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DKP particle in time-dependent field
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We present the solution of Duffin-Kemmer—Petiau (DKP) equation of spin 0 and 1 in
the case of the time-dependent mass in the presence of a time-dependent linear scalar field.
Calculation is carried out analytically, the wave functions are then deduced for both cases
and are connected respectively to the auxiliary equations. The adiabatic approximation
is deduced and reveals that in this study we have an obvious absence of the geometrical
amplitude factor.
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1 Introduction

The study of the systems depending explicitly on time raised a considerable
interest because of its varied applications in various domains of physics such as the
Berry geometric phase [1], the Aharonov—Bohm effect in molecular domain [2], the
quantum Hall effect [3] and in quantum optics [4] etc..

For this purpose, several methods of analytical and approximate resolution were
presented. Among them let us quote: the Lewis Riesenfield method based on the
invariant operator in non relativistic quantum mechanics [5], the Heisenberg repre-
sentation [6], the standard method of separation of variables [7] and the supersym-
metry method [8]. In addition, the applicability of these techniques was extended to
the relativistic case [9, 10]. We note that in this domain, the spin, this fundamental
physical quantity, plays a significant role in the explanation of the microscopic phe-
nomena and its effect cannot be neglected. Consequently, it drew the attention of a
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certain number of researchers to elucidate its influence on the time-dependent sys-
tems. Indeed, this influence is concretized in the development of the exactly soluble
models. The analytical solution of these models is much required since it enables
us to explore relativistic and spinor nature at the same time. In other way, when
the spin value increases, the problem becomes more complicated and the number
of coupled equations also increases. To our knowledge in this area, the list of the
exactly solved problems is restricted in spite of some attempts. For example, the
case of Dirac equation in a time-dependent linear potential was recently studied
[9,10].

As it is well-known in the literature, there is another relativistic equation other
than that of Dirac and Klein-Gordon namely Duffin-Kemmer—Petiau (DKP) equa-
tion [11,12]. This latter describes the dynamics of the scalar and vectorial particles
respectively (spin 0 and 1). It is time-first order, similar to that of Dirac. It re-
places the algebra of the gamma matrices by another algebra whose matrices are
denoted beta. The latter obey a known more complicated algebra under the name
of DKP algebra which has three irreducible representations: a one-dimensional triv-
ial representation, a five-dimensional representation associated to spin 0 and ten-
dimensional representation associated to spin 1.

In this analysis, we are interested in the treatment of the one-dimensional DKP
equation relative to particles of spins 0 and 1 with time-dependent masses m(t)
and subjected to the interaction of a time-dependent linear scalar field zf(¢). This
problem was already treated by Maamache et al. [10] in the case of the Dirac equa-
tion. In their work, it was shown that during an adiabatic evolution, a geometrical
factor appears which is related to the Hannay angle.

One then proposes to re-examine this point within the framework of the DKP
equation: spin 0 and 1.

2 Resolution of the DKP equation

Before beginning the resolution of the DKP equation, it is useful to give some
interesting formulas of this equation

[i6* (0, +ieA,) —m](x,t) =0 (1)
where the S* matrices are singular and check the following commutation relations
BrBUBN + BABUBN = gMV BN + g B (2)

— For the case of spin 0, the explicit form of the §* is given by

ﬁ0—<38> and ﬁi—(_g%‘(’,),z’—l,z& (3)

(1))
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v (-100) 5 (0-10) 4 (00-1
p‘(ooo)’p_<ooo>’p_<ooo> (5)

with pr denotes the transposed matrix of p and 0 is the zero matrix.
— For the case of spin 1, the explicit form of the 5" is given as

and

0000 0 0 e D
=T =T
07010 ) 0" 0 0 —is .
0 _ T __ _
8’ = 100 and f('= —T 0 0 O ,1=1,2,3, (6)
07000 0 —is;0 0

where the matrices s; are the standard non relativistic (3 x 3) spin 1 matrices and,
0 and 1 denote respectively the zero matrix and the unity matrix. The matrices 0
and e; are given as

0=(000), e1=(100), e2=(010), andez=(001). (7)

Now, let us return to the DKP particles with time-dependent masses m(t), in
the presence of a time-dependent linear potential given by

Viz,t) =2zf(¢).
In this case the equation (1) is written

[iﬁo(ao +izf(t) + 153% - m(t)} P(z,t) =0. (8)

Let us proceed in the same way as in [10]. To absorb the interaction term, we use
the following time depending transformation

t o
V(2 1) = exp (-u / f(t’)dt') V(1) )
0
then we substitute (9) in (8) and find

—iA t)za w (Z t)

ife S = (e m) e A0 (1), (10)

where we posed A = fo fHat'.

