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Abstract

We prove a common fixed point theorem of Gregus type for four mappings satisfying a generalized contractive condition in
metric spaces using the concept of weak compatibility which generalizes theorems of [I. Altun, D. Turkoglu, B.E. Rhoades, Fixed
points of weakly compatible mappings satisfying a general contractive condition of integral type, Fixed Point Theory Appl. 2007
(2007), article ID 17301; A. Djoudi, L. Nisse, Gregus type fixed points for weakly compatible mappings, Bull. Belg. Math. Soc. 10
(2003) 369-378; A. Djoudi, A. Aliouche, Common fixed point theorems of Gregus type for weakly compatible mappings satisfying
contractive conditions of integral type, J. Math. Anal. Appl. 329 (1) (2007) 31-45; P. Vijayaraju, B.E. Rhoades, R. Mohanraj,
A fixed point theorem for a pair of maps satisfying a general contractive condition of integral type, Int. J. Math. Math. Sci. 15
(2005) 2359-2364; X. Zhang, Common fixed point theorems for some new generalized contractive type mappings, J. Math. Anal.
Appl. 333 (2) (2007) 780-786]. We prove also a common fixed point theorem which generalizes Theorem 3.5 of [H.K. Pathak,
M.S. Khan, T. Rakesh, A common fixed point theorem and its application to nonlinear integral equations, Comput. Math. Appl.
53 (2007) 961-971] and common fixed point theorems of Gregus type using a strict generalized contractive condition, a property
(E.A) and a common property (E.A).
© 2007 Elsevier Inc. All rights reserved.
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1. Introduction

Let S and T be self-mappings of a metric space (X, d). S and T are commuting if STx =7 Sx for all x € X.
Sessa [21] defined S and T to be weakly commuting if for all x € X
d(STx,TSx) <d(Tx, Sx).
Jungck [8] defined S and T to be compatible as a generalization of weakly commuting if
lim d(STxp, T Sx,) =0,
n— o0

whenever {x,} is a sequence in X such that lim,_, 5, Sx,, = lim,,_, 5 T x, = for some 7 € X.
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It is easy to show that commuting implies weakly commuting implies compatible and there are examples in the
literature verifying that the inclusions are proper, see [8] and [21].
Jungck et al. [9] defined S and T to be compatible mappings of type (A) if
lim d(STxy, T>x,) =0 and lim d(TSx,, $?x,) =0,

n—00 n—o00

whenever {x,} is a sequence in X such that lim,,_, 5, Sx, = lim;,_, o0 T X, =t for some ¢ € X.

Examples are given to show that the two concepts of compatibility are independent, see [9].

Recently, Pathak and Khan [14] defined S and T to be compatible mappings of type (B) as a generalization of
compatible mappings of type (A) if

lim d (T Sx,, $2x,) < 1[ lim d(TSx,, Tr)+ lim d(T1,7%x,)| and
n— 00 2Ln—o00 n— 00
. 2 1 . . 2
lim (ST, T2x,) < 5| lim d(STx,, S0+ lim d(St, 8%,)]
n— 00 2Ln—o0 n— 00
whenever {x,} is a sequence in X such that lim,_, 5o Sx,, = lim,—» T X, = for some 7 € X.

Clearly, compatible mappings of type (A) are compatible mappings of type (B), but the converse is not true,
see [14]. However, compatibility, compatibility of type (A) and compatibility of type (B) are equivalent if S and T are
continuous, see [14].

Pathak et al. [15] defined S and T to be compatible mappings of type (P) if

lim d(S%x,, T%x,) =0,
n—0o0
whenever {x,} is a sequence in X such that lim,_, o, Sx,, = lim;,_» Tx, = for some 7 € X.

However, compatibility, compatibility of type (A) and compatibility of type (P) are equivalent if S and T are
continuous, see [15].

Pathak et al. [16] defined S and T to be compatible mappings of type (C) as a generalization of compatible map-
pings of type (A) if

1
lim d(TS%,, $%,) < 5[ lim d(TSx, T+ lim d(Tt,8%,) + lim d(T1,7%)] and
3Ln—oo n— 00 n— 00

n— 00

1
lim d(STx,, T%x,) < —[ lim d(STx,, St) + lim d(St, T%x,) + lim d(St,Szxn)],
3Ln—oo n— 00 n— 00

n—o0
whenever {x,} is a sequence in X such that lim,_, 5, Sx, = lim;,_,oc T X, =t for some ¢ € X.
Compatibility, compatibility of type (A) and compatibility of type (C) are equivalent if S and T are continuous,
see [16].

