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Abstract

In this dissertation, the development of the “ Energy Inequality “ method, applied to a
certain class of time fractional boundary value problems with nonlocal boundary condi-
tions, is considered.

First, we establish a generalized Leibniz-like formula of integration to work out the
solvability of the problem asociated purely integral conditions. Then, we homogenize
the problem with mixed boundary conditions of type Neumann-Integral to prove the
existence and uniqueness of its strong solution. We systematically give examples to illus-
trate the usefulness of the obtained results.

Keywords : Time fractional problem, a priori estimate, nonlocal boundary conditions,
strong solution
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Résumé

Dans cette these, le développement de la méthode des “ Inégalités énergétiques “, ap-
pliquée a une certaine classe de problemes d’évolution fractionnaires avec des conditions
aux limites non locales, est considéré.

Premiérement, nous établissons une formule d’intégration généralisée de type Leib-
niz pour déterminer la résolvabilité du probleme quand associé des conditions purement
intégrales. Ensuite, nous homogénéisons le probléme avec des conditions aux limites
mixtes de type Neumann-Integral pour prouver l'existence et l'unicité de sa solution
forte. Nous donnons systématiquement des exemples pour illustrer 'utilité des résul-
tats obtenus.

Mots-clés : Probleme d’évolution fractionnaire, estimation a priori, conditions aux
limites non locales, solution forte
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Notations and conventions

« is a real number in (0, 1).

T is a known positive real number.

Q is the domain (0,1) x (0, T).

[x] is the ceiling function.

dx,j is the Kronecker delta.

| f|lx is the norm of the function f in the space X.
X @Y is the direct sum.

X, X" is the closure of X (inY).

M is the orthogonal complement of M.

span(S) is the linear span (hull) of the set S.

( 7; ) is the binomial coefficient.

Ck (Q) denotes the space of k-fold differentiable functions on Q.

L? (Q) is the space of measurable square-integrable functions on Q.

B is a Banach space.

H is a Hilbert space.

Co () is the space of continuous functions with compact support in Q).

K1 is the primitivation operator of order k with respect to the space variable x.
B% is the Bouziani space.

L2 (BX, Q1) is the Hilbert space of measurable square integrable functions on () tak-
ing values in BS.

D’ (Q)) is the space of distributions.

— denotes the canonical injection.

I* denotes the Riemann-Liouville integral operator.

dg; denotes the Caputo time fractional derivative of order a with lower bound 0.
Ey, and E, g are the Mittag-Leffler functions.

D (.Z) the domain of definition of the operator ..

G (Z) the graph of the operator ..

R () the range of the operator .Z.
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Introduction

We study in the present thesis certain classes of fractional boundary value problems (FB-
VPs) with nonlocal boundary conditions using the so called “energy inequality” method,
also known as the “a priori estimate” method. It contains original and interesting results
that have been discussed in national/international conferences and published in renowed
international journals. More precisely, we give an important development of the “energy
inequality” method to new classes of non-classical fractional problems described in the
rectangle Q = (0,1) x (0,T), T > 0, by the fractional partial differential equation (FPDE)

o™ o™
St (1) S (ae0) Go) = £ (), <1>

where m € IN*, dj,u denotes the Caputo time fractional derivative of order 0 < a < 1
with lower bound 0.

There are plenty of problems involving fractional derivatives and nonlocal conditions,
we can cite [2], [6], [1], [28], [] and [27], and

many instances of problems described by equation (1) have been also investigated.
For example the case m = 1in [14], [3] and [17]. Other authors studied the integer order
case ([7], [16], [9], [18] and [19]), but only few of them were in the fractional order case.

The fractional calculus

Computational and Fractional Analysis nowadays are more and more in the center of
mathematics and of other related sciences either by themselves because of their rapid de-
velopment, which is based on very old foundations, or because they cover a great variety
of applications in the real world.

Fractional Calculus has a history of more than 300 years, yet its applicability in dif-
ferent domains has been realised only recently. In the last three decades, the subject wit-
nessed exponential growth and a number of researchers around the globe are actively
working on this topic.

But what does a fractional derivative mean ?

The n-th derivative of a function f at a point x noted f(") (x) is a local property only
when #n is an integer, this is not the case for non-integer power derivatives. In other
words, a non-integer fractional derivative of order « (real or complex) of a function f at
x = a depends on all values of f, even those far away from a. Therefore, it is expected that
the fractional derivative operation involves some sort of boundary conditions, involving
information on the function further out. For more about the fractional calculus, the reader
can refer to the books [20], [23] or [22].
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The approaches to fractional calculus

There are different approaches to the fractional calculus which, not being all equivalent,
have lead to a certain degree of confusion and several misunderstandings in the literature.
Based on the Riemann-Liouville integral operator, the fractional derivative in the Caputo
sense (see page 78 of [23] and page 90 of [12]) has a main role in the problems studied in
this thesis.

Nonlocal boundary conditions

We use this type of conditions when it is hard or impossible to determine the value of the
unknown function or its derivatives on the boundary.

In [10], A.A.Dezin showed for the first time that some problems can not be well-posed
unless associated nonlocal boundary conditions.

Well-posed in the Hadamard sense means :

¢ a solution exists,

¢ the solution is unique,

¢ the solution’s behaviour changes continuously with the initial conditions.

This type of non-standard conditions especially the integral conditions reflects a cer-
tain reality in the mathematical modeling of some natural problems in several fields such
as biotechnology [26], biology [21], thermal conduction theory [8], in semiconductors [4],
in plasma physics [25]...

The basic singnification of the integral conditions is : mean eg.

1
/u(x,t)dx:O,
0

n-th moment eg.
1
/x”u (x,t)dx =0,
0

total flow, total energy, total mass, ...

Energy inequality method

In our study, we establish existence theorems, uniqueness of strong solution, its continu-
ous dependence on the data, as well as its continuity on the parameters. These results are
obtained using the “Energy Inequality” method which is an efficient functional analysis
method for the study of many problems in mathematical physics based on the technique
of multipliers. This method results from the ideas introduced by J.Leray [15] and L. Gard-
ing [11] in their works, and those developed in the works of A.A. Dezin [10], N.J. Yurchuk
[30], [31], [32] and V.I. Korzyuk [13].
The method consists of
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Reducing the problem posed to an equivalent operational form :
ZLu=F,

where the operator .Z is considered from a Banach space B into a Hilbert space H
properly chosen. We establish the a priori estimate for the operator .. We then prove
the density of the range of this operator in the arrival space H.

More precisely we will follow in this work the following diagram:
For the operator .Z, of domain D (.Z’), generated by the problem considered, we prove
the inequality of the energy of the type

[ullp < cl|Zully (2)

where c is a positive constant independent of the function u. This demonstration is based
on a precise analysis of the quantities obtained (seen as energies) by multiplying the equa-
tion given by a multiplier operator Mu containing the function u and/or its derivatives
and primitives, then integrating on the domain. The choice of the operator Mu is fun-
damental, it is dictated by the equation and the boundary conditions; there is no con-
structive method or algorithm to find the multiplier for a given problem, it needs human
intuition. Then in the strong topologies of the spaces B and H we construct the closure .
of the operator .#, and the solution of the equation .Zu = F, is called a strong solution of
the problem considered. With the help of a passage to the limit, we extend the inequality
(2) to D () and thus we assure the existence of the solution over R (.Z) the range of

operator .Z. Since the range of the operator .# is closed in H and
R(Z)=R(2),

to prove the existence of the strong solution for any F € H, it suffices to establish the
density of R (.£) in H, which is obtained using regularization operators. The uniqueness
derives from the energy inequality (2). The choice of the operators of regularization is
related to the character of the studied problem. In our case we use the regularization
operators with respect to the variable ¢.

Contribution

In addition to the different techniques and methods related to the fractional calculus and
the “energy inequality” approach (finding the appropriate functional spaces, multipliers
and regularization operators), the new Generalized formula of integration given in the
proposition 1.12 and the Homogenization 3.1.1 are our most relevant contribution in this
thesis.

