets of a recursive Petri net will be inherited at the semantics level
in the same manner. However the semantics of recursive Petri nets is a dynamical tree of threads (threads are
dynamically created and removed) [Sep99a]. If a thread fires an abstract transition, it consumes the input tokens
of this transition and generates a new child (son thread) which begins its own token game with a predefined
starting marking. When a thread finishes its execution or is preempted by an elementary transition, it produces
the output tokens of the abstract transition which gave birth to it and dies (removed).

Formally, a recursive Petri net is defined as follows [Sep99a]:

Definition 4.1 A recursive Petri net is defined by R � (
P ,T , I ,W −,W +,�, γ,K

)
such that:

• P is a finite set of places.

• T is a finite set of transitions such that P ∩T � ∅. T can be partitioned into two sets: elementary transitions
Tel , and abstract transitions Tab .

• I � IC ∪ IP is a finite set of indexes, it indicates the cut steps and preemptions. I ⊂ N.
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Fig. 7. Labeled recursive Petri net

• W − : P × T −→ N is the matrix of preconditions.
• W + : P × [Tel ∪ (Tab × I )] −→ N is the matrix of postconditions.
• � : Tab −→ N

P is a function which associates to each abstract transition an ordinary marking (starting
marking).

• γ is a family indexed by the set of termination IC . Each set is specified as an effective representation of semi
linear set of final markings.

• K : Tel × Tab −→ IP is a partial function of control which allows the modeling of external preemption.

Definition 4.2 A labeled recursive Petri net � � (
P ,T , I ,W −,W +,�, γ,K , λ

)
is a recursive Petri net in which

all transitions are labeled by actions where λ : T −→ L is the labeling function.

The labeled recursive Petri net of Fig. 7 may be seen as a tree of Petri nets, this tree is formed by the Petri net
R1 and the Petri net R2. In this labeled recursive Petri net, the ancestor Petri net is R1. The abstract transition t2
in R1 is modeled by the Petri net R2. The firing of the transition t2 in R1 gives birth to the execution of its own
Petri net R2. So, we say that the Petri net R1 is the father Petri net of the Petri net R2. We also say that R2 is the
son of R1. In this example, we remark that the Petri net R2 contains only elementary transitions, this Petri net is
a sheet.

In the labeled recursive Petri net of Fig. 7, we have:

• P � {p1, p2, p3, p4, p5, p6, p7}.
• T � Tel ∪ Tab such that Tel � {t1, t3} and Tab � {t2}.
• I � IC ∪ IP such that IC � {1} and IP � {0}.
• W −: is the matrix of preconditions:

t1 t2 t3
p1 1 0 0
p2 0 1 0
p3 0 0 0
p4 0 0 0
p5 0 0 0
p6 0 0 1
p7 0 0 0
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• W +: is the matrix of postconditions:

t1 t2
i � 0 i � 1

t3

p1 0 0 0 0
p2 0 0 0 0
p3 1 0 0 0
p4 0 0 1 0
p5 0 1 0 0
p6 0 0 0 0
p7 0 0 0 1

Here we remark that when the abstract transition t2 finishes its execution a token is added in the place p4
(because the index of the cut step of this transition is 1). But, when the transition t1 preempts the execution
of the abstract transition t2, a token is produced in the place p5 (because the index of preemption of this
transition is 0).

• � (t2) � 〈0, 0, 0, 0, 0, 1, 0〉, � (t2) is the starting marking of the Petri net associated to the abstract transition
t2. In Fig. 7, � (t2) is given beside the transition t2. We remark that in the initial state of the labeled recursive
Petri net there is no marking in the place p6. When the abstract transition t2 is fired a token is put in the place
p6 (according to the function �), this gives birth to its own thread represented by the execution of the Petri
net R2.

• γ � {γ1} with γ1 � {M / | M (p7) |≥ 1}. γ1 defines the termination condition of the execution of the thread
corresponding to the abstract transition t2. γ1 means that this thread finishes its execution when there is at
least one token in the place p7.

• K (t1, t2) � 0, 0 is the index of preemption of the abstract transition t2 by the elementary transition t1. In
Fig. 7, t1 {t2 〈0〉} means that the firing of the transition t1 preempts the execution of the transition t2 with an
index of preemption equal to 0. We say here that the firing of the transition t1 kills the thread associated to
the abstract transition t2.

• λ (t1) � a, λ (t2) � b, λ (t3) � c.

5. Maximality semantics for recursive Petri nets

For explaining the intuition of maximality semantics of the recursive Petri net model, let us consider the labeled
recursive Petri net of Fig. 8, in which t2 is an abstract transition. The firing of the transition t2 is caused by the
end of execution of the action a linked to the transition t1. The firing of this abstract transition gives birth to a
new son thread associated with this abstract transition. The starting marking defined by � (t2) will be prolonged
to the marking of the son Petri net, this is interpreted by the addition of a token in the place p5. For modelling the
passing from the father Petri net to the son Petri net, and vice versa, we can consider two imaginary transitions
labeled by admitted and finished respectively.

The execution of admitted (b) is conditioned by the termination of a and is identified by the event name x .
According to � (t2), the execution of admitted (b) is followed by the deposition of a token related to this action
in the right part of the place p5.

Fig. 8. Example of labeled recursive Petri net
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Fig. 9. Start and end of abstract transition

After the generation of a bound token in the place p5, the son thread starts its own token game, this means
that any transition that can be fired from this thread will immediately be executed. The son thread dies when
the predicate of termination γ0 � {| M (p8) |≥ 1} is satisfied. Indeed, this predicate will be satisfied when the
transition t6 or exclusively the transition t7 deposits at least one token in the right part of the place p8. When the
predicate γ0 becomes true, the action finished will be executed, it makes the return to the father thread. Indeed,
this action represents the cut step of the son thread. The execution of the action finished (b) causes the emersion
of the tokens defined by the post condition of the abstract transition in the right part of all the places which
belong to the post set of this one. Just after the end of the execution of the abstract transition, the firing of the
transition t3 could happen. Figure 9 represents the maximality labeled transition system generated from this
labeled recursive Petri net. We should note that the event x identifies the action admitted (b) as well as the start
of the execution of the thread itself. Thus, it can be re-used within this thread. Once the son thread finishes, this
event name can be re-used in the father thread.