2. Preliminaries

Definition 2.1. (See [10].) S and T are said to be weakly compatible if they commute at their coincidence points; i.e.,
if Su =Tu for some u € X, then STu =T Su.

Lemma 2.2. (See [8,9,14-16].) If S and T are compatible, or compatible of type (A), or compatible of type (P), or
compatible of type (B), or compatible of type (C), then they are weakly compatible.

It was shown in [6] that the converse is not true in general.

Definition 2.3. (See [13].) S and T are said to be R-weakly commuting if there exists an R > 0 such that

d(STx,TSx) < Rd(Tx,Sx) forallx € X. 2.1)

Definition 2.4. (See [13].) S and T are pointwise R-weakly commuting if for all x € X, there exists an R > 0 such
that (2.1) holds.
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It was proved in [13] that R-weak commutativity is equivalent to commutativity at coincidence points; i.e., S and
T are pointwise R-weakly commuting if and only if they are weakly compatible.

Definition 2.5. (See [1].) Let S, T : X — X. The pair (S, T) satisfies property (E.A) if there exists a sequence {x,} in
X such that

lim Sx, = lim Tx, =1 € X. 2.2)
n—>oo

n—o0

It is clear from the definition of compatibility that the pair (S, T') of a metric space (X, d) is noncompatible if there
exists at least one sequence {x,} in X such that (2.2) holds but, lim,,—, cc d(ST x5, T Sx,) is either nonzero or does not
exist. Therefore, two noncompatible mappings of a metric space (X, d) satisfy property (E.A).

Definition 2.6. (See [12].) Let A, S, B, T : X — X. The pairs (A, S) and (B, T) satisfy a common property (E.A) if
there exists two sequences {x,} and {y, } such that

lim Ax, = lim Sx, = lim By, = lim Ty, =t¢€ X. 2.3)
n—oo

n—0o0 n— o0 n—oo

If B=Aand T = S in (2.3), we obtain the definition of property (E.A).

Several authors have proved fixed point theorems for mappings satisfying contractive conditions of integral type.
See [2-4,6,19,20,23]. Recently, Zhang [24] proved a common fixed point theorem using a new generalized contractive
condition for a pair of self-mappings in a metric space. This theorem extend results in [4,19] and [20].

Let A € (0,00], RT =[0,A) and F : R;"’ — R satisfying

(i) F(0)=0and F(t) >0 foreacht € (0, A),
(ii) F is nondecreasing on RX,
(ii1) F is continuous.

Define f [0, A) = {F: F satisfies (i)—(iii)}.
The following examples were given in [24].

(1) Let F(t) =t, then F € F [0, A) for each A € (0, +o0].
(2) Suppose that ¢ is nonnegative, Lebesgue integrable on [0, A) and satisfies

€

/(p(t) dt >0 foreache e (0,A).
0

Let F(t) = [y ¢(s)ds, then F € [0, A).

(3) Suppose that i is nonnegative, Lebesgue integrable on [0, A) and satisfies

€
/w(t)dt >0 foreache € (0, A)
0

and ¢ is nonnegative, Lebesgue integrable on [0, fOA ¥ (s)ds) and satisfies

€

A
/(p(t)dt >0 foreachee (O,/I//(S)ds).
0

0

Y(s)ds

t
Let F(t) = [° @) du, then F € F[0, A).
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4 If Ge[0,A) and F € F[0,G(A — 0)), then a composition mapping F o G € F [0, A). For instance, let
H(t) = fOF(t) o(s)ds, then H € F[0, A) whenever F € F [0, A) and ¢ is nonnegative, Lebesgue integrable on
F [0, F(A — 0)) and satisfies

€
/(p(t) dt >0 foreache e (0, F(A —O)).
0

Lemma 2.7. (See [24].) Let A € (0, +o0], F € F [0, A). Iflim,_, o F(€,) =0 for e, € RX, then lim, _, oo €, = 0.
Let A € (0, +o00], ¥ : R,—: — R, satisfying

(i) ¥ (t) <t foreacht € (0, A),
(i1) ¢ is nondecreasing and upper semi-continuous.

Define ¥[0, A) = {y: y satisfies (i) and (ii) above}.
Lemma 2.8. (See [24].) If v € W[0, A), then r(0) = 0.

Lemma 2.9. (See [22].) Forany t € (0, A), ¥ (¢) <t iff lim,— 10 ¥" (t) = 0, where Y"* denotes the n-times repeated
composition of  with itself.