Outline

After the introduction, where we present the history and interest of the topic studied,the
thesis is composed mainly of three other chapters.

The second chapter of Preliminaries where we introduce some definitions, theorems
and propositions regarding the fractional calculus and functional analysis like the Bouziani
space and some useful inequalities. As we remind other identities, we prove other im-
portant propositions (see the Contribution section above) that are crucial for the sequel.
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In the third chapter, we work out the solvability of a class of FBVPs with the purely
integral conditions
1
¢ B [ —
/x u(x,t)dx =0, k=0,2m—1. 3)
0

We start the first section by setting the problem, after which, in the second and third
sections, we apply the “energy inequality” method to prove the existence and uniqueness
of the solution. Finally, in the fourth section, we present an example that illustrates the
obtained results usefulness.

A fourth chapter is devoted to the study of a class of FBVPs with mixed boundary
conditions of type integral-Neumann:

the integral conditions

fol u(x,t)dx =0,

fol xu (x,t)dx =0,
and the Neumann conditions
ak

5t (01) = gk(t)

ak
S (L) = pil)

it contains four sections as well. The first section is a homogenization of the problem
where the non-homogeneous Neumann conditions become homogeneous (get rid of the
functions gi(t) and ¢ (t)). In the second section, we establish the a priori estimate and its
consequences. After that, the existence is proved in the third section, where we show the
range density of the operator associated with the problem. The fourth section contains an
illustration to the proved results.



Chapter 1

Preliminaries

In this chapter, we wish to collect certain results, which we shall use frequently in the se-
quel. In particular, we collect the definitions of the fractional operators, other preliminary
results, such as relevant theorems of the functional analysis and particular spaces . At the
end, we give some inequalities and identities which will be of use to us in the sequel as

well.
Contents
1.1 Fractionalcalculus . ... ... ... .. ... i, 10
1.2 Functionalanalysis ............. . 0. 11
121 Linearoperators . .. ... ... ... .. ... ... .. .. ... 11
122 Orthogonality and density . . . . . ... ................ 12
1.23 Bouzianispace B§(0,1) . . .. ... . ... .. .. ... .. ... 13
124 Thespace L2 (B5(0,1),(0,T)) . ..o v, 14
1.3 Some useful inequalities . . ... ......... .. ... . 14
1.4 Importantidentities . .. .. ... .. ... ... ... ... .. . ... 15
14.1 Vandermonde-likeidentity . ... .. ... ... .. ... .. .... 15
142 thecoefficientKE . .. .. ... ... 16
143 The coefficient AX, . . . ... ... 17
1.44 Relation between the coefficients Kk and AX, . . . ... .. ... .. 18
1.4.5 Leibniz-like formula of integration . . . . . .. ... ... ... ... 19
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In the whole document, « is a real number in (0, 1).

1.1 Fractional calculus

In this section, we briefly recall some definitions and properties concerning fractional
calculus.

Definition 1.1. The Gamma function, known as an extension of the factorial function, is
given by

I'(w) :/y"‘_le_tdy.
0

Definition 1.2. For any positive real , The Mittag-Leffler function is the complex function
defined by
=%
Evp(z) =) ——F—0r-
ap = T (ak + B)

ifp=1, Eypis abbreviated as E,.

Definition 1.3. For any differentiable function v, Let I* denotes the Riemann-Liouville
integral operator defined for by

i L[
I v(t)—F(a)O/(t_T)l_ad .

Definition 1.4. The Caputo time fractional derivative of order « with lower bound 0 noted
simply 0§, is defined by

In our case (1 — a > 0), we have another equivalent formula of the Caputo fractional
derivative.

Proposition 1.1. dg, is also defined by

00 () = T ! i/v(r)_v(o)d’(. (1.1)
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Proof. We have

d
1—w, ./ _ 2—a,.!
' (t) = —dtl v (t)

_ 1-a d t v (1) pl-a
r(2—a)dt O/(tr)“dTU(O)ltx}

B 1 d t v (7) - : at

T (1—a)dt O/(t—r)“d (O)O/(t—r)“}

1.2 Functional analysis

In this section, we focus on some particular material of the functional analysis that will
be of great use later. The reader should be aware of the basics : Completeness, Scalar
product, Banach and Hilbert spaces, bounded and unbounded operators ...

1.2.1 Linear operators
Let E and F be normed spaces.

Definition 1.5 (Closed operator). The operator .Z : D (.¥) C E — F is closed if and
only if its graph G (.¢) is closed in E x F.

Remark 1.1. A closed operator may also be defined by :
For any sequence (1,) C D (.Z) such that

we have

Definition 1.6 (Closable operator ).
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A linear operator .Z : D (.¢) — H from its domain D (.¢) into a Hilbert space H is
closable if it has a closed extension.

Remark 1.2. To prove that a linear operator .Z is closable, we often prove the following :
For any sequence (u#,) C D (.£) such that

E
UHHO

Lu, — v

we have v = 0.

1.2.2 Orthogonality and density
Let M be a subspace of a real Hilbert space H.

Definition 1.7 (Orthogonal complement). The orthogonal complement of M is defined
by
Mt ={xe€H:(x,y)y =0Vy € M}.

Proposition 1.2. M~ is a closed subspace in H.

Proof. Let x be an element of the closure of M*. So, there exists a sequence (xy) in M+
such that x, — x. The linearity and the continuity of the scalar product allow us to
write, for any y € ML,

(x,y)y = (imxy, y)y
=lim (x,,¥)y
=0.

Hence x € M. O
Remark 1.3. These properties are obvious :

1. M C N implies that N* ¢ M*.

2. Mc Mb.

Let M be a closed subspace of H. In this situation, we are able to express the least distance
property in a geometrical manner.

Theorem 1.1 (Projection theorem). For a closed subspace M of H the point xg € M is the
closest point to an element x € H if and only if

x—xOEML.

xp is said to be the orthogonal projection of x on M. Hence, we have the following
corollary.

Corollary 1.1. For a closed subspace M of H, we have
M& M* = H.

Also, we have
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Proposition 1.3. If M is a closed subspace of H, then MY =M.

Proof. Using remark 1.3, it suffices to prove that MY c M. Letx € ML", then x =
xo + Yo where xg € M and yg € M-=*. We have

0= (x,%0)y = (x0,¥0)y; + (Yo, ¥0) iy = Ilvoll7; -
~—

—
0

Hence, 1o = 0 and consequently, x € M. O

Definition 1.8. Given a set of vectors S in H, the linear span of S is defined by

k
span (S) = {ZAivi|k eN,A eR,v; € S} .
i=1

It is the smallest subspace containing S. Obviously, if S is a subspace of H, then
span (S) = S.

Proposition 1.4. If S is a set in H, then S~ = span (S).

Proof. We proceed to inclusion in both directions.
1. st ¢ span (S): note that span (S) is the smallest closed subspace containing S.
Therefore, since S C span (S), we get by the remark 1.3 that span (S)L C St and hence
1 R
st c span (S)L which is equal to span (S) thanks to proposition 1.3.
2. S17 5 span (S): let x be the limit of (x,) a sequence in span (S) and z € S*. Then,

we car write

/\inxin, k, € N,/\in € R, Xi, € S,
i=1

k
x”:

and
(z,8)y =0, Vs €S.

Using the linearity and the continuity of the scalar product, one can get
kn
(x,2)g =lm Y A (x4,2)y

=0,

which means that x € S H
Corollary 1.2. span (S) is dense in H if and only if S+ = 0.

The two upcoming spaces are very important to the main results.

1.2.3 Bouziani space B} (0,1)

To define properly the bouziani space, we need first
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1.2.3.1 The primitivation operator

Definition 1.9. The primitivation operator of order k with respect to the space variable x
noted ¥ is defined by 3%u = u and for k > 1

gku X — 1 r (C t)
b (3, 1) <k—1>!0/(x_g> £z,

* We define on Cy (0, 1) the bilinear form given by
1
((u,0)) = /0 Sk uSkodx, (1.2)

Co (0,1) is not complete for this bilinear form considered as a scalar product, there-
fore we define

1.2.3.2 The Bouziani space

Definition 1.10. Denoted B (0,1), the Bouziani space is the completion of the space
Co (0,1) for the scalar product (1.2), its associated norm is

H“HB’2<(0,1) =/ ((u,u))
o

12(0,1)

1.24 The space L* (B5(0,1),(0,T))

Definition 1.11. On the rectangle Q = (0,1) x (0,T), we define L2 (B (0,1),(0,T)) as
the space of measurable functions on (0, T) taking values in B (0,1).