5.1. Operational maximality semantics for recursive Petri nets

Preliminary definitions

• T HR: is the set of all threads.

• The state of execution of any abstract transition t is defined by its associated thread noted
(
ST , (M )Nref (t)

)

such that:

– ref (t): is the Petri net corresponding to this thread. It describes the behavior of the abstract transition t .
– M : is the marking of the Petri net ref (t). Note that in the beginning of the execution of t the markingM
is � (t).

– ST : is the set of the son threads of this thread. Note that at the beginning of t the set ST is empty.
– N : is the event name identifying this thread.

• The ancestor thread, noted
(
∅, (M0)

N
R

)
, is built from an initial markingM0 of the ancestor Petri net R in the

labeled recursive Petri net.
• ψ : T HR → 2H: is the function which determines the event names in a thread. It is recursively defined by:

– ψ
((

∅, (M )NR
))

� δ (M )

– ψ
((

ST , (M )NR
))

� (∪n
i�1ψ (THi )

) ∪ δ (M ) with ST � {TH1,TH2, . . . ,THn }.
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• ∀
(
ST , (M )NR

)
∈ T HR. X ⊂ H is a finite set of maximal event names of actions which terminated their

executions.Theoperationof transformingbound tokensdefinedbyX to free tokens in the thread
(
ST , (M )NR

)

is defined by the inductive function clean as follows:

– clean
(
X ,

(
∅, (M )NR

))
�

(
∅, (makefree (X ,M ))NR

)

– clean
(
X ,

(
ST , (M )NR

))
�

(
{clean (X ,THi ) /THi ∈ ST } , (makefree (X ,M ))NR

)
.

• ∀
(
ST , (M )NR

)
∈ T HR, t ∈ T can be fired from this thread if and only if:

– For each place p of R:| M (p) |≥ W − (p, t), or

– ∃TH ′ �
(
ST ′, (M ′)N

′
R′

)
∈ ST such that: | M ′ (p) |≥ W − (p, t) for each place p of R′.

• The function cutstep : T HR × γ → boolean is defined as follows:

∀TH �
(
ST , (M )NR

)
∈ T HR,∀ γi ∈ γ then:

cutstep (TH , γi ) �
{
true if for each place p of R such that | M (p) |≥ n ∈ γi , | M (p) |≥ n
false otherwise.

• TH | t > TH ′ means that the execution of the transition t from TH leads to TH ′.
• A sequence TH0t1TH1t2... is an occurrence sequence iff THi−1 | ti > THi for i ≥ 1. A sequence σ � t1t2... is
a transition sequence starting with TH0 iff there is an occurrence sequence TH0t1TH1t2... If a finite sequence
t1t2...tn leads from TH to TH ′, it is noted TH | t1t2...tn > TH ′.

5.1.1. Semantic rules

The operational semantics of the labeled recursive Petri net model allowing the generation of a maximality-based
labeled transition system is defined by the following rules:

1.
t ∈ Tel ∧ t ∈ enabled (M1) ,M3 ∈ Min (M1, t)

(
ST1, (M1)

N
R

)
E λ(t)x−−−→

(
ST2, (M2)

N
R

) such that:

• E � δ (M3) ,M4 � makefree (E ,M1 − M3)
• For any place p of R, with M4 (p) � (FT 4,BT 4), M2 (p) � (FT 4,BT 2) where:
BT 2 � BT 4 ∪ {(

W + (p, t) , t, x
)
/W + (p, t) 	� 0

}

• ST2 � ST1

• x � get
(
H −

(
ψ

(
clean

(
E ,

(
ST1, (M1)

N
R

)))))

2.
t ∈ Tab ∧ t ∈ enabled (M1) ,M3 ∈ Min (M1, t)
(
ST1, (M1)

N
R

)
Eadmitted(λ(t))x−−−−−−−−−−→

(
ST2, (M2)

N
R

) such that:

• E � δ (M3) ,M2 � makefree (E ,M1 − M3)

• ST2 � ST1 ∪
{(

∅, (M0)
{x }
ref (t)

)}
such that for any place p of ref (t)

M0 (p) �
{
(0, {(� (t) (p) , admitted (t) , x )}) if � (t) (p) 	� 0
(0,∅) otherwise

• x � get
(
H − ψ

(
clean

(
E ,

(
ST1, (M1)

N
R

))))
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3.
TH ∈ ST1 with TH �

(
ST , (M )xref (t)

)
and ∃γi ∈ γ /cutstep (TH , γi )

(
ST1, (M1)

N
R

)
{x }finished(λ(t))x−−−−−−−−−−→

(
ST2, (M2)

N
R

) such that:

• For any place p of R, with M1 (p) � (FT 1,BT 1), M2 (p) � (FT 1,BT 2) where:
BT 2 � BT 1 ∪ {(

W + (p, (t, i )) , t, x
)
/W + (p, (t, i )) 	� 0

}

• ST2 � ST1 − {TH }

4.
t1∈ Tel ∧ t1∈enabled (M1) ,M3∈Min (M1, t) /K (t1, t2) � i∈IP ∧ TH∈ST1 with TH �

(
ST , (M )N1

ref (t2)

)

(
ST1, (M1)

N
R

)
E λ(t1)x−−−−→

(
ST2, (M2)

N
R

)

such that:

• E � δ (M3) ,M4 � makefree (E ,M1 − M3)
• For any place p of R with M4 (p) � (FT 4,BT 4), M2 (p) � (FT 4,BT 2) where:
BT 2 � BT 4 ∪ {(

W + (p, t1) , t1, x
)
/W + (p, t1) 	� 0

} ∪ {(
W + (p, (t2, i )) , t2,N1

)
/W + (p, (t2, i )) 	� 0

}

• ST2 � ST1 − {TH }
• x � get

(
H −

(
ψ

(
clean

(
E ,

(
ST1, (M1)