Lemma 2.10. (See [17].) If ¥; € ¥ (0, A) for all i € I, where I is a finite indexing set, then there exists some ¥ € ¥
such that:

max{wi(t), i€ I} <Y(@) forallt>0.
Theorem 2.11. (See [7].) Let C be a nonempty closed convex subset of a Banach space X and T be a mapping from
C into itself satisfying the inequality

ITx =Tyl <allx —yll+bllx —Tx|| +clly—Tyl
forall x,y in, wherea >0, b,c >0, a+ b+ c=1. Then, T has a unique fixed point.

Several authors have generalized Theorem 2.11, see [5,6,11,14,16].

In [5], there is a problem in the proof of lim,— oo d(Vn, Yn+1) = 0 if n is odd. In fact, assume that y, # y,4+ for
all n. Applying the following inequality

d?(Ax, By) < l/f[adp(Sx, Ty)+ (1 —a) max{d(Ax, Sx),d(By, Ty), (d(Ax, Sx))% . (d(Ax, Ty))%,
(d(Sx. By))? - (d(Ax. Ty))?}"]
for x = x2,,42 and y = x2,,4+1, we have

d?(Axn12, Bxan+1) = dP (Yan+1, y2n+2)
<Y (ad” (yan, yons1)
+ (1 — @) max{d” (y2u. y2a+1)- AP (Yant1. Yan+2),
4% (Yot yons2) - d2 (yon, yant2)})-

Therefore

dp(y2n+l s Y2n42) < W(adp(y2n+l s Y2n+2)
+ (1 — @) max{d” (yan+1, y2n+2), d” (Y20, Y2n+1).

(S}

b

[d(ans1: Yont2) - (d(Y2ns Yont1) +d(Yant1: Yant2))]



A. Aliouche / J. Math. Anal. Appl. 341 (2008) 707-719 711

If d(Y2n, y2n+1) <d(Y2n+1, y2n+2) in the above inequality, then

)4
d? (yant1, yong2) <Y (ad® (yons1, yang2) + (1 — @) max{d? (y2nt1, y2u42), 27d” (yons1, Yons2)}).
Since 25d” (yant1, Y20t2) > dP (Yant1, Yans2), it follows that
P
dP (yans1, yong2) <V (ad® (yons1, yang2) +22 (1 — @)dP (yans1, yans2))
P
=y ((a+22(1 = a)d” (yant1, y2n42))
b
<(a4+22(1 —a)d? (yans1. y2n42)-

Asa+27 (1 —a) > 1, we cannot get a contradiction. Therefore, the term d” (Ax, Sx) - d” (Ax, Ty) should be
replaced by

min{d % (Ax, Sx) -d* (Ax, Ty),d* (By, Ty) - d* (Sx, By)}.

Then, in [6], the term (/%5 g (1) dr)z - (f ") y (1) d1)? should be replaced by

d(Ax,Sx) % d(Ax,Ty) % d(By,Ty) % d(Sx,By) %
min{( / v(t) dt) . ( / w(t)dt> , ( / w(t)dt> . ( / w(t)dt> }
0 0 0 0

and so in the revised paper, the term (F (d(Ax, Sx)))% - (F(d(Ax, Ty)))% should be replaced by

1

min{(F(d(Ax, Sx)))% - (F(d(Ax, Ty)))%, (F(d(By, Ty)))% -(F(d(Sx, By)))?}.

dP (Ax,Ty)+dP (Sx,By)
2

The same problem appears in [14] with the term if n is even and n is odd and so this term

should be deleted or replaced by min{d % (Ax, Sx) - dZ (Ax, Ty),d % (By, Ty) -d(Sx, By)}.
3. Main results

Let D =sup{d(x,y): x,ye X}.Set A=Dif D=oocand A > Dif D <oco.Let A, B, S and T be mappings from
a metric space (X, d) into itself satisfying

AX)CT(X) and B(X)C S(X), 3.1)

(F(d(Ax, By)))" <ya(F(d(Sx,Ty)))"
+ (1 —a) max{F(d(Ax, Sx)), F(d(By, Ty)),
min{ (F(d(Ax, $x)))? - (F(d(Ax. T)))?. (F(d(By. Ty)))? - (F(d(Sx. By)))?).
(F(d(Sx. By))? - (F(d(Ax. Ty))?}"]. (32)

forall x,yin X,where0<a <1, p>21, FeF[0,A) and ¢y € V[0, F(A —0)).
By (3.1), we can define inductively a sequence {y,} in X such that

Yon =Axoy =Tx0p41 and  yop41 = Sx2p42 = Bx2p41 (3.3)

foralln=0,1,2,....