This space also has a structure of a Hilbert space inherited from that of Bouziani space
B (0,1). Its scalar product is given by

T
(u, )Lsz01 /uUBkOI
0
thus, its norm is
Iz ag01) 0m) /HuHBkm

1.3 Some useful inequalities
Proposition 1.5 (Poincaré-like inequality). For k € IN
1
||u||Bk 0,1) _k||u||L2 0,1) - (1.3)

Proof. See corollary of lemma 1in [7] for b = 1. o
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Proposition 1.6. For any function f (-,t) in BJ' (0,1) we have

1
14 m T[X
I H/(%xf)z dx < IHCES] ”f||i2(B’2”(0,1),(0,T))' (1.4)
0

Proof. The explicit formula of left hand side is

t

a+1/t—r / "2 dxdr,

0
it is sufficient to notice that t — T < T and that the integrand is positive. O

Proposition 1.7. for any absolutely continuous function v (t) on the interval (0, T), we have the
inequality
20 () oo (t) > a8 (v(t)?, O<a<l.

Proof. See lemma 1 in [3]. H
Proposition 1.8. Let a non-negative absolutely continuous function y (t) satisfy the inequality
oy (1) <cry (t) +c2(t), O<a<l,

for almost all t in [0, T], where c; > 0 and cy (t) is an integrable non-negative function on
[0, T].Then
y(t) <y (0)Ey(c1t") + T () Ena (c1t*) I"co (2).

Proof. See Lemma 2 in [3]. O
* Cauchy inequality with e
2AB < eA* + %BZ (1.5)
where A and B are real numbers.

1.4 Important identities

1.4.1 Vandermonde-like identity

Proposition 1.9. For any positive integers m and k we have

S om=1 [k m+k—1
;:)(Zk_l_i><i):( 2k—1 ) (1.6)

Proof. The well known Vandermonde’s identity is given by

(") -5

(see page 8 of [24]), if we replace m, n and k respactively with m — 1, k and 2k — 1, we get

(=T (TS
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Note that the index i goes from 0 to 2k — 1, so we can substitute it by 2k — 1 — i to get
Zij m—1 K\  (m+k-1
—\2k—i—-1)\i) \ 2k—-1 )’
i=0
i>k= <Il<) =0,

so we can take the index i goes to k, that ends the proof. O

but

1.4.2 the coefficient K£

e Inspired by the Pascal triangle, we introduce the coefficient KX defined recurrently
for all (k,n) € N2 by

(Kk =0, k>n

K) =2,

KO =0, ) k>1 (1.7)
KE = (-1), k>

k _ k-1 k—1

Kb =— (KT + kL), 1<k<n

e Here are some values for n < 6.

Table 1.1: Values of the sequence K, j := KK forn < 6.
(n\k|0]1][2[3]4]5]6]

0 [2/0]0/0|0[0|0
1 [0|-1{0/0|0]0|O0
2 |0|2(1[{0]|0]0]0
3 |0]0|3(-1]{0]0]0
4 |[0[0(2(-4]1]010
5 |0/0|0[-5|5|-1]0
6 [0/]0]|0|-2|9|-6|1

It has the form of half a lower triangular matrix. The general term of the sequence K is
given in the following proposition.

Proposition 1.10. For all (k,n) € IN? we have

K) =2,

K) =0, k>1
k_ Rk >

Kf = (-1) k(ﬂ_k) k,n>1

Remark1.4. If0 < k < [gw , then k < n — k, consequently KX = 0.
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Proof. Besides the trivial cases, we have, for k > 1

K= (1) % (k ) k)
= (-1,

that is the fourth relation of (1.7) is fulfilled.
Now, we show that the last relation of (1.7) is also satisfied. Let k and n be integers
such that 1 < k < n, we have

_ ()T (k=2 (—D)F T (n—2) (k—2)!
KTk = (n—k)!'(2k —n—1)! + (n—k—-1)!2k—n) ’

the common denominator is (n — k)! (2k — n)!, therefore, we multiply the numerator and
the denominator of the two fractions in the above equation by (2k — n) and (n — k) to get

P (—1) M2k —n)(n—1) (k=2)! 4+ (-1)* T (n—k) (n = 2) (k —2)!

(n—k)!(2k —n)!
_ DT =) 2k —n) (n = 1) + (n — k) (n —2)]
(n—k)!' (2k —n)!
_ D)k =2) (kn =)
(n— ) (2k —n)!
_ D)k
- (n—k)! (2k—”)"

hence,

— (K,’;j +K’,;:§) _ (—=1)n (k—1)!

(n—k)!'(2k —n)!
k(K
= (=1) k <n — k)
= Kk,
O
1.4.3 The coefficient A¥,
e We also introduce a similar coefficient AX, defined for all (m, k) € IN?
{A% =2, m >0
kK kM m+k—1 . (1.8)
Ay =(-1) k( k1 ) k>0

* Here are some values for m < 5, it has the form of a lower triangular matrix.
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Table 1.2: Values of the sequence A, j := Al,; for m <5.

(m\k|0] 1 |23 ]|4]5]
0 [2[0J0oJo0oJo]JoO
1 |2[-1]0[o0]0]O
2 [2][4]1]0]0]0
3 [2]9]6]-1]0]0
4 [2]-16]20] 8 [1]0
5 [2]-25]50]-35]10]-1

1.4.4 Relation between the coefficients KX and A,

Proposition 1.11. For all (m, k) € IN?

k
Ak = 22 (’:) Kk, (1.9)

n=k

Remark 1.5. By noticing that n > m = (1:) = 0, one could have taken the sum from

n = k to min {m, 2k} as improvement.

Proof. Recall the Vandermonde-like formula (1.6)

(") =56 0)

in the right hand side, we substitue the index i by n such that n = 2k —i
m+k—1 _jvi m—1 k
2k—-1 ) = \n—-1)\2k—n)’
k ([ k
2k—n)  \n-—k)’
m+k—1 _sz: m—1 k
2k—-1 ) = \n-1)\n—-k/)

Now, multiplying both sides by (—1)F %, we obtain

1 S R iy OO [ { Y

n:k\ A\ J/
~~ ~ ~~

Ak, () K§

since

one can get

]

The aforementioned coefficients and their relation given in proposition 1.11 are crucial
for the next proposition.
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1.4.5 Leibniz-like formula of integration

Before we state the generalization, we would like to have a look at some examples with
concrete values of m.
Starting from the integral

1
m
2(—1)m/agx—;l%xmudx,
0

and performing a series of integrations, our aim is to keep only the even powers of the
function u or its primitives so it will be seen as energies.
Let us start with

1. m = 1, using the integration by parts with respect to the space variable x, one can
easily get

1 1 1
0 0
—Z/a—ugxudx = -2 [au%xu](l)—FZ/auzdx+2/—au%xudx,
ox ox
0 0

and by noticing that a primtive of 2uSu is (3yu)?, we obtain

. 1
ou . o ol 2 9 2 ' 82 2
Z/aa\sxudx = Z[au\sxu]o+2/ﬂu dx + P (Sxu) . axz( xit)” dx,
, 0

if for some reason, like the integral conditions (3), the underlined quantities go zero,
we get to

1 1
auc\ o 2 az 2
_2/aa\sxudx = Z/au dx — axz( xU) dx.
0 0 0

The numbers [2, —1] are the row, in the table (1.2) displaying some values of A¥,
corresponding to m = 1.

2. m = 2, iterating again and again the process of integration by parts we can show
that

1 1

2,
Z/Q%giudxzz/auzdx —4 d +/8 m dx.
0 0 0

2, —4,1] is the row corresponding to m = 2.

