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1 Preliminaries

The following theorems were proved in Ref.[1].

Theorem 1 Let (X, d) and (Y, ρ) be complete metric spaces, T a mapping of X into Y
and S a mapping of Y into X satisfying the inequalities:

ρ(Tx, TSy) ≤ f(d(x, Sy), ρ(y, Tx), ρ(y, TSy)),
d(Sy, STx) ≤ g(ρ(y, Tx), d(x, Sy), d(x, STx)),

for all x in X and y in Y, where f, g ∈ �. Then ST has a unique fixed point u in X and TS
has a unique fixed point v in Y. Further, Tu = v and Sv = u.

Theorem 2 Let (X, d) and (Y, ρ) be compact metric spaces, T a continuous mapping of
X into Y and S a continuous mapping of Y into X satisfying the inequalities:

ρ(Tx, TSy) < f(d(x, Sy), ρ(y, Tx), ρ(y, TSy))

for all x in X and y in Y with x �= Sy, where f ∈ �
∗, and

d(Sy, STx) < g(ρ(y, Tx), d(x, Sy), d(x, STx))

for all x in X and y in Y with y �= Tx, where g ∈ �
∗. Then ST has a unique fixed point u in

X and TS has a unique fixed point v in Y. Further, Tu = v and Sv = u.
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2 Fixed Points on Complete Metric Spaces

Implicit relations
We denote by R+ the set of the non-negative reals and by � the set of all real functions

f : R4
+ → R such that:

(i) f is upper semi-continuous in each coordinate variable;
(ii) if either f(u, v, 0, u) ≤ 0 or f(u, v, u, 0) ≤ 0 for all u, v ≥ 0, then there exists a real

constant 0 ≤ c < 1 such that u ≤ cv.
Example 1 f(t1, t2, t3, t4) = t1 − c max{t2, t3, t4}, 0 ≤ c < 1.
(i) is clear since f is continuous.
Suppose that u, v ≥ 0 and then f(u, v, 0, u) = u−c max{v, u} ≤ 0. If v ≤ u, then u ≤ cu < u,

a contradiction. Therefore, u ≤ cv. Similarly, if f(u, v, u, 0) ≤ 0 then u ≤ cv. The proof of (ii)
is completed.

Example 2 f(t1, t2, t3, t4) = t21 − c1 max{t22, t23, t24} − c2 max{t1t3, t2t4} − c3t3t4, where
c1, c2, c3 ∈ R+, and c1 + c2 < 1.

(i) is clear since f is continuous.
Suppose that u, v ≥ 0 and then f(u, v, 0, u) = u2 − c1 max{v2, u2} − c2uv ≤ 0. If v ≤ u,

then u2 ≤ (c1 + c2)u2 < u2, a contradiction. Therefore, u ≤ av, where a =
√

c1 + c2 < 1.
Similarly, if f(u, v, u, 0) ≤ 0 then u ≤ bv, where b = c1/(1 − c2) < 1. We then take

c = max {a, b} < 1, thus the proof of (ii) is completed.
Example 3 f(t1, t2, t3, t4) = t31−αt21t2−βt1t3t4−γt2t

2
3 − δt3t

2
4, where α, β, γ, δ ∈ R+ and

α + γ < 1.
(i) is clear since f is continuous.
Suppose that u, v ≥ 0 and then f(u, v, 0, u) = u3 − αu2v = u2(u − αv) ≤ 0. Then u ≤ αv.
Similarly, if f(u, v, u, 0) ≤ 0 then u ≤ (α + γ)v. We can then take c = max{α, γ} < 1, thus

the proof of (ii) is completed.

Example 4 f(t1, t2, t3, t4) = t31 − c
t21t22+t23t24

t2+t3+t4+1 , where 0 < c < 1.
(i) is clear since f is continuous.
Suppose that u, v ≥ 0 and then

f(u, v, 0, u) = u3 − c
u2v2

v + u + 1
≤ 0.

Then,

u ≤ c
v2

v + u + 1
< cv.

Similarly, if f(u, v, u, 0) ≤ 0 then u ≤ cv, thus the proof of (ii) is completed.
Example 5 f(t1, t2, t3, t4) = (1 + pt2)t1 − p max{t1t2, t3t4} − c max{t2, t3, t4}, where 0 <

c < 1 and p ≥ 0.
(i) is clear since f is continuous.
Suppose that u, v ≥ 0 and then

f(u, v, 0, u) = (1 + pv)u − puv − c max{v, u} ≤ 0.

If v ≤ u, then u ≤ cu < u, a contradiction. Therefore, u ≤ cv.
Similarly, if f(u, v, u, 0) ≤ 0 then u ≤ cv, thus the proof of (ii) is completed.
Example 6 f(t1, t2, t3, t4) = t1 − c max{t2, t3, t4, b

√
t3t4}, where b ≥ 0 and 0 < c < 1.