Lemma 3.1. Let A, B, S and T be mappings from a metric space (X, d) into itself satisfying (3.1) and (3.2). Then,
the sequence {y,} defined by (3.3) is a Cauchy sequence in X.
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Proof. First of all, assume that y, # y,1 for all n. Applying (3.2) and (3.3) we have

(F(d2n, y2n41))” = (F (d(Ax2n, Bx2p11)))"
<Yla(F(dm-1, y2m)))” + (1 — @)y max{F (d(y2a-1. y20)). F(d (2, y2us))}" ]
(3.4)

If F(d(Yan—1, y2n)) < F(d(Y2n, y2u+1)) in (3.4), then
(F(d2n. y2041)))” <Y ((F(d2ns y2041)))”) < (F(d(an, y2us1)))”

which is a contradiction. Therefore

(F(d2n. y2u41)))” < U ((F(dan—1. y20)))")-

Similarly, we get

(F(d(ant1. y212)))” < ((F(dans y2ni1))").-
By induction, we obtain

(F(dn. o))’ <Y ((F(dGn-1.y)))") <+ <" ((F(d o, y))").
Using Lemma 2.9, it follows that

lim F(d(yn. yus1)) =0, (3.5)
n—o00

and Lemma 2.7 implies that
lim d(yn, yn+1) =0. (3.6)
n—o0

Now, we show that {y,} is a Cauchy sequence in X. By (3.6), it suffices to show that the subsequence {y>,} of {y,}
is a Cauchy sequence in X. Suppose not. As in [5] we have

d(Yonk), Y2mk)) — € ask — oo, 3.7
d(Yonk)> Yom—1) = € and  d(Yu(k)+1, Y2mk)—1) = €  as k — oo. (3.8)
Using (3.3) we get
d(Y2n)> Y2mk) < A2y, Ynty+1) + d(Ax2m iy, Bxon@y+1)-
By (3.2) and (3.6) we obtain
lim F(d(y2n), Yamk)) < lim F(d(Axomy, Bxan@oy+1))
k— o0 k— o0
< kl_i)rgo(t/f[a(F(d(Sme(k), Txony+1)))"
+ (1 — @) max{ F (d(Axom), Sx2m@x)))s F (d(Bxony+1. Tx2n00+1))
1 1
(F(d(Axam), Sxama)))? - (F(d(Axom@pys Txonior+1))) 2,
1 1
(F(d(Sxamy» Bxany+1)))? - (F(d(Axam@y. TX2ny+1))) > }7)
=1 F(d 1 r
klg)lo(llf[a( (d(ama—1, Y2nk)))
+ (1 — @) max{F (d(yam)» yomt-1))s F(dono+1. Y2u))
1 1
(F(dam@ys yoamtr—-1)))? - (F(dGamay» y2n)))) 2

1 1

(F(dam -1+ Y2nto+1))) 2+ (F(dGamay» y2000))) 2 }]7) 7 -
Applying (3.5), (3.7), (3.8) and (3.9) we find as k — oo

<=

==

3.9)

F(e) <[¥(a(F(e)" + 1 - a)(F(e))”)]% <F(e)

which is a contradiction. Hence, {y,} is a Cauchy sequence in X. O
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Theorem 3.2. Let A, B, S and T be mappings from a metric space (X, d) into itself satisfying (3.1) and (3.2). Suppose
that one of S(X) or T (X) or B(X) or A(X) is complete and the pairs (A, S) and (B, T) are weakly compatible. Then,
A, B, S and T have a unique common fixed point in X.

Proof. By Lemma 3.1, the sequence {y2,+1} = {Sx2,4+2} C S(X) is a Cauchy sequence in S(X). Since S(X) is
complete, it converges to a point z = Su for some u € X. Therefore, the subsequences {Axa,}, {Bx2n+1}, {T X241}
also converge to z. If Au # z, using (3.2) we get

(F(d(Au, Bxony1)))” < y[a(F(d(Su, Txs1)))”
+(—-a) max{F(d(Au, Su)), F(d(sz,H_l, Tx2n+1)),

(F(d(Au, Su)))% - (F(d(Au, szn+1)))%,

(F(d(Su, Bxousn))? - (F(d(Au, Tz 1))