3. m = 3, similarly, one can get

1 1 1
d3u d%a o*a 2
—Z/aﬁgiudx = Z/auzdx -9 E 2( u)? dx +6/8x4k (un> dx
0 0 0

/ e (3%) ax
0

[2,—9,6, —1] corresponds to m = 3. In general, we have
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Proposition 1.12. Let a function u satisfies the integral conditions (3) and

k
u € B (0,1),37” €12(0,1), k=0,m, (1.10)

then forall a (-, ) € C*" ([0,1]) we have

1
0"u a 2
2(—1)’”/ Eyer SMudx = ZAk Py <%’§u) dx.
0

Proof. Let u verifies (1.10) and a(-,t) € C?" ([0,1]), we first show by induction on k that
the integration by parts k times (0 < k < m) using integral conditions (3) gives

n=0 n

m k ng om k
/agx—;l%?udx =(-1)FY] (k) gxn gxm ki‘sm+”_kudx, (1.11)
0 0

indeed a simple integration by parts of the right-hand side using condition (3) leads
to

1 1
oMy k41 k 7k ont+ly gm—(k+1)y, ek
/QW\S udx = —1) E_ FYerEST axmf(k+l) %21 n=Kydx

k n, ym—(k+1)
k+1 aod Ju g (k)
1) n;)( > / S () udx, (1.12)

if we replace n by n — 1 in the first term of the right-hand side of the above equality we
get

1
My k41 k+1 ng 9m— (k+1) Ll m+n (k+1)
/aax—m%Tudx = (-1 ), o 1 /ax" Py udx
0

n=1
k n, ym—(k+1)
k+1 k 8 ad U m+n—(k+1)
+ (1) T;O (n) S S (D) Q¥ udx, (1.13)

- 0

hence .
m
/agx—Z%Tudx =
0

£ n, ym—(k+1)
_1\k+1 k ao u m+n (k+1)
( 1> 7;1 { ( ) (n - 1) } / axi’l axm k+1 lex

ak—Ha om—(k+1),

oxk+1 gym—(k+1)
0

1
gm—(kt1)y,
s ( 0 O+
0

%Tudx) , (1.14)
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The sum in equation (1.14) goes from 1 to k and, using the fact that

(57) = ()

=1

k k k+1
() + (5 =(00)
n n—1 n
the last two integrals in the above equation can be viewed as the first and last terms

corresponding to the values of n = 0 and n = k + 1. Consequently, the equation (1.14)
becomes

and

1 1
oMy K k+1 k+1 o"a am—(k—i—l)u (ka1
/aax_m%%dx:(_n HE( n ) ox" me—(k+1)%T+n W udz, (1.15)
0 B 0

and the identity (1.11) is proved.
The particular case of identity (1.11)

1
0Mu B m d"a N
aa—\s Mudx = 22 (n)/é)x”u\s
0
is needed.

Secondly we prove by induction on n (n < m) that

2(-1)" "udx (1.16)

o .

1

1
d"a n k
2 uSStudx = % u dx, (1.17)
ox™
0 k= f 1

0
We used the ceiling function (instead of the floor |.|) which gives

n g niseven
Bl =qAe
5 nisodd

Assume equality (1.17) holds for n and n-1, notice that taking k starts from {g-‘ is just

an optimization (see remark 1.4), so we can take k starting from 0, and we will not be
forced to distinguish whether 7 is even or odd. Hence

1
a K aZk (\k 2
2/a Studx = ZK 322k ( u) dx (1.18)
0 0
and 1
0" 1a n-l 0%k g 2

2/ Fyerm 114%2 Yudx = Z Kﬁ_l FYo T <%]§Cu> dx. (1.19)

5 k=0 )

2
Replacing u by 3yu and a by g % in equations (1.18) and (1.19) yields
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! an+ 2
z/ax” SuS udx = Z:Kk/ax2 “’;J’lu) dx (1.20)
0
and )
ai’l+1 82(k+1)a 2
2/—aanrl S uSiudy = Z KE | T (%l;}—lu) dx. (1.21)

0
A simple integration by parts using condition (3) gives

1 1
an+l an+2 , "
s+ _
Jxn+1 axn+2\sxu\$x udx z/ax”

0 0 0

u%ﬁ“udx = -2

S uSShudx (1.22)

and the substitution of equations (1.20) and (1.21) in (1.22) leads to

! an+ n—1 ! 2
pyeES LS ydy = — 2 Kk + Kk / C‘k“ ) dx
0 k=0 0
1
2
_ K" / <‘"+1 ) dx, (1.23)
0

notice that —K! = K"} and from the recurrence formula in (1.7) we have — (Kk + Kn 1)

n+1
Kﬁfl, then replacing k by k — 1 in the above equation gives

1 an+1 n+1 n+1 azka L D)
2/ P S Uy udx = Z Kii 1 12k (3;{”) dx, (1.24)
0

since KV 211 = 0.This proves identity (1.17).
We substitute equation (1.17) in (1.16) to get

1 1

21y [ oS gy = 3 (™ Kk [ 224 125
(— ) aax—m\sxu X = 2 1’1 a x' ( . )

0 - k= ( 1 0

Now, observe that if we expand the sums, each term is of the form
! 92k 2
my -k a k
(n>Kn W (%xu> dx
0

presented in the figure below with the point of coordinates (n,k) for m = 6, effective

points are between the lines of equations k = nand k = ~
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Figure 1.1: Display of integrals in the sums of (1.25)

k

8

To invert the sums, it is sufficient to see that 0 < k < m and k < n < 2k, so (1.25) can
be written

1

1
0™u UL 9%k, 2
2(_1)’”/ e " udx = Zo,;{( ) oy <0ku> dx,
0 —_— 0
Af,

and the proposition 1.11 finishes the proof. O



Chapter 2

FBVP with purely integral conditions

In this chapter, we study the existence and uniquenes of the strong solution of a class of
FBVPs with Purely integral conditions. After setting the problem, we get to the section
2.2 in which we choose convenient spaces and multiplier to ascertain the a priori estimate
that will be extended to conclude the uniqueness of the strong solution and its depen-
dence on the data given in the problem. Finally, we prove the existence in section 2.3
relying on the fact that the operator generated by our problem is dense, then we present
an example in which we illustrate the usefulness of the results obtained previously .
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2.1 Problem setting

The problem is the following

Let Q be a rectangle defined by Q = (0,1) x (0, T) and considering the fractional partial
differential equation

N m 0" "u
I + (=1)7 55 \a(x ) 5o ) = f(xt) (2.1)
where m > 1 and the function a (-, ) € C?" ([0, 1]), subject to the initial condition
u(x0) =g(x), xe(1) 2)

and the boundary integral conditions
1
/xku (x,)dx =0, k=0,2m—1. (2.3)

0
Dictated by the “energy inequality” method, we start by the

2.2 A priori estimate

To establish the existence and uniqueness of the solution of the problem (2.1)-(2.3), we
write it in an equivalent operator form so that it can be viewed as the solution of this
operator equation

Lu = F.

Recall that .#= (L, ¢) acts from a Banach space B to a Hilbert one H, we shall define
precisely the functional spaces and the operator. To do so, we need the following lemma.

Lemma 2.1. The space

2 (pk o 2
B={uecl (32(0,1),(0,T)),k:0,m/weL (Q),k=0,m,

s € L2 (BY (0,1),(0,T)) }
endowed by the finite norm
m—1

2
Y ||u||L2(BIZ<(0,1),(0,T)) ,

2 - 2
lullg = sup I'*[|ul[gp(oq) +
0<t<T k=0

is a Banach space.