Let us multiply on the left the two terms of (10) by ¢'4®)* to have
: 9 % 2 l i —i "
iy LB 0 (9, 4 ) 4O (1) (1)
It is easy to check that
eiA(t)z 1A(t) =p, — A. (12)
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Let us inject the expression (12) in (11) we find

i 2D (g0, ) ) D (2 (13)

which is exactly the DKP equation in presence of magnetic fields.
In order to separate the part in time, we introduce the following transformation

by (2,8) = €27 9 (1) (14)
where A is a real parameter playing the role of momentum.

Inserting (14) in (13) we find

NG
ot

i = (~Bnx+m) 9 (t) (15)

where ), = A — .
3 The case s =0

AT
In this case, the wave function v, (t) has five components defined by the vector
(6T, xT) where ¢ is a vector 2 x 1, and xT a vector 3 x 1, formed as follows:

~ ¢ b1 X
Y (t) = , O = ,and x = | x2 | - (16)
X ®2
X3
Let us substitute (3)—(5) and (16) in the equation (15); we find
i0¢ = —napsx +mo,
mps ¢ +mx =0.
Uncoupling this system, we obtain
. 1
i0) = —ni X +mg,
m

P3¢ +mx =0
where X' is the matrix defined by

10

The preceding equation (18) in ¢ is equivalent to the following system:

. 1
ip1 = mepo

(18)

or )
01— — 1 +whr =0 (20)
with w = \/773 + m? and the initial conditions ¢ (to) = ¢o, (131 (to) = zj)o.
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The formal solution of this equation is given by [13]:

¢1(t) = p(t) exp (ir(t)) (21)

where 7(t) is a function of time which can be determined by substituting the pre-
ceding function in (20)

v(t) =C t p—nzdt’ +C’ (22)
with
C" = y(to) = arg (¢1(to))
and
_ (o)l Tlga(to)l .
0= | o) it

According to the initial conditions ¢1(to) and ¢1(to), a direct calculation gives

pto) = ’le(tO)’ cos [arg $1(to) — arg (to)] :
Let us carry the latter in the expression of C, we find

_ e (to)l [l (to)l
©= im(to) Lﬁl(to)

(1) = [ (0) o [onz i o) = anzn )]

which gives

t
é1(t) = Cp(t) exp (10 / %dt’) (23)
to P
with C = exp (iC") and the function p(t) is the solution of the auxiliary equation
. m . C?m? 9
pt) = —p(t) — R p(t) =0. (24)

Now, to determine ¢(t), we substitute the derivative of (23) in (19) and obtain

~ 1

¢2(t) = CE |:p + lc;)m:| exXp <1C/t p—n;dt/> . (25)

Inserting ¢1(t) and ¢2(t) by their expressions, we obtain for the vector ¢(t)

m

ot)=C | i [ppf)iC_m] exp <iC /t t %dt’). (26)
p .

To calculate the vector x, we introduce the expression of the vector ¢(¢) in (17), it
follows:

o

X1 . t
2 | = C% 0 |exp (iC’/ %dt') ) (27)
X3 p(t) to P
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By taking into account the relations (9) and (14), the wave function of five compo-
nents, solution of the equation of DKP, will thus be written as

p(t)
i [p iCm
| m T . )
P(z,t)=C 8 exp (—inxz) exp (1C /to 20 dt ) . (28)
2 p(t)

We note that if we fix the parameters m(t) = ny = p = 0, the expression (28)
is reduced to the solution of the stationary DKP equation in the free case.

Before ending this section of the spin 0 case, we propose to study the adiabatic
approximation of our solution. Knowing that in the adiabatic mode the parameters
are written B(et), their developments will be consequently written in & power series.
By retaining the dominant quantities of order 0 and 1 in &, we deduce from the
auxiliary equation (24)

p=N (29)

Substituting this result in the expression of the wave function, we will then have

[Cm
%%

w
_ Y t
P(x,t) adiabat Cm | exp (—inyz) exp (1/ w(t’)dt’) . (30)
0 to
0

HA\/%

Notice that, contrary to what was found for the Dirac equation, we have in our
case an obvious absence of the geometrical amplitude factor.

4 The case s =1

To treat this case, we follow the same steps of the preceding section. The wave
function (t) solution of DKP equation has now ten components noted as follows
I (t) = (p, A, B, C), where ¢ is a scalar and (A, BetC) are vectors (3 x 1) definite
as follows

AT= (A1 A,A43),BT=(B,ByB3), CT= (C1C5C3). (31)
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Using the relations (6), (7), (31) and by a direct calculation the equation (15) will
convert to

_ mesB
m )
C— _177/\83A,
m
DA (32)
15 = mes e +mB,
B
or
nesB
m )
C— _177/\83A’
OA B’” (33)
1875 - 1 ’
0B
i— = JHA
o 2
with X; are diagonal matrices given by
2
m 0 0 “ 00
m
o= 0™ O 2= w? (34)
w 0 — 0
00 — m
m 0 0 m