N
R

)))
− ψ (TH )

))

5.
t ∈ T ,TH ∈ ST1,TH

E λ(t)x−−−→ TH ′
(
ST1, (M1)

N
R

)
E λ(t)x−−−→

(
ST2, (M1)

N
R

) such that: ST2 � ST1 [TH ′/TH ]

For showing the application of the operational semantics (the five rules), we consider the recursive Petri net
of Fig. 7. Its associated maximality-based labeled transition system is depicted in Fig. 10. Before applying the
operational semantics, the initial configuration is constructed. This configuration is TH0 � (

ST0, (M0)
x0
R1

)
with

M0 � 〈(1,∅) , (1,∅) , (0,∅) , (0,∅) , (0,∅)〉 and ST0 � ∅. In fact, this configuration corresponds to the ancestor
thread (The root of the tree) represented by the Petri net R1. By applying the proposed semantics rules from the
initial configuration (defining the initial state s0), we obtain the maximality-based labeled transition system of
Fig. 10. We remark that in the initial state s0 there are no actions in execution, so the set of maximal events is
empty (ψ

((∅, (M0)
x0
R1

)) � δ (M0) � ∅.
FromTH0, transitions t1 and t2 can be fired. The transition t1 is an elementary transition.Aswe have explained

in Sect. 5, this transition preempts the execution of the thread associatedwith the transition t2, but here we remark
that in TH0 the son threads set is empty, so there is no thread corresponding to the transition t2. This means
that there is a condition which is not satisfied in Rule 4 (�TH ∈ ST0 corresponding to ref (t2)). In this case, the
transition t1 will be fired as an elementary transition without preemption effect. Hence, Rule 1 is applied (Rule 1
treats the firing of elementary transitions). Min (M0, t1) � {〈(1,∅) , (0,∅) , (0,∅) , (0,∅) , (0,∅)〉}. In Min (M0, t1)
there is only one minimal marking, then TH0

∅ax−−→ TH1. The resulting thread TH1 corresponds to the state s1 of
the maximality-based labeled transition system. TH1 � (

ST1, (M1)
x0
R1

)
with:

• M1 � 〈(0,∅) , (1,∅) , (0, {(1, t1, x )}) , (0,∅) , (0,∅)〉.
• ST1 � ST0 � ∅.

The bound token in p3 means that the transition t1 has been started, since t1 preempts the abstract transition t2,
then the latter will never be fired from the state s1.

In the state s1, θ (s1) � ψ (TH1) � {x }.
As said previously, the abstract transition t2 may be fired from TH0. In this case, Rule 2 is applied (Rule 2

treats the firing of abstract transitions). The firing of this abstract transition gives birth to a new thread which
corresponds to the Petri net ref (t2) (As explained in Sect. 4, ref (t2) � R2), this new thread is added to the son
thread set ST0.

Min (M0, t2) � {〈(0,∅) , (1,∅) , (0,∅) , (0,∅) , (0,∅)〉}. In Min (M0, t2), there is only one minimal marking,

for the latter we have TH0
∅admitted(b)x−−−−−−−−→ TH2, TH2 corresponds to the state s2 in the maximality-based labeled

transition system. TH2 � (
ST2, (M2)

x0
R1

)
with:

• M2 � 〈(1,∅) , (0,∅) , (0,∅) , (0,∅) , (0,∅)〉.
• ST2 � ST0 ∪

{(
∅,

(
M 2

0

)x
R2

)}
, we have ST0 � ∅ so ST2 �

{(
∅,

(
M 2

0

)x
R2

)}
.
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• M 2
0 � 〈(0, {(1, admitted (t2), x )}) , (0,∅)〉, the first place of this marking is p6 and the second place of this

marking is p7. We remark here that according to the starting marking � (t2), the firing of the transition t2
puts a bound token in p6.

We say that the thread TH0 is the father thread of the thread
(
∅,

(
M 2

0

)x
R2

)
. In other words,

(
∅,

(
M 2

0

)x
R2

)
is the

son thread of TH0.
In the state s2, θ (s2) � ψ (TH2) � {x }.
From the threadTH2, transitions t1 and t3 can be fired. For executing the transition t1, Rule 4 is applied (Rule

4 treats the case of preemption), all conditions of this rule are satisfied. In this case, the firing of this transition
preempts the execution of the thread associated to the abstract transition t2. Then, this thread is removed from
the son thread set of TH2.

Min (M2, t1) � {〈(1,∅) , (0,∅) , (0,∅) , (0,∅) , (0,∅)〉}. InMin (M2, t1) there is only oneminimalmarkingwhich
is equal to M2. For the latter, TH2

∅ay−−→ TH3, TH3 corresponds to the state s3 in the maximality-based labeled
transition system. TH3 � (

ST3, (M3)
x0
R1

)
with:

• M3 � 〈(0,∅) , (0,∅) , (0, {(1, t1, y)}) , (0,∅) , (0, {(1, t2, x )})〉. We remark that a bound token linked to the
transition t1 is produced in the place p3. Also, a bound token linked to the transition t2 is produced in the
place p5 according toW + (p5, (t2, i )), where i � K (t1, t2) � 0.

• ST3 � ST2 −
{(

∅,
(
M 2

0

)x
R2

)}
, we have ST2 �

{(
∅,

(
M 2

0

)x
R2

)}
so ST3 � ∅.

In the state s3, θ (s3) � ψ (TH3) � {x , y}.
When the transition t3 is fired from the thread TH2, Rule 1 is applied. In fact, the transition t3 is fired in the

son thread of TH2, so Rule 1 is applied for the son thread.
Min

(
M 2

0 , t3
) � {〈(0, {(1, admitted (t2), x )}) , (0,∅)〉}. We remark that Min

(
M 2

0 , t3
)
contains only one minimal

marking which is equal to M 2
0 . For this minimal marking, we have

(
∅,

(
M 2

0

)x
R2

)
{x }cx−−→

(
∅,

(
M 2

1

)x
R2

)
with M 2

1 �
〈(0,∅) , (0, {(1, t3, x )})〉.