Proof. Let (u,),cp be a Cauchy sequence in B, that is : for all ¢ > 0 there exists N € IN
such that for all p,g4 > N we have

= ull g < e,

we would like to show that (1), is convergent.
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The above inequality implies that

{ sup I'™* [|u, _”ﬂHBm 01) = e
0<t<T ) (2.4)

Jup — ”QHLZ(B’g(O,l),(o,T)) s e k=0,m—1

The second inequality of (2.4) means that (u,), . is a Cauchy sequence in each complete
space L2 (B5 (0,1),(0,T)), k = 0,m — 1, so it is convergent in each one.
And the first inequality of (2.4) can be written

t
u u m
/H ’ t_q!B ODgr<er(1—a), te(oT),
0

for any strictly positive constant p < t we have

/ |up — uq”éT(O,I) dt < eI (1—a)(t—p)", te(0,T),
P

then, by taking o — 0, one can get

[ “Q||L2(Bg1(o,1),(o,T)) dt < Tie\/T (1-a),

hence, (1), is @ Cauchy sequence in the space L2 (BY' (0,1), (0, T)) which is also com-
plete, therefore it is convergent. O

We also introduce the Hilbert space H consisting of vector-valued functions

=(f, 9)

with finite norm ) ) )
I F 5 = 1f1T2eq) + @l T200,1) -

and we set

lu =u(x,0)

The domain of definition of the operator .#

{Lu =} u+ (—1)" % (a (x,1) 5’21(1—,3)

1
D, (Z) = {u € B//xku (x,t)dx =0,k =0,2m —1;4u = (p}.

Before stating the main result, we also need the two following lemmas.

Lemma 2.2. For any u € Dy, (-£) we have

i (agt”) = agt (Syu).
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Proof. Each one of the operators 37 and dj, acts with respect to an independant variable,
and by noticing that 37" = 3, 3y...Sy (Sy == Sy, it is sufficient to prove that
N———

m times

S (9pu) = gy (Sxt) -

We have
x tau
(@Y
Sy (1) = 1_“ // deC
0
the integrand
ou (¢, 1)

JaT
(t—1)*

is a continuous mapping, so using Fubini’s theorem we can switch to

N tf au gT)dC
Sy (0geut) = 1_{)(/ dT,
0

(t — T
and from the leibnitz rule of differentiation of integrals (see page 17 in [29]), we can write

O 5
S (1) = 1—tx / = (t—1)" dT'

= dp; (Sxut).

Lemma 2.3. Forall uin D, (.£), we have

t 1
tl—lx
//a P dxd = 1 [lu]ag o) — mnwﬂég«(m)-
0 0
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Proof. We have

to1
//8 dxdr—//a drdx
00

- "‘ drdx

I
o\._\

||
/—/h\
o\ﬁ_
X
'-1 | =
A,_/
_
=

1— 2 1- 2
= ||“||Bzm(0,1) - ||§0||Bg1(0,1) .
The fractional Riemann-Liouville integral of the constant <|| g0||%5n(0,1)> given by

1-a
Ny = Fg—a IolBron-
ends the proof. O
Our first main result is the next theorem.
Theorem 2.1. Assume the function a satisfies the conditions

0%q
O<ck<Al,‘na = k=0,m, (2.5)

where {cy, k = 0,m} are real constants. Then there exists a positive constant ¢ not depending on
u such that

[ullp < cllZully (2.6)
foralluin Dy (Z).

Proof. We consider the scalar product in the space B} (0,1) of the equation (2.1) by the
multiplier

Mu := 2u,
that is - -
u
o + (—1)" =— (a—> ,2u> = (f,2u) gy o1y -
( ox™ \ dx™ By (0,1) 2
or

0"™u

m ® m m _ m m
(3 @+ (1 (a3 ) 298] = (£
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In light of lemma 2.2 we can write

1

1
m
/ 3%, (S™u) SMudx +2 (—1)" / agx—:j%,’fudx —2 / I FSMudx. 2.7)
0

0

We need to estimate each inegral term of the above equation.
Using proposition 1.7 on the first term of left hand side of the equation (2.7) we obtain

/a(,t SMudx > /8 (2.8)

The second term in the left hand side is estlrnated from the proposition 1.12 and the
assumption (2.5) as follows

dx™ i dx2k
m 1 2
> Y ¢ / (%’;u) dx, (2.9)
k=0 0

for the right hand side term of the equation (2.7), Cauchy inequality (1.5) with ¢ =
cm + 1 gives

1

1 1
Z/mef Yudx < (cm+1) / dx+ / (ST f)? (2.10)
0 0

0

We substitute the estimations (2.8),(2.9), and (2.10) in (2.7), then simplifying the term
Crm fo )? dx yields

1 1

1 1

/88‘t )% dx + ch dx / ) dx + ——— / ") dx. (2.11)
cm+1

0 0

k=0 0 0

Now, dropping the positive terms

1
m—1 2
) ck/ (%i‘cu
k=0 0

in the inequality (2.11), replacing t by T and integrating with respect to T from 0 to ¢, we

obtain
1

to1
//BOT dxd 0/0/ dxdr—i—// dxdr, (2.12)

0
and by setting

to1
:// dxdT
0 0
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inequality (2.12) through the proposition 1.8 induces

1
y(0) < (@) Eaa (1)1 [ (32f)7ax 213)
0

Combining (2.13) and (1.4) , inequality (2.11) becomes

b1
//at ) dxdt + Zk
0 0 k=0

(ST ) dx +

(%’;u) * dxdr

< T (a) By (%) 1911 M )2 dxdr.
7 X

(em +1)

S o\_ﬁ
S O —_

S

For the first term of the above inequality, we use lemma 2.3, and for the right hand
side terms, we apply the inequality (1.4). Hence,

- a””HBmm H(PHBmm + 2 Ck H”HBk 01)
( )

r (0() Ea’a (tlx) T 2 1 2
T(a+1) Hf”LZ(Bgﬂ(o,m,(o,T)) + (ont 1) / 1/ 1y 0,1) - (2.14)
0

1-w
The term ﬁ loll 233, (0,1) can be transferred to the right hand side of the inequality
1—a

above and becomes T 2—a) ||go||%2(0/1) using proposition 1.5 and the fact that t < T.

By noticing that

(2.14) gives through proposition 1.5

t
m—1
_ 2 2
I g + X oo [ Tulfyon o
k=0
0

11—«

1 [Eyqn(t*)T" 2
< — 4 + - .
= om ( o (C 1)) I|f||L2 zmr (2 “) ||¢ ||L2(0,1)

Since the right hand side of the above inequality does not depend ont ¢, we can take
the upper bound with respect to t over [0, T] to get

m—

2
sup I'™* ||uHBm o1) T Z Ck HMHLz(Bk(O 1),(0,T) ) (HfHLZ + H(PHL2(0,1)> ’
0<t<T k=0
where
Lo [T 1 T
= — X 7 ’
T om « (em+1) T (2—a)
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or

m—1
. 1, Il*lx 2m 2 < ( 2 2 )
OISI}(li‘Im{ Ck} <OS<1;1£T ||M||32 (0,1) + k:ZO ||u||L2(B}2‘(O,1),(O,T))> > '7\ ||f||L2(Q) thOHLZ(O,l)
~ ~ - F 2
e 711G

Finally, the a priori estimate (2.6) follows taking

1/2
. 1, .
omin {1, e}

Proposition 2.1. The operator £ from B to H has a closure Z.
Proof. In light of the remark 1.2, we take a sequence (u,) C D, () such that

B

Luy, Hor= (f, ®)
recall that

L, 29

2
luy, Lg) )

Pu, L F e

We need to show that f = 0and ¢ = 0.
Since u, — 0, then uy, 79 0 . By virtue of the continuity of derivation of D’ (Q)

! 2
in itself, we get Luy D£>) 0. But we already know that Lu, LLQ)) f which implies that
Luy Dig)) f. Hence, we conclude that f = 0 by the uniqueness of the limit in D’ (Q).

2
On the other hand , 1, — 0 and [€utn][ 1201y < ll1inl|p result in fuy, £ 0, and the

uniqueness of the limit in the space L? (0, 1) allows us to conclude that ¢ = 0. [

Remark 2.1. A solution to the operator equation Zu = F is called a strong solution to
our problem.

Consequently, the a priori estimate (2.6) can be extended to cover strong solutions by
passing to the limit.

Corollary 2.1. Under assumptions (2.5) there exists a positive constant ¢ such that
lullg < c||Lul|, (2.15)

foralluin Dy (Z).