(ST

1]
Letting n — oo we obtain
(F(d(Au, 2)))” < ((1 —a)(F(d(Au, 2)))") < (F(d(Au, 2)))”
which is a contradiction. Then, z = Au = Su. As A(X) C T(X), there exists a v € X such that z = Tv. If z # Bv,

applying (3.2) we have

(F(d(z, Bv)))" = (F(d(Au, Bv)))”

< fﬁ[a(F(d(Su, Tv)))”
+ (1 — aymax{F (d(Au, Sw))., F(d(Bv. Tv)). (F(d(Au. Su)))? - (F(d(Au. Tv)))?.,
(F(d(Su, Bv)))% - (F(d(Au, Tv)))% ]
=y (1 —a)(F(d(z, Bv)))")
< (F(d(z. Bv)))”
which is a contradiction. Therefore, z = Bv = Tv. As the pair (A, S) is weakly compatible, we have SAu = ASu;
ie., Az = Sz. If Az # z, using (3.2) we obtain
(F(d(Az,2)))" = (F(d(Az, Bv)))”
<yla(F(d(Sz, Tv)))”
+ (1 —a)max{F(d(Az, Sz2)), F(d(Bv, Tv)), (F(d(Az, Sz)))% -(F(d(Az, Tv)))%,
(F(d(Sz. Bv))? - (F(d(Az. Tv))}17]
=y ((F(d(Az,2)))")
< (F(d(Az,2))"

which is a contradiction. So, z = Az = Sz. Similarly, we can prove that z = Bz = T'z. The same result of Theorem 3.2
holds if we assume that 7 (X) or B(X) or A(X) is complete instead of S(X).

Suppose there exists an n such that y, = y,41. Therefore, y, = y,4« for k > 1 and so there exists u, v € X such
that Au = Su and Bv = Tv. As in Theorem 3.2, we can prove that z = Az = Bz = T'z. The uniqueness of z follows
from (3.2). O

If F(t) = f(; ¢(s)ds in Theorem 3.2, where ¢ € [0, A), foe @(t)dt > 0 foreach e € (0, A), we get Theorem 3 of [6].

If F(t) =t in Theorem 3.2, where ¢ € [0, A), we obtain Theorem 7 of [5].

If B=Aand T = S in Theorem 3.2, we get a corollary which generalizes Corollary 1 of [6].

If p=a=1,S=T=1Ix and F(¢t) = fotgo(s) ds in Theorem 3.2, where 1 € [0, A), [ ¢(t)dt > 0 for each
€ € (0, A), we obtain Lemma 1 of [20].
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Ifp=a=1,B=Aand § =T = Iy in Theorem 3.2, we obtain a corollary which generalizes Theorem 2.1 of [4].
Now, we prove a common fixed point theorem of Gregus type using a strict contraction of integral type and property
(E.A) which generalizes Theorem 4 of [6].

Theorem 3.3. Let A, B, S and T be mappings from a metric space (X, d) into itself satisfying (3.1) and
F(d(Ax, By)) <aF(d(Sx,Ty))
+ (1 — aymax{F(d(Ax., Sx)). F(d(By.Ty)). (F(d(Ax. $x)))? - (F(d(Ax. Ty)))?.
(F(d(Sx, By)))% - (F(d(Ax, Ty)))%}, (3.10)

for all x,y in X for which the right-hand side of (3.10) is positive, where 0 <a < 1 and F € F [0, A). Suppose that
(A, S) or (B, T) satisfies property (E.A), one of A(X), B(X), S(X), T(X) is a closed subspace of X and the pairs
(A, S) and (B, T) are weakly compatible. Then, A, B, S and T have a unique common fixed point in X.

Proof. Suppose that (B, T) satisfies property (E.A). Then, there exists a sequence {x,} in X such that lim,_, oc Bx, =
lim,,_ 5o T x, = z for some z € X. Therefore, lim,,_, oo d(Bx,, Tx,,) = 0. Since B(X) C S(X), there exists in X a se-
quence {yy,} such that Bx,, = Sy,. Hence, lim,_, -, Sy,, = z. Let us show that lim,,_, oo Ay, = z.
Suppose that limsup,,_, ., d(Ay,, z) =& > 0. Applying (3.10) we get
F(d(AYru an)) < aF(d(Syna Txn))p
+ (1 - a) maX{F(d(A)’n, Sy}’l))a F(d(ana Txl’l))a

(F(d(Ayn, Syn))? - (F(d(Ayn, Tx))) 2, (F(d(Syn, Bxa)))? - (F(d(Ayn, Txn))) )
=aF(d(Bx, Txy))

+ (1 — @) max{F(d(Ayy, Bxy)), F(d(Bxn, Txy)),

(F(d(Ayn, Bxn))? - (F(d(Ayn, Tx)))? ).