Now, we have TH ∈ ST2 such that TH
{x }cx−−→ TH ′. This means that the condition of Rule 5 is satisfied. By

applyingRule 5 forTH2, we haveTH2
{x }cx−−→ TH4,TH4 corresponds to the state s4 of themaximality-based labeled

transition system. TH4 � (
ST4, (M4)

x0
R1

)
with:

• M4 � M2.

• ST4 � ST2

[(
∅,

(
M 2

1

)x
R2

)
/
(
∅,

(
M 2

0

)x
R2

)]
so ST4 �

{(
∅,

(
M 2

1

)x
R2

)}

In the state s4, θ (s4) � ψ (TH4) � {x }.
From the thread TH3 no transition can be fired. However, from the thread TH4, the transition t1 can be fired,
then Rule 4 will be applied. In this case, the transition t1 preempts the execution of the thread corresponding to
t2 after the firing of the transition t3, this thread will be removed from ST4.
Min (M4, t1) � {〈(1,∅) , (0,∅) , (0,∅) , (0,∅) , (0,∅)〉}. Min (M4, t1) contains only one minimal marking which is
equal toM4. For this minimal marking we have TH4

∅ay−−→ TH5, TH5 � (
ST5, (M5)

x0
R1

)
with:

• M5 � 〈(0,∅) , (0,∅) , (0, {(1, t1, y)}) , (0,∅) , (0, {(1, t2, x )})〉.
• ST5 � ST4 −

{(
∅,

(
M 2

1

)x
R2

)}
, we have TH4 �

{(
∅,

(
M 2

1

)x
R2

)}
so ST5 � ∅.

We remark thatM5 � M3 and ST5 � ST3, so we deduce that TH5 � TH3, then TH5 corresponds to State s3.
Also, from the threadTH4, a cut step of the transition t2 maybe applied.We remark that in themarkingM4, the

place p7 contains a bound token which means that the condition of γ1 is satisfied, cutstep
((

∅,
(
M 2

1

)x
R2

)
, γ1

)
�

true, so Rule 3 will be applied (Rule 3 treats the case of a cut step). TH4
{x }finished(b)x−−−−−−−−→ TH6, TH6 corresponds to

the state s5. TH6 � (
ST6, (M6)

x0
R1

)
with:

• M6 � 〈(1,∅) , (0,∅) , (0, {(1, t2, x )}) , (0,∅)〉. We remark here that the bound token is produced in the place p4
according toW + (p4, (t2, i )) where i is the index of the cut step i ∈ IC , i � 1.

• ST6 � ST4 −
{(

∅,
(
M 2

1

)x
R2

)}
, we have TH4 �

{(
∅,

(
M 2

1

)x
R2

)}
then ST6 � ∅.
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Fig. 10.MLTS obtained by the application of the operational semantics

In the state s5, θ (s5) � ψ (TH6) � {x }.
From the thread TH6, the transition t1 can be fired. In the thread TH6 there is no thread corresponding to

the transition t2 because ST6 � ∅. In this case, there is no preemption, hence Rule 1 is applied. Min (M6, t1) �
{〈(1,∅) , (0,∅) , (0,∅) , (0,∅) , (0,∅)〉}. In Min (M6, t1) there is only one minimal marking, for the latter TH6

∅ay−−→
TH7, TH7 corresponds to the state s6 in the maximality-based labeled transition system. TH7 � (

ST7, (M7)
x0
R1

)

with:

• M7 � 〈(0,∅) , (0,∅) , (0, {(1, t1, y)}) , (0, {(1, t2, x )}) , (0,∅)〉.
• ST7 � ST6 � ∅.
In the state s6, θ (s6) � ψ (TH7) � {x , y}.

6. An on-the-fly reduction method for recursive Petri nets

For explanation, we consider the recursive Petri net of Fig. 11 in which t2 is an abstract transition.We remark that
the thread b corresponding to this transition can be launched twice. Whether it will be launched independently
from the action a, or it will be launched after the termination of the action a. All these scenarios are summarized
in the maximality-based labeled transition system, this one contains 24 states and 36 transitions. Due to its size
we give in Fig. 12 only a part of this graph.

Before applying the operational semantics, the initial configuration is built from the ancestor Petri net.
We named the ancestor Petri net R, this configuration is TH0 � (

ST0, (M0)
x0
R

)
with ST0 � ∅ and M0 �

〈(1,∅) , (1,∅) , (0,∅)〉. From TH0, Rules 1 and 2 may be applied leading to the firing of the elementary tran-
sition t1 and the abstract transition t2, respectively.

Fig. 11. Labeled recursive Petri net
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The firing of the transition t2 leads to the state s1. We have Min (M0, t2) � {〈(0,∅) , (1,∅) , (0,∅)〉}. We

remark that Min (M0, t2) contains only one minimal marking, for the latter, we have: TH0
∅admitted(b)x−−−−−−−−→ TH1,

TH1 � (
ST1, (M1)

x0
R

)
with:

• M1 � 〈(1,∅) , (0,∅) , (0,∅)〉
• ST1 � ST0 ∪

{(
∅,

(
M 2

0

)x
ref (t2)

)}
, we have ST0 � ∅ so ST1 �

{(
∅,

(
M 2

0

)x
ref (t2)

)}

The firing of t1 leads to the state s2. We have Min (M0, t1) � {〈(1,∅) , (0,∅) , (0,∅)〉}. In Min (M0, t1) there is
only one minimal marking, for the latter, we have: TH0

∅ax−−→ TH2, TH2 � (
ST2, (M2)

x0
R

)
with:

• M2 � 〈(0,∅) , (1, {(1, t1, x )}) , (0,∅)〉
• ST2 � ST1 � ∅
From TH2 the abstract transition t2 can be fired. The firing condition of this transition is the existence

of one token in p2. Min (M2, t2) � {〈(0,∅) , (1,∅) , (0,∅)〉 , 〈(0,∅) , (0, {(1, t1, x )}) , (0,∅)〉}. We remark that in
Min (M2, t2) there are two minimal markings. The first minimal marking corresponds to the case in which we
choose the free token of p2. The second minimal marking corresponds to the case in which we choose the bound
token of p2. SinceMin (M2, t2) contains two minimal markings, Rule 2 will be applied twice from TH2.