This corollary asserts that, if a strong solution exists, it is unique and depends con-
tinuously on (f, ¢), with u considered in the topology of B and (f, ¢) in the topology of
H.

As our second main result, the existence demonstration comes is the next section.



CHAPTER 2. FBVP WITH PURELY INTEGRAL CONDITIONS 32

2.3 Existence of the solution

We aim to show the range density of the noperator .# in Hilbert space H, thatis R (.¢) =
H. Recall that .#= (£,¢) and H = L?(Q) x L?(0,1) ,We start by the case u belongs to
Dy (&) (i.e. fu = 0). Thus, using corollary 1.2, we are going to show that
R(£)* = {0}.
The follwoing lemma is needed.

Lemma 2.4. The range R (£ is equal to the closure of the range R ().

Proof. 1. It follows from the definition of .Z that R (£) C R (.£). It remains to prove the
other inclusion.

2. Let's take v € R (%), if v € R (.£) nothing to prove, .Z is an extension of .Z. Now,
let (v,) C R (Z) be a sequence converging to v, so there exists a corresponding sequence
(uy) in Dy (£) such that Zu, = v,. Using the a priori estimate (2.6), we can write

[tn — wplp < || Lun — L ||y,
which means, when n,n’ — oo, that (u,) is a Cauchy sequence in the Banach space B.
Consequently, u, L ywand Zu = (see remark 1.1). O
Our second main result relies on the following.
Theorem 2.2. Assume for all u in Dy (.£)
(Lu, )20y =0, (2.16)
then under assumptions (2.5) 1 vanishes a.e in L? (Q).
Proof. Let us assume that a function 6 (x, t) satisfies integral conditions (2.3) such that

k
6 € B5(0,1) and % € L?(0,1),k = 0, m. Then, we can set for all s in [0, ¢]
x

0 0<t<s
u(x,t)= .
f:@(x,r)dr s<t<T

Clearly, u € Dy (¢) and u equals zero in the neighborhood of (0,s), it follows that the
assumption (3.16) becomes

/agt (/t(?(x, T) dr) Y (x,t) dxdt
Q 0

+ (=)™ ki a(x,t) ﬁ/tG(x T)dt | ¥ (x,t)dxdt =0 (2.17)
ox™ " 9xm ' plx - '

Q 0
We now express ¢ in terms of 6:

¥ (x, 1) :z(—1)m/%§m9 (x,7) d
0
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to get from equation (3.17)

2 / ( / 30 (x, 7) dr) . ( / 379 (x, 7) dr) dxdt

0 0

t
am
+2(=1)" [ a(x,t) ( =—0(x, T ) ( 0 (x, T dT) dxdt = 0. (2.18)
foen ] Zavsow) (]

From proposition 1.7 we have

t t t 2
2 ( / 379 (x, 7) dr) a8, ( / 39 (x, 7) dr) > a8, ( / 379 (x, 7) dr) ,

0 0 0

and using proposition 1.12 one can get

2(-1 m/a (x,1) (/—9 X, T) )(/t%xmé(x,r)dr)dx

0

, 2
ZAk /8 27{ (/%’;6 (x,r)dr) dx.

0 0

Hence by using assumptions (2.5) and substituting the last two relations in equation (3.18)
we deduce

2 ¢ 2
m
/BOt (/ 70 (x,7) dr) dxdt + ) cx (/ 3% (x, T) dT) dxdt <0,
k=0
Q

0

by taking the upper bound ovet [0, T] of the above inequality yields

2 2

t

/C‘kB x,T)dt

0

t

/ S (x, 7) dr
0

e + Z Ck <0.

roy 12(Q)

The same process can be repeated by integrating step by step along the reactangle Q,
i.e. integrating over Q; = (0,1) x (0, 7) for any T < T. Consequently, 6 is identically zero
and ¢ = 0a.ein L?(Q). O

sup
0<t<T

Similarly, we consider the general case. For any F = (,w) in H = L? (Q) x L?(0,1)
such that (Zu, F),; = 0, we have

('CMIIP)LZ(Q) + (EMIW)LZ(OJ) = 0. (2.19)
Putting u in Dy (.£) and using the previous theorem, equation 2.19 becomes
(u, )p201) = 0,

taking into consideration the fact that operator / is everywhere dense in L? (0,1) implies
that w = 0, and so follows the density in the general case u € D, (.Z).
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2.4 Illustration (m = 2)

In this section, we take concrete data in the studied problem then we give the exact unique
solution.
1
Example 2.1. Let § = 7(189In2 —131), v = (1416 —20431In2), 6 = 75 (114In2 —79),
1
=15 (535 —774In2) and
4 31 9.2 1
w(x) =7x" — 14x° + 9x —2x—|—ﬁ.

We see in the figures below that the function w satisfies the integral conditions (2.3), that
is all the k-th moments are zero with k = 0..3, (Blue area=Red area).

Figure 2.1: Visual representation of the zero moments of w over (0,1).

*1

[ (7x*-14x* +9x* ~2x+0.1)dx =0 S . . 1
Jo I x[?x -14x" +9x —2.\'+E]d.\'=0
JO

Visual representation of the integral
Visual representation of the integral

P4

|
,' 0.06
0.04 [

l|, J
”".. 0.02 ) |

) 0.42
e "-._\ f

0.2~ 04 06 87 1.0 0lo4

1
*1 3 4 3 2 . R
I ,\'2[7,\‘4-14x3+9,\'2-2x+0.1)d,\‘=0 ]o X (7x -14x +9x" -2x+0.1)dx =0
0 .

Visual representation of the integral Visual representation of the integral

0.02 |
0.03 |

0.02 | 0.01 i

; - |
0.01 . | - . |
[

o | 02 04 06\08 [10
001 02 04 06 "-.\.y‘u_u III 1.0 0.01 :'
In the problem (2.1)-(2.3) we set
2
a(x,t) :t—%+1,

_ 3 2

and
3 (12t — x* +4x +11)

flat) = F“’&tl—“ — 50422 +18 (14f — B) x +2 (84t2 + 75t — 7) +

(2—a) 10 (x +1)°

Obviously, f € L?(Q) and the function a satisfies the assumptions of theorem 2.1,
since
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A =2, Al = —4, A3 =1,

and
o

" oxt

17
2" ox

N

a> = -1 0,

N

we can take (co, c1,¢2) = (1,4,0).

We conclude that problem (2.1)-(2.3) admits a unique solution for the given data.

The reader can check easily that the function ¢ also satisfies the integral conditions
(2.3), so does the function u such that

u(x,t) =tw(x)+¢(x).

Moreover, we can show by an elementary calculation that u fulfills equation (2.1) (Clearly,
u (x,0) = ¢ (x)). Therefore it is the desired unique solution.



Chapter 3

FBVP with Mixed conditions :
Neumann-integral

In this chapter, we are going to propose an application of the “energy inequality” method
to a class of fractional boundary value problems with Neumann-integral conditions. The
problem is the following :

In the rectangle Q = (0,1) x (0, T), we consider the fractional equation
" "v
oo+ (=1)" = <ﬂ (x,t) E)x_m) = h(x,1) (3.1)

where 4 is a continuous function satisfying 0 < ¢y < a < ¢y, subject to the initial condi-
tion
o(x,0)=¢(x), x€(01), (3.2)

the boundary integral conditions

f01 v(x,t)dx =0,

te (0,7) (3.3)
f01 xv (x,t)dx =0,
and the Neumann conditions
ok
S0 (0) = (1)
te(0,T),k=1m—1. (3.4)
ok
30 (L 1) = ()
Contents
31 Problemsetting . ... ... ... ... i 37
3.1.1 Homogenization of the Neumann boundary conditions . . . . . .. 37
3.1.2 The homogeneous equivalent problem . . .. ... ... .. ... .. 41
3.2 A priori estimate and consequences . . . ... ... 00 0oL, 41
3.3 Existenceofthesolution. . ... ............ ... ... ..... 44
34 Mlustration (M =2) . . . . . .. ittt it e 45
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The proposed problem contains the non-homogeneous Neumann conditions (3.4), so
to work out the solvability of the problem

e First, we start by the homogenization of our problem.