Taking the limit as n — 0o, we obtain

Fe)< (1 —a)F(e) < F(e)
which is a contradiction. Hence, ¢ = 0; i.e., lim,_, o, Ay, = z. Suppose that S(X) is a closed subspace of X. Then,
z = Su for some u € X. If Au # z, using (3.10) we get
F(d(Au, Bxonq1)) < aF (d(Su, Txn41))
+ (1 — @)y max{ F(d(Au, $u)), F(d(Bxzy1, Tx241)),
1 1
(F(d(Au, 5u)))? - (F(d(Au, Txoi1))2,

1

1 1
(F(d(Su, Bxzasn))? - (F(d(Au, Txaa 1)) ?).

Letting n — oo we obtain

F(d(Au,2)) < (1 —a)F(d(Au,2)) < F(d(Au, 2))
which is a contradiction. Then, z = Au = Su. Since A(X) C T (X), there exists a v € X such that z=Tv. If z # Bv,
applying (3.10) we have

F(d(z, Bv)) = F(d(Au, Bv))

<aF(d(Su,Tv))
+ (1 — @) max{ F(d(Au, Su)), F(d(Bv, Tv)), (F(d(Au, Su)))% - (F(d(Au, Tv)))%,

1

(F(d(Su. Bv)))? - (F(d(Au, Tv)))?)
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=(1—a)F(d(z, Bv))
< F(d(z, Bv))

which is a contradiction. Therefore, z = Bv = Tv. As the pair (A, §) is weakly compatible, we have SAu = ASu;
ie., Az = Sz. If Az # z, using (3.10) we obtain

F(d(Az,z2)) = F(d(Az, Bv))
< aF(d(Sz, Tv))

+ (1 —a)max{F(d(Az, Sz2)), F(d(Bv, Tv)), (F(d(Az, Sz)))% -(F(d(Az, Tu)))%,

(F(d(Sz. Bv)))* - (F(d(Az. Tv)))?)
= F(d(Az,z2))

which is a contradiction. Hence, z = Az = Sz. In the same manner, we can prove that z = Bz = Tz. The same result
of Theorem 3.3 holds if we assume that S(X) or B(X) or T(X) is complete instead of A(X). The uniqueness of z
follows from (3.10). O

Now, we prove a common fixed point theorem of Gregus type using a strict contraction of integral type and a
common property (E.A) which generalizes Theorem 5 of [6].

Theorem 3.4. Let A, B, S and T be mappings from a metric space (X, d) into itself satisfying (3.10) for which the
right-hand side of (3.10) is positive. Suppose that (A, S) and (B, T) satisfy a common property (E.A), S(X) and
T (X) are closed subspaces of X and the pairs (A, S) and (B, T) are weakly compatible. Then, A, B, S and T have a
unique common fixed point in X.

Proof. Suppose that (A, S) and (B, T) satisfy a common property (E.A). Then, there exists two sequences {x,} and
{yn} in X such that lim,,_, c0 Ax, = lim,— 00 Sx;, = limy 00 By, = lim,, 5 Ty, = z for some z € X. Assume that
S(X) and T (X) are closed subspaces of X. Therefore, z = Su = Tv for some u, v € X. If Au # z, Applying (3.10)
we get

F(d(Au, By,)) < aF(d(Su, Tyn))
+ (1 — @) max{F(d(Au, Su)), F(d(Byn, Tyn)), F (d(Au, Su))% - F(d(Au, Ty,,))%,
F(d(Su, Byn))% - F(d(Au, Tyn))%}.
Letting n — oo we obtain
F(d(Au,2)) < (1 —a)F(d(Au, 2)) < F(d(Au, 2))
which is a contradiction. So, z = Au = Su. The rest of the proof follows as in Theorem 3.3. O

Similarly, we can prove the following theorem which generalizes Theorem 2.1 of [3] and Theorem 1 of [24].

Theorem 3.5. Let A, B, S and T be mappings from a metric space (X, d) into itself satisfying (3.1) and
d(Ax,Ty)+d(Sx, By) }))

2

forall x,yin X, F € F[0,A) and Y € ¥[0, F(A — 0)). Suppose that one of A(X) or B(X) or S(X) or T(X) is
complete and the pairs (A, S) and (B, T) are weakly compatible. Then, A, B, S and T have a unique common fixed
point in X.