(i) is clear since f is continuous and (ii) follows as Example 1.
Example 7 f(tt, t2, t3, t4)= t1−(αtp2+βtp3+γtp4)

1
p , where p > 0 and 0 < α, β, γ, α+β+γ <1.

(i) is clear since f is continuous.
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Suppose that u, v ≥ 0 and then f(u, v, 0, u) = u − (αvp + γup)
1
p ≤ 0 and u ≤ av, where

a =
(

α

1 − γ

) 1
p

< 1.

Similarly, if f(u, v, u, 0) ≤ 0 then u ≤ bv, where

b =
(

α

1 − β

) 1
p

< 1.

We can then take c = max{a, b} < 1, thus the proof of (ii) is completed.
Now, we prove the following fixed point theorem in a complete metric space using an implicit

relation.
Theorem 3 Let (X, d) and (Y, ρ) be complete metric spaces and let S, T be mappings of

Y into X satisfying the inequalities:

f(ρ(Tx, TSy), d(x, Sy), ρ(y, Tx), ρ(y, TSy)) ≤ 0, (1)
g(d(Sy, STx), ρ(y, Tx), d(x, Sy), d(x, STx)) ≤ 0 (2)

for all x in X and y in Y, where f, g ∈ �. Then ST has a unique fixed point u in X and TS
has a unique fixed point v in Y. Further, Tu = v and Sv = u.

Proof Let x0 be an arbitrary point in X . We define the sequences {xn} and {yn} in X
and Y inductively by

yn = Txn−1, xn = Syn

for n = 1, 2, · · · .
Applying the inequality (1), we get

f(ρ(Txn−1, TSyn), d(xn−1, Syn), ρ(yn, Txn−1), ρ(yn, TSyn))
= f(ρ(yn, yn+1), d(xn−1, xn), 0, ρ(yn, yn+1)) ≤ 0,

and from (ii), we have
ρ(yn, yn+1) ≤ cd(xn−1, xn), (3)

where c = max {a, b} , a, b are real constants satisfying (ii) for f and g, respectively.
Using the inequality (2), we have

g(d(Syn, STxn), ρ(yn, Txn), d(xn, Syn), d(xn, STxn))
= g(d(xn, xn+1), ρ(yn, yn+1), 0, d(xn, xn+1)) ≤ 0,

and from (ii), we have
d(xn, xn+1) ≤ cρ(yn, yn+1). (4)

From the inequalities (3) and (4), we now obtain

d(xn, xn+1) ≤ c2d(xn−1, xn)

and it follows by induction that

d(xn, xn+1) ≤ c2nd(x0, x1) (5)

for n = 1, 2, · · · .
Similarly,

ρ(yn, yn+1) ≤ c2n−2d(x0, x1) (6)
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for n = 1, 2, · · · .
Since 0 < c < 1, it follows from the inequalities (5) and (6) that {xn} is a Cauchy sequence

in X with a limit u in X and {yn} is a Cauchy sequence in Y with a limit v in Y .
If Tu �= v, then using the inequality (1), we get

f(ρ(Tu, TSyn−1), d(u, Syn−1), ρ(yn−1, Tu), ρ(yn−1, TSyn−1))
= f(ρ(Tu, yn), d(u, xn−1), ρ(yn−1, Tu), ρ(yn−1, yn))
≤ 0.

Letting n tend to infinity and using (i) we obtain

ρ(Tu, v) ≤ f(0, ρ(v, Tu), 0).

From (ii) it follows that ρ(Tu, v) = 0 and so Tu = v.
It follows similarly that Sv = u. It then follows that STu = Sv = u and TSv = Tu = v.
To prove the uniqueness, suppose that TS has a second fixed point v′ in Y . Using the

inequality (1), we get

f(ρ(Tu, TSv′), d(u, Sv′), ρ(v′, v), 0) = f(ρ(v, v′), d(Sv, Sv′), ρ(v′, v), 0) ≤ 0,

and from (ii) it follows that
ρ(v, v′) ≤ cd(Sv, Sv′). (7)

If Sv �= Sv′, then using the inequality (2), we obtain

g(d(Sv, Sv′), ρ(v, v′), d(Sv, Sv′), 0) ≤ 0,

and from (ii) it follows that
d(Sv, Sv′) ≤ cρ(v, v′). (8)

Using the inequalities (7) and (8), we see that v = v′, then the uniqueness of v is proved.
The uniqeness of u follows similarly. This completes the proof of Theorem 3.