* In section 3.2, we establish an a priori estimate of the problem’s strong solution to
ascertain its uniqueness and data dependance in case of existence.

* Finally, we prove the existence in section 3.3 relying on the density of the generated
operator’s range, and we finish by giving an example, where m=2, to illustrate the
usefulness of the obtained results.

3.1 Problem setting

3.1.1 Homogenization of the Neumann boundary conditions

We show that we can get an equivalent problem to ours (3.1)-(3.4), with homogeneous
Neumann conditions. Before establishing the homogenization for any m, let’s see how it
works in the following examples.

3.1.1.1 Example (m=2)

k = 1 follows from (3.4), then we build 2 polynomials of degree (at least) 4 fulfilling the
following conditions

(1 1
fop(x)dx:foxp(x)dxzo
X)dx = [, xg (x)dx =
01‘7 d 01 q d 0
%p(0)24x3 %xz—%x—i—1|0—1
%p(l):4x3 %xz %x+1|1—0
%q(l):4x3—%x2—l—%x =1
%q(O):4x3—%x2+%x =
\
It is easy to check that
7 3 19
Y S R U
px) =2 —gx — X" +x— o5
s 73,15, 1

are convenient (they are found using a simple system of linear equations from the condi-
tions above).

The first and second equations of the previous brace mean that the polynomials p and
q satisty the integral conditions (3.3), so does the functionw defined by

w(x,t) =p(x)g(t) +q(x) 9 ().
Obviously, we have

20 (0,0)=g(t)
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and 3
S (1,6 =y )

Hence, we take
v(x,t) =u(xt)—w(x,t),

and the resulting problem (with the unknown function u) is homogreneous. Let’s take

m=3.

3.1.1.2 Example (m=3)
k = 1,2 dictated by the Neumann conditions (3.4), then we build 4 (2m — 2) polynmials

of degree at least 6 (2m):
16 28 53 187
6 5,04 2.3,

x_—

p1(x) =27 = 27 4 20 — 1260
2 . 1 1
§x4——x3 2

52
_ .6 _ =5 - -
p2(x) =" = 35X+ o TY T osy

1 2 1
65,204 _H5 1

6 —
252’

i (x) =27 — 27+ 9
38 25 5 1
__ 6 __ Y95 ~ 4 2.3 -
92 (¥) = 27 — 57+ 27 — gxT oo
The reader can check that
p1(0)=1,p1(1)=0,p7 (0)=0,pi (1) =0,
ps(0) =0,p3(1) =0,p3 (0) =1,p5 (1) =0,
71 (0) = 0,41 (1) = 1,47 (0) = 0,47 (1) =0,

75 (0) = 0,95 (1) = 0,45 (0) = 0,45 (1) = 1.

And each polynomial satisfies the integral conditions (3.3), see figures below

Figure 3.1: Visual representation of p; satisfying the integral conditions

28x*  53x° 187 1 (g 16x° 28x* 537 187
- - dx =0 { X|x - + - +Xx- dx =0
Jo 3 3 9 1260 |

[‘l 6 16 x°
x - + +x
Jo [ 3 3 9 1260

Visual representation of the integral:

00 TN \II\:; /')_‘
s ;"l( 0.4 T>k"nu__ b ‘I'I;Li‘;,\ // \\\\

0.2 0.4 06 \ 08 1
\

Visual representation of the integral:

0.01

JFl
0.10} /
/ \
¥ 0.02 N
0.15)
/ 1
0.03

0.2b
/ 0.04
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Figure 3.2: Visual representation of p; satisfying the integral conditions
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Figure 3.3: Visual representation of g; satisfying the integral conditions
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Visual representation of the integral:
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Figure 3.4: Visual representation of q; satisfying the integral conditions
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X ——+
0

15 12 T+a)]

Visual representation of the integral:

dx=0

L
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Now, we set

w(x,t) =p1(x) g1 (t) +p2(x) &2 (t) +q1 (x) 1 (t) + 92 (x) P2 (¢) .

Clearly, w satisfies the two integral conditions, also we have

0
ox

= 1g1 (t) + 082 () + 0¢p1 (£) + 092 () = g1 (t),

2
ox

=—w (0,) = p (0) g1 () + p2 (0) g2 () + 41 (0) 91 (£) + g2 (0) 92 (¢)

9 0(0,8) = p (0) g1 (£) + P (0) g2 () + 4% (0) 91 (1) + a2 (0) 2 (1)
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= 081 (£) + 182 () + 0¢p1 () + 042 () = g2 (),
%w (Lt) =pr (1) g1 (t) +p2 (1) g2 (1) +q1 (1) 91 () + 72 (1) 2 (1)
= 081 (t) + 082 () + 141 (£) + 092 (£) = 91 ()
and
82

520 (L) =pl (g1 (t) +p2 (1) g2 (5) +41 (1) ¢ (1) + g2 (1) 92 (¢)

= 0g1 (£) +0g2 (t) + 0y (t) + 1o (t) = o (t) .
Consequently, by setting

v(x, t) =u(xt)—w(xt),

the resulting problem (with the unknown function u) is homogreneous.

3.1.1.3 The general case
Recall 6y ; is the Kronecker delta defined by

ék,]':O/ k#]

We consider {p1, ..., Pm—1,91, - Gm—1} a set of 2m — 2 polynomials of degree 2m satis-
tying

xpg (x)dx =0, k=1m-1,

andforl <k,j<m-—1

(o
ij( ) = 6k,
aa—jkpj( )=0
aa—;ﬂj( ) = Ok
\aa_;qj(o):o

So by setting u = v — w where

m—1
w(x,t) =) pj(x)gt)+ ) q; (x)9; (1)
j=1 /
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taking into consideration that
" ([ d"w
f=h—dpw—(=1)" = (aax—m)
and
¢ =¢—tw,
the problem (3.1)-(3.4) is equivalent to the following:
3.1.2 The homogeneous equivalent problem
o™ o"u
Lu = fju+ (—1)" pye (a (x,t) ax_m) = f(x,1), (3.5)
subject to the initial condition
lu=u(x,0)=¢(x),xe€(0,1), (3.6)
the integral conditions
fol u(x,t)dx =0,
, (3.7)
fol xu (x,t)dx =0,
and the Newman conditions
ok
ﬁu (O, t) =0
k=1m—1. (3.8)
ok
wu (1, t) =0

This is the problem we are going to study in the following sections.

3.2 A priori estimate and consequences

As seen in the previous chapter, to establish the existence and uniqueness of the solution

of problem (3.5)-(3.8) we write it in the equivalent operator form

ZLu=F,

where = (L, () acts from B to H with domain of definition D, (-£’) of functions u €

L?(0,1) satisfying (3.7), (3.8) and

ok Bku 2
\SXU,W €L (O,l),k = 1,m.

B is a Banach space of functions u endowed by the finite norm

2 - 2 2
lullz = Oiungl llBy 0,0y + lullzzg) -
<t<
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(see lemma 2.1) and H is the Hilbert space consisting of vector-valued functions F =
(f, ) with finite norm

2 2 2
”FHH - HfHLZ(Bgt(o,l),(o,T)) + ||(P||L2(0,1)'
As a main result, the “a priori estimate” is proved in the next theorem.
Theorem 3.1. There exists a positive constant ¢ not depending on u such that
[ullp < clZully (3.9)

foralluin Dy (Z).