F(d(Ax, By)) < Iﬁ(F(max{d(Sx, Ty),d(Ax, Sx),d(By,Ty),

Now, we are going to generalize Theorem 3.5 of [18].
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Lemma 3.6. Let A, B, S and T be self-mappings of a metric space (X, d) satisfying (3.1) and
[F(d(Ax, By))]?” <avo([F(d(Sx, Ty)])

+(1—a) max{lpl ([F(d(Sx, Ty))]2p), Yo ([F(d(Ax, Sx))]" - [F(d(By, Ty))]’/),
ws([F(d(Sx, By)] - [F(d(Ax. Ty)]"),
1//4( [F(d(Ax, $x))]’ - [F(d(Ax, Ty))]s’>,

ws(%[F(d(By, Ty)] - [F(d(Sx, By))]">} (3.11)

forall x,y € X, where r; e V[0, F(A —0)), F € F[0, A) satisfying F(2t) <2F(t) forallt >0,i=0,1,2,3,4,5,
0<a<landO<p,q,q',r,r',s,s",1,I' <1, suchthat2p=q+q' =r +r' =s+s" =1+1". Then, the sequence
{yn} defined by (3.3) is a Cauchy sequence in X.

| =

Proof. First of all, assume that y, # y, for all n. Using (3.3) and (3.11) we have
2
(F(dan. yans1))" = (F(d(Axzn, Bxons1)) ™"

< ayo([F(d(yan—1, yzn))]zp)
+ _a)max{l/fl([F(d()’Zn—lv ) ).
V2 ([F(d (1. y20)]* - [F(d (y2n. y2n+1))]Q/),
¥s (%[F(d(nn, y2n+1))]l [F(d(n-1. y2n+1))]l/)}
<ayo([F(d(yan-1. yzn))]ZP)
+(-a) max{wl ([F(dG2-1.320)]7),
V2([F (@i, y22)]7 - [F (2, y200)]7),

1 ’ ’
¥s <§[F(d(y2n, y2n+l))]l ([F(d(yan-1. yzn))]l + [F(d(y2n, y2n+l))]l ))}
If F(d(yan—1,Y2n)) < F(d(y2n, Y2n+1)) in the above inequality, then

(F(d(y2n, Y2n+1)))2p <ayo([F(d(yan. y2n+l))]2p)

+ (1 = aymax{ Y1 ([F(d20, y20:0) ) ¥2[F(dG2ns y204) ]7),

¥s([F(d(yan, y2n+1))]2p)}~
Applying Lemma 2.10, it follows that

(F(d (o, yans)))? < a¥ ([F(d32r yans))P) + (1 = )y ([F(dans y2ui))]7)

2
< (F(d(yZns y2n+1))) b
which is a contradiction. Therefore

(F(d2n. y2u1)))” < U ((F(dan—1. y20)))")-

In the same manner, we get

(F(d(y2n+1: y2n+2)))p < w((F(d()Qn, y2n+1)))p)-

The rest of the proof follows as in Lemma 3.1. Hence, {y,} is a Cauchy sequence in X. 0O
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Theorem 3.7. Let A, B, S and T be mappings from a metric space (X, d) into itself satisfying (3.1) and (3.11). Sup-
pose that one of S(X) or T(X) or A(X) or B(X) is complete and the pairs (A, S) and (B, T) are weakly compatible.
Then A, B, S and T have a unique common fixed point in X.

Proof. By Lemma 3.6, the sequence {y2,+1} = {Sx2,42} C S(X) is a Cauchy sequence in S(X). Since S(X) is
complete, it converges to a point z = Su for some u € X. Therefore, the subsequences {Ax2,}, {Bx2n+1}, {T X241}
also converge to z. If Au # z, using (3.11) we get

[F(d(Au, Bxoys0) ™" < ao([F(d(Su, Txani1)]*)

+1- a)max{wl ([F(d(Su, Tx2n+1))]2p)’

!