3 Fixed Points on Compact Metric Spaces

Implicit relations
We now denote by �

∗ the set of all real functions f : R4
+ → R which are upper semi-

continuous in each coordinate variable such that
(iii) if either f(u, v, 0, u) < 0 or f(u, v, u, 0) < 0 for all u, v ≥ 0, then u < v.
Example 8 f(t1, t2, t3, t4) = t1 − c max{t2, t3, t4}, 0 < c ≤ 1.
Example 9 f(t1, t2, t3, t4) = t21 − c1 max{t22, t23, t24} − c2 max{t1t3, t2t4} − c3t3t4, where

c1, c2, c3 ∈ R+, and c1 + c2 ≤ 1.
Example 10 f(t1, t2, t3, t4) = t31 − αt21t2 − βt1t3t4 − γt2t

2
3 − δt3t

2
4, where α, β, γ, δ ∈

R+, α + γ ≤ 1.
Example 11 f(t1, t2, t3, t4) = t31 − c

t23t24+t25t26
t2+t3+t4+1 , where 0 < c ≤ 1.

Example 12 f(t1, t2, t3, t4) = (1+pt2)t1−p max{t1t2, t3t4}−c max{t2, t3, t4}, where p ≥ 0
and 0 < c ≤ 1.

Example 13 f(t1, t2, t3, t4) = t1 − c max{t2, t3, t4, b
√

t3t4}, where b ≥ 0 and 0 < c ≤ 1.
Example 14 f(t1, t2, t3, t4) = t1 − (αtp2 + βtp3 + γtp4)

1
p , where p > 0, α, β, γ ∈ R+ and

α + β + γ ≤ 1.
The proofs that these functions are in �

∗ follow as above.
Now, we prove the following fixed point theorem in a compact metric space using an implicit

relation.
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Theorem 4 Let (X, d) and (Y, ρ) be compact metric spaces, T a continuous mapping of
X into Y and S a continuous mapping of Y into X satisfying the inequalities:

f(ρ(Tx, TSy), d(x, Sy), ρ(y, Tx), ρ(y, TSy)) < 0 (9)

for all x in X and y in Y with x �= Sy, where f ∈ �
∗, and

g(d(Sy, STx), ρ(y, Tx), d(x, Sy), d(x, STx)) < 0 (10)

for all x in X and y in Y with y �= Tx, where g ∈ �
∗. Then ST has a unique fixed point u in

X and TS has a unique fixed point v in Y. Further, Tu = v and Sv = u.

Proof The function ϕ : X → R+ defined by ϕ(x) = d(x, STx) is continuous on X . Since
X is compact, there exists a point u in X such that

ϕ(u) = d(u, STu) = min{d(x, STx) : x ∈ X}.

We will suppose that Tu �= TSTu so that u �= STu. Using the inequality (10), we have

g(d(STu, STSTu), ρ(Tu, TSTu), 0, d(STu, STSTu)) < 0,

and from (iii), it follows that

d(STu, STSTu) < ρ(Tu, TSTu). (11)

Using the inequality (9), we have

f(ρ(Tu, TSTu), d(u, STu), 0, ρ(Tu, TSTu)) < 0,

and from (iii), it follows that
ρ(Tu, TSTu) < d(u, STu). (12)

We now deduce from the inequalities (11) and (12) that

ϕ(STu) = d(STu, STSTu) < ρ(Tu, TSTu) < d(u, STu) = ϕ(u),

a contradiction and so TSTu = Tu.
Putting Tu = w and Sw = z, we get

ST (STu) = S(TSTu) = STu = Sw = z

and
w = Tu = TS(Tu) = T (STu) = Tz,

then the existence of z and w is proved.
To prove uniqueness, suppose that ST has a second distinct fixed point z′. Using the

inequality (10), we obtain

g(d(STz, STz′), ρ(Tz, T z′), d(z′, z), 0) = g(d(z, z′), ρ(Tz, T z′), d(z, z′), 0) < 0,

and it follows from (iii) that
d(z, z′) < ρ(Tz, T z′). (13)

Using the inequality (9), we have

f(ρ(Tz, TSTz′), d(z, z′), ρ(Tz′, T z), 0) = f(ρ(Tz, T z′), d(z, z′), ρ(Tz′, T z), 0) < 0
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and it follows from (iii) that
ρ(Tz, T z′) < d(z, z′). (14)

The inequalities (13) and (14) lead to a conradiction and so z = z′, then the uniqueness of z is
proved.

We can prove similarly that w is unique. This completes the proof of Theorem 4.
Remark
If

f(ρ(Tx, TSy), d(x, Sy), ρ(y, Tx), ρ(y, TSy))
= ρ(Tx, TSy)− c max{d(x, Sy), ρ(y, Tx), ρ(y, TSy)}

and

g(d(Sy, STx), ρ(y, Tx), d(x, Sy), d(x, STx))
= d(Sy, STx)− c max{ρ(y, Tx), d(x, Sy), d(x, STx)},

where 0 ≤ c < 1, we obtain the result of Ref.[2].
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