Proof. We take the scalar product in space B’ (0,1) of the equation (3.1) by the multiplier

|
Mu = Zax—m (—%ZLM> P

that is

1
2 (gT ( D&”) + (_1)711 ﬂax—m, E%Tu) =2 (%?f, E%Tu) ,
12(0,1) L2(0,1)

using lemma 2.2, this can be written

Q| =

1 1 1
" 1
2/8‘62(%%) —%TuderZ(—l)m/ax—Z%Tudx :Z/QTfE%?udx. (3.10)
0 0 0

For the first term of left hand side of equation (3.10), lemma 1.7 using the positive
boundness of the function a implies the existance of a positive constant ¢, such that

/8 \fx Yudx > c2/80t S"u)? dx, (3.11)

for the second term of the left hand side, integration by parts m — 1 times using Neu-
mann conditions (3.8) gives

Syudx,

w|:

1
m am (\,m
2(-1) Yudx =
0

and one last integration using integral conditions (3.7) leads to

1 1

/ SMudx = Z/uzdx. (3.12)
0

0

For the right hand side of equation (3.10) we use the Cauchy inequality with ¢ = ¢,

that is
1 1

1
2/%3’%%%2’?“% < Cz/( u)dx + — L /(%Tf)zdx. (3.13)
C2
0

0 0



CHAPTER 3. FBVP WITH MIXED CONDITIONS : NEUMANN-INTEGRAL

In light of (3.11)-(3.13), we deduce from the inequality (3.10) that

1 1 1
/a dx+2/u2dx§/( ) dx+1/(%Z’f)2dx.
. 0 0 2y
Now, in the above inequality, we drop the positive term
1
2 udx
2

0
and substitute ¢ by T, then we integrate with respect to T from 0 to ¢ to obtain

1

t 1 to1
// dxd // dxdT—|— // dxdT,
c2
0 00 2

0
from which lemma 1.8 implies

1

£l

14
// dxdT<F( E‘wt I"‘+1/
00

0

Taking into consideration the proposition 1.6

a+1 / T
I / (“+1) ||f||L2(B'"(01) 0,1))
0

and lemma 2.3

tl—a
//a )2 dxdt = T [ Gy o,y — =) l9lBp01)-

one can get, from the inequality (3.14), using corollary 1.5
t
1 ulliyon + = [ Melizon 7
ByO1) T ¢, 2(0,1)
0

< (IFBaspiom o) + 1920

T (a)Ego (T T 1 T!-#
7 = max 2T ( T 2/ om /
csI'(1+a) s 2" (2 —«)

where

43

(3.14)

since the right hand side of the above inequality does not depend on t, we can take
the upper bound for both sides with respect to ¢ over [0, T] and the a priori estimate 3.9

follows for 1

2
i

2
mm{l —}
C2
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Proposition 3.1. The operator . from B to H has a closure .Z.
Proof. Similar to the proposition 2.1. ]

Consequently the a priori estimate (3.9) can be extended to cover strong solutions by
passing to the limit.

Corollary 3.1. There exists a positive constant c such that
lullp < c[Zuly (3.15)

foralluin Dy ().

The uniqueness and continuous dependence of the strong solution on the problem
data is now guaranteed in case of existence.

3.3 Existence of the solution

As explained in Section 2.3, we aim to show that is R (.Z') = H. We start by the case
u belongs to Dy (.Z) (i.e. fu = 0), after which follows the density in the general case
u € Dy (). To do so, notice that R (Z) = R () (see lemma 2.4). Another main result
derives from the next theorem.

Theorem 3.2. Assume for all u in Dy ()
(L, )12 By 01),00,1)) = O (3.16)

then ¥ vanishes a.e in L? (B (0,1), (0, T)).

Proof. First consider the scalar product (Lu, ) Byi(0,1), @SSUMe a function 6 (x,t) € L2 (0,1)

k
satisfies boundary conditions (3.7)-(3.8) and & kg, g o € L?(0,1),k = 1,m. Then we can

set

u(x,t) = /Q(x,r)dr
0

so we have m
| am aa _qym Y " o
(,CM, IP)B’Z"(OJ) = (Jx ( Otu) + ( 1) aaxml\sx lp) 12(01)

t
/8Ot (/\s 0 (x,7) dr) SV pdx + (—1)m/a%?f1,b/%9 (x,T)dtdx  (3.17)
0

We now express 1 in terms of 6:

t
o (1
e (E/%?G(x,r) dr)
0

to get from equation (3.17)

1 t t
(EMIIP)B;"(OJ) = /% Ot (/ 370 (x,7) dr) (/ SYO (x,7) dT) dx
0 0 0
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" 1 ¢ t -
// 7o (x r/ax—me (x, 7)dtdx. (3.18)
00 0

From lemma 1.7 we have

t t 2
/1% 0t (/%TG(X,T)UZT) (/C"”B(x T dr) x> 52/8(” (/ )dr) dx,

0 0 0

and using boundary conditions (3.3), (3.8) one can get

(—1)'"/1/% "0 (x, T dT/—9 X, T) dex—/l (/t()(x,r)d’r)zdx.
00

0 0
Hence, in light of the last two relations, the substitution of ¢ by T in equation (3.18)
then integrating with respect to T over [0, {| yields
t
( / 0 (x,7) dr)
0

t
(/ 376 (x, T) dr)
by taking the upper bound ovet [0, T| for both sides of the above inequality yields

0
0/ (O/G(x,r) dT) .

where v = min {1 3} Consequently, & = 0 and ¢ = 0 a.e in L2 (B4 (0,1),(0,T)).
]

2 2

C_ZIlftx

> +

12(0,1)

<0

4

L2(Q)
2 2

_|_
£2(0,1)

sup 1'%
0<t<T

<0

7

Now consider the general case. Let .2 denotes the operator (L, 0), If we use the fact

that ¥ — % = (L — Lo, ) maps continuously B into H, we conclude that R (.¢) is dense
in H.

3.4 Illustration (m = 2)

Starting with the homogenization of the problem (3.1)-(3.4), we take from the example
3.1.1.1

and
w(x,t) =p(x)g(t) +q(x)y(t)
to ensure that the problem is equivalent to the homogeneous one (3.5)-(3.8).
Now, let

b1 =2880In2 — 2020, by = 3066 —43201In2, by = 816In2 — 469,
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1
w(x) = b1x3 + b2x2 + b3x — 96 (X + X—H) ,

2

a(x,t) :t—%+1,

1
4 3, .2

— 49 -
p(x) =x x” +x 30

and

(—73 + 324t + 5tby + 9tby) x
+ (—216t — 164 + 45tby + 10tby) x?
+ (—120t — 110 4 90tb; + 10thy) x°
s |+ (=60t + 125+ 90tby + 5tby) x*
(x+1) + (259 — 12t + 45tb; + thy) x°
+ (162 4 9tby ) x°
+36x7 + 1044t + 115212 + tby — 11

Obviously, the function a is positively bounded, f is in L? (B (0,1),(0,T)). Thus the
function u given by

u (x,t) = p (x) + o ()
satisfies the equation (3.5) and fulfills :

e Initial condition (3.6)
u(x,0)=¢(x),

¢ Integral conditions (3.7) and Neumann conditions (3.8).

The function u is the desired unique solution.



Conclusion

In this thesis, we have studied some fractional evolution problems with nonlocal bound-
ary conditions. More precisely we have studied a class of problems with purely integral
conditions, then with mixed conditions of the integral-Neumann type. The approach fol-
lowed to do this is the "energy inequality” method also known as the "a priori estimate"
method. This method consists mainly in establishing the estimate and the demonstration
of the range density of the operator generated by the problem.

In the chapter of Preliminaries, we introduced several concepts and mathematical
tools among which we quote:

¢ Banach and Hilbert spaces as well as their properties such as completeness, orthog-
onality and density.

* Bouziani space BS and the space L* (BS, (0,T)).

* Several equalities and inequalities either known and referenced or demonstrated
here.

In the 3" chapter , we proved the “strong” well-posedness of a the problem associated
purely integral conditions using a new generalized formula of integration. Thus, we
would like to note that the solvability of the problem obtained by replacing the operator
L with

Lu = “u+(—1)ma—m (a(x t) am_u> +b(x,t)u
oo Ix™M " oxm ’
which some instances have been studied by many authors, can be established in the same
way assuming the boundness of function b.

In the 4" chapter, we proved the existence and uniqueness of the strong solution of
the problem associated non-homogeneous mixed nonlocal conditions of type : integral-
Neumann.

As perspectives, we would like to improve the application of the method either by
posing less demanding hypotheses in the main theorems, or by starting other classes
involving other types of derivatives (Riemann-Liouville or mixed ...)
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