F(d(Au, Sw)]? - [F(d(Bxaus1, Tx2a:D)]"),
F(d(Su, Bxansn)] - [F(d(Au, Txasn)]),

[F(d(Au. Sw)]" - [F(d(Au, Tx2n+1))]s/>,

[F(d(Bxant1, TX2n+1))]l -[F(d(Su, BX2n+1))]l >}

Letting n — oo we obtain

[F(d(Au,2))]" < (1 - a)tﬁ(%[F(d(Au, z))]zP) <[F(d(Au, )]

which is a contradiction. Then z = Au = Su. As A(X) C T(X), there exists a v € X such that z = Tv. If z # Bv,
applying (3.11) we have

[F(dGz. B)]* = [F(d(Au. Bv) ][ < s (%[F(d(z, Bv))]2p>

which is a contradiction. Therefore, z = Bv = Tv. As the pair (A, S) is weakly compatible, we have SAu = ASu;
ie., Az=Sz. If Az # z, using (3.11) we obtain
[F(d(Az, Bv))]? <avo([F(d(Sz, Tv)]*")
+ (1 — aymax{y ([F(d(Sz. Tv))*"). vs([F(d(Sz. Bv)]" - [F(d(Az. Tv))]"))
= ay ([F(d(Az, 9)]") + (1 — )y ([F(d(Az, 9)]")
<[F(d(Az,2)]*”

which is a contradiction. So, z = Az = Sz. Similarly, we can prove that z = Bz = T'z. The same result of Theo-
rem 3.2 holds if we assume that 7 (X) or B(X) or A(X) is complete instead of S(X). The uniqueness of z follows
from (3.11). O

If F(t) = fot @(s)ds in Theorem 3.7, where ¢ € [0, A), [; ¢(t)dt > 0 for each € € (0, A), we get Theorem 3 of [6]
or F(t) =t in Theorem 3.7, where ¢ € [0, A), we obtain a generalization of a Theorem 3.5 of [18].

The following example shows that Theorem 3.2 is a generalization of Theorem 7 of [5] if 1 (¢) = ht for all ¢ > O,
he[0,1).

Example 3.8. Let X = {%: n € N*} U {0} with the Euclidean metric and A, B, S and T are self mappings of X defined
by
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1 . . 1 . .
| P if n is odd, | o if n is even,
A - = 1 3 1 B —_ = 1 s s
" ol if n is even, " ol if n is odd,
0, if n = o0, 0, if n = o0,

1 1 1
S(—) = T<—) = — foralln € N* U {oo}.
n n n

Clearly, D=1, A(X) C T(X), B(X) C S(X); S(X) is a complete subspace of X and the pairs (A, S) and (B, T)
are weakly compatible.

Now suppose that the contractive condition of Theorem 7 of [5] is satisfied if 1 (¢) = ht for all ¢ > 0; i.e., there
exists i € [0, 1) such that d” (Ax, By) <hM,(x,y) for all x; y € X, where

Mpy(x,y)=ad?(Sx,Ty)+ (1 —a) max{dp(Ax, Sx),d?(By, Ty),

min{d? (Ax, Sx) - d % (Ax, Ty),d* (By, Ty)-d* (Sx, By)},
d?(Ax, Sx) +dP(By, Ty)}

d%(Sx, By)-d? (Ax,Ty), .

dP(Ax,By)

Therefore, for all x # y we have M, ()

< h < 1. Using Example 4 of [20] we obtain

1
d?(Ax, By) CESVACESL mP
——— 2 — sup =

= : 7 = sup ———— = 1.
x#y Mp(xay) meN* dm + (1 —a)m meN+ (m +2)P

So, there is no & € [0, 1) such that d”(Ax, By) < hMp(x,y). Hence, Theorem 7 of [5] cannot be used if v () = ht
for all # > 0. On the other hand, the inequality (3.2) is satisfied. To see this, let F(s) = s% and ¥ (¢) = % Then
F e F[0,A) and ¢ € V][0, e%], where A = ¢ > D. Using Example 4 of [20] we have

1

d(Ax, By) <
(Ax, BY) n+1 m+1

Therefore

D S
S
n+l m+1

1 1
n+l1 m+1

F(d(Ax, By)) < F(

1 1 _
n+l m+1[)
Using Example 3.6 of [4], we get

s

= %F(d(Sx, Ty))

51
=y ([F(d(Sx, T)]")
v[a(F(d(Sx, Ty)))"
+ (1 —a) max{F(d(Ax, Sx)), F(d(By, Ty)),
min{ (F(d(Ax. S)))* - (F(d(Ax, Ty)))?. (F(d(By. Ty)))* - (F(d(Sx. By)))?}.
(F(d(Sx, BY))? - (F(d(Ax, T)))?}"]:

In the same manner, we can prove that the inequality (3.11) is satisfied, but Theorem 3.5 of [18] cannot be used if
Yi(t)=ht,i=0,1,2,3,4,5,for all > 0, where h € [0, 1).
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