For the first minimal marking we have TH2
∅admitted(b)y−−−−−−−−→ TH3, TH3 corresponds to the state s3 of the

maximality-based labeled transition system. TH3 � (
ST3, (M3)

x0
R

)
with:

• M3 � 〈(0,∅) , (0, {(1, t1, x )}) , (0,∅)〉
• ST3 � ST2 ∪

{(
∅,

(
M 2

0

)y
ref (t2)

)}
where M 2

0 � 〈(0, {(1, admitted (t2) , y)}) , (0,∅)〉. The first place of this

marking is p4. The second place of this marking is p5.

For the second minimal marking we have TH2
{x }admitted(b)x−−−−−−−−−→ TH4, TH4 corresponds to State s4 of the

maximality-based labeled transition system. TH4 � (
ST4, (M4)

x0
R

)
with:

• M4 � 〈(0,∅) , (1,∅) , (0,∅)〉
• ST4 � ST2 ∪

{(
∅,

(
M 2

0′
)x
ref (t2)

)}
where M 2

0′ � 〈(0, {(1, admitted (t2) , x )}) , (0,∅)〉. The first place of this

marking is p4. The second place of this marking is p5.

We remark that from the state s2 there is redundant derivation concerning the abstract transition t2. Later,
in this section, we show that TH3 and TH4 are equivalent according to the maximality bisimulation relation on
transition, then we canmake aggregation of these redundant derivations.We keep only the firing of the transition
t2 which is independent from the action a and we omit the firing of t2 caused by the termination of the action

a. This means that we omit the derivation s2
{x }admitted(b)x−−−−−−−−−→ s4, automatically all the derivations from the state s4

will be omitted too, which reduces the size of the generated maximality-based labeled transition system.

6.1. Operational maximality semantics for recursive Petri nets with aggregation of transitions

Usually, a marking graph is generated in the same manner as in Sect. 5. Therefore, we keep the same semantics
rules, but to achieve our goal we must change the semantics of the functionMin. In this case, a minimal marking
for the firing of a transition t is considered as an element of the set Min (M , t) if and only if for each place of
this marking, bound tokens are only taken in the case when the free part does not satisfy the precondition of this
transition. Thus, we can ensure that a transition t will be executed sequentially after a transition t ′ if it cannot
be executed independently from it.

Formally, Min (M , t) is the set of markings M ′ ⊆ M such that for any place p where M (p) � (FT ,BT ),
M ′ (p) is defined as follows:

M ′ (p) �
{(

W − (p, t) ,∅)
if FT ≥ W − (p, t)

(FT ,BT ′) otherwise
With BT ′ ⊆ BT and

∑m
i�1 ni � W − (p, t) − FT for BT ′ � {(n1, t1, x1) , . . . , (nm , tm , xm )}.
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Fig. 12. Part of the corresponding MLTS

6.2. Maximality bisimulation relation on transitions

Definition 6.1 Let T be a set of transitions and → be a derivation relation between threads.
A relation R ⊆ T HR × T HR × F is said to be a maximality bisimulation relation according to a set of

transitions T iff ∀ (
THi ,TH ′

i , f
) ∈ R, ti ∈ T , f : C −→ D/C ⊆ ψ (THi ) and D ⊆ ψ

(
TH ′

i

)
:

1. if THi −→ Ei
ti xTHj then ∃TH ′

i

E ′
i
ti y−−→ TH ′

j such that:

• ∀ (u, v ) ∈ f , if u 	∈ Ei then v 	∈ E ′
i .

• (
THj ,TH ′

j , f
′) ∈ R/f ′ � (

f �(C − Ei ) 

(
D − E ′

i

)) ∪ {(x , y)}.

2. if TH ′
i −→ E ′

i
ti yTH ′

j then ∃THi
Ei ti x−−→ THj such that:

• ∀ (u, v ) ∈ f , if v 	∈ E ′
i then u 	∈ Ei .

• (
THj ,TH ′

j , f
′) ∈ R/f ′ � (

f �(C − Ei ) 

(
D − E ′

i

)) ∪ {(x , y)}.
Definition 6.2 Two labeled recursive Petri nets �1 � (

P1,T , I1,W −
1 ,W +

1 ,�1, γ1,K1, λ1

)
and �2 � (P2,T , I2,

W −
2 ,W +

2 ,�2, γ2,K2, λ2) are said to be maximally bisimilar according to T , noted �1 ≈T
m �2 , iff there exists

a maximality bisimulation relation R according to T such that
(
TH 1

0 ,TH 2
0 ,∅) ∈ R. TH 1

0 (respectively TH 2
0 ) is

the ancestor thread of �1 (respectively �2).

Notation 6.1 In the sequel the following notations will be used:

• TH1 ≈T
m /fTH2 denotes the fact that (TH1,TH2, f ) ∈ R, forR a maximality bisimulation relation according

to a set of transitions T .
• ≈L

m is the maximality bisimulation relation according to a set of actions L.≈L

m is similar to≈T
m where instead

of t ∈ T we use λ (t) ∈ L.

Corollary 6.1 ≈T
m ⊆ ≈L

m .

Proof. Obvious, because ≈T
m is more discriminating than ≈L

m , two different transitions ti and tj may have the
same label (λ (ti ) � λ

(
tj

)
). If λ is bijective then THi ≈T

m THj �⇒ THi ≈L

m THj . �
Proposition 6.1 Let TH be a thread with A ⊆ ψ (TH ) then:

1. TH ≈T
m /Idψ(TH )TH .

2. TH ≈T
m /IdATH .

3. If B � ψ (TH ) − A then clean (B ,TH ) ≈T
m /IdATH .

Proof.