In order to uncouple the previous system, we derive Al, Ay, B3

) and then find
the following three principal equations describing the dynamics of the spin one

Alfm/.ll +w2A1 :0,
m

AQ — EAQ +w2A2 =0, (35)
m

Bg— EB-g—l-c,ung =0.
m

Noting that this system is exactly the same as in spin 0 case (20). Consequently,
their solutions are written in the same manner (21)

Ai(t) = p1(t) exp (in1(1)) ,
Az (t) = p2(t) exp (ir2(t)) , (36)
Bs(t) = ps(t) exp (i3(t))

where ~;(t) are functions of time that can be determined by substituting the pre-
ceding functions in (35)

tm
’Yi(t):Di _th/+D'/m Z':]-a273a
to P
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where D} = 7,(to) = arg (Ai(to)), i = 1,2, Dy = v3(to) = arg (Bs(tg)) and

Ao)] T1AG0)] 5 P i , -

D; = im(t(;) { Ai(tz) A;(to) — ‘Al(to)‘ cos(arg A;(tg) — arg Al(to))} ,1=1,2,
_ |Bs(to)] [|Bs(to)l ; : :

Dy = mj(tz) {Bz(tg) Ba(to) — ‘Bg(to)‘cos(arng(to)arng(to))} .

We then obtain

¢ m
A’L(t) = Azpz(t) exXp (LD'L/t _thl) ) i= ]-7 2;

Ot’L

Bg(t) = ngg(t) exp (1D3[ %dtl)
o I3

(38)

where D; = exp (D), i = 1,2, and Dy = exp (iD%). The functions p; verify the
following auxiliary equations

2,2
Dim

pit) — —pit) + P pit) — —5— =0, i=1,2,3. (39)
m P

By a direct calculation, the determination of the other components is easy and the
final expressions of the vectors A and B are as follows:

t
D1p1(t) exp (iDl/ %dt’
¢

)
A(t) = Dapa(t) exp (1D2 /t t ﬁzdt') : (40)

iD iD ¢
s {ﬂg + ! 3m] exp (iDg/ 2dt')
m P3 to P3

and

m
i ,
iD iD
B(t)= | =2 {pﬁl Zm] exp (iD2 %dt’) : (41)
P2 t 32

To determine ¢(t), we use the equation (41) in (33); the result is

AN . Ymo
@(t) = —=Dspsz(t)exp (iD3 | —dt (42)
m to P3
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and for the last vector C, we substitute (40) in (33) and find

Dopa(t) exp (iDg/ —th'>
c m to P2
T oom —Elpl (t) exp <1D1 / %dt')
N 0o P1
In conclusion, the explicit final form of ¢(z,t) is then

t
n—)\Dgpg (t) exp <1D3 %dt')
m P3

Elpl(t) exp <1D1/ %dt')
t()t pl
Egpg(t) exp <1D3/ %dt')
~ to P2 .
D T D]
s /'13+1 3 exp (iD3/ %dt’)
mo| P3| to P3
iD; [, iDim : / m ,)
—imz | — + exp | iD —dt
Ualst) =T T [P » (12 'y 71 .
iD iD
1_2 p‘2 + 1Jom exp (iDQ/ %dt/)
L p2 i f to p2
E3p3(t) exp <1D3/ %dt’)
to p?)

< &

Dol 3
&

~_

- Egpg (t) exp (iDg
m

n_Aﬁlpl (t) exp <1D1 / %dt')
m to pl
0

As before, let us study the adiabatic approximation of the solution. Retaining only
the dominant quantities of order 0 and 1 in ¢, the auxiliary equation (39) will give

Dim
pi =1/ :
w

Czech. J. Phys. 56 (2006) 773



M. Merad, H. Bada, and A. Lecheheb

Consequently the expression of the wave function is reduced to

S
3

m 5

w
S

S
3

-
€
3

adiabat

U(z,t) " —

3

exp (—inz) exp (1 /t :w(t’)dt’> . (45)

|

S
3

| [ [ 3
S (ST STI~T ASISY

@E
E

|
E
o

T
SE

3
o 3
S

0

Here also, contrary to what was found for the Dirac equation, we have in our
case an obvious absence of the geometrical amplitude factor.

To conclude, we have solved the Duffin-Kemmer—Petiau (DKP) equation of spin
0 and 1 in the case of the time-dependent mass and in presence of a time-dependent
linear scalar field. By a direct calculation, we have solved the system and have
found the explicit final form of the wave function. This solution is connected to an
auxiliary equation playing the same role as the invariant system. We have deduced
from this treatment the adiabatic approximation which shows the obvious absence
of the geometrical amplitude factor.

In fact, it would be fundamental to connect the transformations used to gauge
transformations. As we work in 141 dimension , we avoided to do it. With regard
to this point in particular, we thank the referee for having drawn our attention by
indicating us the references [14-17] necessary to develop it. This work will be the
subject of another thorough study.
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