1. LetRId/TH � {(
TH ,TH , Idψ(TH )

)}
. We prove that ∀TH ,RId/TH is a maximality bisimulation relation on

a set of transitions.
Let RId/TH � ∪i≥0Ri such that:
R0 � {(

TH ,TH , Idψ(TH )
)}

.
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Fig. 13. Set of events names of thread TH (proposition 6.1.3)

R1 � {(
TH1,TH1, Idψ(TH1)

)}
such that ∃TH E tx−−→ TH1.

Rn+1 � {(
THn+1,THn+1, Idψ(THn+1)

)}
such that ∃(

THn ,THn , Idψ(THn )
) ∈ Rn and THn

En+1 txn+1−−−−−→ THn+1

Then ∀ (
THi ,THi , Idψ(THi )

) ∈ RId/TH , ψ (THi ) ⊆ ψ (THi ) and if THi
Ei+1 txi+1−−−−→ THi+1 then for E ′

i+1 � Ei+1

and for x ′
i+1 � xi+1,THi

E ′
i+1

tx ′
i+1−−−−→ THi+1. On the other hand ∀ u ∈ ψ (THi ), if u 	∈ Ei+1 then u 	∈ E ′

i+1 because
E ′
i+1 � Ei+1 then (THi+1,THi+1, IdAi+1 ) ∈ RId/TH such that Ai+1 � (ψ (THi ) − Ei ) ∪ {xi+1} � ψ (THi+1),

consequently (THi+1,THi+1, IdAi+1 ) ∈ RId/TH . We deduce thatRId/TH is a maximality bisimulation relation
on the set of transitions.

2. Let RId/A � {(TH ,TH , IdA)}. We prove that: for any TH and A ⊆ ψ(TH ),RId/A is a maximality bisimu-
lation relation on the set of transitions.
Let RId/A � ∪i≥0Ri such that:
R0 � {(TH ,TH , IdA)}.
R1 � {

(TH1,TH1, IdA1 )
}
such that ∃TH E tx−−→ TH1 and A1 � (A − E ) ∪ {x }.

Rn+1 � {
(THn+1,THn+1, IdAn+1 )

}
such that ∃ (THn ,THn , IdAn

) ∈ Rn and ∃THn
En+1 txn+1−−−−−→ THn+1 with

An+1 � (An − Ei+1) ∪ {xi+1}.
Then for any (THi ,THi , IdAi

) ∈ RId/A with Ai ⊆ ψ (THi )

If THi
Ei+1 txi+1−−−−→ THi+1 then for E ′

i+1 � Ei+1 and ∃x ′
i+1 � xi+1, THi

E ′
i+1

tx ′
i+1−−−−→ THi+1. On the other hand

∀ u ∈ Ai , if u 	∈ Ei+1 then u 	∈ E ′
i+1 because E ′

i+1 � Ei+1 then (THi+1,THi+1, IdAi+1 ) ∈ RId/A such that
Ai+1 � (Ai − Ei+1)∪ {xi+1}. We deduce thatRId/A is a maximality bisimulation relation on the set of transi-
tions.

3. B � ψ (TH ) − A with A ⊆ ψ (TH ); Let TH ′ � clean (B ,TH ): we build a relation R containing
(TH ′,TH , IdA) andwe prove thatR is amaximality bisimulation relation for the set of transitionsT . LetR �{(

TH ′,TH , Idψ(TH ′)
)}

such that TH ′ � clean (ψ (TH ) − ψ (TH ′) ,TH ), note that ψ (TH )− ψ (TH ′) � B
and ψ (TH ′) � A.
i. If TH ′ F tu−−→ TH ′

1, ∃C ⊆ B such that TH C∪F tv−−−→ TH1 with:
u � get (H − (ψ (TH ′) − F )) and v � get (H − (ψ (TH ) − (C ∪ F ))).
ψ

(
TH ′

1

) � (ψ (TH ′) − F ) ∪ {u}.
ψ

(
TH ′

1

) � ((ψ (TH ) − B ) − F ) ∪ {u}.
ψ (TH1) � (ψ (TH ) − (C ∪ F )) ∪ {v}.
ψ (TH1) � ((ψ (TH ) − C ) − F ) ∪ {v}.
ψ (TH1) − {v} � (

ψ
(
TH ′

1

) − {u}) ∪ (B − C ).
Let: w � get (H − ((ψ (TH ′) − F ) ∪ (ψ (TH ) − (C ∪ F )))) since ψ (TH ′) − F ⊆ ψ (TH ) − (C ∪ F ) then

w � get (H − (ψ (TH ) − (C ∪ F )))which implies thatw � v .ψ (TH1) � (
ψ

(
TH ′

1 [v/u]
) ∪ (B − C )

)

however (B − C )∩ ψ
(
TH ′

1 [v/u]
) � ∅, then clean

(
(B − C ) ,TH ′

1

) � TH ′
1 [v/u] which implies that(

TH ′
1 [v/u] ,TH ′

1, Idψ(TH ′
1[v/u ])

)
∈ R.

Let: x ∈ A− F , since A∩B � ∅, then x ∈ A− (F ∪ B ) and because C ⊆ B then x ∈ A− (C ∪ F ).

ii. If TH C∪F tv−−−→ TH1 then TH ′ F tu−−→ TH ′
1 such that C ⊆ B with: v � get (H − (ψ (TH ) − (C ∪ F )))

and u � get (H − (ψ (TH ′) − F )).
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Fig. 14. Division of the set ψ (TH ) (Proposition 6.2)

We have proved in 3.i that: ψ (TH1) � (
ψ

(
TH ′

1 [v/u]
) ∪ (B − C )

)
and clean ((B − C ) ,TH1) �

TH ′
1 [v/u], which implies that

(
TH ′

1 [v/u] ,TH1, Idψ(TH ′
1[v/u ])

)
∈ R.

Let x ∈ A − (C ∪ F ) and because A ∩ C � ∅ then x ∈ (A − F ), from (i) and (ii) R is a maximality
bisimulation relation on the set of transitions T . �

In order to propose a method for choosing an adequate derivation among a set of derivations leading to
bisimilar states, we have to consider a case of derivations of length one from any states. This is the purpose of the
following proposition.

Proposition 6.2 Let A ⊆ ψ (TH ). If TH
E1 tx−−→ TH1 and TH

E2 ty−−→ TH2 such that A ∩ E1 ⊆ A ∩ E2 then, for
z � get (H − ((ψ (TH ) − E1) ∪ (ψ (TH ) − E2))) andB � (A − E2)∪{z }we haveTH1 [z/x ] ≈T

m /IdB TH2 [z/y ].

Proof. Let C � ψ (TH ) − A, TH ′ � clean (C ,TH )
Proposition 6.1.(1) �⇒ TH ′ ≈T

M /IdA TH . Let F1 � A ∩ E1, F2 � A ∩ E2 then F1 ⊆ F2.
Let the events names x , y, u and v defined as follows:

x � get (H − (ψ (TH ) − E1)).
y � get (H − (ψ (TH ) − E2)).
u � get (H − (ψ (TH ′) − F1)).
v � get (H − (ψ (TH ′) − F2)).
The sets E1 and E2 can be partitioned as follows:
F ′
1 ∪ F1 � E1 and F1 ∩ F ′

1 � ∅ such that: ∀ x ∈ F ′
1 then x ∈ C and F1 ⊆ A.

F ′
2 ∪ F2 � E2 and F ′

2 ∩ F2 � ∅ such that: ∀ x ∈ F ′
2, x ∈ C and F2 ⊆ A.

By hypothesis we have: ψ (TH1) � (ψ (TH ) − E1) ∪ {x } hence ψ (TH1) � (
(C ∪ A) − (

F ′
1 ∪ F1

)) ∪ {x }.
ψ (TH1) � ((

C − F ′
1

) ∪ (A − F1)
) ∪ {x }.

TH ′
1 � clean

(
C − F ′

1,TH1
)
[u/x ].

ψ
(
TH ′

1

) � (A − F1) ∪ {u}.
When ψ (TH2) � (ψ (TH ) − E2) ∪ {y} then ψ (TH2) � (

(C ∪ A) − (
F ′
2 ∪ F2

)) ∪ {y} from where ψ (TH2) �((
C − F ′

2

) ∪ (A − F2)
) ∪ {y}.

On the other hand ψ
(
TH ′

2

) � (A − F2) ∪ {v} then TH ′
2 � clean

((
C − F ′

2

)
,TH2

)
[v/y ].

Proposition 6.1 implies: TH1 ≈T
m /Id((A−F1)∪{x })clean

((
C − F ′

1

)
,TH1

)
from where TH1 ≈T

m /Id((A−F1)∪{x })TH ′
1

and TH2 ≈T
m /Id((A−F2)∪{y})clean

((
C − F ′

2

)
,TH2

)
from where

TH2 ≈T
m /Id((A−F2)∪{y})TH ′

2. We want to prove that TH1 ≈T
m /fTH2 such that f � Id(A−F2)∪{(x ,y)}.

For this it suffices to show that:
TH ′

1 ≈T
m /f ′TH ′

2 such that f ′ � Id(A−F2)∪{(u,v )}. We remark that f ′ is a bijection.
We have: u � get (H − (ψ (TH ′) − F1)) � get (H − (A − F1)).
v � get (H − (ψ (TH ′) − F2)) � get (H − (A − F2)).
Let w � get (H − (A − (F1 ∪ F2))) with the fact that F1 ⊆ F2 then :
w � get (H − (A − F2)) � v .
We remark that v 	∈ (

ψ
(
TH ′

1

) − {u}).
Let TH ′′

1 � TH ′
1 [v/u] and F � F2 − F1, then clean

(
F ,TH ′′

1

) � TH ′
2.

Proposition 6.1 implies TH ′′
1 ≈T

m /Id((A−F2)∪{v})TH ′
2 we can deduce that TH1 ≈T

m /fTH2. �
Proposition 6.2 states that we can construct a maximality bisimulation relation relating TH1 and TH2 by

adding elements of A ∩ (E2 − E1) to maximal events in the resulting state TH1 and which correspond to actions
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that terminated their executions. In fact, though these events remain maximal, the deduction of the termination
of their corresponding actions is provided from the fact that the related events by f correspond to actions
which terminated their execution in TH2 (they are not maximal in TH2). In the example of Fig. 12, we have

TH2
∅admitted(b)y−−−−−−−−→ TH3, TH2

{x }admitted(b)x−−−−−−−−−→ TH4.
ψ (TH2) � {x } ,E1 � ∅, E2 � {x }. If we take A � {x }, A ∩ E1 ⊆ A ∩ E2. B � (A − E2) ∪ {z } � {z }, using the
Proposition 6.2 we deduce that TH3 [z/y ] ≈T

m /IdBTH4 [z/x ].

Proposition 6.3 Let � be a labeled recursive Petri net with the initial marking M0, and let σ be a sequence of
transitions such that TH0|σ > TH and TH0|σ > TH ′ with D ⊆ ψ (TH ), C ⊆ ψ (TH ′) and f : D → C a
bijection, then TH ≈T

m /f TH ′ ⇒ clean (ψ (TH ) − D,TH ) ≈T
m /f clean (ψ (TH ′) − C ,TH ′).

Proof. From Proposition 6.1 we deduce that:
TH ≈T

m /IdDclean (ψ (TH ) − D,TH ) and TH ′ ≈T
m /IdC clean (ψ (TH ′) − C ,TH ′).

By hypothesis, TH ≈T
m /fTH ′, with f : D −→ C then by transitivity we deduce that:

clean (ψ (TH ) − D,TH ) ≈T
m /fclean (ψ (TH ′) − C ,TH ′), then the result. �

Proposition 6.3 states that in the case when the sequence of transitions defined by σ is executed from the
initial thread TH0 and leads to two different threads TH and TH ′ which are maximally bisimilar such that only
sets D ⊆ ψ (TH ) and C ⊆ ψ (TH ′) are related by the function f , then TH and TH ′ remain maximally bisimilar
when maximal events inψ (TH )−D andψ (TH ′)−C are removed fromTH andTH ′ respectively. In fact, these
maximal events correspond to actions that have terminated their executions.

As an illustration of such a case, let us consider the example of Fig. 12. From the state s2, the firing condition of
the transition t2 labeled by b is the existence of one token in the place p2. At this state, two casesmay be considered
as we have explained in the calculation ofMin (M2, t2): In the first case we can choose the free token, which leads
to the state s3. In the second case, we can choose the token bounded to the transition t1, which leads to the state s4.

For σ � t1t2, we have TH0|σ > TH3 and TH0|σ > TH4. ψ (TH3) � {x , y} and ψ (TH4) � {x }. If we take
D � {y} and C � {x } then TH3 and TH4 are maximally bisimilar. Using the Proposition 6.3, we can remove
the event name x in TH3 and the resulting threads remain maximally bisimilar: we have ψ (TH3)−D � {x } and
ψ (TH4) − C � ∅, so clean ({x } ,TH3) ≈T

m /f clean (∅,TH4).

Theorem 6.1 Let � � (
S ,T , I ,W −,W +,�, γ,K , λ

)
be a labeled recursive Petri net and let mlts1 (resp. mlts2)

be a maximality-based labeled transition system generated from � by using the maximality semantics (resp. the
maximality semantics with aggregation of transitions), then mlts1 and mlts2 are maximally bisimilar for the set
of transitions T .

Proof. It is a consequence of Definition 6.2 and Proposition 6.2.
It is worth to note that mlts2 is isomorphic to a sub-graph of mlts1. Proposition 6.2 implies that for any state
in mlts1 which is not in mlts2 there exists a state in mlts1 and mlts2 which is maximally bisimilar to it. Then the
result. �

Let us consider the labeled recursive Petri net of Fig. 11. When we generate the reduced MLTS associated
with this labeled recursive Petri net using the semantics rules with the new function Min, we obtain the same

derivations, with the same values of threads: TH0
∅admitted(b)x−−−−−−−−→ TH1, TH0

∅ax−−→ TH2. However, now when we
calculate the set of minimal marking for the firing of the abstract transition t2, we find only oneminimal marking.

Fig. 15.Modeling of woodshop cutting
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Table 1. Number of states and transitions before/after reduction
i= Command Piece S before T before S after T after Reduction S (%) Reduction T (%)

1 1 1 14 16 13 14 7.14 12.50
2 2 1 42 55 38 46 9.52 16.36
3 2 2 88 121 66 86 25.00 28.93
4 3 2 212 304 150 200 29.50 34.21
5 3 3 421 610 218 301 48.22 50.66
6 4 3 929 1369 448 617 51, 78 54.93
7 4 4 1830 2701 590 829 67.76 69.31
8 5 4 3874 5764 1165 1619 69.93 71.91
9 5 5 7648 11,374 1443 2030 81.13 82.15
10 6 6 31,377 46,831 3346 4682 89.34 90.00

This minimal marking corresponds to the case in which we choose the free token of the place p2,Min (M2, t2) �
{〈(0,∅) , (1,∅) , (0,∅)〉}. Then Rule 2 is applied only once from the thread TH2.

For this minimal marking, we have TH2
∅admitted(b)y−−−−−−−−→ TH3. Therefore, in the resulting MLTS we have only one

derivation from the state s2, s2
∅admitted(b)y−−−−−−−−→ s3. The derivation TH2

{x }admitted(b)x−−−−−−−−−→ TH4 will never happen. As we

see, in this MLTS the derivation s2
{x }admitted(b)x−−−−−−−−−→ s4 is omitted on the fly. Automatically all the derivations from

the state s4 are omitted too.

7. Case study

A workshop consists of a cutting machine and a stock of wood. When an order arrives and the cutting machine
is available, the command can be treated (cut operation). Otherwise, the command is delayed until the cutting
machine is released. When the treatment terminates, the command will be stored. The modeling of this system is
shown in Fig. 15.

• The number of tokens in the place p1 indicates the number of pending commands.
• A token in the place p2, indicates that the cutting machine is free.
• The number of tokens in the place p3 indicates the number of cut pieces.
• The place p4 stores the number of treated pieces.

In order to show the reduction rate, we use first the generationmethod of maximality-based labeled transition
systems presented in Sect. 5. After that, we apply the generation method with reduction. This is achieved by
varying the number of commands and the number of cut pieces. The obtained results are summarized in Table 1.

Figure 16 shows the difference between the number of states of the maximality-based labeled transition
systems generated by means of the two methods.

Figure 17 shows the difference between the number of transitions of the maximality-based labeled transition
systems generated by means of the two methods.

Figure 18 presents the reduction rate of states and transitions obtained by the proposed method.

Fig. 16. Number of states
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Fig. 17. Number of transitions

Fig. 18. Reduction rate

8. Conclusion

In this paper, we have proposed an operational method for generating a reduced maximality labeled transition
system associated with recursive Petri nets. The method consists of the case of two possible derivations of a
transition, to conserve only the derivation allowing more parallelism (less causal dependencies). As a result,
we have shown that the obtained maximality based labeled transition system is equivalent to the one obtained
without transition aggregation according to themaximality bisimulation relation. Then, the degree of parallelism
and system properties are preserved. Also, by means of a case study, we have shown that the proposed method
significantly reduces the size of the maximality-based labeled transition system.

In [Bes13], authors have proposed an algorithm for reducing maximality-based labeled transition systems
modulo a maximality bisimulation relation ≈L

m . Though this relation is weaker than the relation ≈T

m considered
in our work (see Corollary 6.1), the proposed algorithm assumes the existence of a maximality-based labeled
transition system, this later is supposed generated firstly from a high level specificationwritten in any specification
model like Petri net, recursive Petri net, Lotos,. . . . Thus, the proposed approach is only useful for specifications
for which the correspondingmaximality-based transition systemsmay be contained in the used computer storage.
From this point of view, our approach is more interesting because it on the fly generates the reduced maximality-
based labeled transition system from the specification. As future work, in order to improve the reduction rate
of the maximality-based labeled transition system, it is interesting to generalize our approach to the maximality
bisimulation relation ≈L

m .
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